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Properties of a Minimum Phase System

Lowest Time Delay

Group Delay

Energy Compaction

Invertible
Min Phase Filter <[flat response
correct phase response
Equalizer flat response
{ iIncorrect phase response
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Minimum Phase System

Stable Causal System

All its poles are in the left half of the s plane

Minimum Phase System

All poles

All zeros
Maximum Phase System

All poles

All zeros

Mixed Phase System

All poles

some zeros| some zeros
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Minimum Phase System Properties (1)

Minimum Phase System

If an amplitude response is known

]

the minimum phase response can
be determined uniquely

Non-Minimum Phase System

With the same amplitude response

The non-minimum phase response is
always greater

Minimum Phase (2A)

some / all zeros in the right half s plane

Alow) = |H(jo) 0 < o < o
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Minimum Phase System Properties (2)

Minimum Phase System Non-Minimum Phase System

Phase Response ®(w) can be Not valid
unambiguously determined from the ot vall

amplitude response A(w)

Verification of a Minimum Phase System

Check the progression of ®(w) and A(w) at high frequency

R}

order m

Minimum Phase System Non-Minimum Phase System

Phase () = <50 (n—m) SRR

Slope  —20(n— m)dB / decade —20(n — m)dB / decade
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Example

Minimum Phase System

H(S) _ 1+ 2s —0.5
1+4s —0.25
A
O 2V >

1+ j20 _ 1+ j20 1- jo

1+ jdo 1+ jdo 1- jdo

(1+ 8002) — j2w
1+ 16w

2m
1+ 8w’

®(w) = —tan '

Non-Minimum Phase System

H( ) _ 1—2s +0.5
1+4s —0.25

A
% o >

1- 20 _ 1-j20 1- j4o
1+ jdo 1+ jdo 1- jdo

(1-8w°) — j6w
1+ 16w

6w
1+ 8w

®(mw) = —tan" '
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Example - Decomposition

Minimum Phase System Non-Minimum Phase System
H(S)Z 1+ 2s H(S): 1—2s _ 1—25.14—25
1+4s 1+4s 1+4s 1+ 2s
A o
- 0 x = A | X O >
H(s) _ 1—-2s 1+ 2s A Hmin(s) A Ha,,(s)
1+4s 14 2s
_ 1+2s|11—=2s — 1O % - % (o 1N E—
14+ 4s]|1+ 2s
- Hmin(s) ’ Hall(s)

A non-minimum phase system can always
be decomposed into H,, (s) - H,(s)
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Example - All Pass Filter (1)

1—2s
H_ (s) =
all( ) 1+2$
Flat Magnitude A Pure Phase Shifter
‘1—1'20)‘: |1-j2w | 1-j20 _ 1-j20 1-j20
1+ j2w |1+ j2w | 1+ j2w 1+j20 1-j2m
:\/1+4(1) . :(1—4w2)—j4w
1+ 40° 1+40°
H(s) _ 1—-2s 1+42s A Hmm( ) A Ha”(s)
1+4s 1+ 2s
_ 1+2s|11—=2s —10O—x% - X (o 1N E—
1+ 4s]|1+2s
- Hmin(s> ’ Hall(s)

A non-minimum phase system can always
be decomposed into H,,(s)- H,/(s)
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Example - All Pass Filter (2)

: _ jo—0.5
_ H =
Hall(s) = $=0o a”(J(D) jo + 0.5
s +0.5
. Vo’ + 0.25
_ s+t05-1 Flat Magnitude Hy(jo) = 2 — =1
T 5105 J Haljo) Vo' +0.25
5 Phase Shifter arg(Hy(jo)} = —2tan_1(%)
H(s) =1 - ———— '
(s +0.5)
Inverse Laplace Transform d
Group Delay — —L(arg (s, (jo)
hit) = 8(t) — e ™
—= _i _Ztan 1 &
dw 0.5
(1+ »?/0.25)
iNni Young Won Lim
Minimum Phase (2A) 10 A



All Pass Filter

) Flat Magnitude
) A Pure Phase Shifter

zero s, | ' Hyls)
:) not complex conjugate
pole s,
X—X—X OO O —
s; = ta+jb :> only differ in the signs M
5 = —a+jb of their real parts
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All Pass Filter

] ) Flat Magnitude
l-az A Pure Phase Shifter

—jo * * _+jo .
. e —da _io 1—a e a
J _ _ Jw
H(e") = —— =e¢’" ——— ;
1—ae 1—ae

o B i 1_a*e+jw
H (™) = le"] — = 1
l—ae™’
iNni Young Won Lim
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All Pass Filter

Flat Magnitude
A Pure Phase Shifter

Cascade form of all
pass system for real-
valued impulse
response system a

Conjugate symmetric [ (e'")
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All Pass Filter (4)

x(t) = - p(t) }—Py(t)

Parseval's Theorem

T worac= [ iyiof a

X() =B H,(f) HY(f)

Parseval's Theorem

+o0
| Ix(o)f dt
- o0

Energy Compaction = [ |X(f) dt

—0o0

) to

[ (ofde = [ |y(of de Y(f) = Hy(f)X(f) mm

— 00 —0o0

= [ (PRIX () d

Ha(f) = 1w = | [X(FFd
x(t) =g h_ () }—Vy(t) C -

Allpass Filter [ |x(¢)fdt = [ |y(e)f dt

The_energy build-up in the input
is more rapid than in the output
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All Pass Filter (5)

x(t) =g h(t) }—P y(t)  Truncated input
<[X(t) (t < t,)

0 (t >t

Xl(t) =

Parseval's Theorem
T x(e)f de = T () dt For t < tto ) x,(t) = x(¢) m
: E yilt) = _fh(t—T>X1(T>dT = [ h(t-1)x(x)dt = y(t)

Energy Compaction

: to [ pterac= § o a
_fw x(e)f dt = J" (o) de For ESTE) m x()=0 m

) +o0 to +oo
| (efde = [ |p(ef de=[ |y (c)fde + [ |y, (c)f de

x(t) = p(t) )—V)’(t)

The_energy build-up in the input
is more rapid than in the output

t, t,

[ x(OFde = [ |y(ofdt For t

— o0 —0

IA
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All Pass Filter (6)

non—min phase

X(t) — h,,(t) )—Fy(t) x(t) A_Qm;n;?sbém )/7> h(t) )—‘>y(t>
rapid energy |

+o0 +o0 build-up than the output

[ W(eFde = [ |y(ef a

— 00 — 00

Parseval's Theorem

The signal energy until t of the minimum phase

= any other causal signal

t £, with the same magnitude response

J k(@Fde = [ |y(of dt . |

—oo —eo Thus minimum phase signals

ﬂ maximally concentrated toward time O
when compared against all causal signals

having the same magnitude response
) = () () 9 9 P

minimum phase signals
m) minimum delay signals

Energy Compaction

The_energy build-up in the input
is more rapid than in the output
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Properties of a Minimum Phase System
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Properties of a Minimum Phase System
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Properties of a Minimum Phase System
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Properties of a Minimum Phase System
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Properties of a Minimum Phase System
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Simple LPF - Approximation (2)

% 11

_(Dk (Dk

:
]
%
.
.

2A(w,)B

sin[B(t+¢'(w,))] { Alw,) (-B<w<+B) w[e ' §(w—w,) + e "8 (w+m,)]
nB(t+¢' (o))
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Simple LPF - Approximation (3)

ot

slope = ¢'(w,) time shifting

".,\ -

Phase = ¢(w,)

Alw,) (-B=<w<+B) * Tt[eﬂq’(wk)é(w—u)k) + e_j¢(wk)6(u)+(nk)]

0 else

t Group Delay t Phase Delay

Ti D I sin (o

Frequency Domain {
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