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Gauss-Jordan Elimination

Forward Phase - Gaussian Elimination

@2 +1 -1 | +8 CGD) +12 12| +4 | [ 41 412 —12 | +4
3 -1 +2 | -11 3 -1 +2 | -1 0 |+1/2 +1/2 | +1
2 41 2| 3 2 41 42| -3 0] +2 +1 | +5
41 +1/2 <12 | +4 (1 412 12 | +4 (41 4172 12 | +4
0 +1 +2 0 +1 +1 +2 0 +1 +1 +2
0 #2 +1 | +5 | | [0 [0] 11| % 0 0 (D] -1

Backward Phase

+1 +1/2 12| +4 ] C 41 +12 [0 ]| 472 (1 @ o | +
O +1 |+1 +2 0O +1 0 +3 0O +1 0 +3
0 0 +1 -1 0 0 +1 -1 0 0 +1 -1
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Elementary Row Operation

Interchange two rows

<: ] ‘ ]
I — —
Multiply a row by a nonzero constant
v
xc | I ‘ ]
Add a multiple of one row to another
Moy 0
xc | I
> [
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Multiplication by an Elementary Matrix

4 5 6 |
2 3
7 8 9
r 6 9\
4 5 6
7 8 9
(1 2 3
8 13 18
7 8 9
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Elementary Matrix

Interchange two rows
r N r \‘ ‘ h r 3
- j j : O\

Multiply a row by a nonzero constant
’ N r \ h r N

R
xc | I« ] “\ ]
]

\ J ~

Add a multiple of one row to another

ooy ]
xc | I |~ j i ]
+ + + + . g
<« j J ]
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Gauss-Jjordan Elimination - Step 1

t2x,+ X, —x; = 8 (L)) ’ @ +1 -1 +8 )
—3x,—x,+2x, = —11 (L, 3 -1 +2 | -1
—2x, + x,+2x, = =3 (L) -2 +1 +2 | -3

(12 0 ] [ 6 +1 1| +8
0 1 0 3 -1 +2 | -11
0o 0 1 2 +1 +2 | -3

X+ 3%, - 3% = 4 (3XL) G 412 —12 | 44
—3x,— X, +2x, = =11 (L,) 3 -1 +2 | -11
—2x,+Xx,+2x;, = =3 (L3) -2 +1 +2 -3
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Gauss-Jordan Elimination - Step 2

tlx +gx,—3x = +4 (L)) 41 412 12| +4
—3x,—x,+2x, = —11 (L, 3] -1 +2 | -11
—2x, + x,+2x, = =3 (L) 2| +1 +2 | -3
1 0 O 1 0 o0 (41 412 12| +4
0 1 0 3 1 0 3| -1 +2 -11
2 0 1 0 0 1 2| +1 +2 -3
+1x, + 5%, — 5%, = +4 (L,) (41 +1/2 —1/2 | +4
0x, +5x, + 3%, = +1 3X L+ L,) 0 |+1/2 +1/2 | +1
Ox, +2x,+1x;, = +5 2 X L, |+ L,) 0| +2 +1 +5
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Gauss-jordan Elimination - Step 3

+1x, 35X, 7%, = +4 (L) 41 412 12| +4
0x, + 3%, + 5% = +1 (L,) 0 +1/2 | +1
Ox, +2x,+1x; = +5 (L,) 0 +2 +1 +5

0 0 41 412 12| 44 ]
0o 2 0 0 +1/2 | +1
0 O 1 0 +2 +1 +5

+1X + 3%, = 37X, = +4 (L) 41 412 <12 | +4
Ox, +1x,+1x, = +2 (2% L,) 0 +1 +2
Ox, +2x,+1x; = +5 (L,) 0 +2 +1 +5
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Gauss-Jordan Elimination - Step 4

+1x, + 5%, = 3%, = +4 (L)) (41 412 12| +4
Ox, +1x,+1x; = +2 (L2) 0 +1 +1 +2
Ox, +2x,+1x; = +5 (L,) 0 |+2| +1 +5

0 0 41 412 12 | +4
0 1 0 0O +1 +1 +2
o -2 1 0 [+2] +1 | +5

+1x, +3x,—3x, = +4 (L,) 41 412 <12 | +4
O0x; +1x,+1x; = +2 (L,) 0O +1 +1 +2
Ox, +0x,— 1x;, = +1 —2X L, L,) O |0] -1 +1
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Gauss-Jjordan Elimination - Step 5

+1x, + 35X, — 53X = +4 (L,) (41 412 —12 | +4 )
Ox, +1x,+1x; = +2 (L,) 0 +1 +1 | +2
Ox, +0x,—1x, = +1 (L,) 0 O @ +1

' 0 0] [ +1 +12-12| +4
0 1 0 0O +1 +1 +2
0 0 -1 0o o0 )| +

+1x, +2x,—2x, = +4 (L,) ( o+l +1/2 <12 | +4 ]
Ox; +1x,+1x; = +2 (L,) 0O +1 +1 +2
Ox, +0x,+ 1x;, = —1 (-1 X L,) 0O O @ -1

Elementary Matrix (4A) 12 Yo oy



Forward Phase

G2 +1 -1 | +8 D) 2 12| +a | [ 41 412 —22 | +4
-3 -1 +2 -11 -3 -1 +2 | -11 0 |+1/2 +1/2 | +1
2 41 42 | 3 2 41 42 | 3 0] +2 +1 | +5
(41 412 12| +4 (41 12 12| 44 (UHl +12 <12 | +4 )
0 +1 +2 0O +1 +1 +2 0O +1 +1 +2
0 #2 +1 | +5 | |0 [0] 11| % 0 0 @D -1

Forward Phase - Gaussian Elimination
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Gauss-Jjordan Elimination - Step 6

+1x, +ix,—1x, = +4 (L,) (41 +12 12| +4
Ox, +1x,+1x, = +2 (L,) 0 +1 [+1]]| +2
0x, +0x,+ 1x, = —1 (L) 0O 0 +1 | -1

" o o | 0o 12) [ +1 +w2Fw2| +4
0 1 -1 0 1 0 0O +1 |+1 +2
0 0 1 0 0 1 0 0O +1 -1

+1x, +3x, +0x, = +5 (+5 X L, +L,) 41 +12 [0 ]| +7/2 ]
0x, +1x,+0x; = +3 (-1 X L,+ L,) 0O +1 |0 +3
Ox, +0x,+ 1x, = —1 (L,) 0 0 +1 -1
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Gauss-Jjordan Elimination - Step 7

+Hlx, +5x, +0x, =

Ox, +1x,+ 0x,

Ox, +0x,+ 1x,

+1x, +0x, —0x,
Ox, +1x,+ 0x,

Ox, +0x,+ 1x,

Elementary Matrix (4A)

= -2

= 43

= -1

(-5 X L, +L,

N

2

e~ B

~—

3

)

15

+1

+1/2

+1/2
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Backward Phase

+1 +1/2 |-1/2
0O +1 [+1
0 0 +1
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+4
+2

+1 +1/2 | O
O +1 |O
0 0O +1

16

+7/2
+3
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Gauss-Jordan Elimination

Forward Phase - Gaussian Elimination

@2 +1 -1 | +8 CGD) +12 12| +4 | [ 41 412 —12 | +4
3 -1 +2 | -11 3 -1 +2 | -1 0 |+1/2 +1/2 | +1
2 41 2| 3 2 41 42| -3 0] +2 +1 | +5
41 +1/2 <12 | +4 (1 412 12 | +4 (41 4172 12 | +4
0 +1 +2 0 +1 +1 +2 0 +1 +1 +2
0 #2 +1 | +5 | | [0 [0] 11| % 0 0 (D] -1

Backward Phase

+1 +1/2 12| +4 ] C 41 +12 [0 ]| 472 (1 @ o | +
O +1 |+1 +2 0O +1 0 +3 0O +1 0 +3
0 0 +1 -1 0 0 +1 -1 0 0 +1 -1
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Equivalent Statements

e (o ) (o

A X = 0
Ax =0 0
_ 0
only the trivial solution ‘ . ] ‘ l 0
A I,
A the RREFis I, Elem Row Op (4 0
(Reduced Row Echelon Form) ‘ . ‘ O\ll
i i i j
A can be written as a product of E, i {\o\l ] i {\c ] i [\\ ]
(Elementary Matrices) J N \ T °
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Proof (1)

e (]

Ax =0

only the trivial solution

A :invertible Ax, =0
X0 asolutionof Ax = 0 A'Ax, = A0
I.x, =0

X, = 0 trivial
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Proof (2)

Ax =0

A X = 0

0

: _ 0

only the trivial solution 0

A the RREFis I,

A
(Reduced Row Echelon Form) ‘ .

Elem Row Op { 1

.. . ay X, + 4, X, + o, X = u
only the trivial solution O T
After the forward and backward
phases of Gauss-Jordan Elimination G x A e + aw = JO
4 N
1 0 0 0
0 1 0 0 - g
+ 1 x = u
0 0 : 1 0 S [N
& J
: Young Won Lim
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Proof (3)

A I,
A the RREF is In Elem Row Op 1 O
(Reduced Row Echelon Form) { . O\ll
i i i
A can be written as a product of E, i [\o\l ] i [\c ] i [\\ ]
(Elementary Matrices) J N \ T °

1 EzlEkEk—1”'E2E1A - Elen
E, -E,EA = E;l
ElilEk—l"'EzElA = EﬁlEZl

A @ (Elementary Matrices)
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09/11/2012




Proof (4)

A can be written as a product of E,

(Elementary Matrices)

s (][

Elementary Matrix (4A) 22

Young Won Lim
09/11/2012



Inversion Algorithm (1)

A A
10 0
— 0 1 0
0] O 1
[bl | b2 | | bn]
b, A X, b,
1 0
_ 0 o 0
0 1
b2
0
. 1
0
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Inversion Algorithm (2)

=

[

o

[X1|X2|"'|Xn]

Young Won Lim
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Homogeneous System

All constant terms
are zero

a,, x;, + a4, x, + + a, X, =

aml Xl + am2 X2 + + amn X" ~ n
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Homogeneous System

All constant terms
are zero
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