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Impulse Response

input output

x t  y t 

input output

t  ht 

input output

x t  y t 

= ht ∗x t 

=∫−∞

∞

h x t −  d 

ht 
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Frequency Response

input output

x t 

= A e je j t

y t 

= ht ∗x t 

=∫−∞

∞

h x t −  d 

=∫−∞

∞

h A e j e j t −  d 

=∫−∞

∞

h A e j e j t e− j d

= A e je j t ∫
−∞

∞

he− j d

ht 

H  j = ∫−∞

∞

h  e− j w  d

x t  = A e j e j t

y t  = H  j A e j e j t
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CTFT of a Rect(t/T) function (1)

+ 2π
T

X  j = ∫−∞

∞

x t  e− j t d t x t  =
1

2
∫−∞

∞

X  j e j t d

Continuous Time Fourier Transform Aperiodic Continuous Time Signal

X ( jω) = ∫−T /2

+ T /2
e− jω t dt

= [ −1
jω

e− jω t ]
−T / 2

+ T /2

= −
e− jωT / 2−e+ jωT / 2

jω

=
sin(ωT /2)

ω/2

∣X ( j ω)∣ =
sin(ωT / 2)

ω/2sin(ωT /2) = 0 ωT /2 = π n

ω = ±
2π
T

, ±
4π
T

, ±
6π
T

, ⋯

ω =
2π
T

n

+ 4π
T

−2π
T

−4π
T

X ( j 0) = lim
ω →0

sin (ωT /2)
ω/2

= lim
ω→0

T
2

cos(ωT /2)
1 /2

= T

T

T

−
T
2

+
T
2
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CTFT of a Rect(t/T) function (2)

+ 2π
T

X  j = ∫−∞

∞

x t  e− j t d t x t  =
1

2
∫−∞

∞

X  j e j t d

Continuous Time Fourier Transform Aperiodic Continuous Time Signal

X ( jω) = ∫−T /2

+ T /2
e− jω t dt =

sin(ωT /2)
ω/2

∣X ( j ω)∣ =
sin(ωT / 2)

ω/2

+ 4π
T

−2π
T

−4π
T

T

k
2π

T
T 2π

T

−
T
2

+
T
2
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CTFT and CTFS

X  j = ∫−∞

∞

x t  e− j t d t x t  =
1

2
∫−∞

∞

X  j e j t d

C k =
1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

n=0

∞

C k e+ j k ω0 t

Continuous Time Fourier Series

Continuous Time Fourier Transform Aperiodic Continuous Time Signal

Periodic Continuous Time Signal

−
T
2

+
T
2

T

T

X ( jω) =
sin (ωT /2)

ω/2

C k =
1
T 0

sin(k ω0T /2)

kω0/2
−

T 0

2
+

T 0

2

−
T
2

+
T
2

Period = T 0
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CTFT ← CTFS

Aperiodic Continuous Time Signal

Periodic Continuous Time Signal

x(t )

xT 0
(t) = ∑

n=−∞

+ ∞

x(t − nT 0)

xT 0
(t) → x(t )

ω0 =
2π

T 0

→ 0

As T 0 → ∞ ,

Continuous Time Fourier Series

Continuous Time Fourier Transform

T 0 → ∞

Period = T 0

T

−
T
2

+
T
2

T

−
T 0

2
+

T 0

2

−
T
2

+
T
2
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CTFT and CTFS  as              (1) 

−
T
2

+
T
2

+
T 0

2

+T 0−
T 0

2

−T 0 + 2T 0−2T0

−
T
2

+
T
2

+
T 0

2

+T 0−
T 0

2

−T 0

−
T
2

+
T
2

+
T 0

2
−

T 0

2

T 0 = 2T

T 0 = 4T

T 0 = 8T

2ω0−2ω0

4ω0−4ω0

8ω0−8ω0

∣C kT 0∣

∣C kT 0∣

∣C kT 0∣

T 0 → ∞

T = T 0/2

T = T 0/4

T = T 0/8

sin (k ω0T 0/4)

k ω0/2

sin(k ω0T 0/8)

k ω0/2

sin (k ω0T 0/16)

k ω0/2

sin (k ω0T /2)

k ω0/2

sin (k ω0T /2)

k ω0/2

sin (k ω0T /2)

k ω0/2

T 0

T
ω0 =

2π

T
ω0 =

2π
T 0

=
2π
8T

T

T

T

(k π/2)

(k π/4)

(k π/8)

T
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CTFT and CTFS  as                (2) T 0 → ∞

T 0

1
T 0

2π

T 0

−
T
2

+
T
2

+
T 0

2

+T 0−
T 0

2

−T 0

T 0 = 4T

−4ω0

∣C kT 0∣
T = T 0/4

sin(k ω0T 0/8)

k ω0/2

T 0

T
ω0

C k =
1
T 0

sin (k ω0T /2)

k ω0/ 2T

+ 4ω0

2π

T
=

+
2π
T

+
4π
T

+
8π
T

−
2π
T

−
4π
T

−
8π
T

ω0 =
2π
T 0

=
2π
4T

⋅T

T
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CTFT of a Rect(t/T) function (3)

+ 2π
T

X ( jω) =
sin(ωT /2)

ω/2

+ 4π
T

−2π
T

−4π
T

T

T k
2π

T

X ( jω) = lim
k ω0→ω

sin (k ω0T /2)

k ω0/2
=

sin(ωT / 2)
ω /2

−
T
2

+
T
2

+
T 0

2

+T 0−
T 0

2

−T 0

T 0 = 4T

C k =
1
T 0

sin (k ω0T /2)

k ω0/ 2

T 0

X ( jω) =
sin (ωT /2)

ω/2

C k T 0 =
sin (k ω0T /2)

k ω0/2

T

−4ω0 + 4ω0

+
2π
T

+
4π
T

+
8π
T

−
2π
T

−
4π
T

−
8π
T

2π

T 0

T 0

T
ω0

2π

T
=

1
T 0

⋅T

2π

T

−
T
2

+
T
2
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From CTFS to CTFT

X  j = ∫−∞

∞

x t  e− j t d t x t  =
1

2
∫−∞

∞

X  j e j t d

C k =
1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

n=0

∞

C k e+ j k ω0 t

Continuous Time Fourier Series

Continuous Time Fourier Transform

C k =
1
T 0

∫−T 0 /2

+ T 0 /2

xT 0
(t ) e− j kω0 t dt

C k T 0 = ∫−T 0/2

+ T 0/2
xT 0

(t) e− j k ω0 t dt

xT 0
(t) = ∑

n=0

∞

C k e+ j kω0 t ⋅
2π

2π
⋅

T 0

T 0

xT 0
(t) =

1
2π

∑
k=0

∞

C k T 0 e+ j k ω0 t⋅
2π

T 0

T 0 →∞ C k T 0→ X ( jω) xT 0
→ x (t) ω0 =

2π

T 0

→ d ω
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CTFT of Time Domain Impulse 

Continuous Time Fourier Transform x t  = A t 

x t  =
1

2
∫
−∞

∞

A e j t d

=
A

2
∫
−∞

∞

e j td = A t 

X  j = ∫
−∞

∞

At e− j td t

= ∫
−∞

∞

A t e0d t

= A∫
−∞

∞

t d t = A

X  j = A

x t  =
1

2
∫−∞

∞

X  j e j t d

X  j = ∫−∞

∞

x t  e− jt d t
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CTFT of Frequency Domain Impulse 

Continuous Time Fourier Transform X  j = 2  

x t  =
1

2
∫
−∞

∞

2e jt d

= ∫
−∞

∞

e0d = 1

X  j = ∫
−∞

∞

e− j td t = 2 

x t  = 1

x t  =
1

2
∫−∞

∞

X  j e j t d

X  j = ∫−∞

∞

x t  e− jt d t
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CTFS of Impulse Train

Continuous Time Fourier Series p t  = ∑
n=−∞

∞

 t − nT s

p t  = ∑
n=−∞

∞

C ne
j ns t

= ∑
n=−∞

∞ 1
T s

e j ns t

Cn =
1
T s

∫−T s /2

T s /2
t e− j ns t d t

=
1
T s

∫−T s /2

T s /2

 t  d t =
1
T s

Cn =
1
T ∫0

T
x t  e− j n0 t dt

x t  = ∑
n=0

∞

C n e j n0 t

p t  = ∑
n=−∞

∞

 t − nT s = ∑
n=−∞

∞ 1
T s

e j n s t
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CTFT of Impulse Train

Continuous Time Fourier Transform p t  = ∑
n=−∞

∞

 t − nT s

P  j = ∫
−∞

∞

∑
n=−∞

∞

t − nT se
− j n t d t = ∫

−∞

∞

∑
n=−∞

∞
1
T s

e j n s t e− j n t d t

= ∑
n=−∞

∞
1
T s

∫
−∞

∞

e− j  − n s t d t

= ∑
n=−∞

∞

 2

T s
  − ns 

x t  =
1

2
∫−∞

∞

X  j e j t d

X  j = ∫−∞

∞

x t  e− jt d t

p t  =
1

2
∫−∞

∞

∑
n=−∞

∞

2

T s
   − ns e jt d = ∑

n=−∞

∞ 1
T s

∫−∞

∞

 − ns e j t d

= ∑
n=−∞

∞
1
T s

e j n s t = ∑
n=−∞

∞

t − nT s
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Other Convention

Continuous Time Fourier Transform {unitary, angular frequency}

Continuous Time Fourier Transform {non-unitary, angular frequency}

X  j = 1⋅∫−∞

∞

x t  e− j t d t

x t  =
1

2
∫−∞

∞

X  j e j t d

X  j =
1

2
∫−∞

∞

x t  e− j t d t

x t  =
1

2
∫−∞

∞

X  j e j t d
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CTFT of Impulse 

x( t) = Aδ(t )

x(t) = δ(t)

X  j = ∫−∞

∞

x t  e− j t d t x t  =
1

2
∫−∞

∞

X  j e j t d

X ( jw) = ∫
−∞

+ ∞

δ(t) e− j ω t dt

= ∫
−∞

+ ∞

δ(t) e− jω 0 dt

= ∫
−∞

+ ∞

δ( t) dt = 1

X ( jω) = 1

X ( jw) = 2πδ(ω)

X ( jω) = 2πδ(ω)

x( t) =
1
2π

∫
−∞

+ ∞

2π δ(ω) e+ j ω t d ω

= ∫
−∞

+ ∞

δ(ω) e+ j 0 t d ω

= ∫
−∞

+ ∞

δ(ω) d ω = 1

x(t) = 1
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CTFT of Sinusoid 

X  j = ∫−∞

∞

x t  e− j t d t x t  =
1

2
∫−∞

∞

X  j e j t d

X ( jw) = 2πδ(ω − ω0)x( t) =
1
2π

∫
−∞

+ ∞

2π δ(ω − ω0) e+ jω t d ω

= ∫
−∞

+ ∞

δ(ω − ω0) e
+ j ω0 t d ω

= e
+ j ω0 t ∫

−∞

+ ∞

δ(ω) d ω

X ( jω) = 2πδ(ω − ω0)ℜ{e+ jω0 t}

= e
+ j ω0 t

ℑ{e+ jω0t}
ω0

= cosω0 t + j sinω0 t

ω0 =
2π
T 0
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CTFT of Periodic Signals

X ( j ω) = ∑
k=−∞

∞

ak ∫
−∞

+ ∞

e
j kω st e− j ω t dtx( t) = ∑

k=−∞

+ ∞

ak e+ j k ωs t

a k =
1
T s

∫
−T s/2

+ T s/2

x (t) e
− j kω st dt

ωs 2ωs 3ωs−ωs−2ωs−3ωs

2πa1

2πa2
2πa3

2πa−1
2πa−2

2πa−3

2πa0

A general formula for the CTFT 
of any periodic function 
for which a CTFS exists

Fourier Series Coefficients

Period

Fourier Series Expansion

ωs =
2π

T s
T s

= ∑
k=−∞

∞

ak ∫
−∞

+∞

e
− j (ω − k ωs)t dt

= ∑
k=−∞

∞

2π ak δ(ω − kωs)

Fourier Transform

Period Time Signal Sampling in Frequency

CTFS
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CTFT of Impulse Train

X ( jω) = ∑
k =−∞

∞

2π ak δ(ω − k ωs)

A general formula for the CTFT 
of any periodic function 
for which a CTFS exists

Fourier Series Coefficients

Period

Fourier Series Expansion

ωs =
2π

T s
T s

= ∑
k=−∞

∞

( 2π

T s
) δ(ω − k ωs)

Fourier Transform

p (t) = ∑
k=−∞

+ ∞

ak e+ j k ω s t

a k =
1
T s

∫
−T s/2

+ T s/2

x (t) e
− j kω st dt

=
1
T s

∫
−T s/2

+ T s/2

δ( t) dt =
1
T s

T s 2T s 3T s−T s−2T s−3Ts

1 1 1111 1

2π 2π 2π2π2π2π 2π

ωs 2ωs 3ωs−ωs−2ωs−3ωs
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