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Frequency View of a DFT Matrix
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Frequency View of a X[i] Vector
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4-pt DFT

8-pt DFT
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T = 4 τ

Δ f 1 =
f s1

4
= 1

4 τ

Frequency and Time Interval (1)

Freq Domain Time Domain
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The same frequency resolution
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=
8-pt DFT

2T = 8 τ

Δ t3 = τ

f s3 =
1
τ

Δ f 3 =
f s3
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8 τ

f h3 =
f s3
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Frequency and Time Interval (2)

The finer frequency resolution

Repeating the time signal two times
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=
8-pt DFT

2T = 8

Δ t 4 = τ

f s4 =
1
τ

Δ f 4 =
f s4

8
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8 τ

f h4 =
f s4
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2 τ

Frequency and Time Interval (3)

The finer frequency resolution

Use two times more samples (2T)
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8-pt DFT
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Frequency and Time Interval (4)

The finer frequency resolution

Use zero padding
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Single-Sided Spectrum

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t)) x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

= cos(α) cos(β)

gk cos(k ω0 t + ϕk ) = g k cos (ϕk ) cos(k ω0 t) − g k sin(ϕk) sin(k ω0 t)

cos(α+β) − sin (α) sin(β)

a k cos(kω0 t ) + bk sin(k ω0 t)

a k = g k cos(ϕk)

−bk = g k sin(ϕk )

a k
2 + bk

2 = g k
2

−
bk

ak
= tan (ϕk)

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

g0 = a0

gk = √ak
2 + bk

2

ϕk = tan−1 (−bk

ak )
k = +1, +2, ... k = +1, +2, ...
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Two-Sided Spectrum

x(t) = ∑
k=−∞

+∞

C k e+ j kω0 tx( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

Ck =
a0 (k = 0)
1
2 (a k − jbk ) (k > 0)
1
2 (a k + jbk ) (k < 0)

k = ... ,−2,−1, 0, +1, +2, ...

∣C k∣ =
a0 (k = 0)
1
2 √ak

2 + bk
2 (k ≠ 0)

Arg (C k) = tan−1(−bk /ak ) (k > 0)
tan−1(+bk /ak ) (k < 0)

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

k = ... ,−2,−1, 0, +1, +2, ...

Ck =
a0 (k = 0)
1
2 g k e+ j ϕk (k > 0)
1
2 g k e− j ϕk (k < 0)

∣C k∣ =
a0 (k = 0)
1
2∣g k∣ (k ≠ 0)

Arg (C k) =
+ϕk (k > 0)
−ϕk (k < 0)

Power Spectrum Periodogram
∣C k∣

2 +∣C−k∣
2 = 1

2∣g k ∣2 = 1
2 (ak

2 + bk
2) 2⋅∣C k∣ = ∣g k∣ = √a k

2 + bk
2

Two-Sided One-Sided
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CTFS and DTFS (1)

x(t) ≈ ∑
k=−M

+M

C k e+ j k ω0 t N = 2 M + 1

T s →00 ≤ n < L

T s =
T
N

0−M⋅T s −T s
+M⋅T s

Time Samples

+T s

x [0 ] x [1] x [N ]x [M−1] x [M ] x [M+1]

x [n] = ∑
k=−M

+M

γk e
+ j(2π

N )nk
x( t) = ∑

k=−∞

+∞

Ck e+ j kω0 t

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

k = −2, −1, 0, +1, +2, ...

n = 0, 1, 2, ... , N−1,

γk = 1
N ∑

n=0

N−1

x [n] e
− j(2π

N )nk

k = −M , ... , 0, ... , +M

j kω0 t → k( 2π
T ) n( T

N ) = (2π
T )n k xFS (t) = ∑

k=−M

+M

γ k e+ j kω 0 t
DTFS

CTFS
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CTFS and DTFS (2)

X [k ] = ∑
n = 0

N − 1

x [n] e− j (2π/N )k n

x [n] = 1
N ∑

k = 0

N − 1

X [k ] e+ j (2π/N ) k n

Discrete Fourier Transform

x( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t CTFS

xFS (t) = ∑
k=−M

+M

γ k e+ j kω 0 t
DTFS

x [n] = ∑
k=−M

+M

γk e
+ j(2π

N )nk

n = 0, 1, 2, ... , N−1,

γk = 1
N ∑

n=0

N−1

x [n] e
− j(2π

N )nk

k = −M , ... , 0, ... , +M

C k ≈ γk = X [ k ]
N

Approximated 
Fourier Coefficients

Truncate Fourier Coefficients
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fft and ifft

X [k ] = ∑
n = 0

N − 1

x [n] e− j(2π/N )k n

x [n] = 1
N ∑

k = 0

N −1

X [k ] e+ j (2π/N )k n

Discrete Fourier Transform

X = fft(x)

x = ifft(X)

x( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t CTFS

xFS (t) = ∑
k=−M

+M

γ k e+ j kω 0 t
DTFS fc = fft(x)/N = X/N

Approximated 
Fourier Series Coefficients

x = ifft(fc)*NC k ≈ γk = X [ k ]
N

Approximated 
Fourier Coefficients

∣C k∣
2 ≈ ∣X [k ]∣2

N
Approximated 
Periodogram
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Periodic Signals
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N Δ t
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2Δ t
N X (k )
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Aperiodic Signals
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N Δ t

One Sided 
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∑ S Δ f = 1
N Δ t ∑ S

S (k)= Δ t
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1
N Δ t ∑ x2Δ t

k Δ f

P=∑k=0
N−1 S (k )Δ f

P=∑k=0
N /2 S1(k )Δ f

S1(k )=S (k )

k=0, N
2

k=1,⋯ , N
2 −1

Random Signals
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1
N X (k )

One Sided Fourier Series Coefficient
1
N X (k )

Frequency Scale

k=0, N
2

2
N X (k ) k=1,⋯ , N

2 −1

k Δ f

Periodic Signals

Δ f = 1
N Δ t

Frequency Spacing

Δ t
N X (k )

k=0, N
2

2Δ t
N X (k ) k=1,⋯ , N

2 −1

Δ t
N X (k )

k Δ f

Aperiodic Signals

Δ f = 1
N Δ t

Two Sided Fourier Series Coefficient

One Sided Fourier Series Coefficient

Two Sided Fourier Series Coefficient
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S1(k )=2S(k)

Two Sided Fourier Series Coefficient

∑ S Δ f = 1
N Δ t ∑ S

S (k)= Δ t
N ∣X (k )∣2

1
N Δ t ∑ x2Δ t

k Δ f

Random Signals

P=∑k=0
N−1 S (k )Δ f

One-sided Power Spectral Density

P=∑k=0
N /2 S1(k )Δ f

One-sided Power Spectral Density

k=1,... , N
2 −1

S1(k )=S (k ) k=0, N
2
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One Sided Amplitude Spectrum

Frequency Bin

Amplitude Spectrum 

Ak = 1
N ∣X (k )∣ = 1

N √ℜ2(X (k ))+ℑ2(X (k))

k = 0,1, 2,⋯ , N−1

Āk = 1
N ∣X (0)∣ k=0

Āk = 2
N ∣X (0)∣ k=1, 2,⋯ , N /2

f = k f s

N

Phase  Spectrum 

ϕk = tan−1( ℑ(X ( k ))
ℜ(X (k ))) k=0,1, 2,⋯ , N−1

Power Spectrum 

Pk = 1
N 2∣X (k )∣2 = 1

N 2 {ℜ2(X (k ))+ℑ2(X (k ))}

k = 0,1,2,⋯ , N−1

P̄k = 1
N 2∣X (0)∣2 k=0

P̄k = 2
N 2∣X (0)∣2 k=1, 2,⋯ , N /2

One Sided Power Spectrum

Frequency Bin

f = k f s

N
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Data Truncation
Frequency Resolution 
Zero Padding
Periodogram
Spectral Plot

Amplitude spectrum in quantity peak
Phase spectrum in radians
Amplitude spectrum in volts rms
Phase spectrum in degrees
Power spectrum

Signals without discontinuity
Signals with discontinuity

Sampling frequency is not an integer multiple 
of the FFT length

Leakage
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[0, f s

2 ]
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f (t )

f (t ) e− jω t

A continuous sum of weighted 
exponential functions :

−∞ < ω < +∞
ℜ

ℑ
Fourier Transform

Not so useful in transient analysis

Laplace Transform

f (t ) e−st = f (t )e−(σ + jω)t

ℜ(s)=σ

ℑ( s)=ω

Linear Time Domain Analysis

Initial Condition
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z Transform

f [n] z−n

Discrete Time System

Difference Equation

z = esT = eσT e jωT

ℜ(s)=σ

ℑ( s)=ω
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