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sinh =
1
2
e − e−

cosh =
1
2
e

 e−


tanh =
e − e−



e  e−

x2− y2 = 1

cosh2 − sinh2 = 1

cosh , sinh

1
4
(eα

+ e−α
)
2
−
1
4

(eα
− e−α

)
2

= 1

Definitions of Hyperbolic Functions

x y
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e+i x = cos x + i sin x

e−i x = cos x − i sin x

cos x =
1
2
(e+ix + e−ix) ⇒ cosh ix

i sin x =
1
2
(e+ix − e−ix) ⇒ i sinh ix

e+i x = cosh ix + sinh ix

e−i x = cosh ix − sinh ix

i
sin x
cos x

=
(e+ix − e−ix)

(e+ix + e−ix)
⇒ i tanh ix

Hyperbolic Functions of Complex Numbers

Euler Formula
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( x̄ , ȳ) ⇒ ( s̄ , t̄ )

x − y = s √ 2

x + y = t √ 2

s

t

t̄

xs̄

y

[ xy ] = [cos(
−π
4 ) −sin (−π

4 )

sin (−π
4 ) cos (−π

4 ) ][st ]

[ xy ] = [
1

√2
1

√2
−1

√2
1

√2
][st ]

[st ]= [cos (
π
4 ) −sin( π

4 )

sin ( π
4 ) cos( π

4 ) ][ xy ]

[st ]= [
1

√2
−1

√2
1

√2
1

√2
][ xy ]

x − y = s √ 2

x + y = t √ 2

+s + t = x√2

−s+ t = y√2

st =
1
2

( 1

√2,
1

√2
)

Coordinates Changes
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s

t

t̄

xs̄

y

x − y = s √ 2

x + y = t √ 2

st =
1
2

( 1

√2,
1

√2
)

– 

– 

= 

=

2S = 2∫ 1

√2

(x+ y )

√2 ds
2 s

S = ∫ 1

√2

t 1
2s
ds = ∫ 1

√2

(x+ y )

√2 1
2s
ds

= ln(x+ y ) = ln(x±√x2−1)

Angle A
Area S 
Radius R
Vector P = (x, y)

=

Area:S Angle:A  2S = A  (1)→
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s

t

x

y

x − y = s √ 2

x + y = t √ 2

st =
1
2

( 1

√2,
1

√2
)

2S = ln (x+ y) = ln (x±√ x2−1)

cosh A = x

A = cosh−1 x

Angle A
Area S 
Radius R
Vector P = (x, y)

cosh A =
1
2
(eA + e−A

) = x

2 x = u+
1
u ( u = eA )

u2− 2 x u+ 1 = 0

u = x ± √x2 − 1 ⇒ eA

A = ln( x ± √ x2 − 1 )

2S = A = ln( x±√ x2−1 )

Area:S Angle:A  2S = A  (2)→
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m=0m=1 m= –1

P( x , y )

A=
2S

R2

R

Angle A
Area S 
Radius R
Vector P = (x, y)

R = x2  y21 /2

A = tan−1 yx 

R = x2 − y 21/2

A = −tan−1(− yx )

Area:S Angle:A  2S = A  (3)→
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