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A General m x n Matrix

A = [aij]an — [aij]
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A Element of a Matrix

A = [aij]an = [aij]

Jj-th column

a, dp, dp,
o dsq ds, a;,
i-th row =—9 : :
Ay Ao A
. J
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Matrix Multiplication (1)
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Matrix Multiplication (2)
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row
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Matrix Multiplication (3)

*an column

- 3\
1 St —> ay, ap a, ( by, by, \ = [ C1y C12\
row dy; dyy dy, b,, b,, = Coy Ca» — = alJ ImXn
aml amZ amn = le CmZ B o B bij - n Xz
\ y \. J
\ bnl bn2) C o I:Cij]mxz
+2nd column
r N
dyy a ay, ( by, by, \ = ( Ciy C12\
an —> ay ay) ay, by, by, = Coy Co» A B — C
row : : : : :
() a,, a,, : : = Cmi Cmo2
\ / ' ' \ / @X nn >@ @
b 1 bn2
\ J
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Matrix Multiplication (4)

* 1st column

. 3 s \
a;; a,, a, by, by, = Ciy Cio -
b b - A — a. .
a;, a,, a, 21 22 Coy €y L l] dmXn
m-th _> D1 D> Ainp - Com1 Cn2 B - = bij = nXZ
\ J \. J
row
\ bnl bn2) C o I:Cij]mxz

n
aZl 022 aZn bZl b22 = CZl C22

mth— (o e = e I (e ) @xn i@ @XD

row
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Matrix Multiplication (4)

* 1st column

. 3 s \
a;; a,, a, by, by, = Ciy Cio -
b b - A — a. .
a;, a,, a, 21 22 Coy €y L l] dmXn
m-th _> D1 D> Ainp - Com1 Cn2 B - = bij = nXZ
\ J \. J
row
\ bnl bn2) C o I:Cij]mxz

n
aZl 022 aZn bZl b22 = CZl C22

mth— (o e = e I (e ) @xn i@ @XD

row
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Multiplication of Matrices (1)

- N
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p— c
a,, a,, a c,, c,, c
~ 7 . Y
b,, b,, b
- S
r n n
m (A)er (B)an m (C)an
r
: Young Won Lim
Matrices (3A) 10 09/12/2012



Multiplication of Matrices (2)

- N ~ N
a, a, a,; 4 by, by, by, bln\ €11 €12 1
a;, a,, a, b,, b,, b,, b, Ca1 €22 €2
ai.l diz a — c
an;l dmZ a, Cry Cro c

\ 7 " Y,

b 1 er br2 b
. S
(AB>ij =G = ai1b1j+ai2b2j +ai3b3j +airbrj

r
= Z aikbkj
k=1
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Partitioned Matrix

. 3 s \
a;; a,, a, by, by, = Ciy Cio B
a;, a,, a, b,, b,, = Coy €y T L al] dmXn
a,, a,, a, =1 Cm Cpo B - -bij- nx?2
\ J \\ J
bnl bn2 C o I:Cij]mxz

&
|
=
=
©

AB= [Ab, Ab,]

nx?2 nxX1l nX1 mx?2 mx1 mx1

mXxXn nX2 mXn nX1 mXn nXl1
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Partitioned Matrix

al ﬂ ( all alZ al bll blZ rcll C12\ B
a2 \» ay, dy, a, b,, b,, Coy Ca» = al_]- mXn
| B b,
e | O G, a,, Coi Cmo L1 jdnX2
a. L \ J
b b C [Cij]mXZ
a,| 1xn a,| ixz 1Xn nx2
A = |dy| 1xn AB = |d,| 1x2 1Xn nx2
mXn mx?2
am 1Xn mXn nXx?2 am 1X2 1Xn nx2
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Determinant

Determinant of order 2

a da,
b, b,

Determinant of order 3
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Determinant

Determinant of order 3

a 4a, a + - +
b, b, b; — + -
¢, ¢ C5 + - 4+

b2 b3 bl b3 bl b2

C, €4 o Cs ¢, G
a a, da,

_ b, b b, b b, b

b, b, by = + a7 1 O3l 4 g [P 02
¢, ¢, c, ¢, €5 ¢, G ¢, G
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Minor

The minor of entry a, M,

The determinant of the submatrix
that remains after deleting i-th row and j-th column

= (azb3 - asbz)i - (ale - a3b1)i + (a1b2 - a2b1)i
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Minor

The minor of entry a, M,

The determinant of the submatrix
that remains after deleting i-th row and j-th column

Given matrix Sub-matrix Minor
@ a,, dg;
Ay, dyy dy3 RS M, = @22 o
a3, A3 O35 a3y U3z az, i3
nXxn (n—1)x(n—1)
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Cofactor

The cofactor of entry a, C,. = (-1)"M,;
The minor of entry  4;; M,

The determinant of the submatrix

that remains after deleting i-th row and j-th column

Given matrix Sub-matrix Minor
, . M, = dy, dy3
@ a,, d; Ay, di,
ay; dp; dps dy, dpj
031 3y 33 A3, 33 Cofactor
C — _1 1+1 a22 023
nxn (n—1)x(n—1) H =y dz, Az
_1 +1 _1)1+1 (_1)1+2 (_1>1+3 (_1)2 <_1)3 (_1>4
1 41 -1 (_1)2+1 (_1)2+2 (_1)2+3 _ (_1)3 (_1>4 (_1)5
-1+ (=17 (=17 (=7 (=)t (1P (-1)
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Minor Example (1)

Given matrix Sub-matrix Minor
@ 92 s a,, a
a,, da _ |Gy Gy
a; dp, a3 22 723 M11 a a
a a 32 33
031 A3y 33 32 733
C11 — +M11
oy
11 13
ay; dys M., = |9 Yo
Ay dyy Uy 12
a;; dsz; 31 33
.a31 ds, 033_
C12 - _Mlz
a;, 4y, (A5 a a
a a _ |91 Uy
a; dp, a3 a,, d,, 21 22 M13
a;, ds, 31 s
031 A3y O3z 031 A3 _
CIS - +M13
: Young Won Lim
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Minor Example (2)

Given matrix Sub-matrix Minor
a;, 4, d;; a a
_ |412 Qg3
@ dy, dp3 G2 s M, =
a a
d3, dz; 33 d3;  dgg 32 733
CZI — _M21
a;, a4, da; a a
_ |41 dg3
s, as; di1 i3 M22 - a a
1
a;, dz, ds; 31 33 ’ -
sz - "'Mzz
a;, 4, d;; a a
_ |41 Ay
a; d,, (A3 Gir i M23 -
a a a;, ds,
a;, dz, ds; 31 732
Czs - _M23
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Minor Example (2)

Given matrix Sub-matrix Minor / Cofactor
a;, 4, d;; a a
_ |412 Qg3
a; dp, a3 @2 s M31 -
a a
@ 032 a33 a22 023 22 23
C31 - +M31
a;, a4, da; a a
_ |41 dg3
ay; dp;, A3 di1 i3 M32 - a a
21 Uy
a,, as, a,, d,; 3
C32 - _M32
a;, 4, d;; a, d, a a
a a _ |11 i
a; dp, a3 a,, d,, H 12 M33
a a a,, da,,
a;, dz, (ds; 21 22
C33 - +M33
: Young Won Lim
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Determinant

The determinant of an nxn

matrix A

det(A)

Cofactor exapansion along the i-th row
Cofactor exapansion along the j-th column

a, 4,
a,; dj,

a, d,
a,; dj;
.a31 ds,

Matrices (3A)

d,;

ays

a;

sz

033_

det(A)

det(A)

- 011M11
- az1M21
- a31M31

- allMll
- a12M12
- a13M13

22

+ a12M12
+ a22M22
+ a32M32

+ aZlMZI
+ a22M22
+ a23M23

+ a3 M,
+ a3 M,,
+ a33M33

+ a;, M,
+ a;, M,
+ a33M 44
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Adjoint

The cofactor of entry a, C,. = (-1)"M,;
The minor of entry  4;; M,

The determinant of the submatrix

that remains after deleting i-th row and j-th column

Given matrix

a,; d;, da; a,, < Cy, a,, < C,, a,; © Ci,
(yy Ay O3 a,, < C,, a,, < C,, a,, < C,,
d., d., d
|31 32 33 a;, < Cy, a, < Cj, a;; < Cy,
nxn
Matrix of Cofactors Adjoint
Cll C12 C13 transpose Cll CZI C31
C21 C22 C23 > C12 CZZ C32
.C31 C32 C33. .C13 C23 C33.
nxn nxn
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Inverse Matrix

The cofactor of entry a, C,. = (-1)"M,;
The minor of entry  4;; M,

The determinant of the submatrix

that remains after deleting i-th row and j-th column

Given matrix Matrix of Cofactors Adjoint
a;; 4, d;; C,, C, Cy ‘ C,, G, Gy
ranspose
ay; d;; 0y C,, C,, C,, P - Cy, Gy, Cy
031 3y 33 C;, Gy, Cgy C; Cyy Cyy
nxn nXxn nxn

1
dyy dyp dgs 3 1 . 1 C,, G, Gy
ay; d;; dyj A = det(A) ad.]<A) - det(A) Ci, Cy Gy
dz; d3, dz3 .C13 C,; Cas
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Adjoint Matrix
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Pulse
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