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Causal LTI Systems (1)

d" y(t) () y(2) d" x(t) d" 'x(t) dx(t)
e P S o Jmo0egm ), J +a0y(t) = b, v S L Jmoseq= )
dVy(t d" ' y(t dyl(t d" x(t d" x(t dx(t
dJ;]\(/ >+a1 dtNJi(l )+"'+aN—1 ;:5 )+aNJ’(t) = by_y dtﬂg )+bN—M+l dtM(_ )+" +by_, ( )

(DN—I—alDN_l—|—---+aN_1D+aN)y(t)

= (D" +b, ., D" '+-+b,  D+b,)x(t)
O(D)y(t) = P(D)x(t)
M = N
d" y(t) () d y(t) d"x(t) ,, d"x(t) dx(t)
d—t+al e +aN_17+aNy(t) = b, - +b, e +otbh, oy +b,x(t)
(D"+a,D

N_1+"'+aN—1D+aN)y(t) =

O(D)y(t) = P(D)x(t)
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Causal LTI Systems (2)

d” y(t) () y(1) d x(t)
ay o +a, ~ +eta, y +a,y(t) = b, " +b,,_, " +--+b, rr +byx(t)
d" y(t) () dyl(t) d" x(t) d" x(t) dx(t)

o +a, e +eota, o +a,y(t) = by, T +bN_M+1dtM_1+--+bN_1 r +b,x(t)

(D"+a, D" '+--+ay_D+a,)y(t) = (D"+b, ., D" '+--+b,_  D+b,)x(t)

O(D)y(t) = P(D)x(t)

 Zero Input Response
« Zero State Response (Convolution with h(t))
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Zero Input Response y,(t) - (1)

dVy(t d" ' y(t dyl(t
dJ;J\(/ )+a1 dtNJi(l )+"'+a1v—1 3;5 )"*'aNJ’(t) = by_y

(D"+a, D" '+---+ay_ D+a,) - y() =\(by_,DY+by . DY ' +--+b,  D+b,) - x(t)

o(D) - (1) = P(D) - x(1)
OD(0) =0 =) (D"+a, 0" 4tay Day)yyli) =
Linear combination of y,(t) and its derivatives = 0
if and only if yolt) = ce
yo(t) = che”
y,(t) = e\ e
\/
o(n) =0 =) (W +a, "+ tay  htay) e = 0
=0 = 0
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Zero Input Response y,(t) - (2)

N N-1 b M
ddfﬁ”mddtNy_§”+---+aN_ld§§’>+aNy<r> _ oy Al A, dxl)

(D"+a, D" '+---+ay_ D+a,) - y() =\(by_,DY+by . DY ' +--+b,  D+b,) - x(t)

o(D) - y(t) = P(D) - x(t)
O(D)y,(t) = 0 =) (D"+a, D" '+-4a, D+a,)y,(t) = 0
o) = 0 - (M ra, N tay,  htay) ce™ =0
=0 # 0
on) = W+a, MW"+ tay, Ata,) = 0
O(n) = (A =n)(h =2y) - (A= 2y) A  characteristic roots
ce e o oy = wlt) ¢ characteristic modes

ZIR: a linear combination of the characteristic modes of the system
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Zero State Response y(t) - (1)

N N-1 M M
de;JSt)JfalddtN_(lt)+"'+aN—1dj;it)JraNJ’(t) _ bN_Md—x(t)erN_MHd—x(t)+---+b ) dx—(t)erNx(t)

(D"+a, D" '+---+ay_ D+a,) - y() =\(by_,DY+by . DY ' +--+b,  D+b,) - x(t)
o(D) - ylt) = P(D) - x(¢)

All initial conditions are zero

y(t) = x(t)xh(t) = +f:x(r)y(z— T)dt
Impulse response  p(y)
Causality
causal system: Response cannot begin before the input

causal input:  The input starts at t=0 h(t)=0 1<0

causal h(t): The causal system’s response to a unit impulse cannot begin before t=0
h(t—1)=0 t—1<0
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Total Response

(i), L ol

dt d! N de

d" x(¢)

tM_l N-1 dt

+aNy(t) = by =

=1l

(D"+a, D" '+---+ay_ D+a,) - y() =\(by_,DY+by . DY ' +--+b,  D+b,) - x(t)

o(D) - (1) = P(D) - «x(1)
> A
)= T v ) xal
Zero Input Response Zero State Response
(1)
y(t) = + Yol?)
Natural Response Forced Response
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Zero Input Response

d" y(1)

d""y(t), ., dyl)
di"

diV! MU dt

t+a, +aNy(t) = by =

(D"+a, D" '+---+ay,_ D+a,) - y(t) =\(by_,D"+b, . D" '++b, D+b,) - x(t)
o(D) - ylt) = P(D) - x(z)

Input is zero 7(07) = 3,(0) = y,(07)
0(0)

Only initial conditions 2(07) =y
drives the system
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Zero State Response

d"y(t) d"'y(1)

B d" x(1) dx(t)
P t+a, P T tay J1 + Ny(t) by_u 7 M +by 41 M1 ++by dt +bNx<t)
(D"+a, D" '+---+ay,_ D+a,) - y(t) =\(by_,D"+b, . D" '++b, D+b,) - x(t)
o(D) - y(1) = P(D) - x(¢)
Axm - .
|
t=0 =0 ¢=0" h(t) I\ =0 =0 =0
All initial conditions are zero |
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Total Response y(t)

d" y(t)
dt”

d" ' y(t dylt
+a, dtNJi(l)-F“'-i-aN_l 3;5)

(D"+a, D" '+---+a,_ D+a,) -

0(D)

AX(f)

AN

t:()_ t:O t:O+

zero input response
+

+aNy(t)

= (bN—M DM+bN—M+1DM_1+'"+bN—1D+bN) ’
= P(D) - x(t)

<0

J’(t) = yo(t)

because the input
has not started yet

The total response

zero state response y(07) = yol0) y(07) = y(07)
$(07) = yy(07) y(07) = y(07)
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Impulse Response h(t)

N
d y(l‘)Jra1

N-1
A0 A, 0

aN—lT-i_aNy(t) = by_y

dx(t)

y -I-bNx(t)

=l

(D"+a, D" '+---+ay_ D+a,) - y(t) =\by_,DY+b,_,. D"

+-+b, D+b,) - x(t)

o(D) - y(t) = P(D) - x(t)

t=0 =0 (=0" t=0 (=0 ¢=0"

5(07)=0 K‘ 5(07)=0
All init conditions

are zero at ;—q- Generates energy storage h(t) = characteristic mode terms

Creates nonzero initial 1>0" (1#0)
condition at ¢=0"
At t=0, at most impulse
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Impulse Response h(t)

dy(t) d" x(t) d" x(t) dx(t)
T—FCZI T 1 +aN_17+aNy(t) = b, T +b, e +o+b, r +b,x(t)
(D"+a, D" '+--+a,_ D+ay,)y(t) = (b,D"+b, D" by_D+b,)x(t)
M = N

0(D)y(t) = P(D)x(t)

If 8(¢) isincludedin h(r)

(D" +a, D" '+-+a, D+a,)h(t)

L

6(N+1)(t>

= (b,D"+b, D" '+

+b, D+b,)8(t)

The highest order term

8™M(¢) contradiction

h(t) cannot contain d()(t) at all
h(t) can contain at most o(t)
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Simplified Impulse Matching Method (1)

d];);< )+a1 — (lt) +aN_1dy(t)+aNy(t) = b, dZ;f/Mbl ci;ij;(_tl)Jr +b, d;gt)+bNx(t)
(D"+a, D" '+--+ay_ D+ay)y(t) = (b,D"+b, D" '+---4+b,_, D+b,)x(t)
M =N 0(D)y(t) = P(D)x()
h(t) = byd(t) + [P(D)y,(t)]ult) 0(D)y(t) = P(D)x()
y.(¢) Linear combination of characteristic modes PD) <1
with the following initial conditions 0(D)w(t) = x(¢)
200 =3,(0)=5,00) =+ =y (0) =0 o) =1 | QP =8l
(D"+a, D" ' +-tay_ Dtay)y,(t) = 8(t) O(D)w(t) = x(¢)
v ()4 a ) a0 )+ () = 8(0) 0(D)P(D)w(t) = P(D)x(1)
0(D)y(t) = P(D)x(t)
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Simplified Impulse Matching Method (2)

d”y(t )+a1 (lt) tay pl), y(t) = b, de(t)+blde<_t)+ --+bN_1dx(t)+bNx(t)
dt" dt" dt" d™! dt
(D"+a, D" '+--+ay_ D+ay)y(t) = (b,D"+b, D" '+---4+b,_, D+b,)x(t)
M =N 0(D)y(t) = P(D)x()
(D"+a, D" "'+-+ay_ D+ay)y,(t) = (1) 0(D)w(t) = x(¢)
w6+, () a8+ () = 8 () 0(D)P(D)wl(r) = P(D)x(r)
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Impulse Response h(t)

N
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