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Wave Equation

A(t, t) = A,coslkx — wt)
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Wavelength, Frequency
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Wave Number, Angular Frequency
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A, cos(kx — wt,) A, cos(k@) — wt)
At the snapshot of the time ¢, At the fixed site of the distance x,
\
—> distance time <——
X, X, L 4
27 27
wave number k = Y angular frequency o = 7
radians per unit distance radians per unit time
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Phase Velocity (1)
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A, cos(kx — wt,) A, cos(k@) — wt)
At the snapshot of the time ¢, At the fixed site of the distance x,
\
— distance time |—
Xy X [, [
27T 27T
wave number k = Y angular frequency o = 7
radians per unit distance radians per unit time
Phase Velocity Vv o= A 2n/k = 9 vV, = 2
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Phase Velocity (2)
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Phase Velocity v, = ;

Acos(kx—wt)
Given time t, ‘ Wt oscillations

Corresponding distance x, wmy  the same oscillations
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Phase Velocity, Group Velocity

Phase Velocity y = 9
P k
0w
Group Velocity v, = —|—-
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Group Velocity Explanation (1)

(Dl > (1)2 kl > k2
((D1+(’02) (k1+k2)
o = k=
2 2
P%ﬂ A = 1= 0) F%ﬂ Ak = k)
2 2
; ;
W, , k, k,
W, = 0+Aw k, = k+ Ak
®w, = 0—Aw k, = k— Ak
ej(k1x_(”1t) ej(kzx—(x)zt)
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Group Velocity Explanation (2)

0w, = 0o+Ao k,
®w, = 0—A® k,

k+ Ak
k— Ak

ej(kzx - (th)

Jllk+Ak)x — (0 + Aw)t]

— 0 4 ej{(k—Ak)x—(m—Aoo)t}

jllkx —wt)+(Akx— Awt))

— . 4 ej{(kx—oot)—(Akx—Awt)}

ej(kx —oot){ej(Akx — Awt) + e

—j(Akx— Au)t)}

= 2cos(Akx — Awt)e’ oY

Envelope
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Group Velocity Explanation (3)

0w, = 0+tAw k, = k+ Ak
®w, = 0—Aw k, = k— Ak

ej(klx_u)lt) _I_ ej(kzx_wzt)

= 2cos(Akx — Awt)e’F oY

Envelope
ANk < k 1, k, =% Small Wave number =% Long Wavelength
Ao K W, W, —» Small Frequency = [ong Period
Envelope A _ dw
Velocity Vo = Ak Group Velocity V, = Tk
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Group Velocity & Fourier Transform (1)

A periodic function

f(0) = 2. a;sin(k0) + b, cos(k6)

k—nff 0)sin(k0) d0 k=7[ff 0) cos(k0) d O

A non-periodic function

f(x) = fw F(k)e"™ dk

T
=
]

f f —]kx
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Group Velocity & Fourier Transform (2)

A non-periodic function

~+o0
; 1 —jkx
f(x)=fF(k)e]kxdk F(k)=2—nff(x)e] dx
Infinite number of sine waves
Well-defined wavelength
Well-defined k (wave number) ?
Lots of sine waves of diff wavelengths
Short wave packet
A long wave packet A small spread in k
Sharp peak
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Group Velocity & Fourier Transform (3)

A non-periodic function

+o0 | 1 +oo s
= [F) e ar Fk) = =] flx)e " dx
A long wave packet A small spread in k

Sharp peak at  k

At some initial time = ¢, Taylor expansion to 1 order
o0
= [ F(x)e’™ak olk) = o+ L2k~ k)
b dk
After time f(x,1)
= of o’ (= (0, + 22 (k = k)
flx,1) = fF Sl g g = fF(x)eJ ak dk

o (k) different wavelength components
have different frequencies
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Group Velocity & Fourier Transform (3)

A long wave packet

A small spread in k
Sharp peak at  k
After time ¢ S (x = (0 + 22 (k = &)1
/ flxt) = [ Fk)e Tt gk
f F(x)e" Wgk -
TF(k) (kox +kx — k,x (m0+f1—‘l’j(k—k0))z)dk
= e
Taylor expansion to 1" order —o0
o Jk = ks = 20k~ )0)
(k) = 000+Z:—(;€)(k k,) = " [ Fk)e * dk
. 1 (k —k,) x—d—mt
_ ej(kox—wot)J'F(k ej ( dk)dk
dow dw
Group Velocity Ve = Ik - vt
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x = linspace(-10, +10, 1000);
y = zeros(1l, 1000);
for k=1.0:0.1:2.0

y =y + cos(4*¥k*(x-k));
end
plot(x, y);
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cos(x - t)
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cos(x - t)

X : distance
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X : distance
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cos(-t)

X : distance




tx = ty = linspace(-10, 10, 51);
[XX, yy] = meshgrid(tx, ty);

tz = cos(xx-yy) ;

mesh(tx, ty, tz);

title("cos(x - t)");

xlabel("x : distance");
ylabel("t : time");

print -demf fig1.emf

tx =ty = linspace(-10, 10, 51);
[XX, yy] = meshgrid(tx, ty);

bb = [zeros(26, 51); ones(25, 51)];

tz = cos(xx-yy) .* bb;
mesh(tx, ty, tz);
title("cos(x - t)");
xlabel("x : distance");
ylabel("t : time");
print -demf fig2.emf

tx = ty = linspace(-10, 10, 51);
[XX, yy] = meshgrid(tx, ty);

bb = [zeros(51, 26) ones(51, 25)];
tz = cos(xx-yy) .* bb;

mesh(tx, ty, tz);

title("cos(x - t)");

xlabel("x : distance");

ylabel("t : time");

print -demf fig3.emf

tx =ty = linspace(-10, 10, 51);
[XX, yy] = meshgrid(tx, ty);

aa = zeros(51, 51);

aa(26,:) = ones(1, 51);

tz1 = cos(xx - yy) .* aa;
mesh(tx, ty, tz1);
title("cos(x)");

xlabel("x : distance");

ylabel("t : time");

print -demf fig4.emf



tx = ty = linspace(-10, 10, 51);
[XX, yy] = meshgrid(tx, ty);

aa = zeros(51, 51);

aa(:, 26) = ones(51, 1);

tz1 = cos(xx - yy) .* aa;
mesh(tx, ty, tz1);
title("cos(-t)");

xlabel("x : distance");

ylabel("t : time");

print -demf figh.emf
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