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Fourier Series

f x  = a0  ∑
n=1

∞

an cos nx  bn sinnx 

a0 = 1
2 ∫−


f x  dx

an = 1
 ∫−


f x  cos nx dx

bn = 1
 ∫−


f x  sin nx dx

n = 1, 2, 3, ...
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Trigonometric Identities

cosθ cosϕ = 1
2 (cos (θ − ϕ) + cos(θ + ϕ))

sinθ sin ϕ = 1
2 (cos(θ − ϕ) − cos (θ + ϕ))

sinθ cos ϕ = 1
2 (sin (θ + ϕ) + sin (θ − ϕ))

cosθ sin ϕ = 1
2 (sin (θ + ϕ) − sin (θ − ϕ))

1
2 (1 + cos(θ + ϕ)) when θ=ϕ

1
2 (1 − cos(θ + ϕ)) when θ=ϕ

1
2 (sin(θ + ϕ)) when θ=ϕ

1
2 (sin(θ + ϕ)) when θ=ϕ

∫−π

+π
sin n x cosm x dx = 0

∫−π

+π
cos n x sinm x dx = 0

∫−π

+π
cos n x cosm x dx = 0 (n ≠ m)

∫−π

+π
sin n x sinm x dx = 0 (n ≠ m)

∫−π

+π
cosn x cosm x dx = π (n = m)

∫−π

+π
sin n x sinm x dx = π (n = m)
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Trigonometric Orthogonality

a n ← f (x)⋅cosn x = a0⋅cosn x + ∑
m=1

∞

(am cosm x⋅cosn x + bm sinm x⋅cos n x)

f x  = a0  ∑
n=1

∞

an cos nx  bn sin nx 

a0 = 1
2π ∫−π

+π
f (x) dx

a n = 1
π ∫−π

+π
f (x) cos nx dx

bn = 1
π ∫−π

+π
f ( x) sin nx dx

n = 1, 2, 3, ...

bn ← f (x)⋅sin n x = a0⋅sin n x + ∑
m=1

∞

(am cosm x⋅sin n x + bm sinm x⋅sin n x)

∫−π

+π
sin n x cosm x dx = 0

∫−π

+π
cosn x sinm x dx = 0

∫−π

+π
cosn x cosm x dx = 0 (n ≠ m)

∫−π

+π
sin n x sinm x dx = 0 (n ≠ m)

∫−π

+π
cosn x cosm x dx = π (n = m)

∫−π

+π
sin n x sinm x dx = π (n = m)



6 Young Won Lim
6/1/111B CTFS

Any Period p = 2L

a0 = 1
2 ∫−


g v  dv

an = 1
 ∫−


g v  cos nv dv

bn = 1
 ∫−


g v  sin nv dv

n = 1, 2, ...

g v = a0  ∑
n=1

∞

an cosnv  bn sinnv 

v : [− , ] x : [−L , L ]

v = 
L
x

dv = 
L
dx

a0 = 1
2L ∫−L

L
f x  dx

an = 1
L ∫−L

L
f x  cos n x

L
dx

bn = 1
L ∫−L

L
f x  sin n x

L
dx

n = 1, 2, 3, ...

f x  = a0  ∑
n=1

∞

an cos nL x  bn sin
n
L x
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Time and Frequency

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos 2 nt

T
dt

bn = 2
T ∫0

T
x t  sin 2 nt

T
dt

n = 1, 2, ...

x  t = a0  ∑
n=1

∞

an cos 2 nT t  bn sin
2 n
T t 

2 L = T

Continuous Time Periodic Signal x t 

a0 = 1
2L ∫−L

L
f x  dx

an = 1
L ∫−L

L
f x  cos n x

L
dx

bn = 1
L ∫−L

L
f x  sin n x

L
dx

n = 1, 2, 3, ...

f x  = a0  ∑
n=1

∞

an cos nL x  bn sin
n
L x

x : [−L , L ] t : [0, T ]
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Harmonic Frquency

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n2 f 0t  dt n = 1, 2, ...

bn = 2
T ∫0

T
x t  sin n2 f 0t  dt n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn2 f 0 t   bn sin n2 f 0 t 

f 0 = 1
T

f n = n f 0 = n 1
T

t : [0, T ]

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos 2 nt

T
dt

bn = 2
T ∫0

T
x t  sin 2 nt

T
dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cos 2 nT t  bn sin
2 n
T t 

t : [0, T ]

resolution frequency

n-th harmonic frequency
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Radial Frequency

f

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n0 t  dt

bn = 2
T ∫0

T
x t  sin n0 t  dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t 

t : [0, T ]

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n2 f 0t  dt n = 1, 2, ...

bn = 2
T ∫0

T
x t  sin n2 f 0t  dt n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn2 f 0 t   bn sin n2 f 0 t 

t : [0, T ]

linear frequency

angular (radial) frequency 2 f
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Complex Fourier Series Coefficients

a0, an , bn , n = 1, 2, ...

A 0 = 1
T ∫0

T
x t  dt

t : [0, T ]

Real coefficients

Complex coefficients

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n0 t  dt

bn = 2
T ∫0

T
x t  sin n0 t  dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t 

t : [0, T ]

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− j n0 t 

A n = 1
T ∫0

T
x t e− j n 0 t dt

Bn = 1
T ∫0

T
x t e j n 0 t dt

A 0, An , Bn , n = 1, 2, ...

one-sided spectrum

two-sided spectrum

only positive frequencies

Both pos and neg frequencies
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Euler Equation (1)

e j t = cos t  j sin t

cos t = e j t  e− j t

2

e− jt = cos t − j sin t

sin t = e j t − e− j t

2 j

=
an− j bn

2
e j n0 t 

an j bn
2

e− j n0 t

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− j n0 t 

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n0 t  dt

bn = 2
T ∫0

T
x t  sin n0 t  dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t  an cosn0 t   bn sin n0 t 

= an
1
2
e j n 0 t  e− j n0 t   bn

1
2 j

e jn0 t − e− jn0 t 

= An e
j n0 t  Bn e

− j n 0 t

A0 = a0

An = 1
2
an − j bn

Bn = 1
2
an j bn
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Euler Equation (2)

A n = 1
T ∫0

T
x t  cos n0 t  − j sin n0 t  dt

Bn = 1
T ∫0

T
x t  cos n0 t   j sin n0 t  dt

A n = 1
T ∫0

T
x t  e− j n0 t dt

Bn = 1
T ∫0

T
x t  e j n0 t dt

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n0 t  dt

bn = 2
T ∫0

T
x t  sin n0 t  dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t 

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− j n0 t 

A0 = a0

An = 1
2
an − j bn

Bn = 1
2
an j bn

x  t = ∑
n=0

∞

A n e j n 0 t  Bn e
− j n 0 t 

A n = 1
T ∫0

T
x t  e− j n 0 t dt

Bn = 1
T ∫0

T
x t  e j n 0 t dt

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− jn 0 t 
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Complex Fourier Series

x  t  = ∑
n=0

∞

A n e j n0 t  Bn e
− j n0 t 

An = 1
T ∫0

T
x( t) e− j nω0 t dt

n = 0, 1, 2, ...

Bn = 1
T ∫0

T
x( t) e+ j nω0 t dt

n = 1, 2, ...

x  t  = ∑
n=−∞

∞

Cn e
 jn0 t

Cn = 1
T ∫0

T
x(t) e− j nω0 t dt

n = −2, −1, 0, +1, +2, ...

a0 = 1
T ∫0

T
x( t) dt

a n = 2
T ∫0

T
x( t) cos (nω0 t) dt

bn = 2
T ∫0

T
x (t) sin (nω0 t) dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t 

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− j n0 t 

A0 = a0

An = 1
2
(an− j bn)

Bn =
1
2
(an+ j bn)

n = 1, 2, ...

Cn =
A0 (n = 0)
An (n > 0)
Bn (n < 0)
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Single-Sided Spectrum

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n0 t  dt

bn = 2
T ∫0

T
x t  sin n0 t  dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t 

g0 = a0

gn = √an2 + bn2

ϕn = tan−1 (−bnan )
n = 1, 2, ...

x(t) = g0 + ∑
n=1

∞

g n cos(nω0 t + ϕn)

cos(α±β) = cos(α) cos (β) ∓ sin (α) sin (β)

gn cos (nω0 t + ϕn) = gn cos(ϕn) cos(nω0 t ) − gn sin (ϕn) sin (nω0 t)
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Two-Sided Spectrum

a0 = 1
T ∫0

T
x t  dt

an = 2
T ∫0

T
x t  cos n0 t  dt

bn = 2
T ∫0

T
x t  sin n0 t  dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t 

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− j n0 t 

A0 = a0

An = 1
2
(an− j bn)

Bn =
1
2
(an+ j bn)

x  t  = ∑
n=−∞

∞

Cn e
 jn0 t

Cn = 1
T ∫0

T
x(t) e− j nω0 t dt

n = −2, −1, 0, +1, +2, ...

Cn =
A0 (n = 0)
An (n > 0)
Bn (n < 0)

∣Cn∣ =
An
2 (n ≠ 0)

Arg (Cn) =
+ϕn = tan−1(−bnan ) (n > 0)

−ϕn = tan−1(−bnan ) (n < 0)
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Euler Equation (1)

e j t = cos t  j sin t

cos t = e j t  e− j t

2

e− jt = cos t − j sin t

sin t = e j t − e− j t

2 j

an cosn0 t   bn sin n0 t 

= an
1
2
e j n 0 t  e− j n0 t   bn

1
2 j

e j n0 t − e− j n0 t

= 1
2 an − j bn e

j n0 t  1
2 an j bn e

− jn0 t

= 1
2
an − j bn e

j n0 t  1
2
an j bn e

− jn0 t

= An e
j n0 t  Bn e

− j n 0 t

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− j n0 t 
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Complex Fourier Series

x  t  = A0  ∑
n=1

∞

An e j n0 t  Bn e
− jn 0 t 

= ∑
n=0

∞

An e j n0 t  Bn e
− j n0 t 

A n = 1
T ∫0

T
x t  e− j n 0 t dt

Bn = 1
T ∫0

T
x t  e j n 0 t dt

x  t  = ∑
n=0

∞

C n e
 j n0 t

Cn = 1
T ∫0

T
x  t  e− j n0 t dt
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CTFS of Impulse Train (1)

p (t) = ∑
n=−∞

∞

δ(t − nT s)

p (t) = ∑
k=−∞

+∞

ak e
+ j kω s t

a k = 1
T s

∫
−T s/2

+T s/2

δ(t ) e− j kω st dt

= 1
T s

∫
−T s/2

+T s/2

δ( t) e− j kω s 0 dt

T s 2T s 3T s−T s−2T s−3T s

1 1 1111 1

Fourier Series Expansion of Impulse Train

Fourier Series Coefficients

= 1
T s

∫
−T s/2

+T s/2

δ( t) dt = 1
T s

ωs 2ωs 3ωs−ωs−2ωs−3ωs

1
T s

1
T s

1
T s

1
T s

1
T s

1
T s

1
T s

ωs = 2π
T s
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CTFS of Impulse Train (2)
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p (t) = 1
T s

∑
k=−∞

+∞

ak e
+ j k ωs t = 1

T s
∑
k=−∞

+∞

(cos k ωs t − j sin k ωs t)

cos 2π⋅1⋅t sin 2π⋅1⋅t

∑
k=1

40

cos 2π⋅k⋅t ∑
k=1

40

sin 2π⋅k⋅t
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CTFS of Impulse Train (3)

p (t) = 1
T s

∑
k=−∞

+∞

ak e
+ j k ωs t = 1

T s
∑
k=−∞

+∞

(cos k ωs t − j sin k ωs t)

cos 2π⋅1⋅t sin 2π⋅1⋅t

∑
k=−40

40

cos 2π⋅k⋅t ∑
k=−40

40

sin 2π⋅k⋅t
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