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Band-limited Signal
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Time Sequence

Remove
Zero Samplesx [n ]

xd [n ]
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Normalized Radian Frequency

x [n ] y [n ] Time Sequence

T 4T

y [n ] Time Sequence

Normalized to fs

ω̂ = ω⋅T s = ω
1/T s

ω̂ = ω
f s

= 2π f
f s
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4 f H
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Time Sequence
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Time Sequence Spectrum in Linear Frequency
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Time Sequence Spectrum in Normalized Frequency
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Z-Transform and Down Sampling

Remove
D-1 Zerosx [n ]
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Suppressing D-1 Samples

v [n] = δD [n ] x [n ]δD [n ] =
1
0

if mod(n, D) = 0
otherwise

V [ z ] = ⋯ + v [0 ] z0 + v [ D] z−D + v [2D] z−2D+ ⋯

V [ z ] = ∑
n=−∞

+∞

v [n] z−n = ∑
m=−∞

+∞

v [mD] z−Dm = F (z D)

T
t

x [n ] v [n]δD [n ]

T 4TD−1

D

D−1

D
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Example When D=2 (1)

v [n] = 1
2 x[n] + 1

2 e− jπ n x [n]x [n] = e j ωn δ2 [n] = 1
2 (1 +(−1)n)

= 1
2 e j ω n + 1
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D = 2
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2 e+ j (ω−π)n
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2

X (e j ω) + 1
2

X (e− j π e jω)
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Example When D=2 (2)
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Z-Transform & Suppressing D-1 Samples (1)

v [n] = δD [n ] x [n ]
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ωk =2π k / D
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Z-Transform & Suppressing D-1 Samples (2)
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Z-Transform & Removing D-1 Zeros (1)
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Z-Transform & Removing D-1 Zeros (2)
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Down Sampling

Remove
D-1 Zerosx [n ]

v [n]
y [n ]

δD [n ]

T Sampling Period

Ideal 
Sampling

x [n ] v [n] y [n ] Time Sequence

T 4T T

Supress
D-1 Samples

Spectrum Replication 
fs / D

Time Axis Scaling 
1 / D

Stretching Spectrum
ω / D

Amplitude Axis Scaling
1 / D
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Measuring Rotation Rate
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Signals with Harmonic Frequencies (1)

1 Hz  
1 cycle / sec

2 Hz  
2 cycles / sec

3 Hz  
3 cycles / sec

4 Hz  
4 cycles / sec

5 Hz  
5 cycles / sec

6 Hz  
6 cycles / sec

7 Hz  
7 cycles / sec

cos (1⋅2π t)

cos (2⋅2π t)

cos (3⋅2π t)

cos (4⋅2π t)

cos (5⋅2π t)

cos (6⋅2π t )

cos (7⋅2π t)

= e+ j (1⋅2π)t + e− j (1⋅2π)t

2

= e+ j (2⋅2π)t + e− j (2⋅2π)t

2

= e+ j (3⋅2π)t + e− j (3⋅2π)t

2

= e+ j (4⋅2π)t + e− j (4⋅2π) t

2

= e+ j (5⋅2π)t + e− j (5⋅2π)t

2

= e+ j (6⋅2π)t + e− j (6⋅2π)t

2

= e+ j (7⋅2π)t + e− j (7⋅2π)t

2



4B Downsampling 20 Young Won Lim
9/29/12

Signals with Harmonic Frequencies (2)

2−2

4−4

6−6

8−8

10−10

12−12

14−14

1 Hz  
1 cycle / sec

2 Hz  
2 cycles / sec

3 Hz  
3 cycles / sec

4 Hz  
4 cycles / sec

5 Hz  
5 cycles / sec

6 Hz  
6 cycles / sec

7 Hz  
7 cycles / sec



4B Downsampling 21 Young Won Lim
9/29/12

Sampling Frequency

2−2

4−4

6−6

8−8

10−10

12−12

14−14

1 Hz  
1 sample / sec

2 Hz  
2 samples / sec

3 Hz  
3 samples / sec

4 Hz  
4 samples / sec

5 Hz  
5 samples / sec

6 Hz  
6 samples / sec

7 Hz  
7 samples / sec
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Nyquist Frequency

2x1 sample / sec

2x2 samples / sec

2x3 samples / sec

2x4 samples / sec

2x5 samples / sec

2x6 samples / sec

2x7 samples / sec

1 Hz  
1 cycle / sec

2 Hz  
2 cycles / sec

3 Hz  
3 cycles / sec

4 Hz  
4 cycles / sec

5 Hz  
5 cycles / sec

6 Hz  
6 cycles / sec

7 Hz  
7 cycles / sec
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Aliasing

1 Hz  
7 Hz 

2 Hz  
6 Hz  

3 Hz  
5 Hz  

4 Hz  

2x4 samples / sec

2x4 samples / sec

2x4 samples / sec

2x4 samples / sec

2−2



4−4 

6−6



8−8



10−10 

12−12



14π−14

16π

16π

16π

16π

16π

16π
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Sampling

 s = 2 f s rad /sec

2 rad  / T s sec  rad  / T s sec − rad  / T s sec

1 =
s

2 rad / sec  2 = −
s

2 rad / sec

f 1 =
f s

2 rad / sec f 2 = −
f s

2 rad / sec

1 = 2 f 1 2 = 2 f 2
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Sampling

T s = 

 s = 2 f s rad /sec

1 = 2 f 1 rad /sec

2 rad  / T s sec 
2

rad  / T s sec

 = ⋅T s rad 

For the period of T
s 

2
rad Angular displacement

= 2 f 1⋅T s rad 

= 2
f s

4
⋅T s rad 

= 
2

rad 
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f s =
1
T s

Sampling Frequency

Sampling Angular Frequency

 s = 2 f s rad /sec

Signal Frequency

Signal Angular Frequency

ω0 = 2π f 0 (rad / sec)

ω s = 2π f s (rad /sec) 2π (rad ) / T s (sec)
For 1 
second

For 1 
revolution

ω0 = 2π f 0 (rad / sec) 2π (rad ) / T 0 ( sec)
For 1 
second

For 1 
revolution

f 0 = 1
T 0

Angular Frequencies in Sampling

Signal Frequency

continuous-time signals

sampling sequence
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