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Determinant

Determinant of order 2

a, a,
bl b2

a,b, — a,b,

Determinant of order 3

a 4a, a + - o+
b, b, b, - + =
€ G Gy + - F
al az a3
b2 b3 bl b3 bl b2
C2 C3 Cl C3 Cl C2
' Young Won Lim
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Determinant

Determinant of order 3

a a, da, + - +
¢, ¢ C5 + - o+
b2 b3 b1 b3 bl b2
¢, €5 o Cs ¢ G
G b, b b b b b
— 2 1 1.0y
C C C C C C
» €3 1 G 1 6
¢, G G4
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Determinant - Rule of Sarrus

Determinant of order 3 Recursive Method
dy; 4y dy; a;; 4, Ay
= Qo3| _ Uy Ay dy, Ay
(yy dpy A dy; dyp dps —‘m @» N, + LN
dz; d3, d;; d3; dz, d3;3 31 33 31 32

— an(azz (33— 0y 032)
- a12(az1 (33— Ay a31>

+ al3<azl a32_azza31)

Determinant of order 3 only Rule of Sarrus
\\\ i, dys a, ;| 911 a3 a, a,, ‘ a,; d, ‘
' d22 a3 dy; Gyp Gy T2t T2z o ayy dyp dyz| Gy dyy s
v, N\
A3 a3 031 U3y dg3) 31 932 i3 031 d3p O3 dg1 d3p U3z
D ' 5A Young Won Lim
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Minor

The minor of entry a, M,

The determinant of the submatrix
that remains after deleting i-th row and j-th column

Given matrix Sub-matrix Minor

@ a,, d;

Ay, dyy dy3 RS M, = @22 o

a3, A3 O35 a3y U3z az, i3
nxn (n—1)x(n—1)
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Minor

The minor of entry a, M,

The determinant of the submatrix
that remains after deleting i-th row and j-th column

Given matrix Sub-matrix Minor

@ i, d;

Ay, dyy dy3 RS M, = @22 o

a3, A3 O35 a3y U3z az, i3
nxn (n—1)x(n—1)

D t : t 5A Young Won Lim
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Cofactor

The cofactor of entry a, C,. = (-1)""M,;
The minor of entry  4;; M,

The determinant of the submatrix

that remains after deleting i-th row and j-th column

Given matrix Sub-matrix Minor
. _ M, = ay, Ay
@ a;, d; dz, dz;
ay; d;; 0y @2 3
031 3y 33 A3, 33 Cofactor
C = (—1)* d;, dj3
nxn (n—1)x(n—1) H =y dz, Az
1 +1 —1); (—1):+j (—1>l+z (=1 (=1 (=1)
1 o+1 -1 (=1 (=17 (=) = (-1 (-1)* (-1)
+1 _1 +1 .<_1>3+1 (_1)3+2 (_1)3+3. (_1)4 <_1>5 (_1)6
Determinant (5A) 8 Young ¥lon L2



Minor Example (1)

Given matrix Sub-matrix Minor
@ a,, d; ; .
_ |0yy dy3
dy,; dy, Gy ayy Uy M, = o
32 U3;
Ay, 0y, s, d;; ds3
C11 = +M,,
a, d,; J ;
_ |0y dy3
ay; dp;, A3 d21 a3 M12 -
a a ds;; dj;
a;, diz, ds; 31 33
C12 = —-M,,
a;, 4y, (A5 ; ;
a a — 21 22
a; dp, a3 a,, d,, 21 22 M13 -
a a a;, ds,
031 A3y O3z 031 A3 _ sh 732
CIS = +M13
Determinant (5A) o] Young Won Lim
09/18/2012



Minor Example (2)

Given matrix Sub-matrix Minor
a;, 4, d;; a a
_ |12 dj3
@ a22 a23 alz a13 M21 B a a
32 U3;
a;, dz, ds; 932 a3
CZI = -M,,
a;, a4, da; a a
_ |4y A3
s, as; di1 i3 M22 - a a
31 Uszj
a;, dz, ds; 31 33
a;, 4, d;; a a
_ |41 Ay
a; d,, (A3 Gir i M23 -
a a a;, ds,
a;, dz, ds; 31 732
Czs = _M23
' Young Won Lim
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Minor Example (2)

Given matrix Sub-matrix Minor / Cofactor
a;, 4, d;; a a
_ |12 Qi3
a; dp, a3 @2 s M31 -
a a
@ 032 a33 a22 023 22 23
a;, a4, da; a a
_ 411 di3
ay; dp;, A3 di1 i3 M32 - a a
21 Uy
a,, as, a,, d,; 3
C,;, = —M;,,
a;, 4, d;; a, d, a a
a a _ |41 Ay
a; dp, a3 a,, d,, H 12 M33 -
a a a,, da,,
a;, dz, (ds; 21 22
C33 = +M,,
' Young Won Lim
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Determinant

The determinant of an nxn matrix A det(A)

Cofactor expansion along the i-th row

a,, a,, a; det(A) = a3,Cqy + a1,Cyy + @330,
y; dpy; Ay = 03:C,; + 3,05, + @305
%31 32 a3 =@ C,, + BIC,, + @C,,

Cofactor expansion along the j-th column

a,, a,, det(A) = a;;Cyq + @;,Cyy + @3,Cy,y
dy; dy; dy3 = a,,C,, + a,,C,, + a;,Cs,
|03 O3; = a,3C,3 + a,3C,5 + a35C,;

Determinant (5A) 12 Yo oy



Adjoint

The cofactor of entry a, C,. = (-1)""M,;
The minor of entry  4;; M,

The determinant of the submatrix

that remains after deleting i-th row and j-th column

Given matrix

a,; d;, da; a,, < Cy, a,, < C,, a,; © Ci,
dy; dyy Az a,, < C,, a,, < C,, a,; = C,y
d., d., d
|31 732 M33) a;, < Cy, a,, < Cj, a;; < Cyy
nxn
Matrix of Cofactors Adjoint
Cll C12 C13 transpose Cll C21
C21 CZZ C23 > C12 C22
Cai G Gy AZEN
nXxn nxn
Determinant (5A) 13 Young ¥lon L2



Inverse Matrix

The cofactor of entry a, C,. = (-1)""M,;
The minor of entry  4;; M,

The determinant of the submatrix

that remains after deleting i-th row and j-th column

Given matrix Matrix of Cofactors Adjoint

dy; 4pp  dg3 C,, C,, Cy; ‘ Ci Gy
ranspose

Ay dyy dyz Chy Gyn Gy P > C,, =

031 O3 s Cs Gy Gy Ciz Gy

nxn nxn nxn

1
dyy dyp dgs 3 1 . 1 C, €,
dy; dpp dyj A = det(A) ad.]<A) = det(A) C, Cy
dz; d3, dz3 .C13 Cy;
Determinant (5A) 14 Yo oy



Matrix Transpose

a;, 4, d;; a;, a4, dg

T
— — T
A = lay Gy G A = la, ap ay det(A) = det(A")
031 U3y a3 |13 (3 a3

[aij] [aji]

Determinant (5A) 15 Yo oy



Cofactor Expansion and Determinant

A nXn Zero row zero col
haS - or I I ‘ det(A) =0
det(A) = a;,C;y + a;,Cyy + a;3C5 i-th row cofactor expansion

= a,;C,; + a,;C,; + a;;C,; J-th column cofactor expansion

=0
A nXn Al nXn
_ - det(AT) = det(A) = 0
B | i-th row I-th col
det(A) = a;,C; + a;,Cyy + a;3C5 i-th row cofactor expansion of A
= a,;Cy; + a,;C,; + a5;Cs; I-th column cofactor expansion of AT

Determinant (5A) 16 Yo oy



Elementary Matrix and Determinant (1)

Interchange two rows det(B) = — det(A)
' — dyy Ayy Ay a;; G Uy
<: dyp iy Gz = 7 |[dy; Gy Ay
] _ ]
. ) ! ) dz; 43, ds3 dz; 43 Az
B A
Multiply a row by a nonzero constant det(B) = c det(A)
v Cdy, €4y, Cdyy Ay Gy Gy
/T - xc | I _
dyy Uy dy3| = €Ay 0y O3
! ) az; dz, g a3y A3 Ay
B A
Add a multiple of one row to another det(B) = det(A)

m 011+C‘121 C112+C(122 al3+C(123 (111 alz C113

olals .\ dy, dy, dys — |y Upp dyj

] - d,, a,, a,, Ay, 0Qy, Q34
B A

' Young Won Lim
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Elementary Matrix and Determinant (2)

Interchange two rows i det(B) = — det(A)
I i o1 Qo1 G2z G G s
<: . 1\0 dyp Gip Qyz| = 7 [ Gyy Uy
_ -« \
. ) J \ ) d3; d3; Qg3 a3y A3 g3
det(B) = by;Cyy + by, Chy + by3Cyy

= —a, My, + a,,M,, — a,;M,,

det(A) = a,,Cy; + a1,Cq; + 443Cy5

= a, My, — a,, My, + a;3My,

Determinant (5A) 18 Yo oy



Elementary Matrix and Determinant (3)

Multiply a row by a nonzero constant det(B) = c det(A)
i
ﬁ;\‘ . \C cd;, Ca;; Cdg a;; dp; Ay
xC | N | - |
dy;  dp; Ay dy; dy; Ay
y d;; A3y  dsg a;; dz, ds3

det(B) det(B) by11Cy1 + D1,Cyp + by5C5
ca ca ca
11 12 13
€:ay,Cyq + €a15,C1; + €A13C3
1 Uy Ay
dy; 43, A3 = ¢ (a;;Cq;1 + a15Cqp + a13Cy35)

= c-det(A)

Young Won Lim
09/18/2012
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Elementary Matrix and Determinant (4)

xC

Add a multiple of one row to another

< i

;o det(B) = det(A)

\; a;;+cd,; a;,*ca,, da;+ca,; y dyy Ay

\ a;, d;, dys = |dy; dy; dys

] C
- g \ a3, a3, 33 Az, A3y 33
det(B) det(B) = by;Cqy + by,Cyy + by3Cyy
a,tca,, a,,t*ca,, da;;+tcda,, = (A1,+C03,)Cy; + (A1,+CA3,)C,, + (Ay3+Cdy3)C 5
a,, a,, a,; _
= (a3,Cq1 + a1,Cy, + a13C45) ‘ det(A)
ds, ds, ds; C
+ €(@,Cyy + @,C1y + @35C43) ‘ 0
d,; d,, dy| dy; dy
dy; dyp dy;| Ay Ay (021011 + 4y,Cy,y + 6123C13) =0
a;, d;z, dz;3| d3; dip

Determinant (5A)

2 O Young Won Lim
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Determinant of Diagonal Matrix

Lower Triangular Matrix 0O O a, O
@21 0] @ a; det(A) = d;,dy;,ds3
ds; 4z, d;; dz;

Upper Triangular Matrix a,, d,| a, a;,
0 a3 0 ay det(A) = a,,a,,4a,,
0 0 0 O

Diagonal Triangular Matrix

0 0 0 ay det<A) — dy,0d,,0d;3;3

Determinant (5A) 21 Yo oy



Determinant of an Elementary Matrix

Interchange two rows

G

'
\

L
-]

~J

i

J

Multiply a row by a nonzero constant

x C

IA/‘

-

1

N

N

Add a multiple of one row to another

X C

%

-+
+
-+
+
J

i

~J

1

J

L J

[N\

SN\

N

det(E,)
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Properties of Determinants

det(kA) = k'"det(A)
det(A+B) # det(A)+det(B)
det(AB) = det(A)det(B)

Determinant (5A) 23 Yo oy



Proof of det(kA) = k" det(A)

det(kA) = k"det
det(A+B) # det
det(AB) = det(A)det(B)

Determinant (5A) 24 Young Won Lim
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Proof of det(A+B) # det(A) + det(B)

det(kA) = k'det(A)
det(A+B) # det(A)+det(B)
det(AB) = det(A)det(B)

1

a,,+b,;, a,,+by,
a,,+b,; a,,+b,,
a,,+by, a;,+b,,

2\
Yy
a;; +by asz+b32

A nXn B nXn

C =A+B ‘ det(C) = det(A) + det(B)

e

a,;+b,; a;,+by,

2ay, 24,
2a,, 24as,,
Determinant (5A) 25 Young Won Lim
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Proof of det(AB) = det(A) det(B) (1)

E, (Elementary Matrices)

.._[\3\;] N {\ -
! N\

det(E,B) = det(E,)det(B)

A nXxn .Invertible

AA™" = ATTA =1

A nXxn .Iinvertible

AA™' = ATTA =1

Determinant (5A) 26
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Proof of det(AB) = det(A) det(B) (2)

E, (Elementary Matrices)

[\; RN [\ ’ )  det(E,B) = det(E,)det(B)

N N\, ’ N\
IR TN N
N | | N
det(E, B) = —det(B) det(E, B) = c - det(B) det(E, B) = det(B)
det(E,) = —1 det(E,) = c det(E,) = 1

det(E,B) = det(E,)det(B)  det(E,B) = det(E,)det(B) det(E,B) = det(E,)det(B)

Determinant (5A) 27 Yo oy



Proof of det(AB) = det(A) det(B) (3)

A nXn :invertible

“ det(A) # 0

AA™' = ATTA =1

E. - E,ELA = R Reduced Row Echelon Form

r

det(E,) --- det(E,)det(E,)det(A) = det(R)

non-zero

A nXn :invertible D R =1 det(R) = 1( # 0)

det(A) # 0 ) det(R) # 0
No zero row R =1

A nXn :invertible

Determinant (5A) 28 Yo oy



Proof of det(AB) = det(A) det(B) (4)

det(AB) = det(A)+det(B)

A nxn :notinvertble ®W®  AB nxn :notinvertible

det(A) = 0 det(AB) = 0
A nXn :invertible D A =E - E,E,
AB = E, - E,EB

det(AB) = det(E.) -+ det(E,)det(E,)det(B)
det(AB) = det(E. - E,E,)det(B)

det(AB) = det(A)det(B)

Determinant (5A) 29 Yo oy



Proof of det(AB) = det(A) det(B) (5)

A nXxn .Invertible

‘ det(A™') = L

AAT = ATA =T det (A

AA' = 1
det(AA™') = det(I)

det(A)det(A™') = 1

Determinant (5A) 30 Young Won Lim
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Computing A adj(A) - diagonal elements

Given matrix Matrix of Cofactors Adjoint

e Cll Clz C13 transpose Cll
Co G Cis > |G

nxn nxXn nxn

a,, da;, d; C,, C,, Gy

a,, d,, s C,, C,, C, det(A) = a;,Cq; + a;,C,; + ;305
d;; dz, dz; Ci; Cy; Gy

a,; d;, d; C, C,,

|Ga1 Gy Gy C, Cs, det(A) =@y Cy, + Gy,Cyy + a3, C5,
031 U3y U3z Ci; Cs,

a; a, d;; c,, C,

a21 a22 (123 C12 C22 det(A) — -- + -! + !!
S Co Co

Determinant (5A) 31 Yo oy



Computing A adj(A) - off-diagonal elements (1)

Given matrix Matrix of Cofactors Adjoint
a,; 4, d;; c, C, C, ‘ C;, €5
ranspose
ay; dpy  dp3 C'21 sz C23 P . C12 sz
a3, A3 O3 Cay Gy Cy Ci; Gy
nXxn nxn nXxn
A adj(A)
a,, da;, d; C,, C,, Gy
d,; d,, dj; C12 C22 C32 det(A) = allcll + a12C12 + a13C13
d;; dz, dz; Ci; Cy; Gy
a, d;, d;; C,, C,, Cy
021 022 023 C12 C22 C32 O — a21C11 + azzclz + GZBCIS
a;; dz, d;; C; C,; Gy
a,; d;, dp; C,, C,, Cj
dy; d,, dy, c, C,, C; 0 = -Cn + -Cu + !Cm
EmmeE  (C C- O

Determinant (5A) 32 Yo oy



Computing A adj(A) - off-diagonal elements (2)

C111 012 al3 Cll @ a, 013' . .
C ay; Gy @ a,, a ay; a3 M. = T2 @
a3, d3; Az a;, ds, as, s 32 33
_a31 2 a33' C13 C,, = +M,
. .‘111 ‘113.

a a
dy; Gy Oy dy, d, a4y Qs M, 021 aza
a3, 43, dss as, ds, a3, Qs 31 ¥33

'11 Ci, = —My,
C'12 a; a;, (A; o o
a a
' Gy, dyy Ay a,, Q,, 21 A2 M.,
d;; dz, dz; .C 13 | a, a, a, a, a, a, a, a,, da,
Ci; = +My;
The redundant row mc,, - @c,, + &
11 12 1
« The same cofactors dy; 3
e Determinant =0 _ B
=185,Cyy + 835Cy, +185:C,3 =0
A\
dy; dyp Ap3f dap Ay o \\\\E&@‘i\
A\
dy; Ay Ay3) Az Ay (ay;Cqy + a3,Cqy + Ay3C45) = 0O a,, “a,,
-
dz, dz, dz3 d3; A3 1" ﬁ
- Young Won Lim
Determinant (5A) 33 g Won Lim



Result of A adj(A)

Given matrix Matrix of Cofactors Adjoint
a4y Ay G Gy Gy fransbose C,, =
dy; dyy Az Chn (G (@ P > C,, =
031 A3y 33 _ .C13 Cys
nxn nXxn nxn
a, a, a,| [c, ¢, C,l det(A) 0 0 10 0
ay, dy, Gy C, C, Cy,| =| 0 det(A) 0 = det(A)|0 1 0
d3; Q3 dsg C,; C,y Cyg 0 0 det(A) 0 0 1

matrix value

vy

Aadi(A) = det(A)I A %] -1
AA ] =1

Determinant (5A) 34 Yo oy



Linear Equations

(Eq 1) a, x, *+ a, x, *+ a4, X, = b,
(Eq 2) a,, x; + a4, x, + t 4, X, = b,
(Eq 3) a, x, +|d, x, + + a X, = b,
~ N \ ( \
ap, a;, ayp X4 = | b
dy, d,, ayn X3 - b,
Ax = b
anl an2 ann Xn — bn
" J o\ ) \ ),
: Young Won Lim
Determinant (5A) 35 00/18/2012



Cramer's Rule (1)

A X b
. N0y ()
dy; dyp a, Xy - b,
dy; Ay, a,, X3 = b,
anl an2 ann X” = b"
\ J \ J \ J
A]. A2 ATI
- N - N - N
by ay, ayn a, b, T a, a, a, ' b
b, a,, dy, ay; b, a4y, Ay G, 7 by
bn a,, a,, d,, bn ’ a,, d,; dy bn
\ J | S & J
. det(A,) . det(A,) . det(A,)
' det(A) > det(A) " det(A)

Determinant (5A) 36 Yo oy



Cramer's Rule (2)

b, d,, a,
b
oz o det(A,) = b,Cy; + b,Cyy + - + b,C,
A : det(A,)
b, a, - a, X, = — 1
\ ) det(A)
a,; b a,
a,, b, T Oy,
A, . I : det(A,) = b,Cy, + b,Cy, + --- + b,C,,
anl bn ann X, — det(Az)
b g 2 det(A)
a;; a;, b,
A, I S det(A,) = b,Cy, + b,Cy, + - + b,C,
b' _— det(A,)
\ a, a, - ) / =
Determinant (5A) 37 Yo oy



Cramer's Rule (3)

r N [ \
AX - b X = A_lb — adj(A)b — Cll C21 Cnl bl
det(A) C12 sz an b2
Cln C2n Cnn b"
& J \ )
- N B th(Al)
b,Cyy + bCyy + - + D, Cy X1 det(A)
X = 1 b1(?12 + szzz Tt bn.CnZ . - det(A,)
det(A) 1 1 : > det(A)
blcln + b2C2n + e F bncnn . det(An>
) g Xn = det(A)

Determinant (5A) 38 Yo oy



Equivalent Statements

o | ) - (0 -

A X = 0
Ax = 0 0
_ 0
only the trivial solution ‘ . ] ‘ l 0
A I,
A the RREFis I, Elem Row Op (4 0
(Reduced Row Echelon Form) ‘ . ‘ 0\1]
i i i j
A can be written as a product of E, i {\o\l ] i {\c ] i [\\ ]
(Elementary Matrices) J N \ T °

Determinant (5A) 39
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