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Single-Sided Spectrum

x(t) = a, + X la, cos(nwyt) + b, sin(nw,t)] x(t) = g, + Z cos(nwyt + ¢,)
n=1 n=1
a, = %fgx(t)dt 9o = 9o
9 T g, = \/a +bi
a, = Tfox(t) cos (nw,t) dt b
¢, = tan | ——
b = %fo(t) sin (nw,t) dt a,
n=1 2 n =1 2
cos(o+p) =  cos(a) cos(p) — sin (o) sin(B)

g, cos(nwy,t +¢,) = g, cos(¢,) cos(nw,t) — g, sin(¢,)sin(nw,t)
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Two-Sided Spectrum

x(t) = a, + z a, cos(nw,t) + b, sin(nmot)) x(t) = Z C ot inent
= = ) 1 T —jnwyt
ao_Tfox(t)dt CnZTIOX(t)eJ dt
_ 2 T
0 = 7 Jyxl0)cos (nasye) n= -2 -1, 0, +1, +2, ..
_ 2 (T :
b, = = fox(t) sin (nw,t) dt A (ne0)
n=12 C, =<A, (n>0)
B, (n<0)
X(T_) = AO + Z An ejnwot + Bn e—jnwot
n=1
An
IC,| = > (n # 0)
Ay = a,
1 | b,
A, = ~(a,—jb,) +¢, = tan | ——= (n > 0)
2 Arg(Cn) = n
1 0 _ — =il —n
B, = E(an_|_ jb,) ¢, = tan | +- (n < 0)
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Periodogram

a, cos(nwyt) + b, sin(nw,t)|

X() = a + Z

l~]

1
aGQ = 7 IO x(t) dt

2 T
a, = T fo x(t) cos (nwyt) dt
b, = % IZ x(t) sin (nw,t) dt

n =1 2, ..

Positive Frequency Only

f = — n=1 2, ..

Single-sided Spectrum

a:+ b’

Spectra

An estimate of the spectral density
of a signal

t

T t,+T
7 = f x(t) cos (kt) dt

t

T t,+T
b = [ x(t) sin (kt) dt

T: integer multiple 2%
k = ZTT[-n = nw,

) 27
abscissa —

2

. 2
ordinates r = va +b
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Continuous Periodic Signal

instantaneous power x*(t)
i
1Q % v(t) = x(t) average power %j{ x(t) dt
0
- T : period
v(t) = x(t) Continuous Periodic
) CTFS (Fourier Series) Parseval’'s Theorem

O;ah]

+o0 . 1 +o00
x(t) = Y ¢, el =) X(d = 2 Ic,|’

C = %J‘Z x(t) e 7" dt average power  sum of
power spectrum C,
n= —-2,—-1,0, +1, +2, ...
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CTFS and CTF

Continuous Time Fourier Series

T . 0 _
Cn — %fox(t) e‘]nwot dt “ X(t) _ ch e+]nooot
n=0

Continuous Time Fourier Transform

x(jo) = [x(e™de @ x(e) = 5 [ X(jw)e " do

X(f) — fi:X(t)e_jznftdt -) X(t) = fizx(f)eﬂ?nftdf
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Continuous Aperiodic Signal

Continuous Aperiodic
CTFT (Fourier Integral)

x(t) = [T x(f)e>laf

X(f) = [ x(t)e > de

instantaneous power

+o0

| x3(t) dt

—00

total energy

Parseval’s Theorem

+o0 [e'e]

J e)de = [ 1x(f)1*df
total energy integral of
energy spectral
density |x(f)|?
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Average Power of Random Signals

A truncated sample function

xil0) = x(6) —L <¢<+I

=0 otherwise

Fourier Transform

X, (o) = _fxT(t) e’ dt @  x.(t) = 1 f X.(w) e dw

400

X:A0) = [ (0 e ac o xil0) = [ X,() e o

—0o0

Parseval’s Therorem

f X, (¢)]" dt = f X (f) df total energy
Average Power

17 TIX () total energy / T

?_{Oxi(t) dt = _fw e 9y
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Power Spectral Density of Random Signals

Average Power

1+oo +o0 |X +o0 )
= xad = | = [ 8.(f) df
Raw Power Spectral Density Power Spectral Density
X (PP E[1X;(F)F]
T — Sxx(f) }I_I)I:o T — Sxx(f)
+o0 X 2
lim —f x5 (t) dt = lim X F) df not converge
T —o0 Tow _o T
[hm —f X2 (t = E[ Random Signal
T— o T T—ooo _
i E||X.(f)f s
var(x(t)) = o} = f lim [l ,;(f)| } df = fox(f)df
e T'—>o —o0
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Power and Power Density Spectra

Average Power
E[x(t)] = %j‘ (1) dt

Average Power of N sample of x(t)

N-—1 N At N-1

1 « 1 2 1 2
— ~ t)dt = — X
N;xn NAt‘!:X() N 2 Xl
N-1 1 N—-1
XX =—>I|x m=01-,N-1
n=0 N m=0
Periodogram: Average Power Total Energy
1 ) N-1 , 1 = N-1 , N-1
N n=0 N m=0 n=0 m=0
. ) . N At
m = 0, ]_, ,N ]_ ~ J’ Xz(t) dt
0
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Periodic Signals Aperiodic Signals Random Signals

F
S;Z?:lilr?;cy Af= NAt Af= NAt 2SAf= NAt ﬁZXZAt
Two A _\'N-1
Sided v (k) ¥ X (K S(0=2X ()} P=31=0 S(K)Af
One Sided
=0, X (k) 2 () S(K)=25(k)  P=x)is (KA f
k=131 2 X (k) 280 x (k) S,(k)=5S(k)
Frequenc kA f kA f kA f
y Scale
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