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CORDIC Background

1.A survey of CORDIC algorithms for FPGAs, Ray Andraka,
www.andraka.com/cordic.htm
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Vector Rotation (1)

i = emsy = p el Restrict rotation angle = tan ¢ = +2°
yl = P e A B e Multiplication = simple shift
y - tan¢ y-27
x' = cos¢-|x — y tan¢] 2% o il ¢ x-2"
y' = cos¢-|y+ x tan @] regardless of direction = cos (¢) = cos (—¢)

X;p = Ki-[x- — ) d- 2—,~] Allowed Rotation Angles

1

Yitr = Ki'[yi"'xi'di'z_l] g
I 14 2 tang w§ 27
K, = cos ¢, = cos(tan " (27')) o m 1
cos \/TZ_ZI
- ] e
V1 +27%

d = +1 K =<1 (K, & cos¢ )
Young Won Lim
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Vector Rotation (2)

X = K- [xi — ¥ d;- 2_i] 'xi+12 = Ki2 ' [xi2 + yiz 27— 2x,y,d,;- 2_i]
vie, = K;- [y,- +x;-d,;- 2_i] yi+12 = Kiz ' [yiz + xiz 27 2x,y;d,; - 2_i]
: 2 2 2 (2 2
K. = cos ¢, = cos(tan"' (27)) Xigt T Vi1 = Kl\-V (x”"+»/)
1 . \\
] —2i K, =1 Gei =1 Ki<1 G>1
1 +2
=+
“u == =i 2] 5
- —>
Ki
- —>
[yi+xi'di'2_i] Yit1
A
J
CORDIC Gain : growing in magnitude
L4y | @e = 2r o n —
oy 1 A =11 — =11 v1+2 7 — 1.647
N - K, =l
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Vector Rotation (3)

— Without Scale Constants K;

X = Ki.[xi_yi.di.z_i] Xiv1 = [xi_yi'di'z_i]

Vieg = Ki'[)’i"'xi'di'z_i] Yiv1r = [yi+xi'di'2_i]
. d = *1

K, = 1/VJ1+27% & cos(¢;) ’

d = +1 —» CORDIC Gain : growing in magnitude

i

4, =1 Ki = V1427 - 1.647
1/K, = V1 +27%
A For correction
/ Multiplying K's as a processing gain
1+ j2 tangp 27 n n 1
I[1 K, = [l —— — 0.6073
1 ; i ; —2i
. L T e =142
1
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Angle Accumulator

Rotation Mode Vector View Accumulator View
z, «— & (desired angle)
z, = 0
- initial Z o< @
— =
z,,, = z,—d,;-tan (27') "\n
r»
initial Sinal  Z,
d. = -1 if z,<0
_ i Minimize the Subtract angles
di = +1 otherwise residual angle at each step
Vectoring Mode . .
Vector View Accumulator View

Z, < 0
— |
z — z,+ tan [ x
n 0 (yO O) i ﬁnal Zn
Zi+1 = Zl - dl ° tan_1<2_l) ‘_,—"i' _|_q) ‘ ]
T final initial Zy¢ 0
d, = +1 if y,<0
| l . Minimize the Add angles
di = —1 otherwise residual y component at each step
Young Won Lim
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Rotation Mode

Rotation Mode

z, «— & (desired angle)

z, = 0

z,, = z,—d,- tan_1(2_i)

d. = -1 if z,<0
d, = +1

1

otherwise

Minimize the
residual angle

Vector View

Accumulator View

initial Z ¢
" 0 ¢

initial

\R >—>
Sinal  Z,

Subtract angles
at each step

Xipt = xi_y,-'d,-'z_i X, = An[xo COSz, — ¥, sinzo]
Vieg = yi+xi.di-2_i v, = A, [yo CoSz, + X, sinzo]
Ziy1 T 4T di'tan_l(z_i) z, =0
di:_l le,-<O An:ﬁ /1_|_2—2i
i=1
d, = +1 otherwise
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Vectoring Mode

Vectoring Mode

zy < 0

z, — z,+tan" ' (y,/x,)

Zo, = z,—d,- tan” ' (27)

i+1

d, = +1 if y, <0

1

d. = —1 otherwise

Vector View Accumulator View
initial final  Z,
e - i ‘i' . + q) [ > . [
T final initial Z ¢ 0

Add angles

Minimize the
at each step

residual y component

o — . . _i
Xigp = X, — ), di 2

Yiv1 = J’i+xi'di'2_i

z,, = z;—d,;- tan”' (27)

d. = +1 if y, <0

d. = —1 otherwise

xn - An Vx02+y02
Yo = 0

z = zy+tan '(y,/x,)

n

4, = 1 J1+27

n

2A Background
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Angle Accumulator — Rotation Mode

Rotation Mode

ANl () (input)

z, > 0

z,, = z,—d,- tan_1(2_i)

d. = -1 if z,<0

1

d. = +1 otherwise

1

Vector View

final
+¢

e

initial

Minimize the
residual angle

Accumulator View

initial Z €
" 0 ¢

k»—»

final  Z,

z; <0

Increase Angle d, = —1
zZ,, = z;+ tan~' (27)
z,=20

Decrease Angle d, = +1

Accumulator View

Subtract angles
at each step

Accumulator View

-1 —i Zi < O Zi = 0
Zy = z;—tan (27
Increase Angle +0 Decreases Angle —0
Young Won Lim
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Angle Accumulator — Vectoring Mode

Vectoring Mode

Vector View Accumulator View
zy < 0
=]
z — z,+ tan [ x
. 0 (o/%o) initial final  Z,
_ —7 e 4
z,,, = z,—d, tan"'(27) ) —|—q)l
= P
/ﬁnal initial ZO<—O
d =+1 if y. <0
: : ) Minimize the Add angles
d, = —1 otherwise residual y component at each step
v, <0 N Vector View Vector View
Decrease Angle d, = +1
zZ,,, = z,— tan (2 l) dec: —0
y;>0 Ve =0
A
Increase Angle d, = —1
i <0 >0
Zi =Zl.+tan1(2 ) Vi Vi
Decrease Angle —0 Increases Angle +0
2A Background 11 Young Won Lim
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Initial Rotation =*+t/2

Positive Phase (y>0) =  Rotate by —90 degrees

A 5= =d-y

@ (y.—x) D by ' = td-x
O (i ) / , T
‘ _ /\@ ( z! = Z+d'3

d =+1 if y<0

d = —1 otherwise

Negative Phase (y<0) = Rotate by +90 degrees

A
No magnitude change
v QD (—y.x) X' — y
] g '
D (x,y) \ ‘ y < X
@ (v,—x) @ (x.v) Consistent

Resulting Phase - [-90, +90]

2A Background 12 T S8 05201



Initial Rotation 0, +Tt

Positive x (x> 0) =  Rotate by 0 degrees
A A X' = +d-x
AG>® (x,y) yr — +dy
' z' = z if d=1
\ g g z' =m—z if d=-1
‘0O ()
: d = -1 if x<0
Negative x (x < 0) = Rotate by +180 degrees

d = +1 otherwise

z+m ? z—1m ?
@ (—x.~») ® (x.7) No magnitude change
® (w)T F@’ (=) s
y < X

Convenient wiring in
FPGA

Resulting Phase - [-90, +90]
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Application Modes (1)

Rotation Mode Vectoring Mode
Input angle is given Finding the resulting angle
 sin and cos « tan-
e (r,0) > (X, y) e Vector Magnitude
» General vector rotation e (x,y)—(r, 0)
A A
initial
. final (x’ y)
smeo-=—y
e Wy
-
initial X \/ final
¢ ¢
CcCoS 7
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Application Modes (2)

sin-! and cos-1
Inverse CORDIC functions

Extension to Linear functions

Extension to Hyperbolic functions
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A. Sine and Cosine

Rotation Mode

z, «— & (desired angle)

z, > 0

Vector View Accumulator View

final (x,, v,)

initial Z gy @

~1(n—i Y
z,,, = z,—d,;-tan (27') "\
Yy
hﬂﬁal(xO,O) final  Z,
d. = -1 if z,<0
. Minimize the Subtract angles
di = +1 otherwise residual angle at each step
Finding Sine and Cosine Unscaled Sine and Cosine Modulated Sine and Cosine
=) ek ooam SRS
x, = A, x,cosz, X, = COSz, X, = X, COSz,
v, = A, -x,sinz, y, = sinz, Y, = X, sinz,

CORDIC Gain : growing in magnitude LUT — a pair of MULT

4 = If’I 1 11’1 N +272 o 1647 CORDIC — rotation operations
oA Single MULT
2A Background 16 Young Won Lim
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B. Polar to Rectangular

Rotation Mode

Zg < ¢

z, > 0

(desired angle)

z,, = z,—d,- tan_1(2_i)

d = —1

1

d = +1

if z,<0

otherwise

Finding Sine and Cosine

(%, 0) = (x,. »,)

x, = A, x,cosz,

v, = A, x,s1mnz,

CORDIC Gain : growing in magnitude

4, =11 % = 11 1+27 > 1647

2A Background

Vector View

final (x,, v,)

initial (r, 0)

Minimize the
residual angle

17

—r, z, < 6

0) = (x,, »,)

= A, r cosO
= A, rsin0

Accumulator View

initial Z ¢ 0
4'

'R > .
final  Z,

Subtract angles
at each step

Young Won Lim
05/05/2011



C. General Vector Rotation

Rotation Mode

(desired angle)

Zg < ¢

z, > 0

Vector View Accumulator View

final (x,, y,)
¢ initial Z gy @

z,, = z,—d,- tan_1(2_i)

L a0t ) _-—x"'

"
-
-
-

d, =

1

d, =

1

—1
+1

if z,<0

otherwise

k e
final  Z,

Minimize the
residual angle

Subtract angles
at each step

Motion Correction and Control System

* : :
x, | cosz, —sinz,||x, n-dim rotatllon
= A,-| . —s tree architecture
Y sinz, cosz, ||V,
Unscaled Rotation
x,| _ 4 .|cosz —sinz, Z | A pair of o) x,| _ [cosz, —sinz,||x,
" s Yo MULT -
Yn SInz, COSzy ||| > Y sinz, cosz, ||V,
Young Won Lim
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D. Arctangent

Vectoring Mode

zy — 0

z, — z,+tan" ' (y,/x,)

Ziq = Zi—di-tan_l(Z_i)

d, = +1 if y,<0

Vector View Accumulator View
initial (x yo) final  Z,
\" = tan (y,/ x,) )
- : »—p
N fnal ()) initial Z ¢ 0

Minimize the Add angles

d ;= 1 otherwise residual y component at each step
Input Output
( Yo Angle Accumulator Value
X yo) - ratio -
0 — CORDIC gain does not affect
(0, y,) — ratio + 00
X, = z,+ tan_l(y0 / xo)
Young Won Lim
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E. Vector Magnitude

Vectoring Mode

zy < 0

z, — z,+tan" ' (y,/x,)

Ziq = Zi—di-tan_l(Z_i)

d, = +1 if y,<0

d. = —1 otherwise

1

The magnitude:
* Dbyproduct of computing arctangent

* the result vector is aligned with x-axis

* the x component of the result vector
* increased by CORDIC gain
* can be scaled by the processor gain

e one MULT hardware cost

2A Background

Vector View Accumulator View
A magnitude
.
initial (x yo) final  Z,
_,.—\;' = tari}vo / x,) ‘)
AN e
final (x . 0) initial ZO<—O

Add angles
at each step

Minimize the
residual y component

The accuracy of the magnitude result

» Improves by 2 bits for each iteration performed

20 Young Won Lim
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F. Cartesian to Polar Transformation

Vectoring Mode Vector View Accumulator View
zy — 0
i
z, = zo+tan  (yy/x,) imitial final  z,
z,,, = z,—d, tan"'(27) Ly "“Pl )y ,
.| final initial Z ¢ 0
d, = +1 if y,<0 Add angles

. Minimize the
d. = —1 otherwise residual y component

1

at each step

input vector (x, y)

ro=AVx'+ = x, = A, Nxy +

magnitude

phase angle ¢ = tan '(y/x) = z, = Zo+tan_1(y0/x0)

Young Won Lim
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G. ArcSine (1)

Exploit Vector Mode HW Vector View
. —1

z, — Z,tSIn

n 0 (An'xo) )
Zo, = z,—d,- tan' (27)

initial (1, 0)
d, = +1 if y, <c
. Minimize the

d ; = —1 otherwise residual y component

Accumulator View

final  Z,

initial Z ¢ 0

Add angles
at each step

Vector View

h— — . . _Z.
Xig = X, —y,-d;*2

Yiv1 = yl'+xi'di'2_i

z,, = z,—d,- tan_l(Z_i)

Vector View

d, = +1 if y,<c y, < c Dec Angle y,>c Inc Angle
d, = —1 otherwise Add (-) Angle Add (+) Angle
2A Background 22 YO 105201



G. ArcSine (2)

Exploit Vector Mode HW Vector View Accumulator View

. -1 C
z, — Z,t+SsIn <A-x)
0
" final  Z,

z,,, = z,—d, tan"'(27)

1

initial (1, 0) initial ZO<—O

d,

1

+1 if y,<c

_ . Minimize the Add angles
d ; = —1 otherwise residual y component at each step

Xipg = X, = y;-d; -2 x, = \/(An-x0)2—02

Yiv1 = J’i+xi'di'2_i

z,, = z,—d,- tan_l(Z_i)

d. = +1 if y,<c

d. = —1 otherwise i=1

2A Background 23 Young Won Lim
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H. Arccosine (1)

Exploit Vector Mode HW

z, — ZO+sin_l(AC:x)
n 0

Zo, = z,—d,- tan” ' (27)

i+1

d, = +1 if y, <c

1

d. = —1 otherwise

Vector View

A c

§ final (1n’i)
| e 1,0)

initial (1,

Minimize the
residual x component

Accumulator View

final  Z,

initial Z ¢ 0

Add angles
at each step

— — . . _i
Xigp = X, — ), di 2

Yiv1 = yl'+xi'di'2_i

Z,,, = Zi—di-tan_l(Z_i)

d. = +1 if x,>c

d. = —1 otherwise

Vector View
A

inc: +6

Vector View

x; <c Inc Angle
Add (+) Angle

x; > c Dec Angle
Add (-) Angle

2A Background

24
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H. Arccosine (1)

Exploit Vector Mode HW Vector View
A

Accumulator View

z, - ZO+sin_l(AC:x)
n 70

C
*
ﬁnal ('xn ) n) ﬁnal Zn
z,,, = z,—d, tan"'(27) = cci
Y, T .
¢ 1,0)

initial ( , initial Z ¢ 0

d, = +1 if y,<c

. Minimize the Add angles
di = —1 otherwise residual x component at each step
Xiv1 = xi_yz"di'z_i
Viggn = yitx,-d. -2 Yo = \/(An-y0)2—02
z,,, = z,—d, tan ' (27) X, = ¢
z, = zo+cos_(AC )
n.yO
d, = +1 if x,>c n
, A = II V1 +277
d. = —1 otherwise i=1
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