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Sampler

T T

τ

x̂ (t) = ∑
n =−∞

+∞

x(nT ) δ(t−nT ) x̂ (t) ≈ ∑
n =−∞

+∞

x (nT ) p (t−nT )

x̂(t)

X̂ ( f ) = ∫
−∞

+∞

x̂ (t ) e− j 2π f t dt

Ideal Sampling Practical Sampling



6B Prefilter 4 Young Won Lim
6/5/12

Zero Order Hold (ZOH)

T T

τ
rect( t−T /2

T )

xZOH (t ) = ∑
n=−∞

+∞

x [n]⋅rect( t−T /2−nT
T )

1/T
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Square Wave CTFT 

C k = 1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

n=0

∞

C k e+ j k ω0 t

Continuous Time Fourier Series

C k =
1

T 0
∫−T 0 /2

+T 0 /2
xT 0

(t ) e− j k ω0 t dt

C k T 0 = ∫−T 0/2

+T 0/2 xT 0
(t) e− j k ω0 t dt

= ∫−T 0/ 2

+T 0 /2 e− j k ω0 t dt = [ −1
j k ω0

e− j k ω0 t]−T /2

+T / 2

= −e− j k ω0T / 2−e+ j k ω0T /2

j k ω0
=
sin (k ω0T /2)

k ω0/2

−
T 0

2 +
T 0

2

2ω0−2ω0

∣ak∣

ω0−ω0

1
T 0

2ω0−2ω0

∣ak T 0∣1

ω0−ω0

ω0 =
2π
T 0

Fundamental Frequency

k ω0

sin (k ω0T /2)
k ω0/2

T 0
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CTFT and CTFS

X  j = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

C k = 1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

n=0

∞

C k e+ j k ω0 t

Continuous Time Fourier Series

Continuous Time Fourier Transform Aperiodic Continuous Time Signal

Periodic Continuous Time Signal

−T
2

+T
2−T 0

2 +T 0

2

−T
2 +T

2
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CTFT ← CTFS

Aperiodic Continuous Time Signal

Periodic Continuous Time Signal

−T
2 +T

2

−T
2

+T
2

−
T 0

2 +
T 0

2

x(t )

xT 0
(t) = ∑

n=−∞

+∞

x(t − nT 0)

xT 0
(t) → x(t )

ω0 =
2π
T 0

→ 0

As T 0 → ∞ ,

Continuous Time Fourier Series

Continuous Time Fourier Transform

T 0

T 0 → ∞
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CTFT and CTFS  as 

−
T
2 +

T
2 +

T 0

2
+T 0−

T 0

2
−T 0 +2T0−2T0

−
T
2 +

T
2 +

T 0

2
+T 0−

T 0

2
−T 0

−
T
2 +

T
2 +

T 0

2
−

T 0

2

T 0 = 2T

T 0 = 4T

T 0 = 8T

2ω0−2ω0

4ω0−4ω0

8ω0−8ω0

∣ak T 0∣

∣ak T 0∣

∣ak T 0∣

T 0 → ∞ ,
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Sampling (1)

T T

τ

T

τ

T T

τ

X

=

X
=

Ideal Sampling Practical Sampling

t

t

T
t
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Sampling (2)

T

T

T

Ideal Sampling Frequency Domain

X

=

*
=

1
T

ω

t

t
ω

t

ω

A

A
T

2ω0−2ω0 ω0−ω0

2ω0−2ω0 ω0−ω0

ω0 = 2π
T
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Practical Sampling Frequency Domain

Sampling (3)

T

τ

T

τ

T

τ

2ω0−2ω0

∣ak∣

ω0−ω0 k ω0

1
T
sin (k ω0T /2)

k ω0/2

X

=

*
=

2ω0−2ω0 ω0−ω0

t

t

t

A

A
T

ω0 = 2π
T
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CTFT of Sampled Signal

x̂(t) = ∑
n =−∞

+∞

x (nT ) δ( t−nT ) X̂ ( f ) = ∫
−∞

+∞

x̂( t) e− j 2π f t dt

= ∫
−∞

+∞

∑
n =−∞

+∞

x(nT ) δ(t−nT ) e− j 2π f t dt

= ∑
n =−∞

+∞

x(nT ) e− j 2π f T n dt

X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n

T
t

ω
0−

2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

CTFT

CTFT

x̂(t) = ∑
n =−∞

+∞

x (nT ) δ( t−nT )
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f s = 1
T 2π f s = 2π

T = ω0

Periodicity in Frequency 

T
t

ω
0−

2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

e− j2π( f + f s)T ne− j2π( f + f s)T n = e− j 2π( f )T n f sT = 1

X̂ ( f ) = X̂ ( f + f s)

Period = Sampling Frequency f s

X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n

CTFT
x̂(t) = ∑

n =−∞

+∞

x (nT ) δ(t−nT )

f s

2π f = ω
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Time Sequence

Convert to 
Time Sequencex (t)

x̂ (t)
x [n]

p(t ) = ∑
n =−∞

+∞

δ(t − nT ) T Sampling Period

Ideal 
Sampling

T
tt

T
t

T

T
t

x (t) x̂ (t)

p(t ) x [n ] Time Sequence
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DTFT of a Time Sequence

X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n

t
ω

−
2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

CTFT
x̂(t) = ∑

n =−∞

+∞

x (nT ) δ( t−nT )

t
ω

−
2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

X̂ ( f ) = ∑
n =−∞

+∞

x [n] e− j 2π f T n

DTFT
x [n]

x̂( t)

x [n] = x (nT )
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Discrete Time Fourier Transform (1)

2π f T = 2π f
1/T = 2π f

f s
= ω̂

Normalized Angular Frequency

X̂ (e j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂ n

t
ω

−
2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

X̂ ( f ) = ∑
n =−∞

+∞

x [n] e− j 2π f T n

DTFT
x [n]

x [n] = x (nT )

ω̂ = ω⋅T
−2π−4π +2π +4π

A
T

DTFT
x [n]
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f s = 1
T 2π f s = 2π

T = ω0

Discrete Time Fourier Transform (2)

X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n

T
t

ω
0−

2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

X̂ (e j ω̂) = ∑
n =−∞

+∞

x(nT ) e− j2π ω̂ n

Normalized Angular Frequency

f
0− f s−2 f s + f s +2 f s

f / f s

0−1−2 +1 +2

ω̂ = 2π f / f s

0−2π−4π +2π +4π

ω = 2π f
0−2π f s−4π f s +2π f s +4π f s

Nyquist Interval

2π f T = 2π f
1/T = 2π f

f s
= ω̂
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Fourier Series

x̂(t) = ∑
n =−∞

+∞

x (nT ) δ( t−nT )

x(nT ) = 1
f s

∫+ f s/2

− f s/2 X̂ ( f ) e+ j 2π f T n df

= ∫
−π

+π

X̂ (ω) e+ jω n d ω
2π

ω = 2π f / f s
d f
f s

= d ω
2π

T
t

ω
0−

2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n

CTFT

CTFS

X̂ ( f )

x(nT )

Continuous Periodic Function 

Fourier Series Coefficients

X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n
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Numerical Approximation

X ( f ) = ∫
−∞

+∞

x(t) e+ j 2π f t d t

≈ ∑
n =−∞

+∞

x (n T ) e− j 2π f T n⋅T

X ( f ) ≈ T X̂ ( f )

X ( f ) = lim
T → 0

T X̂ ( f )

T

ft

A
x(t)

T
t

ω
0−

2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A
T

x̂(t)

T
t

x̂(t) = ∑
n =−∞

+∞

x (nT ) δ( t−nT ) X̂ ( f ) = ∑
n =−∞

+∞

x(nT ) e− j 2π f T n

CTFT

CTFT
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Spectrum Replication (1)

T

T

T

Ideal Sampling

X

= t

t

t

x̂(t) = ∑
n =−∞

+∞

x (nT ) δ(t−nT )

s(t) = ∑
n =−∞

+∞

δ(t−nT )

x( t)

x̂( t)

s( t) = 1
T ∑

m =−∞

+∞

e+ j 2π m f s t

x̂( t) = 1
T ∑

n =−∞

+∞

x (t ) e+ j 2π m f s t

Shift Property

X̂ ( f ) = 1
T ∑

n =−∞

+∞

X ( f −m f s)
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Spectrum Replication (2)

Frequency Domain

*
=−

2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

1
T

0

ω

ω
0

ω

−
2π
T

−2 2π
T

+
2π
T

+2⋅2π
T

A

A
TX̂ ( f ) = 1

T ∑
n =−∞

+∞

X ( f −m f s)

= ∫
−∞

+∞

X ( f − f ' )S ( f ' ) d f '

S ( f ) = 1
T ∑

m =−∞

+∞

δ( f −m f s)

= 1
T ∑

m =−∞

+∞

∫
−∞

+∞

X ( f − f ' )δ( f '−m f s) d f '

X ( f )

X̂ ( f )

S ( f )

Convolution in Frequency

X̂ ( f ) = X ( f ) ∗ S ( f )
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Ideal 
Prefilter
H(f)

Ideal 
Sampler
- ADC

Analog
signal Bandlimited

signal 
Sampled
signal 

X i ( f ) X ( f ) X̂ ( f )

f s

0 1
2 f s

2
4 f s

3
4 f s

0−1
2 f s + f s0− f s
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