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Linear Phase (1)

A phas/ \A phase
21T 21T
/ P time \ P time
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Linear Phase (2)

® = wt (w > 0) ® = w't (w' < 0)

g A phase g A phase
P time P time
—TT —TT
w' = —w

cos(w't) = cos(—wt) m cos(w't) = cos(wt)
sin(w't) = sin(—wt) m sin(w't) = —sin(wt)

et = el m ' = cos(wt) — jsin(wt)
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Linear Phase (3)
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jwt
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Negative Frequency (1)

AV

Coordinate (A) Coordinate (B)
I _ . i
| t t |
As t increases, As t increases,
the phase increases. the phase decreases.
0 0
e -
t t
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Negative Frequency (2)

Coordinate (B)
l flip horizontally
Coordinate (A) Coordinate (B) --- redraw
W» W»
b = wt d = w't
cos(w't) = cos(wt)
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Negative Frequency (3)

N\

Coordinate (A) Coordinate (B)
I _ . i
| t t |
As t increases, As t increases,
the phase increases. the phase decreases.
0 0
e -
t t
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Negative Frequency (4)

Coordinate (B)

/\/\/ ‘ -« > » -

l flip horizontally
Coordinate (A) Coordinate (B) --- redraw
A L ¢
d® = wt

_./ /w' \

/

sin(w't) = —sin(wt)
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Complex Phase Factor

(50K _ @ (5K
Wy =e 8 Wy' =e °
Wi We =Wy =W, Wy
WS W - Wy’ R
8 8 Wé _ W8—6 — W; é Wy
wi=w =W : :
Wg Wg - ’ ’ W84 Wa
W = W8—4 _ W;
3 v 1 X
Wy w W: — ME — W8—3 W W8—7
W 6 7 —2 Wy
W8 = We~ = W8
We=We| =Wy
L w =y
Young Won Lim
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DFT Matrix (1)
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DFT Matrix (2)

still symmetric matrix
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DFT Matrix (3)

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 Wy eI
=0 0 0 O 0 0 0 _0 0 — [ W
04 04 -04 04 04 -0 - - e
=1 0 -1 _ -2 _ -3 -4 5 6 -7 » T @
-1 -1 -1 -1 -1 -1 -1
=2 0 -2 -4 -6 0 -2 -4 -6
-2 -2 -2 -2 -2 -2 -2 .« W
=3 0 -3 -6 -1 -4 -7 -2 -5 ¢ _am
34 3¢ 3¢ 3¢ 3¢ 3463 =8’
k= 0 -4 0 -4 0 -4 0 -4 .
A4 AL A AL 4L 4
=5 0 5 -2 -7 -4 _ -1 -6 _-3 I W o
-5 -5 -5 -5 -5 -5 -5 _ et
=6 0 6 -4 2 0 6 -4 -2 Wi
64 64 64 6 -67 67 -6 P,
=7 0 _-7_-6_-5_-4 _-3_-2 _-1 - ¢
T A T T T4 T T4 7
k=0 stride= 0 ccw angular speed = 0
k=1 stride=-1  ccw angular speed = 1w
k=2 stride=-2  ccw angular speed = 2w
k=3 stride =-3 ccw angular speed = 3w
k=4 stride=-4  ccw angular speed = 4w
k=5 stride=-5  ccw angular speed = 5w
k=6 stride=-6  ccw angular speed = 6w -7
k=7 stride = -7 ccw angular speed = 7w
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DFT Matrix (4)

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 Wy 2
=0 0 _ 0 0 0 _ 0 0 0 0 w,’ — w,!
0« 0« -0¢ -0« -0¢ -0 -0 ELS z oA
=1 0 -1 -2 3. -4_-5_+6 -7 R, Nl
S N N, P N I |
=2 0 _2 _-4 _-6 2 _ -4 _ -6
24 2424624242422 Wit . .y
=3 O -3 -6 -1 -4 -7 -2 -5 LS ¢
34 34 34 34 34 343 el A
k= 0 -4 -4 -4 -4 . .
4 € - A4 -4 4 -4 4 - -4
=5 0 _+3 _+46 _+1 _+4 _+7 _+2 _+5 ~ I We' o
+3 ¢ + +3 ¢ +3 ¢ +3 ¢ +3 <« +3 8 +2s = Lw T
=6 0 +2 +4 +6 0 _+2 _+4 _+6 - Wy’
+2 4 + +2 4 42 4 + + +2 BRI E T
=7 0 _+1 +2 +3 +4 45 +6 +7 = ¢
+l1 ¢ +1 ¢ +]1 ¢ +]1 € +]1 ¢ +] € +]
k=0 stride= 0 ccw angular speed = 0
k=1 stride=-1  ccw angular speed = 1w
k=2 stride =-2 ccw angular speed = 2w
k=3 stride =-3 ccw angular speed = 3w
k=4 stride=-4  ccw angular speed = 4w
k=5 stride =-5 ccw angular speed = 5w ()  stride =+3  cw angular speed = 3w
k=6 stride =-6 ccw angular speed = 6w (m  stride=+2  cw angular speed = 2w
k=7  stride=-7  ccwangularspeed = 7w @  stride=+1  cw angular speed = 1w
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Angular Frequency

Frequency f = — (Hz: cycles per second)

T

1Hz - event repeats once per second

21T
Angular (0 = —— (radians per second)
Frequency

One revolution = 21 radian

o = 21Tf — 2-,-(1 ‘ Angular Speed
T

0 = wt = 2mft ~ ww Phase
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Fundamental Frequency

N=8 8 complex phases View as 8 samples in time domain
DFT
Wg 2T
i — e 8" 0 cycle
Wo o ¥ W o 1 Y le *|
e R cycle
2 cycles*
e ‘ o, .. W 30ycles:
e _ i 4 cycles
. . 3 cycles
W $ Wi . 2 cycles
S =e ° 1 cycle
= e_jT.2
Wik & e—j(zw/N)nk Period: T
& —
Fundamental Frequency : f=1/T
Young Won Lim
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Harmonic Frequency

N=8 8 complex phases View as 8 samples in time domain
DFT
time
S
frequency
0 0 cycle
1% harmonic +  -f 1cycle *|
2"" harmonicx  -2f 2 cycles *
3" harmonic »  -3f 3 cycles ™
4™ harmonic *  -4f 4 cycles *
3" harmonic 3f 3 cycles
2" harmonic 2f 2 cycles
1°* harmonic f 1 cycle
Period: T
Fundamental Frequency : f=1/T
Young Won Lim
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Sampling Time

W, I
w, o =¢ ’ v N=8 8 complex phases
—e’F =0 DFT L .
8 samples in time domain
W : . .
_ 0w _ i Sampling Time: T
i Period: T T =Nt

n=0 n=1 n=2 n=3 n= nNn=5 n=6 n=7

35 8 358 38 38 8 B 31

=1 [ e T T & e i e_j%'5 e’ B e’ <7 } 1 cycle
-« >
» » T = Nt
Young Won Lim
4B DFT Frequency 19 1/27/11



Sampling Frequency

Wo' o Sampling Time -
_ = e 8
W83 wt
+‘2_Tr. 4 8 Z_TT 3
S ,3 7777777777777 . = A Sampling Frequency f. = — (samples per second)
Wt . T/—J—9> - W Period T = Nt
+j%"‘4 —j%"n
= e = e
1
_5 L4 Wg7 ,
’ 42 s +jT1T'7
8 = e
= e W;G e f _ & _ 1
=e " N NT
+j-0 +j1 +j2 +j-3 +j%~4 +j-5 +j-6 +j7
e e e e e e e e
1 cycle
I
r=L
1 N
T fs = ;
T = Nt

Young Won Lim
1/27/11

4B DFT Frequency 20



Cycles / Sample

T T T T T T T T
T = Nt

T second/sample

1/t sample/second
NL (cycles /second) m  0cycle over N sample periods =0/ N (cycles / sample)
— (cycles /second) m  1cycle & & =1/ N (cycles / sample)
ﬁ (cycles /second) w2 cycles “ “ =2 | N (cycles / sample)
ﬁ (cycles /second) m 3 cycles “ “ =3 I N (cycles / sample)
ﬁ (cycles / second) - 4 cycles “ “ =4 /| N (cycles / sample)

(cycles per second)

Normalized fo _n
— (cycles per sample)
Fr equency fs N (samples per second)
4B DFT Frequency 21 Young vion tim



Normalized Frequency (1)

-
T = Nt
Sampling Time T
Sequence Time Length T = Nt
Sampling Frequency f, = % (samples per second)

e )
Normalized Frequency 7;_ _ % (cycles per sample)
Fundamental )

Frequency lv
Cf, = 1 -f 1/N h
f, = 2 -f 2/N
Harmonic { fi = 3 -f 3/N \ Normalized
Frequencies Frequencies
N fyo1 = % - i 1/2 y
\_ J
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Normalized Frequency (2)

Sampling Time T
Sequence Time Length T = Nt
_ 1
Sampling Frequency fe = =
1% Harmonic Freq f, = L_ L
' T Nt
n" Harmonic Freq f. = 2=
T Nt
Normalized fon
Frequency f. N

4B DFT Frequency
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T = Nt
(seconds per sample)
(samples per second)
1
= Nfs
_n
= Nls n=o012 ., %

(cycles per second)

(cycles per sample) (samples per second)

Young Won Lim
1/27/11



Normalized Frequency (Ex 1)

-
T =Nt
1° Harmonic Freq fi = 1 — NL — % Normalized Freq E — %
T S
R
1 cycle
) w
TI
T'"= Nt
1% Harmonic Freq f,' = 1 = ! — [ Normalized Freq i — 1
T' Nt' N f,' N
4B DFT Frequency 24 Young vion tim



Normalized Frequency (Ex 2)

R

-
T = Nt
4™ Harmonic Freq f, = 4 — 4 — A1, Normalized Freq E — 4
T Nt N f N
R
4 cycles
: W
TI
T"= NTt1'
4™ Harmonic Freq f,' = Ti — N4 — 4 ]C > Normalized Freq ; L — %
I T! S'
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N=8 DFT
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N=8 DFT : The 1st Row of the DFT Matrix

[ e_j'%o e_J%O e+ e_j'%o e e e_j%.o e j
R. L 4 L 4 L 4 L L L L 4 9
0 cycle
I [ o [ ] [ ] o o o o
kn (Z?W)kn
W, = e k=0 n=201,..,7
R = samples of cos(—wt) = cos(wt) } measure = wt = 2mft
>
I ™ samples of sin(—wt) = —sin(wt) 21r-(3) f -t
X[0] measures how much of the +0-aw component is present in Xx.
T
T = N7

Sampling Time

Sequence Time Length T

NT

Sampling Frequency f = %

zero Frequency

Young Won Lim
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N=8 DFT: The 2nd Row of the DFT Matrix

LT ST ) — .3 — L. —-jZ5 - =6 —j=7
[ e * e * e * e e e e e j

R

1 cycle
I
. —j (2 kn
W, = e k=1 n=201,..,7
R = samples of cos(—wt) = cos(wt) } measure | wt = 2mft
>
= —sin(wt) 21(3) f ot

I ™ samples of sin(—wt)

X[1] measures how much of the +1-aw component is present in Xx.

-
T = Nt
Sampling Time T Sampling Frequency f = 1
T
[ — st : 1 1 fs
Sequence Time Length T = Nt 1> Harmonic Freq fL===—7— = —
T Nt N
Young Won Lim
29 127711
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N=8 DFT : The 3rd Row of the DFT Matrix

2 cycles

k=2 n=20,1,..,7

R = samples of cos(—2wt) = cos(2wt)

I ™ samples of sin(—2wt) = —sin(2wt)

} measure wt = 21ft
>

2710-(2)-f ot

X[2] measures how much of the +2-w component is present in x.

T

T = Nt
Sampling Time T Sampling Frequency f_ = %
: _ nd . 2 2 2 f
Sequence Time Length T = Nt 2" Harmonic Freq  f, = — = — =
T NT N
4B DFT Frequency 30 Young Won Lim
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N=8 DFT : The 4th Row of the DFT Matrix

. TT . TT . TT
—j—-0 —j-—-3 —j—
[ e * e * e ?
R

3 cycles

1

k=3 n=201,..,7

R ) Samples Of COS(—S(Ut) = COS(BOOt) } measure wt = 27Tft
>
I ™ samples of sin(—3wt) = —sin(3wt) 27-(2)-f ot
X[3] measures how much of the +3-w component is present in x.

T

T = Nt
Sampling Time T Sampling Frequency f_ = %
. 3 y . 3 3 31,
Sequence Time Length T = NT 3" Harmonic Freq fs = = = — =
T Nt N
4B DFT Frequency 31 Young Won Lim
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N=8 DFT: The 5th Row of the DFT Matrix

_JZO —]%4 —]ZO —j—4 —Jj—0 —j—4 —j—0 —j—4
e e e e e e e e
R
T 4 cycles
21T
k _J(_)kn
W' =e ° k =4 n=0,1,..,7

R - Samples Of COS<—4(Ut> = COS<4OUt) } measure wt = 27Tft
-

I ™ samples of sin(—4wt) = —sin(4wt) 27-(4)f -t

X[4] measures how much of the +4-w component is present in x.

-
T = Nt
Sampling Time T Sampling Frequency f_ = 1
-
Sequence Time Length T = Nt 4 H ic F f, = 4 _ 4 _ 4rs
armonic Freq 4 T N N
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N=8 DFT: The oth Row of the DFT Matrix

-0 AL — ;L2 =) — SR — ;L6 —j=.3
[ e *¢ e * e * e * e ¢ e * e *¢ e ¢ j

3 cycles

Wkt = ¢ 8 k=5 n=01.,7

R - Samples Of COS<—<—3(D)t) = COS(3(Dt) }measure —wt = —21Tft
-

I ™ samples of sin(—(-3w)t) = sin(3wt) 210 () f ot

X[5] measures how much of the —3-w component is present in x.

-
T = Nt
Sampling Time T Sampling Frequency f_ = %
_ B y . -3 -3 _ —3f,
Sequence Time Length T = Nt -3 Harmonic Freq  f_; = T T NT N
T
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N=8 DFT: The 7th Row of the DFT Matrix

R
2 cycles
1
o —j (2 )k
W, = e k=2 n=201,..,7
R = samples of cos(—(—2w)t) = cos(2wt) }measure —wt = —27mft
[
I ™ samples of sin(—(—2w)t) = sin(2wt) 21-(=2)f -t
X[6] measures how much of the —2-w component is present in Xx.
T
T = Nt
Sampling Time T Sampling Frequency f = %
. _ nd . _ _2 _ _2 _ _2fs
Sequence Time Length T = Nt -2" Harmonic Freq _, = — = =
T NT N
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N=8 DFT: The 8th Row of the DFT Matrix

R _i _ e — oz LY —iT3 L -
[ej“ e 4 et e e e e e }
R
1 cycle
I
- —j (2 )kn
W, = e k=7, n=201,..,7
R = samples of cos(—(—w)t) = cos(wt) }measure —wt = —2mft
>
I ™ samples of sin(—(—w)t) = sin(wt) 27-(3L)f
X[7] measures how much of the —1-w component is present in Xx.
T
T = N7
Sampling Time T Sampling Frequency f = %
= Nt -1% Harmonic Freq  f_, = il I
T NT N

Sequence Time Length T

Young Won Lim
1/27/11
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N=8 DFT : DFT Matrix in + or - Frequencies

f. Oth row: samples of cos( 0
Wy = 2T 1th row: samples of cos(— )
2th row: samples of cos(—2w,)t + j -sin(—2w,)t (2 cycles)
3th row: samples of cos(—3w,)t + j-sin(—3w,)t (3 cycles)
(—4
(=5
(—6
(—

Ow,)t + j-sin( Ow
1w,) (
W) (
wy) (
4th row: samples of cos W)t + j-sin(—4w,)t (4 cycles)
W) (
W)t + (
) (

)t (0 cycle)
o)t + j-sin t

(1 cycle)

5th row: samples of cos w,)t + ] sin (—5w,)t (5 cycles)
C.C.W ,
6th row: samples of cos w, - sin(—6w,)t (6 cycles)
7th row: samples of cos(—7w,)t + ] sin(—7 w,)t (7 cycles)
Oth row: samples of cos( Ow,)t + j-sin( O0w,)t | (0 cycle)
1th row: samples of cos(+7w,)t + j-sin(+7 w,)t (7 cycles)
2th row: samples of cos(+6w,)t + j-sin(+6w,)t (6 cycles)
—— | 3th row: samples of cos(+5w,)t + j-sin(+5w,)t (5 cycles)
— | 4th row: samples of cos(+4w,)t + j-sin(+4w,)t (4 cycles)
5th row: samples of cos(+3w,)t + j-sin(+3w,)t (3 cycles)
oW 6th row: samples of cos(+2w,)t + j-sin(+2w,)t (2 cycles)
7th row: samples of cos(+1w,)t + j-sin(+1w,)t (1 cycles)

4B DFT Frequency 36 Young Won Lim
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N=8 DFT : DFT Matrix in Both Frequencies

f. Oth row: samples of cos( 0
Wy = 2T 1th row: samples of cos(— )
2th row: samples of cos(—2w,)t + j -sin(—2w,)t (2 cycles)
3th row: samples of cos(—3w,)t + j- sin )t (3 cycles)
(—4
(=5
(—6
(—

Ow,)t + j-sin( Ow
1w,) (
W) (
wy) (
4th row: samples of cos W)t + j-sin(—4w,)t (4 cycles)
wy) (
W)t + (
) (

)t (0 cycle)
o)t + j-sin t

(1 cycle)

5th row: samples of cos t + ] sin t (5 cycles)
6th row: samples of cos
7th row: samples of cos

W

Wy
wot—l—] Sin

)
—6w,)t (6 cycles)
—7 w,)t (7 cycles)

Oth row: samples of cos( Ow,)t + j-sin( Ow,)t (0 cycle)
1th row: samples of cos 1w0 t + j-sin(—1w,)t (1 cycle)
2th row: samples of cos W)t + j-sin(—2w,)t (2 cycles)
S 3th row: samples of cos o)t + j-sin(—3w,)t (3 cycles)

o

3w
- 5th row: samples of cos(+3w,)t + j-sin )t (3 cycles)
6th row: samples of cos(+2w,)t + j-sin(+2w,)t (2 cycles)
7th row: samples of cos(+1w,)t + j- sin )t (1 cycles)

(

(—1w,) (
(—2w,) (
(—3 w,) (

4th row: samples of cos(—4w,)t + j-sin(—4w,)t (4 cycles)

( ) (
( ) (
( ) (

4B DFT Frequency 37 Young Won Lim
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Frequency View of a DFT Matrix

Normalized
Frequency

N

— -1

> 17

N

——1

2
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Frequency View of a X[il Vector

X|[0] f =0 0 ? 0 (Ocycle)
)
X[1] f=+1xf, ~f, 2 -~ (1cycle)
X[2] f = +2xf, a5 Tl 2 (2cycles)
o
N N
-1 T 1
S
S
P
X[4—1] f=+G-1)xf, | £07 1w (5=l gycles)
X[ f=+&)*f, 51, 7 (7 cycles)
X[¥41] = —(Z-1)xf, _(%I; U =+ (5—1cycles)
N_1
2
X|N-2] f = -2xf, —2f, — (2cycles)
X[N-1] f=—1x%f, —Lf. = (1cycle)

4B DFT Frequency 39 Young Vmﬁif{



e 2
~
-
I
~ =

4
_ of 5
= X
N3 %
0 f?] T = 471
f's N
| \< /2 o= 2
e . o,
P N
c /
\_
[O, fs] T = 871

Young Won Lim
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o [

4B DFT Frequency

41

2T

8T

Young Won Lim
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