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Vectors
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x
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Vector Addition

at+b = b+a
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Vector Addition

b
a
c
a+{b+c)
Ao
b+c b+c .-
b
a
c
(a+b)+c = a+Hb+c)
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Vector Subtraction

<
> <

A
a-b
(-1, 2) (3, 2) b'/’—_\a
a (-1, 2) ?7\\(3, 2)
b B
- > ‘ >
X X
b (4, 0) = (3, 2) - (-1, 2)
a -b b
a—
b a-b ‘
v subtract a from b
b —b\ o arrow from b to a
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Component Form

y y
A A
a (3,2
. / .
X m X
(41 _1> (4' _1)
a
/ n a=m-n
(1, -3) (1, -3)
m = (4, -1)
n= (1, -3)

Finding the Component Form of a vector
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Scalar Multiplication (1)

u+(-u) =0
k(u+v) = ku +kv

(k +m)u = ku +mu

k(mu) = (km)u
lu = u
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Scalar Multiplication (2)

(-2, 4) (-3, 6)
(_11 2)
. . 3(-1, 2)
2b
1. 2) b b
) -1, 2) \b

5(-1, 2) = (-5, 10)

(1, -2 (

(-1)b = —b

2(a+b) 2(3-1,242)

Ly

u-+(-u) =0

k(u+v) = ku +kv

(k +m)u = ku + mu

k(mu) = (km)u
lu = u
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n-Space

Ordered 2-tuples (v, v, v,, Vv, € R

R® @ 2-space @ [all ordered 2—tuples (v,, v,)]

Ordered 3-tuples (v, v,, V) V,, V,, V; € R

]_I

3
R” @ 3-space @ [all ordered 3—tuples (v,, v,, Vv,)]|

Ordered n-tuples (v, vy, =, v ) v,, V,, -, Vv €R

n

R" @ n-space  ® (all ordered n—tuples (v,, v,, - , v )]

set
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Properties of Real Vector Spaces

U, v, w vectorsin R"
k, m scalars

u+v = v-+u
(u+v)+w = u +(v+w)
u+0 =0+u = u
u+(-u) =0

k(u+v) = ku +kv

(k +m)u = ku+mu
k(mu) = (km)u

lu = u
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Linear Combination

wl v11v21 Ivr VECtOrS |n Rn

k,,k,, - ,k.  scalars

W s a linear combination of vectors v,,v,, :-- ,v

r

w = kv, +k,v,+- 4k v,
wi| 1 0
[WJ =k, ol k, 1]
1 1
-t em L
1 1 0
=yt | +n3_1]
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Vector Magnitude

 Norm
« Length vl
« Magnitude
R’ vV = (v, V) vl = Vv +v: >0
3 — 2 2 2
R v = (v, vy, V) vl = V2 + v +v2 >0
R" v = (v, v, v V| = V2 +v2 + +v2 >0
vl = 0
lv|| = 0 v=20
kvl = [klv] = 0
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Unit Vector

la|=V3%+22=13

=V
a
I
w
>
\/

1
A

u =(i_ L)
« /13713
3,20 13 _
u,l = 33 - 113 - ¢
\%
u = — ul| = |-
V| Il = iy k=|vl=0
_ v 2 vl
k k
v
= |
v
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Standard Unit Vectors

R® @@ 2-space @ [ all ordered 2—tuples (v,, v,)]

i=(1,0) v = (v v,) = v,(1, 0)
j=1(01) +v,(0, 1)

R’ @@ 3-space @ {all ordered 3—tuples (v,, v,, v,)}

i=(1,0,0) v = (v v,, V3 = v,(1, 0, 0)
ji=101,0) +v,(0, 1, 0)
k =(0, 0, 1) +v,4(0, 0, 1)

e, =(1, 0 0) v = (v v, v,) = v,(1, 0 0)
e, = (0, 1 0) +v,(0, 1 0)
+
e, = (0, 0 1) +v.(0, 0 1)
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Distance between Vectors

> <

Ib||=V-12+22=y5
lal=\3*12°=V13  R* d(a, b) = ||a-bl|

b=(-1,2) a-b a=(3,2)

= \/(al_bl)z + (az_b2)2 >0

x

R’ d(a, b) = ||la—b|

= \/(al_bl)z + (az_b2)2 + (03_b3)2 > 0

R"  d(a,b) = |a-b|

= V(a,-b,)* + (a,=-b,* + - + (a,—b,f = 0

n n
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Law of Cosine

y
A a-b|=V4*+0’=4 R* d(a,b) = ||la-b| = {(a,-b,? + (a,-b,)* = 0

b=(-1,2) arb=[(40) ;39

Law of Cosine

Ibl=~142'~5 \g " lall=3*+2"=/13 la—b|f = [lal* + |b|*-2]al/||b]l cos®
X
a-b a = (all az)
— (01—131/ a2—b2) b = (b,, b,
. 2 B 2
4:2:\/1—32+\/§2—2\/173\/§C086 (al bl) + (02 bZ) _2
2=2v13+5cos6 cose=% a +a, a; +a; Ja: +a;
ab=3-1+2-2=-3+4=1 bf +b§ bf +b§ ’bf+b§
—2(a, b b
Inner Product o i) cos#
ab = ab,+a,b,+-- +a,b, a-b = |a| ||b|| cos6
Euclidean (1A) 17 Young Won Lim

Vector Space 10/10/12



Dot Product

Dot Product

Euclidean Inner Product R? a-b = |la||||b|| cos®

a,b Vectorsin R" = a,b, +a,b,
0 Angle between a,b
a-b = |al |b]| cos6 R’ a-b = |a]|/b]| cos6
1 b—a = a,b, +a,b, +a,b,
a-a = |a||allcosO°
1 R" a-b = ||a||||b|| cos6
a-a = ||a||2 - albl +a2b2+ anbn
lal| = va-a
Euclidean (1A) 18 Young Won Lim
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Properties of Dot Products

ab = b-a R" a-b = |a| ||b]| cos6

a(b+c) = a'b +ac = ayb, +a;b; + - a,b,

(a+b)c = ac+b-c
ab-c) = ab-ac
(a-b)c = ac-bc

k(a-b) = a-(kv)

Euclidean (1A)

Young Won Lim
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Cauchy-Schwarz Inequality (1)

cosf = ab R a-b = |a| ||b|| cos6
|all [[b]]

= a,b, +a,b, + --- a,b

n-n

—1 < cosO < +1

" a = (01/02/ /an)
1 < @ < +1
lal[[b] b = (b, b,, - ,b,)
la-b| _ 1
lal[|b] ~ a-b = ab, +a,b, +-+a,b,
2 2 2
la| = V@ +a+ - +d*
2 2 2
a-b| < |a||b| Ib|| = b} +b%+ -+ +b?

2 2 2 2 2 2
a,b, +a,b, +--+a b, < \/a1 +a; + - +an\/b1 TFl0%, AR owe SRlEL

Euclidean (1A) 20

Young Won Lim
Vector Space

10/10/12



Cauchy-Schwarz Inequality (2)

Assume 0<0<90° R" a-b = |a||||b| cos®

b b = a,b, +a,b, + -+ a,b,
a a
||la|| cos6
/ a = <al’a2' lan)
b 0 b =(b,,b,, ---,b
|| || Ccos ||a|| cosf < ”a“ < 1 2 n)
la| = Vd}+d’+ - +a’

Ibl| = Vb2 +b2+ - +b?

-
‘‘‘‘‘

-
~ l'
~ -
|allbf T

la-b| < ||la||||b|| for 0<6<180°
lall || b]]
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Triangular Inequalities

a+b

la+b] < |lal]|[lb]

la+b|f = (a+b)-(a+b)
= (a-a) +2(a-b) +(b-b)
< |lalf +2|a-b| +|b|
< |la|f +2||a]||b]| +/b|
< (|la]l +Ib]))*

b=(b1,b2)
d(a,b) < d(a,c)+d(c,b)
aa = ||a||2 d(a,b) = ||a_b||
b-b = |b|’ = |la—c+c—b||
a-b < |ab|
= l(a-c) +(c-b)|
la-b| < |la] |Ib]|

< |la—c|| +|[c bl

< d(a,c)+d(c,b)

Euclidean (1A)
Vector Space
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Orthogonality

ab R" a-b = |a|| ||b|| coso
|al| ||b]|

CosO =

n-n

—1 < cosO < +1

- a-b
~ |lall||b]

< +1

|a-b| -
|al| [|b]]

cos90° =0

ab

=0
lall [|b]

ab =0
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Point-Normal Equation (1)

n = (a,b) x =(x,y)

>y >y
( 4
/ x=(x,y,2)

nx =20 nx =0
ax+by =0 ax+by+cz =0
Euclidean (1A) 24 Young Won Lim
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Point-Normal Equation (2)

>y

Euclidean (1A)
Vector Space

x=(x,y,2)

. \ n = (a,b,c)

> y

n(x—-—x, =0

a(x=xo) +b(y-y,) +¢(z-2,) = 0

25 Young Won Lim
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Point-Normal Equation

R2 A 2 R3 A 2

X = (X, Yo)

) n = (a,b) n = (a,b,c)

>y L
X:(XOlyV
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Vector Addition

j’/
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Basis

(-1, 2)

i | |
— > >
l X | \ | X
v =23i+2j
1 0| o 1 11 o
a0+bll—0:> a=b=0 a1+b_1l—0:> a=b=0
basis basis
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Cross Product (1)

Determinant of order 3

a=ai+a,j+ak ={a, a, a;)
b =bji +b,j+bsk = b, b,, by
iJ ok _L|ay a a;.. ds, ay. a,
axb=|a a, a; = | —
b b b b2 b3 bl b3 bl b2
1 2 3

= (azb3 - a3b2)i - (ale - a3b1)i + (a1b2 - azb1)i
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Cross Product (2)

A Z A
k =0, 0, 1) a = (a, a,, as)
f o i=w 10
- >y >y
i=1(1,0,0) /
X X
i j Kk i j k
ixj=100 =k @ normaltoi&j ™ jxi=[010 =-k
010 1 0 0
i j k i j k
jxk=1010 -ji {m normaltoj&k mm kxJj=1001 -
00 1 010
i j k i j k
kxi=0 01 =j {mmnormaltok &i mm ixk=|1 00 =-j
1 00 00 1

Euclidean (1A)
Vector Space
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Right Hand Rule

i j k i j k
ax b =|a a, a, b x a =|b;, b, b,
b, b, b; a a, das;

Normal direction n

n
- /?\
a b a b
n
axbhb Magnitude = |a x b|| = |a| ||b| sin®6
0
a b
Euclidean (1A) 31 Young Won Lim
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Line Equations (1)

Vector Equation r =r, +ta

Parameter

r, = (X Yy 2,)
Direction Vector a = {(a, a, ay)

Parametric Equation X = x, + ta,

y =Yy, t ta,
zZ =2z, +ta,

Component

ta, = x — X,

ta, =y — Yy,
ta3=Z—Zz

Symmetric Equation

Elimination of parameter

Euclidean (1A)

32 Young Won Lim
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Line Equations (2)

A Z
2
oo**®
oo®® oo*
"//////// >y
Direction Vector N
a
/V ta
r
r,
>y

o

X

t =1.2 Parameter

X

Direction Vector A

a

/V

r;

zZ

>y

o

X

>y

t=1.7 Parameter

Euclidean (1A)
Vector Space
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Line Equations (3)

A Passing Point

r,
/ >y / >y

X

X

Direction Vector N

a

v ta r =r, +ta
Parameter

r, r, = (X; Vi Z,)

/ - a = (a, a, as)

X

Euclidean (1A) 34 Young Won Lim
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Plane Equations (1)

Vector equation n-(r-r,)=0
Normal Vector r =(x,y,z)
r, = {(Xy, Y1, 21)
n = <al b, C>

r—r,=X-X;, Y-y, 2—-2;)

n = < a, b, C>

Cartesian equation a(x—xl) u b(y_y1) u C(Z—Zl) -0

Euclidean (1A) 35 Young Won Lim
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Plane Equations (2)

000000000000
000000000000
000000000000
000000000000 ([ n
Normal Vector
No Parameter
A Z A Z
T' - T'l

/ B ‘r/ -

X X
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Plane Equations (3)

/ >y / >y
n - (r-ry)=0
r = (x,y,z)

m — r, = (Xy, Y1, Zy)
n = {a,b,c)

X
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Normal Vector & 3 Points

A Z . ¥4 .
Non-collinear Non-collinear

3 points 3 points

s r,

Pl o ° rlZ
. >y >y

Graph of a plane -
Line intersection of two planes
Point of intersection of a line and plane
Euclid 1A Y Won Li
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Normal Vector & 3 Points

z Z
A Non-collinear 4
3 points
.Ps r,
Pl o r
>y

° >~V
P, r

>y
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Vector Triple Product

ax(bxc)
—) Perpendicularto B X C

—)  Any vector perpendicular to b x c
lies in the plane perpendicular to b X c

—) liesintheplaneof B and C

b xc
Perpendicular to the plane of /&» o
ax(bxc) = mb+nc b0 e
(a-c)b —(a-b)c
Euclidean (1A) 40 Young WonLim
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Scalar Triple Product

a = a,i+a,j+a,k
(1 * (b X C) 1 2] 3
b = b;i +b,j +b;k
c = cyi+c,j+csk
i j Kk
b X €C = bl b2 b3 — ib2 b3 obl b3 4+ kbl b2
€,y C C3 2 G G ¢ G
a- (b x c) = (a,i +a,j +a,k)- ib2 by _ jbl b + k b, b,
C, C3 ¢, GCj ¢, Cy
a, a, d,
_ a1b2 by| a2b1 b, ‘g b, b, I
C2 C3 C1 C3 C'1 C2 1 2 3
C, Cp Cj
Euclidean (1A Y won Li
co 41
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Normal Vector & 3 Points

4z Non-collinear 4
3 points
! ‘i k a a a da
axb=|a, a, a, = Q| % = e
b, b b, b
b b b 2 3 1 3
1 2 3
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Normal Vector & 3 Points

Euclidean (1A)
Vector Space

A Z

Non-collinear
3 points

43
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