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Example

a, x, + a, x, + toa, x, = b 2 x, + 1 X, — 1 Xy, = +8
a,, X, + a,, X, + + a, x, = b
-3 x, — 1 x, + 2 x, = =11
-2 x, + 1 x, + 2 x; = =
aml Xl + am2 X2 + + amn Xn - bm
e N [ ) ( ) - h
o Ao i LS +2 +1 —1 ( X | = + 8 \
. —
as, ay, ay, 9 = | b
-3 —1 +2 X, = | —11
—2 +1 +2 X, = —3
a,, a,, a,, X, - bm \ / \ y, \ y,
. J \ ] \ )
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Gauss-Jordan Elimination
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Gauss-Jjordan Elimination - Step 1

t2x;+ X, —X; = 8 (L)) ’ @ +1 -1 +8

—3x,—x,+ 2x, = —11 (L, 3 -1 +2 | -1

—2Xx,+ X, + 2x; = —3 (L) -2 +1 +2 -3

+1x,+ =X, — 32X, = 4 (5 %L, +2/2 +1/2 112 +8/2

i+ gx,—3x% =4 (3XL) G 412 —12 | 44

33X, — X, + 2x, = =11 (L,) 3 -1 +2 | -11

—2x,+ x,+ 2x, = =3 (L3) -2 +1 +2 -3

: : Young Won Lim
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Gauss-Jordan Elimination - Step 2

x4 5x,—5x, = +4 (L)) 41 412 <12 | +4
—3x,—x,+ 2x, = —11 (L, 3] -1 +2 | -11
—2Xx,+ X, + 2x; = —3 (L) 2| +1 +2 -3

+3X,+ 2x,— 2x, = +12 3 XL, +3 +3/2 -3/2 +12

—3x,— X, + 2x, = —11 (L,)

+2X,+ 2x,—3x, = +8 2 X L, +2 +2/2 -2/2 +8
—2Xx, + X, + 2x, = —3 (L,) -2 +1 +2 3

+IX 45X, — 35X, = +4 (L)) 41 412 12| +4
Ox,+ 3X,+ 3X; = +1 3 X L[+ L,) 0 |+1/2 +1/2 | +1
Ox,+ 2x,+ 1x, = +5 2 X L+ L, 0| +2 +1 | +5
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Gauss-jordan Elimination - Step 3

1 1
+1x,+ 5x,—5x, = +4

2

1 1 —
Ox, + oXx,+ 57X, =

Ox,+ 2x,+ 1x, =

Ox,+ 1x,+ 1x;, =

1 1

+1x,+ 5x,— 3

X3 —

Ox,+ 1x,+ 1x,

Ox,+ 2x,+ 1x, =
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Gauss-Jordan Elimination - Step 4

+1x + 35X, —5x, = +4 (L) 41 412 12 | +4
0X1+ 1X2+ 1X3 = +2 (LZ) 0 +1 +1 +2
Ox,+ 2x,+ 1x, = +5 (L,) 0 |+2| +1 +5
Ox, —2x, —2x, = —4 —2 X L, 0O -2 -2 _4
Ox,+ 2x,+ 1x, = +5 (L,) 0 +2 +1 +5
+1x,+ 53X, — 35X, = +4 (L,) 41 +12 12 | +4
Ox,+ 1x,+ 1x; = +2 (L,) 0O +1 +1 +2
Ox,+ 0x,—1x, = +1 —2X L, L) 0 |0] -1 | +1
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Gauss-Jjordan Elimination - Step 5

+lx + 37X, = 3%, = +4 (L,) 41 412 12 | +4
0X1+ 1X2+ 1X3 = +2 (L2) 0 +1 +1 +2
Ox,+ 0x,— 1x, = +1 (L,) 0 O @ +1
Ox, —0x,+ 1x, = —1 (-1 x L,) O 0 +1 -1
+1x,+ X, — 32X, = +4 (L,) (41 +1/2 -1/2 | +4 )
Ox;+ Ix,+ 1x; = +2 (L,) 0O +1 +1 +2
Ox,+ Ox,+ 1x, = —1 (-1 xL,) 0 0 ()| -1
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Forward Phase

G2 +1 -1 | +8 D) 2 12| +a | [ 41 412 —22 | +4
-3 -1 +2 -11 -3 -1 +2 | -11 0 |+1/2 +1/2 | +1
2 41 42 | 3 2 41 42 | 3 0] +2 +1 | +5
(41 412 12| +4 (41 12 12| 44 (UHl +12 <12 | +4 )
0 +1 +2 0O +1 +1 +2 0O +1 +1 +2
0 #2 +1 | +5 | |0 [0] 11| % 0 0 @D -1

Forward Phase - Gaussian Elimination
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Gauss-Jordan Elimination - Step 6

1 1 —

+1x, + 5 2

Ox,+ 1x,+ 1x, =

Ox,+ Ox,+ 1x, =

1 —

1 1
tlxg+ 59X, — 59X, =

Ox,+ 0x,—1x; =

Ox, + 1x,+ 1x, =

1
+1x,+5x,+0x, =

Ox, + 1x,+ 0x; =

Ox,+ Ox,+ 1x, =
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Gauss-Jjordan Elimination - Step 7

1
+1x, +5x, +0x,
Ox,+ 1x,+ Ox,

Ox,+ Ox,+ 1x,

1
Ox, —3x,+ 0x,

+1x,+ 0x,—0x; =

+1x,+ 0x, —0x,
Ox,+ 1x,+ Ox,

Ox,+ Ox,+ 1x,

I
+

|1
+
W NN
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Backward Phase

+1 412 [F172] | +4 ) (41 12 [O ]| 72 42
0 +1 +1 +2 - 0 +1 0 +3 +3
O 0 +1 | -1 0O 0 +1 | -1 -1
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Gauss-Jordan Elimination

Forward Phase - Gaussian Elimination

@2 +1 -1 | +8 CGD) +12 12| +4 | [ 41 412 —12 | +4
3 -1 +2 | -11 3 -1 +2 | -1 0 |+1/2 +1/2 | +1
2 41 2| 3 2 41 42| -3 0] +2 +1 | +5
41 +1/2 <12 | +4 (1 412 12 | +4 (41 4172 12 | +4
0 +1 +2 0 +1 +1 +2 0 +1 +1 +2
0 #2 +1 | +5 | | [0 [0] 11| % 0 0 (D] -1

Backward Phase

+1 +1/2 12| +4 ] C 41 +12 [0 ]| 472 (1 @ o | +
O +1 |+1 +2 0O +1 0 +3 0O +1 0 +3
0 0 +1 -1 0 0 +1 -1 0 0 +1 -1
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REF: Row Echelon Forms (1)

Zero rows ‘ Should be grouped at the bottom

non-zerorow mm)  Aleading 1
The 1% non-zero element should be one

Any successive ‘ The leading 1 of the lower row
non-zero rows should be farther to the right than
the leading 1 of the higher row

Linear Equations 17 Yo oar01s



REF: Row Echelon Forms (2)

Zero rows ‘ Should be grouped at the bottom

O 000 - 0

O 000 0

O 000 - -0
O 000~ -0

Linear Equations 18 Yo oar01s



REF: Row Echelon Forms (3)

non-zerorow W)  Aleading one

The 1% non-zero element should be one

O@**ooo* 0@**.0.*

O 000 - -0
O 000~ -0

Linear Equations 19 Yo oar01s



REF: Row Echelon Forms (4)

Any successive ‘ The leading 1 of the lower row
non-zero rows should be farther to the right than
the leading 1 of the higher row

i-th row —> O * % o o o * O * % e o o *
(l+1)-th row —p O * % o o o * O * % o o *

The possible location of the leading one

Could be like this 0 Q@) * =« *

Or like this 0 Q@D - *
Or like this 0 @@@

Linear Equations 20 Young Won Lim
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RREF: Reduced Row Echelon Forms (1)

Zero rows m)  Should be grouped at the bottom

non-zerorow mm) Aleading1l
The 1° non-zero element should be one

Any successive ‘ The leading 1 of the lower row
non-zero rows should be farther to the right than

the leading 1 of the higher row

Any column ‘ All other elements except the leading
that contains a one are all zeros
leading 1

Linear Equations 21 Yo oar01s



RREF: Reduced Row Echelon Forms (2)

Any column that ‘ All other elements except the leading

contains a one are all zeros
leading one
9 0|
O |@ * * e o o * O |@ * * e o o *
0 0
0 0
: O|0(0O O = O
0] 0(0)J0 0 *** 0

Linear Equations 22 Yo oar01s



Examples

Row Echelon Form Zero / Non-zero Zero / Non-zero

} Zero rows

} Zero rows

Linear Equations 23 Y a0l



Linear Systems of 3 Unknowns

(Eq 1) a, x, *+ a, X, + a4;;3 X; — b,
(Eq 2) a,, X, T 4, X, T a3 X; — b,
(Eq 3) a;; x; + 4, X, + dz; X5 = b,

A
N AN

Linear Equations 24 Y o015




Leading and Free Variables

1 0 0 0 1 O 3 -1 1 -5 4
0 1 0 0 1 -4 2 O O 0
O O 0 1 O O 0 0

with a leading 1
leading variables

Other remaining varaible

free variables

Linear Equations 25 Yo oar01s



Free Variables as Parameters (1)

1 O 0 1 O 3 -1 1 -5 4
0 0 -4 2 0O O 0
0O O 0 1 0O O 0 0 0O O 0 0
0-x,+0x,+0x, = 1 1@ +3x, = —1 1@— 5.x,+ 1'x, = 4
1@— 4ix, = 2
0 1
Solve for a leading variable x, = —1—-3Xx, X, = 4+5x,— 1-x,
X, = 2+ 4-Xx,
Treat a free variable X, = t X, = 8§ X, =t
as a parameter
x, = —1-3t X, = 4+5Xx,—1-x,
X, = 2+ 4t X, =S
X; =t X, =t

Linear Equations 26 Yo oar01s



Free Variables as Parameters (2)

1 0 0
0
0 0 O

o 3 | -1 |
4 | 2

0 0 0

+3-x, = —1

= —1-—-3t

2+ 4t

free variable

5 4
0 o0
0o 0 | 0

1@— 5x,+1'x, = 4

= 4+5Xx,— 1x,

= S free variable

=t free variable

/ 47
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Free Variables as Parameters (3)

1 0 0
0
0 0 O

o 3 | -1 |
4 | 2

0 0 0

+3-x, = —1

—1— 3t
2+ 4t

free variable

5 4
0 o0
0o 0 | 0

1@— 5x,+1'x, = 4

= 4+5Xx,— 1x,

= S free variable

=t free variable

/ 47  J
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Free Variables as Parameters (4)

x, = —1—23t X, = 4+5Xx,— 1-x,

X, = 2+ 4t G = free variable

X, =t free variable z Xz =t free variable

A X3 * X3 A X A%

e f// \ h

\‘ x ® \“
> > > >
’ / Xz/ 2 E

/
X, X X4 X1
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Consistent Linear System

A linear system with at least one solution

‘ A Consistent Linear System

A linear system with no solutions

‘ A Inconsistent Linear System

Linear Equations 30 Yo oar01s



General Solution

A linear system with infinitely many solutions

Solve for a leading variable

Treat a free variable as a parameter

‘ A set of parametric equations

All solutions can be obtained
by assigning numerical values to those parmeters

‘ Called a general solution

Linear Equations 31 Yo oar01s



Homogeneous System

a, x, + a, x, + + a, x, = All constant terms
are zero
a,; X, *+ a4, x, + t a4, X, = n
a,, x;, *+ a, x, *+ + a,, X, = u
4 N [ \
a,, a, a, X, = All constant terms
are zero
a,, a,, a,, X5 =
Ay o a,. X, =
N J o\ ),

Linear Equations 32 Yo oar01s



Solutions of a Homogeneous System

All homogeneous
system passes
through the origin

n

The homogeneous system

has Ani Xy + gy X, + oo + a4, x, =
* only the trivial solution g Y (L)

y aq; d, a, X1 =

a;, dy, a, X, =

* many solutions
In addition to the
trivial solution a

Linear Equations 33 Yo oar01s



Trivial Solution

X, 0
X, 0
_ Cl11 X1 + 012 X2 + + aln Xn =
a, X, + a,, x, * T a4, X, =
X, 0
\ ) \ J
aml Xl + am2 XZ + + amn Xn =
satisfies all r N ()
aj, a;, a, X1 =
homogeneous
equatlon dy, a,, a,, X, -
All homogeneous
system passes | I N )
through the origin
- . Y Won Li
Linear Equations 34 o S0i04/2012



Augmented Matrix

0 Augmented matrix
G X by % b 4 a, = 0 of a homogeneous
| | | system

- N/ \ 4 )
a, a, a, X, = A a; ay, 0
ay, ay, as, X, = az, as, as, 0
aml am2 amn Xn = aml amZ amn 0
\ 7\ J " y,
L' E t Young Won Lim
Inear Equations 35
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Reduced Row Echelon Form

:

- - ’
.
+
+
.
N ” N J

X
o

X
(9]

r N
N I ,

-
-

—

Reduced Echelon Form

leading
variables

Elementary row operations do not
alter the zero column of in a matrix

The augmented zero column is
preserved in the reduced echelon
form of a homogeneous system

r
leading
variables

} Zero rows

Linear Equations
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Free Variable Theroem

Reduced Echelon Form

r
r :
eading vatiables
variables
Z€ero rows{ n—r

free

variables

\ parameters S, t, U,
0O x + 0 «x, + + 0 x, = 0

A homogeneous linear system with n unknowns

If the reduced row echelon form of its augmented matrix has
rnon-zero rows mEy n - rfree variables =) infinitely many solutions

Linear Equations 37 Yo oar01s



Pivot Positions

Depend on the sequence of
Row Echelon Form B Not unique elementary row operations

Zero / Non-zero [,/ Zero / Non-zero

y

The position of leading 1's
Pivot position is unique

} Zero rows

} Zero rows

Linear Equations 38 Yo oar01s



Pulse

Linear Equations 39 Yo oar01s



Pulse
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