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Fourier Series

0

f(x) = ay + D_(a,cosnx + b, sinnx)
n=1

1 +T
ay = 5 _fx)dx

L fﬁf(x) cos nx dx
1T —TT

Q
I

b, = Lvftﬁf(x) sin nx dx
1T Tt
n=1,2, 3, ..
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Trigonometric Identities

cosf cosp = l(cos(@—q)) + cos(0 + ¢))

2
sinO sin¢p = %(cos(@—q)) — cos(0 + ¢))
sinB cos¢p = %(sin(6+q)) + sin(0 — ¢))
cosOsing = %(sin(6+q)) — sin(0— ¢))

cosnxcosmxdx = 0

sinnx sinmXx dx

sinnx cosmx dx

cosnx sinmx dx

0

(n;ém)

(n#m)

— N = N = N

2

(sin(@ + q))) when 0=¢

— (sin(@ + q))) when 0=¢

(1 + cos(6+q))) when 0=¢

(1 — cos(B—l—q))) when 0=¢

\I‘—

7T

f_
TT

cosmx cosmxdx = T

sinnx sinmx dx = T
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Trigonometric Orthogonality

f(x)

a, + Y, (a,cosnx + b, sinnx)

n=1

1 +m

7 _nf(x) dx

a, —

1 +7
a, = — f_nf(x) cos nx dx

1 ptr :
b, = ;f_nf(x) sin nx dx

n=1 2,3, ..

a, < f(x)-cosmx = a,-cosmx +

b —

n

I+ 1+
A A A A

A

cosnxcosmxdx = 0
sinnx sinmx dx = 0
sinnx cosmx dx = 0

cosnx sinmx dx = 0

cosnxcosmxdx = T

sinnx sinmx dx = T

f(x) -sinnx = a,-sinnx +

3
Il

(@, cosmx-cosnx + b, sinmx-cosnx)

(@, cosmx-sinnx + b sinmx-sinnx)
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Any Period p = 2L

g(v) = a, + nzz:l(an cosnv + b, sinnv) flx) = a, + D |a, cos%x + b sin%x
n=1
1 t 1 +L
a, = Ef_ngﬁ’)dv a, = z—f_Lf<x>dx
1 +1T 1
- = d —
a, = — f_ﬁg( ) cos nv dv a, = 7 f ) cos 25X g
1 +T1T 1
b, = — d = —
n - f_ﬂg( ) sin nv dv b, 3 f sm L
n=1,2, n_19273>
v: [-Tt, 4] x: [=L, +L]
y = oy
L
T
dv = —dx
L
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Time and Frequency

f(x Z a, cos—x + b, sme x(t) = a, + Z a, cos AP b, sin ;nt
1t 1 ¢T
aozz—fo(x)dx aoz?fox(t)dt
1 2 T 21tnt
a, = Z‘[ ) cos 2L gy a, = ?fox(t) 7 dt
b, = %f ) sin 20X gy b, = %fjx(t) i 21—;’” dt
n=1,2 3, .. n =1, 2,
x: [-L, +L] t: [0, T]
&> e ﬁ
Continuous Time Periodic Signal x(t)
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Harmonic Frquency

x(t) = a, + Z a, coszT t + b, 51n2;nt Z(a cos(n2mf,t) + b, sin(n21'rf0t))
n=1 n=
1 T
a, = %fgx(t)dt a, = ?f0x<t>dt
2 T
a = %.ﬁx(i) 2T}nf Jt a, = ?fox(t) cos (n2mfyt)dt n =1, 2, ..
2 T :
b = gfrxm 2Tt nt " b, = ?fox(t) sin (n2mfot)dt n =1, 2, ..
T 0 T
n =1, 2,
[0, T] t: [0, T]
: 1
resolution frequency fo = 7
: 1
n-th harmonic frequency f, =nf, = "o
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Radial Frequency

0

x(t) = a, + Z(an cos(n2mf,t) + b, sin(nZTrfOt)) x(t) = a, + i(d cos(nwyt) + b, sin(nwot))

1 7 _ L

a, = = ,x(t)dt ag T fox(t)dt
2 T

a, = %fjx(t) cos (n2mfyt)dt n =1, 2, .. a, = ?fo x () cos (nw,t) dt
2

b, = %fsx(t) sin (n2mfot)dt n =1, 2, .. b, = 7! x(t) sin (nw,t) dt

n=1 2, ..
t: [0, T] t: [0, T]
linear frequency f

angular (radial) frequency 21 f
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Complex Fourier Series Coefficients

x(t) = a, + Z(an cos(nw,t) + b, sin(nwot)) x(t) = 4, + Z(An /" 4 B gt
n=1 n=1
=L xt)a Ay = 1 ["x(r)d
a, = = o x(t)dt 0 = 7 o x(1)dt
2 T
a, = ?joxu) cos (nw,t) dt 4 = %fjx(ﬁ e g
2 (T .
b, = pe fox(t) sin (nw,t) dt B, = %f:x(t) pHimet g
n=1, 2, ..
t: [0, T] t: [0, T]
Real coefficients one-sided spectrum
a, a, b, n =12, . only positive frequencies
Complex coefficients two-sided spectrum
A, A, B, n =12, .. Both pos and neg frequencies
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Euler Equation (1)

x(t) = a, + Z(an cos(nw,t) + b, sin(nwot))
n=1
1 T
a, = = fox(t)dt
T
a, = %fox(t) cos (nw,t) dt
2 T :
b, = 7 J, x(2) sin (nw,t) dt
n=1, 2, ..
e’/ = coswt + jsinwt
e’ = coswt — jsinwt
ejwt+e—jwt
cCoswt = 5
jwt  —jwt
sinw? =
2j

a, cos(nw,t)

= a

n

N | —

+ b, sin(nw,t?)

(ejnu)ot + e—jnu)ot) + b L (ejnwot . e—jnu)ot)

(an o ]bn> ejnu)ot + (an + ]bn) e—jnwot

2 2
— An ejnu)ot + Bn —jnw,t
x(t) = Ay + 2[4, + B, "

n=1

4y = a,

A = 1 (a, — jb,)

n 2 n n

1 .

B, = 5 (a,+ jb,)
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Euler Equation (2)

x(t) = a, + Z(a cos(nw,t) + b, sin(nwot))
1 ¢
a, = = fox(t)dt
a, = %IZ (¢) cos (nw,t) dt
b = %fo(t) sin (nwy 1) dt

A, = a,
Azl(a—]b)
n 2 n n
le(a+jb)
" 2

1B CTFS

[, x(2) (cos (nawyt)

% — jsin (nw,t)) dt
L (75 (6) (cos (nwyt) + jsin (movy)) dt
T 0
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Complex Fourier Series

x(t) = a, + Z(an cos(nw,t) + b, sin(nmot)) x(t) = Z(An gt | B g
n=1 =
1 ' —jnm
a, = ?IOXOL)CIII,‘ An — %‘[Zx(t)e J Otdt
a, = %JIOTx(t) cos (nwyt) dt n=20 1,2
1 T o
b, = %fgx(t) sin (now,t) dt B, = T fox(t) It gy
n=1 2, .. n =1, 2,
0 +o0
x(l‘) = AO + Z(An Jjnw,t 4+ Bn e—jnwot) x(t) — Z Cn +jnw,t
n=1 n=-—o
AO — ao Cn _ % :x(t) e—jnwot dt
An = %(Gn_]bn) n= —=2, -1, 0, +1, +2,
1 : 4, (n=0)
ang(a"-i_Jb”) C, Z{An (n>0)
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Single-Sided Spectrum

x(t) = a, + Z(a cos(nw,t) + b, sin(nwot)) x(t) = g, + D, g,cos(nwyt + ¢,)
n= n=1
a, = lJdT)c(t)a’t go = 4y
’ T ’ 2 2
T g, = Va,t+ b,
a, = %J\Ox(t) cos (nw,t) dt A
2 T q)n — tan_l ——
b, = 7 J, x(2) sin (nw,t) dt a,
n=12

n=1, 2, ..

cos(axp) = cos(a) cos(B) F sin(a)sin(p)

g, cos(nwot + q)n) = g, cos(q)n) cos(nooot) - g, sin(q)n) sin(nooot)
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Two-Sided Spectrum

- +oo
x(t) = a, + Z(a cos(nwyt) + b, sin(nmot)) x(t) = Z C oIt
1 ' —Jjnw
T Tf‘)x(t)dt C, = % Cx(e) e dy
a, = %fjx(t) cos (nwyt) dt n= —2,-1,0, +1, +2
_ 2 (7
b, = = J, x(2) sin (nw,t) dt 4 (a0
B, (n<0)
x(t) = 4y + 2[4, + B, "]
n=1
A, = a, C,| = ) (n # 0)
A = l(a —jb) _
n T e S +q>n=tan‘1a” (n > 0)
1 Arg(C,) = { |
Bn - E( +]bn) _q)n — tan—l an (l’l < 0)
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Euler Equation (1)

e’’’ = coswt + jsinwt a, cos(nw,t) + b, sin(nwt)
—iw . 1 nw, —Jjnw, 1 i nw, —jnw,
e’ = coswt — jsinwt =an§(e] "+’ t)+bn2—j(e’ f— e
= 1—(azn—jbn) e/t 4 I—(an—i-jbn)e_j"w“t
jwt —jwt 2 2
;= e + e 1 - 1 inw.t
RRET T = S la,—jb) "™ + S (a,+ jb) e
jwt —jwt = An ejnwot + Bn e_jnwot
. e e
smwi = -
2]
x(t) = 4, + Z(An met 4B e‘f”‘”°’)
n=1
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Complex Fourier Series

[ee}

x(t) _ Ao n Z(An e+jnoo0t n Bn e—jnu)ot)

n=1

+jnwyt —Jnwgt
(An e + Bn e )

Il
M-

T .
x(t) e—]nwot dt

G

0

(t) e+jnw0t dt

—
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-
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CTFS of Impulse Train (1)

n=—o 1 1 1 1 1 1
Fourier Series Expansion of Impulse Train T T T T T T >
. —3T, —2T, T, \ T, 2T, 3T,
+jkwt
P(t) Z a, e’
k=—ow
27
H = . . (DS =
Fourier Series Coefficients T,
+7,/2
_ 1 —jkwt
“k‘s_zj,zé R e S I
TS TS TS TS TS TS TS
p !
—]k(DO
= — dt
—3w, 2w, —o, ®, 2w, 3w,

[—

1 +7./2
= — 5(¢)dt = =
T }[:,2 T

S —
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CTFS of Impulse Train (2)

1 —+00 1 +o0
+jkw.t . .
plt) = — > a, e’ = — > (coskw,t— jsinko,)
TS k:—oo TS k =—
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CTFS of Impulse Train (3)

~+o0 +o0
plt) = TL > a, et = L > (coskw,t— jsinkw,t)

s k=—o TS k=—o0
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