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Vectors

y (x,+a, y,+b)
A /

(a, b)
(X1 y1)
i v lal|=x2+y?
a a v Vi
'
(0, 0)] x X =

Pt
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Vector Addition

a+b = b+a
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Vector Addition

b
a
c
a+(b+c)
b+c b+C "'¢' ‘\s~~
b
a
c
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Vector Subtraction

<
> <

A
a-b
(-1, 2) (3, 2) b‘//—_\a
a (-1, 2) ?7(3 2)
b P
- > ‘ >
X X
b (4, 0) = (3, 2) - (-1, 2)
a -b b
a-
b a-b ‘
v subtract a from b
b —b\ o arrow from b to a
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Component Form

y y
A A
a (3,2)
. / .
X m X
(41 _1> (4' _1)
a
/ n a=m-n
(1, -3) (1, -3)
m = (4, -1)
n= (1, -3)

Finding the Component Form of a vector
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Scalar Multiplication (1)

u+(-u) =20
k(u+v) = ku+kv

(k+m)u = ku + mu

k(mu) = (km)u
lu = u
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Scalar Multiplication (2)

(-2, 4) (-3, 6)
(_11 2)
. . 3(-1, 2)
2b
1. 2) b b
) -1, 2) \b

5(-1, 2) = (-5, 10)

(1, -2 (

2(a+b) 2(3-1,2+2)

Ly

u+(-u) =0

k(u+v) = ku+kv

(k+m)u = ku + mu

k(mu) = (km)u
lu = u
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n-Space

Ordered 2-tuples (v, v, v,, vV, € R

R® @ 2-space @ [all ordered 2—tuples (v,, v,)]

Ordered 3-tuples (v, v,, V) V,, V,, V; € R

]_I

3
R” = 3-space = [all ordered 3—tuples (v,, v,, Vv,)]|

Ordered n-tuples (v, vy, =, v ) v,, V,, -, Vv €R

n

R" @ n-space  ® (all ordered n—tuples (v,, v,, - , v )]

set
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Properties of Real Vector Spaces

U, v, w vectorsin R"
k, m scalars

u+v = v+u
(U+v)+w = u+(v+w)
u+0 =0+u = u
u+(-u) =0

k(u+v) = ku+kv
(k+m)u = ku+mu
k(mu) = (km)u
lu = u
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Linear Combination

wl v11v21 Ivr VECtOrS |n Rn
k,,k,, - ,k.  scalars

W s a linear combination of vectors v,,v,, :-- ,v

r

w = kv, + k,v,+ -+ +k v_
w, 1 0
[WJ Kk, ol * kz[ll
= m 1 + M 1
1 -1
1 1 0
:n11+n2_1+n3_1]
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Vector Magnitude

* Norm

« Length vl

« Magnitude

R® v = (v, vy V] = v + v: =0

R’ vV = (vy, vy, V) vl = \/vf + Vo + V>0

R" v = (v, vy, V) vl = \/vf + Vo4 e+ Ve 20
vl =0

vl =0 v=20

kvl = k[[lv]] = 0
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Unit Vector

la|=v32%+2%=413

=V
a
I
w
>
\/

1
A

u = v v
- " v
V| Il = k= v =0

vl _ v
k k
v
=1
v
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Standard Unit Vectors

R* @ 2-space @ {all ordered 2—tuples (v,, v,)}
i=(1,0) v = (v, vy = v,(1, 0)
j=1001) + v,(0, 1)

R’ @@ 3-space @ {all ordered 3—tuples (v,, v,, v,)}

i=(1,0,0) v = (v v,, V3 = v,(1, 0, 0)
j=101,0) +v,(0, 1, 0)
k =(0, 0, 1) + v,(0, 0, 1)

R" = n-space @ [all ordered n—tuples (v,, v,, =+, v )}

e, =(1, 0, -, 0) v =(v, vy, - ,v,) =v,(1,0,,0)

e, = (0, 1 0) + v,(0, 1 0)
+

e, =(0, 0 1) + v (0, 0 1)
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Distance between Vectors

> <

|b||=y-12+22=\5
la|=\3%2°=v13  R* d(a, b) = ||a-bl|

b=(-1,2) a-b a=(3,2)

= \/(al_bl)z + (az_b2)2 >0

x

R®  d(a,b) = |la-b|

= \/(al_bl)z + (az_b2)2 + (03_b3)2 > 0

R"  d(a,b) = [la-b|

= \/(01_b1)2 + (a,~b,)* + - + (a,~b,} = 0
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Law of Cosine

y
A a-b|=V4*+0’=4 R®* d(a,b) = |la-b| = /(a,;-b,7 + (a,-b,)* = 0

b=(-1,2) arb=(40) ;_(3 9

Law of Cosine

IbI=-152°=05 \g) ™ lal=y3% 2= 13 la-b|* = ||a|" + |b|’~2|al|b] cos®
X
a-b a = (a,, a,)
= (a,~b,, a,~b,) b = (by, b,)
_ ~b,\ ~b,)*
4:2:\/132+\/§2—2\/173\/§C086 (al 1) + (02 2) _2
2=2v13+5cos6 cose:% a +a, a; + a; Ja: + a;
a-b=3-1+2-2=-3+4=1 bf + b; bf + b; bf+b§
—2(a,b b
Inner Product (@D, + 8y, cos
ab = ab, +a,b,+---+a,b, a-b = |a| ||b|| cos6
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Dot Product

Dot Product

Euclidean Inner Product R? a-b = |al ||b|| cos®

a,b Vectorsin R" = a,b, +a,b,
0 Angle between a,b
a-b = |a| |bl cos6 R’  ab = |a||bl| cos6
1 b¢<a = a,b, +a,b, + a;b;
a-a = |al |lal cos0"
L ] R"  ab = |a||b] cos6
aa = |a|’ = a,b, +a,b, + - a,b,
lall = Va-a
Euclidean (1A) 18 Young Won Lim
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Properties of Dot Products

ab = b-a R" a-b = |a| ||b]| cos6
a-(b+c) — ab +ac = a,b,+a,b,+ --- ab,
k(a-b) = (ka)-b

aa > 0 aa=0® a=20

Oa=a0 =0

(a+b)c = ac+b-c
ab-c) = ab-ac
(a-b)c = ac—-b-c

k(a-b) = a-(kv)

Euclidean (1A)
Vector Space
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Cauchy-Schwarz Inequality (1)

cosf = ab R a-b = |a|| ||b|| cos6
|all [[b]]

= a,b, +a,b,+ --- a,b

n-n

—1 < cosO < +1

" a = <a1/azz /an)
1 < @ < +1
lalbl = * b =(b,,b, - ,b,)
la-b| <1 B
lal[|b] ~ a-b = ab,+a,b,+--+a,b,
la| = Ja>+ad>+ - +d
2 2 2
a-b| < |al||b]| Ibl| = Vb +bj+ - +b’
a,b, +a,b, +--+a,b, < |a®+a’+ - +a*\b>+b2+ - +b
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Cauchy-Schwarz Inequality (2)

Assume 0<0<90° R™ a-b = |a| ||b]| cos6

b b = a,b, +a,b,+ - a,b,
a a
||la|| cos6
/ a = (a;,a, - ,a,
1b|| cos T b = (b,,b,, - ,b,)
Bl a-b =ab,+a,b,+---+a,b,
— 2 2 2
la] = {a+ @+ ~ +a
— 2 2 2
A0 Ib| = Vb*+b%+ - +b?
k ab
. << Rad '

.~
g
~ -
al b} et

la-b| < ||la||||b|| for 0<6<180°
lall || b]]
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Triangular Inequalities

la+b] < |[al||[lb]

la+b|’ = (a+b)-(a+b)
= (a-a)+2(a-b) + (b-b)
< |la|f + 2|a-b| + b’
< [la|’ + 2[|a]|||b]| + |Ib|
< (lall +Ib])*

b:(bllbz)
d(a,b) < d(a,c)+d(c,b)
aa = ||a||2 d(a,b) - ||a_b||
b-b = |b|’ = |la—c+c—b||
a-b < |ab|
= [[(@a—c) +(c-b)|
la-b| < |la||[|b]|

< |la—c||+|c-bl

< d(a,c)+d(c,b)

Euclidean (1A)
Vector Space
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Projection (1)

unit vectors

W,

lw |

w w

Ww=w+w,

u-w=w,

Various Decomposition

Euclidean (1A) 23 Young Won Lim
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Projection (2)

u
WJ_
WJ_
lw ||
w w
Il
Ww=w+w,
w
u-—— = ||ul| coso
u-w=w, [wl
unit vectors
>
w _ a a
lwil  la a
u-— = ||lul| coso
lal
Euclidean (1A) 24 Young Won Lim
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Projection (3)

=
a
y.a a u-a\| a u-a
IMPETH BRI 2
lall] |la] lall | lla] |all
scale factor unit vectors
another scale factor
w = ka E ""2’
w lall
‘: W+ w, "-a
W =u-w =1u- > a
u-w=w, lall
Euclidean (1A) 25 Youngl\c/)\//%rg)}_irg
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Projection (4)

vector component of u along a

, u-a
w = ka proj ,u = 1l a

vector component of u orthogonal a

u - w u- proju =y - 42,4

2
|all

W,

Euclidean (1A) 26 Young Won Lim
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Orthogonality

ab R" a-b = |a| ||b|| coso
|al| ||b]|

CcosO =

n-n

—1 < cosO < +1

- a-b
~ |lall||b]

< +1

|a-b| -
|al| [|b]]

cos90° =0

ab

=0
lall [|b]

ab =0
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Point-Normal Equation (1)

n = (a,b) x=(x,y)

>y . >y
/ x=(x,y,2

nx =0 nx =0
ax+by =0 ax+by+cz =0
Euclidean (1A) 28 Young Won Lim
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Point-Normal Equation (2)

x=(x,y,2)

x
=]

I
%
o
<
=

L\

X =(Xq,Y0,%0) ® \ n = (a,b,c)

n(x—x, =0

alx-x;) +bly-y,) = 0 n(x ) = 0

a(x=xo)+b(y-yo) +c(z-2,) = 0
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Parametric Equation (1)

R2 A 2 RB A 2
x =(x,y)
R! y R2
v = (a,b)

X =1tv x =tvy+t,v,

x=ta X = t,a, +t,a,

y=tb y = t,b,+t,b,

z =t,c,+t,c,
Euclidean (1A) 30 Young Won Lim
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Parametric Equation (2)

x =(x,y]

\ ]

>y

(X0, ¥0s20) = Xg t,v,
Va
>y

X = Xo+t,vy+t,v,

X = X,+t,a,+t,a,
y0+t1b1 +t2b2

N <
1

z,+t,c,+t,C,

Euclidean (1A)
Vector Space

Young Won Lim
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Parametric Equation (3)

Line Equation in R"

Xog , V vectors in R"

X = Xg+tv

Xo , X7 vectorsin R"

X = Xo+bt(x;— X,g)

x = (1-t)x,+tx,

Plane Equation in R"

Xo » Vi , Vy vectors in R"

X = Xg+t,v,+1L,v,

Euclidean (1A)
Vector Space

Young Won Lim
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Linear System (1)

Linear Equations

Corresponding Homogeneous Equation a,x, + a,x, + -+ ax, =0
a=(a,a, . a) normal vector a-x =b
X = (X, Xy, =, X,) a-x =20

each solution vector X of a homogeneous equation
orthogonal to the coefficient vector a

Homogeneous Linear System

Ay Xy + Xy + o0+ a4y, X, = 0 riyx =0

Ay Xy + Xy + -+ dy X, = 0 ryx =0

amlxl + am2X2 toe F amnxn - O rm'X = O
Euclidean (1A) 33 Young Won Lim
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Linear System (2)

Homogeneous Linear System

Ay Xy + Xy + o0+ 4y, X, = 0 riyx =0
Ay Xy + AypXy + o0+ Ay X, = 0 ryx =0
amlxl + am2X2 toe F amnxn =0 rmX =0

each solution vector X of a homogeneous equation

orthogonal to the row vector I'; of the coefficient matrix

Homogeneous Linear System Ax =0 A:mxn

solution set consists of all vectorsin R"
that are orthogonal to every row vector of A

Euclidean (1A) 34 Young Won Lim
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Linear System (3)

Non-Homogeneous Linear System Ax = b A:-mXn
Homogeneous Linear System Ax =0
solution set consists of all vectors in R"
a particular solution that are orthogonal to every row vector of A
Ax =D +
a particular solution x, Ax, = b
R3 A 2 R3 A2
x=(x,y,2)
?
\ n = (a,b,c) X = Xy, Vo, Z3) ® n = (a,b,c)
>y >y
e
/ x=(x,y,2)
X X
Euclidean (1A) 35 Young Won Lim
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Vector Addition

j/
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Basis

(-1, 2)

v =3i+2j
1 0| _ o 1 1] _ o
a0+bll—0:> a=b=0 a1+b_1l_0:> a=b=0
basis basis
Euclidean (1A) 37 Youngl\c/)\//%ra}_irg
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Cross Product (1)

Determinant of order 3

a =ai+aj+ ak =(a, a, a)
b =bji+ b,j+ bk =<b, b, by
i j k _Lay ag a;. a, a. a,
a X b =|a a, a, = lb b Iy + b b
bl b2 b3 2 3 1 3 1 2
= (azb3_a3b2)i — (alb3_a3b1)i + (a1b2_azb1)i
Euclidean (1A -
ce. 38 o002
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Cross Product (2)

AZ AZ
k =0, 0, 1) a = (a, a,, as)
b j=¢ 1,0
= >y >y
i=1(1,0,0) /
X X
i j k i j k
ixj=0100 =k (m normaltoi&j ™ jxi=[010 = -k
01 0 1 0 0
i j k i j k
jxk=1010 =i {m normaltoj&k mm kxj=001 -
00 1 010
i j k i j k
kxi=|0 01 =j (m normaltok &i mm) ixk=|1 00 = —j
1 0 0 00 1
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Right Hand Rule

i j k i j k
ax b =|a a, a, b x a =|b;, b, b,
b, b, b; a a, das;

Normal direction n

n
- /?\
a b a b
n
axbhb Magnitude = |a x b|| = |a| ||b| sin®6
0
a b
Euclidean (1A) 40 Young Won Lim
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Line Equations (1)

Vector Equation

Parameter

Direction Vector

Parametric Equation

Component

Symmetric Equation

Elimination of parameter

r =r, + ta

= X, + ta,

N < X
|l
<
NO
+
(o ]
Q
N

zZ, + ta,

r, = (Xy Yy Z,)
a = <a1, a, as)

ta, = x — X,
ta, =y — VY,
ta3:Z—Zz

Euclidean (1A)
Vector Space

41
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Line Equations (2)

o ;

Direction Vector N

a

/V ta

r,

>y
/ t=1.2 Parameter

X

/ >y
X

Direction Vector N

a

= 4 ta

r;

>y
/ t=1.7 Parameter

X

Euclidean (1A)
Vector Space
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Line Equations (3)

A Passing Point

r,
/ >y / >y

X

X

Direction Vector N

a

v ta r =r, + ta
Parameter

r, r, = (X; Vi Z,)

/ - a = (a, a, as)

X

Euclidean (1A) 43 Young Won Lim
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Plane Equations (1)

Vector equation n - (r — rl) = 0
Normal Vector ro=(x,y,2)
r, = (Xy, Y1, Zy)
n = (a,b,c)

r —r, =<{(x—-x,, y=-Vi, -2y

n = ¢ a, b, c)

Cartesian equation G(X—Xl) + b(y_yl) + 0(2_21) =0

Euclidean (1A) 44 Young Won Lim
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Plane Equations (2)

000000000000
000000000000
000000000000
000000000000 [ ] n
Normal Vector
No Parameter
A Z A Z
T' - T'l

/ B / -

X X
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Plane Equations (3)

/ >y / >y
n (r-ry)=0
r = (x,y,z)

m - r, = (Xy, Y1, 2y)
n = {(a,b,c

X

Euclidean (1A) 46 Young Won Lim
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Plane Equations (3)

/ >y / >y
n (r-ry)=0
r = (x,y,z)

m - r, = (Xy, Y1, 2y)
n = {(a,b,c

X

Euclidean (1A) A7 Young Won Lim
Vector Space 10/20/12



Normal Vector & 3 Points

A Z . ¥4 .
Non-collinear Non-collinear

3 points 3 points

s r,

Pl o ° rlZ
. >y >y

Graph of a plane -
Line intersection of two planes
Point of intersection of a line and plane
Euclid 1A Y Won Li
uclidean (1A) 48 ounglO/%rg)/irg
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Normal Vector & 3 Points

z Z
A Non-collinear 4
3 points
.Ps r,
Pl o r
>y

° >~V
P, r

>y

Euclidean (1A) 49 Young Won Lim
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Vector Triple Product

ax(bxc)
—) Perpendicularto B X C

—)  Any vector perpendicular to b x c
lies in the plane perpendicular to b X c

—) liesintheplaneof B and C

b xc
Perpendicular to the plane of /&» o
ax(bxc) - mb+nc b0 e
(a-c)b —(a-b)c
Euclidean (1A) 50 Young Won Lim
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Scalar Triple Product

a=ai+a,j+a.k
(1 * (b X C) 1 2] 3
b = bji+b,j+Dbsk
c = cji+c,j+csk
i j Kk
b xc=|b, b, b, :ib2 b, b, b, kb1 b,
€,y C C3 2 G G ¢ G
a-(b x ¢) = (ai+ajrak)|if® b = jbr b 4 o b
¢, GC3 C; C3 ¢, Cy
a a a
_ g b, by b, b, N b, b, _ bl bz b3
1C2 C3 ¢, GCj c, C, 1 2 3
C, Cp Cj
Euclidean (1A Y won Li
co 51
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Normal Vector & 3 Points

4z Non-collinear 4
3 points
! j k a a a a
axb=/|a a a, IR I N [
b, b b, b
b b b 2 3 1 3
1 2 3
Euclidean (1A) 52 Young Won Lim
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Normal Vector & 3 Points

Euclidean (1A)
Vector Space

A Z

Non-collinear
3 points

53

Young Won Lim
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