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Regression

Linear Regression 5, = Z; ¢ = 2 (y—la,+ax)f
i= i=1
Polynomial Regression S, = Z € Z — (g + a;x;,+ a,x;))’
i=1 i=1
Multiple Linear Regression S, = Y. ¢ = ). (y,—(a,+ a,x,, + a,x;,)f

i=1 i=1

General Multiple Linear Regression

=

)2

— By + Z Xiij
j=1
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Linear Regression (1)

a, d, unknowns

>

Find the best fit line

(X,-, yi) measured data
(X4,Y4) y = a, + a,x

random
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Linear Regression (2)

Sum of the square of the residuals
a, d, unknowns

e =D (y —(a,+ax)) (X;, ¥;) measured data

i
i=1 i=1

M:

random
Minimum Condition

0S d n n "
aar = 2 Z(}’, — 4y~ alxi)(_]') =0 ‘ ZGO + Zalxi — Zyl
0 i=1 i=1 i=1 i=1
0S, n " o
da, ZZ(yi_ao_alxi)(_xi> =0 ‘ Zaoxi T Zalxi = Zyixi
1 i=1 i=1 i=1 i=1

1A Background 5 Young Won Lim

7/12/11



Linear Regression (3)

n n n n n n
ZCIO + Zalxl — Z.YI Zaoxz + Zalxi — Zylxl
i=1 i=1 i=1 i=1 i=1 i=1
n n 1 n 1 n n n
2
n-a, + Zalxi = Zyi NN A T ;Zalxi + Z%Xi = Zyixi
="y — =1 i=1 i=1 i=1 i=1
1 n n 1 n 2 n n
15 15 x| o] - o ux] e+ | X e = | D yx
a, = EZ Yi — ;Zalxi niiz i=1 n\i= ! i—1 ! i=1
i=1 i=1
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Mean Values of x, y.
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Mean Values of x?, y?, xy (1)
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Mean Values of x?, y?, xy.(2)
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Polynomial Regression (1)

k
A Find the best fit parabola o @

(X3 75) o (X,-, y,-) measured data
(X4,Y4)

random
y = 4ad, T a;x +a,x

2
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Polynomial Regression (2)

Sum of the square of the residuals
a, a, a, unknowns

€ =) (y —(a,+ax +ax)] (x,, ;) measured data

i
i=1 i=1

M:

random
Minimum Condition

Find the best fit parabola

0S &

P - = ZZ(yi_ao_alxi_GZX?)(_l) =0
a i=1

0S é

P - = ZZ(yi_ao_alxi_a2Xi2)(_Xi) =0
aQ i=1

0S

- = ZZ(yi_ao_alxi_ale‘z)<_X1‘2) =0
oa, i=1
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Polynomial Regression (3)

n
Z XY
i—1

.az =

n

Z 3
X;

i=1

ca, +

n

Z 2
X;

i=1

ca, +

n
in
i—1

n

Z 2
X; Vi

i=1

.a2 o

n

4
Z X;
i=1

La, +

n

3
Z X;
i=1

ca, +

n
2
in
i=1
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Multiple Linear Regression (1)

. . k
A Find the best fit plane Qo @, & HIRHoWnS
(X1, X;2, ¥;) measured data
. ) (%, 4)
) random
4 I A
(Xz,yZ) (Xs,Y3) X,

4 Yy = ay T a;X T ayX,

=

S, = ZEIZ ~ (yi_(ao+alxi,1+a2xi,2))2
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Multiple Linear Regression (2)

Sum of the square of the residuals
a, a, a unknowns

n n
2 2
5, = Zei = Z(yi_(ao‘l' alxi,1+azxi,2)) (X,-,l, Xi 2 yi) measured data
i=1 i=1
random
Minimum Condition

0S, L

P = 22(3’1 Ay — A1 X; 4 azxzz)( 1) =0
d i=1

0S, L

da, = 21‘:1()}1 Ay — A1 X; 1 — Ay X, 2)( X; 1) =0

TR
6 = 2 Z (yl - aO - alxi,l - azxi’z)(—xi’z) = (
a, i=1

Young Won Lim
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Multiple Linear Regression (3)

n n n
2
inz inz a, inz)’z
i=1 = i=1 i=1
. A / \
1A B k d Young Won Lim
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Multiple Linear Regression — General (1)

Sum of the square of the residuals

=26 =2y~

i=1 i=1

[303 Bl, Ty Bm unknowns

2
) (Xu, Xiny "t 5 Xims yl-) measured data

By + Z XiiP;
j=1

random

T ijﬁj = Py + X.Py + X,Py + -+ x,,00
j=1

Minimum Condition

0S n

aﬁr = 2;( — Py — leil_ﬁzxiz_"'_Bmxim)(—l) =0
0S n

aBr = 2;( — Py — ﬁlxil_ﬁzxiz_"'_ﬁmxim)(—xil) =0
SBS; = 2 :1( — By — leil_f)zxiz_”'_Bmxim)<—xim) = 0
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Multiple Linear Regression — General (2)

g n \
n n n n
Z 1) inl inz inm Bo Zyi
i=1 i=1 i=1 i=1 i=1
n n n n n
2
inl inl inlxiz inlxim g Zx“yi
i=1 i=1 i=1 i=1 i=1
n n n n n
2

inz inzxil Xio inlxim b, inz)’i
i=1 i=1 i=1 i=1 i=1

[ J [ J [ J [ J [ J [ J

[ J [ J [ J [ J [ J [ J

[ J [ ] [ J [ J [ ] [ ]
n n n n n

2
inm inmxil inmXiZ inm B inmyi
G i=1 i=1 i=1 i=1 )
Young Won Lim
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Multiple Linear Regression — General (3)

m = 1 measured data m = 2 measured data
2 2
X11 X1 X11X12 ... X1 Xim Xy Xn X1 X0 ... X1 Xom
2 2
X1 XpXy  Xp e X11Xim Xop  XppXpp Xy e X01Xop
2 2
Xim  XimX11  XimX12 o0 Xip Xom XomXa1  XopXpp e Xon
m = 3 measured data m = 4 measured data
1 Y50 X32 e Xz 1 X41 X42 oo Xgm
2 2
X31 X31 X31X32 ... X31X3p X1 Xyp1 Xp1 X4 oo X411 Xum
2 2
X3y  X3pX31 X3 o Agneten Xgp  XppXgy1 Xy veo X41Xym
2 2
Xam  XamX31  XagmXzp o0 X3y Xam  XamXar  XgmXqp  oo0 Xyp
Young Won Lim
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Multiple Linear Regression — General (4)

E{1] E{x,] E{x,) E{X,) _ _ .
1 X4 X, X
: o © o Xy X_l X1X3 X1Xm
n 1 n n 1 n - —2
-1 = - . = X X, X X X, X
n; n;‘xll n;‘xﬂ n; im 2 2M 2 14m

1 X11 X12 X1im
2
X11 X11 X11X12 X11X1m
2
Xip XXy Xpp vee X1 Xqm
m = 4 measured data
5 m = 3 measured data
Xim  XimX11 XimX12 o0 Xip

m = 2 measured data
m = 1 measured data
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Least Square (1)

Sum of the square of the residuals

[31, BZ’ B Bm unknowns
5, = ZEIZ = (yi_f(xiaﬁ))z (Xi1» Xiz» = »Xim» ¥;) measured data
i=1 i=1
¢ = |yi—f(x,B)] random
Minimum Condlition
% 0y ey joim
= € =5 = =1,..,
op, & op, J
08, C af(xi’ ﬁ) : €, af(xi’ B)
= —-2) € =0 j=1,..,m — = -
0p; i1 op; op; 0P,
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Least Square (2)

Sum of the square of the residuals

Bis Bys s P unknowns
5, = ZEIZ = Z(Yt‘f(x,-,ﬁ))z (Xi1» Xiz» = »Xim» ¥;) measured data
i=1 i=1
Minimum Condition randorm
ds, \ af<xi’ [3) )
= —2 €; =0 = l,...,m
aﬁi ; aBj J

Linear Least Square

Y = 2 xB; = XByt XpBy o+ XuP
j=1

m
f(xi, ) — Z Xijﬁj — Xilﬁil T X,‘zﬁ,‘z + e+ Ximﬁim l: measuring index
j=1
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Linear Least Square (1)

Sum of the square of the residuals

=2 =2y le,ﬁ,

[31, BZ’ T, [3", unknowns

(Xu, Xiny "t 5 Xims yl-) measured data

i random
= D X8, = xPyt Byt + X
j=1

L. measuring index

Minimum Condition

asr = n —_ e — _ _
op, - 2;( — BrXin = P2Xi B, x..)(=x,) = 0
aSr = n S — _ _
8[32 - ;( ﬁl Xit Bzxiz Bmxim)( X;‘z) =0
Sﬁs; = 2 :1( [31 i1 ﬁzxiz_"'—f)mxim)(—xim) = ()

1A Background 29 Young Won Lim

7/12/11



Linear Least Square (2)

d . . N | ( )
n n
2
ZX” inlxiz inlxiB oo inlxim by inlyi
i=1 i=1 i=1 i=1 i=1
n n n n n
2
inzxn inz ijzxig e ZX,-ZXim b, inZyi
i=1 i=1 i=1 i=1 i=1
n n n n . n
2 p—
ZXiSXil insxiz ins cee inBXIm Bs ins)’i
i=1 i=1 i=1 i=1 i=1
n n
2
lem 11 lem 12 lem 13 oo inm ﬁm inmyi
i=1 =
" | 2 ) \ )
L. measuring index
Young Won Lim
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Linear Least Square (3)

m = 1 measured data m = 2 measured data
2 2
X1 X11 X2 X11Xq3 X11X1m X5q Xy1Xpp  Xp1Xp3 X21Xom
) )
X12X11 X12 X12X13 ... XXim X9X9p X7 Xy9Xo3 ... XpaXom
2 2
X13X11 X13X1) X13 oo X13Xip Xp3X71 Xy3X9) X)3 oo X23Xop
2 2
X1mX11 XimX12  XimXi3 oo X XomXo1  XomXpp  XopXoz ee Xom
m = 3 measured data m = 4 measured data
2 o000 2 o000
X131 X31X32  X31X33 X31X3m X1 Xg1Xqp  Xg1Xy3 X1 X4m
2
X32X31 X3 X3pX33 ..., X32X3p X42X 41 X42 X42X43 oo X42Xum
2 2
X33 X31 X33 X3 Xi3 ... X33X34 X43X11 X43X4) Xg3 ... Xu3Xyp
2 2
X3mX31  XgmX32 XgmXzz o0 Xgp XamXa1  XgmXaz  XgmXygz oo0 Xyp
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Linear Least Square (4)

E(x,| E{x, %)}  E{x;X;] E X, X,,)

x; XX Gy T A

. X, X X, X X, X S
1 n X3X; X3X X X3 X
Z _lel‘le lelxl.?b N Xilxim 31 372 3 0ocC 3% m

I
—~

2
X1 X11 X2 XnnXqz ot XX
2
X12X11 X12 X12X13 ... XpXim
2
X13X11 X13X1 X13 oo X13X1m
= 4 measured data
5 m = 3 measured data

X1mX11 XimX12  XimXi3 oo X1m

= 2 measured data
1 measured data
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Linear Least Square (5)

Sum of the square of the residuals

D 000y W unknowns
n n m 2
S, =26 =) yi—inij (%15 Xiz, " s Xim» ¥;) measured data
i=1 i=1 j=1
random
m m
y = ijﬁj - Yi = injﬁj y = XPB
j=1 j=1
L. measuring index L. measuring index
( ) - N ( )
Y1 X1 X Xy3 00 Xip By
Y2 Xy1 X Xp3 ... Xop b
_ ) B
y = Y3 X = X31 X3 X33 .., X3p B_ :
B
\ J
yn an Xn2 Xn3 LR Xnm
\J \ ) \/ 9 y
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Linear Least Square (6)

Normal Equations B, , B e —
- B Xi1s Xip, "' sXim» Y;) measured data
Yi = injﬁj Xp =y (x> X )
j=1
random
0S o O€ 0€,
- =20, 6— (j=12,..,m — = —X;;
af)j i=1 aB; ( ) aBJ ]
08, . C :
=2 |yi—2xBi|(x;) =0 (j=12,..,m)
8ﬁj i=1 j=1

n

=0 (j=12,..,m)

m
XijYi— Z Xijxikﬁk
k=1

i=1

n

Z XijxikBAk = inj.yi XtXﬁ — Xt.y
1 k=1 i=1
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