Solution 2

1. We use Newtons’s second law for Rotation which is 37 = I« for the derivation.
ZTl = I1 (e5] (1)

We note that there are three torques applied on the particle 1; gravitational torque, controlling torque, and
spring torque.
Gravitational torque is

7y =1 x F, = —lsinfymg (2)
Controlling torque is L
T.=1x F.=1cos0ju; (3)
Spring torque is -
Ts = d X Fsg = —acosfika(sin 6y — sin bs) (4)
Moment of inertia for the point mass is
Il = T)’L1l2 (5)
Angular acceleration for the point mass is )
o] = 91 (6)

We set up the equation of motion for the first particle.
myl20, =7, + Ty + Tc = —acos b ka(sin @y —sinby) — IsinOymyg +  cos O1u; (7
Apply the small-angle approximation which states that sinz &~ x and cosz = 1 to simplify equation as
mil20; = —ka®(6y — 05) — 161myg + luy (8)

We use the same techniques to derive the equation of motion for second particle.
Gravitational torque is

Ty = I'x F_’; = —[sinfymag (9)
Controlling torque is L
T.=1x F.=1cos0yuqy (10)
Spring torque is B
Ts = a4 X Fy = —acosOka(sin s — sin b) (11)
Moment of inertia for the point mass is
IQ = m2l2 (12)
Angular acceleration for the point mass is )
g = 92 (13)

We set up the equation of motion for the second particle.
mal?6s =1, + Ty + Te = —acos Ozka(sin O — sin bq) — I sin famag + L cos Oaus (14)
Apply the small-angle approximation which states that sinz =~ x and cosz = 1 to simplify equation as

mglzég = 7]€a2(92 - 91) - lﬁgmgg + lUQ (15)



2. We write #(t) = A(t)z(t) + B(t)u(t) in matrix form.

él A Az Az Au 01 Bi1 Bz
01 | _ | A2r Az Ay Any 01 n By B uyl (16)
02 Az Az Azz Az 02 B3 Bso ual
05 Ap A Ayz Ay 02 By By
We divide the both side of m1126; = —ka2(0y — 02) — 101m1g + luy by mil? to get
. ka? 1 ka? g ka?
01 = ———=(0; —02) — =0 lup = —01(—= + = Op———= +1 1
1 mllg( 1= 62) = 2019+l 1(m1l2+l)+ 2oy Hlw (17)
Similarly, we divide the both side of ml26, = —ka?(0 — 01) — 10amag + lus by mal? to get
.. ka? 1 ka? ka? g
0y = ——=(05—061) — =0 lug =01 ——= — O3(——= + = l 18
2 mQZQ( 2 1) I 29 + lug 1m2l2 2(m2l2 + l)+ U2 (18)

We can easily determine that the all the components on row 1 and row 3 of matrix A and matrix B are null,
so we write that

0, 0 0 0 0 0 0 0
01 | _ | A2r Azz Az Ay 01 n Byy B uyl (19)
0 0 0 0 0 QQ 0 0 usl
0 Ay Ay Ayz Ay 65 By By
Now we plug in the expressions of él and ég into the matrix.
91 0 0 0 0 01 0 0
n ka? g ka? A
Ql _ Tmalz T 1 0 myl2 0 91 + 1 0 ull (20)
92 o 0 0 0 0 19.2 0 0 UQZ
02 75;1[2 0 - rfL;llQ - % 0 02 0 1



