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Line Integral In the Plain
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Curve C a<t=<»b ds
Ady

Jo Glx, y)dx = [0 G(f(t), glt) F(t) dt "
[cGx,y)dy = [ GIflt), glt) g'(t) dt
[.6x,y)ds =[] G(Ff(t), ge) IF(©)F+[g (L) dt
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Line Integral In Space

Curve C a<t<bh ds = V[f'(t) +[g'(t) +[h'(t)] dt

[ Gx.y.z)dz = [ G(f(t), g(t), h(t)) h'(t) dt

[.Gx,y.2)ds = [ Glf(t), glt), h(t) VIF(E)F +[g (&)F+[h (£)F dt
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Line Integral using r(t)

Arc Length Parameter s increases in the direction of increasing t

s(@) = I|V(T)|dr = ?Ilr'(r)lldr = Iﬂf'(r)]“[g'(r)]“[h'(r)]zdr

ds = |v(t) dt ds = V[f'(t) +[g'(t) +[h'(t)] dt

[cGx,y,2)dz = [ G(EE@) Ir'(t) dt

= [" G(F(t), glt), h(t) (L) dt

= [P G(f(t), g(t), nE) IFOF +1g () +[h (£)F dt
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Line Integral

In many applications

fc G(x,y)ds = fc P(x,y)dx + fc Q(x,y)dy
= fc P(x,y)dx + Q(x,y)dy

= J.Pdx + Qdy

fc G(x,y,z)ds = fc P(x,y,z)dx + Q(x,y,z)dy + R(x,y,z)dz
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Line Integral over a 2-D Vector Field (1)

a given point in a 2-d space ) A vector

(X0, Vo) (P(Xo,¥o), Q(Xq Vo))

domain

2 functions

(Xo, Vo) —» P(X, Vo)

(Xo, yo) _— Q(Xo,yo)

(Xo, Vo

only points that are
on the curve

rit) = f(t)i + g(t)j —»  F(x, yo) = P(xyo)i + Qx,y0)J
x=f(t) y=g(t) a<t<bh
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Line Integral over a 2-D Vector Field (2)

ar _ i+ a'(t) i = 9% . 4y

d_rdt — ﬂdti L ay

T T dtdtJ:Xm+dyJ

dr = dxi + dy j

F(x,y) = P(x,y)i + Q(x,Vy)j dr = dxi + dy j
F-dr = P(x,y)dx + Q(x,y)dy

J[.F-dr = [_P(x,y)dx + Q(x,y)dy
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Line Integral over a 2-D Vector Field (1)

A given point in a 3-d space ) A vector

(XO, yO, ZO) <P(XO’yO/ZO>/ Q(Xolyole)’ R(X01y0120)>

3 functions

domain B

(Xo, Yo, Z,)

(Xo, Yo, 20) —— 9 P(xy Yo Z,)

(Xo, Yo, Zy) —— Q(XO,yO,ZO)

(Xo, Yo, z) ——— R(Xo,yo,zo)

(Xo, Vo, Z,)
only points that are
on the curve —_—> F(Xo, Yo, z,) = P(Xo,yo,zo)i + Q<X0,yo,zo)j + R(XO,yO,ZO)k

rit) = f(e)i + g(t)j + h(t)j
x=f(t) y=g(t) z=h(t) a<t <b
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Line Integral over a 3-D Vector Field (2)

r(t) = f(t)i + g(t)j + h(t)k

dr _ i+ a'(t) i + R _dx, dy . dz
dt—f(t)1+g(t)]+h(t)k—dt1+dt]+dtk
dr ,. _dx . .  dy .  dz _ . .

dtdt— dtd“+ dtdt]+dtdtk—dx1+dy]+dzk

dr =dxi +dyj+dzk
F(x,y,z)=P(x,y,2z)i + Q(x,y,z)j+ R(x,y,2z)k
F-dr = P(x,y,z)dx + Q(x,y,2z)dy + R(x,y,z)dz

J.F-dr = J.P(x,y,z)dx + Q(x,y,z)dy + R(x,y,z)dy
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Work (1)

W= [ Fix,y)r(t) = [, P(x,y)dx + Q(x, y)dy

dr _ drds _ dr _

9t = ds dt dr = dsds dr = Tds
W= /[ F-dr =] F-Tds

_ ar

= 1F S dt

pdf . dg dh
at " Qar T Rar

( dt
(PQ Qdy RIZ| g
|

dt dt dt

Pdx+Qdy+Rdz dt

|1
L g L —
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Work (2)

dr _ drds ar _
dt ~ ds dt e dr =glds

= IZTF-Z—;dt

Attt
¢ Ldx Rdz

— ( dt Q Rge)dt
ty

= Pdx+Qdy+ Rdz

~+
o
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Circulation

A Simple Closed Curve C - Circulation

circulation = gﬁcF.dr = gﬁCF-Tds
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Conservative Vector Field

A vector function F in 2-d or 3-d space is conservative
- F can be written as the gradient of a scalar function @ F =Vo

rit) = x(t)i + y(t) j a<t=<hb

F(x,y) = P(x,y)i + Q(x,y)j conservative
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Path Independence
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Connected

Connected

Simply Connected

Disconnected

Multiply Connected

Open Connected
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Equivalence

In an open connected region
Path Independence [ F-dr

=)
Conservative F f—
=)

Closed path C ¢, F-dr =0
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Equivalence in 2-D

In an open connected region

Path Independence  [_F-dr &
Conservative F f—
Closed path C ¢ F-dr =0 - orP _ 0Q
¢ oy 0 X
F - pi . _ Vg - 0P, 0D ;
i +Qj F =V Fol i oy j
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Equivalence in 3-D

In an open connected region

Path Independence  [_F-dr
Conservative F
Closed path C ¢ F-dr
0P _ 4Q
oy 0X
curl F = (% — é;_(j
F =Pi+Qj+ RK F =
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2-Divergence

Flux across rectangle boundary

oM ON aM ON
~ |——AX|A —A AXA
0 X y oy y]A 0 X 8y X2y
Flux density aM oN Divergence of F Flux Density
0 X ay
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