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Complex Vector Inner Product

〈 x , y 〉 = x H ⋅ y = ∑ xi
∗ yi

Hermitian inner product 

x = (a1+ j b1

a2+ j b2

⋮
an+ j bn

)

: conjugate transposex H

Norm of Hermitian inner products 

the length of a vector∥x∥ = √〈 x , x 〉 = √ x H ⋅ x = √∑ xi
∗ xi

〈 x , x 〉 = x H ⋅x = ∑ xi
∗ xi

(a1− j b1 a2− j b2 ⋯ an− j bn) (a1+ j b1

a2+ j b2

⋮
an+ j bn

) = ∑
i=1

n

a i
2 + bi

2



3B DFT Matrix Properties 4 Young Won Lim
2/7/12

Cauchy-Schwartz Inequality

∣ 〈 x , y 〉∣2
≤ 〈 x , x 〉⋅ 〈 y , y 〉

∣ 〈 x , y 〉∣ ≤ ∥x∥⋅∥y∥

For all vectors x and y of an inner product space

The equality holds if and only if x and y are linearly dependent

x = (a1+ j b1

a2+ j b2

⋮
an+ j bn

)〈 x , y 〉 = x H ⋅ y ≤ ∥x∥⋅∥y∥

y = k x

y = k(a1+ j b1

a2+ j b2

⋮
an+ j bn

)
Inner product is maximum 
when

maximum

〈 x , y 〉 ≤ k(∑i=1

n

ai
2 + bi

2)
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Orthogonality 

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

r0
r1
r2
r3
r 4
r5
r6
r7

r0
∗r1

∗r2
∗r3

∗r 4
∗r5

∗r6
∗r7

∗

r0⋅r0
∗ r0⋅r1

∗ r0⋅r2
∗ r0⋅r3

∗ r0⋅r4
∗ r0⋅r5

∗ r0⋅r6
∗ r0⋅r7

∗

r1⋅r0
∗ r1⋅r1

∗ r1⋅r2
∗ r1⋅r3

∗ r1⋅r4
∗ r1⋅r5

∗ r1⋅r6
∗ r1⋅r7

∗

r2⋅r0
∗ r2⋅r1

∗ r2⋅r2
∗ r2⋅r3

∗ r2⋅r4
∗ r2⋅r5

∗ r2⋅r6
∗ r2⋅r7

∗

r3⋅r0
∗ r3⋅r1

∗ r3⋅r2
∗ r3⋅r3

∗ r3⋅r4
∗ r3⋅r5

∗ r3⋅r6
∗ r3⋅r7

∗

r4⋅r0
∗ r4⋅r1

∗ r4⋅r2
∗ r4⋅r3

∗ r4⋅r4
∗ r4⋅r5

∗ r4⋅r6
∗ r4⋅r7

∗

r5⋅r0
∗ r5⋅r1

∗ r5⋅r2
∗ r5⋅r3

∗ r5⋅r4
∗ r5⋅r5

∗ r5⋅r6
∗ r5⋅r7

∗

r6⋅r0
∗ r6⋅r1

∗ r6⋅r2
∗ r6⋅r3

∗ r6⋅r4
∗ r6⋅r5

∗ r6⋅r6
∗ r6⋅r7

∗

r7⋅r0
∗ r7⋅r1

∗ r7⋅r2
∗ r7⋅r3

∗ r7⋅r4
∗ r7⋅r5

∗ r7⋅r6
∗ r7⋅r7

∗

=

〈r i
H , ri

H 〉 = r i⋅r i
∗ = N

(i ≠ j)

A H = B
B H = A

AB=N I
BA=N I

A H A = A A H = N I
B H B = B B H = N I

〈r i
H , r j

H 〉 = r i⋅r j
∗ = 0
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Inner Product Examples (1)

R

I

R

I

R

I

R

I

R

I

f 0 = 1 /T ω0 = 2π/TT

e+ j (1−1)ω0 t = e+ j 0ω0 t

e j 1ω0t

e j 1ω0t

e j(−1)ω0t

e j 2ω0 t

e j(−2)ω0 t

e+ j (1+1)ω0 t = e+ j 2ω0 t

e+ j (1−2)ω0 t = e+ j (−1)ω0 t

e+ j (1+2)ω0 t = e+ j 3ω0 t

I

R

I

R

I

R

R
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Inner Product Examples (2)

R

I

R

I

R

I

R

I

R

I

f 0 = 1 /T ω0 = 2π/TT

〈e j 1ω0 t , e j1ω0 t 〉 = ∫0

T
e+ j (1−1)ω0 t d t = T

e j 1ω0t

e j 1ω0t

e j−1ω0t

e j 2ω0 t

e j−2ω0 t

〈e j 1ω0 t , e j−1ω0 t 〉 = ∫0

T
e+ j (1+1)ω0 t d t = 0

〈e j 1ω0 t , e j 2ω 0 t 〉 = ∫0

T
e+ j (1−2)ω0 t d t = 0

〈e j 1ω0 t , e j−2ω0 t 〉 = ∫0

T
e+ j (1+2)ω0 t d t = 0
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N=8 DFTDFT Matrix in Cosine and Sine Terms

W 8
k n = e

− j  2
8

k n
= cos4⋅k⋅n − j sin4⋅k⋅n

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅1
− j sin  /4⋅1

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅3
− j sin  /4⋅3

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅5
− j sin  /4⋅5

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅7
− j sin  /4⋅7

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅3
− j sin  /4⋅3

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅1
− j sin  /4⋅1

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅7
− j sin  /4⋅7

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅5
− j sin  /4⋅5

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅5
− j sin  /4⋅5

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅7
− j sin  /4⋅7

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅1
− j sin  /4⋅1

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅3
− j sin  /4⋅3

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅0
− j sin  /4⋅0

cos  /4⋅7
− j sin  /4⋅7

cos  /4⋅6
− j sin  /4⋅6

cos  /4⋅5
− j sin  /4⋅5

cos  /4⋅4
− j sin  /4⋅4

cos  /4⋅3
− j sin  /4⋅3

cos  /4⋅2
− j sin  /4⋅2

cos  /4⋅1
− j sin  /4⋅1
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N=8 DFTDFT Matrix Real and Imaginary Terms

W 8
k n = e

− j  2
8

k n
= cos4⋅k⋅n − j sin4⋅k⋅n

0

0

0

0

0

0

0

0

0

 1
2

− j 1
2

− j

−1

− 1
2

 j 1
2

 j

 1
2

 j 1
2

− 1
2

− j 1
2

0

− j

−1

0

− j

−1

 j

 j

0

−1

0

0

−1

0

−1

−1

0

− 1
2

 j 1
2

− j

−1

 1
2

− j 1
2

 j

− 1
2

− j 1
2

 1
2

 j 1
2

0

 j

−1

0

 j

−1

− j

− j

0

 1
2

 j 1
2

 j

−1

− 1
2

− j 1
2

− j

 1
2

− j 1
2

− 1
2

 j 1
2

0

− 1
2

− j 1
2

 j

−1

 1
2

 j 1
2

− j

− 1
2

 j 1
2

 1
2

− j 1
2
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N=8 DFTDFT : Inner Product X[0]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[0] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[0] measures “0 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r0
H , x 〉 = r 0⋅ x ≤ ∥r0

H∥⋅∥x∥

x = k r 0
H maximum when
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N=8 DFTDFT : Inner Product X[1]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[1] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[1] measures “+1 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r1
H , x 〉 = r1⋅ x ≤ ∥r1

H∥⋅∥x∥

x = k r 1
H maximum when
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N=8 DFTDFT : Inner Product X[2]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[2] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[2] measures “+2 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r2
H , x 〉 = r 2⋅ x ≤ ∥r 2

H∥⋅∥x∥

x = k r 2
H maximum when
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N=8 DFTDFT : Inner Product X[3]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[3] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[3] measures “+3 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r3
H , x 〉 = r3⋅ x ≤ ∥r3

H∥⋅∥x∥

x = k r 3
H maximum when
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N=8 DFTDFT : Inner Product X[4]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[4] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[4] measures “+4 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r 4
H , x 〉 = r 4⋅ x ≤ ∥r 4

H∥⋅∥x∥

x = k r 4
H maximum when
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N=8 DFTDFT : Inner Product X[5]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[5] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[5] measures “-3 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r5
H , x 〉 = r5⋅ x ≤ ∥r5

H∥⋅∥x∥

x = k r 5
H maximum when



3B DFT Matrix Properties 16 Young Won Lim
2/7/12

N=8 DFTDFT : Inner Product X[6]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[6] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[6] measures “-2 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r6
H , x 〉 = r6⋅x ≤ ∥r6

H∥⋅∥x∥

x = k r 6
H maximum when
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N=8 DFTDFT : Inner Product X[7]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[7] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[7] measures “-1 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r7
H , x 〉 = r 7⋅x ≤ ∥r7

H∥⋅∥x∥

x = k r 7
H maximum when
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N=8 DFTDFT : X[0] in A∙B

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[0] = e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[0]

When x looks like this, X[0] is max. (=N) 
                                     X[k] = 0   for  k≠ 0

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[1] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[1]

e
− j⋅

4
⋅0

e
− j⋅

4
⋅1

e
− j⋅

4
⋅2

e
− j⋅

4
⋅3

e
− j⋅

4
⋅4

e
− j⋅

4
⋅5

e
− j⋅

4
⋅6

e
− j⋅

4
⋅7

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[1] = 

When x looks like this, X[1] is max. (=N) 
                                     X[k] = 0   for  k≠ 1

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[2] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[2]

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[2] = 

When x looks like this, X[2] is max. (=N) 
                                     X[k] = 0   for  k≠ 2

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[3] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[3]

e
− j⋅

4
⋅0

e
− j⋅

4
⋅3

e
− j⋅

4
⋅6

e
− j⋅

4
⋅1

e
− j⋅

4
⋅4

e
− j⋅

4
⋅7

e
− j⋅

4
⋅2

e
− j⋅

4
⋅5

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[3] = 

When x looks like this, X[3] is max. (=N) 
                                     X[k] = 0   for  k≠ 3

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[4] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

X[4]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[4] = 
e

− j⋅
4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

When x looks like this, X[4] is max. (=N) 
                                 X[k] = 0   for  k≠ 4 x

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[5] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[5]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[5] = 
e

− j⋅
4
⋅0

e
− j⋅

4
⋅5

e
− j⋅

4
⋅2

e
− j⋅

4
⋅7

e
− j⋅

4
⋅4

e
− j⋅

4
⋅1

e
− j⋅

4
⋅6

e
− j⋅

4
⋅3

When x looks like this, X[5] is max. (=N) 
                                     X[k] = 0   for  k≠ 5

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I



3B DFT Matrix Properties 24 Young Won Lim
2/7/12

N=8 DFTDFT : X[6] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[6]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[6] = e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

When x looks like this, X[6] is max. (=N) 
                                     X[k] = 0   for  k≠ 6

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[7] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

When x looks like this, X[7] is max. (=N) 
                                     X[k] = 0   for  k≠ 7 x

X[7]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[7] = 
e

− j⋅
4
⋅0

e
− j⋅

4
⋅7

e
− j⋅

4
⋅6

e
− j⋅

4
⋅5

e
− j⋅

4
⋅4

e
− j⋅

4
⋅3

e
− j⋅

4
⋅2

e
− j⋅

4
⋅1

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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