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THEORY “HOL”

1 HOL: The basis of Higher-Order Logic

theory HOL
imports CPure

uses (cladata. ML) (blastdata. ML) (simpdata.ML) (eqrule-HOL-data. ML)

(~~ /src/ Provers / eqsubst. ML)
begin

1.1 Primitive logic

1.1.1 Core syntax

classes type
defaultsort type

global

typedecl bool

arities
bool :: type
fun == (type, type) type
judgment
Trueprop :2 bool => prop
consts
Not 2 bool => bool
True 22 bool
False 22 bool
arbitrary  :: a
The = (a => bool) => "a
All 2 ("a => bool) => bool
Ex 2 (Ya => bool) => bool
Ex1  ("a => bool) => bool
Let = la, 'a => b =>"b
= i ['a, "a] => bool
& i [bool, bool] => bool
\ i [bool, bool] => bool
—> i [bool, bool] => bool
local
consts

If i [bool, 'a, 'a] => 'a

(binder ALL 10)
(binder EX 10)
(binder EX! 10)

(infix 50)
(infixr 35)
(infixr 30)
(infixr 25)

((&f (-)/ then (-)/ else (-)) 10)
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1.1.2 Additional concrete syntax

nonterminals
letbinds letbind
case-syn  cases-syn

syntax
-not-equal :: ['a, 'a] => bool
-The :: [pttrn, bool] => 'a
-bind 2 [pttrn, 'a] => letbind
i letbind => letbinds
-binds it [letbind, letbinds] => letbinds
-Let it [letbinds, 'a] => 'a

-case-syntaz:: ['a, cases-syn] => b

16

(infix]l ~= 50)
((3THE -./ -) [0, 10] 10)

-casel = ['a, 'b] => case-syn ((2-=>/-) 10)
i case-syn => cases-syn (-)

-case? it [case-syn, cases-syn] => cases-syn (-] | -)
translations

T =y =="(z=y)

THE z. P == The (%z. P)

-Let (-binds b bs) e == -Let b (-Let bs e)

letx =aine == Let a (%z. e)
(ML)
syntax (output)

= i ['a, 'a] => bool (infix 50)

-not-equal :: ['a, 'a] => bool (infix ~= 50)
syntax (zsymbols)

Not it bool => bool (= - [40] 40)

op & i [bool, bool] => bool (infixr A 39)

op | i [bool, bool] => bool (infixr V 50)

op ——> i [bool, bool] => bool (infixr — 25)

-not-equal :: ['a, 'a] => bool (infix # 50)

ALL it [idts, bool] => bool ((8v-./ -) [0, 10] 10)

EX it [idts, bool] => bool ((83-./ -) [0, 10] 10)

EX! it [idts, bool] => bool ((83!-./ -) [0, 10] 10)

-casel : ['a, 'b] => case-syn ((2-=/-) 10)
syntax (zsymbols output)

-not-equal :: ['a, 'a] => bool (infix # 50)
syntax (HTML output)

-not-equal :: ['a, 'a] => bool (infix # 50)

Not it bool => bool (= - [40] 40)
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op & i [bool, bool] => bool (infixr A 35)

op | it [bool, bool] => bool (infixr V 30)
-not-equal :: ['a, 'a] => bool (infix # 50)

ALL it [idts, bool] => bool ((8v-./ -) [0, 10] 10)
EX it [idts, bool] => bool ((83-./-) [0, 10] 10)
EX! :: [idts, bool] => bool ((33!-./ -) [0, 10] 10)

syntax (HOL)

ALL it [idts, bool] => bool ((8!-./-) [0, 10] 10)
EX it [idts, bool] => bool ((82-./-) [0, 10] 10)
EX! :x [idts, bool] => bool (321 -./-) [0, 10] 10)

1.1.3 Axioms and basic definitions
axioms

eq-reflection: (z=y) ==> (z==y)

refl: t = (t:'a)

ext: (MNz'a. (fz 2'b) = gz) ==> (%ox. fz) = (%oz. g x)
— Extensionality is built into the meta-logic, and this rule expresses a related

property. It is an eta-expanded version of the traditional rule, and similar to the
ABS rule of HOL

the-eq-trivial: (THE xz. © = a) = (a::'a)

impl: (P ==> Q) ==> P——>Q

mp: | P==>@; P[] ==>0Q
Thanks to Stephan Merz

theorem subst:
assumes eq: s = t and p: P(s)
shows P(t::'a)

(proof )
defs
True-def:  True == ((%z::bool. z) = (%x. ))
All-def: All(P) == (P = (%=. True))
Ez-def: Ex(P) ==1Q.(z. Pz —> Q) —> Q
False-def:  False == (IP. P)
not-def: ~ P == P——>Faulse
and-def: P& Q@ ==I!R (P-—>Q——>R) ——>R
or-def: P|Q ==!R (P-—>R)——>(Q——>R) ——>R
Ez1-def: Ez1(P) == ?z. P(z)& (ly. P(y) ——> y=x)
axioms
i (P——>Q) ——> (Q——>P) ——> (P=Q)

True-or-False: (P=True) | (P=False)
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defs
Let-def: Let s f == f(s)

18

if-def: If Pxy == THE z:'a. (P=True ——> z=z) & (P=False ——>

2=y)

finalconsts
op =
op ——>
The
arbitrary

1.1.4 Generic algebraic operations

axclass zero < type
axclass one < type
axclass plus < type
axclass minus < type
axclass times < type
axclass inverse < type

global
consts
0 i fazizero
1 : 'azone
+ = [aplus, 'a] =>'a
- = [azminus, 'al => 'a
uminus = [azminus] => 'a
* i [atimes, 'al => 'a
syntax
-index1 :: index (1)
translations

(index) 1 => (index) o

local

(ML)

consts
abs = latminus => 'a
imuverse = 'ainverse => 'a
divide = ['ainverse, 'a] => 'a

syntax (zsymbols)

abs :: 'azminus => 'a (|-])
syntax (HTML output)

abs i ‘azminus => 'a (|-])

(0)
(1)

(infixl 65)
(infix] 65)

(— - [81] 80)
(infixl 70)

(infixl '/ 70)
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1.2 Equality
lemma sym: s=t ==> t=s

(proof)

lemmas ssubst = sym [THEN subst, standard]

lemma trans: [| r=s; s=t || ==> r=t

(proof)

lemma def-imp-eq: assumes meq: A == B shows A = B
(proof )

lemma boz-equals: [| a=b; a=c; b=d || ==> c=d
(proof )

For calculational reasoning:
lemma forw-subst: a = b ==> P b ==> Pa
(proof)

lemma back-subst: P a ==>a=b==> P
(proof )
1.3 Congruence rules for application

lemma fun-cong: (f::'a=>"b) = g ==> f(z)=g(z)
(proof)

lemma arg-cong: z=y ==> f(z)=f(y)
(proof)

lemma arg-cong2: [a=b;c=d] = fac=fbd

(proof)

lemma cong: [| f = g; (z::a) = y |] ==> f(z) = g(y)
(proof)

1.4 Equality of booleans — iff

lemma iffI: assumes prems: P ==> @  ==> P shows P=(

(proof)

lemma iffD2: [| P=Q; Q || ==> P
(proof)

lemma rev-iffD2: || Q; P=Q |] ==> P

19
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(proof)

lemmas iffD1 = sym [THEN iffD2, standard]
lemmas rev-iff DI = sym [THEN [2] rev-iff D2, standard)]

lemma iffE:
assumes major: P=0Q

and minor: || P ——> Q; @ —> P || ==> R
shows R
(proof)
1.5 True
lemma Truel: True
(proof)

lemma eqTruel: P ==> P=True

{(proof)

lemma eqTrueE: P=True ==> P
(proof)

1.6 Universal quantifier

lemma alll: assumes p: !z::'a. P(z) shows ALL z. P(z)

(proof)

lemma spec: ALL z::'a. P(x) ==> P(x)
(proof)

lemma allE:
assumes major: ALL z. P(x)
and minor: P(z) ==> R
shows R
(proof)

lemma all-dupE:
assumes major: ALL z. P(x)

and minor: [| P(z); ALL z. P(z) |] ==> R
shows R
(proof)
1.7 False
lemma FalseE: False ==> P
(proof )
lemma False-neq-True: False=True ==> P

(proof)

20
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1.8 Negation

lemma notl:
assumes p: P ==> Fulse
shows ~ P

(proof)

~

lemma Fualse-not-True: False ~= True

(proof)

lemma True-not-False: True ~= False

(proof)

lemma notE: [| “P; P|]==> R
(proof)

lemmas notl2 = notE [THEN notl, standard]

1.9 Implication

lemma impE:
assumes P——>Q P Q ==> R
shows R

(proof)

lemma rev-mp: || P; P ——> Q || ==> @

(proof)

lemma contrapos-nn:
assumes major: ~ @
and minor: P==>(@
shows ~ P

(proof)

lemma contrapos-pn:
assumes major: @
and minor: P ==> ~Q
shows ~ P

(proof)

lemma not-sym: t "= s ==> s V=1

(proof)

lemma rev-contrapos:
assumes pq: P ==> @
and ng: ~Q

21
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shows ~ P
(proof)

1.10 Existential quantifier

lemma exl: Pz ==> EX z::'a. Pz

(proof)

lemma exE:
assumes major: EX z::'a. P(x)
and minor: llz. P(z) ==> @

shows @
(proof )
1.11 Conjunction
lemma conjl: || P; Q || ==> P&Q
(proof )
lemma conjunctl: || P & Q || ==> P
(proof)
lemma conjunct2: [| P & Q |] ==> @
(proof )

lemma conjE:
assumes major: P&Q
and minor: [| P; Q |] ==> R
shows R
(proof)

lemma context-conjl:
assumes prems: P P ==> () shows P & ()

(proof)

1.12 Disjunction

lemma disjl1: P ==> P|Q
(proof)

lemma disji2: Q ==> P|Q
(proof)

lemma disjE:
assumes major: P|Q
and minorP: P ==> R
and minor@: @ ==> R
shows R
(proof)

22
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1.13 Classical logic

lemma classical:
assumes prem: “P ==> P
shows P

(proof)

lemmas ccontr = FalseE [THEN classical, standard]

lemma rev-notk:
assumes premp: P
and premnot: "R ==> ~P
shows R

{(proof)

lemma notnotD: “~P ==> P
(proof)

lemma contrapos-pp:
assumes pl: @
and p2: VP ==> ~(Q
shows P
(proof)

1.14 Unique existence

lemma ex!I:
assumes prems: P a lz. P(z) ==> z=a
shows EX! z. P(z)

(proof)

Sometimes easier to use: the premises have no shared variables. Safe!

lemma ex-exil:
assumes ez-prem: EX z. P(z)

and eq: 'z y. [| P(z); P(y) || ==> 2=y
shows EX! z. P(z)
(proof )

lemma ex1F:
assumes magjor: EX! z. P(x)
and minor: lz. [| P(z); ALL y. P(y) ——> y=x || ==> R
shows R
(proof)

lemma exi-implies-ex: EX! z. Px ==> EXz. Px

(proof)

23
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1.15 THE: definite description operator

lemma the-equality:
assumes prema: P a

and premz: !lz. Pz ==> z=aqa
shows (THE z. Pz) = a
(proof)
lemma thel:
assumes P a and !lz. Pz ==> z=a
shows P (THE xz. P 1)
(proof)

lemma thel” EX! z. P2 ==> P (THE z. P )
(proof)

lemma thel2:

assumes P allz. Pz ==>z=alz. Pz ==> Q «

shows @ (THE z. P x)
(proof)
lemma thel-equality: || EX'z. Pz; Pa || ==> (THE z. Pz) = a
(proof)

lemma the-sym-eq-trivial: (THE y. 1=y) = z
{proof)

1.16 Classical intro rules for disjunction and existential quan-
tifiers

lemma disjCI:
assumes ~ () ==> P shows P|Q

(proof)

lemma excluded-middle: ~P | P

(proof)

case distinction as a natural deduction rule. Note that — P is the second
case, not the first.

lemma case-split-thm:

assumes preml: P ==> @
and prem2: VP ==> @
shows @
(proof)

lemma impCE:
assumes major: P——>@
and minor: VP ==> R Q ==> R
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shows R
(proof)

lemma impCE":
assumes major: P——>Q
and minor: Q ==> R P ==> R
shows R
(proof)

lemma iffCE:
assumes major: P=Q
and minor: [| P; Q || ==> R [| “P; ~Q || ==> R
shows R

(proof)

lemma exCI:
assumes ALL z. ~“P(z) ==> P(a)
shows EX z. P(x)

(proof)

1.17 Theory and package setup
(ML)

theorems case-split = case-split-thm [case-names True False]

1.17.1 Intuitionistic Reasoning

lemma impFE":
assumes I: P ——> @
and 2: Q ==> R
and 8: P ——> Q ==> P
shows R

(proof)

lemma allE":
assumes 1: ALL z. Pz
and 2: Px ==> ALLx. Pz ==> ()
shows @
(proof)

lemma notE"
assumes 1: ~ P
and 2: ¥ P ==> P
shows R
(proof)

lemmas [Pure.elim!] = disjE iffE FalseE conjE exE
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and [Pure.intro!] = iffT conjl impI Truel notl alll refl
and [Pure.elim 2] = allE notE’ impE’
and [Pure.intro] = exI disjI2 disjl1

lemmas [trans] = trans
and [sym] = sym not-sym

and [Pure.elim?] = iffD1 iffD2 impFE

1.17.2 Atomizing meta-level connectives

lemma atomize-all [atomize]: (Mz. P ) == Trueprop (ALL z. P )
(proof)

lemma atomize-imp [atomize]: (A ==> B) == Trueprop (A ——> B)
(proof)

lemma atomize-not: (A ==> False) == Trueprop (~A)

(proof)

lemma atomize-eq [atomize]: (x == y) == Trueprop (z = y)

(proof)

lemma atomize-conj [atomize]:
(NC. (A ==> B ==> PROP () ==> PROP C) == Trueprop (A & B)
(proof)

lemmas [symmetric, rulify] = atomize-all atomize-imp

1.17.3 Classical Reasoner setup

(ML)
lemmas [intro?] = ext

and [elim?] = exl-implies-ex
(ML)

1.17.4 Simplifier setup

lemma meta-eq-to-obj-eq: x ==y ==> 1 =y

(proof)

lemma eta-contract-eq: (%s. fs) = f {(proof)

lemma simp-thms:
shows not-not: (¥~ P) =P
and Not-cq-iff: (“P) = (~Q)) = (P = Q)
and
(P~=Q) = (P =(~Q))
(P|~P)= True (~P| P)= True
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(z =) = True

(~ T e) = False (™~ False) = True

(“P)~¥=P P~=("P)

(True=P) = P (P=True) = P (False=P) = (~P) (P=Fualse) = (~P)
(True ——> P) = P (False ——> P) = True

(P ——> True) = True (P ——> P) = True

(P ——> False) = (YP) (P ——> ~P) = ("P)

(P & True) = P (True & P) =P

(P & False) = False (False & P) = False

(P&P) =P (PE(P&Q)=(P&Q)

(P & ~P) = False (~P & P) = False

(P | True) = True (True | P) = True

(P | False) = P (False | P) =P

(P|P)=P (P|(P]Q)=(P]|Q)and

(ALLz. P)=P (EXxz. P)=P EXz. 2=t EXz. t=z
— needed for the one-point-rule quantifier simplification procs
— essential for termination!! and

"P. (EX z. z=t & P(x)) = P(t)

"P. (EX z. t=x & P(x)) = P(t)

"P. (ALL z. z=t ——> P(z)) = P(t)

"P. (ALL z. t=x ——> P(z)) = P(t)

(proof )

lemma imp-cong: (P = P’) ==> (P'==> (Q = Q")) ==> ((P ——> Q)
——> Q)
(proof )

lemma ex-simps:

WPQQ.(EXz. Pz & Q) =(EXz Pz)& Q)
WPQ.(EXz. P& Qz) = (P& (EXz Qu))
"PQ.(EXz. Pz| Q) =({(EXz. Pz)| Q)
"PQ.(EXz. P|Qz) =(P|(EXz Q1))

"P Q. (EXz. Pz —> Q) =((ALLz. Pz) ——> @)
WPQQ.(EXz. P—>Quz)= (P —> (EXz. Q)

— Miniscoping: pushing in existential quantifiers.
(proof )

lemma all-simps:

"WPQ.(ALLz. Pz & Q) = ((ALL z. Pz) & Q)
"WPQ.(ALLz. P& Qz) = (P & (ALL z. Q z))
"PQ.(ALLz. Pz | Q) ((ALL z. Px) | Q)

(
(

"PQ.(ALL z. P | Q x) (P | (ALL z. Q z))
"WPQ.(ALLzx. Pz ——> Q) = ((EXz. Pz) ——> Q)
"PQ.(ALLz. P ——> Quz) = (P ——> (ALL z. Q z))
— Miniscoping: pushing in universal quantifiers.

(proof )

lemma disj-absorb: (A | A) = A
(proof)
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lemma disj-left-absorb: (A | (A | B)) = (A | B)
{proof)

lemma conj-absorb: (A & A) =
(proof)

lemma conj-left-absorb: (A & (A & B)) = (A & B)
{proof)

lemma eg-ac:
shows eg-commute: (a=b) = (b=a)
and eg-left-commute: (P=(Q=R)) = (@=(P=R))

and eg-assoc: (P=Q)=R) = (P ( R)) (proof)
lemma neg-commute: (a™~=b) = (b~=a) (proof)

lemma conj-comms:
shows cong-commute: (P& Q) = (Q&P)
and cong-left-commute: (P&(Q&R)) = (Q&(P&R)) (proof)
lemma conj-assoc: ((P&Q)&R) = (P&(Q&R)) (proof)

lemma disj-comms:
shows disj-commute: (P|Q) = (Q|P)
and disj-left-commute: (P|(Q|R)) = (Q|(P|R)) (proof)
lemma disj-assoc: ((P|Q)|R) = (P|(Q|R)) {proof)

lemma conj-disj-distribL: (P&(Q|R)) = (P&Q | P&R) {proof)
lemma conj-disj-distribR: ((P|Q)&R) = (P&R | Q&R) (proof)

lemma disj-conj-distribL: (P|(Q&R))
lemma disj-conj-distribR: ((P&Q)|R)

= ((P|Q) & (P|R)) (proof)

= ((P|R) & (Q|R)) (proof)

lemma imp-conjR: (P ——> (Q&R)) = (P——>Q) & (P——>R)) (proof)
lemma imp-conjL: (P&Q) ——>R) = (P ——> (Q ——> R)) (proof)
lemma imp-disjL: ((P|Q) ——> R) = (P——>R)&(Q——>R)) (proof)

These two are specialized, but imp-disj-not! is useful in Auth/ Yahalom.
lemma imp-disj-notl: (P ——> Q | R) = (¥YQ ——> P ——> R) (proof)
lemma imp-disj-not2: (P ——> Q | R) = (YR ——> P ——> Q) (proof)

lemma imp-disjl: (P——>Q)|R) = (P——> Q|R) (proof)
lemma imp-disj2: (Q|(P——>R)) = (P——> Q|R) (proof)

lemma de-Morgan-disj: (~(P | Q)) (~P & ~ Q) (proof)
lemma de-Morgan-conj: (¥ (P & Q)) = (YP | ~ Q) (proof)
lemma not-imp: (~(P ——> Q)) T (P & ~Q) (proof)

lemma not-iff: (P~=Q) = (P = )) {proof)
lemma disj-notl: (P | Q) = (P ——> Q) (proof)
lemma disj-not2: (P | ¥ Q) = (Q ——> P) — changes orientation :-(
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{proof)
lemma imp-conv-disj: (P ——> Q) = ((YP) | Q) {(proof)

lemma iff-conv-conj-imp: (P = Q) = (P ——> Q) & (Q ——> P)) (proof)

lemma cases-simp: (P ——> Q) & ("P ——> Q)) = Q
— Avoids duplication of subgoals after split-if, when the true and false
— cases boil down to the same thing.

(proof)

lemma not-all: (~ (! z. P(z))) = (¢

( 2~P(z)) (proof)
lemma imp-all: (! z. Pz) —> Q) = (?z. Pz ——> Q) (proof)
lemma not-ex: (~ (? z. P(z))) = (! z.”P(z)) (proof)
lemma imp-ex: ((?z. Pz) ——> Q) = (! z. Pz —> Q) (proof)

(? 2. Q(x))) (proof)

lemma ex-disj-distrib: (¢ z. P(z) | Q(z)) = ((? . P(z))
= ) & (M z. Q(x))) (proof)

lemma all-cong-distrib: (lz. P(z) & Q(x)) = ((! z. P(z)

The & congruence rule: not included by default! May slow rewrite proofs
down by as much as 50%

lemma conj-cong:
(P=P)==>(P'==>(Q=0Q) ==> (P& Q)= (P &Q)
(proof )

lemma rev-conj-cong:
25 @) == (@' (P = P == (P Q) = (7' Q)
Proo

The | congruence rule: not included by default!

lemma disj-cong:
(P=P)==>("P==>(Q=Q)==>(P]Q) =(PQ)
(proof)

lemma eg-sym-conv: (z = y) = (y = )
{proof )

if-then-else rules

lemma if-True: (if True then z else y) = x
(proof)

lemma if-False: (if False then z else y) =y
(proof )

lemma if-P: P ==> (if P then z else y) = z
(proof)

lemma if-not-P: ¥ P ==> (if P then z else y) = y



THEORY “HOL” 30

{proof)

le<mm€}>split-if: P (if Q then x else y) = (@ ——> P(z)) & ("Q —> P(y)))
proo

lemma split-if-asm: P (if Q then z else y) = (T((Q & “Pzx) | (TQ & ~Py)))
(proof)

lemmas if-splits = split-if split-if-asm

lemma if-def2: (if Q then z else y) = ((Q ——> z) & (T Q@ ——> y))
(proof )

lemma if-cancel: (if ¢ then z else z) = x

{(proof)

lemma if-eq-cancel: (if z = y then y else ) = z
(proof)

lemma if-bool-eq-cong: (if P then @ else R) = (P——>@Q) & (YP——>R))

— This form is useful for expanding ifs on the RIGHT of the ==> symbol.
(proof )

lemma if-bool-eq-disj: (if P then Q else R) = ((P&Q) | (YP&R))
— And this form is useful for expanding ifs on the LEFT.
(proof)

lemma Eq-Truel: P ==> P == True (proof)
lemma Eg-Falsel: P ==> P == False (proof)

let rules for simproc

lemma Let-folded: fx = go = Letxf = Letxz g
(proof )

lemma Let-unfold: fo = g = Letzf =g
{proof )

The following copy of the implication operator is useful for fine-tuning con-
gruence rules. It instructs the simplifier to simplify its premise.

constdefs
simp-implies :: [prop, prop] => prop (infixr =simp=> 1)
simp-implies = op ==>

lemma simp-impliesI:
assumes PQ: (PROP P — PROP Q)
shows PROP P =simp=> PROP @

{proof)
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lemma simp-impliesE:
assumes PQ:PROP P =simp=> PROP @
and P: PROP P
and QR: PROP Q = PROP R
shows PROP R

(proof)

lemma simp-implies-cong:

assumes PP’ :PROP P == PROP P’

and P'QQ" PROP P' ==> (PROP @Q == PROP Q')

shows (PROP P =simp=> PROP Q) == (PROP P’ =simp=> PROP Q')
(proof)

Actual Installation of the Simplifier.
(ML)

Lucas Dixon’s eqstep tactic.
(ML)

1.17.5 Code generator setup

types-code
bool (bool)
attach (term-of) {
fun term-of-bool b = if b then HOLogic.true-const else HOLogic.false-const;
)
attach (test) (
fun gen-bool i = one-of [false, truel;

)

consts-code
True  (true)
False (false)
Not  (not)

op| ((- orelse/ -))

op &  ((- andalso/ -))

HOL.If ((if -/ then -/ else -))
(ML)
1.18 Other simple lemmas

declare disj-absorb [simp] conj-absorb [simp]

lemma exl-eqiff]: EX!'z. z =t EX!z. t =z
(proof)

theorem choice-eq: (ALL z. EX!y. Pz y) = (EX! f. ALLz. Px (fz))
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{proof)

Needs only HOL-lemmas:

lemma mk-left-commute:
assumes a: Az yz. f (fzy) z=fz (fyz) and
e Ny fzy=fyzx
shows fz (fyz) =fy (fz2)
(proof)

1.19 Generic cases and induction

constdefs
induct-forall :: (Ya => bool) => bool
induct-forall P ==Vz. Pz
induct-tmplies :: bool => bool => bool
induct-implies A B == A ——> B
induct-equal :: 'a => 'a => bool
induct-equal x y == =y
induct-conj :: bool => bool => bool
induct-conj A B == A & B

lemma induct-forall-eq: (Nx. P x) == Trueprop (induct-forall (Azx. P x))
(proof )

lemma induct-implies-eq: (A ==> B) == Trueprop (induct-implies A B)
(proof)

lemma induct-equal-eq: (x == y) == Trueprop (induct-equal x y)
(proof )

lemma induct-forall-conj: induct-forall (Ax. induct-conj (A z) (B x)) =
induct-conj (induct-forall A) (induct-forall B)

(proof)

lemma induct-implies-conj: induct-implies C (induct-conj A B) =
induct-conj (induct-implies C' A) (induct-implies C' B)
(proof)

lemma induct-conj-curry: (induct-conj A B ==> PROP C) == (A ==> B ==>
PROP C)
(proof)

lemma induct-impliesI: (A ==> B) ==> induct-implies A B
(proof)

lemmas induct-atomize = atomize-conj induct-forall-eq induct-implies-eq induct-equal-eq
lemmas induct-rulifyl [symmetric, standard] = induct-forall-eq induct-implies-eq
induct-equal-eq

lemmas induct-rulify2 = induct-forall-def induct-implies-def induct-equal-def induct-conj-def
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lemmas induct-conj = induct-forall-conj induct-implies-conj induct-conj-curry
hide const induct-forall induct-implies induct-equal induct-conj

Method setup.
(ML)

1.19.1 Tags, for the ATP Linkup

constdefs
tag :: bool => bool
tag P == P

These label the distinguished literals of introduction and elimination rules.

lemma tagl: P ==> tag P
(proof )

lemma tagD: tag P ==> P
{proof )

Applications of "tag” to True and False must go!

lemma tag-True: tag True = True
(proof)

lemma tag-Fulse: tag False = False

(proof)

end

2 Lattice-Locales: Lattices via Locales

theory Lattice-Locales
imports HOL
begin

2.1 Lattices

This theory of lattice locales only defines binary sup and inf operations. The
extension to finite sets is done in theory Finite-Set. In the longer term it
may be better to define arbitrary sups and infs via THE.

locale partial-order =
fixes below :: 'a = 'a = bool (infixl C 50)
assumes refl[iff]: z C z
and trans: c C y —= yC 2z =z C 2
and antisym: c Cy —=y Loz =z =1y
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locale lower-semilattice = partial-order +
fixes inf :: 'a = 'a = ‘o (infixl N 70)
assumes inf-lel: z My C z and inf-le2: x My C y
and inf-least: tCy =z Cz= 2z Cyllz

locale upper-semilattice = partial-order +
fixes sup :: 'a = ‘a = ’a (infix]l U 65)
assumes sup-gel: z C x Ll y and sup-ge2: y C x U y
and sup-greatest: yC o — z2Cx = yU2zCx

locale lattice = lower-semilattice + upper-semilattice

lemma (in lower-semilattice) inf-commute: (z N y) = (y M )

{(proof)

lemma (in upper-semilattice) sup-commute: (z U y) = (y U z)

{proof)

lemma (in lower-semilattice) inf-assoc: (x M y) Mz =z M (y M 2)

(proof)

lemma (in upper-semilattice) sup-assoc: (x U y) Uz =2z U (y U z)
(proof)

lemma (in lower-semilattice) inf-idem[simp]: x Mz = x

(proof)

lemma (in upper-semilattice) sup-idem|[simpl: z U z = x
(proof)

lemma (in lower-semilattice) inf-left-idem[simp]: x M (z N y) =z Ny

(proof)

lemma (in upper-semilattice) sup-left-idem[simpl: z U (z U y) =z U y

(proof)

lemma (in lattice) inf-sup-absorb: x M (z U y) =

{proof)

lemma (in lattice) sup-inf-absorb: z U (z My) =z

(proof)

lemma (in lower-semilattice) inf-absorb: z Ty = z Ny ==z
(proof)

lemma (in upper-semilattice) sup-absorb: t Ty = x Uy =y

(proof)
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lemma (in lower-semilattice) below-inf-conv|simp]:
zCyMNz=(xCyAzC2)

(proof)

lemma (in upper-semilattice) above-sup-conv|simp]:
zUyCz=(xCzAyLC2z)
(proof)

Towards distributivity: if you have one of them, you have them all.

lemma (in lattice) distrib-impl
assumes D: lz yz. 2 N (y U z) = (z
shows z U (yMz)=(zUy) N (z U

{proof)

MNy) U (zNz)
z)

lemma (in lattice) distrib-imp2:
assumes D: lz yz. 2 U (y M z) = (z
shows z M (yUz)=(zMNy)U (z N

(proof)

A package of rewrite rules for deciding equivalence wrt ACI:

Uy)n(zU=2)
2)

lemma (in lower-semilattice) inf-left-commute: M (y M 2z) = y M (z M 2)
(proof)

lemma (in upper-semilattice) sup-left-commute: x U (y U 2) = y U (z U 2)

(proof)

lemma (in lower-semilattice) inf-left-idem: c N (z Ny) =z Ny
(proof)

lemma (in upper-semilattice) sup-left-idem: z U (z U y) =z Uy

(proof)

lemmas (in lower-semilattice) inf-ACI =
inf-commute inf-assoc inf-left-commute inf-left-idem

lemmas (in upper-semilattice) sup-ACI =
sup-commute sup-assoc sup-left-commute sup-left-idem

lemmas (in lattice) ACI = inf-ACI sup-ACI

2.2 Distributive lattices

locale distrib-lattice = lattice +
assumes sup-inf-distribl: x U (y M 2) = (z U y) N (z U 2)

lemma (in distrib-lattice) sup-inf-distrib2:
(yMNz)Uz=(yUz)N(zU2x)
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(proof)

lemma (in distrib-lattice) inf-sup-distrib1:
zMN(yUz)=(Ny) U (zNz)

(proof)

lemma (in distrib-lattice) inf-sup-distrib2:
(yUz)yNz=(yNz)U(zMNa)
(proof)

lemmas (in distrib-lattice) distrib =
sup-inf-distrib1 sup-inf-distrib2 inf-sup-distrib1 inf-sup-distrib2

end

3 Orderings: Type classes for <

theory Orderings
imports Lattice-Locales
uses (antisym-setup. ML)
begin

3.1 Order signatures and orders

axclass
ord < type

syntax
op < = ['aord, 'a] => bool (op <)
op <= i ['azzord, 'al => bool (op <=)

global

consts
op < i ['azzord, 'a] => bool ((-/ < -) [50, 51] 50)
op <= i ['azzord, 'al => bool ((-/ <= -) [50, 51] 50)

local

syntax (zsymbols)
op <= i ['azzord, 'al => bool (op <)
op <= i ['azzord, 'al => bool ((-/ <-) [50, 51] 50)

syntax (HTML output)
op <= i ['azord, 'a] => bool (op <)
op <= i ['azzord, 'al => bool ((-/ <-) [50, 51] 50)
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Syntactic sugar:

syntax
-gt i 'azord => 'a => bool (infix]l > 50)
-ge :: 'aziord => 'a => bool (infix] >= 50)
translations

rT>y =>y<cx
T>=y=>y<==z

syntax (zsymbols)
-ge 2 'azord => 'a => bool (infix]l > 50)

syntax (HTML output)
-ge : ['azzord, 'al => bool (infixl > 50)

3.2 Monotonicity

locale mono =
fixes f
assumes mono: A <= B ==> fA<=fB

lemmas monol [intro?] = mono.intro
and monoD [dest?] = mono.mono

constdefs
min :: ['a:ord, 'a]l => 'a
min a b == (if a <= b then a else b)
maz :: ['azord, 'al => a
maz a b == (if a <= b then b else a)
lemma min-leastL: (z. least <= z) ==> min least v = least
(proof)

lemma min-of-mono:
ALL zy. (fz <=fy) = (z <= y) ==> min (fm) (fn) = f (min m n)
(proof )

lemma maz-leastL: (z. least <= z) ==> max least x = x
{proof)

lemma maz-of-mono:
ALL zy. (fz <=fy) = (x <= y) ==> maz (fm) (fn) = f (maz m n)
(proof)

3.3 Orders

axclass order < ord
order-refl [iff]: © <=z
order-trans: © <=y ==> y <=z ==> 1 <=2
order-antisym: ¢ <=y ==> y <=1 ==>T =y
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order-less-le: (z < y) = (z <=y &z ~“=1y)

Connection to locale:

interpretation order:
partial-order|[op < :: 'a::order = 'a = bool]

(proof )
Reflexivity.
lemma order-eg-refl: 'z::'az:order. © = y ==>z <=1y
— This form is useful with the classical reasoner.
(proof )

lemma order-less-irrefl [iff]: ~ z < (z::'a:order)

(proof)

lemma order-le-less: ((z::'az:order) <=y) = (x < y | z = y)
— NOT suitable for iff, since it can cause PROOF FAILED.
(proof)

lemmas order-le-imp-less-or-eq = order-le-less [THEN iffD1, standard)

lemma order-less-imp-le: \z::'azorder. © < y ==> 1z <=y
(proof )

Asymmetry.

lemma order-less-not-sym: (z::’a::order) < y ==> "~ (y < x)
(proof)

lemma order-less-asym: z < (y::'a::order) ==> (YP ==> y < z) ==> P
{proof)

lemma order-eg-iff: 'z::’azzorder. (z = y) = (z <y & y < x)

(proof)

lemma order-antisym-conv: (y::'a:order) <=z ==> (z <=y) = (z = y)
(proof)
Transitivity.

lemma order-less-trans: z::'azorder. || 2 < y; y < z || ==> 2z < 2z

(proof )

lemma order-le-less-trans: Nz:'azorder. ||z <= y; y < z || ==>z < z
{proof)

lemma order-less-le-trans: Nz::'azorder. [| 2 < y; y <=z || ==>z < z
{proof)

Useful for simplification, but too risky to include by default.
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lemma order-less-imp-not-less: (z::'a:order) < y ==> (~ y < z) = True
{proof)

lemma order-less-imp-triv: (z::'azorder) < y ==> (y <z ——> P) = True
(proof)

lemma order-less-imp-not-eq: (z::'a::order) < y ==> (z = y) = False
{proof)

lemma order-less-imp-not-eq2: (z::'a::order) < y ==> (y = z) = False
{proof)

Other operators.

lemma min-leastR: (Nz::'a::order. least <= x) ==> min z least = least
{proof)

lemma maz-leastR: (1z::’a::order. least <= x) ==> maz z least = «
(proof)

3.4 Transitivity rules for calculational reasoning

lemma order-neg-le-trans: a ~= b ==> (a::’atorder) <=b==>a < b
{proof )

lemma order-le-neg-trans: (a::’a::order) <=b ==>a“=b==>a<b
{proof)

lemma order-less-asym”: (a::'a::order) < b ==> b < a ==> P
{proof )

3.5 Least value operator

constdefs
Least :: ('a:zord => bool) => 'a (binder LEAST 10)
Least P == THE x. Pz & (ALLy. Py ——> z <= y)
— We can no longer use LeastM because the latter requires Hilbert-AC.

lemma LeastI2-order:
[| P (z:'a::order);
Ny. Py ==>1z <=y;

Ne. [| Pz; ALLy. Py —> 2 <y || ==> Q z |]
==> @ (Least P)
{proof)

lemma Least-equality:
[| P (k:'azorder); Nz, Pz ==>k <=z || ==> (LEAST z. Pxz) =k
{proof )
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3.6 Linear / total orders

axclass linorder < order
linorder-linear: x <=y | y <=z

lemma linorder-less-linear: Nx::'a::linorder. z<y | z=y | y<z
(proof )

lemma linorder-le-less-linear: lx::'a::linorder. x<y | y<z
(proof )

lemma linorder-le-cases [case-names le gel:
((z:'az:linorder) < y ==> P) ==> (y < z ==> P) ==> P
{proof)

lemma linorder-cases [case-names less equal greater]:
((z::'azlinorder) < y ==> P) ==> (¢ = y ==> P) ==> (y < © ==> P)

lemma linorder-not-less: Nz::'a::linorder. (™ z < y) = (y <= z)
(proof)

lemma linorder-not-le: 1x::a::linorder. (~ ¢ <=y) = (y < z)
{proof)

lemma linorder-neg-iff: \z::'a::linorder. (z ~= y) = (z<y | y<x)

(proof)

lemma linorder-negE: x ~= (y::’a::linorder) ==> (x < y ==> R) ==> (y < z
==>R) ==> R

(proof)
lemma linorder-antisym-convl: ~ (z:'a::linorder) < y ==> (x <=vy) = (z = y)
(proof )
lemma linorder-antisym-conv2: (z::'a:linorder) <=y ==> (Y z < y) = (x = y)
(proof )
lemma linorder-antisym-conv3: ~ (y::'a::linorder) < z ==> (¥ z < y) = (z =
y)
(proof)
Replacing the old Nat.lel
lemma lel: ~ ¢ < y ==> y <= (z::'a::linorder)
{proof)

lemma leD: y <= (z::'a::linorder) ==> "~z < y
{proof)
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lemma not-leE: ~ y <= (z::'a::linorder) ==> 1 < y
{proof)

(ML)

3.7 Setup of transitivity reasoner as Solver

lemma less-imp-neq: [| (z::'azorder) < y |] ==>z “=y
(proof )

lemma eg-neg-eq-imp-neq: ||z =a;a“=b;b=y||==>z "=y
(proof )

(ML)

3.8 Min and max on (linear) orders

Instantiate locales:

interpretation min-max:
lower-semilattice[op < min :: 'a:linorder = 'a = 'a]
(proof )

interpretation min-maz:
upper-semilattice[op < maz :: 'a::linorder = 'a = 'a
(proof)

interpretation min-maz:
lattice[op < min :: 'a::linorder = 'a = 'a mazx

(proof)

interpretation min-max:
distrib-lattice[op < min :: 'a::linorder = 'a = 'a maz]

(proof)

lemma le-maz-iff-disj: Nz::'a::linorder. (z <= maz zy) = (z <=z | z <= y)
{proof)

lemmas le-maxll = min-max.sup-gel
lemmas le-maxl2 = min-mazx.sup-ge2

lemma less-maz-iff-disj: z::'az:linorder. (z < mazzy) = (2 <z | 2 < y)
{proof)

lemma maz-less-iff-conj [simp]:
Nz:'azlinorder. (maz zy < z) = (z < 2 & y < 2)
{proof )

lemma min-less-iff-conj [simp]:
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Nz:lazlinorder. (z < minzy) = (z <z & 2 < y)
{proof)

lemma min-le-iff-disj: 1z::'a::linorder. (min z y <= 2) = (x <=z | y <= 2)

(proof)

lemma min-less-iff-disj: 1z:'a::linorder. (minzy < z) = (x < z | y < 2)
{proof)

lemmas max-ac = min-max.sup-assoc Min-max.sup-commaute
mk-left-commute|of maz, OF min-maz.sup-assoc min-maz.sup-commute]

lemmas min-ac = min-mazx.inf-assoc min-maz.inf-commute
mk-left-commute|of min, OF min-max.inf-assoc min-maz.inf-commute]

lemma split-min:
P (min (i:'azlinorder) j) = ((i <=j ——> P(3)) & (¥ i <=j —> P(j)))
(proof )

lemma split-mazx:
P (mazx (i:'a:linorder) j) = ((i <=j ——> P(j)) & (T i <=j ——> P(i)))
(proof)

3.9 Bounded quantifiers

syntax
-lessAll :: [idt, 'a, bool] => bool ((SALL -<-./ -) [0, 0, 10] 10)
-lessEx :: [idt, 'a, bool] => bool ((3EX -<-./-) [0, 0, 10] 10)
-leAll :: [idt, 'a, bool] => bool ((3ALL -<=-./ -) [0, 0, 10] 10)
-leEBx  :: [idt, 'a, bool] => bool ((S3EX -<=-./-) [0, 0, 10] 10)

-gtAll :: [idt, 'a, bool] => bool ((3ALL ->-./ -) [0, 0, 10] 10)
-gtEx :: [idt, 'a, bool] => bool ((3EX ->-./-) [0, 0, 10] 10)
-geAll  :: [idt, 'a, bool] => bool ((3ALL ->=-./ -) [0, 0, 10] 10)
-geEx  :: [idt, 'a, bool] => bool ((8EX ->=-./ -) [0, 0, 10] 10)

syntax (zsymbols)

-lessAll :: [idt, 'a, bool] => bool ((3V-<-./-) [0, 0, 10] 10)
-lessEx :: [idt, 'a, bool] => bool ((33-<-./-) [0, 0, 10] 10)
-leAll :: [idt, 'a, bool] => bool ((3V-<-./-) [0, 0, 10] 10)
-leEx  :: [idt, 'a, bool] => bool ((33-<-./-) [0, 0, 10] 10)

-gtAll :: [idt, 'a, bool] => bool ((3V -

-gtEzx :: [idt, 'a, bool] => bool ((33-
-geAll  :: [idt, 'a, bool] => bool ((3V-
-geEx  :: [idt, 'a, bool] => bool ((33-

syntax (HOL)
-lessAll :: [idt, 'a, bool] => bool ((8!-<-./-) [0, 0, 10] 10)
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-lessEx :: [idt, 'a, bool] => bool ((3% -<-./ -) [0, 0, 10] 10)
-leAll o [idt, 'a, bool] => bool ((8! -<=-./ -) [0, 0, 10] 10)
-leEx i [idt, 'a, bool] => bool ((8? -<=-./ -) [0, 0, 10] 10)

syntax (HTML output)
-lessAll :: [idt, 'a, bool] => bool ((3V
-lessEx :: [idt, 'a, bool] => bool ((33
-leAll :: [idt, 'a, bool] => bool ((3V -

-<-./-) 10,0, 10] 10)
<~/ ) [0, 0, 10] 10)
<-/-) 0,0, 10] 10)
-<-/

-leEx i [idt, 'a, bool] => bool ((53 -) [0, 0, 10] 10)
-gtAll :: [idt, 'a, bool] => bool ((3V->-./-) [0, 0] 10)
-gtEx :: [idt, 'a, bool] => bool ((33->-./-) [0, 0] 10)
-geAll :: [idt, 'a, bool] => bool ((3V->-./ -) [0, 0] 10)
-geEx  :: [idt, 'a, bool] => bool ((83->-./-) [0, 0, 10] 10)

translations

ALL z<y. P => ALLz.x <y ——>P
EXz<y. P => EXz.z<y &P

ALL z<=y. P => ALLxz. x <=y ——> P
EXzy<=y. P => EXz.x <=y & P
ALL z>y. P => ALLz.x >y ——>P
EXz>y. P => EXz.z>y &P

ALL z>=y. P => ALLz.z >=y ——> P
EXz>=y. P => EXz.z2>=y & P

(ML)

3.10 Extra transitivity rules

These support proving chains of decreasing inequalities a j=b ;= ¢ ...

Isar proofs.
lemma ztl: a = b==>b>c==>a>c

(proof)

lemma 2t2: a > b==>b=c==>a > c¢

(proof)

lemma 2t3: a = b ==> b >=c==>a >= ¢

(proof)

lemma 2tf: a >=b==>b=c==>a>=c

{proof)

lemma zt5: (z::'azorder) >= y ==>y >=z ==>z =y

{(proof)

lemma zt6: (z::'aorder) >=y ==>y >= 2z ==> 1 >= 2

{proof)
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lemma zt7: (z::'azorder) > y ==>y >= 2z ==>1 > z

(proof)

lemma xt8: (z::'azorder) >=y ==>y >z ==>1 > 2

(proof)

lemma zt9: (a::’azorder) > b ==>b > a ==> ?P

(proof)

lemma zt10: (z::'azorder) > y ==>y > 2z ==>z > 2

(proof)

lemma zt11:

(proof)

lemma zt12:

{proof)

lemma zt13:

a>fc

(proof)

lemma xt1/:

fa>c

(proof)

(a'azorder) >=b ==>a~=b==>a>b

(a’azorder) "= b==>a>=b==>a>b

a=fb==>b>c==>Nzy. z>y==>fz>fy) ==>

a>b==>fb=c==> NMzy. z>y==>fz>fy) ==>

44

lemma zt15: a = fb==>b>=c==> (lzy. 2 >=y==> fz >= fy) ==>

a>=fc

{proof)

lemma zt16:

fa>=c

{proof)

lemma zt17: (a::'az:order) >= fb ==> b >= ¢ ==>
Nzy. x>=y==>fz>=fy)==>a>=fc

(proof)

lemma zt18:

(a'azorder) >= b ==> (f b::'border) >= ¢ ==>

My z>=y==>fz>=fy)==>fa>=c¢

(proof)

lemma 2t19:
Nz y. z >=

{proof)

lemma zt20:

(a’azorder) > fb ==> (b:'biorder) >= ¢ ==>
y==>fz>=fy)==>a>fc

(a:'azorder) > b ==> (f b::'border) >= c==>

MNey.z>y==>fz>fy) ==>fa>c

{proof)

a>=b==>fb=c==>Nzy x>=y==>fz>=fy) ==>
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lemma zt21: (a::'a:zorder) >= fb==>b > ¢ ==>
My z>y==>fz>fy)==>a>fc

(proof)

lemma zt22: (a::'a::order) >= b ==> (f b::'border) > ¢ ==>
My z>=y==>fz>=fy)==>fa>c
(proof )

lemma zt23: (a::’a::order) > fb ==> (b::'biorder) > ¢ ==>
My z>y==>fz>fy)==>a>fc
(proof)

lemma zt24: (a::'a:zorder) > b ==> (f b::'br:order) > ¢ ==>
Ney.x>y==>fz>fy) ==>fa>c

(proof)

lemmas xtrans = xtl xt2 xt3 xty xtd xt6 xt7 xt8 xt9 xt10 xt11 xt12
xt18 xtl4 xtl5 xtld xt17 xt18 xt19 xt20 xt21 xt22 xt23 xt24

end

4 LOrder: Lattice Orders

theory LOrder
imports Orderings
begin

The theory of lattices developed here is taken from the book:

e Lattice Theory by Garret Birkhoff, American Mathematical Society

1979.
constdefs
is-meet 2 ((‘a::order) = 'a = 'a) = bool
ismeetm==!abz.mab<aAmab<bA(z<aAz<b—z<ma
b)
is-join :: (("a::order) = 'a = 'a) = bool
isjoinj ==labz.a<jabANb<jabAN(a<zAb<z—jab<uzx)

lemma is-meet-unique:
assumes is-meet u is-meet v shows u = v

(proof)

lemma is-join-unique:
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assumes is-join u is-join v shows v = v
(proof )

axclass join-semilorder < order
join-exists: ? j. is-join j

axclass meet-semilorder < order
meet-exists: ¢ m. is-meet m

axclass lorder < join-semilorder, meet-semilorder

constdefs
meet :: ('ameet-semilorder) = 'a = 'a
meet == THE m. is-meet m
join :: ('a::join-semilorder) = 'a = 'a
join == THE j. is-join j

lemma is-meet-meet: is-meet (meet::'a = 'a = ('a::meet-semilorder))
(proof)

lemma meet-unique: (is-meet m) = (m = meet)

(proof)

lemma is-join-join: is-join (join::'a = ‘a = (‘a::join-semilorder))
(proof)

lemma join-unique: (is-join j) = (j = join)

(proof)

lemma meet-left-le: meet a b < (a::'a::meet-semilorder)

{(proof)

lemma meet-right-le: meet a b < (b::'a::meet-semilorder)

{proof)

lemma meet-imp-le: © < a = x < b = z < meet a (b::'a::meet-semilorder)

(proof)

lemma join-left-le: a < join a (b::'a::join-semilorder)
(proof)

lemma join-right-le: b < join a (b::'a::join-semilorder)

(proof)

lemma join-imp-le: a < 2 = b < z = join a b < (z::'a::join-semilorder)
(proof)

lemmas meet-join-le = meet-left-le meet-right-le join-left-le join-right-le
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lemma is-meet-min: is-meet (min::'a = 'a = (‘a::linorder))

(proof)

lemma is-join-maz: is-join (maz:'a = 'a = (‘a::linorder))

(proof)

instance linorder C meet-semilorder
(proof)

instance linorder C join-semilorder

(proof)

instance linorder C lorder (proof)

lemma meet-min: meet = (min :: 'a="a=("a::linorder))

(proof)

lemma join-maz: join = (maz :: 'a='a=("a::linorder))
(proof)

lemma meet-idempotent|[simp|: meet x © = x

(proof)

lemma join-idempotent[simp|: join z & = z
(proof)

lemma meet-comm: meet x y = meet y x

(proof)

lemma join-comm: join x y = join y x

(proof)

lemma meet-assoc: meet (meet © y) z = meet x (meet y z) (is ?21="7r)

{proof)

lemma join-assoc: join (join z y) z = join © (join y z) (is ?1="7r)

(proof)

lemma meet-left-comm: meet a (meet b ¢) = meet b (meet a c)
(proof)

lemma meet-left-idempotent: meet y (meet y x) = meet y

(proof)

lemma join-left-comm: join a (join b ¢) = join b (join a c)
(proof)

lemma join-left-idempotent: join y (join y x) = join y x

(proof)

47
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lemmas meet-aci = meet-assoc meet-comm meet-left-comm meet-left-idempotent
lemmas join-aci = join-assoc join-comm join-left-comm join-left-idempotent

lemma le-def-meet: (x <= y) = (meet x y = )
(proof)

lemma le-def-join: (z <= y) = (join z y = y)

(proof)

lemma meet-join-absorp: meet x (join z y) =
(proof)

lemma join-meet-absorp: join x (meet x y) = x

(proof)

lemma meet-mono: y < z => meet vy < meet T z
(proof )

lemma join-mono: y < z = join x y < join T 2

(proof)

lemma distrib-join-le: join © (meet y z) < meet (join z y) (join z z) (is - <= 2r)
(proof)

lemma distrib-meet-le: join (meet z y) (meet x z) < meet = (join y z) (is 7l <=
)
(proof)

lemma meet-join-eq-imp-le: a = cVa=dV b=cV b=d=— meetab < join
cd
(proof)

lemma modular-le: © < z = join x (meet y z) < meet (join zy) z (is - = %
<=-)

(proof)

end

5 Set: Set theory for higher-order logic

theory Set
imports LOrder
begin

A set in HOL is simply a predicate.
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5.1 Basic syntax

global

typedecl ‘a set
arities set :: (type) type

consts
{} i set {}
UNIV = 'a set
insert e => 'a set => 'a set
Collect = (Ya => bool) => 'a set — comprehension
Int i 'a set => 'a set => 'a set (infixl 70)
Un i 'a set => 'a set => 'a set (infixl 65)
UNION ‘o set => (‘a => 'b set) => 'b set — general union
INTER i 'a set => ("a => 'b set) => 'b set — general intersection
Union = 'a set set => 'a set — union of a set
Inter i 'a set set => 'a set — intersection of a set
Pow i 'a set => 'a set set — powerset
Ball o 'a set => ('a => bool) => bool ~ — bounded universal quantifiers
Bezx i 'a set => (Ya => bool) => bool — bounded existential
quantifiers
image i (la =>"b) => 'a set => 'b set (infixr  90)
syntax
op : = 'a => 'a set => bool (op ?)
consts
op : 'a => 'a set => bool ((-/ :-) [50, 51] 50) — membership
local

instance set

i (type) {ord, minus} (proof)

5.2 Additional concrete syntax

syntax
range

op "t

op "~

QF'inset
@Coll
@SetCompr
@Collect
QINTER1
@QUNION1
QINTER

2 (la=>"b) => 'b set — of function
e =>'a set => bool (op ~:) — non-membership
i 'a => 'a set => bool ((-/ ~:-) [50, 51] 50)
iargs => 'a set en
i pttrn, => bool => 'a set ((1{-./ -})
i => idts => bool => 'a set ({-1/-/ -H)
widt => 'a set => bool => 'a set ((1{-:/ -/ -})
i opttrns => 'b set => 'b set ((3INT -./ -) 10)
i pttrns => 'b set => 'b set ((3UN -./ -) 10)
opttrn => 'a set => 'b set => 'b set ((3INT -:-./ -) 10)
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@QUNION 2 opttrn => 'a set => 'b set => b set ((3UN -:-./ -) 10)
-Ball o opttrn => 'a set => bool => bool

-Bex o opttrn => 'a set => bool => bool

syntax (HOL)

-Ball 2 opttrn => 'a set => bool => bool

-Bezx o opttrn => 'a set => bool => bool
translations

range f == f'UNIV

priy == (o)

{z, zs} == insert z {zs}

{z} == insert z {}

{z. P} == Collect (%ox. P)

{z:A. P} =>{z. z:A & P}

UNzy. B == UNz. UNy. B

UNz. B == UNION UNIV (%z. B)

UN z. B == UN z:UNIV. B

INTzy. B == INT . INT y. B

INT z. B == INTER UNIV (%=z. B)

INT x. B == INT z:UNIV. B

UN z:A. B == UNION A (%z. B)

INT 2:A. B == INTER A (%z. B)
ALL z:A. P == Ball A (%z. P)

EX z:A. P == Bex A (%z. P)
syntax (output)

-setle 2 'a set => 'a set => bool

-setle 2 'a set => 'a set => bool

-setless i 'a set => 'a set => bool

-setless i 'a set => 'a set => bool

syntax (zsymbols)
-setle : 'a set => 'a set => bool

-setle  'a set => 'a set => bool

-setless i 'a set => 'a set => bool

-setless i 'a set => 'a set => bool

op Int a set => 'a set => 'a set

op Un i 'a set => 'a set => 'a set

op : = 'a => 'a set => bool

op : i 'a => 'a set => bool

op ~: 'a => 'a set => bool

op ~: :'a => 'a set => bool

Union :: 'a set set => 'a set

Inter i 'a set set => 'a set

-Ball i pttrn => 'a set => bool => bool
-Bex o opttrn => 'a set => bool => bool

(op <=)
((-/ <= -) [50, 51] 50)
(op <)
((-/ < -) [50, 51] 50)
(op ©)
((-/ € -) [50, 51] 50)
(op C)
((-/ c -) [50, 51] 50)
(infixl N 70)

(infixl U 65)
(op €)
((-/ € -) [50, 51] 50)
(op &)

((-/ ¢ -) [50, 51] 50)
(U- [90] 90)
(N-[90] 90)

((3V-e-./ -) [0, 0, 10] 10)
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syntax (HTML output)

-setle i 'a set => 'a set => bool (op Q)

-setle i 'a set => 'a set => bool ((-/ C -) [0, 51] 50)

-setless i 'a set => 'a set => bool (op Q)

-setless  :: 'a set => 'a set => bool ((-/ C -) [50, 51] 50)

op Int e set => 'a set => 'a set (infixl N 70)

op Un e set => 'a set => 'a set (infixl U 65)

op : i 'a => 'a set => bool (op €)

op : = 'a => 'a set => bool ((-/ € -) [50, 51] 50)

op ™ 'a => 'a set => bool (op &)

op ™~ i 'a => 'a set => bool ((-/ ¢ -) [50, 51] 50)

-Ball i pttrn => 'a set => bool => bool ((8V-e-./ -) [0, 0, 10] 10)

-Bex @ opttrn => 'a set => bool => bool ((33-e-./-) [0, 0, 10] 10)
syntax (zsymbols)

@Collect  :: idt => 'a set => bool => 'a set ((1{-€/ -/ -})

Q@QUNION!  :: pttrns => 'b set => 'b set ((8y-./ -) 10)

QINTERI  :: pittrns => 'b set => 'b set ((3N-./ -) 10)

QUNION iopttrn => 'a set => 'b set => b set ((3U-€-./ -) 10)

QINTER i opttrn => 'a set => 'b set => b set ((8()-€-./ -) 10)
syntax (latex output)

Q@QUNION!  :: pttrns => 'b set => 'b set (38U (00.)/ -) 10)

QINTERI  :: pttrns => 'b set => 'b set (3N (00.)/ -) 10)

QUNION i opttrn => 'a set => 'b set => b set ((8U(00-¢-)/ -) 10)

QINTER i pttrn => 'a set => 'b set => b set ((8()(00-¢-)/ -) 10)

Note the difference between ordinary xsymbol syntax of indexed unions and
intersections (e.g. |J a1€A1. B) and their BTEX rendition: |J 4,4, B. The
former does not make the index expression a subscript of the union/intersection
symbol because this leads to problems with nested subscripts in Proof Gen-
eral.

translations
op € => op <= :: - set => - set => bool
op C =>op < ::-set => - set => bool
(ML)

5.2.1 Bounded quantifiers

syntax
-setlessAll :: [idt, 'a, bool] => bool ((SALL -<-./ -) [0, 0, 10] 10)
-setlessEx :: [idt, 'a, bool] => bool ((3EX -<-./-) [0, 0, 10] 10)
-setleAll  :: [idt, 'a, bool] => bool ((3ALL -<=-./ -) [0, 0, 10] 10)
-setleEx  :: [idt, 'a, bool] => bool ((3EX -<=-./ -) [0, 0, 10] 10)

syntax (zsymbols)
-setlessAll :: [idt, 'a, bool] => bool ((3V-C-./-) [0, 0, 10] 10)
-setlessEx :: [idt, 'a, bool] => bool ((33-C-./-) [0, 0, 10] 10)
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-setleAll :: [idt, 'a, bool] => bool

-setleEx  :: [idt, 'a, bool] => bool
syntax (HOL)

-setlessAll :: [idt, 'a, bool] => bool

-setlessEx :: [idt, 'a, bool] => bool

-setleAll  :: [idt, 'a, bool] => bool

-setleEx  :: [idt, 'a, bool] => bool

syntax (HTML output)
-setlessAll :: [idt, 'a, bool] => bool

-setlessEx :: [idt, 'a, bool] => bool
-setleAll  :: [idt, 'a, bool] => bool
-setleEx  :: [idt, 'a, bool] => bool
translations
VACB. P => ALLA ACB—-—>P
JACB.P => EXA ACB&P

VACB. P => ALLA.ACB——>P

JACB. P => EXA ACB&P

(ML)

<~/ ) [0, 0, 10] 10)
? <./ ) [0, 0, 10] 10)

l .<=-/ ) [0, 0, 10] 10)
(82 -<=-./ -) [0, 0, 10] 10)

/9 [0, 0, 10] 10)
J-c-/ ) [0, 0, 10] 10)
/
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Translate between {e | z...zn. P} and {u. EX z1..2n. u = e & P}; {y.

EX z1..zn. y = e & P} is only translated if [0..n] subset bus(e).

(ML)

5.3 Rules and definitions

Isomorphisms between predicates and sets.

axioms

mem-Collect-eq: (a : {z. P(z)}) = P(a)

Collect-mem-eq: {z. 1:A} = A
finalconsts

Collect
op :
defs
Ball-def - Ball A P
Bez-def: Bexr A P

defs (overloaded)

== ALL z. ©:A ——> P(z)
== EX z. 2:A & P(z)

subset-def: A <= B == ALL z:A. z:B
psubset-def: A < B == (A:'a set) <= B & ~ A=B
Compl-def: — A == {z. “1:4}

set-diff-def: A — B

defs

== {z. 2:4 & ~z:B}
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Un-def: A UnB == {z. 2:A | z:B}

Int-def: A Int B == {z. ©:A & x:B}
INTER-def: INTER AB == {y. ALL z:A. y: B(z)}
UNION-def: UNION AB == {y. EX x:A. y: B(z)}
Inter-def:  Inter S == (INT z:S. 1)

Union-def:  Union S == (UN z:S. x)

Pow-def: Pow A == {B. B <= A}

empty-def: {} == {x. False}

UNIV-def: UNIV == {z. True}

insert-def: insert a B == {z. z=a} Un B

image-def:  f‘A =={y. EXz:A. y = f(z)}

5.4 Lemmas and proof tool setup

5.4.1 Relating predicates and sets

declare mem-Collect-eq [iff] Collect-mem-eq [simp]

lemma Collect]: P(a) ==> a : {z. P(z)}
{proof)

lemma CollectD: a : {z. P(z)} ==> P(a)
{proof)

lemma Collect-cong: (z. Pz = Q z) ==> {z. P(z)} = {z. Q(z)}
(proof)

lemmas CollectE = CollectD [elim-format]

5.4.2 Bounded quantifiers

lemma balll [intro!]: (Nz. 2:A ==> P x) ==> ALL ©:A. Pz
(proof)

lemmas strip = impl alll balll

lemma bspec [dest?]: ALL x:A. Px ==> x:A ==> Pz
{proof)

lemma ballE [elim]: ALL z:A. Pz ==> (P ==> Q) ==> (¢ ~: A ==> Q)
{proof)
(ML)

This tactic takes assumptions Vz€A. P z and a € A; creates assumption P
a.

(ML)
Gives better instantiation for bound:
(ML)
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lemma bexI [intro]: P v ==> 1:A ==> EX 1:A. Pz
— Normally the best argument order: P z constrains the choice of z € A.

{proof)

lemma rev-bexl [intro?]: x:A ==> Pz ==> EX z:A. Pz
— The best argument order when there is only one z € A.
(proof)

lemma bexCI: (ALL :A. “Px ==> P a) ==> a:A ==> EX 1:A. Pz
{proof)

lemma bexE [elim!]: EX ©:A. Pz ==> (lz. ©:A ==> Pz ==> Q) ==> (@
{proof)

lemma ball-triv [simp]: (ALL z:A. P) = (EX z. 2:A) ——> P)
— Trival rewrite rule.

{proof)

lemma bez-triv [simp]: (EX z:A. P) = (EX z. 2:4) & P)
— Dual form for existentials.
(proof )

lemma bez-triv-one-pointl [simp]: (EX x:A. z = a) = (a:A)
(proof)

lemma bez-triv-one-point2 [simp]: (EX x:A. a = z) = (a:A)
{proof )

lemma bez-one-pointl [simp]: (EX 2:A. x = a & Pz) = (a:A & P a)
{proof)

lemma bez-one-point2 [simpl: (EX z:A. a =z & Pz) = (a:A & P a)
{proof)

lemma ball-one-pointl [simp|: (ALL ©:A. x = a ——> P z) = (a:A ——> P a)
(proof)

lemma ball-one-point2 [simp|: (ALL :A. a =z ——> P z) = (a:A ——> P a)
{proof)

(ML)

5.4.3 Congruence rules

lemma ball-cong:
A=B==> (llz. :B==>Pz=Quz)==>
(ALL z:A. P z) = (ALL ©:B. Q )
(proof)
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lemma strong-ball-cong [cong]:
A =B ==> (llz. ©:B =simp=> Pz = Qz) ==>
(ALL z:A. P z) = (ALL 2:B. Q z)
(proof )
lemma bez-cong:
A=B==> (llz. :B==> Pz = Q) ==>
(EX z:A. Pz) = (EX 2:B. Q )
(proof )
lemma strong-bex-cong [congl:
A =B ==> (llz. ©:B =simp=> Pz = Qz) ==>
(EX z:A. Pz) = (EX 2:B. Q )
(proof )

5.4.4 Subsets

lemma subset! [introl]: (Nz. 2:A ==> 2:B) ==> AC B
{proof)

Map the type 'a set => anything to just 'a; for overloading constants whose
first argument has type ’a set.

lemma subsetD [elim]: AC B==>ce€ A==>c€ B
— Rule in Modus Ponens style.

(proof)

declare subsetD [intro?] — FIXME

lemma rev-subsetD: ¢ € A ==> A C B==>c¢ € B
— The same, with reversed premises for use with erule — cf rev-mp.

{proof)

declare rev-subsetD [intro?] — FIXME

Converts A C Btorx € A =— z € B.
(ML)
lemma subsetCE [elim]: A C B ==> (¢ ¢ A ==> P) ==> (¢ € B ==> P)
==> P
— Classical elimination rule.
(proof )

Takes assumptions A C B; ¢ € A and creates the assumption ¢ € B.

(ML)

lemma contra-subsetD: A C B==>c¢ B==>c¢ A
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{proof)

lemma subset-refl: A C A
(proof)

lemma subset-trans: A C B==> B C C ==> AC C
(proof)

5.4.5 Equality

lemma set-ext: assumes prem: (!z. (z:A) = (2:B)) shows A = B
{proof)

lemma expand-set-eq: (A = B) = (ALL z. (z:A) = (2:B))
(proof)

lemma subset-antisym [intro!]: AC B ==>B C A==>A=2DB
— Anti-symmetry of the subset relation.
(proof )

lemmas equalityl [intro!] = subset-antisym

Equality rules from ZF set theory — are they appropriate here?

lemma equalityD1: A= B ==> AC B
(proof )

lemma equalityD2: A= B ==> B C A
(proof )

Be careful when adding this to the claset as subset-empty is in the simpset:
A ={} goesto {} C Aand A C {} and then back to A = {}!

lemma equalityf: A= B ==>(AC B==>BC A==>P)==>P
{proof)

lemma equalityCE [elim]:
A=B==>(ce A==>ce€B==>P)==>(c¢ A==>c¢ B==>P)
==> P
{proof)

Lemma for creating induction formulae — for ”pattern matching” on p. To

make the induction hypotheses usable, apply spec or bspec to put universal

quantifiers over the free variables in p.

lemma setup-induction: p:A ==> (Nz. 22A ==>p =2 ——> R) ==> R
(proof)

lemma egset-imp-iff: A = B ==> (z : A) = (z : B)
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{proof)

lemma egelem-imp-iff: ¢ = y ==> (z : A) = (y : A)
(proof)

5.4.6 The universal set — UNIV

lemma UNIV-I [simp]: x : UNIV
(proof )

declare UNIV-I [intro] — unsafe makes it less likely to cause problems

lemma UNIV-witness [intro?]: EX z. x : UNIV
{proof)

lemma subset-UNIV: A C UNIV
(proof )

Eta-contracting these two rules (to remove P) causes them to be ignored
because of their interaction with congruence rules.

lemma ball-UNIV [simp]: Ball UNIV P = All P
{proof)

lemma bex-UNIV [simp]: Bex UNIV P = Ex P
{proof)

5.4.7 The empty set

lemma empty-iff [simp]: (¢ : {}) = False
{proof)

lemma emptyE [elim!]: a : {} ==> P
{proof)

lemma empty-subsetl [iff]: {} C A
— One effect is to delete the ASSUMPTION {} C A
{proof)

lemma equalsOI: (ly. y € A ==> False) ==> A = {}
{proof)

lemma equals0D: A = {} ==>a ¢ A
— Use for reasoning about disjointness: A N B = {}
{proof)

lemma ball-empty [simp]: Ball {} P = True
(proof)

lemma bex-empty [simp]: Bex {} P = False
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{proof)

lemma UNIV-not-empty [iff]: UNIV ~= {}
{proof)

5.4.8 The Powerset operator — Pow
lemma Pow-iff [iff]: (A € Pow B) = (A C B)
(proof)

lemma Powl: AC B==> A€ PowB
(proof)

lemma PowD: A € Pow B==> ACB
(proof)

lemma Pow-bottom: {} € Pow B
{proof)

lemma Pow-top: A € Pow A
(proof )

5.4.9 Set complement
lemma Compl-iff [simp]: (¢ € —A) = (¢ ¢ A)
(proof )

lemma ComplI [introl]: (¢ € A ==> Fulse) ==> c € —A
{proof)

This form, with negated conclusion, works well with the Classical prover.
Negated assumptions behave like formulae on the right side of the notional
turnstile ...

lemma ComplD [destl]: ¢ : —A ==> ¢™:A
{proof)

lemmas ComplE = ComplD [elim-format]

5.4.10 Binary union — Un
lemma Un-iff [simp]: (¢ : A Un B) = (¢:A | ¢:B)
{proof )

lemma Unll [elim?]: ¢:A ==>c: A Un B
{proof)

lemma Unl2 [elim?]: ¢:B ==>c: A Un B
{proof)
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Classical introduction rule: no commitment to 4 vs B.
lemma UnCI [intro!]: (¢™:B ==> ¢:A) ==>c¢: A Un B
(proof)

lemma UnE [elim!]: ¢ : A Un B ==> (¢:A ==> P) ==> (¢:B ==> P) ==>
P
{proof)

5.4.11 Binary intersection — Int
lemma Int-iff [simp]: (¢ : A Int B) = (¢:A & ¢:B)
{proof )

lemma Intl [intro!]: c:A ==> ¢:B ==> c¢: A Int B
(proof)

lemma IntD1: ¢ : A Int B ==> c:A
(proof )

lemma IntD2: ¢ : A Int B ==> ¢:B
(proof )

lemma IntE [elim!]: ¢ : A Int B ==> (¢:A ==> ¢:B ==> P) ==> P
{proof)

5.4.12 Set difference

lemma Diff-iff [simp]: (¢ : A — B) = (¢:A & ¢™:B)
{proof)

lemma DiffI [intro!]: ¢ : A==>c¢~: B==>c¢:A—- B
{proof)

lemma DiffDi: ¢c: A — B==>c¢: A
(proof )

lemma DiffD2: ¢ : A — B==>c¢: B ==>P
{proof )

lemma DiffE [elim!]: ¢ : A — B ==> (c:A ==> ¢™:B ==> P) ==> P
(proof)

5.4.13 Augmenting a set — insert
lemma insert-iff [simp]: (a : insert b A) = (a = b | a:A)

(proof)

lemma insertll: a : insert a B
(proof )
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lemma insertl2: a : B ==> a : insert b B
(proof)

lemma insertE [elim!]: a : insert b A ==> (a = b ==> P) ==> (a:A ==> P)
==>P

{proof )

lemma insertCI [introl]: (a™:B ==> a = b) ==> a: insert b B
— Classical introduction rule.
(proof )

lemma subset-insert-iff: (A C insert x B) = (if z:A then A — {z} C Belse A C
B)

(proof)
5.4.14 Singletons, using insert

lemma singletonI [intro!]: a : {a}
— Redundant? But unlike insertCI, it proves the subgoal immediately!
{proof)

lemma singletonD [dest!]: b: {a} ==>b=a
{proof)

lemmas singletonE = singletonD [elim-format]

lemma singleton-iff: (b : {a}) = (b = a)
{proof)

lemma singleton-inject [dest!]: {a} = {b} ==> a = b
{proof)

lemma singleton-insert-inj-eq [iff |: ({b} = insert a A) = (a = b & A C {b})
(proof)

lemma singleton-insert-inj-eq’ [iff]: (insert a A = {b}) = (a = b & A C {b})
{proof)

lemma subset-singletonD: A C {z} ==> A = {} | A = {z}
{proof)

lemma singleton-conv [simp]: {z. z = a} = {a}
(proof)

lemma singleton-conv2 [simpl: {z. a = z} = {a}
{proof)

lemma diff-single-insert: A — {z} C B ==>z € A ==> A C insert x B
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{proof)

5.4.15 Unions of families

UN z:A. Bz is|UB ‘ A.

lemma UN-iff [simp]: (b: (UN z:A. B z)) = (EX 2:A. b: B x)
(proof)

lemma UN-I [intro]: a:A ==> b: B a ==> b: (UN z:A. B x)
— The order of the premises presupposes that A is rigid; b may be flexible.
(proof )

lemma UN-E [elim!]: b : (UN z:A. B z) ==> (llz. 1:A ==> b: Bz ==> R)

lemma UN-cong [cong]:
A=B==> (llz. :B==>Czx=Duz)==> (UNx:A. Cz) = (UNxz:B. D
z)
{proof)

5.4.16 Intersections of families

INT z:A. Bz is (B ‘ A.

lemma INT-iff [simp]: (b: (INT z:A. B x)) = (ALL z:A. b: B x)
{proof)

lemma INT-I [intro!]: (Nz. 2:A ==> b: Bz) ==> b : (INT z:A. B z)
(proof)

lemma INT-D [elim]: b : (INT z:A. B z) ==> a:A ==> b: Ba
{proof)

lemma INT-E [elim]: b : (INT z:A. B ) ==> (b: B a ==> R) ==> (a™:A
==> R) ==>R

— 7 (lassical” elimination — by the Excluded Middle on a € A.

(proof)

lemma INT-cong [cong]:
A=B==>Nz. 2:B==>Cx=Duz)==> (INT 2:A. Cx) = (INT z:B.
D x)
{proof)

5.4.17 Union

lemma Union-iff [simp]: (4 : Union C) = (EX X:C. A:X)
{proof)
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lemma Unionl [intro]: X:C ==> A:X ==> A : Union C
— The order of the premises presupposes that C' is rigid; A may be flexible.
(proof )

lemma UnionE [elim!]: A : Union C ==> (1X. A:X ==> X:C ==> R) ==>
R
{proof)

5.4.18 Inter

lemma Inter-iff [simp]: (A : Inter C) = (ALL X:C. A:X)
{proof)

lemma Interl [introl]: (1X. X:C ==> A:X) ==> A : Inter C
(proof)

A “destruct” rule — every X in C contains A as an element, but A € X can
hold when X € C does not! This rule is analogous to spec.

lemma InterD [elim]: A : Inter C ==> X:C ==> A:X
{proof)

lemma InterE [elim]: A : Inter C ==> (X~:C ==> R) ==> (A:X ==> R)
==> R

— “Classical” elimination rule — does not require proving X € C.

(proof)

Image of a set under a function. Frequently b does not have the syntactic
form of f z.
lemma image-eql [simp, intro]: b = fo ==> 1:A ==> b : f'A

(proof )

lemma imagel: z: A ==> fz:f‘ A
(proof )

lemma rev-image-eql: ©:A ==> b = fx ==> b : f‘A
— This version’s more effective when we already have the required z.
(proof )

lemma imageFE [elim!]:
b: (%x. fo)A==>(Nz.b=fz ==>z:A==>P)==>P
— The eta-expansion gives variable-name preservation.
(proof)

lemma image-Un: f(A Un B) = f‘A Un ‘B
(proof )

lemma image-iff: (z : f‘A) = (EX z:A. z = fz)
{proof)



THEORY “Set” 63

lemma image-subset-iff: (f'A C B) = (Vz€A. fz € B)
— This rewrite rule would confuse users if made default.
(proof)

lemma subset-image-iff: (B C f‘A) = (EX AA. AA C A& B = f‘AA)
{proof)

lemma image-subsetl: (\z. x € A ==> fz € B) ==> ffAC B
— Replaces the three steps subsetl, imageFE, hypsubst, but breaks too many existing
proofs.

{proof)

Range of a function — just a translation for image!

lemma range-eql: b = fx ==> b € range f
(proof )

lemma rangel: f z € range f
(proof)

lemma rangeFE [elim?]: b € range (M\z. fz) ==> (lz. b = fz ==> P) ==> P
(proof )

5.4.19 Set reasoning tools

Rewrite rules for boolean case-splitting: faster than split-if [split].
lemma split-if-eq1: ((if Q then zelsey) =b) = (@ —> 2z =0) & (~ Q —>

y=10))
(proof)

lemma split-if-eq2: (a = (if Q thenz else y)) = (@ ——>a=2) & (7 Q ——>
a=y))
(proof)

Split ifs on either side of the membership relation. Not for [simp] — can
cause goals to blow up!
lemma split-if-mem1: ((if Q then x elsey) : b) = (Q ——>z:b) & (¥ Q@ —>

y: b))
(proof)

lemma split-if-mem?2: (a : (if Q then zelse y)) = (@ —> a:2) & (¥ Q —>
a:y))
{proof)

lemmas split-ifs = if-bool-eq-conj split-if-eql split-if-eq2 split-if-mem1 split-if-mem?2

lemmas mem-simps =
insert-iff empty-iff Un-iff Int-iff Compl-iff Diff-iff
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mem-Collect-eq UN-iff Union-iff INT-iff Inter-iff
— Each of these has ALREADY been added [simp] above.

(ML)
declare subset-UNIV [simp] subset-refl [simp]

5.4.20 The “proper subset” relation

lemma psubset] [introl]l: AC B==>A# B==>ACB
{proof)

lemma psubsetE [elim!]:
[AcC B; [|[AC B; ™~ (BCA)|] ==> R||==>R
{proof)

lemma psubset-insert-iff :

(A C insert x B) = (if v € Bthen A C Belseifx € A then A — {z} C B else
AC B)

{proof )

lemma psubset-eq: (A C B) = (A C B & A # B)
{proof)

lemma psubset-imp-subset: A C B ==> A C B
(proof)

lemma psubset-trans: [| AC By BC C||==>AcC C

{(proof)

lemma psubsetD: [| AC B;ce€ A|]==>c€B
(proof)

lemma psubset-subset-trans: A C B ==> B C C ==> Ac C
(proof)

lemma subset-psubset-trans: A C B ==> B c C ==> AcC C
(proof )

lemma psubset-imp-ex-mem: A C B ==> 3b. b € (B — A)
(proof )

lemma atomize-ball:
(Nz. z € A==> P x) == Trueprop (Vz€A. P x)
(proof)

declare atomize-ball [symmetric, rulify]
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5.5 Further set-theory lemmas

5.5.1 Derived rules involving subsets.

nsert.
lemma subset-insertl: B C insert a B

{proof)

lemma subset-insertl2: A C B = A C insert b B
(proof)

lemma subset-insert: ¢ ¢ A ==> (A C insert  B) = (A C B)
{proof)

Big Union — least upper bound of a set.
lemma Union-upper: B € A ==> B C Union A
(proof )

lemma Union-least: (1 X. X € A ==> X C () ==> Union A C C
(proof)

General union.
lemma UN-upper: a € A ==> B a C (|Jz€A. B 1)
{proof)

lemma UN-least: (lz. x € A ==> Bz C C) ==> (Jz€A. Bz) C C
{proof)

Big Intersection — greatest lower bound of a set.

lemma Inter-lower: B € A ==> Inter A C B

(proof)

lemma Inter-subset:
I"X. X e A==>XCB;A~={}||==>NACB
(proof )

lemma Inter-greatest: (!1X. X € A ==> C C X) ==> C C Inter A
(proof )

lemma INT-lower: a € A ==> ((2€A. Bz) C Ba
{proof)

lemma INT-greatest: (!z. z € A ==> C C Bz) ==> C C ((\z€A. Bx)
{proof)

Finite Union — the least upper bound of two sets.

lemma Un-upperli: A C AU B

65
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{proof)

lemma Un-upper2: B C AU B
(proof )

lemma Un-least: AC C ==> B C (C==>AUBCUC(C
(proof )

Finite Intersection — the greatest lower bound of two sets.

lemma Int-lowerl: AN B C A

(proof )

lemma Int-lower2: AN B C B
(proof)

lemma Int-greatest: C C A==>CC B==>CCANB
(proof)

Set difference.

lemma Diff-subset: A — B C A
{proof )

lemma Diff-subset-conv: (A — B C €)= (A C BU ()
(proof)

Monotonicity.
lemma mono-Un: mono f ==> fA U fB C f (AU B)

{proof)

lemma mono-Int: mono f ==>f (ANB)CfANfB
(proof )

5.5.2 Equalities involving union, intersection, inclusion, etc.

{3

lemma Collect-const [simp]: {s. P} = (if P then UNIV else {})
— supersedes Collect-False-empty
(proof)

lemma subset-empty [simp]: (A C {}) = (A ={})
{proof)

lemma not-psubset-empty [iff]: = (4 < {})
(proof)

lemma Collect-empty-eq [simp]: (Collect P = {}) = (Vx. = P x)
{proof)
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lemma Collect-neg-eq: {x. -~ Pz} = — {z. Pz}
{proof)

lemma Collect-disj-eq: {z. Pz | Q 2} = {z. Pz} U {z. Q =}
(proof)

lemma Collect-imp-eq: {z. Pz ——> Q z} = —{z. Pz} U {z. Q z}
{proof)

lemma Collect-conj-eq: {x. Pz & Q z} = {z. Pz} N {z. Q z}
{proof)

lemma Collect-all-eq: {x. Vy. Pz y} = (Ny. {z. Pz y})
{proof)

lemma Collect-ball-eq: {x. VycA. Pz y} = ((y€A. {z. Pz y})
{proof)

lemma Collect-ez-eq: {z. Jy. Pz y} = (Uy. {z. Pz y})
{proof)

lemma Collect-bez-eq: {z. 3ycA. Pz y} = (JyeA. {z. Pz y})
{proof)

insert.

lemma insert-is-Un: insert a A = {a} Un A
— NOT SUITABLE FOR REWRITING since {a} == insert a {}
{proof)

lemma insert-not-empty [simp]: insert a A # {}
{proof)

lemmas empty-not-insert = insert-not-empty [symmetric, standard)
declare empty-not-insert [simp]

lemma insert-absorb: a € A ==> inserta A = A
— [simp] causes recursive calls when there are nested inserts
— with quadratic running time

(proof)

lemma insert-absorb2 [simp]: insert x (insert x A) = insert v A
{proof)

lemma insert-commute: insert x (insert y A) = insert y (insert z A)
{proof)

lemma insert-subset [simp]: (insert t A C B) = (z € B & A C B)
{proof)
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lemma mk-disjoint-insert: a € A ==> 3B. A = insert a B & a ¢ B
— use new B rather than A — {a} to avoid infinite unfolding

{proof)

lemma insert-Collect: insert a (Collect P) = {u. v # a ——> P u}
(proof)

lemma UN-insert-distrib: w € A ==> (| Jz€A. insert a (Bz)) = insert a (|Jz€A.
B z)
{proof)

lemma insert-inter-insert[simp]: insert a A N insert a B = insert a (A N B)
{proof)

lemma insert-disjoint[simp]:

(insert a ANB={})=(a¢ BANANB=1{})
{} =inserta AN B)=(a¢ BAN{} =ANB)
{proof)

lemma disjoint-insert|simp
(BnNinsert a A ={}) =(
{} = Aninsert b B) = (
(proof)

{H

]:
a¢ BABNA
bg AN{} = B)

{}=4

Dl

1mage.

lemma image-empty [simp]: f{} = {}
{proof)

lemma image-insert [simp]: f < insert a B = insert (f a) (f'B)
(proof)

lemma image-constant: x € A ==> (Az. ¢) ‘A = {c}
{proof)

lemma image-image: f < (¢ ‘ A) = (\z. f (g x)) ‘A
{proof)

lemma insert-image [simp]: x € A ==> insert (fz) (f‘A) = fA
(proof)

lemma image-is-empty [iff]: (ffA={}) = (A ={})
{proof)

lemma image-Collect: f“ {x. Pz} = {fz | z. Pz}

— NOT suitable as a default simprule: the RHS isn’t simpler than the LHS,
with its implicit quantifier and conjunction. Also image enjoys better equational
properties than does the RHS.
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{proof)

lemma if-image-distrib [simp):
(Ax. if P x then fx else gzx) © S
— (SN e Pal) U (g (50 {o - Pa})
(proof )
lemma image-cong: M = N ==> (Nlz. 2 € N ==> fz = gz) ==> ‘M = ¢‘N
(proof)

range.
lemma full-SetCompr-eq: {u. Jz. v = fa} = range f
(proof )
lemma range-composition [simp): range (Az. f (g z)) = frange g
(proof)

Int

lemma Int-absord [simp]: AN A=A
{proof)

lemma Int-left-absorb: AN (ANB)=ANB
{proof)

lemma Int-commute: AN B=BNA
(proof )

lemma Int-left-commute: AN (BN C)=BnNn((ANC)
{proof)

lemma Int-assoc: (AN B)N C =AnN (BN ()
(proof)

lemmas Int-ac = Int-assoc Int-left-absorb Int-commute Int-left-commute
— Intersection is an AC-operator

lemma Int-absorbl: B C A==> ANB =18
(proof)

lemma Int-absorb2: AC B==> ANB=A
(proof )

lemma Int-empty-left [simp]: {} N B = {}
{proof)

lemma Int-empty-right [simp]: A N {} = {}
{proof)
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lemma disjoint-eq-subset-Compl: (AN B ={}) = (A C —B)
{proof)

lemma disjoint-iff-not-equal: (A N B = {}) = (Vz€A. VyeB. x # y)
{proof)

lemma Int-UNIV-left [simp]: UNIV N B = B
{proof)

lemma Int-UNIV-right [simp]: AN UNIV = A
{proof)

lemma Int-eq-Inter: AN B = ({4, B}
{proof)

lemma Int-Un-distrib: AN (BUC)=(ANB)U(4A4n C)
(proof)

lemma Int-Un-distrib2: (B U C) N A= (BN A) U (CnNA)
{proof)

lemma Int-UNIV [simp]: (AN B = UNIV) = (A = UNIV & B = UNIV)
(proof)

lemma Int-subset-iff [simp]: (C C AN B)=(CC A& CC B)
{proof)

lemma Int-Collect: (x € AN{z. Pz})=(zr € A& Px)
{proof)

Un.

lemma Un-absorb [simp]: AU A=A
{proof)

lemma Un-left-absorb: AU (AU B) = AU B
(proof)

lemma Un-commute: AU B =B U A
(proof)

lemma Un-left-commute: AU (BU C) =B U (AU C)
(proof)

lemma Un-assoc: (AU B)U C =AU (BU Q)
{proof)

lemmas Un-ac = Un-assoc Un-left-absorb Un-commute Un-left-commute
— Union is an AC-operator

70
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lemma Un-absorbl: AC B==>AUB =B
(proof)

lemma Un-absorb2: B C A ==>AUB=A
(proof)

lemma Un-empty-left [simp]: {} U B = B
{proof)

lemma Un-empty-right [simp]: AU {} = A
{proof)

lemma Un-UNIV-left [simp]: UNIV U B = UNIV
{proof)

lemma Un-UNIV-right [simp]: A U UNIV = UNIV
{proof)

lemma Un-eg-Union: AU B = |J{A, B}
{proof)

lemma Un-insert-left [simp]: (insert a B) U C = insert a (B U C)
(proof)

lemma Un-insert-right [simp]: A U (insert a B) = insert a (A U B)
(proof)

lemma Int-insert-left:
(insert a B) Int C' = (if a € C then insert a (B N C) else BN C)

{proof)

lemma Int-insert-right:
A N (insert a B) = (if a € A then insert a (A N B) else AN B)

{proof)

lemma Un-Int-distrib: AU (BN C)=(AUB)n (AU C)
{proof)

lemma Un-Int-distrib2: (BN C) U A= (BUA) N (CUA)
{proof)

lemma Un-Int-crazy:
(ANB)UBNC)U(CNA) =(AUB)N(BUC)N(CUA)
{proof )

lemma subset-Un-eq: (A C B) = (AU B = B)
{proof)

lemma Un-empty [iff]: (AU B ={}) =(A={} & B ={})
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{proof)

lemma Un-subset-iff [simp]: (AU B C C)=(AC C& BC ()
{proof)

lemma Un-Diff-Int: (A — B)U (AN B)=A
{proof)

Set complement

lemma Compl-disjoint [simp]: AN —A = {}
{proof)

lemma Compl-disjoint2 [simp]: —A N A = {}
{proof)

lemma Compl-partition: A U —A = UNIV
(proof )

lemma Compl-partition2: —A U A = UNIV
(proof )

lemma double-complement [simp]: — (—A) = (A::'a set)

(proof)

lemma Compl-Un [simp]: —(A U B) = (—A4) N (—B)
{proof)

lemma Compl-Int [simp]: —(A N B) = (—A4) U (-B)
{proof)

lemma Compl-UN [simp]: —(|Jz€A. Bz) = ((Jz€A. —B 1)
{proof)

lemma Compl-INT [simp]: —((\z€A. Bz) = (Jz€A. —B z)
(proof)

lemma subset-Compl-self-eq: (A C —A) = (A ={})
{proof)

lemma Un-Int-assoc-eq: (AN B)U C =AN(BUC)) =(CCA)
— Halmos, Naive Set Theory, page 16.
(proof)

lemma Compl-UNIV-eq [simp]: —UNIV = {}
{proof)

lemma Compl-empty-eq [simp]: —{} = UNIV
(proof )

72
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lemma Compl-subset-Compl-iff [iff]: (—A C —B) = (B C A)
{proof)

lemma Compl-eq-Compl-iff [iff]: (—4A = —B) = (A = (B::'a set))
(proof )

Union.

lemma Union-empty [simp]: Union({}) = {}
{proof )

lemma Union-UNIV [simp]: Union UNIV = UNIV
(proof)

lemma Union-insert [simp]: Union (insert a B) = a U |JB
{proof)

lemma Union-Un-distrib [simp]: |J(A Un B) = |JAU B
(proof)

lemma Union-Int-subset: | J(AN B) C UANUB
{proof)

lemma Union-empty-conv [iff]: (UA = {}) = (Vz€A. z = {})
{proof)

lemma empty-Union-conv [iff]: {} = UJ4) = (Vzed. z = {})
{proof)

lemma Union-disjoint: (JC N A= {}) = (VBeC. BN A ={})
(proof)

Inter.

lemma Inter-empty [simp]: ({} = UNIV
{proof)

lemma Inter-UNIV [simp]: (J UNIV = {}
{proof)

lemma Inter-insert [simpl: () (insert a B) = a N (B

(proof )

lemma Inter-Un-subset: (VAU (B C (AN B)
{proof)

lemma Inter-Un-distrib: (J(AU B) =(NANNB
{proof)

lemma Inter-UNIV-conv [iff]:
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(NA = UNIV) = (Vz€A. z = UNIV)

(UNIV =N A) = (VzeA. z = UNIV)
(proof )
UN and INT.

Basic identities:

lemma UN-empty [simp]: (Jze{}. Bz) = {}
(proof)

lemma UN-empty2 [simp]: (Jz€A. {}) = {}
(proof)

lemma UN-singleton [simp]: (Jz€A. {z}) = A
{proof)

lemma UN-absorb: k € I ==> Ak U (|Jiel. Ai) = (Jiel. A i)
{proof)

lemma INT-empty [simp]: (z€{}. B x) = UNIV
{proof)

lemma INT-absorb: k € [ ==> A kN (i€l. Ai)=(Niel. A1)
{proof)

lemma UN-insert [simp]: ((Jx€insert a A. Bz) = Ba U UNION A B
{proof)

lemma UN-Un: (Ji € AUB. Mi)=(UJi€cA. Mi)U (Ji€eB. M i)
(proof)

lemma UN-UN-flatten: (Jz € (Uy€A. By). Cz) = (JycA. JzeB y. Cx)
{proof )

lemma UN-subset-iff: (({[Ji€l. A i) C B) = (Viel. Ai C B)
{proof)

lemma INT-subset-iff: (B C ((i€l. A 1)) = (Viel. B C A1)
{proof)

lemma INT-insert [simp]: (\z € insert a A. Bz) = Ba N INTER A B
(proof)

lemma INT-Un: (i € AUB. Mi)= (i€ A Mi)n (i€B. M)
{proof)

lemma INT-insert-distrib:
u € A==> (NzcA. insert a (B z)) = insert a ([(z€A. B x)
{proof )
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lemma Union-image-eq [simp]: |J (B‘A) = (Jz€A. B )
{proof)

lemma image-Union: f“|JS = (Jz€eS. f ‘x)
(proof )

lemma Inter-image-eq [simp]: () (B‘A) = ((z€A. B 1)
{proof)

lemma UN-constant [simp]: (Jy€A. ¢) = (if A = {} then {} else c)
{proof)

lemma INT-constant [simp]: (y€A. ¢) = (if A = {} then UNIV else c)
{proof)

lemma UN-eq: ((Jz€A. Bz) =J{Y.Jz€A. Y = Bz})
(proof)

lemma INT-eq: (Nz€A. Bz) =(({Y.3z€d. Y = Bz}
— Look: it has an existential quantifier

(proof)

lemma UNION-empty-conv|iff]:
({} = (UNz:A. Bz)) = (Vz€A. Bz ={})
((UN z:A. Bz) = {}) = (Vz€A. Bz = {})

(proof)

lemma INTER-UNIV-convliff]:
(UNIV = (INT z:A. Bz)) = (Vz€A. Bx = UNIV)
((INT z:A. Bz) = UNIV) = (Vz€A. Bz = UNIV)

(proof)

Distributive laws:

lemma Int-Union: AN|JB = (JCeB. An ()
{proof)

lemma Int-Union2: | UB N A= (JCeB. CNA
{proof)

lemma Un-Union-image: ((Jz€C. Az U Bz) =J(AC) U (BC)
— Devlin, Fundamentals of Contemporary Set Theory, page 12, exercise 5:
— Union of a family of unions

{proof)

lemma UN-Un-distrib: (|Ji€l. A iU Bi) = (Jiel. Ai)U (Ji€l. Bi)
— Equivalent version
(proof)

lemma Un-Inter: AU (B = ((CeB. AU ()
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{proof)

lemma Int-Inter-image: (Nz€C. Az N Bz)=(4C) N (BC)
{proof)

lemma INT-Int-distrib: ((i€l. A i N Bi) = (i€l. Ai) N (i€l. Bi)
— Equivalent version
(proof)

lemma Int-UN-distrib: B N (|Jiel. A i) = (Uiel. BN A4)
— Halmos, Naive Set Theory, page 35.
(proof)

lemma Un-INT-distrib: B U ((i€l. A i) = (i€l. BU A1)
{proof)

lemma Int-UN-distrib2: (Jicl. A i) n (JjeJ. Bj) = (Uiel. JjeJ. Ain B
7)
(proof)

lemma Un-INT-distrib2: ((iel. Ai) U (NjeJ. Bj) = (Nicl.NjeJ. AiUB
7)
{proof )

Bounded quantifiers.
The following are not added to the default simpset because (a) they duplicate
the body and (b) there are no similar rules for Int.

lemma ball-Un: Wz € AU B. Pz) = ((VYe€A. Pz) & (VzeB. P x))
{proof)

lemma bex-Un: (32 € AU B. Pz) = ((3z€A. Pz) | (3z€B. P x))
(proof)

lemma ball-UN: (Vz € UNION A B. P z) = (Vz€A. Vz € Bz. P z)
(proof)

lemma bex-UN: (32 € UNION A B. P z) = (3z€A. 3z€B z. P 2)
{proof)

Set difference.

lemma Diff-eq: A — B= AN (—B)
{proof)

lemma Diff-eqg-empty-iff [simp]: (A — B = {}) = (A C B)
{proof)

lemma Diff-cancel [simp]: A — A = {}
{proof)
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lemma Diff-idemp [simp]: (A — B) — B = A — (B::a set)
(proof)

lemma Diff-triv: ANB={}==>A-B=A4
{proof)

lemma empty-Diff [simp]: {} — A = {}
{proof)

lemma Diff-empty [simp]: A — {} = A
{proof)

lemma Diff-UNIV [simp]: A — UNIV = {}
{proof)

lemma Diff-insert0 [simp]: ¢ ¢ A ==> A — insert t B=A — B
{proof)

lemma Diff-insert: A — insert a B=A — B — {a}
— NOT SUITABLE FOR REWRITING since {a} == insert a 0
(proof)

lemma Diff-insert2: A — insert a B=A — {a} — B
— NOT SUITABLE FOR REWRITING since {a} == insert a 0
(proof)

lemma insert-Diff-if: insert t A — B = (if © € B then A — B else insert z (A —
B))
(proof )

lemma insert-Diff1 [simp]: © € B ==> insertt A — B=A— B

(proof)

lemma insert-Diff-single[simp]: insert a (A — {a}) = insert a A

(proof)

lemma insert-Diff: a € A ==> insert a (A — {a}) = A
{proof )

lemma Diff-insert-absorb: © ¢ A ==> (insert ¢ A) — {z} = A
{proof)

lemma Diff-disjoint [simp]: AN (B — A) = {}
{proof)

lemma Diff-partition: A C B==> AU (B — A) =B
(proof)
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lemma double-diff: AC B==>BC (C==>B—-(C—-A4) =4
{proof)

lemma Un-Diff-cancel [simp]: AU (B — A) = AU B
{proof)

lemma Un-Diff-cancel2 [simp]: (B — A)UA=BUA
{proof)

lemma Diff-Un: A — (BUC)=(A—-B)n (A - C)
{proof)

lemma Diff-Int: A — (BN C)=(A—-B)U (4 - C)
{proof)

lemma Un-Diff: (AUB) — C=(A—- C)U (B - ()
{proof)

lemma Int-Diff: (AN B) — C=AnNn(B - ()
{proof)

lemma Diff-Int-distrib: C N (A — B) = (C N A) — (CnNB)
{proof)

lemma Diff-Int-distrib2: (A — B)Nn C = (AN C) - (Bn C)
{proof)

lemma Diff-Compl [simp]: A — (- B)=ANB
{proof)

lemma Compl-Diff-eq [simp]: — (A — B) = —AU B
(proof)

Quantification over type bool.

lemma all-bool-eq: (V b::bool. P b) = (P True & P False)
(proof)

lemma bool-induct: P True — P Fualse — P x
(proof)

lemma ex-bool-eq: (I b::bool. P b) = (P True | P False)
(proof)

lemma Un-eq-UN: AU B = (|Jb. if b then A else B)
{proof)

lemma UN-bool-eq: (|J b::bool. A b) = (A True U A False)
{proof)
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lemma INT-bool-eq: ([ b::bool. A b) = (A True N A False)
{proof)
Pow

lemma Pow-empty [simp]: Pow {} = {{}}
(proof)

lemma Pow-insert: Pow (insert a A) = Pow A U (insert a * Pow A)
{proof)

lemma Pow-Compl: Pow (— A) = {—-B | B. A € Pow B}
{proof)

lemma Pow-UNIV [simp]: Pow UNIV = UNIV
{proof)

lemma Un-Pow-subset: Pow A U Pow B C Pow (A U B)
(proof)

lemma UN-Pow-subset: (| Jx€A. Pow (B z)) C Pow ((Jz€A. B x)
{proof)

lemma subset-Pow-Union: A C Pow (|J A)

{proof)

lemma Union-Pow-eq [simp]: |J (Pow A) = A
{proof)

lemma Pow-Int-eq [simp]: Pow (AN B) = Pow A N Pow B
{proof)

lemma Pow-INT-eq: Pow ((Jz€A. Bz) = ((Nz€A. Pow (B z))
{proof)

Miscellany.

lemma set-eq-subset: (A = B) = (A C B & B C 4)
(proof)

lemma subset-iff: (A C B) = (Vt.t € A ——>t € B)
{proof)

lemma subset-iff-psubset-eq: (A C B) = ((A C B) | (A = B))
{proof)

lemma all-not-in-conv [iff]: Vz. z ¢ A) = (A ={})
(proof)

lemma ez-in-conv: (3z. z € A) = (A # {})
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{proof)

lemma distinct-lemma: fo # fy==>z #y
(proof )

Miniscoping: pushing in quantifiers and big Unions and Intersections.

lemma UN-simps [simp]:

la B C. (UN z:C. insert a (B x)) = (if C={} then {} else insert a (UN z:C. B
)

WA BC.(UNxz:C. Ax UnB) = ((if C={} then {} else (UN z:C. A z) Un
B))

WA B C. (UNz:C. AUn Bz) = ((if C={} then {} else A Un (UN z:C. B
z)))

WABC.(UNz:C. Az Int B) = ((UNz:C. A z) Int B)

WA BC.(UNz:C. AInt Bz) = (A Int (UN z:C. B x))

WABC. (UNz:C. Az — B) = ((UNz:C. Az)— B)

WABC.(UNz:C.A—Bz) =(A—-(INTz:C. Buz))

"A B. (UN z: Union A. B z) = (UN y:A. UN z:y. B x)

WA BC.(UNz: UNION A B. Cz) = (UN z:A. UN z: B(z). C z2)

WA Bf.(UNz:fA. Bz) = (UN a:A. B (f a))

{proof)

lemma INT-simps [simp]:

WA B C. (INT z:C. A x Int B) = (if C={} then UNIV else (INT z:C. A z) Int
B)

WA B C. (INT z:C. A Int B z) = (if C={} then UNIV else A Int (INT z:C. B
z))

WA BC.(INTx:C. Az — B) = (if C={} then UNIV else (INT x:C. A z) —
B)

WA BC. (INTz:C. A— Bz) = (if C={} then UNIV else A — (UN z:C. B
z))

la B C. (INT z:C. insert a (B z)) = insert a (INT z:C. B x)

WA BC.(INTz:C. Az UnB) = ((INT z:C. A z) Un B)

WA BC.(INTz:C. AUnBz) = (A Un (INT z:C. B z))

WA B. (INT z: Union A. Bx) = (INT y:A. INT z:y. B )

WA B C. (INT z: UNION A B. C z) = (INT z:A. INT z: B(z). C z)

WA Bf. (INTz:f'A. Bz) = (INT a:A. B (fa))

{proof)

lemma ball-simps [simp]:
WA P Q. (ALL z:A. Pz | Q) = ((ALL z:A. P z) | Q)
WA PQ. (ALLxz:A. P | Qz) = (P | (ALL z:A. Q x))
WAPQ. (ALLz:A. P —> Q1 (P ——> (ALL z:A. Q x))
WA PGQ. (ALLz:A. Pz ——> @Q ((EX z:A. Pz) ——> Q)
WP. (ALL z:{}. P z) = True
"P. (ALL z:UNIV. P z) = (ALL z. P x)
la B P. (ALL z:insert a B. Px) = (P a & (ALL z:B. P x))
WA P. (ALL z:Union A. P z) = (ALL y:A. ALL x:y. P x)
WA B P. (ALL z: UNION A B. P z) = (ALL a:A. ALL & B a. P 1)

) =
) =
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NP Q. (ALL z:Collect Q. Px) = (ALL z. Q x ——> P 1)
WA Pf. (ALL z:f‘A. Pz) = (ALL z:A. P (fxz))

WA P. (Y(ALL z:A. P z)) = (EX z:A. P x)

{proof)

lemma bex-simps [simp]:
NWAPQ (EX2A Pz & Q)= ((EX2:A Pz)& Q)
WAPQ (EX2:A P& Q)= (P & (EX z:A. Q1))
WP. (EX z:{}. P z) = False
"P.(EX z:UNIV. Pz) = (EX x. P x)
la B P. (EX x:insert a B. P z) = (P(a) | (EX z:B. P x))
WA P. (EX z:Union A. P z) = (EX y:A. EX z:y. P 1)
WA B P. (EX z: UNION A B. P z) = (EX a:A. EX :B a. P z)
P Q. (EX z:Collect Q. Px) = (EXz. Qz & Px)
WA Pf. (EX z:fA. Pz) = (EX 2:A. P (fz))
WA P. (¥(EX z:A. Px)) = (ALL z:A. P x)
(proof)

lemma ball-cong-distrib:
(ALL z:A. Pz & Qz) = ((ALL :A. P z) & (ALL z:A. Q x))

(proof)

lemma bex-disj-distrib:
(EXz:A. Pz | Qz)=(EXz:A. Pz) | (EX z:A. Q x))
(proof)

Maxiscoping: pulling out big Unions and Intersections.

lemma UN-extend-simps:

la B C. insert a (UN z:C. B z) = (if C={} then {a} else (UN z:C. insert a
(B 2)))

WABC.(UNz:C. Az) Un B (if C={} then B else (UN z:C. A z Un B))

WA BC.AUn (UNuz:C. Bzx) (if C={} then A else (UN z:C. A Un B z))

WA BC. ((UNz:C. Az) Int B) = (UN z:C. A z Int B)

WA BC. (A Int (UNx:C. Bz)) = (UNz:C. A Int B x)

WA BC. ((UNz:C. Az) — B)=(UNz:C. Az — B)

WABC.(A—- (INTz:C. Bz)) =(UNz:C. A — Bz)

"A B. (UN y:A. UN z:y. B z) = (UN z: Union A. B )

WA BC.(UN z:A. UN z: B(z). C z) = (UN z: UNION A B. C z)

"A Bf.(UN a:A. B (fa)) = (UN z:fA. B x)

(proof )

lemma INT-extend-simps:
WA B C. (INT z:C. A z) Int B = (if C={} then B else (INT z:C. A z Int B))
WA BC. AInt (INT z:C. Bz) = (if C={} then A else (INT z:C. A Int B z))
WA BC.(INTz:C. Az) — B = (if C={} then UNIV—B else (INT z:C. A z
~B)
WABC.A— (UNuxz:C. Bz) = (if C={} then A else (INT z:C. A — B x))
la B C.insert a (INT z:C. Bx) = (INT z:C. insert a (B z))
WA BC.(INTz:C. Az) Un B) = (INT z:C. A z Un B)
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WABC.AUn (INTz:C. Bz) = (INT z:C. A Un B 1)

WA B. (INT y:A. INT z:y. Bz) = (INT x: Union A. B )

WA B C. (INT z:A. INT z: B(z). C z) = (INT z: UNION A B. C z)
WA Bf. (INT a:A. B (fa)) = (INT z:f‘A. B 1)

{proof)

5.5.3 Monotonicity of various operations

lemma image-mono: A C B ==> f‘A C f'B
(proof )

lemma Pow-mono: A C B ==> Pow A C Pow B
(proof)

lemma Union-mono: A C B==>|JA C|JB
(proof)

lemma Inter-anti-mono: B C A ==> (1A C (B
(proof)

lemma UN-mono:
ACB==>lz.xe A==>fazCgzx)==>
(UzeA. fz) C (JzeB. g x)
{proof)

lemma INT-anti-mono:
BCA==> (lz.xe A==>fzCgzx)==>

(NzeA. fz) C(Nz€A. g )
— The last inclusion is POSITIVE!

{proof)

lemma insert-mono: C C D ==> insert a C C insert a D
(proof )

lemma Un-mono: A C C ==> B CD==>AUBCCUD
(proof)

lemma Int-mono: AC C==>BCD==>ANBCCND
(proof)

lemma Diff-mono: AC C ==>DCB==>A—-BCC-D
(proof )

lemma Compl-anti-mono: A C B ==> —B C —A
(proof)

Monotonicity of implications.

lemma in-mono: AC B==>zx ¢ A——>2z¢€ B
(proof)
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lemma conj-mono: P1 ——> Q1 ==> P2 ——> Q2 ==> (P1 & P2) ——> (Q!
& Q2)
(proof)

lemma disj-mono: P1 ——> Q1 ==> P2 ——> Q2 ==> (P1 | P2) ——> (Q1 |
Q2)
(proof)

lemma imp-mono: Q1 ——> P1 ==> P2 ——> Q2 ==> (Pl ——> P2) ——>
(Q1 ——> @2)
(proof )

lemma imp-refl: P ——> P (proof)

lemma ex-mono: Nz. Px ——> Q z) ==> (EXz. Pz) ——> (EX z. Q )
(proof)

lemma all-mono: (Nz. Pz ——> Q ) ==> (ALL z. Pz) —> (ALL z. Q )
{proof)

lemma Collect-mono: Nz. Pz ——> @ x) ==> Collect P C Collect Q
(proof)

lemma Int-Collect-mono:
ACB==>Nz.z2 € A==> Pz ——> Qz) ==> AN Collect PC BN
Collect Q)
(proof)

lemmas basic-monos =
subset-refl imp-refl disj-mono conj-mono
ex-mono Collect-mono in-mono

lemma eg-to-mono: a = b==>c=d==>b—-—>d==>a——>c
(proof)

lemma eq-to-mono2: a =b==>c=d==>"b——>""d==>"a——>"c
(proof)

lemma Least-mono:
mono (f::'azorder => 'b:iorder) ==> EX :S. ALL y:S. z <=y
==> (LEAST y.y:f‘S)=f (LEAST z. z : S)
— Courtesy of Stephan Merz
(proof )

5.6 Inverse image of a function

constdefs
vimage :: (‘a => 'b) => 'b set => 'a set  (infixr —* 90)
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f—“B==A{z.fz: B}

5.6.1 Basic rules
lemma vimage-eq [simp]: (a : f = B) = (fa: B)
{proof )

lemma vimage-singleton-eq: (a : f —* {b}) = (fa = b)
(proof)

lemma vimagel [intro]: fa =b==>b:B==>a:f —‘B
{proof )

lemma vimagel2: fa: A==>a:f—‘A
(proof )

lemma vimageE [elim!]: a: f — B ==> (lz. fa = 2 ==> ©:B ==> P) ==>
p
{proof)

lemma vimageD: a : f —“A==> fa: A
(proof )

5.6.2 Equations

lemma vimage-empty [simp]: f —¢ {} = {}
{proof)

lemma vimage-Compl: f —¢ (=A) = —(f —¢ A)
{proof)

lemma vimage-Un [simp]: f —¢ (A Un B) = (f —“A) Un (f —° B)
(proof)

lemma vimage-Int [simp]: f —¢ (A Int B) = (f — A) Int (f —* B)
(proof)

lemma vimage-Union: f —* (Union A) = (UN X:A. f —°X)
{proof)

lemma vimage-UN: f—‘(UN z:A. Bz) = (UN z:A. f —* B x)
{proof)

lemma vimage-INT: f—‘(INT z:A. Bz) = (INT z:A. f —‘ B z)
{proof)

lemma vimage-Collect-eq [simp]: f —* Collect P = {y. P (fy)}
(proof)

lemma vimage-Collect: (Nz. P (fz) = Q z) ==> f —* (Collect P) = Collect @
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{proof)

lemma vimage-insert: f—‘(insert a B) = (f—‘{a}) Un (f—‘B)
— NOT suitable for rewriting because of the recurrence of {a}.
(proof)

lemma vimage-Diff: f — (A — B) = (f —“A) — (f —* B)
(proof)

lemma vimage-UNIV [simp]: f —¢ UNIV = UNIV
(proof)
lemma vimage-eq-UN: f—‘B = (UN y: B. f—‘{y})

— NOT suitable for rewriting
(proof )

lemma vimage-mono: A C B==>f —-“ACf—‘B
— monotonicity
{proof )

5.7 Getting the Contents of a Singleton Set

constdefs
contents :: 'a set => 'a
contents X == THE z. X = {z}

lemma contents-eq [simp]: contents {z} = z

{(proof)

5.8 Transitivity rules for calculational reasoning

lemma set-rev-mp: ©:A ==> A C B ==> z:B

(proof )

lemma set-mp: A C B ==> x:4A ==> ©:B
(proof )

lemma ord-le-eq-trans: a <= b ==>b=c==>a <=c¢
(proof )

lemma ord-eg-le-trans: a = b ==> b <= ¢ ==> a <= ¢
(proof )

lemma ord-less-eq-trans: a < b ==> b =c==>a < ¢
(proof )

lemma ord-eg-less-trans: a = b ==> b < ¢ ==> a < ¢
(proof )

lemma order-less-subst2: (a::’a::order) < b ==> fb < (ci/ciorder) ==>
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Ny z<y==>fz<fy ==>fa<c

{proof)

lemma order-less-substl: (a::'a::order) < fb ==> (b::'b:iorder) < ¢ ==>
My z<y==>fz<fy)=>a</fc

(proof)

lemma order-le-less-subst2: (a::’a::order) <= b ==> fb < (c::'c::order) ==>
My z<=y==>far<=fy)==>fa<c

(proof)

lemma order-le-less-subst1: (a::’a:order) <= fb ==> (b::'border) < ¢ ==>
Mzy. z<y==>fz<fy)==>a<fc
(proof)

lemma order-less-le-subst2: (a::’a::order) < b ==> fb <= (c¢::'c::order) ==>
Ny z<y==>fz<fy ==>fa<c
(proof )

lemma order-less-le-substl: (a::'a:order) < fb ==> (b:'brorder) <= ¢ ==>
Ny z<=y==>fr<=fy)==>a<fc

(proof)

lemma order-substl: (a::'a::order) <= fb ==> (b::'border) <= ¢ ==>
Nzy. z<=y==>fao<=fy) ==>a<=fc

(proof)

lemma order-subst2: (a::'a::order) <= b ==> fb <= (c¢::'c::order) ==>
My z<=y==>fz<=fy)==>fa<=c
(proof)

lemma ord-le-eq-subst: a <= b ==> fb=c==>
MNzy z<=y==>fz<=fy)==>fa<=c
(proof)

lemma ord-eg-le-subst: a = fb ==> b <= ¢ ==>
Nry. z<=y==>fr<=fy) ==>a<=fc

(proof)

lemma ord-less-eq-subst: a < b ==> fb = ¢ ==>
Mzy. z<y==>fz<fy ==>fa<c

(proof)

lemma ord-eq-less-subst: a = fb ==> b < ¢ ==>
Mzy. z<y==>fz<fy)==>a<fc
(proof)

Note that this list of rules is in reverse order of priorities.

lemmas basic-trans-rules [trans] =
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order-less-subst2
order-less-subst1
order-le-less-subst2
order-le-less-subst1
order-less-le-subst2
order-less-le-subst1
order-subst2
order-subst1
ord-le-eq-subst
ord-eq-le-subst
ord-less-eq-subst
ord-eq-less-subst
forw-subst
back-subst

rev-mp

mp

set-rev-mp

set-mp
order-neg-le-trans
order-le-neq-trans
order-less-trans
order-less-asym’
order-le-less-trans
order-less-le-trans
order-trans
order-antisym
ord-le-eq-trans
ord-eqg-le-trans
ord-less-eq-trans
ord-eq-less-trans
trans

end

6 Typedef: HOL type definitions

theory Typedef

imports Set

uses (Tools/typedef-package. ML)
begin

locale type-definition =
fixes Rep and Abs and A
assumes Rep: Rep x € A
and Rep-inverse: Abs (Rep ) = x
and Abs-inverse: y € A ==> Rep (Absy) =y
— This will be axiomatized for each typedef!
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lemma (in type-definition) Rep-inject:
(Rep x = Rep y) = (z = y)
(proof)

lemma (in type-definition) Abs-inject:
assumes z: z € Aand y: y € 4
shows (Abs x = Abs y) = (z = y)
(proof)

lemma (in type-definition) Rep-cases [cases set]:
assumes y: y € A
and hyp: 'z. y = Rep x ==> P
shows P
(proof)

lemma (in type-definition) Abs-cases [cases type]:
assumes r: lly. . = Abs y ==>y € A ==> P
shows P

(proof)

lemma (in type-definition) Rep-induct [induct set]:
assumes y: y € A
and hyp: 'z. P (Rep x)
shows P y
(proof)

lemma (in type-definition) Abs-induct [induct type]:
assumes r: ly. y € A ==> P (Abs y)
shows P x

(proof)

(ML)

end

theory Fun
imports Typedef
begin

instance set :: (type) order
(proof)

constdefs
fun-upd = (Ya => 'b) => "a => b => (‘a => 'b)
fun-upd fa b == % z. if x=a then b else f x

nonterminals
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updbinds updbind

syntax

-updbind :: ['a, 'a] => updbind ((2-:=/-)

i updbind => updbinds ()

-updbinds:: [updbind, updbinds] => updbinds (-,/ -)

-Update :: ['a, updbinds] => 'a (-/'((-)") [1000,0] 900)
translations

-Update f (-updbinds b bs) == -Update (-Update f b) bs

f(z:=y) —= fun-upd f 7 y
constdefs

override-on :: ('a => 'b) => (‘a => 'b) => 'a set => (‘a => 'b)
override-on f g A == %a. if a : A then g a else f a

id = 'a => 'a
id == %z.

comp :: ['b => 'c, '/a =>'b, 'a] => 'c (infixl 0 55)
fog=="%z. f(g(z))

compatibility

lemmas o-def = comp-def

syntax (zsymbols)

comp :: ['b => "¢, 'a =>'b, 'a] => "¢ (infixl o 55)
syntax (HTML output)
comp :: ['b => "¢, 'a =>"'b, 'a] => ¢ (infixl o 55)
constdefs
inj-on :: ['a => 'b, 'a set] => bool
injron f A ==1x:A. | y:A. f(x)=f(y) ——> z=y

A common special case: functions injective over the entire domain type.

syntax inj : (‘a => 'b) => bool
translations
inj [ == inj-on f UNIV

constdefs
surj = (a => 'b) => bool
surj f ==1y. ?z. y=f(x)
bij :: (Ya => 'b) => bool
bij f == 1inj f & surj f

As a simplification rule, it replaces all function equalities by first-order equal-
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ities.

lemma expand-fun-eq: (f = g) = (! z. f(z)=g())
(proof)

lemma apply-inverse:
(| f(z)=u; Na. P(z) ==> g(f(z)) = z; P(z) || ==> z=g(u)
(proof)

The Identity Function: id

lemma id-apply [simp|: id x = x

(proof)

lemma inj-on-id[simp]|: inj-on id A

(proof)

lemma inj-on-id2[simp): inj-on (%ox. z) A

{(proof)

lemma surj-id[simp]: surj id
(proof)

lemma bij-id[simp]: bij id
(proof)
6.1 The Composition Operator: f o g

lemma o-apply [simp]: (fog) x = f (g z)
(proof)

lemma o-assoc: fo (goh)=fogoh

(proof)

lemma id-o [simp]: id 0o g = ¢
(proof)

lemma o-id [simp]: foid = f

(proof)

lemma image-compose: (f o g) ‘r = f(g‘r)
(proof)

lemma image-eq-UN: f‘A = (UN z:A. {f z})
(proof )

lemma UN-o: UNION A (g o f) = UNION (f‘A) g
(proof)
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6.2 The Injectivity Predicate, inj
NB: inj now just translates to inj-on

For Proofs in Tools/datatype-rep-proofs

lemma datatype-ingl:
Mz ALL y. f(z) = f(y) ——> z=y) ==> inj(f)
(proof)

theorem range-exi-eq: inj f = b : range f = (EX! z. b = fz)
(proof)

lemma injD: [| inj(f); f(z) = f(y) || ==> z=y
(proof)

lemma inj-eq: inj(f) ==> (f(z) = f(y)) = (z=y)
(proof)

6.3 The Predicate inj-on: Injectivity On A Restricted Do-
main

lemma inj-onl:
Mzy (| z:4; y:4; f(2) = f(y) || ==> z=y) ==> inj-on [ A
(proof)

lemma inj-on-inversel: (Nz. v:A ==> ¢g(f(z)) = z) ==> inj-on f A
(proof)

lemma inj-onD: || inj-on f A; f(z)=f(y); =:4; y:A|] ==> 2=y
(proof)

lemma inj-on-iff: [| inj-on f A; x:A; y:A || ==> (f(z)=f(y)) = (z=y)
(proof)

lemma comp-ing-on:
[| inj-on f A5 inj-on g (FA) || ==> inj-on (g o f) A
(proof)

lemma inj-on-imagel: inj-on (g o f) A = inj-on g (f * A)

(proof)

lemma inj-on-image-iff: | ALL z:A. ALL y:A. (¢(fz) = g(fy)) = (gz = gy);
inj-on fA] = inj-on g (f * A) = inj-on g A
(proof)

lemma inj-on-contraD: [| inj-on f A; ~x=y; x:A; y:A|] ==>" f(z)=f(y)
(proof)
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lemma inj-singleton: inj (%s. {s})

(proof)

lemma inj-on-empty[iff]: inj-on f {}

(proof)

lemma subset-inj-on: || inj-on f B; A <= B |] ==> inj-on f A
(proof)

lemma inj-on-Un:

inj-on f (A Un B) =

(ing-on f A & inj-on f B & f(A—B) Int f(B—A) = {})
(proof)

lemma inj-on-insert[iff]:
inj-on f (insert a A) = (ing-on f A & fa ~: f(A—{a}))
(proof )

lemma inj-on-diff: inj-on f A ==> inj-on f (A—B)
(proof )

6.4 The Predicate surj: Surjectivity

lemma surjl: (! z. g(fz) = ) ==> surj g

(proof)

lemma surj-range: surj f ==> range f = UNIV
(proof)

lemma surjD: surj f ==> EXz.y = fz
(proof )

lemma surjE: surj f ==> (Nz. y = fz ==> C) ==> C

{(proof)

lemma comp-surj: [| surj f; surjg|] ==> surj (g o f)
(proof)

6.5 The Predicate bij: Bijectivity

lemma bijl: [| ing f; surj f |] ==> bij f
(proof )

lemma bij-is-inj: bij f ==> inj f
(proof)

lemma bij-is-surj: bij f ==> surj f

(proof)
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6.6 Facts About the Identity Function

We seem to need both the id forms and the A\z. x forms. The latter can
arise by rewriting, while ¢d may be used explicitly.

lemma image-ident [simp]: (%ox. z) ‘Y =Y

(proof)

lemma image-id [simp): id ‘Y =Y

(proof)

lemma vimage-ident [simp]: (%oz. z) =Y =Y
(proof)

lemma vimage-id [simp]: id —° A = A

(proof)

lemma vimage-image-eq: f —° (f * A) = {y. EX x:A. fz = fy}
(proof)

lemma image-vimage-subset: f < (f —“A) <= A

(proof)

lemma image-vimage-eq [simp): f < (f —¢ A) = A Int range f
(proof)

lemma surj-image-vimage-eq: surj f ==> f* (f —“A) = A

(proof)

lemma inj-vimage-image-eq: inj f ==>f —¢ (f ‘A) = A
(proof)

lemma vimage-subsetD: surj f ==>f —‘B <= A==>B<=f‘A
(proof )

lemma vimage-subsetl: inj f ==> B<=f‘A==>f -‘B<=A

(proof)

lemma vimage-subset-eq: bij f ==> (f —*B <= A) = (B <=f‘A)
(proof )

lemma image-Int-subset: f‘(A Int B) <= f‘A Int f'B
{proof )

lemma image-diff-subset: ‘A — f‘B <= f‘(A — B)
(proof)

lemma inj-on-image-Int:
[| inj-on f C; A<=C; B<=C || ==> f(A Int B) = f‘A Int {‘B
(proof)
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lemma inj-on-image-set-diff :
[| inj-on f C; A<=C; B<=C || ==> f(A-B) = f'A — ‘B
(proof )

lemma image-Int: inj f ==> (A Int B) = f‘'A Int f‘B

(proof)

lemma image-set-diff: inj f ==> f(A—B) = f‘A — f'B

(proof )

lemma inj-image-mem-iff: inj f ==> (fa: f'A) = (a: A)
(proof)

lemma inj-image-subset-iff : inj f ==> (f‘A <= f'‘B) = (A<=B)
{proof)

lemma inj-image-eq-iff: inj f ==> (f‘'A = f'‘B) = (A = B)
(proof)

lemma image-UN: (f * (UNION A B)) = (UN z:A.(f * (B 1)))
(proof)

lemma image-INT:
[| inj-on f C; ALL z:A. Bz <= C; j:A|]
==> f‘(INTER A B) = (INT z:A. f * B z)
(proof)

lemma bij-image-INT: bij f ==> f ‘ (INTER A B) = (INT z:A. f * B x)
(proof)

lemma surj-Compl-image-subset: surj f ==> —(f‘A) <= f‘(—A)
(proof)

lemma inj-image-Compl-subset: inj f ==> f(—A) <= —(f‘A)
(proof)

lemma bij-image-Compl-eq: bij f ==> f(—A) = —(f‘A)
(proof)

6.7 Function Updating

lemma fun-upd-idem-iff: (f(z:=y) = f) = (fz = y)
(proof)

lemmas fun-upd-idem = fun-upd-idem-iff [THEN 4{fD2, standard]

94
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lemmas fun-upd-triv = refl [THEN fun-upd-idem]
declare fun-upd-triv [iff]

lemma fun-upd-apply [simp]: (f (z:=y))z = (if z=x then y else [ 2)
(proof)

lemma fun-upd-same: (f(z:=y)) z =y

(proof)

lemma fun-upd-other: z~=z ==> (f(z:=y)) z = [ 2
(proof)

lemma fun-upd-upd [simp]: f(x:=y,x:=2) = f(r:=2)
(proof)

lemma fun-upd-twist: a ~= ¢ ==> (m(a:=b))(c:=d) = (m(c:=d))(a:=b)
(proof)

lemma inj-on-fun-updI: [ inj-on f A; y ¢ fA] = inj-on (f(z:=y)) A
(proof )

lemma fun-upd-image:
flz:=y) ‘A= (ifx € A then insert y (f * (A—{z})) else f < A)
(proof )

6.8 owverride-on

lemma override-on-emptyset[simp]: override-on f g {} = f
(proof)

lemma override-on-apply-notin[simp]: a ~: A ==> (override-on f g A) a = fa

(proof)

lemma override-on-apply-in[simp]: a : A ==> (override-on f g A) a = g a

(proof)

6.9 swap

constdefs
swap :: ['a, 'a, 'a => 'b) => ('a => 'b)
swap a b f == f(a := fb, bi= fa)

lemma swap-self: swap a a f = f

(proof)

lemma swap-commute: swap a b f = swap b a f
(proof)
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lemma swap-nilpotent [simp]: swap a b (swap a b f) = f
(proof)

lemma inj-on-imp-inj-on-swap:

[linj-on f A; a € A; b € A|] ==> inj-on (swap a b f) A
(proof)
lemma inj-on-swap-iff [simp):

assumes A: a € A b € A shows inj-on (swap a b f) A = inj-on f A

(proof)

lemma surj-imp-surj-swap: surj f ==> surj (swap a b f)
(proof )

lemma surj-swap-iff [simp]: surj (swap a b f) = surj f

(proof)

lemma bij-swap-iff: bij (swap a b f) = bij f
(proof )

The ML section includes some compatibility bindings and a simproc for
function updates, in addition to the usual ML-bindings of theorems.

(ML)

end

7 Product-Type: Cartesian products

theory Product-Type
imports Fun

uses (Tools/split-rule. ML)
begin

7.1 Unit

typedef unit = {True}
(proof)

constdefs
Unity :: unit  ('("))
() == Abs-unit True

lemma unit-eq: u = ()
{proof)

Simplification procedure for wunit-eq. Cannot use this rule directly — it
loops!
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(ML)

lemma unit-all-eq1: (Nz::unit. PROP P ) == PROP P ()
{proof)

lemma unit-all-eq2: (z::unit. PROP P) == PROP P
{proof)

lemma unit-induct [induct type: unit]: P () ==> Pz
{proof)

This rewrite counters the effect of unit-eq-proc on %u::unit. f u, replacing it
by f rather than by %u. f ().

lemma unit-abs-eta-conv [simp]: (ou:unit. f () = f
{proof)

7.2 Pairs

7.2.1 Type definition

constdefs
Pair-Rep :: ['a, 'b] => ['a, 'b] => bool
Pair-Rep == (%a b. %z y. x=a & y=>b)

global
typedef (Prod)

("a, 'b) *  (infixr 20)
= {f. EX a b. f = Pair-Rep (a::'a) (b::'d)}

(proof)
syntax (zsymbols)

* o [type, type] => type ((- x/ -) [21, 20] 20)
syntax (HTML output)

* :x [type, type] => type ((- x/ -) [21, 20] 20)
local

7.2.2 Abstract constants and syntax

global
consts
fst wlax b =>"a
snd slax b =>"b
split = [['a, 0] => ‘¢, 'a x 'b] => "¢
curry = ['a x'b => "¢, 'a, 'b] => c
prod-fun :: ['a => 'b, 'e => 'd, 'a * '¢] => b x 'd
Pair = ['a, 0] => "a % 'b

Sigma  :: ['a set, 'a => b set] => ('a x 'b) set
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local

Patterns — extends pre-defined type pttrn used in abstractions.

nonterminals
tuple-args patterns

syntax
-tuple = 'a => tuple-args => 'a x b ((1'(-,/ 1)
-tuple-arg :: 'a => tuple-args (-)
-tuple-args :: 'a => tuple-args => tuple-args  (-,/ -)
-pattern  :: [pttrn, patterns] => pttrn ('(-/ -1)
i pttrn => patterns (-)

-patterns :: [pttrn, patterns] => patterns (~/ -)
QSigma ::[ptirn, 'a set, ‘b set] => ('a * 'b) set ((3SIGMA -:-./ -) 10)
QTimes ::['a set, 'a => 'b set] => (‘a * 'b) set (infixr <x> 80)

translations
(z, y) == Pair z y
-tuple © (-tuple-args y z) == -tuple x (-tuple-arg (-tuple y z))
%(z,y,28).b == split(%z (y,2s).b)
%(z,y).b == split(%z y. b)

-abs (Pair z y) t => %(z,y).t

SIGMA z:A. B => Sigma A (%x. B)
A <x> B => Sigma A (-K B)

(ML)

Deleted x-symbol and html support using 3 (Sigma) because of the danger
of confusion with Sum.

syntax (zsymbols)
@Times :: ['a set, 'a => 'b set] => (‘a * 'b) set (- x - [81, 80] 80)

syntax (HTML output)
QTimes :: ['a set, 'a => b set] => ('a * 'b) set (- x - [81, 80] 80)

(ML)

7.2.3 Definitions

defs
Pair-def: ~ Pair a b == Abs-Prod(Pair-Rep a b)
fst-def: fstp == THE a. EX b. p = (a, b)
snd-def sndp == THE b. EX a. p = (a, b)
split-def:  split == (%c p. ¢ (fst p) (snd p))
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curry-def:  curry == (%oc z y. ¢ (z,y))
prod-fun-def: prod-fun f g == split(% y.(f(z), o(s)))
Sigma-def:  Sigma A B == UN z:A. UN y:B(z). {(z, y)}

7.2.4 Lemmas and proof tool setup

lemma Prodl: Pair-Rep a b : Prod
(proof )

lemma Pair-Rep-inject: Pair-Rep a b = Pair-Rep a’ b’ ==> a = a' & b = b’

{proof)

lemma inj-on-Abs-Prod: inj-on Abs-Prod Prod
(proof )

lemma Pair-inject:
(a, b) =(a, b)) ==>(a=a'"==>b=b'==>R)==>R
(proof)

lemma Pair-eq [iff]: ((a, b) = (a’, b)) = (a = a’ & b = b)
(proof )

lemma fst-conv [simp]: fst (a, b) = a
{proof)

lemma snd-conv [simp]: snd (a, b) = b
{proof)

lemma fst-egD: fst (z, y) = a ==>x = a
(proof )

lemma snd-eqD: snd (z, y) = a ==>y = a
(proof )

lemma PairE-lemma: EX zy. p = (z, y)
(proof )

lemma PairE [cases type: «]: Nz y. p = (z, y) ==> Q) ==> @
{proof )

(ML)

lemma surjective-pairing: p = (fst p, snd p)
— Do not add as rewrite rule: invalidates some proofs in IMP
(proof )

lemmas pair-collapse = surjective-pairing [symmetric]
declare pair-collapse [simp)
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lemma surj-pair [simp]: EX zy. z = (z, y)
(proof )

lemma split-paired-all: (!z. PROP P ) == (!la b. PROP P (a, b))
(proof)

lemmas split-tupled-all = split-paired-all unit-all-eq2

The rule split-paired-all does not work with the Simplifier because it also
affects premises in congrence rules, where this can lead to premises of the
form a b. ... = ?P(a, b) which cannot be solved by reflexivity.

(ML)

lemma split-paired-All [simp]: (ALL z. P z) = (ALL a b. P (a, b))
— [iff] is not a good idea because it makes blast loop

(proof )

lemma curry-split [simpl: curry (split f) = f
(proof)

lemma split-curry [simp): split (curry f) = f
(proof )

lemma curryl [intro!]: f (a,b) ==> curry fa b
(proof)

lemma curryD [dest!]: curry fa b ==> f (a,b)
(proof )

lemma curryE: [| curry fa b ; f (a,b) ==> Q || ==> Q
(proof )

lemma curry-conv [simp]: curry fa b = f (a,b)
(proof )

lemma prod-induct [induct type: *]: z. (Ma b. P (a, b)) ==> Pz
(proof)

lemma split-paired-Ex [simp]: (EX z. Pz) = (EX a b. P (a, b))
{proof)

lemma split-conv [simp]: split ¢ (a, b) = cab
{proof)

lemmas split = split-conv — for backwards compatibility

lemmas split] = split-conv [THEN iffD2, standard]
lemmas splitD = split-conv [THEN iffD1, standard]
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lemma split-Pair-apply: split (%z y. f (z, y)) = f
— Subsumes the old split-Pair when f is the identity function.
(proof )

lemma split-paired-The: (THE x. P ) = (THE (a, b). P (a, b))
— Can’t be added to simpset: loops!
(proof)

lemma The-split: The (split P) = (THE xy. P (fst xy) (snd xy))
{proof)

lemma Pair-fst-snd-eq: Is t. (s = t) = (fst s = fst t & snd s = snd t)
(proof)

lemma prod-eql [intro?]: fst p = fst ¢ ==> snd p = snd ¢ ==> p = ¢
(proof )

lemma split-weak-cong: p = q¢ ==> split ¢ p = split c q
— Prevents simplification of ¢: much faster
(proof )

lemma split-eta: (%(z, y). f (z, y)) = f
(proof)

lemma cond-split-eta: Nz y. fzy =g (z, y)) ==> (%(z, y). fry) =g
(proof )

Simplification procedure for cond-split-eta. Using split-eta as a rewrite rule
is not general enough, and using cond-split-eta directly would render some
existing proofs very inefficient; similarly for split-beta.

(ML)

lemma split-beta: (%(z, y). Pz y) z = P (fst z) (snd z)
{proof)

lemma split-split: R (split ¢ p) = (ALL zy. p = (x, y) ——> R (c z y))
— For use with split and the Simplifier.
(proof )

split-split could be declared as [split] done after the Splitter has been speeded
up significantly; precompute the constants involved and don’t do anything
unless the current goal contains one of those constants.

lemma split-split-asm: R (split cp) = (Y(EX zy. p = (z, y) & (YR (c z y))))
(proof)

split used as a logical connective or set former.

These rules are for use with blast; could instead call simp using split as
rewrite.
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lemma splitI2: p. [[ Na b. p = (a, b) ==> ca b || ==> split c p
(proof)

lemma splitI2” Np. [| Na b. (a, b)) =p==>cabz|] ==> splitcpzx
(proof)

lemma splitE: split c p ==> Mz y. p = (z, y) ==> czy ==> Q) ==> @
(proof )

lemma splitE": split cp z ==> Nz y. p = (z,y) ==>caxyz ==> Q) ==> Q
(proof)

lemma splitE2:

(| @ (split P 2); "zy.[lz=(z,y); Q (Pzy)]]==>R| ==>R
(proof)
lemma splitD": split R (a,b) ¢ ==> R ab ¢
{proof )
lemma mem-splitl: z: ¢ a b ==> z: split ¢ (a, b)
{proof)
lemma mem-splitI2: !p. [| Na b. p = (a, b) ==> z: ca b || ==> z: split ¢ p
(proof )
lemma mem-splitE: || z: split c p; Nz y. [| p = (z,9); 2: czy || ==> Q |] ==>
Q
(proof )

declare mem-splitI2 [intro!] mem-split [introl] splitI2’ [intro!] splitI2 [intro!] split]
[intro!]
declare mem-splitE [elim!] splitE’ [elim!] splitE [elim!]

(ML)

lemma split-eta-SetCompr [simp]: (%ou. EXzy. u = (z,y) & P (z,y)) = P
(proof)

lemma split-eta-SetCompr2 [simp]: (%ou. EX v y. v = (z, y) & Pz y) = split P
(proof)

lemma split-part [simp]: (%(a,b). P & Q a b) = (%ab. P & split Q ab)
— Allows simplifications of nested splits in case of independent predicates.
(proof )

lemma split-comp-eq:
(You. f (g (fst u)) (snd u)) = (split (%oz. f (g x)))
(proof)



THEORY “Product-Type” 103

lemma The-split-eq [simp]: (THE (z'y"). z = z' & y = y') = (z, y)
(proof )

lemma injective-fst-snd: 'z y. [|fst x = fst y; snd x = snd y|] ==>z =y
(proof )

prod-fun — action of the product functor upon functions.

lemma prod-fun [simp]: prod-fun f ¢ (a, b) = (f a, g b)
(proof)

lemma prod-fun-compose: prod-fun (f1 o f2) (g1 o g2) = (prod-fun f1 g1 o prod-fun
f2 92)
(proof )

lemma prod-fun-ident [simp|: prod-fun (%z. ) (%y. y) = (%z. 2)
(proof)

lemma prod-fun-imagel [intro]: (a, b) : r ==> (fa, g b) : prod-fun fg ‘r
(proof )

lemma prod-fun-imageE [elim!]:

[ e: (prod-fun f g)'r; N y. || e=(f(a),9(y)); (zp):r || ==> P
J==>P

(proof)

constdefs
upd-fst iz ('a =>'c) =>"a*x b =>"cx b
upd-fst f == prod-fun f id

upd-snd :: ('b => "c) => "a x 'b=>"a x 'c
upd-snd f == prod-fun id f

lemma upd-fst-conv [simp]: upd-fst f (z,y) = (f z,y)
(proof)

lemma upd-snd-conv [simp]: upd-snd f (z,y) = (z,f y)

(proof)

Disjoint union of a family of sets — Sigma.

lemma Sigmal [introl]: [| a:4; b:B(a) || ==> (a,b) : Sigma A B
{proof)

lemma SigmaFE [elim!]:
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[| ¢: Sigma A B;
Nz y.[| z:4; y:B(z); c=(zy) || ==>P
|| ==>P
— The general elimination rule.
{proof)

Elimination of (a, b) € A x B — introduces no eigenvariables.

lemma SigmaD1: (a, b) : Sigma A B ==> a : A
{proof)

lemma SigmaD2: (a, b) : Sigma A B ==>b: Ba
(proof)

lemma SigmaFE2:
[| (a, b) : Sigma A B;
[| a:4; b:B(a) || ==> P
|| ==>P
{proof)

lemma Sigma-cong:
[A=B;!z. 2 € B= Cz =D 1]
= (SIGMA z: A. Cz) = (SIGMA z: B. D x)
(proof)

lemma Sigma-mono: [| A <= C; lz. x:A ==> Bz <= Dz || ==> Sigma A B
<= Sigma C D
{proof)

lemma Sigma-emptyl [simp]: Sigma {} B = {}
(proof)

lemma Sigma-empty2 [simp]: A <x> {} = {}
(proof )

lemma UNIV-Times-UNIV [simp]: UNIV <x> UNIV = UNIV
{proof)

lemma Compl-Times-UNIV1 [simp]: — (UNIV <x> A) = UNIV <x> (—A)
(proof)

lemma Compl-Times-UNIV2 [simp]: — (A <x> UNIV) = (—A) <x> UNIV
{proof)

lemma mem-Sigma-iff [iff]: ((a,b): Sigma A B) = (a:A & b:B(a))
(proof )

lemma Times-subset-cancel2: z:C ==> (A <> C <= B <x> () = (A <= B)
{proof)
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lemma Times-eg-cancel2: ©:C ==> (A <x> C = B <> () = (A = B)
{proof)

lemma SetCompr-Sigma-eq:
Collect (split (oxy. Pz & Q zy)) = (SIGMA xz:Collect P. Collect (Q z))
(proof)

Complex rules for Sigma.

lemma Collect-split [simp]: {(a,b). P a & Q b} = Collect P <x> Collect @
{proof)

lemma UN-Times-distrib:
(UN (a,b):(A <x> B). Ea <x> Fb) = (UNION A E) <x> (UNION B F)
— Suggested by Pierre Chartier
(proof )

lemma split-paired-Ball-Sigma [simp]:
(ALL z: Sigma A B. P z) = (ALL z:A. ALL y: B z. P(x,y))
(proof )

lemma split-paired-Bex-Sigma [simp):
(EX z: Sigma A B. P z) = (EX z:A. EX y: B z. P(z,y))
(proof)

lemma Sigma-Un-distribl: (SIGMA i:1 Un J. C(i)) = (SIGMA i:1. C(i)) Un
(SIGMA j:J. C(3))
{proof)

lemma Sigma-Un-distrib2: (SIGMA i:I. A(i) Un B(i)) = (SIGMA i:I. A(i)) Un
(SIGMA i:1. B(i))
{proof)

lemma Sigma-Int-distribl: (SIGMA :I Int J. C(i)) = (SIGMA i:1. C(i)) Int
(SIGMA j:J. C(j))
{proof)

lemma Sigma-Int-distrib2: (SIGMA i:I. A(i) Int B(3)) = (SIGMA i:I. A(i)) Int
(SIGMA i:1. B(i))
(proof)

lemma Sigma-Diff-distribl: (SIGMA i:I — J. C(i)) = (SIGMA i:I. C(i)) —
(SIGMA j:J. C(5))
{proof)

lemma Sigma-Diff-distrib2: (SIGMA i:1. A(i) — B(i)) = (SIGMA i:I. A(i)) —
(SIGMA i:1. B(1))
{proof)
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lemma Sigma-Union: Sigma (Union X) B = (UN A:X. Sigma A B)
{proof)

Non-dependent versions are needed to avoid the need for higher-order match-

ing, especially when the rules are re-oriented.

lemma Times-Un-distribl: (A Un B) <x> C = (A <x> C) Un (B <x> C)
(proof)

lemma Times-Int-distribl: (A Int B) <*> C = (A <*x> C) Int (B <*> ()
{proof)

lemma Times-Diff-distribl: (A — B) <x> C = (4 <x> C) — (B <x> ()
{proof)

lemma pair-imagel [intro]: (a, b) : A ==> fab: (%(a, b). fab) ‘A
{proof )

Setup of internal split-rule.

constdefs
internal-split :: ('a => b =>'c) =>"a x 'b => "¢
internal-split == split

lemma internal-split-conv: internal-split ¢ (a, b) = c a b
(proof)

hide const internal-split

(ML)

7.3 Code generator setup
types-code

* o ((-%/9)
attach (term-of) ((
fun term-of-id-42 f T g U (x, y) = HOLogic.pair-const T U $ fz $ g y;
»
attach (test) (
fun gen-id-42 aG bG i = (aG i, bG i);
)

consts-code

Pair - ((-/ -))

fst (fst)

snd  (snd)
(ML)
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8 FixedPoint: Fixed Points and the Knaster-Tarski
Theorem

theory FizedPoint
imports Product-Type

begin
constdefs
Iifp = ['a set = 'a set] = 'a set
Ifp(f) == Inter({u. f(u) C u}) — least fixed point

gfp = ['a set=>"a set] => 'a set
afp(f) == Union({u. v C f(u)})

8.1 Proof of Knaster-Tarski Theorem using Ifp

Ifp f is the least upper bound of the set {u. fu C u}
lemma Ifp-lowerbound: f(A) C A ==> Ifp(f) C A
(proof)

lemma [fp-greatest: [| "u. f(u) C u ==> ACu |] ==> A C Ifp(f)
(proof)

lemma Ifp-lemma2: mono(f) ==> f(lfp(f)) C lfp(f)
(proof)

lemma Ifp-lemma3: mono(f) ==> Ifp(f) C f(ifp(f))
(proof)

lemma Ifp-unfold: mono(f) ==> Ifp(f) = f(ifp(f))
(proof)

8.2 General induction rules for greatest fixed points

lemma [fp-induct:

assumes Ifp: a: Ifp(f)
and mono: mono(f)

and indhyp: "z. [| z: f(Iifp(f) Int {z. P(z)}) || ==> P(x)
shows P(a)
(proof)

Version of induction for binary relations

lemmas Ifp-induct2 = Ifp-induct [of (a,b), split-format (complete)]

lemma [fp-ordinal-induct:
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assumes mono: mono f

shows [| IS. P S ==> P(fS); IM.1S:M. P S ==> P(Union M) |]

==> P(lfp f)
(proof )
Definition forms of Ifp-unfold and Ifp-induct, to control unfolding
lemma def-ifp-unfold: [| h==Ifp(f); mono(f) || ==> h = f(h)
(proof)

lemma def-Ifp-induct:
[| A==1Ip(f); mono(f); a:A;

Wa. [| z: f(A Int {z. P(x)}) |] ==> P(x)
) =—=> P(a)
(proof)
lemma Ifp-mono: [| 1Z. f(Z)Cg(Z) || ==> Ifp(f) C lfp(g)
(proof)

8.3 Proof of Knaster-Tarski Theorem using g¢fp

gfp [ is the greatest lower bound of the set {u. u C f u}

lemma gfp-upperbound: [| X C f(X) |] ==> X C gfp(f)

(proof )

lemma gfp-least: [| Nu. v C f(u) ==> uCX || ==> ¢fp(f) C X
(proof)

lemma gfp-lemma2: mono(f) ==> gfp(f) C f(gfp(f))

(proof)

lemma gfp-lemma3: mono(f) ==> f(gfp(f)) < 9fp(f)

(proof)

lemma gfp-unfold: mono(f) ==> gfp(f) = f(afp(f))

(proof)

8.4 Coinduction rules for greatest fixed points

weak version

lemma weak-coinduct: [| a: X; X C f(X) || ==> a : gfp(f)

(proof )

lemma weak-coinduct-image: 'X. [| a : X; ¢X Cf (¢X)|]==>ga:gfpf
(proof )

lemma coinduct-lemma:
[| X € f(X Un gfp(f)); mono(f) | ==> X Un gfp(f) € f(X Un gfp(f))
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(proof )

strong version, thanks to Coen and Frost

lemma coinduct: [| mono(f); a: X; X C f(X Un gfp(f)) || ==> a : gfp(f)
(proof )

lemma gfp-fun-Unl2: [| mono(f); a: gfp(f) || ==> a: f(X Un gfp(f))
(proof )

8.5 Even Stronger Coinduction Rule, by Martin Coen

Weakens the condition X C f X to one expressed using both [fp and gfp

lemma coinduct3-mono-lemma: mono(f) ==> mono(%z. f(z) Un X Un B)

(proof)

lemma coinduct3-lemma:

[| X C f(ifp(%z. f(z) Un X Un gfp(f))); mono(f) |]
< ?>=> Ufp(Yox. f(x) Un X Un gfp(f)) € f(ifp(%z. f(z) Un X Un gfp(f)))
proo

lemma coinduct3:

(| mono(f); a:X; X C f(Ufp(%z. f(z) Un X Un gfp(f))) || ==> a : gfp(f)
(proof)
Definition forms of gfp-unfold and coinduct, to control unfolding
lemma def-gfp-unfold: [| A==gfp(f); mono(f) [| ==> A = f(4)
(proof)
lemma def-coinduct:
| A==gfp(f); mono(f); a:X; X C f(X Un A) || ==> a: A
(proof)

lemma def-Collect-coinduct:
[| A== gfp(%w. Collect(P(w))); mono(%w. Collect(P(w)));

a: X; Nz 22 X ==>P (X UnA) z || ==>

a: A
(proof)
lemma def-coinduct3:

[| A==gfp(f); mono(f); a:X; X C f(lfp(%z. f(z) Un X Un A)) || ==> a: A
(proof)
Monotonicity of gfp!
lemma gfp-mono: [| 1Z. f(Z)Cg(Z) || ==> gfp(f) C 9fp(g)

(proof)
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(ML)

end

9 Sum-Type: The Disjoint Sum of Two Types

theory Sum-Type
imports Product-Type
begin

The representations of the two injections

constdefs
Inl-Rep :: ['a, 'a, 'b, bool] => bool
Inl-Rep == (%a. %z y p. z=a & p)

Inr-Rep :: ['b, 'a, b, bool] => bool
Inr-Rep == (%b. %z y p. y=b & ~p)

global
typedef (Sum)
('a, 'b) + (infixr 10)
={f. (? a. f = Inl-Rep(a::"a)) | (? b. f = Inr-Rep(b::'b))}
(proof)
local

abstract constants and syntax

constdefs
Inl ::'a =>'a + b
Inl e (%a AbS—SUm(Inl‘Rep(a)))

Inr b =>"'a+ b
Inr == (%b Abs-Sum(ZnT-Rep(b)))

Plus :: ['a set, 'b set] => (‘a + 'b) set (infixr <4+> 65)
A <+> B == (Inl‘A) Un (Inr‘B)
— disjoint sum for sets; the operator + is overloaded with wrong type!

Part :: ['a set, 'b => 'a] => 'a set
Part Ah==AInt {z. ?2. 2= h(2)}
— for selecting out the components of a mutually recursive definition
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lemma Ini-Repl: Ini-Rep(a) : Sum
(proof)

lemma Inr-Repl: Inr-Rep(b) : Sum
(proof)

lemma inj-on-Abs-Sum: inj-on Abs-Sum Sum

(proof)

9.1 Freeness Properties for Inl and Inr

Distinctness
lemma Ini-Rep-not-Inr-Rep: Inl-Rep(a) ~= Inr-Rep(b)
(proof )

lemma Inl-not-Inr [iff]: Inl(a) ~= Inr(b)
(proof)

lemmas Inr-not-Inl = Inl-not-Inr [THEN not-sym, standard)
declare Inr-not-Inl [iff]

lemmas Inl-neq-Inr = Inl-not-Inr [THEN notE, standard)
lemmas Inr-neg-Inl = sym [THEN Inl-neg-Inr, standard)

Injectiveness
lemma Ini-Rep-inject: Inl-Rep(a) = Inl-Rep(c) ==> a=c
(proof)

lemma Inr-Rep-inject: Inr-Rep(b) = Inr-Rep(d) ==> b=d
(proof )

lemma inj-Inl: inj(Inl)

(proof )

lemmas Inl-inject = inj-Inl [THEN injD, standard]

lemma inj-Inr: ing(Inr)

(proof)
lemmas Inr-inject = ing-Inr [THEN injD, standard]

lemma Inl-eq [iff]: (Inl(z)=Inl(y)) = (z=y)
(proof)

lemma Inr-eq [iff]: (Inr(z)=Inr(y)) = (z=y)
(proof)
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9.2 The Disjoint Sum of Sets

lemma Inll [intro!]: a : A ==> Inl(a) : A <+> B

(proof)

lemma Inrl [introl]: b : B ==> Inr(b) : A <+> B
(proof)

lemma PlusE [elim!]:

[| ur A <+> B;
Nz, [| z:4; u=Inl(z) || ==> P;
Wy. [| y:B; u=Inr(y) || ==> P
|| ==>P
(proof)

Exhaustion rule for sums, a degenerate form of induction

lemma sumkFE:
[| "z:'a. s = Inl(z) ==> P; Nyz'b. s = Inr(y) ==> P

|| ==>P
(proof)
lemma sum-induct: [| "z. P (Inl z); lz. P (Inrz) |] ==> Px
(proof)

lemma UNIV-Plus-UNIV [simp]: UNIV <+> UNIV = UNIV
(proof)

9.3 The Part Primitive

lemma Part-eql [intro]: [| a : A; a=h(b) || ==> a : Part A h
(proof)

lemmas Part] = Part-eql [OF - refl, standard)

lemma PartE [elim!]: [| a : Part A h; z. ]| a: A; a=h(z) || ==> P || ==> P
(proof)

lemma Part-subset: Part A h <= A

{proof)

lemma Part-mono: A<=B ==> Part A h <= Part B h

(proof)

lemmas basic-monos = basic-monos Part-mono

lemma PartD1: a : Part A h ==>a: A
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(proof)

lemma Part-id: Part A (%z. ) = A
(proof)

113

lemma Part-Int: Part (A Int B) h = (Part A h) Int (Part B h)

(proof)

lemma Part-Collect: Part (A Int {z. P z}) h = (Part A h) Int {z. P z}

(proof)

(ML)

end

10 Relation: Relations

theory Relation
imports Product-Type
begin

10.1 Definitions

constdefs
converse :: (‘a x 'b) set => ('b x 'a) set
ri—1 == {(y7 27) (I7 y) : r}

syntax (zsymbols)
converse :: (‘a x 'b) set => ('b * 'a) set

constdefs
rel-comp :: [('b x 'c) set, ('a x 'b) set] =>
rO0s=={(z,2). EXy. (z,9): s & (y, 2) :

Image :: [("a x 'b) set, 'a set] => b set
r s =={y. EX x:s. (z,y):r}

((-"—1) [1000] 999)
((-=Y) [1000] 999)
("a * 'c) set (infixr O 60)

r}
(infix] ““ 90)

Id  :: ('a % 'a) set — the identity relation

Id =={p. EXz. p = (z,2)}

diag :: 'a set => ('a * 'a) set — diagonal: identity over a set

diag A == |JzeA. {(z,2)}

Domain :: ('a % 'b) set => 'a set
Domain r == {z. EX y. (z,y):r}

Range :: (a * 'b) set => 'b set
Range 1 == Domain(r"—1)
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Field :: ('a * 'a) set => 'a set
Field r == Domain r U Range r

refl : ['a set, (‘a * 'a) set] => bool — reflexivity over a set
refl Ar==r CAx A& (ALL z: A. (z,z) :

sym = (Ya % 'a) set => bool — symmetry predicate

symr == ALL z y. (z,y): 7 —> (y,2): r

antisym:: ('a * 'a) set => bool — antisymmetry predicate
antisym r == ALL z y. (z,y):r ——> (y,z):r ——> 2=y

trans = (‘a * 'a) set => bool — transitivity predicate
trans r == (ALL x y z. (z,y):r ——> (y,2):r ——> (z,2):7)

single-valued :: ('a x 'b) set => bool

single-valued r == ALL z y. (z,y):r ——> (ALL z. (z,2):r ——> y=2)

inv-image :: (b % 'b) set => (‘a => 'b) => (a * 'a) set

inv-image v f == {(z, y). (fz, fy): r}

syntax
reflexive :: (‘a * 'a) set => bool — reflexivity over a type
translations

reflexive == refl UNIV

10.2 The identity relation

lemma IdI [introl]: (a, a) : Id
(proof)

lemma IdE [elim!]: p : Id ==> (2. p = (z, ) ==> P) ==> P

(proof )

lemma pair-in-Id-conv [iff]: ((a, b) : Id) = (a
{proof)

lemma reflexive-1d: reflexive Id
{proof)

lemma antisym-Id: antisym Id

r)

— A strange result, since Id is also symmetric.

{proof)

lemma trans-Id: trans Id

{proof)

b)

114
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10.3 Diagonal: identity over a set

lemma diag-empty [simp]: diag {} = {}
{proof)

lemma diag-eql: a = b ==> a: A ==> (a, b) : diag A
(proof)

lemma diagl [introl]: a : A ==> (a, a) : diag A
{proof)

lemma diagE [elim!]:
c:diag A==> (lz.2: A==>c¢=(z,z) ==>P) ==>P
— The general elimination rule.

(proof )

lemma diag-iff: ((z, y) : diag A) = (z =y & z : A)
{proof)

lemma diag-subset-Times: diag A C A x A
{proof)

10.4 Composition of two relations

lemma rel-compl [introl:
(a,b) : s ==> (b, c):r==>(a,¢):rO0s
{proof )

lemma rel-compFE [elim!]: zz : r O s ==>
Nzyz oz=(x,2)==>(z,y): s ==>(y,2): 7 ==> P)==>P
{proof)

lemma rel-compEpair:
(a,¢): 7 O0s==>y. (a,y): s ==>(y,¢c): r==>P)==>P
(proof)

lemma R-O-Id [simp]: R O Id = R

(proof)
lemma Id-O-R [simp]: Id O R = R
(proof)
lemma O-assoc: (R OS) OT=RO (SOT)
(proof )
lemma trans-O-subset: trans r ==>r Or C r
(proof)
lemma rel-comp-mono: r' C r==>s'C s ==> (r' 0s’) C (r 0 s)

(proof )
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lemma rel-comp-subset-Sigma:
sCAXB==>rCBxC==>(r0s)CAxC
(proof )
10.5 Reflexivity
lemma refll: r CAXx A==> (lz.z: A==> (z,z):7)==>refl Ar
(proof)

lemma reflD: refl Ar ==>a: A==>(a,a):r
(proof )
10.6 Antisymmetry

lemma antisymlI:
Nz y. (z,y):r==>(y, ) : r ==> z=y) ==> antisym r
{proof )

lemma antisymD: antisym r ==> (a, b) : r ==> (b, a) : 7 ==>a =1
(proof)

10.7 Symmetry and Transitivity

lemma symD: sym r ==> (a, b) : r ==> (b, a) : 1

{proof)

lemma transi:
Mzyz (z,y):r==>(y,2): 7 ==>(x, 2) : r) ==> lrans r
(proof)

lemma transD: trans r ==> (a, b) : r ==> (b, ¢) : r ==> (a, ¢) : 1
{proof)

10.8 Converse
lemma converse-iff [iff]: ((a,b): r"=1) = ((b,a) : 1)

{proof)

lemma conversel[sym]: (a, b) : r ==> (b, a) : r"—1
{proof)

lemma converseD[sym]: (a,b) : r"—1 ==> (b, a) : 1
(proof)

lemma converseE [elim!]:
yr:r'—1 ==> lzy. yr = (y, z) ==> (2, y) : r ==> P) ==> P
— More general than converseD, as it “splits” the member of the relation.
(proof )
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lemma converse-converse [simpl: (r°"—1)"—1 =r
{proof)

lemma converse-rel-comp: (r O s)"—1 =s"—1 O r"—1
(proof)

lemma converse-Id [simp]: Id"—1 = Id
{proof)

lemma converse-diag [simp]: (diag A) "—1 = diag A
{proof)

lemma refl-converse: refl A r ==> refl A (converse r)
(proof )

lemma antisym-converse: antisym (converse r) = antisym r
(proof)

lemma trans-converse: trans (converse r) = trans r
(proof)

10.9 Domain

lemma Domain-iff: (a : Domain r) = (EX y. (a, y) : )
{proof)

lemma Domainl [intro]: (a, b) : ¥ ==> a : Domain r
{proof)

lemma DomainE [elim!]:
a : Domain r ==> (Ny. (a, y) : r ==> P) ==> P
{proof)

lemma Domain-empty [simp]: Domain {} = {}
(proof)

lemma Domain-insert: Domain (insert (a, b) r) = insert a (Domain 1)
{proof)

lemma Domain-Id [simp]: Domain Id = UNIV
(proof)

lemma Domain-diag [simp]: Domain (diag A) = A
{proof)

lemma Domain-Un-eq: Domain(A U B) = Domain(A) U Domain(B)
(proof)

lemma Domain-Int-subset: Domain(A N B) C Domain(A) N Domain(B)
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{proof)

lemma Domain-Diff-subset: Domain(A) — Domain(B) C Domain(4A — B)
{proof)

lemma Domain-Union: Domain (Union S) = (|J A€S. Domain A)
(proof)

lemma Domain-mono: r C s ==> Domain r C Domain s
(proof)

10.10 Range
lemma Range-iff: (a : Range r) = (EX y. (y, a) : 1)
{proof)

lemma Rangel [intro]: (a, b) : ¥ ==> b : Range r
(proof)

lemma RangeFE [elim!]: b : Range r ==> (lz. (z, b) : r ==> P) ==> P
{proof)

lemma Range-empty [simp]: Range {} = {}
(proof)

lemma Range-insert: Range (insert (a, b) r) = insert b (Range r)
{proof)

lemma Range-Id [simp|: Range Id = UNIV
{proof)

lemma Range-diag [simp]: Range (diag A) = A
(proof )

lemma Range-Un-eq: Range(A U B) = Range(A) U Range(B)
{proof)

lemma Range-Int-subset: Range(A N B) C Range(A) N Range(B)
{proof)

lemma Range-Diff-subset: Range(A) — Range(B) C Range(A — B)
{proof)

lemma Range-Union: Range (Union S) = (| A€S. Range A)
{proof)

10.11 Image of a set under a relation

lemma Image-iff: (b : r“A) = (EX z:A. (z, b) : r)
{proof)
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lemma Image-singleton: r‘{a} = {b. (a, b) : r}
{proof)

lemma I'mage-singleton-iff [iff]: (b : r*{a}) = ((a, b) : T)
{proof)

lemma Imagel [intro]: (a, b) : 7 ==>a: A==>b:r“A
{proof)

lemma ImageE [elim!]:
b:r“A==>Nz. (z,b):r==>1:A==>P)==>P
{proof)

lemma rev-Imagel: a : A ==> (a, b) : r==>b:r“A
— This version’s more effective when we already have the required a
(proof)

lemma Image-empty [simp]: R“{} = {}
{proof)

lemma Image-Id [simp]: Id “ A = A
{proof)

lemma Image-diag [simp]: diag A “B = AN B
(proof )

lemma I'mage-Int-subset: R “ (AN B)C R “ANR“B
{proof)

lemma Image-Int-eq:
single-valued (converse R) ==> R “ (AN B)=R “ANR “B
(proof)

lemma Image-Un: R “ (AUB)=R “AUR “B
{proof)

lemma Un-Image: (RUS) “A=R “AUS “A
{proof)

lemma Image-subset: r C A x B ==>r“C C B
(proof)

lemma Image-eq-UN: B = (Jye B. r*{y})
— NOT suitable for rewriting
(proof )

lemma Image-mono: ' Cr ==> A" C A ==> (r' “A’) C (r “A)

{proof)
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lemma Image-UN: (r ““ (UNION A B)) = (Jz€A. r ““ (B z))
{proof)

lemma Image-INT-subset: (r “ INTER A B) C ((z€A. r “ (B x))
(proof )
Converse inclusion requires some assumptions

lemma Image-INT-eq:
[|single-valued (r~'); A#{}|] ==> r “INTER A B = ((z€A. r ““ B x)
(proof)

lemma Image-subset-eq: (r“A C B) = (A C — ((r"—1) “ (=B)))
{proof)

10.12 Single valued relations

lemma single-valuedI:
ALL z y. (z,y):r ——> (ALL z. (z,2):r ——> y=z) ==> single-valued r
{proof)

lemma single-valuedD:
single-valued 1 ==> (z, y) : r ==> (x, 2) : r ==>y = 2
(proof )

10.13 Graphs given by Collect

lemma Domain-Collect-split [simp]: Domain{(z,y). Pz y} = {z. EX y. Pz y}
(proof)

lemma Range-Collect-split [simp]: Range{(z,y). Pz y} = {y. EX z. P x y}
(proof )

lemma I'mage-Collect-split [simp]: {(z,y). Pz y} “A = {y. EXx:A. Pz y}
(proof)

10.14 Inverse image
lemma trans-inv-image: trans r ==> trans (inv-image r f)

{proof)

end

theory Record

imports Product-Type

uses (Tools/record-package. ML)
begin
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(ML)

lemma prop-subst: s =t = PROP Pt = PROP P s
(proof )

lemma rec-UNIV-I: Ax. t€ UNIV = True
{proof)

lemma rec-True-simp: (True = PROP P) = PROP P
{proof)

10.15 Concrete record syntax

nonterminals
ident field-type field-types field fields update updates
syntax
-constify i id => ident (-)
-constify :: longid => ident (-)
-field-type :: [ident, type] => field-type ((2-::/-)
i fleld-type => field-types (-)
-field-types o [field-type, field-types] => field-types  (-,/ -)
-record-type it field-types => type s'q -1
-record-type-scheme :: [field-types, type] => type (3 -/ (2. =/ 1))
-field o [ident, 'a] => field ((2-=/-)
: fleld => fields (-
-fields o [field, fields] => fields (-/ -)
-record 2 fields => 'a 'q -1
-record-scheme 2 [fields, 'a] => 'a (3 -/ (2...=/ ) 1)
-update-name oadt
-update it [ident, 'a] => update ((2-:=/-)
it update => updates (-)
-updates i [update, updates] => updates (-/ -)
-record-update i ['a, updates] => b (-/(3'(] - 1) [900,0] 900)
syntax (zsymbols)
-record-type it field-types => type ((50-D)
-record-type-scheme :: [field-types, type] => type ((3(-/ (2... 2/ D)
-record i fields => 'a ((3(-])
-record-scheme 2 [fields, 'a] => 'a ((3(-,/ (2...=/ )
-record-update i ['a, updates] => 'b (-/(3(-)) [900,0] 900)

(ML)

end
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11 Inductive: Support for inductive sets and types

theory Inductive
imports FizedPoint Sum-Type Relation Record
uses
(Tools/inductive-package. ML)
(Tools /inductive-realizer. ML)
(Tools /inductive-codegen. ML)
(Tools/ datatype-auzx. ML)
(Tools / datatype-prop. ML)
(Tools/ datatype-rep-proofs. ML)
(Tools/ datatype-abs-proofs. ML)
(Tools/ datatype-realizer. ML)
(Tools/ datatype-package. ML)
(Tools / datatype-codegen. ML)
(Tools/recfun-codegen. ML)
(Tools/primrec-package. ML)
begin

11.1 Inductive sets

Inversion of injective functions.
constdefs
myinv :: (‘la => 'b) => (b => 'a)
myinv (f ©: 'a =>'b) == Ay. THE z. fz =y

lemma myinv-f-f: inj f ==> myinv f (fz) =«

(proof)

lemma f-myinv-f: inj f ==> y € range f ==> f (myinv fy) =y
(proof)

hide const myinv

Package setup.
(ML)

theorems basic-monos [mono] =
subset-refl imp-refl disj-mono conj-mono ex-mono all-mono if-def2
Collect-mono in-mono vimage-mono
imp-conv-disj not-not de-Morgan-disj de-Morgan-conj
not-all not-ex
Ball-def Bex-def
induct-rulify2

11.2 Inductive datatypes and primitive recursion

Package setup.
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(ML)

12 Transitive-Closure: Reflexive and Transitive clo-
sure of a relation

theory Transitive-Closure
imports Inductive

uses (../Provers/trancl. ML)
begin

rtrancl is reflexive/transitive closure, trancl is transitive closure, reflcl is

reflexive closure.

These postfix operators have mazimum priority, forcing their operands to
be atomic.

consts
rtrancl :: ('a x 'a) set => ('a x 'a) set  ((-"x) [1000] 999)

inductive r x

intros
rtrancl-refl [intro!, Pure.intro!, simp]: (a, a) : v x
rtrancl-into-rtrancl [Pure.intro): (a, b) : r"x ==> (b, ¢) : r ==> (a, ¢) : r"*
consts

trancl :: (Ya x 'a) set => ('a x 'a) set  ((-"+) [1000] 999)

inductive r"+
intros
r-into-trancl [intro, Pure.intro]: (a, b) : r ==> (a, b) : r"+
trancl-into-trancl [Pure.introl: (a, b) : r"+ ==> (b, ¢) : r ==> (a,c) : 7"+

syntax

-reflel : (Ya x 'a) set => (‘a x 'a) set  ((-"=) [1000] 999)
translations

r'===rUld

syntax (zsymbols)
rtrancl :: ('a x 'a) set => ('a x 'a) set  ((-*) [1000] 999)
trancl :: ('a x 'a) set => ('a x 'a) set  ((-T) [1000] 999)
-reflel : (Ya x 'a) set => (‘a x 'a) set  ((-7) [1000] 999)
syntax (HTML output)
rtrancl :: ('a x 'a) set => ('a x ‘a) set  ((-*) [1000] 999)
trancl :: (a x 'a) set => (’ set  ((-1) [1000] 999)
/ =

)
-reflel : (Ya x 'a) set => ( a) set  ((-=) [1000] 999)
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12.1 Reflexive-transitive closure

lemma r-into-rtrancl [intro]: !lp. p € r ==> p € r'x
— rtrancl of T contains r
(proof )

lemma rtrancl-mono: r C s ==> r"x C s %
— monotonicity of rtrancl

{proof)

theorem rtrancl-induct [consumes 1, induct set: rtrancl):
assumes a: (a, b) : v’
and cases: Pallyz. || (a, y) : r'x; (y,2) :m; Py || ==> Pz
shows P b
(proof)

lemmas rtrancl-induct? =
rtrancl-induct|of (az,ay) (bz,by), split-format (complete),
consumes 1, case-names refl step)

lemma trans-rtrancl: trans(r x)
— transitivity of transitive closure!! — by induction

(proof)

lemmas rtrancl-trans = trans-rtrancl [THEN transD, standard)]

lemma rtranclE:
[| (a::'a,b) : r7%; (a = b) ==> P;
*

Wy [l (a,y) « 7% (y,b) c 7 || ==> P
| ==> P
— elimination of rtrancl — by induction on a special formula
(proof )

lemma converse-rtrancl-into-rtrancl:
(a, b)) er = (b, c) € r* = (a, ¢) € r*
(proof)

More r* equations and inclusions.

lemma rtrancl-idemp [simp]: (r%) "« = r"x

{proof)
lemma rtrancl-idemp-self-comp [simp]: R"« O R™x = R x
{proof)
lemma rtrancl-subset-rtrancl: v C s™x ==> r"x C s %
{proof)

lemma rtrancl-subset: R C S ==> 5 C R™x ==> S« = R %
(proof)
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lemma rtrancl-Un-rtrancl: (R« U S™x) "« = (R U S) "«
(proof)

lemma rtrancl-reflcl [simp]: (R°=) "« = R x
{proof)

lemma rtrancl-r-diff-1d: (r — Id) "« = r”"x
{proof)

theorem rtrancl-converseD:
assumes r: (z, y) € (r"—1) "x
shows (y, ) € 7%

(proof)

theorem rtrancl-conversel:
assumes 7: (y, ) € 7%
shows (z, y) € (r"—1) "«
(proof )

lemma rtrancl-converse: (r°—1) "« = (r"*) "—1
(proof )

theorem converse-rtrancl-induct|consumes 1]:
assumes major: (a, b) : r’x
and cases: Pb Wy z. [| (y, 2) :7r; (2,0) :r™; Pz || ==> Py
shows P a

(proof)

lemmas converse-rirancl-induct? =
converse-rtrancl-induct[of (azx,ay) (bx,by), split-format (complete),
consumes 1, case-names refl step]

lemma converse-rtranclE:
[| (z,2):r"%;
r=z ==> P,

Wy. [| (z,y):r; (y,2):r "« || ==> P
J==>P

(proof)
(ML)

lemma r-comp-rtrancl-eq: v O r™x = r"x O r
{proof)

lemma rtrancl-unfold: "« = Id Un (r O r %)
{proof)
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12.2 Transitive closure
lemma trancl-mono: lp. p € r"+ ==>r C s ==>p € s+

{proof)

lemma r-into-trancl”: 'p. p : r ==>p : "+
(proof )

Conversions between trancl and rtrancl.
lemma trancl-into-rtrancl: (a, b) € r"+ ==> (a, b) € r'«

{proof)

lemma rtrancl-into-trancll: assumes r: (a, b) € r’x
shows !lc. (b, ¢) € r ==> (a, ¢) € 7"+ (proof)

lemma rtrancl-into-trancl2: [| (a,b) : r; (b,c) : r™*|] ==> (a,c): 1"+
— intro rule from r and rtrancl
(proof )

lemma trancl-induct [consumes 1, induct set: trancl):
assumes a: (a,b) : 7"+
and cases: ly. (a, y) : 7 ==> Py
Ny z. (a,y) : r’+==>(y,2) : 1 ==> Py ==> Pz

shows P b
— Nice induction rule for trancl
(proof)
lemma trancl-trans-induct:
[l (z,y) : r+;
Nz y. (z,y) : 7 ==> Puy;
Neyz [| (z,y):r"+; Pay; (y,2) i7"+ Pyz||==>Puz=z
| ==>Puzy

— Another induction rule for trancl, incorporating transitivity

(proof)

inductive-cases tranclE: (a, b) : r"+

lemma trancl-unfold: v+ = r Un (r O r"+)
{proof)

lemma trans-trancl: trans(r”+)
— Transitivity of r+

(proof)

lemmas trancl-trans = trans-trancl [THEN transD, standard)

lemma rtrancl-trancl-trancl: assumes r: (z, y) € r'*
shows !lz. (y, z) € r"+ ==> (z, z) € r"+ (proof)
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lemma trancl-into-trancl2: (a, b) € r ==> (b, ¢) € r"+ ==> (a, ¢) € r"+
{proof)

lemma trancl-insert:
(insert (y, ) r) "+ =r"+ U {(a, b). (a, y) € r"x A (z, b) € r"x}
— primitive recursion for trancl over finite relations
(proof)

lemma trancl-conversel: (z, y) € (r'+)"—1 ==> (z, y) € (r"=1) "+
{proof)

lemma trancl-converseD: (z, y) € (r"—1)"+ ==> (z, y) € (r"+)"—1
{proof)

lemma trancl-converse: (r"—1) "+ = (r"+) "—1
(proof)

lemma converse-trancl-induct:
[| (a,b) : r"+; Ny. (y,0) : m ==> P(y);
Wy z.[| (y,2) : 75 (2,b) : 774 P(z) || ==> P(y) |]
==> P(a)
(proof)

lemma tranclD: (z, y) € R+ ==> EX z. (z, z) € R A (2, y) € R %
(proof)

lemma irrefli-trancll: r°—1 N r’sx = {} ==> (z, z) ¢ r"+

(proof)

lemma irrefl-trancl-rD: 'X. ALL z. (z, ) ¢ r"+ ==> (z,y) E r ==>z # y
(proof)

lemma trancl-subset-Sigma-auz:
(a, D) ers==>rCAxA==>a=bVacA
{proof)

lemma trancl-subset-Sigma: r C A X A ==>r"+ C A x A
(proof )

lemma reflcl-trancl [simp]: (r"+) "= = r"x
(proof )

A

lemma trancl-reficl [simp]: (r"=) "+ = r %
(proof)

lemma trancl-empty [simp]: {} "+ = {}
(proof)

lemma rtrancl-empty [simp]: {} "+« = Id
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{proof)

lemma rtranclD: (a, b) € R™s ==>a=bV a#bA(a,b) € R+
{proof)

lemma rtrancl-eq-or-trancl:
(z,y) € R* = (z=y V a#y A (z,y) € R")
(proof )

Domain and Range

lemma Domain-rtrancl [simp]: Domain (R x) = UNIV
{proof)

lemma Range-rtrancl [simp]: Range (R"x) = UNIV
{proof)

lemma rtrancl-Un-subset: (R« U S"x) C (R Un S) "
(proof)

lemma in-rtrancl-Unl: © € R"xV z € S« ==> 1z € (RU §) "%
(proof)

lemma trancl-domain [simp]: Domain (r"+) = Domain r
{proof)

lemma trancl-range [simp]: Range (r"+) = Range r
{proof)

lemma Not-Domain-rtrancl:
z ~: Domain R ==> ((z, y) : R"x) = (z = y)
(proof )

More about converse rtrancl and trancl, should be merged with main body.

lemma single-valued-confluent:
[ single-valued r; (z,y) € 77%; (x,2) € r"* ]
= (y,2) € 7™* V (2,y) € 77%

(proof)

lemma r-r-into-trancl: (a, b) € R ==> (b, ¢) € R ==> (a, ¢) € R+
{proof)

lemma trancl-into-trancl [rule-format):
(a,b) € r* ==> (b, c) €r ——> (a,c) € rt
(proof )

lemma trancl-rtrancl-trancl:
(a,b) € r* ==> (b, c) € r* ==> (a, ¢) € r"
(proof )
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lemmas transitive-closure-trans [trans] =
r-r-into-trancl trancl-trans rtrancl-trans
trancl-into-trancl trancl-into-trancl2
rtrancl-into-rtrancl converse-rtrancl-into-rtrancl
rtrancl-trancl-trancl trancl-rtrancl-trancl

declare trancl-into-rtrancl [elim]

declare rtranclE [cases set: rtrancl)
declare tranclE [cases set: trancl]

12.3 Setup of transitivity reasoner
(ML)

end

129

13 Wellfounded-Recursion: Well-founded Recur-

sion
theory Wellfounded-Recursion
imports Transitive-Closure

begin

consts

wfrec-rel :: (‘a x 'a) set => (('a => 'b) => ‘a => 'b) => ('a * 'b) set

inductive wfrec-rel R F
intros

wfrecl: ALL z. (z, ) : R ——> (2, ¢ 2) : wfrec-rel R F ==>

(z, F gz): wfrec-rel R F

constdefs
wf 2 (Ya x 'a)set => bool

wf(r) == ('P. (lz. (ly. (y,x):r —> P(y)) ——> P(z)) ——> (lz. P(x)))

acyclic :: ('ax’a)set => bool
acyclic r == lz. (z,2) ~: r'+

cut 2 (la=>"'b) => (a * 'a)set => 'a =>"a=>"b
cut frz == (%y. if (y,z):r then fy else arbitrary)

adm-wf :: (‘a x 'a) set => (('a => 'b) => 'a => 'b) => bool

adm-wf R F == ALL f g z.
(ALL z. (z,2) : R ——> fz=9g2) ——> Ffz=Fguz
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wfrec :: ('a x 'a) set => (('a => 'b) => 'a => b)) => 'a =>'b
wfrec R F == %z. THE y. (z, y) : wfrec-rel R (%f z. F (cut f R x) z)

axclass wellorder C linorder
wf: wf {(z,y::"az0ord). z<y}

lemma wfUNIVI:
fE!I;D z. (ALL . (ALL y. (y,x) : » ——> P(y)) ——> P(z)) ==> P(z)) ==>
(proof)

Restriction to domain A. If r is well-founded over A then wf r

lemma wfl:
[| r <= A <x> 4
e P.[| ALL z. (ALL y. (y,z) : 7 ——> Py) ——> Pux; x:A||==> Pz |]
==> wfr

(proof)

lemma wf-induct:
[ wf(r);
Wa.[| ALL y. (y,x): r ——> P(y) || ==> P(z)
| ==> P(a)
(proof)

lemmas wf-induct-rule = wf-induct [rule-format, case-names less, induct set: wf]

~

lemma wf-not-sym [rule-format]: wf(r) ==> ALL z. (a,x):r ——> (x,a)™:r

{proof)

lemmas wf-asym = wf-not-sym [elim-format]

~

lemma wf-not-refl [simp]: wf(r) ==> (a,a) ~: r

(proof)

lemmas wf-irrefl = wf-not-refl [elim-format]

transitive closure of a well-founded relation is well-founded!
lemma wf-trancl: wf(r) ==> wf(r +)

{proof)

lemma wf-converse-trancl: wf (r"—1) ==> wf ((r"+)"—1)

(proof)



THEORY “Wellfounded-Recursion” 131

13.0.1 Minimal-element characterization of well-foundedness
lemma lemmal: wfr ==> 2:Q ——> (EX 2:Q. ALL y. (y,z):r ——> y™:Q)
(proof)

lemma lemma2: (ALL Q z. ©:Q ——> (EX z:Q. ALL y. (y,z):r ——> y™~:Q))
==> wfr

(proof)

lemma wf-eqg-minimal: wf r = (ALL Q z. :Q ——> (EX 2:Q. ALL y. (y,2):r
—=>y™~:Q))

(proof)

13.0.2 Other simple well-foundedness results

Well-foundedness of subsets

lemma wf-subset: [| wf(r); p<=r|] ==> wf(p)
(proof)

Well-foundedness of the empty relation

lemma wf-empty [iff]: wf ({})
{proof)

Well-foundedness of insert

lemma wf-insert [iff]: wf (insert (y,z) r) = (wf(r) & (z,y) ~: r7%)
(proof)

Well-foundedness of image

lemma wf-prod-fun-image: [| wf r; inj f |] ==> wf(prod-fun f f ‘r)
(proof)

13.0.3 Well-Foundedness Results for Unions

Well-foundedness of indexed union with disjoint domains and ranges

lemma wf-UN: [| ALL i:1. wf(r i);
ALL i:I. ALL j:I. ri ~=rj ——> Domain(r i) Int Range(r j) = {}
|| ==> wf(UN i:I. r i)
(proof )

lemma wf-Union:
[| ALL r:R. wf r;
ALL m:R. ALL s:R. r ~= s ——> Domain r Int Range s = {}
|| ==> wf(Union R)
(proof)

lemma wf-Un:
[| wfr; wf s; Domain r Int Range s = {} || ==> wf(r Un s)
(proof)
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13.0.4 acyclic

lemma acyclicl: ALL x. (z, x) ~: r"+ ==> acyclic r
(proof)

lemma wf-acyclic: wf r ==> acyclic r

(proof )

lemma acyclic-insert [iff]:
acyclic(insert (y,z) r) = (acyclic r & (z,y) ~: %)
(proof )

lemma acyclic-converse [iff]: acyclic(r"—1) = acyclic r
(proof)

lemma acyclic-impl-antisym-rtrancl: acyclic r ==> antisym(r x)

(proof)

lemma acyclic-subset: [| acyclic s; r <= s || ==> acyclic r

(proof)

13.1 Well-Founded Recursion

cut
lemma cuts-eq: (cut fro = cut g rz) = (ALL y. (y,x):r ——> f(y)=g(y))
(proof )

lemma cut-apply: (z,a):r ==> (cut fr a)(z) = f(x)
(proof)

Inductive characterization of wirec combinator; for details see: John Harri-
son, ”Inductive definitions: automation and application”

lemma wfrec-unique: [| adm-wf R F; wf R || ==> EX! y. (z, y) : wfrec-rel R F
(proof)

lemma adm-lemma: adm-wf R (%f . F (cut f R z) x)

(proof )

lemma wfrec: wf(r) ==> wfrec r H a = H (cut (wfrec r H) 7 a) a

(proof)

* This form avoids giant explosions in proofs. NOTE USE OF ==
lemma def-wfrec: [| f==wfrec r H; wf(r) || ==> f(a) = H (cut fra) a

(proof)
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13.2 Code generator setup

consts-code

wfrec  ((module)wfrec?)
attach ((
fun wfrec fz = f (wfrec f) z;
»

13.3 Variants for TFL: the Recdef Package
lemma tfl-wf-induct: ALL R. wf R ——>

(ALL P. (ALL z. (ALL y. (y,x):R ——> Py) ——> Pz) ——> (ALL z. P
z))

(proof)

lemma tfi-cut-apply: ALL f R. (z,a):R ——> (cut f R a)(z) = f(z)
(proof)
lemma tfi-wfrec:
ALL MR f. (f=wfrec R M) ——> wfR ——> (ALL z. fx = M (cut fR z) x)
(proof)

13.4 LEAST and wellorderings

See also wf-linord-ex-has-least and its consequences in Wellfounded-Relations. ML

lemma wellorder-Least-lemma [rule-format]:
P (k:'a:wellorder) ——> P (LEAST x. P(z)) & (LEAST z. P(z)) <=k
(proof)

lemmas Least] = wellorder-Least-lemma [THEN conjunct!, standard)
lemmas Least-le = wellorder-Least-lemma [THEN conjunct2, standard)

— The following 3 lemmas are due to Brian Huffman
lemma Leastl-ex: EX z::'a::wellorder. P x ==> P (Least P)

(proof )
lemma LeastI2:
[| P (a::'a:wellorder); "z. Px ==> Q z || ==> @ (Least P)
(proof)
lemma LeastI2-ex:
(| EX a:'azwellorder. P a; lx. Px ==> Q z |] ==> Q (Least P)
(proof )
lemma not-less-Least: [| k < (LEAST x. P z) || ==> ~P (k::'a::wellorder)
(proof )

(ML)
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end

14 OrderedGroup: Ordered Groups

theory OrderedGroup

imports Inductive LOrder

uses ../ Provers/Arith/ abel-cancel. ML

begin

The theory of partially ordered groups is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society
1979

e Partially Ordered Algebraic Systems, Pergamon Press 1963
Most of the used notions can also be looked up in

e http://www.mathworld.com by Eric Weisstein et. al.

e Algebra I by van der Waerden, Springer.

14.1 Semigroups, Groups

axclass semigroup-add C plus
add-assoc: (a + b) + c=a + (b + ¢)

axclass ab-semigroup-add C semigroup-add
add-commute: a + b =0+ a

lemma add-left-commute: a + (b + ¢) = b + (a + (c::'a::ab-semigroup-add))
(proof)

theorems add-ac = add-assoc add-commute add-left-commute

axclass semigroup-mult C times
mult-assoc: (a * b) * ¢ = a * (b * ¢)

axclass ab-semigroup-mult C semigroup-mult
mult-commute: a x b = b * a

lemma mult-left-commute: a % (b x ¢) = b * (a * (c::'a::ab-semigroup-mult))
{proof)

theorems mult-ac = mult-assoc mult-commute mult-left-commute

axclass comm-monoid-add C zero, ab-semigroup-add


http://www.mathworld.com
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add-0[simp]: 0 + a = a

axclass monoid-mult C one, semigroup-mult
mult-1-left[simp]: 1 * a = a
mult-1-right[simp]: a x 1 = a

axclass comm-monoid-mult C one, ab-semigroup-mult
mult-1: 1 x a = a

instance comm-monoid-mult C monoid-mult

(proof)

axclass cancel-semigroup-add C semigroup-add
add-left-imp-eq: a + b =a + c = b = ¢
add-right-imp-eq: b + a = c+ a = b =—c¢

axclass cancel-ab-semigroup-add C ab-semigroup-add
add-imp-eq: a + b =a + c = b =—c

instance cancel-ab-semigroup-add C cancel-semigroup-add

(proof)

axclass ab-group-add C minus, comm-monoid-add
left-minus[simp]: — a + a = 0
diff-minus: a — b = a + (—b)

instance ab-group-add C cancel-ab-semigroup-add

(proof)

lemma add-0-right [simp]: a + 0 = (a::’a::comm-monoid-add)

{(proof)

lemma add-left-cancel [simp]:
(a+b=a+ c)= (b= (c:'a::cancel-semigroup-add))
(proof)

lemma add-right-cancel [simp]:
(b+ a=c+ a) = (b= (c:'a:cancel-semigroup-add))
{proof )

lemma right-minus [simp]: a + —(a::'a::ab-group-add) = 0

{(proof)

lemma right-minus-eq: (¢ — b = 0) = (a = (b::'a::ab-group-add))
(proof)

lemma minus-minus [simp]: — (— (a::’a::ab-group-add)) = a

(proof)
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lemma equals-zero-I: a+b = 0 ==> —a = (b::'a::ab-group-add)

(proof )

lemma minus-zero [simp]: — 0 = (0::'a::ab-group-add)

(proof)

lemma diff-self [simp]: a — (a::'a::ab-group-add) = 0
{proof )

lemma diff-0 [simp]: (0::'a::ab-group-add) — a = —a

(proof )

lemma diff-0-right [simp]: a — (0::'a::ab-group-add) = a

(proof )

lemma diff-minus-eq-add [simp]: a — — b = a + (b::'a::ab-group-add)

(proof )

lemma neg-equal-iff-equal [simp]: (—a = —b) = (a = (b::’a::ab-group-add))
(proof)

lemma neg-equal-0-iff-equal [simp]: (—a = 0) = (a = (0::'a::ab-group-add))
(proof)

lemma neg-0-equal-iff-equal [simp]: (0 = —a) = (0 = (a::’'a::ab-group-add))
(proof )

The next two equations can make the simplifier loop!

lemma equation-minus-iff: (a = — b) = (b = — (a::'a::ab-group-add))

(proof)

lemma minus-equation-iff: (— a = b) = (— (b::'a::ab-group-add) = a)

(proof)

lemma minus-add-distrib [simp]: — (¢ + b) = —a + —(b::'a::ab-group-add)
(proof)

lemma minus-diff-eq [simp]: — (¢ — b) = b — (a::'a::ab-group-add)

(proof)

14.2 (Partially) Ordered Groups

axclass pordered-ab-semigroup-add C order, ab-semigroup-add
add-left-mono: a < b= c+a<c+ b

axclass pordered-cancel-ab-semigroup-add C pordered-ab-semigroup-add, cancel-ab-semigroup-add

instance pordered-cancel-ab-semigroup-add C pordered-ab-semigroup-add {proof)
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axclass pordered-ab-semigroup-add-imp-le C pordered-cancel-ab-semigroup-add
add-le-imp-le-left: c + a < c+ b= a <)

axclass pordered-ab-group-add C ab-group-add, pordered-ab-semigroup-add

instance pordered-ab-group-add C pordered-ab-semigroup-add-imp-le

(proof)
axclass ordered-cancel-ab-semigroup-add C pordered-cancel-ab-semigroup-add, linorder

instance ordered-cancel-ab-semigroup-add C pordered-ab-semigroup-add-imp-le

{proof)

lemma add-right-mono: a < (b::’a::pordered-ab-semigroup-add) ==> a + ¢ < b
+ c
(proof)

non-strict, in both arguments

lemma add-mono:
[la <b; ¢ <d|] ==>a+ ¢ < b+ (d::'a:pordered-ab-semigroup-add)
{proof)

lemma add-strict-left-mono:
a <b==>c+ a< c+ (b:'a:pordered-cancel-ab-semigroup-add)

{proof)

~

lemma add-strict-right-mono:
a < b==>a+ c<b+ (c:'a:pordered-cancel-ab-semigroup-add)

(proof )

Strict monotonicity in both arguments

lemma add-strict-mono: [|a<b; c<d|] ==> a + ¢ < b + (d::'a::pordered-cancel-ab-semigroup-add)
(proof)
lemma add-less-le-mono:
[| a<b; ¢c<d |] ==> a + ¢ < b + (d::'a::pordered-cancel-ab-semigroup-add)
(proof)
lemma add-le-less-mono:
[| a<b; ¢c<d |] ==> a + ¢ < b + (d::'a::pordered-cancel-ab-semigroup-add)
(proof)

lemma add-less-imp-less-left:
assumes less: ¢ + a < ¢ + b shows a < (b::'a::pordered-ab-semigroup-add-imp-le)
(proof)

lemma add-less-imp-less-right:
a+c¢c<b+c==>a < (b:'a:pordered-ab-semigroup-add-imp-le)

(proof)
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lemma add-less-cancel-left [simp]:
(eta < c+b) = (a < (b::'az:pordered-ab-semigroup-add-imp-le))
(proof)

lemma add-less-cancel-right [simp]:
(a+c < b+c) = (a < (b::'a:pordered-ab-semigroup-add-imp-le))
(proof )

lemma add-le-cancel-left [simp]:
(cta < c+b) = (a < (b::'az:pordered-ab-semigroup-add-imp-le))
(proof )

lemma add-le-cancel-right [simp]:
(atc < b+c) = (a < (b::'apordered-ab-semigroup-add-imp-le))
(proof)

lemma add-le-imp-le-right:
a+ c<b+ c==>a < (b:'a:pordered-ab-semigroup-add-imp-le)

(proof)

lemma add-increasing:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<a; b<c|]]==>b<a+ ¢

(proof)

lemma add-increasing2:
fixes c :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<c; b<a|]==>b<a+ ¢

(proof)

lemma add-strict-increasing:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<a; b<c|] ==> b < a + ¢

(proof)

lemma add-strict-increasing2:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<a; b<c|] ==> b < a + ¢

(proof)

14.3 Ordering Rules for Unary Minus

lemma le-imp-neg-le:
assumes a < (b::'a::{pordered-ab-semigroup-add-imp-le, ab-group-add}) shows

lemma neg-le-iff-le [simp]: (—b < —a) = (a < (b::'a:pordered-ab-group-add))
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{proof)

lemma neg-le-0-iff-le [simp]: (—a < 0) = (0 < (a::'a:pordered-ab-group-add))
(proof)

lemma neg-0-le-iff-le [simp]: (0 < —a) = (a < (0::'a::pordered-ab-group-add))
(proof)

lemma neg-less-iff-less [simp]: (—b < —a) = (a < (b::'a::pordered-ab-group-add))

(proof)

lemma neg-less-0-iff-less [simp]: (—a < 0) = (0 < (a::'a::pordered-ab-group-add))
(proof)

lemma neg-0-less-iff-less [simp]: (0 < —a) = (a < (0::'a::pordered-ab-group-add))

(proof)

The next several equations can make the simplifier loop!

lemma less-minus-iff: (a < — b) = (b < — (a::’a::pordered-ab-group-add))

{proof)

lemma minus-less-iff: (— a < b) = (— b < (a::'a::pordered-ab-group-add))

{(proof)

lemma le-minus-iff: (a < — b) = (b < — (a::'a::pordered-ab-group-add))
(proof)

lemma minus-le-iff: (— a < b) = (= b < (a::'a:pordered-ab-group-add))

(proof)

lemma add-diff-eq: a + (b — ¢) = (a + b) — (c::'a:ab-group-add)
(proof)

lemma diff-add-eq: (a — b) + ¢ = (a + ¢) — (b::'a::ab-group-add)
(proof)

lemma diff-eq-eq: (a—b = ¢) = (a = ¢ + (b::'a::ab-group-add))
(proof)

lemma eq-diff-eq: (a = ¢—b) = (a + (b::'a::ab-group-add) = ¢)
(proof)

lemma diff-diff-eq: (a — b) — ¢ = a — (b + (c::'a::ab-group-add))
(proof)

lemma diff-diff-eq2: a — (b — ¢) = (a + ¢) — (b::'a::ab-group-add)
{proof)

lemma diff-add-cancel: a — b + b = (a::’a::ab-group-add)
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{proof)

lemma add-diff-cancel: a + b — b = (a::'a::ab-group-add)
(proof )

Further subtraction laws

lemma less-iff-diff-less-0: (a < b) = (a — b < (0::a::pordered-ab-group-add))
(proof)

lemma diff-less-eq: (a—b < ¢) = (a < ¢ + (b::'a:pordered-ab-group-add))
(proof)

lemma less-diff-eq: (a < ¢—b) = (a + (b::"a::pordered-ab-group-add) < ¢)
(proof)

lemma diff-le-eq: (a—b < ¢) = (a < ¢ + (b::’az:pordered-ab-group-add))
(proof)

lemma le-diff-eq: (a < ¢—b) = (a + (b::'a::pordered-ab-group-add) < c)
(proof)

This list of rewrites simplifies (in)equalities by bringing subtractions to the
top and then moving negative terms to the other side. Use with add-ac

lemmas compare-ris =
diff-minus [symmetric]
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-less-eq less-diff-eq diff-le-eq le-diff-eq
diff-eq-eq eq-diff-eq

14.4 Support for reasoning about signs

lemma add-pos-pos: 0 <
(z::"a::{ comm-monoid-add,pordered-cancel-ab-semigroup-add})
=>0<y=>0<z+y
(proof )

lemma add-pos-nonneg: 0 <
(z::'a::{ comm-monoid-add,pordered-cancel-ab-semigroup-add })
=>0<=y==>0<z+y
(proof)

lemma add-nonneg-pos: 0 <=
(z::'a::{ comm-monoid-add,pordered-cancel-ab-semigroup-add })
==>0<y==>0<z+y
(proof)

lemma add-nonneg-nonneg: 0 <=
(z::'a::{ comm-monoid-add,pordered-cancel-ab-semigroup-add})
=>0<=y==>0<=z+y
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{proof)

lemma add-neg-neg: (z::'a::{ comm-monoid-add,pordered-cancel-ab-semigroup-add})
<O==>y<0=>z+y<0
(proof)

lemma add-neg-nonpos:
(z::'a::{ comm-monoid-add,pordered-cancel-ab-semigroup-add}) < 0
==>y<=0==>z+y<0

(proof)

lemma add-nonpos-neg:
(z::'a:{ comm-monoid-add,pordered-cancel-ab-semigroup-add}) <= 0
==>y< 0==>zx+y<o0

{(proof)

lemma add-nonpos-nonpos:
(z::'a:{ comm-monoid-add,pordered-cancel-ab-semigroup-add}) <= 0
==>y<=0==>z+y <=0
(proof)

14.5 Lemmas for the cancel-numerals simproc

lemma eq-iff-diff-eq-0: (a = b) = (a—b = (0::"a::ab-group-add))
(proof)

lemma le-iff-diff-le-0: (a < b) = (a—b < (0::'a::pordered-ab-group-add))
(proof)

14.6 Lattice Ordered (Abelian) Groups

axclass lordered-ab-group-meet < pordered-ab-group-add, meet-semilorder
axclass lordered-ab-group-join < pordered-ab-group-add, join-semilorder

lemma add-meet-distrib-left: a + (meet b ¢) = meet (a + b) (a + (c::'a::{pordered-ab-group-add,
meet-semilorder}))

(proof)

lemma add-join-distrib-left: a + (join b ¢) = join (a + b) (a+ (c::'a::{pordered-ab-group-add,
join-semilorder}))

(proof)

lemma is-join-neg-meet: is-join (% (a::’a::{ pordered-ab-group-add, meet-semilorder})
b. — (meet (—a) (=b)))
{proof )

lemma is-meet-neg-join: is-meet (% (a::'a::{pordered-ab-group-add, join-semilorder})
b. — (join (—a) (=b)))
(proof)
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axclass lordered-ab-group C pordered-ab-group-add, lorder

instance lordered-ab-group-meet C lordered-ab-group

(proof)

instance lordered-ab-group-join C lordered-ab-group
(proof)

lemma add-join-distrib-right: (join a b) 4+ (c::'a::lordered-ab-group) = join (a+c)
(b+c)
(proof)

lemma add-meet-distrib-right: (meet a b) + (c::'a::lordered-ab-group) = meet (a+c)
(b+c)
(proof)

lemmas add-meet-join-distribs = add-meet-distrib-right add-meet-distrib-left add-join-distrib-right
add-join-distrib-left

lemma join-eq-neg-meet: join a (b::’a::lordered-ab-group) = — meet (—a) (—b)
(proof )
lemma meet-eq-neg-join: meet a (b::'a::lordered-ab-group) = — join (—a) (—b)
(proof )

lemma add-eq-meet-join: a + b = (join a b) + (meet a (b::'a::lordered-ab-group))

(proof)

14.7 Positive Part, Negative Part, Absolute Value

constdefs
pprt :: 'a = (‘a::lordered-ab-group)
pprt x == join ¢ 0
nprt :: 'a = (a::lordered-ab-group)
nprt x == meet x 0

lemma prts: a = pprt a + nprt a

(proof)

lemma zero-le-pprt[simp]: 0 < pprt a

{proof)

lemma npri-le-zero[simp]: nprt a < 0

(proof)

lemma le-eqg-neg: (a < —b) = (a + b < (0::-::lordered-ab-group)) (is 21 = ?r)
(proof)
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lemma pprt-0[simp]: pprt 0 = 0 (proof)
lemma nprt-0[simp|: nprt 0 = 0 {(proof)

lemma pprt-eg-id[simp]: 0 <=z = pprt z = x
(proof )

lemma nprt-eg-id[simp]: © <= 0 = nprtz = z
(proof )

lemma pprt-eq-0[simp): © <= 0 = pprt z = 0
(proof)

lemma nprt-eg-0[simp]: 0 <=z = nprt z = 0
(proof )

lemma join-0-imp-0: join a (—a) = 0 = a = (0::'a::lordered-ab-group)

{proof)

lemma meet-0-imp-0: meet o (—a) = 0 = a = (0::'a::lordered-ab-group)

(proof)

lemma join-0-eq-0[simp]: (join a (—a) = 0) = (a = (0::'a::lordered-ab-group))
(proof)

lemma meet-0-eq-0[simp]: (meet a (—a) = 0) = (a = (0::'a::lordered-ab-group))

(proof)

lemma zero-le-double-add-iff-zero-le-single-add[simp]: (0 < a + a) = (0 < (a::'a::lordered-ab-group))
(proof)

lemma double-add-le-zero-iff-single-add-le-zero[simp: (a + a <= 0) = ((a::'a::lordered-ab-group)
<= 0)
(proof)

lemma double-add-less-zero-iff-single-less-zero[simp): (a+a<0) = ((a::'a::{ pordered-ab-group-add,linorder})
< 0) (is ?s)

(proof)

axclass lordered-ab-group-abs C lordered-ab-group
abs-lattice: abs © = join x (—x)

lemma abs-zero[simp]: abs 0 = (0::'a::lordered-ab-group-abs)

(proof)

lemma abs-eg-0[simp]: (abs a = 0) = (a = (0::'a::lordered-ab-group-abs))
(proof)

lemma abs-0-eq[simp]: (0 = abs a) = (a = (0::'a::lordered-ab-group-abs))

(proof)
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lemma neg-meet-eq-join[simp|: — meet a (b::-:lordered-ab-group) = join (—a)
(=0)
(proof )

lemma neg-join-eq-meet[simp): — join a (b::-::lordered-ab-group) = meet (—a)
(=)
(proof)

lemma join-eq-if : join a (—a) = (if a < 0 then —a else (a::'a::{lordered-ab-group,
linorder}))
(proof)

lemma abs-if-lattice: |a| = (if a < 0 then —a else (a::'a::{lordered-ab-group-abs,
linorder}))
(proof)

lemma abs-ge-zero[simp]: 0 < abs (a::'a::lordered-ab-group-abs)
(proof)

lemma abs-le-zero-iff [simp]: (abs a < (0::'a::lordered-ab-group-abs)) = (a = 0)

(proof)

lemma zero-less-abs-iff [simp]: (0 < abs a) = (a # (0::'a::lordered-ab-group-abs))
(proof)

lemma abs-not-less-zero [simp]: ~ abs a < (0::'a::lordered-ab-group-abs)

(proof)

lemma abs-ge-self: a < abs (a::'a::lordered-ab-group-abs)

{(proof)

lemma abs-ge-minus-self: —a < abs (a::’a::lordered-ab-group-abs)

{proof)

lemma le-imp-join-eq: a < b = joina b = b

(proof)

lemma ge-imp-join-eq: b < a = join a b = a
(proof)

lemma le-imp-meet-eq: a < b = meet a b = a

(proof)

lemma ge-imp-meet-eq: b < a = meet a b = b
(proof)

lemma abs-prts: abs (a::-:lordered-ab-group-abs) = pprt a — nprt a

(proof)
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lemma abs-minus-cancel [simp]: abs (—a) = abs(a::'a::lordered-ab-group-abs)
(proof)

lemma abs-idempotent [simp]: abs (abs a) = abs (a::'a::lordered-ab-group-abs)

(proof)

lemma abs-minus-commute:
fixes a :: 'a::lordered-ab-group-abs
shows abs (a—b) = abs(b—a)
(proof)

lemma zero-le-iff-zero-nprt: (0 < a) = (nprt a = 0)
(proof)

lemma le-zero-iff-zero-pprt: (a < 0) = (pprt a = 0)

(proof)

lemma le-zero-iff-pprt-id: (0 < a) = (pprt a = a)
(proof )

lemma zero-le-iff-nprt-id: (a < 0) = (nprt a = a)

{proof)

lemma pprt-mono|simp|: (a::-:lordered-ab-group) <= b = pprt a <= pprt b
(proof )

lemma nprt-mono[simp): (a::-::lordered-ab-group) <= b = nprt a <= nprt b
(proof )

lemma iff2imp: (A=B) = (A = B)
(proof)

lemma abs-of-nonneg [simp]: 0 < a = abs a = (a::'a::lordered-ab-group-abs)
(proof)

lemma abs-of-pos: 0 < (x::'a::lordered-ab-group-abs) ==> abs © = z
(proof)
lemma abs-of-nonpos [simp]: a < 0 = abs a = —(a::'a::lordered-ab-group-abs)
(proof)
lemma abs-of-neg: (x::'a::lordered-ab-group-abs) < 0 ==>
abst = —z
(proof)
lemma abs-lel: [|a < b; —a < b|]] ==> abs a < (b::'a::lordered-ab-group-abs)

{(proof)
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lemma le-minus-self-iff: (a < —a) = (a < (0::'a::lordered-ab-group))

(proof)

lemma minus-le-self-iff: (—a < a) = (0 < (a::’a::lordered-ab-group))

(proof)

lemma abs-le-D1: abs a
(proof)

IN

b ==> a < (b::'a::lordered-ab-group-abs)

lemma abs-le-D2: abs a < b ==> —a < (b::'a::lordered-ab-group-abs)

(proof)

lemma abs-le-iff: (abs a < b) = (a < b & —a < (b::'a::lordered-ab-group-abs))
(proof)

lemma abs-triangle-ineq: abs(a+b) < abs a + abs(b::'a::lordered-ab-group-abs)

{proof)

lemma abs-triangle-ineq2: abs (a::'a::lordered-ab-group-abs) —
abs b <= abs (a — b)
(proof )

lemma abs-triangle-ineq3:
abs(abs (a::'a::lordered-ab-group-abs) — abs b) <= abs (a — b)
{proof)

lemma abs-triangle-ineqs: abs ((a::'a::lordered-ab-group-abs) — b) <=
abs a + abs b
(proof)

lemma abs-diff-triangle-ineq:
|(a::'a::lordered-ab-group-abs) + b — (c+d)| < |a—c| + |b—d|
(proof)

lemma abs-add-abs[simp]:
fixes a:: 'a::{lordered-ab-group-abs}
shows abs(abs a + abs b) = abs a + abs b (is ?L = ?R)

(proof)

Needed for abelian cancellation simprocs:

lemma add-cancel-21: ((z::'a::ab-group-add) + (y + z) =y + u) = (z + z = u)
{proof)

lemma add-cancel-end: (z + (y + 2z) = y) = (x = — (2::'a::ab-group-add))
(proof)

lemma less-eql: (z::'a::pordered-ab-group-add) — y =z’ — y' = (z < y) = (z’
<y
(proof)
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lemma le-eql: (z::'a::pordered-ab-group-add) — y =z’ — y' = (y <= z) = (y’

<=z

(proof)

lemma eg-eql: (z::'a::ab-group-add) — y =z’ — y' = (z = y) = (z' = y)

{proof)

lemma diff-def: (z::'a::ab-group-add) — y == z + (—y)
{proof )

lemma add-minus-cancel: (a::'a::ab-group-add) + (—a + b) = b
(proof)

lemma minus-add-cancel: —(a::'a::ab-group-add) + (a + b) = b

(proof)

lemma le-add-right-mono:
assumes
a <= b + (c::'a:pordered-ab-group-add)
c<=d
shows a <= b + d
(proof)

lemmas group-eq-simps =
mult-ac
add-ac
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-eq-eq eq-diff-eq

lemma estimate-by-abs:
a + b <= (c::'az:lordered-ab-group-abs) = a <= ¢ + abs b

(proof)
Simplification of z — y < (0::a), etc.

lemmas diff-less-0-iff-less = less-iff-diff-less-0 [symmetric]
lemmas diff-eq-0-iff-eq = eq-iff-diff-eq-0 [symmetric]
lemmas diff-le-0-iff-le = le-iff-diff-le-0 [symmetric]
declare diff-less-0-iff-less [simp]

declare diff-eq-0-iff-eq [simp]

declare diff-le-0-iff-le [simp]

(ML)
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15 Ring-and-Field: (Ordered) Rings and Fields

theory Ring-and-Field

imports OrderedGroup

begin

The theory of partially ordered rings is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society
1979

e Partially Ordered Algebraic Systems, Pergamon Press 1963
Most of the used notions can also be looked up in
e http://www.mathworld.com by Eric Weisstein et. al.

e Algebra I by van der Waerden, Springer.

axclass semiring C ab-semigroup-add, semigroup-mult
left-distrib: (a + b) x c=a*xc+ b * ¢
right-distrib: a x (b 4+ ¢) = a x b + a * ¢

axclass semiring-0 C semaring, comm-monoid-add

axclass semiring-0-cancel C semiring-0, cancel-ab-semigroup-add

axclass comm-semiring C ab-semigroup-add, ab-semigroup-mult
distrib: (a +b) x c=a*xc+ b*c

instance comm-semiring C semiring

(proof)

axclass comm-semiring-0 C comm-semiring, comm-monoid-add

instance comm-semiring-0 C semiring-0 {proof)

axclass comm-semiring-0-cancel C comm-semiring-0, cancel-ab-semigroup-add
instance comm-semiring-0-cancel C semiring-0-cancel (proof)

axclass azclass-0-neq-1 C zero, one
zero-neg-one [simp]: 0 # 1

axclass semiring-1 C azclass-0-neg-1, semiring-0, monoid-mult

axclass comm-semiring-1 C azclass-0-neq-1, comm-semiring-0, comm-monoid-mult

instance comm-semiring-1 C semiring-1 {proof)


http://www.mathworld.com
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axclass azclass-no-zero-divisors C zero, times
no-zero-divisors: a # 0 = b # 0 = a x b # 0

axclass semiring-1-cancel C semiring-1, cancel-ab-semigroup-add
instance semiring-1-cancel C semiring-0-cancel (proof)
axclass comm-semiring-1-cancel C comm-semiring-1, cancel-ab-semigroup-add
instance comm-semiring-1-cancel C semiring-1-cancel {proof)
instance comm-semiring-1-cancel C comm-semiring-0-cancel (proof)
axclass ring C semiring, ab-group-add
instance ring C semiring-0-cancel (proof)
axclass comm-ring C comm-semiring-0, ab-group-add
instance comm-ring C ring (proof)
instance comm-ring C comm-semiring-0-cancel {proof)
axclass ring-1 C ring, semiring-1
instance ring-1 C semiring-1-cancel {proof)
axclass comm-ring-1 C comm-ring, comm-semiring-1
instance comm-ring-1 C ring-1 (proof)
instance comm-ring-1 C comm-semiring-1-cancel {proof)
axclass idom C comm-ring-1, axclass-no-zero-divisors
axclass field C comm-ring-1, inverse
left-inverse [simpl: a # 0 ==> inverse a * a = 1
divide-inverse: a /b= ax*inverse b

lemma mult-zero-left [simp]: 0 * a = (0::'a::semiring-0-cancel)

{(proof)

lemma mult-zero-right [simp]: a * 0 = (0::'a::semiring-0-cancel)

(proof)

lemma field-mult-eq-0-iff [simp]: (axb = (0::'a::field)) = (a = 0 | b = 0)
(proof)
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instance field C idom

{proof)

axclass division-by-zero C zero, inverse
inverse-zero [simp]: inverse 0 = 0

15.1 Distribution rules
theorems ring-distrib = right-distrib left-distrib

For the combine-numerals simproc

lemma combine-common-factor:
axe + (bxe + ¢) = (a+b)xe + (c::’a::semiring)
(proof)

lemma minus-mult-left: — (a * b) = (—a) x (b::'a:ring)

(proof)

lemma minus-mult-right: — (a * b) = a * —(b::'a::ring)

(proof)

lemma minus-mult-minus [simpl: (— a) x (— b) = a * (b::'a::ring)
(proof)

lemma minus-mult-commute: (— a) * b = a * (— b::'a:ring)
{proof)

lemma right-diff-distrib: a * (b — ¢) = a * b — a * (c::'a::ring)
(proof)

lemma left-diff-distrib: (a — b) x ¢ = a x ¢ — b * (c::'airing)

(proof)

axclass pordered-semiring C semiring-0, pordered-ab-semigroup-add
mult-left-mono: a <=b = 0 <=c= cxa<=cx*xb
mult-right-mono: a <=b= 0 <=c=axc<=bxc

axclass pordered-cancel-semiring C pordered-semiring, cancel-ab-semigroup-add

instance pordered-cancel-semiring C semiring-0-cancel (proof)

axclass ordered-semiring-strict C semiring-0, ordered-cancel-ab-semigroup-add
mult-strict-left-mono: a < b = 0 < c= c*xa <cx*xb
mult-strict-right-mono: a < b = 0 < c=a*xc<bxc

instance ordered-semiring-strict C semiring-0-cancel (proof)

instance ordered-semiring-strict C pordered-cancel-semiring

(proof)
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axclass pordered-comm-semiring C comm-semiring-0, pordered-ab-semigroup-add
mult-mono: a <=b=—= 0<=c=cxa<=cx*xb

axclass pordered-cancel-comm-semiring C pordered-comm-semiring, cancel-ab-semigroup-add
instance pordered-cancel-comm-semiring C pordered-comm-semiring {proof)

axclass ordered-comm-semiring-strict C comm-semiring-0, ordered-cancel-ab-semigroup-add
mult-strict-mono: ¢ < b = 0 < c = cxa < c*b

instance pordered-comm-semiring C pordered-semiring

(proof )
instance pordered-cancel-comm-semiring C pordered-cancel-semiring {proof)

instance ordered-comm-semiring-strict C ordered-semiring-strict

{proof)

instance ordered-comm-semiring-strict C pordered-cancel-comm-semiring

(proof)

axclass pordered-ring C ring, pordered-semiring

instance pordered-ring C pordered-ab-group-add (proof)
instance pordered-ring C pordered-cancel-semiring {proof)
axclass lordered-ring C pordered-ring, lordered-ab-group-abs
instance lordered-ring C lordered-ab-group-meet (proof)
instance lordered-ring C lordered-ab-group-join (proof)

axclass axclass-abs-if C minus, ord, zero
abs-if: abs a = (if (a < 0) then (—a) else a)

axclass ordered-ring-strict C ring, ordered-semiring-strict, azclass-abs-if
instance ordered-ring-strict C lordered-ab-group (proof)

instance ordered-ring-strict C lordered-ring

(proof)

axclass pordered-comm-ring C comm-ring, pordered-comm-semiring
axclass ordered-semidom C comm-semiring-1-cancel, ordered-comm-semiring-strict

zero-less-one [simp]: 0 < 1
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axclass ordered-idom C comm-ring-1, ordered-comm-semiring-strict, axclass-abs-if

instance ordered-idom C ordered-ring-strict {proof)
axclass ordered-field C field, ordered-idom

lemmas linorder-neqFE-ordered-idom =
linorder-neqE[where 'a = ?'b::ordered-idom]

lemma eq-add-iff1:
(axe + ¢ = bxe + d) = ((a—b)*xe + ¢ = (d::'az:ring))
(proof)

lemma eg-add-iff2:
(axe + ¢ = bxe + d) = (¢ = (b—a)*e + (d::'a:ring))
{proof)

lemma less-add-iff1:
(axe + ¢ < bxe + d) = ((a—=b)xe + ¢ < (d::'a::pordered-ring))
(proof)

lemma less-add-iff2:
(axe + ¢ < bxe + d) = (¢ < (b—a)xe + (d::'a::pordered-ring))
(proof)

lemma le-add-iff1:

(axe + ¢ < bxe + d) = ((a—b)xe + ¢ < (d::'a::pordered-ring))
(proof)
lemma le-add-iff2:

(axe + ¢ < bxe + d) = (¢ < (b—a)*xe + (d::'a::pordered-ring))
{proof)

15.2 Ordering Rules for Multiplication

lemma mult-left-le-imp-le:

[lexa < exb; 0 < ¢|]] ==> a < (b::'a::ordered-semiring-strict)
{proof)
lemma mult-right-le-imp-le:
[laxe < bxc; 0 < ¢|]] ==> a < (b::'a::ordered-semiring-strict)
{proof)

lemma mult-left-less-imp-less:
[lexa < cxb; 0 < ¢|] ==> a < (b::'a::ordered-semiring-strict)
{proof )
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lemma mult-right-less-imp-less:
[laxc < bxc; 0 < c|] ==> a < (b::'a:ordered-semiring-strict)
{proof)

lemma mult-strict-left-mono-neg:

[[b < a;c<0]] ==>cx*a< cx* (b:'arordered-ring-strict)
(proof )
lemma mult-left-mono-neg:
[[6 <a;¢c< 0] ==>cxa< cx*(b:'a:pordered-ring)
(proof )
lemma mult-strict-right-mono-neg:
[1b < a;c< 0] ==>ax*c<bx (c:'aordered-ring-strict)
(proof)
lemma mult-right-mono-neg:
[[b < a;¢c<0]] ==>axc< (b:'a:pordered-ring) * ¢
(proof )
15.3 Products of Signs
lemma mult-pos-pos: [| (0::'a::ordered-semiring-strict) < a; 0 < b |] ==> 0 <
axb
(proof )
lemma mult-nonneg-nonneg: [| (0::'a::pordered-cancel-semiring) < a; 0 < b |]
==> (0 < axb
(proof)
lemma mult-pos-neg: [| (0::'a::ordered-semiring-strict) < a; b < 0 |] ==> axb <
0
(proof )
lemma mult-nonneg-nonpos: [| (0::'a::pordered-cancel-semiring) < a; b < 0 |]
==> axb < 0
(proof )
lemma mult-pos-neg2: [| (0::'a::ordered-semiring-strict) < a; b < 0 || ==> bxa
<0
(proof )
lemma mult-nonneg-nonpos2: [| (0::'a::pordered-cancel-semiring) < a; b < 0 |]
==> bhxa < 0
(proof)
lemma mult-neg-neg: [| a < (0::'a::ordered-ring-strict); b < 0 || ==> 0 < axb

{proof)
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lemma mult-nonpos-nonpos: [| a < (0::'a::pordered-ring); b < 0 || ==> 0 < axb

(proof)

lemma zero-less-mult-pos:
[| 0 < axb; 0 < a|] ==> 0 < (b:'a::ordered-semiring-strict)

(proof)

lemma zero-less-mult-pos2:
[| 0 < bxa; 0 < al] ==> 0 < (b:'a::ordered-semiring-strict)

(proof)

lemma zero-less-mult-iff :
((0::'az:ordered-ring-strict) < axb) = (0 < a & 0 <b|la< 0 & b < 0)
(proof )

A field has no ”zero divisors”, and this theorem holds without the assump-
tion of an ordering. See field-mult-eq-0-iff below.

lemma mult-eq-0-iff [simp]: (axb = (0::'a::ordered-ring-strict)) = (a = 0 | b =
0)

(proof)

lemma zero-le-mult-iff :
((0::"a::ordered-ring-strict) < axb) = (0 < a & 0 <b|a< 0 &b <0)
(proof )

lemma mult-less-0-iff :
(axb < (0::'a::ordered-ring-strict)) = (0 < a & b < 0| a< 0 & 0 < D)
(proof)

lemma mult-le-0-iff :
(axb < (0::'a::ordered-ring-strict)) = (0 < a & b< 0] a< 0 & 0
(proof)

IA
=

lemma split-mult-pos-le: (0 < a & 0 <b) | (a <0 &b < 0) = 0 < ax
(b::-:pordered-ring)
(proof)

lemma split-mult-neg-le: (0 < a & b < 0) | (a <0& 0<b) = axb<
(0::-::pordered-cancel-semiring)

{proof)

lemma zero-le-square: (0::'a::ordered-ring-strict) < axa

(proof)

Proving axiom zero-less-one makes all ordered-semidom theorems available
to members of ordered-idom

instance ordered-idom C ordered-semidom
(proof)
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instance ordered-ring-strict C azclass-no-zero-divisors

{proof)

instance ordered-idom C idom (proof)

All three types of comparision involving 0 and 1 are covered.
lemmas one-neg-zero = zero-neq-one [THEN not-sym]

declare one-neg-zero [simp)

lemma zero-le-one [simp]: (0::'a::ordered-semidom) < 1
{proof)

lemma not-one-le-zero [simp]: ~ (1::'a::ordered-semidom) < 0

{proof)

lemma not-one-less-zero [simpl: ~ (1::'a::ordered-semidom) < 0

(proof)

15.4 More Monotonicity

Strict monotonicity in both arguments

lemma mult-strict-mono:
[la<b; e<d; 0<b; 0<c|] ==> a * ¢ < b * (d::'a::ordered-semiring-strict)

(proof)

This weaker variant has more natural premises

lemma mult-strict-mono”:
[| a<b; e<d; 0 < a; 0 < ¢|] ==> a * ¢ < b * (d::"a::ordered-semiring-strict)
(proof )

lemma mult-mono:
la <b;ec<d;0<b;0<
==>a * ¢ < b x (d::'a:pordered-semiring)

(proof)
lemma less-1-mult: [| 1 < m; 1 < n || ==> 1 < mx*(n::'a:ordered-semidom)
(proof)
lemma mult-less-le-imp-less: (a::'a::ordered-semiring-strict) < b ==>
c<=d==>0<=a==>0<c==>axc<bxd
(proof)
lemma mult-le-less-imp-less: (a::'a::ordered-semiring-strict) <= b ==>

c<d=>0<a==>0<=c==>a*xc<bxd
(proof)
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15.5 Cancellation Laws for Relationships With a Common
Factor

Cancellation laws for ¢ x @ < ¢ * band a * ¢ < b * ¢, also with the relations
< and equality.

These “disjunction” versions produce two cases when the comparison is an
assumption, but effectively four when the comparison is a goal.

lemma mult-less-cancel-right-disj:
(axe < bxc) = (0 < c& a < b)| (c <0 &b < (a:'a:ordered-ring-strict)))

(proof)

lemma mult-less-cancel-left-disy:
(exa < exb) = (0 < c& a < b) | (c < 0 & b < (a'a:ordered-ring-strict)))
(proof )

The “conjunction of implication” lemmas produce two cases when the com-

parison is a goal, but give four when the comparison is an assumption.
lemma mult-less-cancel-right:

fixes ¢ :: 'a :: ordered-ring-strict

shows (axc < bxc) =((0<c——>a<b) & (c<0——>b<a))

(proof)

lemma mult-less-cancel-left:
fixes ¢ :: 'a :: ordered-ring-strict
shows (cxa < exb) =((0<c——>a<b) & (c<0——>b<a))

(proof)

lemma mult-le-cancel-right:
(axc < bxc) = ((0<c ——> a<b) & (¢<0 ——> b < (a::'a::ordered-ring-strict)))
(proof)

lemma mult-le-cancel-left:
(exa < exb) = ((0<c ——> a<b) & (<0 ——> b < (a::'a::ordered-ring-strict)))
(proof )

lemma mult-less-imp-less-left:
assumes less: cxa < cxb and nonneg: 0 < ¢
shows a < (b::’a::ordered-semiring-strict)

(proof)

lemma mult-less-imp-less-right:
assumes less: axc < bxc and nonneg: 0 <= ¢
shows a < (b::'a::ordered-semiring-strict)

(proof)

Cancellation of equalities with a common factor

lemma mult-cancel-right [simp]:
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(axc = bxc) = (¢ = (0::'a:ordered-ring-strict) | a=b)
(proof)

These cancellation theorems require an ordering. Versions are proved below
that work for fields without an ordering.

lemma mult-cancel-left [simp]:
(cxa = cxb) = (¢ = (0::'a::ordered-ring-strict) | a=b)
(proof)

15.5.1 Special Cancellation Simprules for Multiplication

These also produce two cases when the comparison is a goal.

lemma mult-le-cancel-right1:
fixes ¢ :: ‘a :: ordered-idom
shows (¢ < bxc¢) = ((0<c ——> 1<b) & (<0 ——> b < 1))

(proof)

lemma mult-le-cancel-right2:
fixes ¢ :: 'a :: ordered-idom
shows (axc < ¢) = ((0<c ——> a<1) & (¢<0 ——> 1 < a))

(proof)

lemma mult-le-cancel-left1:
fixes ¢ :: 'a :: ordered-idom
shows (¢ < ¢xb) = ((0<c ——> 1<b) & (<0 —> b < 1))

(proof)

lemma mult-le-cancel-left2:

fixes ¢ :: ‘a :: ordered-idom

shows (cxa < ¢) = ((0<c ——> a<1) & (¢<0 ——> 1 < a))
(proof)

lemma mult-less-cancel-right1:

fixes ¢ :: 'a :: ordered-idom

shows (¢ < bxc) = (0 < c——> 1<b) & (¢ <0 ——>b< 1))
(proof)

lemma mult-less-cancel-right2:

fixes ¢ :: 'a :: ordered-idom

shows (axc < ¢) = ((0 <c——>a<l) & (¢ <0 ——> 1 < a))
(proof)

lemma mult-less-cancel-left1:

fixes ¢ :: ‘a :: ordered-idom

shows (¢ < ¢xb) = (0 < ¢ ——> 1<b) & (¢ <0 ——>b < 1))
(proof)

lemma mult-less-cancel-left2:
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fixes c :: 'a :: ordered-idom

shows (c¢xa < ¢) = (0 < c¢c——>a<l) & (¢ <0 ——> 1 < a))
(proof)

lemma mult-cancel-right! [simp):
fixes ¢ :: 'a :: ordered-idom
shows (¢ = bxc) = (¢ =0 | b=1)

(proof)

lemma mult-cancel-right2 [simp):
fixes ¢ :: 'a :: ordered-idom
shows (axc =¢) = (¢ = 0 | a=1)

(proof)

lemma mult-cancel-left1 [simp]:
fixes ¢ :: 'a :: ordered-idom
shows (¢ = ¢xb) = (¢ = 0 | b=1)

{proof)

lemma mult-cancel-left2 [simp]:
fixes ¢ :: 'a :: ordered-idom
shows (c¢xa = ¢) = (¢ =0 | a=1)

(proof)

Simprules for comparisons where common factors can be cancelled.

lemmas mult-compare-simps =
mult-le-cancel-right mult-le-cancel-left
mult-le-cancel-right1 mult-le-cancel-right2
mult-le-cancel-left1 mult-le-cancel-left2
mult-less-cancel-right mult-less-cancel-left
mult-less-cancel-right1 mult-less-cancel-right2
mult-less-cancel-left1 mult-less-cancel-left2
mult-cancel-right mult-cancel-left
mult-cancel-right] mult-cancel-right2
mult-cancel-left1 mult-cancel-left2

This list of rewrites decides ring equalities by ordered rewriting.

lemmas ring-eq-simps =

left-distrib right-distrib left-diff-distrib right-diff-distrib
group-eq-simps

15.6 Fields

lemma right-inverse [simp]:
assumes not0: a # 0 shows a * inverse (a::'a:field) = 1

{proof)

lemma right-inverse-eq: b # 0 ==> (a / b = 1) = (a = (b::'a::field))
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(proof )
lemma nonzero-inverse-eq-divide: a # 0 ==> inverse (a::'a::field) = 1/a
(proof)
lemma divide-self: a # 0 ==> a / (a::’a:field) = 1
{proof )

lemma divide-zero [simp]: a / 0 = (0::'a::{field,division-by-zero})

(proof)

lemma divide-self-if [simp]:
a / (a:'a:{field,division-by-zero}) = (if a=0 then 0 else 1)
{proof)

lemma divide-zero-left [simp]: 0/a = (0::'a::field)

{proof )

lemma inverse-eq-divide: inverse (a::'a:field) = 1/a
(proof)

lemma add-divide-distrib: (a+b)/(c::’a::field) = a/c + b/c
(proof )

Compared with mult-eq-0-iff, this version removes the requirement of an
ordering.

lemma field-mult-eq-0-iff [simp]: (axb = (0::'a::field)) = (a = 0 | b = 0)
(proof)

Cancellation of equalities with a common factor

lemma field-mult-cancel-right-lemma:
assumes cnz: ¢ # (0::'a::field)
and eq: axc = bxc
shows a=b

(proof)

lemma field-mult-cancel-right [simp]:
(axc = bxc) = (¢ = (0::'ax:field) | a=b)
{proof )

lemma field-mult-cancel-left [simp]:
(exa = cxb) = (¢ = (0::'ax:field) | a=b)
{proof)

lemma nonzero-imp-inverse-nonzero: a # 0 ==> inverse a # (0::'a:field)

(proof)
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15.7 Basic Properties of inverse

lemma inverse-zero-imp-zero: inverse a = 0 ==> a = (0::a::field)

(proof)

lemma inverse-nonzero-imp-nonzero:
inverse a = 0 ==> a = (0::'a:field)
(proof)

lemma inverse-nonzero-iff-nonzero [simp]:
(inverse a = 0) = (a = (0::'a::{field,division-by-zero}))

(proof )
lemma nonzero-inverse-minus-eq:
assumes [simp]: a#0 shows inverse(—a) = —inverse(a::'a::field)
(proof )
lemma inverse-minus-eq [simp]:
inverse(—a) = —inverse(a::’a::{field,division-by-zero})
(proof)

lemma nonzero-inverse-eq-imp-eq:
assumes inveq: inverse a = inverse b
and anz: a # 0
and bnz: b # 0
shows a = (b::'a:field)

(proof )
lemma inverse-eq-imp-eq:

inverse a = inverse b ==> a = (b::'a:{field,division-by-zero})
(proof)

lemma inverse-eq-iff-eq [simp]:
(inverse a = inverse b) = (a = (b::'a::{field,division-by-zero}))
(proof)

lemma nonzero-inverse-inverse-eq:
assumes [simp]: a # 0 shows inverse(inverse (a::'a:field)) = a
(proof)

lemma inverse-inverse-eq [simp]:
inverse(inverse (a::'a:{field,division-by-zero})) = a
{proof)

lemma inverse-1 [simp]: inverse 1 = (1::a::field)
{proof)

lemma inverse-unique:
assumes ab: axb = 1
shows inverse a = (b::'a::field)
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{proof)

lemma nonzero-inverse-mult-distrib:
assumes anz: a # 0
and bnz: b # 0
shows inverse(axb) = inverse(b) x inverse(a::'a::field)
(proof)

This version builds in division by zero while also re-orienting the right-hand
side.

lemma inverse-mult-distrib [simp]:
inverse(axb) = inverse(a) * inverse(b::'a::{field,division-by-zero})
{proof)

There is no slick version using division by zero.

lemma inverse-add:

[la # 0; b # 0]]

==> inverse a + inverse b = (a+b) x inverse a * inverse (b::'a::field)

(proof)

lemma inverse-divide [simp]:
inverse (a/b) = b / (a::'a::{field,division-by-zero})
{proof)

15.8 Calculations with fractions

lemma nonzero-mult-divide-cancel-left:
assumes [simp]: b#0 and [simp]: c¢#£0
shows (cxa)/(cxb) = a/(b::'a::field)
(proof)

lemma mult-divide-cancel-left:
c£0 ==> (cxa) [/ (exb) = a / (b:'a{field,division-by-zero})
(proof )

lemma nonzero-mult-divide-cancel-right:
[[6#£0; c£0|] ==> (axc) / (bxc) = a/(b::'a:field)
(proof)

lemma mult-divide-cancel-right:
c£0 ==> (axc) / (bxc) = a / (b::'a::{field,division-by-zero})
(proof)

lemma mult-divide-cancel-eq-if :

(cxa) [/ (exb) =
(if ¢c=0 then 0 else a / (b::'a::{field,division-by-zero}))

(proof)
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lemma divide-1 [simp]: a/1 = (a::'a:field)
{proof)

lemma times-divide-eq-right: a * (b/c) = (axb) / (c::'a::field)
(proof)

lemma times-divide-eq-left: (b/c) * a = (bxa) / (c::'a::field)
(proof)

lemma divide-divide-eg-right [simp]:
a/ (b/c) = (axc) / (b:'a:{field,division-by-zero})
(proof )

lemma divide-divide-eq-left [simp]:
(a / b) / (c:'a:{field,division-by-zero}) = a | (bxc)
(proof )

lemma add-frac-eq: (y::'a::field) ~= 0 ==> z = ( ==>
z/y+w/z=(@*xz+wx*xy)/ (y=*2)
(proof)

15.8.1 Special Cancellation Simprules for Division

lemma mult-divide-cancel-left-if [simp]:

fixes ¢ :: ‘a :: {field,division-by-zero}

shows (cxa) / (cxb) = (if ¢c=0 then 0 else a/b)
(proof)

lemma mult-divide-cancel-right-if [simp]:

fixes ¢ :: ‘a :: {field,division-by-zero}

shows (axc) / (bxc) = (if c=0 then 0 else a/b)
(proof )

lemma mult-divide-cancel-left-if1 [simp]:
fixes ¢ :: 'a :: {field,division-by-zero}
shows ¢ / (¢xb) = (if ¢=0 then 0 else 1/b)
(proof )

lemma mult-divide-cancel-left-if2 [simp]:
fixes ¢ :: ‘a :: {field,division-by-zero}
shows (cxa) / ¢ = (if ¢c=0 then 0 else a)
(proof)

lemma mult-divide-cancel-right-if1 [simp]:
fixes ¢ :: ‘a :: {field,division-by-zero}
shows ¢ / (bxc) = (if ¢=0 then 0 else 1/b)
(proof)

lemma mult-divide-cancel-right-if2 [simp]:
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fixes ¢ :: ‘a :: {field,division-by-zero}
shows (axc) / ¢ = (if ¢=0 then 0 else a)
(proof)

Two lemmas for cancelling the denominator

lemma times-divide-self-right [simp]:
fixes a :: 'a :: {field,division-by-zero}
shows a * (b/a) = (if a=0 then 0 else b)
(proof )

lemma times-divide-self-left [simp]:
fixes a :: 'a :: {field,division-by-zero}
shows (b/a) * a = (if a=0 then 0 else b)
(proof )

15.9 Division and Unary Minus

lemma nonzero-minus-divide-left: b # 0 ==> — (a/b) = (—a) / (b::'a::field)
(proof)

lemma nonzero-minus-divide-right: b # 0 ==> — (a/b) = a / —(b::"a::field)
(proof)

lemma nonzero-minus-divide-divide: b # 0 ==> (—a)/(=b) = a / (b::'a::field)

(proof)

lemma minus-divide-left: — (a/b) = (—a) / (b::'a:field)
(proof)

lemma minus-divide-right: — (a/b) = a | —(b::'a::{field,division-by-zero})
(proof)

The effect is to extract signs from divisions

lemmas divide-minus-left = minus-divide-left [symmetric]
lemmas divide-minus-right = minus-divide-right [symmetric]
declare divide-minus-left [simp]  divide-minus-right [simp]

Also, extract signs from products
lemmas mult-minus-left = minus-mult-left [symmetric)

lemmas mult-minus-right = minus-mult-right [symmetric]
declare mult-minus-left [simp] mult-minus-right [simp]

lemma minus-divide-divide [simp):
(—a)/(=b) = a / (b:'a::{field,division-by-zero})
(proof)

lemma diff-divide-distrib: (a—0b)/(c::'a::field) = a/c — b/c
(proof)
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lemma diff-frac-eq: (y::'a::field) = 0 ==> 2z V= 0 ==>
z/y—w/z=(@*xz—wxy)/ (y=*2)
(proof)

15.10 Ordered Fields

lemma positive-imp-inverse-positive:
assumes a-gt-0: 0 < a shows 0 < inverse (a::’a::ordered-field)
(proof )

lemma negative-imp-inverse-negative:
a < 0 ==> inverse a < (0::'a::ordered-field)
(proof)

lemma inverse-le-imp-le:
assumes invle: inverse a < inverse b
and apos: 0 < a
shows b < (a::’a::ordered-field)
(proof )

lemma inverse-positive-imp-positive:
assumes inv-gt-0: 0 < inverse a
and [simp]: a # 0
shows 0 < (a::’a::ordered-field)
(proof )

lemma inverse-positive-iff-positive [simp]:
(0 < inverse a) = (0 < (a::'a::{ordered-field,division-by-zero}))

{(proof)

lemma inverse-negative-imp-negative:
assumes inv-less-0: inverse a < 0
and [simp]: a # 0
shows a < (0::'a::ordered-field)
(proof )

lemma inverse-negative-iff-negative [simp):
(inverse a < 0) = (a < (0::'a::{ordered-field,division-by-zero}))

(proof)

lemma inverse-nonnegative-iff-nonnegative [simp):
(0 < inverse a) = (0 < (a::'a::{ordered-field,division-by-zero}))
(proof )

lemma inverse-nonpositive-iff-nonpositive [simp):
(inverse a < 0) = (a < (0::'a::{ordered-field,division-by-zero}))
(proof )
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15.11 Anti-Monotonicity of inverse

lemma less-imp-inverse-less:
assumes less: a < b
and apos: 0 < a
shows inverse b < inverse (a::'a::ordered-field)

(proof)
lemma inverse-less-imp-less:

[linverse a < inverse b; 0 < al|] ==> b < (a::'a::ordered-field)
(proof )

Both premises are essential. Consider -1 and 1.

lemma inverse-less-iff-less [simp]:
[0 < a; 0 < b
==> (inverse a < inverse b) = (b < (a::'a:ordered-field))

(proof)

lemma le-imp-inverse-le:
[la < b; 0 < a|] ==> inverse b < inverse (a::'a::ordered-field)
(proof)

lemma inverse-le-iff-le [simp]:

[10 < a; 0 < b

==> (inverse a < inverse b) = (b < (a::’a::ordered-field))
(proof)

These results refer to both operands being negative. The opposite-sign case
is trivial, since inverse preserves signs.

lemma inverse-le-imp-le-neg:

[linverse a < inverse b; b < 0]] ==> b < (a::'a::ordered-field)
(proof)

lemma less-imp-inverse-less-neg:
[la < b; b < 0]] ==> inverse b < inverse (a::'a::ordered-field)
(proof)

lemma inverse-less-imp-less-neg:
[linverse a < inverse b; b < 0]] ==> b < (a::'a::ordered-field)
(proof )

lemma inverse-less-iff-less-neg [simp]:
[la < 0; b < 0]
==> (inverse a < inverse b) = (b < (a::’'a::ordered-field))
(proof)

lemma le-imp-inverse-le-neg:
[la < b; b < 0]] ==> inverse b < inverse (a::'a::ordered-field)
(proof)
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lemma inverse-le-iff-le-neg [simp]:
[la < 0; b < 0]
==> (inverse a < inverse b) = (b < (a::'a::ordered-field))

(proof)

15.12 Inverses and the Number One

lemma one-less-inverse-iff:
(1 <inversez) = (0 < z & © < (1::'a:{ordered-field,division-by-zero})){proof)

lemma inverse-eq-1-iff [simp]:
(inverse x = 1) = (z = (1:'a:{field,division-by-zero}))
(proof )

lemma one-le-inverse-iff:
(1 < inverse z) = (0 < z & z < (1::'a:{ordered-field,division-by-zero}))

{(proof)

lemma inverse-less-1-iff:
(inverse © < 1) = (x < 0| 1 < (z::'a::{ordered-field,division-by-zero}))
(proof)

lemma inverse-le-1-iff:
(inverse x < 1) = (x < 0 | 1 < (z::'a::{ordered-field,division-by-zero}))
(proof)

15.13 Simplification of Inequalities Involving Literal Divi-
sors

lemma pos-le-divide-eq: 0 < (c::'az:ordered-field) ==> (a < b/c) = (a*xc < b)
(proof)

lemma neg-le-divide-eq: ¢ < (0::'a::ordered-field) ==> (a < b/c) = (b < axc)

(proof)

lemma le-divide-eq:
(a < b/c) =
(if 0 < c then axc < b
else if ¢ < 0 then b < axc
else a < (0::'a::{ordered-field,division-by-zero}))
(proof)

lemma pos-divide-le-eq: 0 < (c::'a::ordered-field) ==> (b/c < a) = (b < axc)

(proof)

lemma neg-divide-le-eq: ¢ < (0::'a::ordered-field) ==> (b/c < a) = (a*xc < b)
(proof)
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lemma divide-le-eq:
(b/c < a) =
(if 0 < c then b < axc
else if ¢ < 0 then axc < b
else 0 < (a::'a:{ordered-field,division-by-zero}))
(proof )

lemma pos-less-divide-eq:
0 < (c'azordered-field) ==> (a < b/c) = (axc < b)
(proof)

lemma neg-less-divide-eq:
¢ < (0:'azordered-field) ==> (a < b/c) = (b < axc)
(proof )

lemma less-divide-eq:
(a < b/c) =
(if 0 < c then axc < b
else if ¢ < 0 then b < axc
else a < (0::'a::{ordered-field,division-by-zero}))

(proof)

lemma pos-divide-less-eq:
0 < (c'azordered-field) ==> (b/c < a) = (b < ax*c)
(proof)

lemma neg-divide-less-eq:
¢ < (0:'a:ordered-field) ==> (b/c < a) = (axc < b)
(proof )

lemma divide-less-eq:
(b/c < a) =
(if 0 < c then b < axc
else if ¢ < 0 then axc < b
else 0 < (a::'a::{ordered-field,division-by-zero}))

(proof)

lemma nonzero-eq-divide-eq: ¢£0 ==> ((a::'a:field) = b/c)

{proof)

lemma eg-divide-eq:

(axc

((a::'a::{field,division-by-zero}) = b/c) = (if c#0 then axc = b else

(proof)

lemma nonzero-divide-eg-eq: ¢c£0 ==> (b/c = (a::'ax:field)) = (b

(proof)

lemma divide-eg-eq:

(b/c = (a'a:{field,division-by-zero})) = (if ¢#0 then b = axc else

a=0)

axc)

a=0)

167
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{proof)

lemma divide-eg-imp: (c::'a:{division-by-zero,field}) ~= 0 ==>
b=axc==>b/c=a
{proof)

lemma eg-divide-imp: (c::'a::{division-by-zero,field}) ~= 0 ==>
axc=b==>a=10/c
{proof)

lemma frac-eg-eq: (y::'a:field) ~= 0 ==> 2z “= 0 ==>
(z/y=w/z)=(@xz=wxy)
{proof )

15.14 Division and Signs

lemma zero-less-divide-iff :

((0::"a::{ ordered-field,division-by-zero}) < a/b) = (0 < a & 0 <bla< 0 &
b<0)
(proof )

lemma divide-less-0-iff :
(a/b < (0::'a::{ordered-field,division-by-zero})) =
(0<a&b<0]la<0&0<b)

(proof )

lemma zero-le-divide-iff :
((0::"a::{ ordered-field,division-by-zero}) < a/b) =
(0<a&0<b|la<0&b<0)

(proof )

lemma divide-le-0-iff:
(a/b < (0::'a::{ordered-field,division-by-zero})) =
(0<a&b<0]a<0&0<D)

(proof )

lemma divide-eq-0-iff [simp]:
(a/b = 0) = (a=0 | b=(0:"a::{field,division-by-zero}))
(proof)

lemma divide-pos-pos: 0 < (z::'a::ordered-field) ==>
0<y==>0<z/y
(proof )

lemma divide-nonneg-pos: 0 <= (z::'a::ordered-field) ==> 0 < y ==>
0<=z/y
(proof )

lemma divide-neg-pos: (z::'a::ordered-field) < 0 ==> 0 < y==>z [/ y < 0
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(proof )
lemma divide-nonpos-pos: (x::'a::ordered-field) <= 0 ==>
0<y==>z/y<=10
(proof )

lemma divide-pos-neg: 0 < (z::'a::ordered-field) ==> y < 0 ==>z [ y < 0
(proof )

lemma divide-nonneg-neg: 0 <= (x::'a::ordered-field) ==>
y<0==>z/y<=20
(proof )

lemma divide-neg-neg: (z::'a::ordered-field) < 0 ==>y < 0 ==>0<z |y

(proof )

lemma divide-nonpos-neg: (x::'a::ordered-field) <= 0 ==> y < 0 ==>
0<=z/y
(proof)

15.15 Cancellation Laws for Division

lemma divide-cancel-right [simp]:
(afc=b/c)=(c=0|a= (b:'a:{field,division-by-zero}))
(proof )

lemma divide-cancel-left [simp]:
(¢/a =c¢/b)=(c=0|a= (b:'a:{field,division-by-zero}))
(proof)

15.16 Division and the Number One

Simplify expressions equated with 1

lemma divide-eg-1-iff [simp):
(a/b=1)=(b# 0 & a = (b::'a:{field,division-by-zero}))
(proof )

lemma one-eq-divide-iff [simp]:
(1 =a/b) =(b# 0 & a= (b::'ax{field,division-by-zero}))
(proof )

lemma zero-eq-1-divide-iff [simp]:
((0::"a::{ ordered-field,division-by-zero}) = 1/a) = (a
(proof)

Il
S
=

lemma one-divide-eq-0-iff [simp):
(1/a = (0:'a::{ordered-field,division-by-zero})) = (a = 0)
(proof )
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Simplify expressions such as 0 < 1/z to 0 < x

lemmas zero-less-divide-1-iff = zero-less-divide-iff [of 1]
lemmas divide-less-0-1-iff = divide-less-0-iff [of 1]
lemmas zero-le-divide-1-iff = zero-le-divide-iff [of 1]
lemmas divide-le-0-1-iff = divide-le-0-iff [of 1]

declare zero-less-divide-1-iff [simp]
declare divide-less-0-1-iff [simp]
declare zero-le-divide-1-iff [simp]
declare divide-le-0-1-iff [simp]

15.17 Ordering Rules for Division

lemma divide-strict-right-mono:
[la <b;0<c|]]==>a/c<b/ (c:'a:ordered-field)

(proof)
lemma divide-right-mono:
[la < b; 0 <c|]] ==>a/c < b/(c::'a::{ordered-field,division-by-zero})
(proof)

lemma divide-right-mono-neg: (a::’a::{division-by-zero,ordered-field}) <= b
==>c<=0==>b/c<=a/c
(proof )

lemma divide-strict-right-mono-neg:
b <a;ec< 0] ==>a/c<b/ (c:'a:ordered-field)
(proof )

The last premise ensures that a and b have the same sign
lemma divide-strict-left-mono:

[[b<a;0<e¢ 0<axbl]]==>c/a<c/ (b:'a:ordered-field)
(proof)

lemma divide-left-mono:
[[b<a;0<c¢ 0<axb]]==>c/a<c/ (b:'a:ordered-field)
{proof )

lemma divide-left-mono-neg: (a::'a::{diwvision-by-zero,ordered-field}) <= b
==>c<=0==>0<axb==>c/a<=c/b

(proof)
lemma divide-strict-left-mono-neg:
la <b;ec<0;0<axb|]] ==>c/a<c/ (b:'aordered-field)
(proof)

Simplify quotients that are compared with the value 1.

lemma le-divide-eq-1:
fixes a :: 'a :: {ordered-field,division-by-zero}
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shows (1 <b/a)=(0<a&a<b)|(a<0&b<a))
(proof)

lemma divide-le-eq-1:

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (b /a<1)=(0<a&b<a)|(a<0&a<b)]|a=0)
(proof )

lemma less-divide-eq-1:

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (1 <b/a)=(0<a&a<b)|(a<0&Db<a))
(proof )

lemma divide-less-eq-1:

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (b /a<1)=(0<a&b<a)|(a<0&a<bd)]|a=0)
(proof )

15.18 Conditional Simplification Rules: No Case Splits

lemma le-divide-eq-1-pos [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 <a= (1 <b/a)=(a<bh)

(proof)

lemma le-divide-eq-1-neg [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows a < 0 = (1 < b /a)=(b<a)

(proof)

lemma divide-le-eq-1-pos [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 <a=(b/a<1)=(b<a)

(proof)

lemma divide-le-eq-1-neg [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows e < 0 = (b/a<1)=(a<bh)

(proof)

lemma less-divide-eq-1-pos [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 < a= (1 <b/a)=(a<b)
(proof)

lemma less-divide-eq-1-neg [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows ¢ < 0 = (1 <b/a)=(b< a)
(proof )
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lemma divide-less-eq-1-pos [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 <a= (b/a<1)=(b<a)

(proof)

lemma eg-divide-eq-1 [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows (1 =b/a)=((a # 0 & a=0))
{proof )

lemma divide-eq-eq-1 [simp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows (b /a=1)=((a# 0 & a =10))
{proof )

15.19 Reasoning about inequalities with division

lemma mult-right-le-one-le: 0 <= (z::'a::ordered-idom) ==> 0 <=y ==> y <=
1
==>zT*xy<==z
(proof)

lemma mult-left-le-one-le: 0 <= (z::'a::ordered-idom) ==> 0 <=y ==> y <=
1
==>yxzr <=z
{proof)

lemma mult-imp-div-pos-le: 0 < (y::'a::ordered-field) ==> 1 <= z * y ==>
T/y<=z
(proof )

lemma mult-imp-le-div-pos: 0 < (y::'a::ordered-field) ==> z x y <= 1z ==>
z<=z/y
(proof )

lemma mult-imp-div-pos-less: 0 < (y::'a::ordered-field) ==> z < z x y ==>
T/y<z
(proof )

lemma mult-imp-less-div-pos: 0 < (y::'a::ordered-field) ==> z x y < © ==>
z<z/y
(proof)

lemma frac-le: (0::'a::ordered-field) <= x ==>
r<=y=>0<w==>w<=z ==>z/z2<=y/w
(proof)

lemma frac-less: (0::'a::ordered-field) <= © ==>
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r<y==>0<w==>w<=z ==>z/2<y/w
{proof )
lemma frac-less2: (0::'a::ordered-field) < x ==>
r<=y=>0<w=>w<z==>z/2<y/w
(proof )

lemmas times-divide-eq = times-divide-eq-right times-divide-eq-left

It’s not obvious whether these should be simprules or not. Their effect is
to gather terms into one big fraction, like a*b*c / x*y*z. The rationale for
that is unclear, but many proofs seem to need them.

declare times-divide-eq [simp]

15.20 Ordered Fields are Dense

lemma less-add-one: a < (a+1::'a::ordered-semidom)

(proof)

lemma zero-less-two: 0 < (1+1::'a::ordered-semidom,)
{proof)

lemma less-half-sum: a < b ==> a < (a+b) / (1+1:a::ordered-field)
(proof)

lemma gt-half-sum: a < b ==> (a+b)/(1+1::"a::ordered-field) < b
(proof)

lemma dense: a < b ==> dr::'a:ordered-field. a < r & r < b

{proof)

15.21 Absolute Value

lemma abs-one [simp]: abs 1 = (1::'a::ordered-idom)
{proof)

lemma abs-le-mult: abs (a * b) < (abs a) * (abs (b::'a::lordered-ring))

{proof)

lemma abs-eq-mult:
assumes (0 <aVa<0)A0<bVDbLDO0)
shows abs (axb) = abs a * abs (b::'a::lordered-ring)

(proof)

lemma abs-mult: abs (a x b) = abs a * abs (b::'a::ordered-idom)

(proof)

lemma abs-mult-self: abs a x abs a = a * (a::'a::ordered-idom)

(proof)
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lemma nonzero-abs-inverse:
a # 0 ==> abs (inverse (a::'a::ordered-field)) = inverse (abs a)

(proof)

lemma abs-inverse [simp]:
abs (inverse (a::'a::{ordered-field,division-by-zero})) =
inverse (abs a)

(proof)

lemma nonzero-abs-divide:
b # 0 ==> abs (a / (b::'a::ordered-field)) = abs a / abs b
(proof )

lemma abs-divide [simp]:
abs (a / (b:'a::{ordered-field,division-by-zero})) = abs a / abs b
(proof )

lemma abs-mult-less:

[| abs a < ¢; abs b < d |] ==> abs a * abs b < cx(d::'a::ordered-idom)
(proof)
lemma eg-minus-self-iff: (a = —a) = (a = (0::'a::ordered-idom))
(proof)

lemma less-minus-self-iff: (a < —a) = (a < (0::'a::ordered-idom))

(proof)

lemma abs-less-iff: (abs a < b) = (a < b & —a < (b::'a:ordered-idom))
(proof)

lemma abs-mult-pos: (0::'a::ordered-idom) <= r ==>
(abs y) * © = abs (y * z)
{proof )

lemma abs-div-pos: (0::'a::{division-by-zero,ordered-field}) < y ==>
abs z / y = abs (z [ y)
(proof )

15.22 Miscellaneous

lemma linprog-dual-estimate:

assumes
A x z < (b::'az:lordered-ring)
0<y

abs (A — A") < 0A

b < b’

abs (¢ — ¢’) < de
abs < r
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shows
cxz <yxb + (y*xdA+ abs (yx A’ — c) + dc) x 1
(proof )

lemma le-ge-imp-abs-diff-1:
assumes
Al <= (A:'a:lordered-ring)
A<= A2
shows abs (A—A1) <= A2—-A1
(proof)

lemma mult-le-prts:

assumes

al <= (a:'a::lordered-ring)

a <= a?

bl <=1b

b <= b2

shows

a x b <= pprt a2 x pprt b2 + pprt al * nprt b2 + nprt a2 x pprt b1 + nprt al
* nprt b1

(proof)

lemma mult-le-dual-prts:
assumes
A x z < (b:'azlordered-ring)
0<y
A1 < A
A< A2
cl <c¢
c < c?
rl <z
z < r2
shows
cxxz<yxb+ (let sl =cl —y=* A2;s2 =c2 — y x Al in pprt s2 = pprt r2
+ pprt s1 x nprt 2 + nprt s2 * pprt v1 + nprt s1 * nprt r1)
(is - <= -+ 20)
{proof )

(ML)

end

16 Nat: Natural numbers

theory Nat
imports Wellfounded-Recursion Ring-and-Field
begin
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16.1 Type ind
typedecl ind

consts
Zero-Rep :nd
Suc-Rep nd => ind
axioms
— the axiom of infinity in 2 parts
inj-Suc-Rep: inj Suc-Rep

Suc-Rep-not-Zero-Rep: Suc-Rep x # Zero-Rep
finalconsts

Zero-Rep

Suc-Rep

16.2 Type nat

Type definition

consts
Nat :: ind set

inductive Nat
intros
Zero-Repl: Zero-Rep : Nat
Suc-Repl: i : Nat ==> Suc-Rep i : Nat

global

typedef (open Nat)
nat = Nat (proof)

instance nat :: {ord, zero, one} (proof)

Abstract constants and syntax

consts
Suc :: nat => nat
pred-nat :: (nat * nat) set

local

defs
Zero-nat-def: 0 == Abs-Nat Zero-Rep
Suc-def: Suc == (%n. Abs-Nat (Suc-Rep (Rep-Nat n)))
One-nat-def [simp]: 1 == Suc 0

— nat operations
pred-nat-def: pred-nat == {(m, n). n = Suc m}

176
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less-def: m < n == (m, n) : trancl pred-nat
le-def: m < (n:nat) == "~ (n < m)
Induction

theorem nat-induct: P 0 ==> (I!n. P n ==> P (Suc n)) ==> Pn
{proof)

Distinctness of constructors

lemma Suc-not-Zero [iff]: Suc m # 0
(proof )

lemma Zero-not-Suc [iff]: 0 # Suc m
{proof)

lemma Suc-neq-Zero: Suc m = 0 ==> R
(proof)

lemma Zero-neg-Suc: 0 = Suc m ==> R

(proof)

Injectiveness of Suc
lemma inj-Suc[simp]: inj-on Suc N

{proof)

lemma Suc-inject: Suc x = Sucy ==>z =y

(proof )

lemma Suc-Suc-eq [iff]: (Suc m = Suc n) = (m = n)
{proof)

lemma nat-not-singleton: (Vz. z = (0::nat)) = False
{proof)
nat is a datatype

rep-datatype nat
distinct Suc-not-Zero Zero-not-Suc
inject  Suc-Suc-eq
induction nat-induct

lemma n-not-Suc-n: n # Suc n

(proof)

lemma Suc-n-not-n: Suc t # t
(proof)

A special form of induction for reasoning about m < n and m — n

theorem diff-induct: Nz. P2 0) ==> (Ny. P 0 (Suc y)) ==>
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Mz y. Pz y ==> P (Suc z) (Suc y)) ==> P mn
(proof )
16.3 Basic properties of ”less than”
lemma wf-pred-nat: wf pred-nat

{proof)

lemma wf-less: wf {(z, y:nat). z < y}
(proof)

lemma less-eq: ((m, n) : pred-nat™+) = (m < n)
(proof)

16.3.1 Introduction properties

lemma less-trans: i < j ==> j < k ==> i < (k:nat)

(proof)

lemma lessI [iff]: n < Suc n
{proof)

lemma less-Sucl: i < j ==> i < Suc j
(proof )

lemma zero-less-Suc [iff]: 0 < Suc n

{proof)

16.3.2 Elimination properties
lemma less-not-sym: n < m ==> "~ m < (n:nat)

{proof)

lemma less-asym:
assumes hl: (n:nat) < m and h2: ~ P ==> m < n shows P

{proof)

lemma less-not-refl: ~ n < (n::nat)
(proof)

lemma less-irrefl [elim!]: (n:nat) < n ==> R
{proof)

lemma less-not-refl2: n < m ==> m # (n:nat) (proof)

lemma less-not-refl3: (s:nat) < t ==> s # ¢
{proof)

lemma lessE:
assumes major: i < k
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and pl: k = Suci ==> P and p2:lj. i < j ==>k = Sucj ==> P

shows P
(proof)

lemma not-less0 [iff]: ~ n < (0::nat)
(proof)

lemma less-zeroE: (n:nat) < 0 ==> R
{proof)

lemma less-SucE: assumes major: m < Suc n
and less: m < n ==> P and eq: m = n ==> P shows P
(proof)

lemma less-Suc-eq: (m < Sucn) =(m <n|m=n)
(proof)

lemma less-one [iff]: (n < (1:nat)) = (n = 0)

(proof)

lemma less-SucO [iff]: (n < Suc 0) = (n = 0)
(proof )

lemma Suc-mono: m < n ==> Suc m < Suc n
(proof)

”Less than” is a linear ordering

lemma less-linear: m < n | m =n | n < (m:nat)
{proof)

”Less than” is antisymmetric, sort of
lemma less-antisym: [ - n < m;n < Sucm ] = m=n

{proof)

lemma nat-neg-iff: ((m:nat) £ n) =(m < n|n<m)
(proof )

lemma nat-less-cases: assumes major: (m:nat) < n ==> P nm
and eqCase: m = n ==> P n m and lessCase: n<m ==> P nm
shows P n m
(proof )

16.3.3 Inductive (?) properties

lemma Suc-lessl: m < n ==> Suc m # n ==> Sucm < n
(proof )

lemma Suc-lessD: Suc m < n==>m < n

{proof)
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lemma Suc-lessE: assumes major: Suc i < k
and minor: 1j. i < j ==> k = Suc j ==> P shows P
(proof )

lemma Suc-less-SucD: Suc m < Sucn ==>m < n
(proof )

lemma Suc-less-eq [iff, code]: (Suc m < Suc n) = (m < n)
{proof)

lemma less-trans-Suc:
assumes le: i < j shows j < k ==> Suc i < k

{proof)

lemma [code]: ((n::nat) < 0) = False (proof)
lemma [code]: (0 < Suc n) = True (proof)

Can be used with less-Suc-eq to get n = m V n < m

lemma not-less-eq: (~ m < n) = (n < Suc m)
(proof)

Complete induction, aka course-of-values induction

lemma nat-less-induct:
assumes prem: !!n. Vm:nat. m < n ——> P m ==> P n shows P n

(proof)

lemmas less-induct = nat-less-induct [rule-format, case-names less]

16.4 Properties of ”less than or equal”

Was le-eq-less-Suc, but this orientation is more useful

lemma less-Suc-eg-le: (m < Suc n) = (m < n)
{proof)

lemma le-imp-less-Suc: m < n ==> m < Sucn

(proof)

lemma le0 [iff]: (0:nat) < n
{proof)

lemma Suc-n-not-le-n: ~ Sucn < n
(proof )

lemma le-0-eq [iff]: ((i:nat) < 0) = (i = 0)
(proof )

lemma le-Suc-eq: (m < Suc n) = (m < n | m = Suc n)
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{proof)
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lemma le-SucE: m < Suc n ==> (m < n ==> R) ==> (m = Suc n ==> R)

——>R
(proof)

lemma Suc-lel: m < n ==> Suc(m) < n
{proof)

lemma Suc-leD: Suc(m) < n==>m <n
(proof)

Stronger version of Suc-leD

lemma Suc-le-lessD: Sucm < n==>m < n
{proof )

lemma Suc-le-eq: (Suc m < n) = (m < n)
(proof)

lemma le-Sucl: m < n ==>m < Sucn
{proof )

lemma less-imp-le: m < n ==> m < (n:nat)
(proof )

For instance, (Suc m < Suc n) = (Suc m < n) = (m < n)

lemmas le-simps = less-imp-le less-Suc-eqg-le Suc-le-eq

Equivalence of m < nand m <nV m=mn

lemma le-imp-less-or-eq: m < n ==>m < n | m = (n:nat)
{proof )

lemma less-or-eg-imp-le: m < n | m = n ==> m < (n:nat)
(proof )

lemma le-eq-less-or-eq: (m < (n:nat)) = (m < n | m=n)
{proof)

Useful with Blast.

lemma eg-imp-le: (m:nat) = n ==>m < n
(proof)
lemma le-refl: n < (n::nat)
{proof)
lemma le-less-trans: [| i < j;j < k || ==> i < (k:nat)

{proof)
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lemma less-le-trans: [| i < j; j < k || ==> i < (k::nat)
{proof)

lemma le-trans: [| i < j;j < k|| ==> 1 < (k:nat)
{proof)

lemma le-anti-sym: [| m < n; n < m || ==> m = (n:nat)
{proof)

lemma Suc-le-mono [iff]: (Suc n < Suc m) = (n < m)
{proof)

Axiom order-less-le of class order:
lemma nat-less-le: ((m:nat) < n) = (m < n & m # n)

{proof)

lemma le-neg-implies-less: (m:nat) < n ==>m #n==>m < n
(proof)

Axiom linorder-linear of class linorder:

lemma nat-le-linear: (m:nat) < n|n <m
{proof)

Type @typ nat is a wellfounded linear order
instance nat :: {order, linorder, wellorder}

(proof)

lemmas linorder-neqE-nat = linorder-negE[where 'a = nat]
lemma not-less-less-Suc-eq: ~ n < m ==> (n < Suc m) = (n = m)
{proof)

Rewrite n < Suc mton = mif = n < m or m < n hold. Not suitable as
default simprules because they often lead to looping

lemma le-less-Suc-eq: m < n ==> (n < Suc m) = (n = m)
(proof)

lemmas not-less-simps = not-less-less-Suc-eq le-less-Suc-eq

Re-orientation of the equations 0 = z and 1 = z. No longer added as
simprules (they loop) but via reorient-simproc in Bin

Polymorphic, not just for nat

lemma zero-reorient: (0 = z) = (z = 0)

{proof)

lemma one-reorient: (1 = z) = (z = 1)
{proof)
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16.5 Arithmetic operators
axclass power < type
consts
power :: ('a::power) => nat => 'a (infixr ~ 80)
arithmetic operators + — and *

instance nat :: {plus, minus, times, power} (proof)

size of a datatype value; overloaded

consts size :: 'a => nat

primrec
add-0: 0 +n=n
add-Suc: Suc m + n = Suc (m + n)

primrec
diff-0: m — 0 =m
diff-Suc: m — Suc n = (case m — n of 0 => 0 | Suc k => k)

primrec
mult-0: 0 xn =20

mult-Suc: Suc m x n =n + (m x n)

These two rules ease the use of primitive recursion. NOTE USE OF ==

lemma def-nat-rec-0: ('n. f n == nat-rec c hn) ==> f0 = ¢
(proof)
lemma def-nat-rec-Suc: (!In. f n == nat-rec ¢ h n) ==> f (Sucn) = hn (fn)
(proof)
lemma not0-implies-Suc: n # 0 ==> Im. n = Suc m
(proof)
lemma gr-implies-not0: In::nat. m<n ==>n # 0
(proof)

lemma neq0-conv [iff]: In::nat. (n # 0) = (0 < n)
{proof)

This theorem is useful with blast

lemma gr0l: ((n::nat) = 0 ==> False) ==> 0 < n
{proof)

lemma gro-conv-Suc: (0 < n) = (Im. n = Suc m)
(proof)

lemma not-gr0 [iff]: "n:nat. (~ (0 < n)) = (n = 0)
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{proof)
lemma Suc-le-D: (Suc n < m’) ==> (¢ m. m’' = Suc m)
{proof)

Useful in certain inductive arguments
lemma less-Suc-eq-0-disj: (m < Sucn) = (m =0 | (3j. m = Sucj & j < n))
(proof)

lemma nat-induct2: [|P 0; P (Suc 0); 'k. Pk ==> P (Suc (Suc k))|] ==> Pn
{proof)
16.6 LEAST theorems for type nat

lemma Least-Suc:
[| Pn;~ PO || ==> (LEAST n. P n) = Suc (LEAST m. P(Suc m))
(proof )

lemma Least-Suc2:
[|[Pn; @m; ~P0;%k. P (Suck)= QFk|] ==> Least P = Suc (Least Q)
(proof )
16.7 min and max
lemma min-0L [simp]: min 0 n = (0::nat)

{proof)

lemma min-0R [simp]: min n 0 = (0::nat)

{proof)

lemma min-Suc-Suc [simp]: min (Suc m) (Suc n) = Suc (min m n)
{proof)

lemma maz-0L [simp]: max 0 n = (n::nat)
(proof)

lemma maz-0R [simp]: maz n 0 = (n::nat)
{proof)

lemma maz-Suc-Suc [simp]: maz (Suc m) (Suc n) = Suc(maz m n)
{proof)

16.8 Basic rewrite rules for the arithmetic operators

Difference

lemma diff-0-eq-0 [simp, code]: 0 — n = (0::nat)
(proof)

lemma diff-Suc-Suc [simp, code]: Suc(m) — Suc(n) = m — n
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{proof)

Could be (and is, below) generalized in various ways However, none of the
generalizations are currently in the simpset, and I dread to think what hap-
pens if I put them in

lemma Suc-pred [simp]: 0 < n ==> Suc (n — Suc 0) = n
{proof)

declare diff-Suc [simp del, code del]

16.9 Addition
lemma add-0-right [simp]: m + 0 = (m::nat)
{proof )

lemma add-Suc-right [simp]: m + Suc n = Suc (m + n)
{proof)

lemma [code]: Suc m + n = m + Suc n (proof)

Associative law for addition

lemma nat-add-assoc: (m + n) + k = m + ((n + k)::nat)
{proof)

Commutative law for addition
lemma nat-add-commute: m + n = n + (m:nat)

(proof)

lemma nat-add-left-commute: z + (y + z) = y + ((x + 2)::nat)
{proof)

lemma nat-add-left-cancel [simp]: (k + m =k + n) = (m = (n:nat))
(proof)

lemma nat-add-right-cancel [simp]: (m + k = n + k) = (m=(n::nat))
{proof)

lemma nat-add-left-cancel-le [simp]: (k + m < k 4+ n) = (m<(n::nat))
(proof)

lemma nat-add-left-cancel-less [simp]: (k + m < k + n) = (m<(n:nat))
{proof)

Reasoning about m + 0 = 0, etc.

lemma add-is-0 [iff]: 'm=znat. (m + n=0)=(m =0 & n=10)
{proof)

lemma add-is-1: (m+n= Suc 0) = (m= Suc 0 & n=0 | m=0 & n= Suc 0)
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{proof)
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lemma one-is-add: (Suc 0 = m +n)=(m=Suc 0 &n=0|m=0%&n=

Suc 0)
(proof )

lemma add-gr-0 [iff]: "m:nat. (0 <m +n) =(0<m| 0 <n)
{proof)

lemma add-eq-self-zero: !m::nat. m +n=m ==>n =0
(proof)

lemma inj-on-add-nat[simp]: inj-on (%n:nat. n+k) N

{(proof)

16.10 Multiplication

right annihilation in product

lemma mult-0-right [simp: (m:nat) * 0 = 0
(proof)

right successor law for multiplication

lemma mult-Suc-right [simp]: m x Suc n = m + (m * n)
{proof)

Commutative law for multiplication

lemma nat-mult-commute: m * n = n * (m::nat)
{proof)

addition distributes over multiplication
lemma add-mult-distrib: (m + n) * k = (m * k) + ((n * k)::nat)
{proof)

lemma add-mult-distrib2: k = (m + n) = (k * m) + ((k * n):nat)
{proof)
Associative law for multiplication

lemma nat-mult-assoc: (m * n) * k = m * ((n x k):nat)
{proof)

The naturals form a comm-semiring-1-cancel
instance nat :: comm-semiring-1-cancel

{proof)

lemma mult-is-0 [simp]: ((m:nat) * n = 0) = (m=0 | n=0)
{proof)
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16.11 Monotonicity of Addition

strict, in 1st argument

lemma add-less-monol: i < j ==> i + k < j + (k:nat)
(proof)

strict, in both arguments

lemma add-less-mono: [|i < j; k < l|]] ==> i + k < j + (l::nat)
(proof)

Deleted less-natE; use less-imp-Suc-add RS exE

lemma less-imp-Suc-add: m < n ==> (3 k. n = Suc (m + k))
{proof)

strict, in 1st argument; proof is by induction on k£ > 0

lemma mult-less-mono2: (iznat) < j ==>0 < k==>k*xi<k=x*j
(proof )

The naturals form an ordered comm-semiring-1-cancel

instance nat :: ordered-semidom

(proof)

lemma nat-mult-1: (1::nat) * n = n
(proof)

lemma nat-mult-1-right: n % (1::nat) = n

(proof )

16.12 Additional theorems about ”less than”

A [clumsy] way of lifting < monotonicity to < monotonicity

lemma less-mono-imp-le-mono:
assumes lt-mono: 17 junat. 1 < j ==> fi < fj
and le: ¢ < j shows fi < ((fj):nat) (proof)
non-strict, in 1st argument
lemma add-le-monol: i < j==> 1+ k < j + (k:nat)
(proof)
non-strict, in both arguments
lemma add-le-mono: [| i < j; k<1|==>i4+k <j+ (l:nat)
(proof )

lemma le-add2: n < ((m + n)::nat)
(proof)

lemma le-add1: n < ((n + m)::nat)
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{proof)

lemma less-add-Sucl: i < Suc (i + m)

{proof)

lemma less-add-Suc2: i < Suc (m + 1)
(proof)

lemma less-iff-Suc-add: (m < n) = (3k. n = Suc (m + k))
{proof)

lemma trans-le-add1: (iz:nat) < j==>i<j+m
(proof )

lemma trans-le-add2: (iz:nat) < j==>i<m+j

(proof)

lemma trans-less-addl: (iznat) < j ==>1 < j + m
{proof)

lemma trans-less-add2: (iznat) < j ==>1i < m + j
(proof)

lemma add-lessD1: i + j < (kunat) ==> i < k

{proof)

lemma not-add-less [iff]: ~ (i + j < (i:nat))
(proof)

lemma not-add-less2 [iff]: ~ (j + i < (i::nat))
{proof)

lemma add-leD1: m + k < n ==> m < (n::nat)
{proof)

lemma add-leD2: m + k < n ==> k < (n:nat)

(proof)

lemma add-leE: (m:nat) + k <n ==>(m <n==>k<n==>R)==>R
{proof )
needs 'k for add-ac to work

lemma less-add-eq-less: Nk:nat. k < l==>m+1l=k+n==>m<n

(proof)

16.13 Difference

lemma diff-self-eq-0 [simp]: (m:nat) — m = 0
(proof)
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Addition is the inverse of subtraction: if n < m then n + (m — n) =

lemma add-diff-inverse: ~ m < n ==>n + (m — n) = (m:nat)
(proof)

lemma le-add-diff-inverse [simp]: n < m ==>n 4+ (m — n) = (m:nat)
{proof )

lemma le-add-diff-inverse2 [simp]: n < m ==> (m — n) + n = (m:unat)
(proof)

16.14 More results about difference

lemma Suc-diff-le: n < m ==> Suc m — n = Suc (m — n)
{proof )

lemma diff-less-Suc: m — n < Suc m
(proof )

lemma diff-le-self [simp]: m — n < (m:nat)
{proof)

lemma less-imp-diff-less: (jinat) < k ==>j —n <k
(proof )

lemma diff-diff-left: (iznat) —j — k=1 — (j + k)
{proof)

lemma Suc-diff-diff [simp]: (Suc m —n) — Suck=m —n — k
{proof)

lemma diff-Suc-less [simp]: 0<n ==>n — Suc i < n
(proof)

This and the next few suggested by Florian Kammueller

lemma diff-commute: (iznat) —j — k=1 —k —

(proof )

lemma diff-add-assoc: k < (junat) ==> (i +j) —k=1i+ ( — k)
{proof)

lemma diff-add-assoc2: k < (junat) ==> (j +i) —k=(G — k) + 4
(proof)

lemma diff-add-inverse: (n + m) — n = (m::nat)
{proof)

lemma diff-add-inverse2: (m + n) — n = (m:nat)
{proof)
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lemma le-imp-diff-is-add: i < (junat) ==> (j —i=k) =G =k + 1)
{proof)

lemma diff-is-0-eq [simp]: ((m::nat) — n = 0) = (m < n)
{proof)

lemma diff-is-0-eq’ [simp]: m < n ==> (munat) —n = 0
{proof)

lemma zero-less-diff [simp]: (0 < n — (m:nat)) = (m < n)
{proof)

lemma less-imp-add-positive: 1 < j ==> Jkunat. 0 <k & i+ k=7
(proof )

lemma zero-induct-lemma: P k ==> (!In. P (Suc n) ==> P n) ==> P (k — 1)
(proof)

lemma zero-induct: P k ==> (In. P (Suc n) ==> P n) ==> P 0
{proof)

lemma diff-cancel: (k + m) — (k + n) = m — (n:nat)
(proof)

lemma diff-cancel2: (m + k) — (n + k) = m — (n:nat)
{proof)

lemma diff-add-0: n — (n + m) = (0::nat)
{proof)

Difference distributes over multiplication

lemma diff-mult-distrib: ((m:nat) — n) « k= (m * k) — (n x k)
{proof)

lemma diff-mult-distrib2: k * ((m::nat) — n) = (k * m) — (k * n)
(proof)

lemmas nat-distrib =
add-mult-distrib add-mult-distrib2 diff-mult-distrib diff-mult-distrib2

16.15 Monotonicity of Multiplication

lemma mult-le-monol: i < (junat) ==>ixk <jxk
{proof)

lemma mult-le-mono2: i < (junat) ==>k x i <k *xj
(proof)

< monotonicity, BOTH arguments
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lemma mult-le-mono: i < (junat) ==>k < l==>i%k <j x|
{proof)

lemma mult-less-monol: (iznat) < j ==> 0 < k==>ixk <jx*k

(proof)
Differs from the standard zero-less-mult-iff in that there are no negative
numbers.

lemma nat-0-less-mult-iff [simp]: (0 < (m:nat) * n) = (0 < m & 0 < n)
(proof)

lemma one-le-mult-iff [simp]: (Suc 0 < m*xn)=(1 <mé& 1 <n)
(proof)

lemma mult-eq-1-iff [simp]: (m * n = Suc 0) = (m =1 & n = 1)
{proof)

lemma one-eg-mult-iff [simp]: (Suc 0 =mxn)=(m=1& n=1)
{proof)

lemma mult-less-cancel2 [simp]: ((m:nat) x k <n*xk) = (0 < k & m < n)
{proof)

lemma mult-less-cancell [simp]: (k % (munat) < kxn) = (0 < k & m < n)
{proof)

lemma mult-le-cancell [simp]: (k * (minat) < k*xn)=(0 <k ——>m < n)
(proof )
lemma mult-le-cancel2 [simp]: ((m:nat) x k < nx k)= (0 <k ——> m < n)
(proof )

lemma mult-cancel2 [simp]: (m « k =n x k) = (m

(proof )

n | (k = (0::nat)))

lemma mult-cancell [simp]: (k * m =k xn) = (m =n | (k = (0:nat)))
{proof)

lemma Suc-mult-less-cancell: (Suc k * m < Suc k * n) = (m < n)
{proof)

lemma Suc-mult-le-cancell: (Suc k * m < Suc k * n)
{proof)

(m < n)

lemma Suc-mult-cancell: (Suc k x m = Suc k * n) = (m = n)
(proof)

Lemma for ged

lemma mult-eq-self-implies-10: (m:nat) = mxn==>n=1|m =10
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{proof)

end

17 NatArith: Further Arithmetic Facts Concern-
ing the Natural Numbers

theory NatArith

imports Nat

uses arith-data. ML
begin

(ML)

The following proofs may rely on the arithmetic proof procedures.

lemma le-iff-add: (m:nat) < n = (3k. n=m + k)
{proof)

lemma pred-nat-trancl-eg-le: ((m, n) : pred-nat"x) = (m < n)
(proof )
lemma nat-diff-split:
P(a — bunat) = ((a<b ——> P 0) & (ALLd. a =b+ d —> P d))
— elimination of — on nat
(proof )

lemma nat-diff-split-asm:
P(a —binat) = (Y (a<b&~“PO|(EXd a=b+d &~ Pd)))
— elimination of — on nat in assumptions
(proof )

lemmas [arith-split] = nat-diff-split split-min split-mazx

lemma le-square: m < mx*(m::nat)

(proof)

lemma le-cube: (m:nat) < mx(msm)

{(proof)

Subtraction laws, mostly by Clemens Ballarin

lemma diff-less-mono: [| a < (binat); ¢ < a || ==> a—c < b—c¢

(proof)

lemma less-diff-conv: (i < j—k) = (i+k < (j::nat))
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{proof)

lemma le-diff-conv: (j—k < (i:nat)) = (j < i+k)
(proof)

lemma le-diff-conv2: k < j ==> (i < j—k) = (i+k < (j:nat))
(proof)

lemma diff-diff-cancel [simp]: i < (nunat) ==>n — (n — i) = i

(proof)

lemma le-add-diff: k < (n:nat) ==>m <n +m — k
(proof)

lemma diff-less[simp]: 'm:nat. [| 0<n; O<m || ==>m — n < m

(proof)

lemma diff-diff-eq: [| k < m; k < (n:nat) || ==> (m—k) — (n—k)) = (m—n)
(proof)

lemma eq-diff-iff: [| k < m; k < (nunat) || ==> (m—k = n—k) = (m=n)

(proof)

lemma less-diff-iff: [| k < m; k < (n:nat) || ==> (m—k < n—k) = (m<n)
(proof)

lemma le-diff-iff: [| k < m; k < (nunat) || ==> (m—k < n—k) = (m<n)
(proof)

(Anti)Monotonicity of subtraction — by Stephan Merz

lemma diff-le-mono: m < (n:nat) ==> (m—1) < (n—I1)

(proof)

lemma diff-le-mono2: m < (n:nat) ==> (I—n) < (I-m)

(proof)

lemma diff-less-mono2: [| m < (n:nat); m<l || ==> (I-n) < (I-m)

{proof)

lemma diffsO-imp-equal: !'m::nat. [| m—n = 0; n—m = 0 || ==> m=n
(proof)
Lemmas for ex/Factorization

lemma one-less-mult: [| Suc 0 < n; Suc 0 < m |] ==> Suc 0 < mxn

(proof)
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lemma n-less-m-mult-n: [| Suc 0 < n; Suc 0 < m || ==> n<mxn
(proof)
lemma n-less-n-mult-m: [| Suc 0 < n; Suc 0 < m || ==> n<nxm
(proof)

Rewriting to pull differences out

lemma diff-diff-right [simp]: k<j ——> 1 — (j — k) = ¢ + (k:unat) — j
(proof)

lemma diff-Suc-diff-eql [simp]: k < j ==>m — Suc (j — k) =m + k — Sucj
(proof )

lemma diff-Suc-diff-eq2 [simp]: k < j ==> Suc (j — k) — m = Sucj — (k + m)
(proof)

lemmas add-diff-assoc = diff-add-assoc [symmetric]
lemmas add-diff-assoc2 = diff-add-assoc2[symmetric]
declare diff-diff-left [simp] add-diff-assoc [simp] add-diff-assoc2[simp]

At present we prove no analogue of not-less-Least or Least-Suc, since there
appears to be no need.
(ML)

17.1 Embedding of the Naturals into any comm-semiring-1-cancel:
of-nat

consts of-nat :: nat => 'a::comm-semiring-1-cancel

primrec

of-nat-0: of-nat 0 = 0
of-nat-Suc: of-nat (Suc m) = of-nat m + 1

lemma of-nat-1 [simp]: of-nat 1 = 1

{proof)

lemma of-nat-add [simp]: of-nat (m+n) = of-nat m + of-nat n

(proof)

lemma of-nat-mult [simp]: of-nat (mxn) = of-nat m * of-nat n
(proof)

lemma zero-le-imp-of-nat: 0 < (of-nat m::'a::ordered-semidom,)

(proof)

lemma less-imp-of-nat-less:
m < n ==> of-nat m < (of-nat n::'a::ordered-semidom)
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{proof)

lemma of-nat-less-imp-less:
of-nat m < (of-nat n::'a::ordered-semidom) ==> m < n
(proof)

lemma of-nat-less-iff [simp]:
(of-nat m < (of-nat n::'a::ordered-semidom)) = (m<n)
(proof)

Special cases where either operand is zero

lemmas of-nat-0-less-iff = of-nat-less-iff [of 0, simplified)
lemmas of-nat-less-0-iff = of-nat-less-iff [of - 0, simplified]
declare of-nat-0-less-iff [simp]

declare of-nat-less-0-iff [simp]

lemma of-nat-le-iff [simp]:
(of-nat m < (of-nat n::'a::ordered-semidom)) = (m < n)
(proof )

Special cases where either operand is zero

lemmas of-nat-0-le-iff = of-nat-le-iff [of 0, simplified]
lemmas of-nat-le-0-iff = of-nat-le-iff [of - 0, simplified]
declare of-nat-0-le-iff [simp]

declare of-nat-le-0-iff [simp]

The ordering on the comm-semiring-1-cancel is necessary to exclude the
possibility of a finite field, which indeed wraps back to zero.
lemma of-nat-eq-iff [simp]:

(of-nat m = (of-nat n::'a::ordered-semidom)) = (m = n)

(proof)

Special cases where either operand is zero

lemmas of-nat-0-eq-iff = of-nat-eq-iff [of 0, simplified]
lemmas of-nat-eq-0-iff = of-nat-eq-iff [of - 0, simplified]
declare of-nat-0-eq-iff [simp]

declare of-nat-eq-0-iff [simp]

lemma of-nat-diff [simp]:

n < m ==> of-nat (m — n) = of-nat m — (of-nat n :: 'a::comm-ring-1)
(proof)

end
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18 Datatype-Universe: Analogues of the Carte-
sian Product and Disjoint Sum for Datatypes

theory Datatype-Universe
imports NatArith Sum-Type
begin

typedef (Node)
('a,’b) node = {p. EX fz k. p = (f::nat=>"b+nat, z::'a+nat) & fk = Inr 0}
— it is a subtype of (nat=>'b+nat) x (‘a+nat)
(proof )

Datatypes will be represented by sets of type node

types ‘a item = ('a, unit) node set
('a, 'b) dtree = ('a, 'b) node set

consts
apfst = [la=>"c, 'ax’b] => ‘ex'b
Push = [('b + nat), nat => ('b + nat)] => (nat => ('b + nat))

Push-Node :: [('b + nat), (‘a, 'b) node] => ('a, 'b) node
ndepth  :: ('a, 'b) node => nat

Atom = ("a + nat) => (‘a, 'b) dtree

Leaf = 'a => (Ya, 'b) dtree

Numb = nat => ('a, 'b) diree

Scons = [('a, 'b) dtree, ('a, 'b) dtree] => ('a, 'b) dtree

In0 i (Ya, 'b) dtree => (‘a, 'b) dtree

Int 2 (Ya, 'b) dtree => ('a, 'b) dtree

Lim = (b => (‘a, 'b) diree) => (a, 'b) dtree

ntrunc  :: [nat, (‘a, 'b) dtree] => (‘a, 'b) diree

uprod  :: [('a, 'b) dtree set, ('a, 'b) dtree set]=> ('a, 'b) dtree set

usum 2 [("a, 'b) dtree set, ('a, 'b) diree set]=> ('a, 'b) dtree set

Split = [[(Va, 'b) ditree, ('a, 'b) dtree]=>"c, (‘a, 'b) dtree] => 'c

Case = [[(Va, 'b) diree]=>"c, [('a, 'b) dtree]=>"'c, (‘a, 'b) diree] => 'c

dprod  :: [(("a, 'b) dtree % ('a, 'b) dtree)set, (('a, 'b) dtree x ('a, 'b) diree)set]
=> (('a, 'b) dtree x ('a, 'b) dtree)set

dsum = [((Ya, 'b) diree x (‘a, 'b) diree)set, ((‘a, 'b) diree x ('a, 'b) diree)set]

=> (('a, 'b) dtree * ('a, 'b) dtree)set

defs

Push-Node-def: Push-Node == (%n x. Abs-Node (apfst (Push n) (Rep-Node
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z)))

apfst-def:apfst == (%f (z,y). (f(2),y))
Push-def: Push == (%b h. nat-case b h)

Atom-def: Atom == (%z. {Abs-Node((%k. Inr 0, x))})
Scons-def: Scons M N == (Push-Node (Inr 1) * M) Un (Push-Node (Inr (Suc
1)) *N)

Leaf-def: Leaf == Atom o Inl
Numb-def: Numb == Atom o Inr

In0-def:  In0(M) == Scons (Numb 0) M
Inl-def: In1(M) == Scons (Numb 1) M

Lim-def: Lim f == Union {z. ? x. z = Push-Node (Inl z) ‘ (fz)}

ndepth-def: ndepth(n) == (%(f,z). LEAST k. f k = Inr 0) (Rep-Node n)
ntrunc-def: ntrunc k N == {n. n:N & ndepth(n)<k}

uprod-def: uprod A B == UN x:A. UN y:B. { Scons z y }
usum-def: usum A B == In0‘A Un In1‘B
Split-def: Split c M == THE uw. EXxy. M = Sconszy & u=czy

Case-def: Case cd M == THE u. (EXz .M = In0(z) & u = ¢(x))
| (EXy . M = Inl(y) & u = d(y))

dprod-def: dprod r s == UN (z,x"):r. UN (y,y"):s. {(Scons = y, Scons z’ y')}

dsum-def: dsum r s == (UN (z,z'):r. {(In0(z),In0(z"))}) Un
(UN (y,y"):s. {(In1(y),In1(y")})
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lemma apfst-conv [simp]: apfst f (a,b) = (f(a),b)
(proof)

lemma apfst-convE:
(| ¢ =apfstfp; Yoy [l p=(zy): ¢=(f(x)y) || ==>R

lemma Push-injectl: Push i f = Push j g ==> i=j

(proof)
lemma Push-inject2: Push i f = Push j g ==> f=g
(proof)
lemma Push-inject:

[| Push i f =Pushjg; [| i=j; f=g|]==> P[] ==>P
(proof)

lemma Push-neq-K0: Push (Inr (Suc k)) f = (%z. Inr 0) ==> P
(proof)

lemmas Abs-Node-inj = Abs-Node-inject [THEN [2] rev-iff D1, standard]

lemma Node-K0-I: (%k. Inr 0, a) : Node
(proof)

lemma Node-Push-I: p: Node ==> apfst (Push i) p : Node
(proof)

18.1 Freeness: Distinctness of Constructors

lemma Scons-not-Atom [iff]: Scons M N # Atom(a)
(proof)

lemmas Atom-not-Scons = Scons-not-Atom [THEN not-sym, standard]
declare Atom-not-Scons [iff]

lemma inj-Atom: inj(Atom)
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(proof )
lemmas Atom-inject = inj-Atom [THEN injD, standard)]

lemma Atom-Atom-eq [iff]: (Atom(a)=Atom(d)) = (a=b)
(proof)

lemma inj-Leaf: inj(Leaf)
(proof)

lemmas Leaf-inject = inj-Leaf [THEN injD, standard)
declare Leaf-inject [dest!]

lemma inj-Numb: inj(Numb)
(proof)

lemmas Numb-inject = inj-Numb [THEN injD, standard)
declare Numb-inject [dest!]

lemma Push-Node-inject:
[| Push-Node i m =Push-Node j n; || i=j; m=n|] ==> P
|| ==>P

(proof)

lemma Scons-inject-lemmal: Scons M N <= Scons M' N' ==> M<=M"'

{(proof)

lemma Scons-inject-lemma2: Scons M N <= Scons M' N’ ==> N<=N'
(proof )

lemma Scons-injectl: Scons M N = Scons M’ N’ ==> M=M'
(proof)

lemma Scons-inject2: Scons M N = Scons M’ N’ ==> N=N'
(proof)

lemma Scons-inject:
[| Scons M N = Scons M' N'; [| M=M'; N=N'||==> P ||==>P
(proof)

199

lemma Scons-Scons-eq [iff]: (Scons M N = Scons M' N') = (M=M'& N=N")

{(proof)
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lemma Scons-not-Leaf [iff]: Scons M N # Leaf(a)
(proof)

lemmas Leaf-not-Scons = Scons-not-Leaf [THEN not-sym, standard]
declare Leaf-not-Scons [iff]

lemma Scons-not-Numb [iff]: Scons M N # Numb(k)
(proof)

lemmas Numb-not-Scons = Scons-not-Numb [THEN not-sym, standard]
declare Numb-not-Scons [iff]

lemma Leaf-not-Numb [iff]: Leaf (a) # Numb(k)
(proof)

lemmas Numb-not-Leaf = Leaf-not-Numb [THEN not-sym, standard)
declare Numb-not-Leaf [iff]

lemma ndepth-K0: ndepth (Abs-Node(%k. Inr 0, z)) = 0
(proof)

lemma ndepth-Push-Node-aux:
nat-case (Inr (Suc i) fk = Inr 0 —> Suc(LEAST z. fo = Inr 0) <=k
(proof)

lemma ndepth-Push-Node:
ndepth (Push-Node (Inr (Suc i)) n) = Suc(ndepth(n))
(proof)

lemma ntrunc-0 [simp]: ntrunc 0 M = {}
(proof)

lemma ntrunc-Atom [simp]: ntrunc (Suc k) (Atom a) = Atom(a)

(proof)
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lemma ntrunc-Leaf [simp]: ntrunc (Suc k) (Leaf a) = Leaf(a)

{proof)

lemma ntrunc-Numb [simp]: ntrunc (Suc k) (Numb i) = Numb(i)

(proof)

lemma ntrunc-Scons [simp]:
ntrunc (Suc k) (Scons M N) = Scons (ntrunc k M) (ntrunc k N)

(proof)

lemma ntrunc-one-In0 [simp]: ntrunc (Suc 0) (In0 M) = {}

(proof)

lemma ntrunc-In0 [simp]: ntrunc (Suc(Suc k)) (In0 M) = In0 (ntrunc (Suc k)
M)
(proof)

lemma ntrunc-one-Inl [simp]: ntrunc (Suc 0) (In1 M) = {}

{proof)

lemma ntrunc-Ini [simp]: ntrunc (Suc(Suc k)) (In1 M) = Inl (ntrunc (Suc k)

M)

(proof )

18.2 Set Constructions

lemma uprodl [introl]: [| M:A; N:B || ==> Scons M N : uprod A B
(proof )

lemma uprodE [elim!]:

[| ¢: uprod A B;
Ney. [| z:4; y:B; ¢ = Sconszy || ==> P
|| ==>P
(proof)
lemma uprodE2: || Scons M N : uprod A B; [| M:A; N:B||==> P ||==>P
(proof )

lemma usum-In0I [intro]: M:A ==> In0(M) : usum A B
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(proof)

lemma usum-In1l [intro]: N:B ==> In1(N) : usum A B
(proof)

lemma usumFE [elim!]:
[| w: usum A B;

Nz [| z:4; u=In0(z) || ==> P;
Wy. [| y:B; u=Ini(y) || ==> P
1==>P

(proof)

lemma In0-not-In1 [iff]: In0(M) # Inl(N)
(proof)

lemmas Ini-not-In0 = In0-not-In1 [THEN not-sym, standard)
declare Ini-not-In0 [iff]

lemma In0-inject: In0(M) = In0(N) ==> M=N

(proof )

lemma Inl-inject: In1 (M) = Inl (N) ==> M=N
(proof)

lemma In0-eq [iff]: (In0 M = In0 N) = (M=N)
(proof )

lemma Ini-eq [iff]: (In1 M = Inl1 N) = (M=N)
(proof )

lemma inj-In0: inj In0
(proof)

lemma inj-Ini: inj Ini

(proof)

lemma Lim-inject: Lim f = Lim g ==> f = ¢

(proof)

lemma nirunc-subsetl: ntrunc k M <= M
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{proof)

lemma ntrunc-subsetD: (k. ntrunc k M <= N) ==> M<=N
(proof)

lemma ntrunc-equality: (k. ntrunc k M = ntrunc k N) ==> M=N
(proof)

lemma ntrunc-o-equality:

[| "k. (ntrunc(k) o h1) = (ntrunc(k) o h2) || ==> h1=h2
{proof)
lemma uprod-mono: [| A<=A"; B<=B'|] ==> uprod A B <= uprod A’ B’
(proof)
lemma usum-mono: [| A<=A'; B<=B'|] ==> usum A B <= usum A’ B’
(proof)
lemma Scons-mono: || M<=M'; N<=N'|] ==> Scons M N <= Scons M' N’
(proof)
lemma In0-mono: M<=N ==> In0(M) <= In0(N)
(proof)
lemma Inl-mono: M<=N ==> In1 (M) <= In1(N)
(proof)

lemma Split [simp]: Split ¢ (Scons M N) = ¢ M N
(proof)

lemma Case-In0 [simp]: Case ¢ d (In0 M) = ¢(M)
(proof)

lemma Case-Inl [simp]: Case ¢ d (Inl1 N) = d(N)
(proof)

lemma ntrunc-UN1: ntrunc k (UN z. f(z)) = (UN z. ntrunc k (f x))
(proof)
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lemma Scons-UN1-z: Scons (UN z. fx) M = (UN z. Scons (fz) M)
(proof)

lemma Scons-UN1-y: Scons M (UN z. fz) = (UN z. Scons M (f x))
(proof)

lemma In0-UN1: InO(UN z. f(z))
(proof)

lemma Ini-UN1: In1(UN z. f(z)) = (UN z. In1(f(x)))
(proof)

(UN z. In0(f(x)))

lemma dprodl [intro!]:
[| (M,M"):r; (N,N'):s || ==> (Scons M N, Scons M' N') : dprod r s
(proof)

lemma dprodE [elim!]:

[| ¢: dprod r s;
Neya'y' [l (za)) i rs (yy) : s
¢ = (Scons z y, Scons ¢" y') || ==> P
==> P
(proof )

lemma dsum-In0I [intro]: (M ,M'):r ==> (In0(M), InO(M")) : dsum r s
(proof)

lemma dsum-Inil [intro]: (N,N'):s ==> (Inl(N), In1(N’)) : dsum r s
(proof)

lemma dsumE [elim!]:
[| w: dsum r s;

Nz z’ [| (z,2)) : r; w= (In0(z), In0(z’)) || ==> P;
My y' [l (yy) o 55 w=(Inl(y), Inl(y") || ==> P
1==>P
(proof )
lemma dprod-mono: [| r<=r’; s<=s'|] ==> dprod r s <= dprod r’ s’

{proof)

204
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lemma dsum-mono: [| r<=r'; s<=s'|] ==> dsum r s <= dsum r' s’
(proof)

lemma dprod-Sigma: (dprod (A <x> B) (C <x> D)) <= (uprod A C) <x>
(uprod B D)
(proof)

lemmas dprod-subset-Sigma = subset-trans [OF dprod-mono dprod-Sigma, stan-
dard]

lemma dprod-subset-Sigma2:

(dprod (Sigma A B) (Sigma C D)) <=

Sigma (uprod A C) (Split (%ox y. uprod (B z) (D y)))
(proof )

lemma dsum-Sigma: (dsum (A <x> B) (C <*> D)) <= (usum A C) <*> (usum
B D)
(proof)

lemmas dsum-subset-Sigma = subset-trans [OF dsum-mono dsum-Sigma, stan-

dard)

lemma Domain-dprod [simp]: Domain (dprod r s) = uprod (Domain r) (Domain
s)
(proof)

lemma Domain-dsum [simp]: Domain (dsum r s) = usum (Domain r) (Domain
s)
(proof)

(ML)

end

19 Datatype: Datatypes

theory Datatype
imports Datatype-Universe
begin
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19.1 Representing primitive types

rep-datatype bool
distinct True-not-False False-not-True
induction bool-induct

declare case-split [cases type: bool]
— prefer plain propositional version

rep-datatype unit
induction unit-induct

rep-datatype prod
inject Pair-eq
induction prod-induct

rep-datatype sum
distinct Inl-not-Inr Inr-not-Inl
inject Inl-eq Inr-eq
induction sum-induct

(ML)

lemma surjective-sum: sum-case (%ox::'a. f (Inl z)) (%oy::'b. f (Inry)) s = f(s)
{proof)

lemma sum-case-weak-cong: s = t ==> sum-case f g s = sum-case f g t
— Prevents simplification of f and ¢: much faster.
(proof)

lemma sum-case-inject:

sum-case f1 f2 = sum-case g1 g2 ==> (fl = gl ==> f2 = g2 ==> P) ==>
P
(proof)

constdefs
Suml :: (la =>'c) =>"a 4+ 'b=>"c
Suml == (%f. sum-case f arbitrary)

Sumr (b =>'c) =>"a + b =>"c
Sumr == sum-case arbitrary

lemma Suml-inject: Suml f = Suml g ==> f = ¢
(proof)

lemma Sumr-inject: Sumr f = Sumr g ==>f =g

(proof )
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19.2 Finishing the datatype package setup

Belongs to theory Datatype-Universe; hides popular names.

hide const Push Node Atom Leaf Numb Lim Split Case Suml Sumr
hide type node item

19.3 Further cases/induct rules for tuples

lemma prod-cases3 [case-names fields, cases type]:
("abec y=(a,b, ¢c) ==>P)==>P
(proof )

lemma prod-induct3 [case-names fields, induct type]:
Mabec. P(a, b, c)==>Px
(proof )

lemma prod-cases/ [case-names fields, cases type]:
Mabed y=(a, b, c,d)==>P)==>P
(proof )

lemma prod-inductf [case-names fields, induct type]:
Mabcd. P(a,b,c,d)==>Pz
(proof)

lemma prod-cases5 [case-names fields, cases type]:
Mabcde. y=1(a,b,c d e)==>P)==>P
(proof )

lemma prod-induct5 [case-names fields, induct type]:
Mabcde P (a,b,c,d, e))==>Pux
(proof )

lemma prod-cases6 [case-names fields, cases type]:
Mabecdef.y=(a, b, ¢, d, e, f)==>P)==>P
(proof )

lemma prod-induct6 [case-names fields, induct type]:
Mabedef.P(a, b, e, d e f))==>Pz
(proof)

lemma prod-cases7 [case-names fields, cases type]:
Mabcdefg.y=(a,b,ec,d, e f,g)==>P)==>P
(proof)

lemma prod-induct7 [case-names fields, induct type]:
Mabcdefg. P(a,b,c,d,e, f,g9)==>Pux
(proof )
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19.4 The option type

datatype ‘a option = None | Some 'a

lemma not-None-eq [iff]: (z ~= None) = (EX y. x = Some y)
(proof)

~

lemma not-Some-eq [iff]: (ALL y. z ~= Some y) = (z = None)

{proof)

lemma option-casek:
(case z of None => P | Some y => Q y) ==>
(z = None ==> P ==> R) ==>
(Ny. x = Some y ==> Qy ==> R) ==> R
(proof )

19.4.1 Operations

consts

the :: 'a option => 'a
primrec

the (Some ) = x

consts

02s :: 'a option => 'a set
primrec

02s None = {}

02s (Some z) = {z}

lemma ospec [dest]: (ALL z:02s A. Px) ==> A = Some x ==> Pz
{proof)

(ML)

lemma elem-02s [iff]: (z : 02s x0) = (xo = Some z)
{proof)

lemma o02s-empty-eq [simp]: (02s zo = {}) = (zo = None)
{proof)

constdefs
option-map :: ('a => 'b) => ('a option => 'b option)
option-map == %f y. case y of None => None | Some © => Some (f )

lemma option-map-None [simp|: option-map f None = None
(proof )

lemma option-map-Some [simp]: option-map f (Some z) = Some (f z)
(proof )
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lemma option-map-is-None[iff]:
(option-map f opt = None) = (opt = None)
(proof )

lemma option-map-eq-Some [iff]:
(option-map f xo = Some y) = (EX z. zo = Some z & fz = y)
(proof)

lemma option-map-comp:
option-map [ (option-map g opt) = option-map (f o g) opt
(proof)

lemma option-map-o-sum-case [simp]:
option-map f o sum-case g h = sum-case (option-map f o g) (option-map f o h)
(proof)

lemmas [code] = imp-conv-disj

end

theory Divides
imports Datatype
begin

axclass
div < type

instance nat :: div (proof)

consts
div :: 'andiv = "a = 'a (infixl 70)
mod :: 'axdiv = "a = 'a (infix] 70)

dvd :: 'atimes = 'a = bool (infix1 50)

defs
mod-def: m mod n == wfrec (trancl pred-nat)
(%fj. if j<n | n=0 then j else f (j—n)) m
div-def: m div n == wfrec (trancl pred-nat)

(%f j.if j<n | n=0 then 0 else Suc (f (j—n))) m

dvd-def: m dvd n == 3k. n = mxk
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constdefs
quorem :: (natxnat) * (natxnat) => bool
quorem == %((a,b), (g,r)).
a=0bxqg+1r&
(if 0<b then 0<r & r<b else b<r & r <0)

19.5 Initial Lemmas

lemmas wf-less-trans =
def-wfrec [THEN trans, OF eg-reflection wf-pred-nat [THEN wf-trancl],
standard)]

lemma mod-eq: (%om. m mod n) =
wfrec (trancl pred-nat) (%f j. if j<n | n=0 then j else f (j—n))
(proof)

lemma div-eq: (Y%om. m div n) = wfrec (trancl pred-nat)
(%fj. if j<n | n=0 then 0 else Suc (f (j—n)))
(proof )

lemma DIVISION-BY-ZERO-DIV [simp]: a div 0 = (0:nat)
(proof)

lemma DIVISION-BY-ZERO-MOD [simp]: a mod 0 = (a::nat)
{proof)

19.6 Remainder

lemma mod-less [simp]: m<n ==> m mod n = (m::nat)

(proof)

lemma mod-geq: ~ m < (n:nat) ==> m mod n = (m—n) mod n
(proof )

lemma le-mod-geq: (n::nat) < m ==> m mod n = (m—n) mod n
(proof )

lemma mod-if: m mod (n::nat) = (if m<n then m else (m—n) mod n)

(proof)

lemma mod-1 [simp]: m mod Suc 0 = 0

{proof)

lemma mod-self [simp]: n mod n = (0::nat)
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{proof)

lemma mod-add-self2 [simp]: (m+n) mod n = m mod (n::nat)

(proof)

lemma mod-add-selfl [simp]: (n+m) mod n = m mod (n::nat)

(proof)

lemma mod-mult-self! [simp]: (m + kxn) mod n = m mod (n::nat)

(proof)

lemma mod-mult-self2 [simp]: (m + nxk) mod n = m mod (n::nat)
(proof)

lemma mod-mult-distrib: (m mod n) x (k:nat) = (mxk) mod (nxk)

(proof)

lemma mod-mult-distrib2: (k::nat) x (m mod n) = (kxm) mod (kxn)
(proof)

lemma mod-mult-self-is-0 [simp]: (mxn) mod n = (0::nat)

(proof)

lemma mod-mult-selfl-is-0 [simp]: (nxm) mod n = (0::nat)
(proof)

19.7 Quotient

lemma div-less [simp]: m<n ==> m div n = (0::nat)

(proof)

lemma div-geq: [| 0<n; ~“m<n || ==> m div n = Suc((m—n) div n)
(proof)

lemma le-div-geq: [| 0<n; n<m || ==> m div n = Suc((m—n) div n)
(proof)

lemma div-if: 0<n ==> m div n = (if m<n then 0 else Suc((m—n) div n))

(proof)

lemma mod-div-equality: (m div n)*n + m mod n = (m::nat)

(proof)

lemma mod-div-equality2: n * (m div n) + m mod n = (m::nat)

{proof)
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19.8 Simproc for Cancelling Div and Mod

lemma div-mod-equality: ((m div n)xn + m mod n) + k = (m=nat) + k
(proof)

lemma div-mod-equality2: (nx(m div n) + m mod n) + k = (m:=nat) + k
(proof)

(ML)

lemma mult-div-cancel: (n::nat) * (m div n) = m — (m mod n)
(proof)

lemma mod-less-divisor [simp]: 0<n ==> m mod n < (n::nat)

(proof)

lemma mod-le-divisor[simp]: 0 < n = m mod n < (n::nat)
(proof)

lemma div-mult-self-is-m [simp]: 0<n ==> (mxn) div n = (m:nat)
(proof )
lemma div-mult-selfl-is-m [simp]: 0<n ==> (nxm) div n = (m:nat)
(proof)

19.9 Proving facts about Quotient and Remainder

lemma unique-quotient-lemma:
[ bxq" + 7" <bxqg+ 71 x<b r<b]
==> ¢’ < (g:nat)

(proof)

lemma unique-quotient:
[ quorem ((a,b), (q,r); quorem ((a,b), (g'.r")): 0 < b ]
==>q=4q

(proof)

lemma unique-remainder:
[| quorem ((a,b), (q,7)); quorem ((a,b), (¢";r")); 0 < b|]

==>r=r'
(proof)
lemma quorem-div-mod: 0 < b ==> quorem ((a, b), (a div b, a mod b))
(proof)
lemma quorem-div: [| quorem((a,b),(¢,7)); 0 < b || ==>adivb=gq

(proof)
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lemma quorem-mod: [| quorem((a,b),(¢,7)); 0 < b || ==> amod b =r

{proof)

lemma div-0 [simp]: 0 div m = (0::nat)

(proof)

lemma mod-0 [simp]: 0 mod m = (0::nat)

(proof)

lemma quorem-multi-eq:
[| quorem((b,c),(q,r)); 0 < ¢ |]
==> quorem ((axb, ¢), (axq + axr div ¢, axr mod c))

(proof)

lemma div-multi-eq: (axb) div ¢ = ax(b div ¢) + ax(b mod c) div (c::nat)

(proof)

lemma mod-multl-eq: (axb) mod ¢ = ax(b mod ¢) mod (c::nat)

{proof)

lemma mod-multi-eq’: (axb) mod (c::nat) = ((@ mod c) * b) mod ¢

(proof)

lemma mod-mult-distrib-mod: (axb) mod (c::nat) = ((a mod ¢) * (b mod ¢)) mod
c

(proof)

lemma quorem-addi-eq:

| quorem((a,c),(ag,ar)); quorem((b,c),(bag,br)); 0 < c |

==> quorem ((a+b, c), (aq + bg + (ar+br) div ¢, (ar+br) mod c))
(proof)

lemma div-addi-eq:
(a+b) div (ciinat) = a div ¢ + b div ¢ + ((@ mod ¢ + b mod ¢) div ¢)
(proof)

lemma mod-addi-eq: (a+b) mod (c:nat) = (a mod ¢ + b mod ¢) mod ¢

{proof)

19.10 Proving a div (b * ¢) = a div b div ¢

lemma mod-lemma: [| (0:nat) < ¢;r < b|l==>bx(gmodc)+r <bx*c
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(proof)

lemma quorem-mult2-eq: || quorem ((a,b), (¢,7)); 0 < b; 0 < c|]
==> quorem ((a, bxc), (¢ div ¢, bx(q mod ¢) + 1))
(proof)

lemma div-mult2-eq: a div (bxc) = (a div b) div (c::nat)
(proof)

lemma mod-mult2-eq: a mod (bxc) = bx(a div b mod ¢) + a mod (b::nat)

(proof)

19.11 Cancellation of Common Factors in Division

lemma div-mult-mult-lemma:

[| (0:nat) < b; 0 < cl|] ==> (cxa) div (cxb) = a div b
(proof)
lemma div-mult-mult! [simp]: (0::nat) < ¢ ==> (cxa) div (cxb) = a div b
(proof)
lemma div-mult-mult2 [simp]: (0::nat) < ¢ ==> (axc) div (bxc) = a div b
(proof)

19.12 Further Facts about Quotient and Remainder

lemma div-1 [simp]: m div Suc 0 = m
(proof)

lemma div-self [simp]: 0<n ==> n div n = (1::nat)

(proof)

lemma div-add-self2: 0<n ==> (m+n) div n = Suc (m div n)
(proof)

lemma div-add-selfl: 0<n ==> (n+m) div n = Suc (m div n)

(proof)

lemma div-mult-self! [simp]: In:nat. 0<n ==> (m + k*n) divn =k + m div
n

(proof)

lemma div-mult-self2 [simp]: 0<n ==> (m + nxk) divn =k + m div (n:nat)
(proof)

lemma div-le-mono [rule-format (no-asm)]:
Vmunat. m < n ——> (m divk) < (n div k)
(proof)
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lemma div-le-mono2: Im:nat. [| 0<m; m<n || ==> (k div n) < (k div m)

(proof)

lemma div-le-dividend [simp]: m div n < (m::nat)

{proof)

lemma div-less-dividend [rule-format]:
Ininat. 1<n ==>0<m ——> mdivn < m

(proof)
declare div-less-dividend [simp]

A fact for the mutilated chess board

lemma mod-Suc: Suc(m) mod n = (if Suc(m mod n) = n then 0 else Suc(m mod

n))
(proof)

lemma nat-mod-div-trivial [simp]: m mod n div n = (0 :: nat)

(proof)

lemma nat-mod-mod-trivial [simp]: m mod n mod n = (m mod n :: nat)

(proof)

19.13 The Divides Relation

lemma dvdl [intro?]: n = m x k ==> m dvd n
(proof)

lemma dvdE [elim?]: IP. [|m dvd n; k. n = mxk ==> P|] ==> P
(proof)

lemma dvd-0-right [iff]: m dvd (0::nat)

(proof)

lemma dvd-0-left: 0 dvd m ==> m = (0::nat)

{proof)

lemma dvd-0-left-iff [iff]: (0 dvd (m:nat)) = (m = 0)
(proof)

lemma dvd-1-left [iff]: Suc 0 dvd k

(proof)

lemma dvd-1-iff-1 [simp]: (m dvd Suc 0) = (m = Suc 0)
(proof)
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lemma dvd-refl [simp]: m dvd (m::nat)

{proof)

lemma dvd-trans [trans]: [| m dvd n; n dvd p || ==> m dvd (p:nat)

(proof)

lemma dvd-anti-sym: [| m dvd n; n dvd m || ==> m = (n:nat)
(proof)

lemma dvd-add: [| k dvd m; k dvd n || ==> k dvd (m+n :: nat)
(proof)

lemma dvd-diff: [| k dvd m; k dvd n || ==> k dvd (m—n :: nat)
(proof)

lemma dvd-diffD: || k dvd m—n; k dvd n; n<m || ==> k dvd (m::nat)
(proof)

lemma dvd-diffD1: [| k dvd m—n; k dvd m; n<m || ==> k dvd (n::nat)
(proof)

lemma dvd-mult: k dvd n ==> k dvd (mxn :: nat)

(proof)

lemma dvd-mult2: k dvd m ==> k dvd (m=n :: nat)

(proof)

lemma dvd-triv-right [iff]: k dvd (mxk :: nat)
(proof)

lemma dvd-triv-left [iff]: k dvd (kxm :: nat)
(proof)

lemma dvd-reduce: (k dvd n + k) = (k dvd (n:nat))
(proof)

lemma dvd-mod: 'n::nat. [| f dvd m; f dvd n || ==> f dvd m mod n

(proof)

lemma dvd-mod-imp-dvd: [| (k::nat) dvd m mod n; k dvd n || ==> k dvd m
(proof)

lemma dvd-mod-iff: k dvd n ==> ((k::nat) dvd m mod n) = (k dvd m)
(proof)

lemma dvd-mult-cancel: Nk::nat. || kxm dvd kxn; 0<k || ==> m dvd n

{(proof)

lemma dvd-mult-cancell: 0<m ==> (m#*n dvd m) = (n = (1::nat))
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(proof )

lemma dvd-mult-cancel2: 0<m ==> (n*m dvd m) = (n = (1::nat))
(proof)

lemma mult-dvd-mono: [| i dvd m; j dvd n|] ==> ixj dvd (mx*n :: nat)
(proof )

lemma dvd-mult-left: (ixj :: nat) dvd k ==> i dvd k

(proof)

lemma dvd-mult-right: (ixj :: nat) dvd k ==> j dvd k

(proof )

lemma dvd-imp-le: [| k dvd n; 0 < n || ==> k < (n:nat)

(proof )

lemma dvd-eq-mod-eq-0: 'k::nat. (k dvd n) = (n mod k = 0)
(proof)

lemma dvd-mult-div-cancel: n dvd m ==> n x (m div n) = (m::nat)

(proof)

lemma mod-eq-0-iff: (m mod d = 0) = (3 ¢g::nat. m = dxq)
(proof)

lemmas mod-eq-0D = mod-eq-0-iff [THEN 4iffD1]
declare mod-eq-0D [dest!]

lemma mod-eqD: (m mod d = r) ==> Fqunat. m = r + gxd

(proof)

lemma split-div:

P(n div k :: nat) =

(k=0—PO)N(k#0— (li.lj<k.n=kxi+j — Pi)))
(is 2P = ?2Q is - = (- A (- — ?R)))

(proof)

lemma split-div-lemma:
0<n=(nxqg<mAm<n=x*(Sucq)) = (¢ = ((m:nat) div n))
(proof )

theorem split-div":
P ((m:nat) divn) = (n=0ANPO0O)V
(Fqg. (n*xg<mAm<nx*(Sucq)) AP gq))
(proof )
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lemma split-mod:

P(n mod k :: nat) =

(k=0—Pn)AN(k#0— (li.lj<k.n=kxi+j — Pj)))
(is 2P = ?Q is - = (- A (- — ?R)))

(proof)

theorem mod-div-equality”: (m::nat) mod n = m — (m div n) * n
{proof)

19.14 An “induction” law for modulus arithmetic.

lemma mod-induct-0:
assumes step: Vi<p. P i — P ((Suc i) mod p)
and base: P i and i: i<p
shows P 0

(proof)

lemma mod-induct:
assumes step: Vi<p. P i — P ((Suc i) mod p)
and base: P ¢ and 4: i<p and j: j<p
shows P j

(proof)

(ML)
end

20 Power: Exponentiation

theory Power
imports Divides
begin

20.1 Powers for Arbitrary Semirings

axclass recpower C comm-semiring-1-cancel, power
power-0 [simp]: a ~ 0 =1
power-Suc: a " (Sucn)=ax(a"n)

lemma power-0-Suc [simp]: (0::'a::recpower) * (Suc n) = 0
(proof)

It looks plausible as a simprule, but its effect can be strange.

lemma power-0-left: 0°n = (if n=0 then 1 else (0::'a::recpower))
(proof)

218
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lemma power-one [simp]: 1°n = (1::'a::recpower)
(proof)

lemma power-one-right [simp]: (a::'a::recpower) ~ 1 = a

(proof)

lemma power-add: (a::'a::recpower) " (m+n) = (a"m) * (a"n)

(proof)

lemma power-mult: (a::'a::recpower) * (mxn) = (a"m) " n

{proof)

lemma power-mult-distrib: ((a::'a::recpower) * b) “n = (a™n) * (b"n)

{(proof)

lemma zero-less-power:
0 < (a::'a::{ordered-semidom,recpower}) ==> 0 < a’n
(proof)

lemma zero-le-power:
0 < (a:'a::{ordered-semidom,recpower}) ==> 0 <

(proof)

VAN
IS
3

lemma one-le-power:
1 < (a:'a::{ordered-semidom,recpower}) ==> 1 <

(proof)

N
S
3

lemma gti-imp-ge0: 1 < a ==> 0 < (a::'a::ordered-semidom)
(proof )

lemma power-gt1-lemma:
assumes gt1: 1 < (a::'a:{ordered-semidom,recpower})
shows I < ax*xa'n

(proof)

lemma power-gt1:
1 < (a:'a::{ordered-semidom,recpower}) ==> 1 < a ~ (Suc n)

{proof)

lemma power-le-imp-le-exp:
assumes gt1: (1::'a::{recpower,ordered-semidom}) < a
shows !!n. a™m < an ==>m < n

(proof)

Surely we can strengthen this? It holds for 0<a<1 too.
lemma power-inject-exp [simp]:
1 < (a::'a::{ordered-semidom,recpower}) ==> (a"m = a’n) = (m=n)
{proof)
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Can relax the first premise to (0::'a) < a in the case of the natural numbers.
lemma power-less-imp-less-exp:

[| (1:"a::{recpower,ordered-semidom}) < a; a™m < a™n || ==> m < n
(proof)

lemma power-mono:
[la < b; (0::'a::{recpower,ordered-semidom}) < a|l] ==> a™n < b"n

(proof)

lemma power-strict-mono [rule-format]:
[la < b; (0::'a::{recpower,ordered-semidom}) < al]
==>0<n—-—>an<bn

{proof)

lemma power-eq-0-iff [simp]:
(a"n = 0) = (a = (0:'a::{ordered-idom,recpower}) & 0<n)
(proof )

lemma field-power-eq-0-iff [simp]:
(a™n = 0) = (a = (0:'ax:{field,recpower}) & 0<n)
(proof)

lemma field-power-not-zero: a # (0::'a::{field,recpower}) ==> a"n # 0
(proof)

lemma nonzero-power-inverse:
a # 0 ==> inverse ((a::'a:{field,recpower}) " n) = (inverse a) " n

(proof)

Perhaps these should be simprules.

lemma power-inverse:
inverse ((a::’a::{field,division-by-zero,recpower}) “ n) = (inverse a) " n

(proof)

lemma power-one-over: 1 / (a::’a::{field,division-by-zero,recpower}) "n =
(1 /a)n
(proof)

lemma nonzero-power-divide:
b#0==>(a/b) “n = ((a:'a::{field,recpower}) “n) / (b " n)
(proof )

lemma power-divide:
(a/b) " n = ((a:'a::{field,division-by-zero,recpower}) “n /b " n)
(proof )

lemma power-abs: abs(a ~ n) = abs(a::’a::{ordered-idom,recpower}) " n
(proof)
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lemma zero-less-power-abs-iff [simp]:
(0 < (abs a) "n) = (a # (0::'a::{ ordered-idom,recpower}) | n=0)
(proof)

lemma zero-le-power-abs [simp]:
(0:'a::{ ordered-idom,recpower}) < (abs a) “n
(proof )

lemma power-minus: (—a) “n = (= 1)"n x (a::’a::{comm-ring-1,recpower}) “n

(proof)

Lemma for power-strict-decreasing

lemma power-Suc-less:
[|(0::"a::{ ordered-semidom,recpower}) < a; a < 1|]
==>a*xan<an

(proof)

lemma power-strict-decreasing:
[[n < N; 0 < a; a < (1:'a::{ordered-semidom,recpower})||
==>a'N <a'™n

(proof)

Proof resembles that of power-strict-decreasing

lemma power-decreasing:
[[n < N; 0 < a; a < (1:'a:{ordered-semidom,recpower})||
==>a'N<a'n

(proof)

lemma power-Suc-less-one:
[| 0 < a; a < (1:'a::{ordered-semidom,recpower}) || ==> a " Sucn < 1

(proof)

Proof again resembles that of power-strict-decreasing

lemma power-increasing:
[ln < N; (1::'a::{ordered-semidom,recpower}) < a|] ==> a™n < a"N
(proof)

Lemma for power-strict-increasing

lemma power-less-power-Suc:

(1::'a::{ ordered-semidom,recpower}) < a ==> a™n < a * a’n
(proof )
lemma power-strict-increasing:

[ln < N; (1:'a::{ordered-semidom,recpower}) < a|] ==> a™n < a"N
(proof)

lemma power-increasing-iff [simp]:



THEORY “Power” 222

1 < (b:'a:{ordered-semidom,recpower}) ==> (b "z < b "y) = (z < y)
{proof)

lemma power-strict-increasing-iff [simp]:
1 < (b:'ax{ordered-semidom,recpower}) ==> (b "z < b "y) = (z < y)
(proof )

lemma power-le-imp-le-base:
assumes le: ¢ “Sucn < b " Sucn
and anonneg: (0::'a::{ordered-semidom,recpower}) < a
and ynonneg: 0 < b
shows a < b

{proof)

lemma power-inject-base:
[[@ " Sucn="5"Sucn; 0<a;0<5>l|
==> q = (b::'a::{ordered-semidom,recpower})
(proof )

20.2 Exponentiation for the Natural Numbers

primrec (power)
p 0=1
p " (Sucn) = (p:nat) x (p " n)

instance nat :: recpower

(proof)

lemma nat-one-le-power [simp]: 1 < i ==> Suc 0 < i'n
(proof)

lemma le-imp-power-dvd: i::nat. m < n ==> i"m dvd i"n
(proof)

Valid for the naturals, but what if 0<¢<1? Premises cannot be weakened:
consider the case where i = (0::'a), m = (1::'a) and n = (0::a).

lemma nat-power-less-imp-less: Niznat. [| 0 < 4; i"m < i'n || ==>m < n
(proof)

lemma nat-zero-less-power-iff [simp]: (0 < z"n) = (x # (0::nat) | n=0)
(proof)

lemma power-le-dvd [rule-format]: k°j dvd n ——> i<j ——> ki dvd (n::nat)
(proof)

lemma power-dvd-imp-le: [|i"m dvd i"n; (1:nat) < i]] ==>m < n

(proof)

lemma power-diff :
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assumes nz: a ~= 0

shows n <= m ==> (a::'a::{recpower, field}) * (m—n) = (a"m) / (a"n)

{proof)

ML bindings for the general exponentiation theorems
(ML)
ML bindings for the remaining theorems

(ML)

end

21 Finite-Set: Finite sets

theory Finite-Set

imports Power Inductive Lattice-Locales

begin

21.1 Definition and basic properties

consts Finites :: 'a set set

syntax
finite :: 'a set => bool
translations

finite A == A : Finites

inductive Finites

intros
emptyl [simp, introl]: {} : Finites
insertl [simp, intro!]: A : Finites ==> insert a A : Finites

axclass finite C type
finite: finite UNIV

lemma ex-new-if-finite: — does not depend on def of finite at all
assumes — finite (UNIV :: 'a set) and finite A
shows Ja:'a. a ¢ A

(proof)

lemma finite-induct [case-names empty insert, induct set: Finites]:
finite FF ==>

223

P {} ==> (lz F. finite F ==>x ¢ F ==> P F ==> P (insert ¢ F)) ==>

PF
— Discharging z ¢ F entails extra work.
(proof )

lemma finite-ne-induct|case-names singleton insert, consumes 2]:
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assumes fin: finite F' shows F # {} =
[ Az. P{z};
Nz F. [ finite F; F #{}; 2 ¢ F; PF]| = P (insert z F) |
= PF
(proof)

lemma finite-subset-induct [consumes 2, case-names empty insert]:
finite F ==> F C A ==>
P{}==> (llaF. finite F ==>a€ A==>a ¢ F ==>PF ==> P (insert
a F)) ==>
PF
(proof)

Finite sets are the images of initial segments of natural numbers:

lemma finite-imp-nat-seg-image-inj-on:

assumes fin: finite A

shows 3 (n:nat) f. A = f* {i. i<n} & inj-on f {i. i<n}
(proof)

lemma nat-seg-image-imp-finite:
WA A=f°{iznat. i<n} = finite A
(proof )

lemma finite-conv-nat-seg-image:
finite A = (3 (nunat) f. A= f* {iznat. i<n})
(proof )

21.1.1 Finiteness and set theoretic constructions
lemma finite-Unl: finite F' ==> finite G ==> finite (F Un G)
— The union of two finite sets is finite.
(proof)

lemma finite-subset: A C B ==> finite B ==> finite A
— Every subset of a finite set is finite.
(proof)

lemma finite-Un [iff]: finite (F Un G) = (finite F & finite G)
(proof )

lemma finite-Int [simp, introl: finite F' | finite G ==> finite (F Int G)
— The converse obviously fails.
(proof )

lemma finite-insert [simp]: finite (insert a A) = finite A
(proof )

lemma finite- Union[simp, intro]:
[ finite A; WM. M € A = finite M | = finite(|J A)
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{proof)

lemma finite-empty-induct:

finite A ==>

P A==> (Na A. finite A ==> a:A ==>P A==>P (A - {a})) ==> P {}
(proof)

lemma finite-Diff [simp]: finite B ==> finite (B — Ba)
(proof )

lemma finite-Diff-insert [iff]: finite (A — insert a B) = finite (A — B)
(proof )

Image and Inverse Image over Finite Sets

lemma finite-imagel[simp]|: finite F ==> finite (h ‘ F)
— The image of a finite set is finite.
(proof )

lemma finite-surj: finite A ==> B <= f ‘ A ==> finite B
{proof )

lemma finite-range-imagel:
finite (range g) ==> finite (range (%ox. f (g x)))
(proof )

lemma finite-imageD: finite (f‘A) ==> inj-on f A ==> finite A
(proof)

lemma inj-vimage-singleton: inj f ==> f—“{a} C{THE x. fx = a}
— The inverse image of a singleton under an injective function is included in a
singleton.

{proof)

lemma finite-vimagel: [|finite F'; inj h|] ==> finite (h —° F)
— The inverse image of a finite set under an injective function is finite.
(proof)

The finite UNION of finite sets

lemma finite-UN-I: finite A ==> (lla. a:A ==> finite (B a)) ==> finite (UN
a:A. B a)
{proof)

Strengthen RHS to (Vz€A. finite (B z)) A finite {z € A. Bz # {}}7
We’d need to prove finite C = VA B. UNION A B C C — finite {z €
A. Bz # {}} by induction.

lemma finite-UN [simp]: finite A ==> finite (UNION A B) = (ALL z:A. finite
(B x))
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{proof)

lemma finite-Plus: || finite A; finite B || ==> finite (A <+> B)
(proof)

Sigma of finite sets
lemma finite-Sigmal [simp]:
finite A ==> (Na. a:A ==> finite (B a)) ==> finite (SIGMA a:A. B a)
{proof)

lemma finite-cartesian-product: [| finite A; finite B || ==>
finite (A <x> B)
{proof )

lemma finite-Prod-UNIV:
finite (UNIV ::'a set) ==> finite (UNIV::'b set) ==> finite (UNIV::("a % 'b)
set)
{proof )

lemma finite-cartesian-productD1 :
[| finite (A <x> B); B # {} |] ==> finite A
{proof )

lemma finite-cartesian-productD?2:

[| finite (A <x> B); A # {} || ==> finite B
{(proof )

The powerset of a finite set

lemma finite-Pow-iff [iff]: finite (Pow A) = finite A
(proof)

lemma finite-UnionD: finite(|J A) = finite A
(proof)

lemma finite-converse [iff]: finite (r"—1) = finite r
{proof)

Finiteness of transitive closure (Thanks to Sidi Ehmety)

lemma finite-Field: finite r ==> finite (Field r)
— A finite relation has a finite field (= domain U range.
(proof)

lemma trancl-subset-Field2: r"+ <= Field r x Field r
(proof)
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lemma finite-trancl: finite (r"+) = finite r
(proof )

21.2 A fold functional for finite sets

The intended behaviour is fold f g z {z1, ..., zn} = f (g 1) (... (f (g
zy) z)...) if f is associative-commutative. For an application of fold se the
definitions of sums and products over finite sets.

consts
foldSet :: ('a => 'a => 'a) => (b => 'a) => 'a => ('b set x 'a) set

inductive foldSet f g 2

intros

emptyl [intro]: ({}, z) : foldSet f g z
insertl [intro]:

[2 ¢ A; (4, y) : foldSet f g 2 |
= (insert x A, f (g z) y) : foldSet f g 2

inductive-cases empty-foldSetE [elim!]: ({}, =) : foldSet f g z

constdefs
fold :: ('a => "a => "a) => ('b => 'a) => "a => 'b set => 'a
fold f g 2 A == THE z. (A, x) : foldSet f g z

A tempting alternative for the definiens is if finite A then THE z. (A, z) €
foldSet f g e else e. It allows the removal of finiteness assumptions from the
theorems fold-commute, fold-reindex and fold-distrib. The proofs become
ugly, with rule-format. It is not worth the effort.

lemma Diff1-foldSet:
(A —{z}, y) : foldSet fg 2 ==> z: A ==> (A, f (g x) y) : foldSet f g 2
(proof)

lemma foldSet-imp-finite: (A, x) : foldSet f g z ==> finite A
(proof )

lemma finite-imp-foldSet: finite A ==> EX x. (A, z) : foldSet f g 2
(proof )

21.2.1 Commutative monoids

locale ACf =
fixes f : 'a => 'a => 'a  (infixl - 70)
assumes commute: T -y =y - T
and assoc: (z - y) - z2=1x - (y - 2)

locale ACe = ACf +
fixes e :: 'a
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assumes ident [simpl: x - e = x

locale ACIf = ACf +

assumes idem: £ - T = T

lemma (in ACf) left-commute: z - (y - 2) =y - (z - 2)
(proof)

lemmas (in ACf) AC = assoc commute left-commute

lemma (in ACe) left-ident [simp]: e - x = x

(proof)

lemma (in ACIf) idem2: z - (z - y) =z -y
(proof)

lemmas (in ACIf) ACI = AC idem idem2

Interpretation of locales:

interpretation AC-add: ACe [op + 0::'a::comm-monoid-add]
(proof)

interpretation AC-mult: ACe [op x 1::'a::comm-monoid-mult]
{proof)

21.2.2 From foldSet to fold

lemma image-less-Suc: h * {i. 1 < Suc m} = insert (h m) (h ‘ {i. i < m})

(proof)

lemma insert-image-inj-on-eq:
[linsert (h m) A =h ‘{i. i < Sucm}; h m & A;
inj-on h {i. i < Suc m}|]
==>A=h"‘{i.i<m}
(proof)

lemma insert-inj-onk:
assumes aA: insert a A = h'{i:nat. i<n} and anot: a ¢ A
and ing-on: inj-on h {i:nat. i<n}
shows 3 hm m. inj-on hm {i:nat. i<m} & A =hm ‘ {i. i<m} & m < n

{proof)

lemma (in ACYf) foldSet-determ-auz:
WA zz'h [ A= h{iznat. i<n}; ing-on h {i. i<n};
(A,z) : foldSet f g z; (A,x’) : foldSet f g z ]
= z' ==z
(proof)
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lemma (in ACf) foldSet-determ:
(A,z) : foldSet f g z ==> (Ayy) : foldSet f gz ==> y =z
(proof)

lemma (in ACYf) fold-equality: (A, y) : foldSet f gz ==> foldfgz A=y
(proof )

The base case for fold:

lemma fold-empty [simp): fold f gz {} = 2
(proof )

lemma (in ACf) fold-insert-auz: x ¢ A ==>
((insert © A, v) : foldSet f g z) =
(EXy. (A, y) : foldSet fgz & v =f (gz) y)
(proof )

The recursion equation for fold:
lemma (in ACf) fold-insert[simp]:
finite A ==>x ¢ A ==> foldfgz (insert x A) = f (g x) (fold fg zA)
(proof)

lemma (in ACYf) fold-rec:
assumes fin: finite A and a: a:A

shows fold fgz A= f (g a) (fold fg 2 (A — {a}))
(proof )

A simplified version for idempotent functions:

lemma (in ACIf) fold-insert-idem:

assumes finA: finite A

shows fold f g z (insert a A) = ga - foldfgz A
(proof)

lemma (in ACIf) foldI-conv-id:
finite A = fold fg 2z A= fold fid z (g * A)
(proof)

21.2.3 Lemmas about fold

lemma (in ACYf) fold-commute:
finite A ==> Nz. fz (fold fgzA)=foldfg (frz)A)
(proof)

lemma (in ACf) fold-nest-Un-Int:
finite A ==> finite B
==> fold f g (fold f gz B) A= fold f g (fold f g z (A Int B)) (A Un B)
(proof)

lemma (in ACf) fold-nest-Un-disjoint:
finite A ==> finite B ==> A Int B = {}
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==> fold fgz (A Un B) = fold fg (fold fgzB) A
{proof )

lemma (in ACY) fold-reindex:

assumes fin: finite A

shows inj-on h A = fold f gz (h “A) = fold f (go h) 2z A
(proof)

lemma (in ACe) fold-Un-Int:
finite A ==> finite B ==>
foldfgeA - foldfge B =
fold fge (A UnB) - fold fge (A Int B)
(proof)

corollary (in ACe) fold-Un-disjoint:
finite A ==> finite B ==> A Int B = {} ==>
foldfge (A UnB)=foldfgeA- fold fgeB
(proof)

lemma (in ACe) fold-UN-disjoint:
[ finite Iy ALL i:I. finite (A i);
ALL il ALL jiI. i #j —> Ailnt Aj = {}]
= fold fge (UNIONTA) =
fold f (%i. foldfge (Ai)) el
(proof )

Fusion theorem, as described in Graham Hutton’s paper, A Tutorial on the
Universality and Expressiveness of Fold, JFP 9:4 (355-372), 1999.

lemma (in ACf) fold-fusion:
includes ACf g
shows
finite A ==>
Mzy h(gzy) =fz (hy) ==>
h (fold g jw A) = fold fj (hw) A
(proof)

lemma (in ACf) fold-cong:
finite A = (Nz. x:A ==>gx=hzx)==>foldfgzA=foldfhzA
(proof )

lemma (in ACe) fold-Sigma: finite A ==> ALL x:A. finite (B z) ==>
fold f (%ox. fold f (9x) e (Bz)) eA=
fold f (split g) e (SIGMA z:A. B x)

(proof )

lemma (in ACe) fold-distrib: finite A =
fold f (%ox. f (gz) (hz)) e A=f (foldfgeA) (foldfheA)
(proof)
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21.3 Generalized summation over a set

constdefs
setsum :: ('a => 'b) => 'a set => 'b::comm-monoid-add
setsum f A == if finite A then fold (op +) f 0 A else 0

Now: lot’s of fancy syntax. First, setsum (Az. e) A is written > z€A. e.

syntax

-setsum :: pttrn => 'a set => 'b => 'br:comm-monoid-add  ((3SUM -:-. -) [0,
51, 10] 10)
syntax (zsymbols)

-setsum :: pttrn => 'a set => ‘b => 'bi:comm-monoid-add  ((8Y_ -€-. -) [0,
51, 10] 10)
syntax (HTML output)

-setsum :: pttrn => 'a set => 'b => 'bi:comm-monoid-add  ((3Y_ -€-. -) [0,
51, 10] 10)

translations — Beware of argument permutation!
SUM i:A. b == setsum (%i. b) A
StieA. b == setsum (%i. b) A

Instead of > z€{z. P}. e we introduce the shorter ) z|P. e.

syntax

-gsetsum :: pttrn = bool = 'a = 'a ((3SUM - |/ -./ -) [0,0,10] 10)
syntax (zsymbols)

-gsetsum :: pttrn = bool = 'a = 'a ((3>_-| (-)./ -) [0,0,10] 10)
syntax (HTML output)

-gsetsum :: pttrn = bool = 'a = 'a ((8>_-| (-)./ -) [0,0,10] 10)

translations
SUM z|P. t => setsum (%x. t) {z. P}
> x|P. t => setsum (%ox. t) {z. P}

Finally we abbreviate > z€A. z by ) _ A.

syntax
-Setsum :: 'a set => 'a::comm-monoid-mult (> - [1000] 999)
(ML)

lemma setsum-empty [simp]: setsum f {} = 0
{proof)

lemma setsum-insert [simp]:
finite F ==> a ¢ F ==> setsum f (insert a F) = fa + setsum f F
(proof)

lemma setsum-infinite [simpl: ~ finite A ==> setsum f A = 0
(proof)
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lemma setsum-reindez:
inj-on f B ==> setsum h (f * B) = setsum (h o f) B
(proof)

lemma setsum-reindex-id:
inj-on f B ==> setsum f B = setsum id (f ‘ B)
(proof )

lemma setsum-cong:
A=B==> (llz. :B ==> fz = gz) ==> setsum f A = setsum g B

(proof)

lemma strong-setsum-cong|congl:
A =B ==> (lz. z:B =simp=> fz = g z)
==> setsum (%z. fz) A = setsum (%z. g ) B
(proof)

lemma setsum-cong2: [A\z. x € A = fz = g x] = setsum f A = setsum g A
(proof )

lemma setsum-reindez-cong:
[linj-on fA; B=f A;la. a:A = ga=h (fa)
==> setsum h B = setsum g A
{proof )

lemma setsum-0[simp]: setsum (%i. 0) A =0

(proof)

lemma setsum-0" ALL a:A. fa = 0 ==> setsum fA = 0
(proof)

lemma setsum-Un-Int: finite A ==> finite B ==>
setsum g (A Un B) + setsum g (A Int B) = setsum g A + setsum g B
— The reversed orientation looks more natural, but LOOPS as a simprule!

(proof)

lemma setsum-Un-disjoint: finite A ==> finite B
==> A Int B = {} ==> setsum g (A Un B) = setsum g A + setsum g B
(proof )

lemma setsum-UN-disjoint:
finite I ==> (ALL i:I. finite (A i)) ==>
(ALL i:I. ALL j:I. i # j ——> AiInt A j = {}) ==>
setsum f (UNION I A) = (> i€l. setsum f (A 1))
(proof)

No need to assume that C is finite. If infinite, the rhs is directly 0, and |J C
is also infinite, hence the lhs is also 0.
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lemma setsum-Union-disjoint:
[| (ALL A:C. finite A);
(ALL A:C. ALL B:C. A# B ——> A Int B={}) |]
==> setsum [ (Union C') = setsum (setsum f) C

(proof)

lemma setsum-Sigma: finite A ==> ALL z:A. finite (B ) ==>
o zeA. O yeBzx. fzy)) = (O (x,y)e(SIGMA z:A. Bzx). fzy)
(proof)

Here we can eliminate the finiteness assumptions, by cases.

lemma setsum-cartesian-product:

>zeA. S yeB. fxy) = (z,y) € A <x> B. fzy)
(proof)

lemma setsum-addf: setsum (%z. fo + g x) A = (setsum f A + setsum g A)
(proof)

21.3.1 Properties in more restricted classes of structures

lemma setsum-SucD: setsum f A = Sucn ==> EX a:A. 0 < fa
(proof )

lemma setsum-eq-0-iff [simp]:
finite F ==> (setsum f F' = 0) = (ALL a:F. f a = (0::nat))
(proof )

lemma setsum-Un-nat: finite A ==> finite B ==>
(setsum f (A Un B) :: nat) = setsum f A + setsum f B — setsum f (A Int B)
— For the natural numbers, we have subtraction.

{proof)

lemma setsum-Un: finite A ==> finite B ==>
(setsum f (A Un B) :: 'a i ab-group-add) =
setsum [ A + setsum f B — setsum f (A Int B)
(proof )

lemma setsum-diff1-nat: (setsum f (A — {a}) :: nat) =
(if a:A then setsum f A — f a else setsum f A)
(proof)

lemma setsum-diff1: finite A =
(setsum f (A — {a}) :: ("a::ab-group-add)) =
(if a:A then setsum f A — [ a else setsum f A)
(proof )

lemma setsum-diff1 [rule-format]: finite A= ac A — >, 2 € A fz)=fa

+ (X2 ee(d-A{a}) fa)
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{proof)

lemma setsum-diff-nat:

assumes finB: finite B

shows B C A = (setsum f (A — B) :: nat) = (setsum f A) — (setsum f B)
(proof)

lemma setsum-diff:

assumes le: finite A B C A

shows setsum f (A — B) = setsum f A — ((setsum [ B)::('a::ab-group-add))
(proof)

lemma setsum-mono:
assumes le: \i. i€K = f (i::'a) < ((g 7)::("b::{ comm-monoid-add, pordered-ab-semigroup-add}))
shows (D" i€K. fi) < (3 ieK. gi)

(proof)

lemma setsum-strict-mono:

fixes f :: 'a = 'b::{pordered-cancel-ab-semigroup-add,comm-monoid-add }
assumes fin-ne: finite A A # {}

shows (llz. 2:4 = fz < g z) = setsum f A < setsum g A

(proof)

lemma setsum-negf:

setsum (%ox. — (f z)::'a::ab-group-add) A = — setsum f A
(proof)

lemma setsum-subtractf:
setsum (%x. ((f x)::'a::ab-group-add) — g ) A =
setsum f A — setsum g A

(proof)

lemma setsum-nonneg:

assumes nn: Va€A. (0::'a::{pordered-ab-semigroup-add,comm-monoid-add}) < f
T

shows 0 < setsum f A

(proof)

lemma setsum-nonpos:
assumes np: Vz€A. fz < (0::'a::{pordered-ab-semigroup-add,comm-monoid-add})
shows setsum f A < 0

(proof)

lemma setsum-mono2:

fixes f :: 'a = 'b :: {pordered-ab-semigroup-add-imp-le,comm-monoid-add}
assumes fin: finite B and sub: A C B and nn: A\b. b € B—A = 0 < b
shows setsum f A < setsum f B
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{proof)

lemma setsum-mono3: finite B ==> A <= B ==>
ALL z: B — A.
0 <= ((f x)::"a::{ comm-monoid-add,pordered-ab-semigroup-add}) ==>
setsum f A <= setsum f B
(proof)

lemma setsum-mult:
fixes [ :: 'a => ('b::semiring-0-cancel)
shows r x setsum f A = setsum (%n. r * fn) A

{(proof)

lemma setsum-left-distrib:
setsum f A * (r::'az:semiring-0-cancel) = (3 n€A. fn * 1)
(proof)

lemma setsum-divide-distrib:
setsum f A [/ (r:azfield) = (O neA. fn /1)
(proof)

lemma setsum-abs[iff]:

fixes f :: 'a => ('b::lordered-ab-group-abs)

shows abs (setsum f A) < setsum (%i. abs(f 1)) A
(proof)

lemma setsum-abs-ge-zero[iff]:
fixes f :: ‘a => ('b::lordered-ab-group-abs)
shows 0 < setsum (%i. abs(fi)) A
(proof)

lemma abs-setsum-abs|simp]:

fixes f :: ‘a => ('b::lordered-ab-group-abs)

shows abs (D" acA. abs(fa)) = (O a€A. abs(f a))
(proof )

Commuting outer and inner summation

lemma swap-ing-on:
ing-on (%(i, j). (4, 1)) (A x B)
(proof )

lemma swap-product:
(%(i, j). (7, 1)) “ (A x B) =B x A
(proof)

lemma setsum-commute:
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Ooi€eA. > jeB. fij) = (. jeB. Y i€A. fij)
(proof)

21.4 Generalized product over a set

constdefs
setprod :: (‘a => 'b) => 'a set => 'b::comm-monoid-mult
setprod f A == if finite A then fold (op %) f1 A else 1

syntax
-setprod :: pttrn => 'a set => b => 'b::comm-monoid-mult ((SPROD -:-. -)
[0, 51, 10] 10)

syntax (zsymbols)

-setprod :: pttrn => 'a set => 'b => 'b::comm-monoid-mult ((3]]-€-. -) [0,
51, 10] 10)
syntax (HTML output)

-setprod :: pttrn => 'a set => ‘b => 'bi:comm-monoid-mult ((3][]-€-. -) [0,
51, 10] 10)

translations — Beware of argument permutation!
PROD i:A. b == setprod (%i. b) A
[[i€A. b == setprod (%i. b) A

Instead of [[ze{z. P}. e we introduce the shorter [[z|P. e.

syntax

-gsetprod :: pttrn = bool = 'a = 'a ((3PROD - |/ -./ -) [0,0,10] 10)
syntax (zsymbols)

-gsetprod :: pttrn = bool = 'a = 'a ((3]]-] (-)./ -) [0,0,10] 10)
syntax (HTML output)

-gsetprod :: pttrn = bool = 'a = 'a ((3[]-| (-)./ -) [0,0,10] 10)

translations
PROD z|P. t => setprod (%ox. t) {z. P}
[[z|P. t => setprod (%ox. t) {z. P}

Finally we abbreviate [[z€A. = by [] A.

syntax
-Setprod :: 'a set => 'a::comm-monoid-mult ([]- [1000] 999)

(ML)

lemma setprod-empty [simp]: setprod f {} = 1
(proof )

lemma setprod-insert [simp]: || finite A; a ¢ A || ==>
setprod [ (insert a A) = f a * setprod f A
(proof)
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lemma setprod-infinite [simp]: ~ finite A ==> setprod f A = 1
(proof )

lemma setprod-reindex:
inj-on f B ==> setprod h (f * B) = setprod (h o f) B
(proof)

lemma setprod-reindex-id: inj-on f B ==> setprod f B = setprod id (f * B)
(proof )

lemma setprod-cong:
A=B==> (Nz. 2:B ==> fz = gx) ==> setprod f A = setprod g B
(proof)

lemma strong-setprod-cong:
A =B ==> (Nz. :B =simp=> fx = g ) ==> setprod f A = setprod g B
(proof)

lemma setprod-reindez-cong: inj-on f A ==>
B=f‘A==>¢g=hof==> setprod h B = setprod g A
(proof)

lemma setprod-1: setprod (%i. 1) A = 1
{proof)

lemma setprod-1: ALL a:F. fa = 1 ==> setprod f F = 1
{proof )

lemma setprod-Un-Int: finite A ==> finite B
==> setprod g (A Un B) * setprod g (A Int B) = setprod g A * setprod g B
(proof)

lemma setprod-Un-disjoint: finite A ==> finite B
==> A Int B = {} ==> setprod g (A Un B) = setprod g A * setprod g B
(proof)

lemma setprod-UN-disjoint:
finite I ==> (ALL i:I. finite (4 i)) ==>
(ALL i:I. ALLjil. i #j ——> Ailnt Aj = {}) ==>
setprod f (UNION I A) = setprod (%i. setprod f (A i)) I
(proof)

lemma setprod-Union-disjoint:
[| (ALL A:C. finite A);
(ALL A:C. ALL B:C. A# B ——> A Int B ={}) |]
==> setprod [ (Union C) = setprod (setprod f) C
(proof)
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lemma setprod-Sigma: finite A ==> ALL z:A. finite (B z) ==>

(ITz€A. (Jlye Bz. fzy)) =
(IT (z,y)e(SIGMA z:A. Bz). fzy)

(proof)

Here we can eliminate the finiteness assumptions, by cases.

lemma setprod-cartesian-product:
(ITz€A. (ITye B. fzy)) = (1 (z,y)e(A <+> B). fzy)
(proof)

lemma setprod-timesf:
setprod (%ox. fx x gx) A = (setprod f A = setprod g A)
(proof)

21.4.1 Properties in more restricted classes of structures

lemma setprod-eq-1-iff [simp):
finite F ==> (setprod f FF = 1) = (ALL a:F. f a = (1::nat))
(proof)

lemma setprod-zero:
finite A ==> EX z: A. fx = (0::'a::comm-semiring-1-cancel) ==> setprod f
A=0
(proof)

lemma setprod-nonneg [rule-format]:
(ALL z: A. (0:'a::ordered-idom) < fx) ——> 0 < setprod f A
(proof)

lemma setprod-pos [rule-format]: (ALL x: A. (0::'a::ordered-idom) < f )
——> 0 < setprod f A
{proof)

lemma setprod-nonzero [rule-format:
(ALL z y. (z::'a::comm-semiring-1-cancel) x y = 0 ——>xz =0 | y = 0) ==>
finite A ==> (ALL z: A. fz # (0::'a)) ——> setprod f A # 0
{proof)

lemma setprod-zero-eq:
(ALL z y. (x::'a::comm-semiring-1-cancel) x y = 0 ——>xz =0 | y = 0) ==>
finite A ==> (setprod f A = (0::"a)) = (EX z: A. foz = 0)
(proof)

lemma setprod-nonzero-field:
finite A ==> (ALL z: A. fx # (0::a::field)) ==> setprod f A # 0
(proof)

lemma setprod-zero-eq-field:
finite A ==> (setprod f A = (0::'a::field)) = (EX z: A. fz = 0)
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{proof)

lemma setprod-Un: finite A ==> finite B ==> (ALL z: A Int B. fz # 0) ==>
(setprod f (A Un B) :: 'a ::{field})
= setprod f A x setprod f B | setprod f (A Int B)
(proof )

lemma setprod-diff1: finite A ==> fa # 0 ==>

(setprod f (A — {a}) = 'a == {field}) =
(if a:A then setprod f A /| f a else setprod f A)

{proof)

lemma setprod-inversef: finite A ==>
ALL z: A. fz # (0:'a={field,division-by-zero}) ==>
setprod (inverse o f) A = inverse (setprod f A)
(proof )

lemma setprod-dividef:
[|finite A;
Vo € A. gx # (0:a:{field,division-by-zero})|]
==> setprod (%ox. fx / gx) A = setprod f A | setprod g A
(proof )

21.5 Finite cardinality

This definition, although traditional, is ugly to work with: card A ==
LEAST n. EX f. A = {fi | i. i < n}. But now that we have setsum
things are easy:

constdefs

card :: 'a set => nat
card A == setsum (%x. 1:nat) A

lemma card-empty [simp]: card {} = 0
{proof)

lemma card-infinite [simp]: ~ finite A ==> card A = 0
{proof)

lemma card-eq-setsum: card A = setsum (%x. 1) A

(proof)

lemma card-insert-disjoint [simp]:
finite A ==>x ¢ A ==> card (insert v A) = Suc(card A)
(proof)

lemma card-insert-if :
finite A ==> card (insert x A) = (if z:A then card A else Suc(card(A)))

{proof)
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lemma card-0-eq [simp]: finite A ==> (card A = 0) = (A = {})
{proof)

lemma card-eq-0-iff: (card A = 0) = (A = {} | ™~ finite A)
(proof)

lemma card-Suc-Diff1: finite A ==> x: A ==> Suc (card (A — {z})) = card A
(proof)

lemma card-Diff-singleton:
finite A ==> z: A ==> card (A — {z}) = card A — 1
(proof)

lemma card-Diff-singleton-if :
finite A ==> card (A—{z}) = (if x : A then card A — 1 else card A)
{proof)

lemma card-insert: finite A ==> card (insert v A) = Suc (card (A — {z}))
{proof)

lemma card-insert-le: finite A ==> card A <= card (insert z A)
{proof)

lemma card-mono: [ finite B; A C B ] = card A < card B
(proof )

lemma card-seteq: finite B ==> (lA. A <= B ==> card B <= card A ==> A
= B)
{proof)

lemma psubset-card-mono: finite B ==> A < B ==> card A < card B
(proof )

lemma card-Un-Int: finite A ==> finite B
==> card A + card B = card (A Un B) + card (A Int B)
(proof)

lemma card-Un-disjoint: finite A ==> finite B
==> A Int B={} ==> card (A Un B) = card A + card B
(proof)

lemma card-Diff-subset:
finite B==> B <= A ==> card (A — B) = card A — card B
(proof)

lemma card-Diff1-less: finite A ==> x: A ==> card (A — {z}) < card A
{proof)

lemma card-Diff2-less:
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finite A ==>z: A ==> y: A ==> card (A — {z} — {y}) < card A
{proof)

lemma card-Diff1-le: finite A ==> card (A — {z}) <= card A
{proof)

lemma card-psubset: finite B ==> A C B ==> card A < card B ==> A < B
(proof)

lemma insert-partition:
[z ¢ F;Vcl € insertx F.Nc2 €insertx F. cl # ¢2 — cl1 Nc2={}]
=zNnU F={}

(proof)

lemma card-partition [rule-format]:
finite € ==>
finite (I C) ——>
(Vceel. card ¢ = k) ——>
Vel e C.Ve2 e Cocl #c2 ——>clNec2={}) ——>
k % card(C) = card (J C)
(proof )

lemma setsum-constant [simp]: (D x € A. y) = of-nat(card A) x y

(proof)

lemma setprod-constant: finite A ==> ([[z€ A. (y::’a::recpower)) = y"(card A)
{proof)

lemma setsum-bounded:
assumes le: \i. icA = fi < (K::'a::{comm-semiring-1-cancel, pordered-ab-semigroup-add})
shows setsum f A < of-nat(card A) x K

(proof)

21.5.1 Cardinality of unions

lemma of-nat-id[simp]: (of-nat n :: nat) = n
(proof)

lemma card-UN-disjoint:
finite I ==> (ALL i:I. finite (4 i)) ==>
(ALL il ALL j:I. i #j —> AiInt A j = {}) ==>
card (UNION I A) = (3 4€l. card(A i))
(proof)

lemma card-Union-disjoint:
finite C ==> (ALL A:C. finite A) ==>



THEORY “Finite-Set” 242

(ALL A:C. ALL B:C. A# B ——> A Int B = {}) ==>
card (Union C) = setsum card C

{proof)

21.5.2 Cardinality of image

The image of a finite set can be expressed using fold.

lemma image-eg-fold: finite A ==> f ‘A = fold (op Un) (%oz. {fz}) {} A
{proof)

lemma card-image-le: finite A ==> card (f * A) <= card A
(proof )

lemma card-image: inj-on f A ==> card (f ¢ A) = card A
(proof)

lemma endo-inj-surj: finite A ==>f ‘A C A==>injronfA==>f A=A
(proof)

lemma eg-card-imp-inj-on:
| finite A; card(f ¢ A) = card A || ==> inj-on f A
(proof)

lemma inj-on-iff-eq-card:
finite A ==> inj-on f A = (card(f * A) = card A)
(proof)

lemma card-inj-on-le:
[linj-on f A; f ¢ A C B; finite B || ==> card A < card B
(proof)

lemma card-bij-eq:
[ling-on f A; f ¢ A C B; inj-on g B; g * B C A4;
finite A; finite B || ==> card A = card B
(proof )

21.5.3 Cardinality of products

lemma card-Sigmal [simp]:

[ finite A; ALL a:A. finite (B a) ]

= card (SIGMA z: A. Bz) = (> a€A. card (B a))
(proof)

lemma card-cartesian-product: card (A <x> B) = card(A) * card(B)
(proof)

lemma card-cartesian-product-singleton: card({z} <*> A) = card(A)

(proof)
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21.5.4 Cardinality of the Powerset

lemma card-Pow: finite A ==> card (Pow A) = Suc (Suc 0) ~ card A
{proof)

Relates to equivalence classes. Based on a theorem of F. Kammiiller’s.

lemma dvd-partition:
finite (Union C) ==>
ALL ¢ : C. k dvd card ¢ ==>
(ALL c1: C. ALL ¢2: C. ¢l # ¢2 ——> cl Int c2 = {}) ==>
k dvd card (Union C)

{(proof)

21.6 A fold functional for non-empty sets

Does not require start value.

consts
foldiSet :: ('a => 'a => 'a) => ('a set x 'a) set

inductive fold1Set f
intros
fold1Set-insertl [intro]:
[ (A,z) € foldSet fid a; a ¢ A] = (insert a A, x) € fold1Set f

constdefs
foldl :: (Yla => "a => 'a) => 'a set => 'a
foldl f A == THE z. (A, z) : fold1Set f

lemma fold1Set-nonempty:
(A, z) : fold1Set f = A # {}
(proof)

inductive-cases empty-fold1SetE [elim!]: ({}, z) : fold1Set f

inductive-cases insert-fold1SetE [elim!]: (insert a X, z) : fold1Set f

lemma fold1Set-sing [iff]: (({a},b) : fold1Set f) = (a = b)
(proof)

lemma fold1-singleton[simp): foldl f {a} = a
(proof)

lemma finite-nonempty-imp-fold1Set:
[ finite A; A # {} | = EX z. (A, z) : fold1Set f
(proof)

First, some lemmas about foldSet.
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lemma (in ACf) foldSet-insert-swap:
assumes fold: (A,y) € foldSet fid b
shows b ¢ A = (insert b A, z - y) € foldSet f id z

(proof)

lemma (in ACf) foldSet-permute-diff:

assumes fold: (A,x) € foldSet fid b

shows lla. [a € 4; b ¢ A] = (insert b (A—{a}), z) € foldSet f id a
(proof)

lemma (in ACf) fold1-eq-fold:
[|[finite A; a ¢ A|] ==> foldl f (insert a A) = fold fid a A
(proof )

lemma nonempty-iff: (A # {}) = (32 B. A = insert B & = ¢ B)
(proof)

lemma (in ACf) fold1-insert:
assumes nonempty: A # {} and A: finite Az ¢ A
shows fold1 f (insert x A) = fx (foldl f A)

(proof)

lemma (in ACIf) fold1-insert-idem [simp]:
assumes nonempty: A # {} and A: finite A
shows fold1 f (insert x A) = fx (foldl f A)
(proof)

Now the recursion rules for definitions:

lemma fold1-singleton-def: g = foldl f = g {a} = a
(proof )

lemma (in ACf) fold1-insert-def:

[ g = foldl f; finite A; z ¢ A; A #{} ] = g(insert z A) =z - (g A)

(proof)

lemma (in ACIf) fold1-insert-idem-def:
[ g = foldl f; finite A; A # {}] = g(insert x A) =z - (¢ A)
(proof)

21.6.1 Determinacy for fold1Set

Not actually used!!

lemma (in ACf) foldSet-permute:
(|(insert a A, z) € foldSet fid b; a ¢ A; b ¢ Al
==> (insert b A, z) € foldSet f id a

(proof)

lemma (in ACf) fold1Set-determ:
(A, z) € fold1Set f ==> (A, y) € foldlSet f ==> y =z

244
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(proof)

lemma (in ACf) fold1Set-equality: (A, y) : fold1Set f ==> foldl fA =y
(proof )

declare
empty-foldSetE [rule del]  foldSet.intros [rule del]
empty-fold1SetE [rule del] insert-fold1SetE [rule del]
— No more proves involve these relations.

21.6.2 Semi-Lattices

locale ACIfSL = ACIf +
fixes below :: 'a = 'a = bool (infix]l C 50)
assumes below-def: (z C y) = (z-y = )

locale ACIfSLlin = ACIfSL +
assumes lin: z-y € {z,y}

lemma (in ACIfSL) below-refl[simp]: © C x
(proof)

lemma (in ACIfSL) below-f-convisimpl: c Cy -z =(x C y Az C 2)
(proof)

lemma (in ACIfSLlin) above-f-conv:
z-yCz=(xCzVyLCz)
(proof)

21.6.3 Lemmas about fold!

lemma (in ACYf) fold1-Un:

assumes A: finite A A # {}

shows finite B=— B # {} = A Int B ={} =
fold1 f (A Un B) = f (foldl f A) (fold! f B)

(proof)

lemma (in ACIf) fold1-Un2:
assumes A: finite A A # {}
shows finite B = B # {} =
foldl f (A Un B) = f (foldl f A) (fold1 f B)
(proof)

lemma (in ACf) fold1-in:
assumes A: finite (A) A # {} and elem: Az y. z-y € {z,y}
shows fold1 fA e A

(proof)

lemma (in ACIfSL) below-fold1-iff:
assumes A: finite A A # {}
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shows z C foldl fA = (Va€A. z C a)
(proof)

lemma (in ACIfSL) fold1-belowl:
assumes A: finite A A # {}
shows a € A = foldl fALC a

(proof)

lemma (in ACIfSLlin) fold1-below-iff:
assumes A: finite A A # {}

shows foldl fALC z = (JacA. a C x)
(proof)

21.6.4 Lattices

locale Lattice = lattice +
fixes Inf :: 'a set = 'a ([]- [900] 900)
and Sup :: 'a set = 'a (|- [900] 900)
defines Inf == fold! inf and Sup == fold1 sup

locale Distrib-Lattice = distrib-lattice + Lattice

Lattices are semilattices
lemma (in Lattice) ACf-inf: ACS inf

{proof )

lemma (in Lattice) ACf-sup: ACS sup

(proof)

lemma (in Lattice) ACIf-inf: ACIf inf

(proof)

lemma (in Lattice) ACIf-sup: ACIf sup

(proof)

lemma (in Lattice) ACIfSL-inf: ACIfSL inf (op C)
(proof)

lemma (in Lattice) ACIfSL-sup: ACIfSL sup (%oz y. y C z)
(proof)

21.6.5 Fold laws in lattices

lemma (in Lattice) Inf-le-Sup[simp]: [ finite A; A#{} | =T[]AC |4
(proof)

lemma (in Lattice) sup-Inf-absorb[simp]:
[ finite A; A#{};a€c A] = (aU[]A) =a
(proof)
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lemma (in Lattice) inf-Sup-absorb[simp]:
[ finite A; A#{};a€e A] = (aN|J4) =a
(proof)

lemma (in Distrib-Lattice) sup-Inf1-distrib:
assumes A: finite A A # {}

shows (z U []A4) =[]{z U ala. a € A}
(proof)

lemma (in Distrib-Lattice) sup-Inf2-distrib:
assumes A: finite A A # {} and B: finite B B # {}
shows ([JAU[]|B)=[]{aUblab.ac ANDbec B}

(proof)

21.7 Min and Max

As an application of foldl we define the minimal and maximal element of a
(non-empty) set over a linear order.

constdefs
Min :: (a::linorder)set => 'a
Min == fold1 min

Maz :: (‘a:linorder)set => 'a
Mazx == foldl maz

Before we can do anything, we need to show that min and maz are ACI and
the ordering is linear:

interpretation min: ACf [min:: ‘a::linorder = 'a = ’a]

(proof)

interpretation min: ACIf [min:: 'a:linorder = 'a = 'a]
(proof)

interpretation maz: ACf [maz :: 'a::linorder = 'a = 'a]

(proof)

interpretation maz: ACIf [maz:: 'a:linorder = 'a = 'a]
(proof)

interpretation min:
ACIfSL [min:: 'a::linorder = 'a = 'a op <]
(proof )

interpretation min:
ACIfSLlin [min :: 'a::linorder = 'a = 'a op <]

(proof)
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interpretation mazx:
ACIfSL [maz :: 'a::linorder = 'a = 'a %z y. y<z]
(proof)

interpretation mazx:
ACIfSLlin [maz :: 'a::linorder = 'a = 'a %z y. y<z]

(proof)

interpretation min-max:
Lattice [op < min :: 'a::linorder = 'a = 'a maz Min Max]

(proof)

interpretation min-max:
Distrib-Lattice [op < min :: 'a:linorder = 'a = 'a max Min Mazx]

(proof)

Now we instantiate the recursion equations and declare them simplification
rules:

lemmas Min-singleton = fold1-singleton-def [OF Min-def|
lemmas Maz-singleton = fold1-singleton-def [OF Maz-def]
lemmas Min-insert = min.fold1-insert-idem-def [OF Min-def]
lemmas Maz-insert = max.fold1-insert-idem-def [OF Max-def]

declare Min-singleton [simp] Maz-singleton [simp]
declare Min-insert [simp] Mazx-insert [simp]

Now we instantiate some fold! properties:
lemma Min-in [simp]:

shows finite A= A # {} = MinAc A
(proof )

lemma Maz-in [simp]:
shows finite A = A # {} = Mazx A e A
(proof)

lemma Min-le [simp]: [ finite A; A#{}; € A] = Min A<z
(proof)

lemma Maz-ge [simp]: [ finite A; A #{};z € A] = = < Max A
(proof)

lemma Min-ge-iff [simp]:
[ finite A; A #{} ] = (¢ < Min A) = (Va€A. z < a)
{proof )

lemma Maz-le-iff [simp]:
[ finite A; A #{} ] = (Maz A < z) = (Va€A. a < z)
(proof)
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lemma Min-le-iff :
[ finite A; A #{} ] = (Min A <z)=(3acA. a < x)
(proof)

lemma Max-ge-iff:
[ finite A; A #{} ] = (x < Max A) = (FacA. z < a)
(proof )

21.8 Properties of axclass finite

Many of these are by Brian Huffman.

lemma finite-set: finite (A::'a:finite set)

(proof)

instance unit :: finite
(proof)

instance bool :: finite

(proof)

instance x :: (finite, finite) finite

{(proof)

instance + :: (finite, finite) finite
(proof )

instance set :: (finite) finite

(proof)

lemma inj-graph: inj (%f. {(z, y). y = fz})
(proof)

instance fun :: (finite, finite) finite

(proof)

end

22 Wellfounded-Relations: Well-founded Relations

theory Wellfounded-Relations
imports Finite-Set
begin
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Derived WF relations such as inverse image, lexicographic product and mea-
sure. The simple relational product, in which (z’, y’) precedes (z, y) if 2’
< z and y’ < g, is a subset of the lexicographic product, and therefore does
not need to be defined separately.

constdefs

less-than :: (natxnat)set
less-than == trancl pred-nat

measure :: ('a => nat) => ('a * 'a)set
measure == inv-image less-than

lez-prod :: [(‘ax’a)set, ('bx'b)set] => (("ax'b)x('ax’b))set
(infixr <xlezx> 80)
ra <slexx> rb == {((a,b),(a’,b")). (a,a’) : ra | a=a’ & (b,b’) : b}

finite-psubset :: ('a set * 'a set) set
— finite proper subset
finite-psubset == {(A,B). A < B & finite B}

same-fst :: (‘a => bool) => ('a => ('b * 'b)set) => (("ax'b)x('ax'b))set
same-fst P R == {((z",y"),(z,y)) . 2'=2 & Pz & (y',y) : R z}
— For rec-def declarations where the first n parameters stay unchanged in the
recursive call. See Library/ While-Combinator.thy for an application.

22.1 Measure Functions make Wellfounded Relations

22.1.1 ‘Less than’ on the natural numbers

lemma wf-less-than [iff]: wf less-than
(proof)

lemma trans-less-than [iff]: trans less-than

(proof)

lemma less-than-iff [iff]: ((z,y): less-than) = (z<y)
(proof)

lemma full-nat-induct:
assumes ih: (In. (ALL m. Suc m <=n ——> P m) ==> Pn)
shows P n

(proof)

22.1.2 The Inverse Image into a Wellfounded Relation is Well-
founded.

lemma wf-inv-image [simp,introl]: wf(r) ==> wf (inv-image r (f::'a=>"b))

(proof)
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22.1.3 Finally, All Measures are Wellfounded.
lemma wf-measure [iff]: wf (measure f)

(proof)

lemmas measure-induct =
wf-measure [THEN wf-induct, unfolded measure-def inv-image-def
simplified, standard]

22.2 Other Ways of Constructing Wellfounded Relations

Wellfoundedness of lexicographic combinations

lemma wf-lex-prod [introl]: [| wf(ra); wf(rd) || ==> wf(ra <xlexx> rb)

(proof)

Transitivity of WF combinators.

lemma trans-lez-prod [intro!]:
[| trans R1; trans R2 || ==> trans (R1 <xlexx> R2)

(proof)

22.2.1 Wellfoundedness of proper subset on finite sets.

lemma wf-finite-psubset: wf (finite-psubset)
(proof)

lemma trans-finite-psubset: trans finite-psubset

(proof)

22.2.2 Wellfoundedness of finite acyclic relations

This proof belongs in this theory because it needs Finite.

lemma finite-acyclic-wf [rule-format]: finite r ==> acyclic r ——> wf r
{proof )

lemma finite-acyclic-wf-converse: [|finite ; acyclic r|] ==> wf (r"—1)
(proof)

lemma wf-iff-acyclic-if-finite: finite r ==> wf r = acyclic r

(proof)

22.2.3 Wellfoundedness of same-fst

lemma same-fstl [introl]:
(| Pz (y'y) : Ra || ==> ((z,y),(z,y)) : same-fst P R
(proof)

lemma wf-same-fst:
assumes prem: (lz. Pz ==> wf(R z))
shows wf (same-fst P R)
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(proof)

22.3 Weakly decreasing sequences (w.r.t. some well-founded
order) stabilize.

This material does not appear to be used any longer.

lemma lemmal: [| ALL i. (f (Suc i), fi): 7« || ==> (f (i+k), fi): r’x
(proof)

lemma lemmaZ2: [| ALL i. (f (Suc i), fi) : v wf (r"+) |]
—=> ALL m. fm = ——> (EX i. ALL k. f (m+i+k) = f (m+1))
(proof)

lemma wf-weak-decr-stable: || ALL i. (f (Suc i), fi): r’s wf (r°+) |]

(proof)

lemma weak-decr-stable:
ALL i. f (Suc i) <= ((fi):nat) ==> EX i. ALL k. f (i+k) = f1i
(proof)

(ML)

end

23 Equiv-Relations: Equivalence Relations in Higher-
Order Set Theory

theory FEquiv-Relations
imports Relation Finite-Set
begin

23.1 Equivalence relations

locale equiv =
fixes A and r
assumes refl: refl A r
and sym: sym r
and trans: trans r

Suppes, Theorem 70: r is an equiv relation iff r=* O r = .
First half: equiv A r ==> r=' Or = .

lemma sym-trans-comp-subset:



THEORY “Equiv-Relations”

sym r ==> trans r ==> 1" Or Cr
(proof)
lemma refil-comp-subset: refl A r ==>r Cr~ 1 Or
(proof )
lemma equiv-comp-eq: equiv A r ==>r~t Or =r
(proof)

Second half.

lemma comp-equivl:
rL Or=r==>Domainr =A ==> equiv A r

(proof)

23.2 Equivalence classes

lemma equiv-class-subset:
equiv A r ==> (a, b) € r ==> r‘{a} C r“{b}
— lemma for the next result
(proof )

theorem equiv-class-eq: equiv A r ==> (a, b) € r ==> r*{a} = r*{b}
(proof)

lemma equiv-class-self: equiv A r ==> a € A ==> a € r*{a}
(proof )

lemma subset-equiv-class:
equiv A r ==>r‘{b} C r*{a} ==>b e A==> (a,b) er
— lemma for the next result

(proof )

lemma eg-equiv-class:
r‘fa} = r{b} ==>equiv Ar ==>be€ A==> (a,b) er
(proof)

lemma equiv-class-nondisjoint:
equiv A r ==>z € (r*{a} N r{b}) ==> (a, b) € r
(proof)

lemma equiv-type: equiv A r ==>r C A x A
(proof )

theorem equiv-class-eq-iff :
equiv Ar ==> ((z,y) er)= (e} =r{yt &z c A& yec A)
{proof)

theorem eg-equiv-class-iff :

equiv Ar==>z € A==>y e A==> (r{z} = r*{y}) = ((z, y) € 1)

253
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{proof)

23.3 Quotients

constdefs
quotient :: ['a set, (‘ax’a) set] => 'a set set (infixl '/'/ 90)
Aljr == Uz € A. {r*{x}} — set of equiv classes

lemma quotient]: x € A ==> r*{z} € A//r
{proof)

lemma quotientE:
XeAllr=>MNz. X =r{z} ==>2€ A==>P)==>P
(proof )

lemma Union-quotient: equiv A r ==> Union (A//r) = A
{proof)

lemma quotient-disj:
equiv Ar==>X¢cAljr=>Y cA//fr==>X=Y | (XNnY={})
(proof)

lemma quotient-eql:
(lequiv Ar; X € A//r; Y € AJ/riz e X;ye Y (zy) er]|==>X=Y
(proof )

lemma quotient-eq-iff:

llequiv A r; X € A//r; Y € AJ/riz e X;ye YV||==> (X =Y)=((z,y) €
r)

(proof)

lemma quotient-empty [simp]: {}//r = {}

(proof )

lemma quotient-is-empty [iff]: (A//r ={}) = (A ={})
(proof )

lemma quotient-is-empty2 [iff]: ({} = 4//r) = (A = {})
(proof)

lemma singleton-quotient: {z}//r = {r “ {z}}
(proof)

lemma quotient-diff1:
< [ z'n;';on (%a. {a}//r) Aja€e A] = (A — {a})//r = A//r — {a}//r
proo
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23.4 Defining unary operations upon equivalence classes

A congruence-preserving function

locale congruent =
fixes r and f
assumes congruent: (y,z) € r ==> fy = fz

syntax
RESPECTS :['a =>"'b, ('a % 'a) set] => bool (infixr respects 80)

translations
f respects r == congruent r f

lemma UN-constant-eq: a € A ==>Vy € A fy=c==> (Jy € A. f(y))=c
— lemma required to prove UN-equiv-class
(proof )

lemma UN-equiv-class:
equiv A r ==> frespects r ==> a € A

==> (Jz € r'{a}. fz) =fa

— Conversion rule
(proof)

lemma UN-equiv-class-type:
equiv A r ==> frespects r ==> X € A//r ==>
Nz.z € A==>fz e B)==>(Jz e X.fz)eB
(proof )

Sufficient conditions for injectiveness. Could weaken premises! major premise
could be an inclusion; bcong could be !ly. y € A ==> fy € B.
lemma UN-equiv-class-inject:
equiv A r ==> f respects r ==>
UzeX. fay=UyeY.fyy=>XecA//r==>YecAllr
==>(lzyzeAd==>ycA==>foz=fy==>(z,y)€r)
=>X=Y
(proof)

23.5 Defining binary operations upon equivalence classes

A congruence-preserving function of two arguments

locale congruent2 =
fixes r1 and r2 and f
assumes congruent2:
(yl,21) € 11 ==> (y2,22) € 2 ==> fyl y2 = f 21 22

Abbreviation for the common case where the relations are identical

syntax
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RESPECTS2 ::['a => 'b, ('a * 'a) set] => bool (infixr respects2 80)

translations
f respects2 r => congruent2 r r f

lemma congruent2-implies-congruent:
equiv A r1 ==> congruent2 r1 r2 f ==> a € A ==> congruent 2 (f a)

{proof)

lemma congruent2-implies-congruent-UN:
equiv A1 rl ==> equiv A2 r2 ==> congruent2 r1 r2 f ==> a € A2 ==>
congruent 1 (Az1.|Jz2 € r2“{a}. fxl 22)
(proof)

lemma UN-equiv-class2:
equiv A1 r1 ==> equiv A2 r2 ==> congruent2 r1 r2 f ==> al € Al ==> a2
€ A2
==> (Uz! € ri“{al}. Jz2 € r2°{a2}. fol 22) = fal a2
(proof)

lemma UN-equiv-class-type2:
equiv A1 rl ==> equiv A2 r2 ==> congruent2 r1 r2 f
==> X1 € A1//rl ==> X2 € A2//r2
==> (a1 22. 21 € Al ==> 122 € A2 ==> fuzl 22 € B)
==> (Jzl € X1.Jz2 € X2. fzl22) € B
(proof )

lemma UN-UN-split-split-eq:
Uzl 22) e X. U(yl, y2) € Y. Azl 22yl y2) =
Uz e X. Uy e Y. (\=t, 22). (Myl, y2). A x1 22yl y2) y) x)
— Allows a natural expression of binary operators,
— without explicit calls to split

(proof)

lemma congruent2l:
equiv A1 rl ==> equiv A2 r2
==> lyzw. we A2 ==> (y,z2) €rl ==>fyw = fzw)
==> Nyzw. we Al ==> (y,z2) €r2 ==>fwy=[fw2z)
==> congruent2 r1 r2 f
— Suggested by John Harrison — the two subproofs may be
— much simpler than the direct proof.

(proof )

lemma congruent2-commutel:
assumes equivA: equiv A r
and commute: ly z. y € A==>z2€ A==>fyz=fzy
and congt: ly zw. w € A ==> (y,2) €r==>fwy=fwz
shows f respects2 r

(proof)
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23.6 Cardinality results

Suggested by Florian Kammiiller
lemma finite-quotient: finite A ==>r C A x A ==> finite (4//7)
— recall equiv ?A 9r = ?r C 74 x %A

(proof )

lemma finite-equiv-class:
finite A ==>r CAx A==> X € A//r ==> finite X
{proof)

lemma equiv-imp-dvd-card:
finite A ==> equiv Ar ==>VX € A//r. k dvd card X
==> k dvd card A

{proof)

lemma card-quotient-disjoint:
[ finite A; ing-on (A\z. {z} // r) A] = card(A//r) = card A
(proof)

(ML)

end

24 IntDef: The Integers as Equivalence Classes
over Pairs of Natural Numbers

theory IntDef
imports Fquiv-Relations NatArith
begin

constdefs
intrel :: ((nat * nat) = (nat x nat)) set
— the equivalence relation underlying the integers
intrel == {((z,y),(u,v)) | Ty w v. z+v = uty}

typedef (Integ)
int = UNIV ] [intrel
(proof)

instance int :: {ord, zero, one, plus, times, minus} (proof)
constdefs

mt i nat => ind
int m == Abs-Integ(intrel * {(m,0)})



THEORY “IntDef” 258

defs (overloaded)

Zero-int-def: 0 == int 0
One-int-def: 1 == int 1

minus-int-def :
— z == Abs-Integ (| (z,y) € Rep-Integ z. intrel*{(y,z)})

add-int-def
z+w ==
Abs-Integ (| (z,y) € Rep-Integ z. |J (u,v) € Rep-Integ w.
intrel“{(z4u, y+v)})

diff-int-def: z — (wzint) == z + (—w)

mult-int-def
Z ok w ==
Abs-Integ (| (z,y) € Rep-Integ z. |J (u,v) € Rep-Integ w.
intrel*“{(z*u + y*v, zxv + y*u)})

le-int-def
z < (w:int) ==
Jzyuv. z+v < uty & (z,y) € Rep-Integ z & (u,v) € Rep-Integ w

less-int-def: (z < (wuint)) == (z < w & z # w)

24.1 Construction of the Integers

24.1.1 Preliminary Lemmas about the Equivalence Relation
lemma intrel-iff [simp]: (((z,y),(u,v)) € intrel) = (z4+v = u+y)

(proof )

lemma equiv-intrel: equiv UNIV intrel
(proof)

Reduces equality of equivalence classes to the intrel relation: (intrel *“ {z}
= intrel ““ {y}) = ((z, y) € intrel)

lemmas equiv-intrel-iff = eq-equiv-class-iff [OF equiv-intrel UNIV-I UNIV-I|
declare equiv-intrel-iff [simp]

All equivalence classes belong to set of representatives

lemma [simp]: intrel*“{(z,y)} € Integ

(proof)

Reduces equality on abstractions to equality on representatives: [z € Integ;
y € Integ] = (Abs-Integ x = Abs-Integ y) = (z = y)

declare Abs-Integ-inject [simp] Abs-Integ-inverse [simp)
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Case analysis on the representation of an integer as an equivalence class of
pairs of naturals.

lemma eq-Abs-Integ [case-names Abs-Integ, cases type: int]:
Nz y. z = Abs-Integ(intrel*“{(z,y)}) ==> P) ==> P
(proof)
24.1.2 int: Embedding the Naturals into the Integers
lemma inj-int: inj int

(proof )

lemma int-int-eq [iff]: (int m = int n) = (m = n)
(proof)

24.1.3 Integer Unary Negation

lemma minus: — Abs-Integ(intrel*‘{(z,y)}) = Abs-Integ(intrel ““ {(y,x)})
(proof)

lemma zminus-zminus: — (— z) = (z::int)
(proof )

lemma zminus-0: — 0 = (0::int)

(proof )

24.2 Integer Addition

lemma add:
Abs-Integ (intrel“{(z,y)}) + Abs-Integ (intrel*{(u,v)}) =
Abs-Integ (intrel*“{(z+u, y+v)})

(proof)

lemma zminus-zadd-distrib: — (z + w) = (— 2z) + (— w:int)
(proof)

lemma zadd-commute: (z::int) + w = w + z

(proof)

lemma zadd-assoc: ((z1::int) + 22) + 28 = 21 + (22 + 23)
(proof)

lemma zadd-left-commute: = + (y + z) = y + ((z + z) uint)
(proof)

lemmas zadd-ac = zadd-assoc zadd-commute zadd-left-commute

lemmas zmult-ac = OrderedGroup.mult-ac
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lemma zadd-int: (int m) + (int n) = int (m + n)

(proof)

lemma zadd-int-left: (int m) + (int n 4+ z) = int (m + n) + 2
(proof)

lemma int-Suc: int (Suc m) = 1 + (int m)
(proof)

lemma zadd-0: (0::int) + z = 2

{proof)

lemma zadd-0-right: z + (0::int) = z
(proof)

lemma zadd-zminus-inverse2: (— z) + z = (0::int)
(proof)

24.3 Integer Multiplication

Congruence property for multiplication

lemma mult-congruent2:
(%p1 p2. (%(z,y). (%(u,v). intrel“{(zxu + y*v, zxv + y*u)}) p2) pl)
respects? intrel

(proof)

lemma mult:
Abs-Integ((intrel*“{(x,y)})) * Abs-Integ((intrel*{(u,v)})) =
Abs-Integ(intrel “ {(zxu + yxv, Txv + y*xu)})

(proof )

lemma zmult-zminus: (— z) * w = — (z x (w::int))
(proof)

lemma zmult-commute: (z:int) * w = w * z

{proof)

lemma zmult-assoc: ((z1::int) x 22) x 28 = 21 * (22 * 28)
(proof)

lemma zadd-zmult-distrib: ((z1::int) + 22) % w = (21 * w) + (22 * w)
(proof)

lemma zadd-zmult-distrib2: (w:int) x (21 + 22) = (w % z1) + (w * 22)
(proof)

lemma zdiff-zmult-distrib: ((z1::int) — 22) * w = (21 * w) — (22 * w)
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{proof)

lemma zdiff-zmult-distrib2: (w::int) * (21 — 22) = (w * 21) — (w * 22)
(proof)

lemmas int-distrib =
zadd-zmult-distrib zadd-zmult-distrib2
zdiff-zmult-distrib zdiff-zmult-distrib2

lemma int-mult: int (m * n) = (int m) * (int n)
(proof)

Compatibility binding

lemmas zmult-int = int-mult [symmetric]

lemma zmult-1: (1::int) x z = 2

(proof)

lemma zmult-1-right: z x (1::int) = 2z

(proof)

The integers form a comm-ring-1
instance int :: comm-ring-1
(proof)

24.4 The < Ordering

lemma le:
(Abs-Integ(intrel*“{(z,y)}) < Abs-Integ(intrel*{(u,v)})) = (z+v < u+ty)
(proof)

lemma zle-refl: w < (w::int)

(proof)

lemma zle-trans: [| i < j;j < k|] ==> i < (kuint)
(proof )

lemma zle-anti-sym: [| z < w; w < z || ==> z = (w::int)
(proof)

lemma zless-le: ((w:int) < z) = (w < z & w # 2)
(proof)

instance int :: order

{proof)

lemma zle-linear: (z::int) < w | w < 2z
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(proof)

instance int :: linorder
(proof)

lemmas zless-linear = linorder-less-linear [where 'a = int]
lemmas linorder-neqE-int = linorder-neqE [where 'a = int]

lemma int-eq-0-conv [simp]: (int n = 0) = (n = 0)

(proof)

lemma zless-int [simp]: (int m < int n) = (m<n)

{(proof)

lemma int-less-0-conv [simp]: ~ (int k < 0)
(proof)

lemma zero-less-int-conv [simp]: (0 < int n) = (0 < n)

{(proof)

lemma int-0-less-1: 0 < (1::int)
(proof)

lemma int-0-neq-1 [simp]: 0 # (1::int)
(proof)

lemma zle-int [simp]: (int m < int n) = (m<n)
(proof)

lemma zero-zle-int [simp]: (0 < int n)

(proof)

lemma int-le-0-conv [simp]: (int n < 0) = (n = 0)
(proof)

lemma int-0 [simp]: int 0 = (0::int)

{proof)

lemma int-1 [simp): int 1 = 1

(proof )

lemma int-SucO-eq-1: int (Suc 0) = 1
(proof)

24.5 Monotonicity results

lemma zadd-left-mono: i < j ==>k + i < k + (j::int)
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(proof)

lemma zadd-strict-right-mono: i < j ==> 1 + k < j + (k::int)

(proof)

lemma zadd-zless-mono: || w'<w; 2'<z || ==> w’' + 2z’ < w + (z::int)
(proof)

24.6 Strict Monotonicity of Multiplication

strict, in 1st argument; proof is by induction on k;0

lemma zmult-zless-mono2-lemmas:
1<j ==>0<k==>iimtkxi<intkxj

(proof)

lemma zero-le-imp-eg-int: 0 < k ==>dn. k =int n

(proof)

lemma zmult-zless-mono2: [| i<j; (0:int) < k |] ==> ki < kxj
(proof)

defs (overloaded)
zabs-def: abs(izint) == if i < 0 then —i else i
The integers form an ordered comm-ring-1

instance int :: ordered-idom
(proof)

lemma zless-imp-addi-zle: w<z ==> w + (1:zint) < z
(proof)
24.7 Magnitide of an Integer, as a Natural Number: nat

constdefs
nat ::int => nat
nat z == contents (J (z,y) € Rep-Integ z. { x—y })

lemma nat: nat (Abs-Integ (intrel*{(z,y)})) = z—y
(proof)

lemma nat-int [simp]: nat(int n) = n

(proof)

lemma nat-zero [simp]: nat 0 = 0

(proof)

lemma int-nat-eq [simp): int (nat z) = (if 0 < z then z else 0)
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(proof )

corollary nat-0-le: 0 < z ==> int (nat z) = z

(proof)

lemma nat-le-0 [simp]: 2 < 0 ==> nat z = 0

(proof )

lemma nat-le-eg-zle: 0 < w | 0 < z ==> (nat w < nat z) = (w<z)
(proof)

An alternative condition is (0::'a) < w

corollary nat-mono-iff: 0 < z ==> (nat w < nat z) = (w < 2)
(proof )

corollary nat-less-eq-zless: 0 < w ==> (nat w < nat z) = (w<z)
(proof)

lemma zless-nat-conj: (nat w < nat z) = (0 < z & w < z)

(proof)

lemma nonneg-eg-int: [| 0 < z; !m. z = int m ==> P || ==> P

(proof)

lemma nat-eg-iff: (nat w = m) = (if 0 < w then w = int m else m=0)
(proof)

corollary nat-eq-iff2: (m = nat w) = (if 0 < w then w = int m else m=0)
(proof)

lemma nat-less-iff: 0 < w ==> (nat w < m) = (w < int m)

(proof)

lemma int-eq-iff: (int m = z) = (m = nat z & 0 < 2)

(proof)

lemma zero-less-nat-eq [simp]: (0 < nat z) = (0 < z)

(proof)

lemma nat-add-distrib:

[| (0:int) < z; 0 < z'|] ==> nat (z+2') = nat z + nat 2’
(proof )
lemma nat-diff-distrib:

[| (0zint) < 2’y 2/ < z || ==> nat (z—2') = nat z — nat 2’
(proof )

lemma nat-zminus-int [simp]: nat (— (int n)) = 0

264
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(proof)

lemma zless-nat-eq-int-zless: (m < nat z) = (int m < z)

(proof)

24.8 Lemmas about the Function int and Orderings
lemma negative-zless-0: — (int (Suc n)) < 0

(proof)

lemma negative-zless [iff ]: — (int (Suc n)) < int m
(proof)

lemma negative-zle-0: — int n < 0

(proof)

lemma negative-zle [iff]: — int n < int m

{(proof)

lemma not-zle-0-negative [simpl: ~ (0 < — (int (Suc n)))
(proof)

lemma int-zle-neg: (int n < — int m) = (n =0 & m = 0)

(proof)

lemma not-int-zless-negative [simpl: ~ (int n < — int m)
(proof)

lemma negative-eq-positive [simpl: (— int n = int m) = (n =0 & m = 0)

(proof)

lemma zle-iff-zadd: (w < z) = (In. z = w + int n)
(proof)

lemma abs-int-eq [simp]: abs (int m) = int m

(proof)

This version is proved for all ordered rings, not just integers! It is proved
here because attribute arith-split is not available in theory Ring-and-Field.
But is it really better than just rewriting with abs-if?

lemma abs-split [arith-split]:
P(abs(a::'a:ordered-idom)) = ((0 < a ——> Pa) & (a < 0 ——> P(—a)))
(proof)

24.9 The Constants neg and iszero

constdefs

neg :: 'a:ordered-idom => bool
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neg(Z) == 2 < 0

1szero :: 'a::comm-semiring-1-cancel => bool

iszero z == z = (0)

~

lemma not-neg-int [simp]:
(proof)

neg(int n)

lemma neg-zminus-int [simp]: neg(— (int (Suc n)))

(proof)

lemmas neg-eq-less-0 = neg-def

lemma not-neg-eq-ge-0: (“neg x) = (0 < x)

(proof)

266

24.10 To simplify inequalities when Numerall can get sim-

plified to 1

lemma not-neg-0: ~ neg 0
(proof)

~

lemma not-neg-1:

(proof)

neg 1

lemma iszero-0: iszero 0
(proof)

~

lemma not-iszero-1: ~ iszero 1

(proof)

lemma neg-nat: neg z ==> nat z = 0
(proof )

lemma not-neg-nat: ~ neg z ==> int (nat z2) = z

(proof)

24.11 The Set of Natural Numbers

constdefs

Nats :: 'a::comm-semiring-1-cancel set

Nats == range of-nat

syntax (zsymbols)  Nats :: 'a set (IN)

lemma of-nat-in-Nats [simp]: of-nat n € Nats

(proof)
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lemma Nats-0 [simp]: 0 € Nats
(proof)

lemma Nats-1 [simp]: 1 € Nats

(proof)

lemma Nats-add [simp]: [|a € Nats; b € Nats|] ==> a+b € Nats
(proof)

lemma Nats-mult [simp]: [Ja € Nats; b € Nats|] ==> axb € Nats
(proof)

Agreement with the specific embedding for the integers
lemma int-eq-of-nat: int = (of-nat :: nat => int)

(proof)

lemma of-nat-eq-id [simp]: of-nat = (id :: nat => nat)

(proof)

24.12 Embedding of the Integers into any comm-ring-1: of-int

constdefs
of-int :: int => 'a::comm-ring-1
of-int z == contents (U (i,j) € Rep-Integ z. { of-nat i — of-nat j })

lemma of-int: of-int (Abs-Integ (intrel *“ {(i,j)})) = of-nat i — of-nat j
(proof)

lemma of-int-0 [simp]: of-int 0 = 0

(proof)

lemma of-int-1 [simp]: of-int 1 = 1
(proof)

lemma of-int-add [simp]: of-int (w+z) = of-int w + of-int z

(proof)

lemma of-int-minus [simp]: of-int (—z) = — (of-int z)
(proof)

lemma of-int-diff [simp]: of-int (w—2z) = of-int w — of-int z

(proof)

lemma of-int-mult [simp]: of-int (wxz) = of-int w * of-int z

(proof)

lemma of-int-le-iff [simp]:
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(of-int w < (of-int z::'a::ordered-idom)) = (w < 2)

(proof)

Special cases where either operand is zero

lemmas of-int-0-le-iff = of-int-le-iff [of 0, simplified]
lemmas of-int-le-0-iff = of-int-le-iff [of - 0, simplified]
declare of-int-0-le-iff [simp]

declare of-int-le-0-iff [simp]

lemma of-int-less-iff [simp]:
(of-int w < (of-int z::'a::ordered-idom)) = (w < 2)

(proof)

Special cases where either operand is zero

lemmas of-int-0-less-iff = of-int-less-iff [of 0, simplified]
lemmas of-int-less-0-iff = of-int-less-iff [of - 0, simplified]
declare of-int-0-less-iff [simp)

declare of-int-less-0-iff [simp]

The ordering on the comm-ring-1 is necessary. See of-nat-eq-iff above.

lemma of-int-eq-iff [simp]:
(of-int w = (of-int z::'a::ordered-idom)) = (w = 2)
(proof )

Special cases where either operand is zero

lemmas of-int-0-eq-iff = of-int-eq-iff [of 0, simplified]
lemmas of-int-eq-0-iff = of-int-eq-iff [of - 0, simplified]
declare of-int-0-eq-iff [simp]

declare of-int-eq-0-iff [simp]

lemma of-int-eq-id [simp]: of-int = (id :: int => int)

{proof )
24.13 The Set of Integers
constdefs

Ints :: 'a::comm-ring-1 set

Ints == range of-int

syntax (zsymbols)
Ints = 'a set (Z)

lemma Ints-0 [simp]: 0 € Ints

(proof)

lemma Ints-1 [simp]: 1 € Ints

(proof)
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lemma Ints-add [simp]: [|a € Ints; b € Ints|] ==> a+b € Ints
(proof )

lemma Ints-minus [simp]: a € Ints ==> —a € Ints

(proof)

lemma Ints-diff [simp]: [|a € Ints; b € Ints|] ==> a—b € Ints
(proof )

lemma Ints-mult [simp]: [|a € Ints; b € Ints|] ==> axb € Ints
(proof )

Collapse nested embeddings
lemma of-int-of-nat-eq [simp): of-int (of-nat n) = of-nat n

(proof)

lemma of-int-int-eq [simp]: of-int (int n) = of-nat n
(proof)

lemma Ints-cases [case-names of-int, cases set: Ints|:
q €Z ==> (Nz. ¢ = ofint z==>C) ==>C
{proof)

lemma Ints-induct [case-names of-int, induct set: Ints]:
q € Z ==> (Nz. P (of-int z)) ==> P ¢
{proof)

declare int-Suc [simp]

24.14 More Properties of setsum and setprod

By Jeremy Avigad

lemma of-nat-setsum: of-nat (setsum f A) = (3 z€A. of-nat(f x))
(proof )

lemma of-int-setsum: of-int (setsum f A) = (3 xz€A. of-int(f z))
{proof)

lemma int-setsum: int (setsum f A) = (O x€A. int(f z))
(proof)

lemma of-nat-setprod: of-nat (setprod f A) = ([[z€A. of-nat(f x))
(proof )

lemma of-int-setprod: of-int (setprod f A) = (J[[z€A. of-int(f z))
{proof)
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lemma int-setprod: int (setprod f A) = ([[x€A. int(f z))
{proof)

lemma setprod-nonzero-nat:
finite A ==> (Vz € A. fz # (0::nat)) ==> setprod f A # 0
(proof)

lemma setprod-zero-eg-nat:
finite A ==> (setprod f A = (0::nat)) = 3z € A. fz = 0)
(proof)

lemma setprod-nonzero-int:
finite A ==> (Vz € A. fz # (0::int)) ==> setprod f A # 0
(proof )
lemma setprod-zero-eg-int:
finite A ==> (setprod f A = (0::int)) = (3z € A. fz = 0)
(proof)

Now we replace the case analysis rule by a more conventional one: whether
an integer is negative or not.

lemma zless-iff-Suc-zadd:
(w < 2)=3n. z=w + int(Suc n))

(proof)
lemma negD: <0 ==> In. x = — (int (Suc n))
(proof)
theorem int-cases [cases type: int, case-names nonneg negl:
(Mn. z=intn==>P; In z= — (int (Sucn))==>P| ==>P
(proof )
theorem int-induct [induct type: int, case-names nonneg negl:
[ n. P (int n); n. P (— (int (Suc n))) || ==> P z
(proof)

Contributed by Brian Huffman

theorem int-diff-cases [case-names diff]:

assumes prem: !!m n. z = int m — int n ==> P shows P
(proof )

lemma of-nat-nat: 0 < z ==> of-nat (nat z) = of-int z
(proof)

24.15 Configuration of the code generator
types-code

int (int)
attach (term-of) (



THEORY “Numeral” 271

val term-of-int = HOLogic.mk-int o IntInf.fromlInt;
)

attach (test) (

fun gen-int i = one-of [~1, 1] * random-range 0 ;

)

constdefs
mnt-aux :: mt = nat = nt
int-auz i n == (i + int n)
nat-auzr :: nat = int = nat
nat-auz n 1 == (n + nat i)

lemma [code]:
mt-aur 1 0 = 1
int-auz ¢ (Suc n) = int-auz (i + 1) n — tail recursive
mnt n = int-auz 0 n
(proof)

lemma [code]: nat-auz n i = (if i <= 0 then n else nat-auzr (Suc n) (i — 1))
— tail recursive

(proof)
lemma [code]: nat i = nat-aux 0 i

{proof)

consts-code
0 ::int (0)
1 ::int (1)
uminus :: int => int ™)
op + it int => int => int ((- +/ -))
op * :int => int => int ((- x/ -))
op < :int => int => bool ((- </ -))
op <= :: int => int => bool ((- <=/ -))
neg (- < 0))

(ML)

quickcheck-params [default-type = int]

(ML)

25 Numeral: Arithmetic on Binary Integers

theory Numeral
imports IntDef Datatype



THEORY “Numeral” 272

uses ../ Tools /numeral-syntax. ML
begin

The file numeral-syntaz. ML hides the constructors Pls and Min. Only qual-
ified access Numeral.Pls and Numeral.Min is allowed. The datatype con-
structors bit.B0O and bit.B1 are similarly hidden. We do not hide Bit because
we need the BIT infix syntax.

This formalization defines binary arithmetic in terms of the integers rather
than using a datatype. This avoids multiple representations (leading ze-
roes, etc.) See ZF /Integ/twos—compl. ML, function int-of-binary, for the
numerical interpretation.

The representation expects that (m mod 2) is 0 or 1, even if m is negative;
For instance, —5 div 2 = —8 and —5 mod 2 = 1; thus —5 = (—3)*2 + 1.
typedef (Bin)
bin = UNIV::int set
(proof)

This datatype avoids the use of type bool, which would make all of the rewrite
rules higher-order. If the use of datatype causes problems, this two-element
type can easily be formalized using typedef.

datatype bit = B0 | Bl

constdefs
Pls :: bin
Pls == Abs-Bin 0

Min :: bin
Min == Abs-Bin (— 1)

Bit :: [bin,bit] => bin  (infixl BIT 90)

— That is, 2w+b

w BIT b == Abs-Bin ((case b of B0 => 0 | Bl => 1) + Rep-Bin w + Rep-Bin
w)

axclass
number < type — for numeric types: nat, int, real, ...

consts
number-of :: bin => 'a::number

syntax
-Numeral :: num-const => 'a  (-)
Numeral0 :: 'a
Numerall :: 'a

translations
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Numeral) == number-of Numeral.Pls

Numerall == number-of (Numeral.Pls BIT bit.BI)

(ML)

syntax (zsymbols)

-square = 'a => 'a ((-2) [1000] 999)
syntax (HTML output)

-square :: 'a => 'a ((-%) [1000] 999)
syntax (output)

-square = 'a =>"a ((- 7/ 2) [81] 80)
translations

12 == 12

1?2 <= 2°(2:nat)

lemma Let-number-of [simp]: Let (number-of v) f == f (number-of v)
— Unfold all lets involving constants
(proof )
lemma Let-0 [simp]: Let 0 f == f 0
(proof)
lemma Let-1 [simp]: Let 1 f == f 1
(proof)
constdefs

bin-succ :: bin=>bin
bin-succ w == Abs-Bin(Rep-Bin w + 1)

bin-pred :: bin=>bin
bin-pred w == Abs-Bin(Rep-Bin w — 1)

bin-minus :: bin=>bin
bin-minus w == Abs-Bin(— (Rep-Bin w))

bin-add :: [bin,bin]=>bin
bin-add v w == Abs-Bin(Rep-Bin v + Rep-Bin w)

bin-mult :: [bin,bin]|=>bin
bin-mult v w == Abs-Bin(Rep-Bin v * Rep-Bin w)

lemmas Bin-simps =
bin-succ-def bin-pred-def bin-minus-def bin-add-def bin-mult-def
Pls-def Min-def Bit-def Abs-Bin-inverse Rep-Bin-inverse Bin-def

Removal of leading zeroes
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lemma Pls-0-eq [simp]: Numeral.Pls BIT bit.B0 = Numeral.Pls
(proof)

lemma Min-1-eq [simp]: Numeral.Min BIT bit.B1 = Numeral.Min
(proof)

25.1 The Functions bin-succ, bin-pred and bin-minus

lemma bin-suce-Pls [simp]: bin-succ Numeral.Pls = Numeral.Pls BIT bit.B1
(proof)

lemma bin-succ-Min [simp]: bin-succ Numeral. Min = Numeral.Pls

(proof)

lemma bin-succ-1 [simp]: bin-succ(w BIT bit.B1) = (bin-succ w) BIT bit.B0
(proof)

lemma bin-succ-0 [simp]: bin-succ(w BIT bit.B0) = w BIT bit.B1
(proof)

lemma bin-pred-Pls [simp]: bin-pred Numeral.Pls = Numeral. Min

(proof)

lemma bin-pred-Min [simp]: bin-pred Numeral. Min = Numeral.Min BIT bit. B0
(proof)

lemma bin-pred-1 [simp]: bin-pred(w BIT bit.B1) = w BIT bit. B0
(proof)

lemma bin-pred-0 [simp]: bin-pred(w BIT bit.B0) = (bin-pred w) BIT bit.B1
(proof)

lemma bin-minus-Pls [simp]: bin-minus Numeral.Pls = Numeral.Pls

(proof)

lemma bin-minus-Min [simp]: bin-minus Numeral. Min = Numeral.Pls BIT bit.B1
(proof)

lemma bin-minus-1 [simp]:
bin-minus (w BIT bit.B1) = bin-pred (bin-minus w) BIT bit.B1
(proof )
lemma bin-minus-0 [simp]: bin-minus(w BIT bit.B0) = (bin-minus w) BIT

bit. B0
(proof)

25.2 Binary Addition and Multiplication: bin-add and bin-mult

lemma bin-add-Pls [simp]: bin-add Numeral.Pls w = w
(proof)
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lemma bin-add-Min [simp]: bin-add Numeral.Min w = bin-pred w
(proof)

lemma bin-add-BIT-11 [simp]:
bin-add (v BIT bit.B1) (w BIT bit.B1) = bin-add v (bin-succ w) BIT bit. B0
(proof )

lemma bin-add-BIT-10 [simp]:
bin-add (v BIT bit.B1) (w BIT bit.B0) = (bin-add v w) BIT bit.B1
(proof)

lemma bin-add-BIT-0 [simp]:
bin-add (v BIT bit.B0) (w BIT y) = bin-add v w BIT y
(proof)

lemma bin-add-Pls-right [simp]: bin-add w Numeral.Pls = w
(proof)

lemma bin-add-Min-right [simp): bin-add w Numeral.Min = bin-pred w

(proof)

lemma bin-mult-Pls [simp]: bin-mult Numeral.Pls w = Numeral.Pls
(proof)

lemma bin-mult-Min [simp]: bin-mult Numeral.Min w = bin-minus w

(proof)

lemma bin-mult-1 [simp]:
bin-mult (v BIT bit.B1) w = bin-add ((bin-mult v w) BIT bit.B0) w
(proof)

lemma bin-mult-0 [simp]: bin-mult (v BIT bit.B0) w = (bin-mult v w) BIT bit. B0
(proof)

25.3 Converting Numerals to Rings: number-of
axclass number-ring C number, comm-ring-1

number-of-eq: number-of w = of-int (Rep-Bin w)

lemma number-of-succ:
number-of (bin-succ w) = (1 + number-of w ::'a::number-ring)
(proof)

lemma number-of-pred:
number-of (bin-pred w) = (— 1 + number-of w ::'a::number-ring)

(proof)

lemma number-of-minus:
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number-of (bin-minus w) = (— (number-of w)::'a::number-ring)

{proof)

lemma number-of-add:
number-of (bin-add v w) = (number-of v + number-of w::'a::number-ring)

(proof)

lemma number-of-mult:

number-of (bin-mult v w) = (number-of v x number-of w::'a::number-ring)
(proof)
The correctness of shifting. But it doesn’t seem to give a measurable speed-
up.

lemma double-number-of-BIT:
(1+1) * number-of w = (number-of (w BIT bit.B0) ::'a::number-ring)
(proof)

Converting numerals 0 and 1 to their abstract versions
lemma numeral-0-eq-0 [simp]: Numeral0 = (0::'a::number-ring)

{proof)

lemma numeral-1-eq-1 [simp]: Numerall = (1::'a::number-ring)

{(proof)

Special-case simplification for small constants

Unary minus for the abstract constant 1. Cannot be inserted as a simprule
until later: it is number-of-Min re-oriented!

lemma numeral-m1-eqg-minus-1: (—1::’a::number-ring) = — 1
(proof )

lemma mult-minusi [simp]: —1 * z = —(z::'a::number-ring)
(proof )

lemma mult-minusi-right [simp]: z x —1 = —(z::'a::number-ring)
(proof)

lemma minus-number-of-mult [simp]:
— (number-of w) * z = number-of (bin-minus w) * (z::'a::number-ring)

(proof)

Subtraction

lemma diff-number-of-eq:

number-of v — number-of w =

(number-of (bin-add v (bin-minus w))::'a::number-ring)
(proof)
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lemma number-of-Pls: number-of Numeral.Pls = (0::'a::number-ring)

(proof)

lemma number-of-Min: number-of Numeral.Min = (— 1::'a::number-ring)
(proof)

lemma number-of-BIT:
number-of (w BIT x) = (case z of bit. B0 => 0 | bit. Bl => (1::'a::number-ring))
_|_
(number-of w) + (number-of w)
(proof)

25.4 Equality of Binary Numbers

First version by Norbert Voelker

lemma eg-number-of-eq:
((number-of z::’a::number-ring) = number-of y) =
iszero (number-of (bin-add x (bin-minus y)) = 'a)

(proof)

lemma iszero-number-of-Pls: iszero ((number-of Numeral.Pls)::'a::number-ring)
(proof)

lemma nonzero-number-of-Min: ~ iszero ((number-of Numeral. Min)::'a::number-ring)

(proof)

25.5 Comparisons, for Ordered Rings
lemma double-eq-0-iff: (a + a = 0) = (a = (0::'az:ordered-idom))
(proof )

lemma le-imp-0-less:
assumes le: 0 < z shows (0::int) < 1 + 2

{proof)

lemma odd-nonzero: 1 + z + z # (0::int)

(proof)
The premise involving Z prevents a = (1::'a) / (2::a).

lemma Ints-odd-nonzero: a € Ints ==> 1 + a + a # (0::'a::ordered-idom)
(proof)

lemma Ints-number-of : (number-of w :: 'a::number-ring) € Ints

(proof)

lemma iszero-number-of-BIT:
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iszero (number-of (w BIT z)::'a) =
(z=bit.BO & iszero (number-of w::'a::{ ordered-idom,number-ring}))
(proof)

lemma iszero-number-of-0:
iszero (number-of (w BIT bit.B0) :: 'a::{ordered-idom,number-ring}) =
iszero (number-of w :: 'a)

(proof)

lemma iszero-number-of-1:
~ iszero (number-of (w BIT bit.B1)::'a::{ ordered-idom,number-ring})

(proof)

25.6 The Less-Than Relation

lemma less-number-of-eq-neg:
((number-of x::'a::{ ordered-idom,number-ring}) < number-of y)
= neg (number-of (bin-add z (bin-minus y)) :: 'a)

(proof)
If Numeral0 is rewritten to 0 then this rule can’t be applied: Numeral0 IS

Numeral0

lemma not-neg-number-of-Pls:
~ neg (number-of Numeral.Pls ::'a::{ordered-idom,number-ring})

(proof)

lemma neg-number-of-Min:
neg (number-of Numeral.Min ::'a::{ ordered-idom,number-ring})

{(proof)

lemma double-less-0-iff: (a + a < 0) = (a < (0::'a::ordered-idom))
{proof)

lemma odd-less-0: (1 + z + 2z < 0) = (z < (0::int))
(proof)
The premise involving Z prevents a = (1::'a) / (2:a).
lemma Ints-odd-less-0:
a € Ints ==> (1 + a + a < 0) = (a < (0:'a::ordered-idom))
(proof )
lemma neg-number-of-BIT:
neg (number-of (w BIT z)::'a) =
neg (number-of w :: 'a::{ordered-idom,number-ring})
(proof )

Less-Than or Equals

Reduces ¢ < b to = b < a for ALL numerals
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lemmas le-number-of-eqg-not-less =
linorder-not-less [of number-of w number-of v, symmetric,
standard]

lemma le-number-of-eq:
((number-of x::'a::{ ordered-idom,number-ring}) < number-of y)
= (™~ (neg (number-of (bin-add y (bin-minus z)) :: 'a)))
(proof )

Absolute value (abs)

lemma abs-number-of:
abs(number-of x::'a::{ ordered-idom,number-ring}) =
(if number-of © < (0::'a) then —number-of = else number-of x)

(proof)

Re-orientation of the equation nnn=x

lemma number-of-reorient: (number-of w = z) = (z = number-of w)
(proof)

25.7 Simplification of arithmetic operations on integer con-
stants.

lemmas bin-arith-extra-simps =
number-of-add [symmetric]
number-of-minus [symmetric] numeral-mI1-eg-minus-1 [symmetric]
number-of-mult [symmetric]
diff-number-of-eq abs-number-of

For making a minimal simpset, one must include these default simprules.
Also include simp-thms

lemmas bin-arith-simps =
Numeral.bit.distinct
Pls-0-eq Min-1-eq
bin-pred-Pls bin-pred-Min bin-pred-1 bin-pred-0
bin-succ-Pls bin-succ-Min bin-succ-1 bin-succ-0
bin-add-Pls bin-add-Min bin-add-BIT-0 bin-add-BIT-10 bin-add-BIT-11
bin-minus-Pls bin-minus-Min bin-minus-1 bin-minus-0
bin-mult-Pls bin-mult-Min bin-mult-1 bin-mult-0
bin-add-Pls-right bin-add-Min-right
abs-zero abs-one bin-arith-extra-simps

Simplification of relational operations

lemmas bin-rel-simps =
eq-number-of-eq iszero-number-of-Pls nonzero-number-of-Min
iszero-number-of-0 iszero-number-of-1
less-number-of-eq-neg
not-neg-number-of-Pls not-neg-0 not-neg-1 not-iszero-1
neg-number-of-Min neg-number-of-BIT
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le-number-of-eq

declare bin-arith-extra-simps [simp)
declare bin-rel-simps [simp]

25.8 Simplification of arithmetic when nested to the right

lemma add-number-of-left [simp]:
number-of v + (number-of w + z) =
(number-of (bin-add v w) + z::'a::number-ring)
(proof)

lemma mult-number-of-left [simp]:

number-of v * (number-of w * z) =

(number-of (bin-mult v w) * z::'a::number-ring)
(proof)

lemma add-number-of-diff1:
number-of v + (number-of w — ¢) =
number-of (bin-add v w) — (c::'a::number-ring)
(proof)
lemma add-number-of-diff2 [simp]: number-of v + (¢ — number-of w) =

number-of (bin-add v (bin-minus w)) + (c::'a::number-ring)

(proof)

end

26 IntArith: Integer arithmetic

theory IntArith

imports Numeral

uses (int-arithl.ML)

begin

Duplicate: can’t understand why it’s necessary

declare numeral-0-eq-0 [simp]

26.1 Instantiating Binary Arithmetic for the Integers

instance
int :: number (proof)

defs (overloaded)
int-number-of-def : (number-of w :: int) == of-int (Rep-Bin w)
— the type constraint is essential!

instance int :: number-ring
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(proof)

26.2 Inequality Reasoning for the Arithmetic Simproc
lemma add-numeral-0: Numeral0 + a = (a::'a::number-ring)

(proof)

lemma add-numeral-0-right: o + Numeral0 = (a::'a::number-ring)

(proof)

lemma mult-numeral-1: Numerall * a = (a::'a::number-ring)

(proof)
lemma mult-numeral-1-right: a * Numerall = (a::'a::number-ring)
(proof)

Theorem lists for the cancellation simprocs. The use of binary numerals for
0 and 1 reduces the number of special cases.

lemmas add-0s = add-numeral-0 add-numeral-0-right
lemmas mult-1s = mult-numeral-1 mult-numeral-1-right
mult-minusl mult-minusi-right

26.3 Special Arithmetic Rules for Abstract 0 and 1

Arithmetic computations are defined for binary literals, which leaves 0 and 1
as special cases. Addition already has rules for 0, but not 1. Multiplication
and unary minus already have rules for both 0 and 1.

lemma binop-eq: |[fry =gay;x =2y =yl ==>fa'y'=gz'y’

(proof)

lemmas add-number-of-eq = number-of-add [symmetric]

Allow 1 on either or both sides

lemma one-add-one-is-two: 1 + 1 = (2::'a::number-ring)
(proof)

lemmas add-special =
one-add-one-is-two
binop-eq [of op +, OF add-number-of-eq numeral-1-eq-1 refl, standard)
binop-eq [of op +, OF add-number-of-eq refl numeral-1-eq-1, standard]

Allow 1 on either or both sides (1-1 already simplifies to 0)

lemmas diff-special =
binop-eq [of op —, OF diff-number-of-eq numeral-1-eq-1 refl, standard)
binop-eq [of op —, OF diff-number-of-eq refl numeral-1-eq-1, standard)

Allow 0 or 1 on either side with a binary numeral on the other
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lemmas eg-special =
binop-eq [of op =, OF eqg-number-of-eq numeral-0-eq-0 refl, standard]
binop-eq [of op =, OF eq-number-of-eq numeral-1-eq-1 refl, standard|
binop-eq [of op =, OF eq-number-of-eq refl numeral-0-eq-0, standard)]
binop-eq [of op =, OF eq-number-of-eq refl numeral-1-eq-1, standard)]

Allow 0 or 1 on either side with a binary numeral on the other

lemmas less-special =
binop-eq [of op <, OF less-number-of-eq-neg numeral-0-eq-0 refl, standard]
binop-eq [of op <, OF less-number-of-eq-neg numeral-1-eq-1 refl, standard]
binop-eq [of op <, OF less-number-of-eq-neg refl numeral-0-eq-0, standard)
binop-eq [of op <, OF less-number-of-eq-neg refl numeral-1-eq-1, standard)

Allow 0 or 1 on either side with a binary numeral on the other

lemmas le-special =
binop-eq [of op <, OF le-number-of-eq numeral-0-eq-0 refl, standard)
binop-eq [of op <, OF le-number-of-eq numeral-1-eq-1 refl, standard)]
binop-eq [of op <, OF le-number-of-eq refl numeral-0-eq-0, standard|
binop-eq [of op <, OF le-number-of-eq refl numeral-1-eq-1, standard|

lemmas arith-special =
add-special diff-special eq-special less-special le-special

(ML)

26.4 Lemmas About Small Numerals

lemma of-int-m1 [simp]: of-int —1 = (—1 :: 'a :: number-ring)

(proof)

lemma abs-minus-one [simp|: abs (—1) = (1::'a::{ordered-idom,number-ring})

(proof)

lemma abs-power-minus-one [simp):
abs(—1 " n) = (1:'a::{ordered-idom,number-ring,recpower})

(proof)

lemma of-int-number-of-eq:
of-int (number-of v) = (number-of v :: 'a :: number-ring)

{proof)

Lemmas for specialist use, NOT as default simprules
lemma mult-2: 2 x z = (z+z::'a::number-ring)

(proof)

lemma mult-2-right: z * 2 = (z+2z::'a::number-ring)

(proof)
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26.5 More Inequality Reasoning
lemma zless-addl-eq: (w < z + (1:zint)) = (w<z | w=z)

(proof)

lemma addi-zle-eq: (w + (1:int) < z) = (w<z)
(proof)

lemma zle-diff1-eq [simp]: (w < z — (1:int)) = (w<z)

{(proof)

lemma zle-addi-eq-le [simp]: (w < z + (1:int)) = (w<z)
(proof)

lemma int-one-le-iff-zero-less: ((1::int) < z) = (0 < z)

(proof)

26.6 The Functions nat and nt

Simplify the terms int 0, int (Suc 0) and w + — 2

declare Zero-int-def [symmetric, simp]
declare One-int-def [symmetric, simp]

cooper.ML refers to this theorem
lemmas diff-int-def-symmetric = diff-int-def [symmetric, simp]

lemma nat-0: nat 0 = 0

(proof)

lemma nat-1: nat 1 = Suc 0
(proof)

lemma nat-2: nat 2 = Suc (Suc 0)

(proof)

lemma one-less-nat-eq [simp]: (Suc 0 < nat z) = (1 < 2)

{(proof)

This simplifies expressions of the form int n = z where z is an integer literal.

lemmas int-eg-iff-number-of = int-eq-iff [of - number-of v, standard]
declare int-eg-iff-number-of [simp]

lemma split-nat [arith-split]:
P(nat(izint)) = (Vn. i =intn — Pn) & (i < 0 — P 0))
(is 7P = (?L & ?R))

(proof)
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lemma zdiff-int: n < m ==> int m — int n = int (m—n)

(proof)

lemma nat-mult-distrib: (0::int) < z ==> nat (zxz’) = nat z * nat 2’

(proof)

lemma nat-mult-distrib-neg: z < (0::int) ==> nat(zxz’) = nat(—z) * nat(—2z’)
(proof)

lemma nat-abs-mult-distrib: nat (abs (w * 2)) = nat (abs w) * nat (abs z)

(proof)

26.7 Induction principles for int

theorem int-ge-induct[case-names base step,induct set:int]:
assumes ge: k < (i:int) and
base: P(k) and
step: Ni. [k < i; Pi] = P(i+1)
shows P i
(proof)

theorem int-gr-induct|[case-names base step,induct set:int]:
assumes gr: k < (i:int) and
base: P(k+1) and
step: Ni. [k < i; Pi] = P(i+1)
shows P i

(proof)

theorem int-le-induct|[consumes 1,case-names base step]:
assumes le: i < (k::int) and
base: P(k) and
step: Ni. [i < k; Pi] = P(i — 1)
shows P i
(proof)

theorem int-less-induct [consumes 1,case-names base step]:
assumes less: (i:int) < k and
base: P(k — 1) and
step: Ni. [i < k; Pi] = P(i — 1)
shows P i
(proof)

26.8 Intermediate value theorems

lemma int-val-lemma:
(Vi<nunat. abs(f(i+1) — fi) < 1) ——>
fO<k—>k<fn——>3i<n. fi=(k:int))
(proof)
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lemmas nat0-intermed-int-val = int-val-lemma [rule-format (no-asm)]

lemma nat-intermed-int-val:

[Vim<i&i<n-——>abs(f(i + 1unat) — fi) < 1;m < n;
fm<kk<fnl|l=>%im<i&i<né&fi=(k:int)

(proof)

26.9 Products and 1, by T. M. Rasmussen

lemma zabs-less-one-iff [simp]: (|z| < 1) = (z = (0::4nt))

(proof)

lemma abs-zmult-eg-1: (|m * n| = 1) ==> |m| = (1 ::int)

(proof)

lemma pos-zmult-eq-1-iff-lemma: (m * n = 1) ==> m = (1zint) | m = —1

(proof)

lemma pos-zmult-eq-1-iff: 0 < (m:int) ==> (m*xn=1) = (m

(proof)

285

1&n=1)

lemma zmult-eq-1-iff : (mxn = (1zint)) = (m=1&n=1)| (m=—-1&n =

—1))
(proof)

(ML)

end

27 SetInterval: Set intervals

theory SetInterval
imports IntArith
begin

constdefs
lessThan  :: (‘azord) => 'a set ((1{..<-}))
{.<u} == {z. z<u}

atMost = (Yazord) => 'a set ((1{..-}))
{ u} == {z. z<=u}

greaterThan :: ("a::ord) => 'a set ((1{-<..}))
{I<..} == {=. i<z}

atLeast = (‘azord) => 'a set ((1{-..}))
{l..} == {z. I<=1}
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greaterThanLessThan :: ['a::ord, 'a] => 'a set ((1{-<..<-}))
{I<.<u} == {I<..} Int {..<u}

atLeastLessThan :: ['a::ord, 'a] => 'a set ((1{-..<-}))
{l.<u} == {l..} Int {.<u}

greaterThanAtMost :: ['a::ord, 'a] => 'a set  ((1{-<..-}))
{I<.u} == {I<..} Int {..u}

atLeastAtMost :: ['a::ord, 'a] => 'a set ((1{---}))
{l.u} =={l..} Int {..u}

syntax
-lessThan = (‘azord) => 'a set ((1{..-'(}))
-greaterThan :: ('a::ord) => 'a set ((1{"-..}))
-greaterThanLessThan :: ['a::ord, 'al => 'a set ((1{')-..-
-atLeastLessThan :: ['a::ord, 'al => 'a set ((1{-.-'(}))
-greaterThanAtMost :: ['a::ord, 'a] => 'a set  ((1{')-..-}))

translations
{.m(} => {.<m}
{m..} => {m<..}

{m.n(} => {m<..<n}
{m.n(} => {m..<n}
{m.n} => {m<.n}

A note of warning when using {..<n} on type nat: it is equivalent to {0..<n}
but some lemmas involving {m..<n} may not exist in {..<n}-form as well.

syntax
QUNION-le :: nat => nat => b set => 'b set ((3UN -<=-./ -) 10)
Q@QUNION-less :: nat => nat => 'b set => 'b set ((3UN -<-./ -) 10)
QINTER-le :: nat => nat => 'b set => 'b set ((3INT -<=-./ -) 10)
Q@QINTER-less :: nat => nat => 'b set => 'b set ((8INT -<-./ -) 10)

syntax (input)
QUNION-le : nat => nat => b set => 'b set sy -<-/
Q@QUNION-less :: nat => nat => 'b set => 'b set 3y -<-./
QINTER-le :: nat => nat => 'b set => 'b set (3N -<-./-) 10
QINTER-less :: nat => nat => 'b set => 'b set (3N -<-./

syntax (zsymbols)
@QUNION-le :: nat = nat => 'b set => 'b set (83U (00. <
Q@QUNION-less :: nat = nat => 'b set => 'b set (8U(00- < -
QINTER-le :: nat = nat => 'b set => 'b set (3N (00. < )/ -) 10)
QINTER-less :: nat = nat => b set => 'b set (8N (00 <

translations
UN i<=n. A == UNi:{.n}. A
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UNi<n. A == UNi:{.<n}. A
INT i<=n. A == INT i:{.n}. A
INT i<n. A == INT i:{..<n}. A

27.1 Various equivalences

lemma lessThan-iff [iff]: (i: lessThan k) = (i<k)
(proof)

lemma Compl-lessThan [simp]:
Nk:: 'a:linorder. —lessThan k = atLeast k

{(proof)

lemma single-Diff-lessThan [simp]: 'k:: 'a::order. {k} — lessThan k = {k}
(proof)

lemma greaterThan-iff [iff]: (i: greaterThan k) = (k<i)
(proof)

lemma Compl-greater Than [simp]:
Nk:: 'a:linorder. —greaterThan k = atMost k

(proof)

lemma Compl-atMost [simp]: Nk:: 'a::linorder. —atMost k = greaterThan k

{proof)

lemma atLeast-iff [iff]: (i: atLeast k) = (k<=t)
(proof)

lemma Compl-atLeast [simp]:
Wk:: 'a:linorder. —atLeast k = lessThan k

(proof)

lemma atMost-iff [iff]: (i: atMost k) = (i<=k)
(proof)

lemma atMost-Int-atLeast: 'n:: 'a::order. atMost n Int atLeast n = {n}

(proof)

27.2 Logical Equivalences for Set Inclusion and Equality

lemma atLeast-subset-iff [iff]:
(atLeast © C atLeast y) = (y < (z::'a::order))

(proof)

lemma atLeast-eq-iff [iff]:
(atLeast x = atLeast y) = (z = (y::'a::linorder))
(proof )

lemma greaterThan-subset-iff [iff]:



THEORY “Setlnterval” 288

(greaterThan x C greaterThan y) = (y < (x::'a::linorder))
(proof)

lemma greaterThan-eq-iff [iff]:
(greaterThan © = greaterThan y) = (x = (y::'a::linorder))

(proof)

lemma atMost-subset-iff [iff]: (atMost  C atMost y) = (x < (y::'a::order))
(proof)

lemma atMost-eq-iff [iff]: (atMost © = atMost y) = (z = (y::'a::linorder))
(proof)

lemma lessThan-subset-iff [iff]:
(lessThan x C lessThan y) = (x < (y::'a::linorder))

(proof)

lemma lessThan-eg-iff [iff]:
(lessThan x = lessThan y) = (x = (y::'a::linorder))

(proof)

27.3 Two-sided intervals

lemma greaterThanLessThan-iff [simp]:
G {l<.<uh)=(I<i&i<u)
(proof )

lemma atLeastLessThan-iff [simp]:
G:{l.<u})=(l<=i&i<u)
(proof)
lemma greaterThanAtMost-iff [simp]:
(i:{l<au})=(U<i&i<=u)
{proof )
lemma atLeastAtMost-iff [simp]:
(i:{lu})=(l<=i&i<=u)
(proof)
The above four lemmas could be declared as iffs. If we do so, a call to blast

in Hyperreal/Star.ML, lemma STAR-Int seems to take forever (more than
one hour).

27.3.1 Emptyness and singletons

lemma atLeastAtMost-empty [simp]: n < m ==> {m::'a::order..n} = {}
{proof)

lemma atLeastLessThan-empty[simp]: n < m ==> {m..<n:'a::order} = {}
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(proof)

lemma greater ThanAtMost-empty[simp:l < k ==> {k<..(I::'a::order)} = {}
(proof)

lemma greaterThanLessThan-empty[simp):l < k ==> {k<..(l::'a::order)} = {}
(proof)

lemma atLeastAtMost-singleton [simp]: {a::’a::order..a} = {a}
(proof)
27.4 Intervals of natural numbers

27.4.1 The Constant lessThan

lemma lessThan-0 [simp]: lessThan (0::nat) = {}
(proof)

lemma lessThan-Suc: lessThan (Suc k) = insert k (lessThan k)
(proof)

lemma lessThan-Suc-atMost: lessThan (Suc k) = atMost k
(proof)

lemma UN-lessThan-UNIV: (UN m::nat. lessThan m) = UNIV
(proof)

27.4.2 The Constant greaterThan

lemma greaterThan-0 [simp]: greaterThan 0 = range Suc
(proof)

lemma greaterThan-Suc: greaterThan (Suc k) = greaterThan k — {Suc k}
(proof)

lemma INT-greaterThan-UNIV: (INT m:nat. greaterThan m) = {}
(proof)

27.4.3 The Constant atLeast

lemma atLeast-0 [simp]: atLeast (0::nat) = UNIV
(proof)

lemma atLeast-Suc: atLeast (Suc k) = atLeast k — {k}
(proof)

lemma atLeast-Suc-greaterThan: atLeast (Suc k) = greaterThan k
(proof )

lemma UN-atLeast-UNIV: (UN m::nat. atLeast m) = UNIV



THEORY “Setlnterval” 290

(proof)

27.4.4 The Constant atMost
lemma atMost-0 [simp]: atMost (0::nat) = {0}
(proof )

lemma atMost-Suc: atMost (Suc k) = insert (Suc k) (atMost k)
(proof)

lemma UN-atMost-UNIV: (UN m:nat. atMost m) = UNIV
(proof)

27.4.5 The Constant atLeastLessThan
But not a simprule because some concepts are better left in terms of atLeast-
LessThan

lemma atLeastOLessThan: {0::nat..<n} = {.<n}

(proof)

27.4.6 Intervals of nats with Suc

Not a simprule because the RHS is too messy.

lemma atLeastLessThanSuc:
{m..<Suc n} = (if m < n then insert n {m..<n} else {})

(proof)

lemma atLeastLess Than-singleton [simp]: {m..<Suc m} = {m}
(proof)

lemma atLeastLessThanSuc-atLeastAtMost: {l..<Suc u} = {l..u}
{proof)

lemma atLeastSucAtMost-greater ThanAtMost: {Suc l..u} = {I<..u}
{proof)

lemma atLeastSucLessThan-greaterThanLessThan: {Suc I..<u} = {I<..<u}
{proof)

lemma atLeastAtMostSuc-conv: m < Suc n = {m..Suc n} = insert (Suc n)

{m..n}
{(proof)

27.4.7 Image

lemma image-add-atLeastAtMost:
(%on:nat. n+k) < {i.j} = {i+k.j+k} (is 24 = ?B)
(proof)
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lemma image-add-atLeastLess Than:
(%on::nat. n+k) < {i.<j} = {i+k..<j+k} (is 24 = ?B)
(proof)

corollary image-Suc-atLeastAtMost[simp]:
Suc ¢ {i..j} = {Suc i..Suc j}
(proof)

corollary image-Suc-atLeastLess Than[simp]:
Suc © {i..<j} = {Suc i..<Suc j}
(proof)

lemma image-add-int-atLeastLess Than:
(%ox. z 4+ (lzint)) “ {0.<u=1} = {l.<u}
(proof )

27.4.8 Finiteness

lemma finite-lessThan [iff]: fixes k :: nat shows finite {..<k}
{proof)

lemma finite-atMost [iff]: fixes k :: nat shows finite {..k}
{proof)

lemma finite-greater ThanLess Than [iff]:
fixes [ :: nat shows finite {I<..<u}

(proof)

lemma finite-atLeastLessThan [iff]:
fixes [ :: nat shows finite {l..<u}

(proof)

lemma finite-greater ThanAtMost [iff]:
fixes [ :: nat shows finite {I<..u}

{(proof)

lemma finite-atLeastAtMost [iff]:
fixes [ :: nat shows finite {l..u}

(proof)

lemma bounded-nat-set-is-finite:
(ALL i:N. i < (n:nat)) ==> finite N
— A bounded set of natural numbers is finite.
(proof)

27.4.9 Cardinality

lemma card-lessThan [simp]: card {..<u} = u
{proof)
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lemma card-atMost [simp|: card {..u} = Suc u
{proof)

lemma card-atLeastLessThan [simp]: card {l..<u} = u — I
(proof)

lemma card-atLeastAtMost [simp): card {l..u} = Suc u — 1
{proof)

lemma card-greater ThanAtMost [simp]: card {I<..u} = u — I
(proof)

lemma card-greater ThanLessThan [simp]: card {I<..<u} = u — Suc

(proof)

27.5 Intervals of integers
lemma atLeastLessThanPlusOne-atLeastAtMost-int: {l..<u+1} = {l..(u::int)}
{proof)

lemma atLeastPlusOneAtMost-greater ThanAtMost-int: {I4+1..u} = {I<..(ux:int)}
{proof)

lemma atLeastPlusOneLessThan-greater ThanLess Than-int:
{I+1..<u} = {I<.<u:int}
(proof)

27.5.1 Finiteness

lemma image-atLeastZeroLessThan-int: 0 < u ==>
{(0::int)..<u} = int * {..<nat u}
(proof)

lemma finite-atLeastZeroLessThan-int: finite {(0::int)..<u}
(proof)

lemma finite-atLeastLessThan-int [iff]: finite {I..<u:int}
{proof)

lemma finite-atLeastAtMost-int [iff]: finite {l..(u::int)}
{proof)

lemma finite-greater ThanAtMost-int [iff]: finite {I<..(u::int)}
(proof)

lemma finite-greater ThanLess Than-int [iff]: finite {I<..<u:int}
{proof)
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27.5.2 Cardinality

lemma card-atLeastZeroLessThan-int: card {(0::int)..<u} = nat u
{proof)

lemma card-atLeastLess Than-int [simp]: card {l..<u} = nat (u — 1)
(proof)

lemma card-atLeastAtMost-int [simp): card {l..u} = nat (v — 1 + 1)
{proof)

lemma card-greater ThanAtMost-int [simp|: card {l<..u} = nat (u — 1)
{proof)

lemma card-greaterThanLessThan-int [simp): card {I<..<u} = nat (v — (I + 1))
(proof)

27.6 Lemmas useful with the summation operator setsum

For examples, see Algebra/poly/UnivPoly2.thy

27.6.1 Disjoint Unions

Singletons and open intervals

lemma ivl-disj-un-singleton:
{l::’a::linorder} Un {l<.} ={l.}
{..<u} Un {u:'a:linorder} = {..u}

(I:azlinorder) < uw ==> {l} Un {i<..<u} = {l.<u}

(Iazlinorder) < u ==> {I<.<u} Un {u} = {I<..u}

(I::'az:linorder) <= => {I} Un {l<.u} = {l..u}

(I:azlinorder) <= u ==> {l..<u} Un {u} = {l..u}
(proof)

One- and two-sided intervals

lemma iwvl-disj-un-one:

(I:'az:linorder) < uw ==> {..I} Un {I<.<u} = {..<u}
a::linorder) <= u ==> {.<l} Un {l.<u} = {.<u}
a:linorder) <= u ==> {..1} Un {lI<.u} = {..u}
a::linorder) <= => {.<l} Un {l.u} = {..u}
2anlinorder) <= u ==> {I<..u} Un {u<..} = {I<..}

a:linorder) < w ==> {I<.<u} Un {u..} = {i<..}

a::linorder) <= v ==> {l..u} Un {u<..} = {l..}

a::linorder) <= u ==> {l..<u} Un {u..} = {l..}

Two- and two-sided intervals

lemma vl-disj-un-two:
[| (I:'azlinorder) < m; m <= u |] ==> {I<.<m} Un {m..<u} = {I<..<u}
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[| (I:''azlinorder) <= m; m < u |] ==> {I<.m} Un {m<.<u} = {I<..<u}
[| (I:'az:linorder) <= m; m <= u || ==> {l.<m} Un {m..<u} = {l..<u}
(| (I:'az:linorder) <= m; m < u |] ==> {l.m} Un {m<.<u} = {l..<u}

[| (I:'azlinorder) < m; m <= u |] ==> {I<.<m} Un {m..u} = {I{<..u}

[| (I:''a:linorder) <= m; m <= u || ==> {I<.m} Un {m<.u} = {I<.u}
[| (I::'az:linorder) <= m; m <= u || ==> {l.<m} Un {m..u} = {l.u}

[| (I::"azlinorder) <= m; m <= u || ==> {l.m} Un {m<.u} = {l..u}

<
g
S

lemmas wi-disj-un = vl-disj-un-singleton wl-disj-un-one wl-disj-un-two

27.6.2 Disjoint Intersections

Singletons and open intervals

lemma ivl-disj-int-singleton:
{l::'az:order} Int {I<..} = {}
{.<u} Int {u} = {}
{1} Int {i<..<u} ={}
{I<.<u} Int {u} = {}
{l} Int {I<.u} ={}
{l.<u} Int {u} = {}

(proof )

One- and two-sided intervals

lemma ivl-disj-int-one:
{..l:/az:order} Int {I<.<u} = {}
{.<l} Int {l.<u} = {}
{1} Int {I<.u} ={}
{.<l} Int {l.u} ={}
{I<.u} Int {u<..} ={}
{I<.<u} Int {u..} = {}
{l.u} Int {u<..} = {}
{l.<u} Int {u..} = {}
{proof)

Two- and two-sided intervals

lemma vl-disj-int-two:
{l::'az:order<..<m} Int {m..<u} = {}
{I<.m} Int {m<..<u} = {}
{l..<m} Int {m..<u} = {}
{l.m} Int {m<..<u} = {}
{I<.<m} Int {m..u} = {}
{l<.m} Int {m<..u} = {}
{l..<m} Int {m..u} = {}
{l.m} Int {m<.u} = {}
(proof)

lemmas iwvl-disj-int = ivl-disj-int-singleton ivl-disj-int-one ivl-disj-int-two
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27.6.3 Some Differences

lemma ivl-diff [simp]:
i <n= {i.<m} — {i.<n} = {n.<(m:’a:linorder)}

(proof)

27.6.4 Some Subset Conditions

lemma il-subset[simp]:
({i.<j} C{m.<n}) =G <i|m <i&j < (n:'a:linorder))
(proof)

27.7 Summation indexed over intervals

syntax
-from-to-setsum :: idt = 'a = 'a = 'b = b (SUM - = -..-./ -) [0,0,0,10] 10)
-from-upto-setsum :: idt = 'a = 'a = b = b (SUM - = -..<-./ -) [0,0,0,10]
10)

-upt-setsum :: idt = 'a = 'b = b ((SUM -<-./ -) [0,0,10] 10)
-upto-setsum :: idt = 'a = 'b = b ((SUM -<=-./ -) [0,0,10] 10)
syntax (zsymbols)

-from-to-setsum :: idt = 'a = 'a = 'b = b (8> - = / -) [0,0,0,10] 10)
-from-upto-setsum :: idt = 'a = 'a = 'b = 'b ((3 E .<-./ -) 10,0,0,10]
10)

-upt-setsum :: idt = 'a = 'b = b ((3>]-<-./ -) [0,0,10] 10)
-upto-setsum :: idt = 'a = b = b ((3>.-<-./ -) [0,0,10] 10)
syntax (HTML output)

-from-to-setsum :: idt = 'a = 'a = b = b ((8).-= / -) [0,0,0,10] 10)
-from-upto-setsum :: idt = ‘a = 'a = 'b = 'b ((3 E .<-./ =) 10,0,0,10]
10)

-upt-setsum :: idt = 'a = 'b = b ((3)_ -<-./ -) [0,0,10] 10)
-upto-setsum :: idt = ‘a = b = b ((3>.-<-./ -) [0,0,10] 10)
syntax (latez-sum output)
-from-to-setsum :: idt = 'a = 'a = 'b = b
(8- —_-)[0,0,0,10] 10)
-from-upto-setsum :: idt = 'a = ‘a = 'b = b
(3252 - -) [0,0,0,10] 10)
-upt-setsum :: idt = 'a = 'b = 'b
((32— < - ') [050710] 10)
-upto-setsum :: idt = ‘a = 'b = b
(- < - ) 10,0,10] 10)

translations
>x=a..b. t == setsum (%x. t) {a..b}
> x=a..<b. t == setsum (%x. t) {a..<b}
di<n. t == setsum (Ai. t) {..n}
dri<n. t == setsum (Ai. t) {.<n}

The above introduces some pretty alternative syntaxes for summation over
intervals:
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Old New IXTEX

Yo ze{a..b}. e dYx=ua.b. e ZZ — .t
Yoxe{a.<b}. e Yz =a.<b.e ;b: 0 ©

doxe{..b}. e d>x<b. e <€
Yxe{.<bl. e D x<b.e D<€

The left column shows the term before introduction of the new syntax,
the middle column shows the new (default) syntax, and the right column
shows a special syntax. The latter is only meaningful for latex output and
has to be activated explicitly by setting the print mode to latex_sum (e.g.
via mode=latex_sum in antiquotations). It is not the default IWTEX output
because it only works well with italic-style formulae, not tt-style.

Note that for uniformity on nat it is better to use Yz = 0..<n. e rather
than ) x<n. e: setsum may not provide all lemmas available for {m..<n}
also in the special form for {..<n}.

This congruence rule should be used for sums over intervals as the standard
theorem setsum-cong does not work well with the simplifier who adds the
unsimplified premise x € B to the context.

lemma setsum-ivl-cong:
la=cb=dlz.[c<zz<d]=fz=gz] =
setsum f {a..<b} = setsum g {c..<d}

(proof )

lemma setsum-atMost-Suc[simp]: (3.1 < Sucn. fi) = (34 < n. fi) + f(Suc n)
(proof)

lemma setsum-lessThan-Suc[simp]: (D1 < Sucn. fi) = (O i <n. fi)+ fn
(proof)

lemma setsum-cl-ivl-Suc[simp]:
setsum f {m..Suc n} = (if Suc n < m then 0 else setsum f {m..n} + f(Suc n))

(proof)

lemma setsum-op-ivl-Suc[simp]:
setsum f {m..<Suc n} = (if n < m then 0 else setsum f {m..<n} + f(n))
(proof)

lemma setsum-add-nat-ivl: [m < n;n <p] =
setsum f {m..<n} + setsum f {n..<p} = setsum f {m..<p:nat}

(proof)

lemma setsum-diff-nat-ivl:
fixes f :: nat = ‘a::ab-group-add
shows [m <n;n<p] =
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setsum f {m..<p} — setsum f {m..<n} = setsum f {n..<p}
(proof)

27.8 Shifting bounds

lemma setsum-shift-bounds-nat-ivl:
setsum f {m+k..<n+k} = setsum (%i. f(i + k)){m..<n:nat}
(proof)

lemma setsum-shift-bounds-cl-nat-ivl:
setsum [ {m+k..n+k} = setsum (%i. f(i + k)){m..n::nat}
(proof)

corollary setsum-shift-bounds-cl-Suc-ivl:
setsum f {Suc m..Suc n} = setsum (%i. f(Suc 1)){m..n}

(proof)

corollary setsum-shift-bounds-Suc-ivl:
setsum f {Suc m..<Suc n} = setsum (%i. f(Suc i)){m..<n}

(proof)

27.9 The formula for geometric sums

lemma geometric-sum:
z~=1==> (Y i=0.<n.z i) =
(x "n—1)/ (z — 1:'a:{field, recpower, division-by-zero})
{proof)

(ML)

end

28 Recdef: TFL: recursive function definitions

theory Recdef
imports Wellfounded-Relations Datatype
uses

(../TFL/ casesplit. ML)
./ TFL/utils. ML)
./ TFL/usyntaz. ML)
.JTFL/dcterm.ML)
./TFL/thms.ML)
./ TFL/rules. ML)
./TFL/thry.ML)
.JTFL/tfl. ML)

(.
(.
(.
(.
(.
E.
(../TFL/post. ML)
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(Tools [ recdef-package. ML)
begin

lemma tfl-eq-True: (x = True) ——>
{proof)

lemma ifl-rev-eqg-mp: (z = y) ——> y ——> x
(proof )

lemma tfl-simp-thm: (z ——> y) —> (z =z') ——> (z/ ——> y)
(proof)

lemma tfi-P-imp-P-iff-True: P ==> P = True
(proof )

lemma tfl-imp-trans: (A ——> B) ==> (B ——> () ==> (A ——> ()
(proof )

lemma tfi-disj-assoc: (a V b)) V c==a V (b V ¢)
{proof)

lemma tfi-disjE: PV @ ==> P ——> R==> @ ——> R ==> R
{proof )

lemma tfl-ezE: dz. Px ==>Vz. Pz ——> Q ==> @
(proof )

(ML)

lemmas [recdef-simp] =
inv-image-def
measure-def
lex-prod-def
same-fst-def
less-Suc-eq [THEN iff D2]

lemmas [recdef-cong] = if-cong image-cong

lemma let-cong [recdef-cong]:
M=N==>Nz.2=N==>frx=gz)==>Let Mf=Let Ng
(proof )

lemmas [recdef-wf] =
wf-trancl
wf-less-than
wf-lex-prod
wf-inv-image
wf-measure
wf-pred-nat
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wf-same-fst
wf-empty

lemma insert-None-conv-UNIV: insert None (range Some) = UNIV
(proof )

instance option :: (finite) finite

(proof)

end

29 IntDiv: The Division Operators div and mod;
the Divides Relation dvd

theory IntDiv

imports SetInterval Recdef
uses (IntDiv-setup. ML)
begin

declare zless-nat-conj [simp]

constdefs
quorem :: (intxint) x (intxint) => bool
— definition of quotient and remainder
quorem == %((a,b), (¢,7)).
a="bxqg+r&
(if 0 < b then 0<r & r<b else b<r & r < 0)

adjust :: [int, intxint] => intxint
— for the division algorithm
adjust b == %(q,r). if 0 < r—>b then (2%q + 1, r—b)
else (2xq, )

algorithm for the case a>0, b>0

consts posDivAlg :: intxint => intxint
recdef posDivAlg measure (%(a,b). nat(a — b + 1))
posDivAlg (a,b) =
(if (a<b | b<0) then (0,a)
else adjust b (posDivAlg(a, 2xD)))

algorithm for the case a<0, b>0

consts negDivAlg :: intxint => intxint
recdef negDivAlg measure (%(a,b). nat(— a — b))
negDivAlg (a,b) =
(if (0<a+b | b<0) then (—1,a+D)
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else adjust b (negDivAlg(a, 2xb)))

algorithm for the general case b # (0::a)

constdefs
negateSnd :: intxint => intxint
negateSnd == %(q,r). (q¢,—7)

divAlg :: intxint => intxint
— The full division algorithm considers all possible signs for a, b including the
special case a=0, b<0 because negDivAlg requires a < (0::'a).
divAlg ==
%(a,b). if 0<a then
if 0<b then posDivAlg (a,b)
else if a=0 then (0,0)
else negateSnd (negDivAlg (—a,—Db))

else
if 0<b then negDivAlg (a,b)
else negateSnd (posDivAlg (—a,—b))

instance
int i Divides.div {proof)

The operators are defined with reference to the algorithm, which is proved
to satisfy the specification.

defs
div-def: a div b == fst (divAlg (a,b))
mod-def: a mod b == snd (divAlg (a,b))

Here is the division algorithm in ML:

fun posDivAlg (a,b) =
if a<b then (0,a)
else let val (q,r) = posDivAlg(a, 2*b)
in if O0\<le>r-b then (2xq+1l, r-b) else (2xq, r)
end

fun negDivAlg (a,b) =
if O\<le>a+b then (~1,a+b)
else let val (q,r) = negDivAlg(a, 2%*b)
in if O\<le>r-b then (2*q+1l, r-b) else (2*q, r)
end;

fun negateSnd (q,r:int) = (q,”r);
fun divAlg (a,b) = if O\<le>a then

if >0 then posDivAlg (a,b)
else if a=0 then (0,0)
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else negateSnd (negDivAlg ("a,”b))

else
if O<b then negDivAlg (a,b)
else negateSnd (posDivAlg ("a,”b));

29.1 Uniqueness and Monotonicity of Quotients and Remain-
ders

lemma unique-quotient-lemma:
[| %"+ 7" <bxg+1r; 0<7r’ r'<b r<bl]
==> ¢’ < (g::int)

(proof)

lemma unique-quotient-lemma-neg:
[ bx¢"+ ' <bxqg+r; 7r<0; b<r; b<r'|
==> ¢ < (q':int)

(proof)

lemma unique-quotient:

[| quorem ((a,b), (¢,7)); quorem ((a,b), (¢';r")); b # 0 ]
==>q=q

(proof)

lemma unique-remainder:

I quorem ((a,b), (4,7); quorem ((a,b), (¢47)); b # 0 |
==>r=r'

(proof)

29.2 Correctness of posDivAlg, the Algorithm for Non-Negative
Dividends

And positive divisors
lemma adjust-eq [simp):
adjust b (q,r) =
(let diff = r—bin
if 0 < diff then (2xq + 1, diff)
else (2xq, 1))
(proof)

declare posDivAlg.simps [simp del]

use with a simproc to avoid repeatedly proving the premise

lemma posDivAlg-eqn:

0 <b==>

posDivAlg (a,b) = (if a<b then (0,a) else adjust b (posDivAlg(a, 2xb)))
(proof)



THEORY “IntDiv” 302

Correctness of posDivAlg: it computes quotients correctly

theorem posDivAlg-correct [rule-format]:
0<a—-—>0<b——> quorem ((a, b), posDivAlg (a, b))
(proof)

29.3 Correctness of negDivAlg, the Algorithm for Negative
Dividends

And positive divisors

declare negDivAlg.simps [simp del]

use with a simproc to avoid repeatedly proving the premise
lemma negDivAlg-eqn:
0<b==>
negDivAlg (a,b) =
(if 0<a+b then (—1,a+b) else adjust b (negDivAlg(a, 2xb)))
(proof)

lemma negDivAlg-correct [rule-format]:
a<0——>0<b——> quorem ((a, b), negDivAlg (a, b))
(proof)

29.4 Existence Shown by Proving the Division Algorithm to
be Correct

lemma quorem-0: b # 0 ==> quorem ((0,b), (0,0))
(proof)

lemma posDivAlg-0 [simp]: posDivAlg (0, b) = (0, 0)
(proof )

lemma negDivAlg-minus! [simp]: negDivAlg (—1, b) = (—1,b — 1)
(proof)

lemma negateSnd-eq [simp]: negateSnd(q,r) = (q,—7)
(proof)

lemma quorem-neg: quorem ((—a,—b), qr) ==> quorem ((a,b), negateSnd qr)

(proof)
lemma divAlg-correct: b # 0 ==> quorem ((a,b), divAlg(a,b))
(proof)

Arbitrary definitions for division by zero. Useful to simplify certain equa-
tions.

lemma DIVISION-BY-ZERO [simp]: a div (0::int) = 0 & a mod (0::int) = a
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(proof)

Basic laws about division and remainder

lemma zmod-zdiv-equality: (a::int) = b x (a div b) + (a mod b)
(proof)

lemma zdiv-zmod-equality: (b * (a div b) + (a mod b)) + k = (a::int)+k
(proof)

lemma zdiv-zmod-equality2: ((a div b) x b + (a mod b)) + k = (aint)+k
(proof)

(ML)

lemma pos-mod-conj : (0::int) < b ==> 0 < amod b & a mod b < b
(proof)

lemmas pos-mod-sign[simp] = pos-mod-conj [THEN conjunctl, standard)
and pos-mod-bound[simp] = pos-mod-conj [THEN conjunct2, standard]

lemma neg-mod-conj : b < (0::int) ==> amod b < 0 & b < a mod b

(proof)

lemmas neg-mod-sign[simp] = neg-mod-conj [THEN conjunct!, standard)
and neg-mod-bound[simp] = neg-mod-conj [THEN conjunct2, standard)]

29.5 General Properties of div and mod

lemma quorem-div-mod: b # 0 ==> quorem ((a, b), (a div b, a mod b))
(proof)

lemma quorem-div: [| quorem((a,b),(¢,7)); b # 0 || ==> a divb = ¢
(proof)

lemma quorem-mod: [| quorem((a,b),(q,r)); b # 0| ==> amod b = r
(proof)

lemma div-pos-pos-trivial: [| (0::int) < a; a < b|]==>adivb=10
(proof )

lemma div-neg-neg-trivial: [| a < (0:zint); b < al|] ==> adivb =10
(proof)

lemma div-pos-neg-trivial: [| (0::int) < a; a+b < 0 || ==>adivb = —1
(proof )

lemma mod-pos-pos-trivial: [| (0::int) < a; a < b|] ==> amodb = a

303
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(proof )

lemma mod-neg-neg-trivial: || a < (0:int); b < a || ==>amodb=a
(proof)

lemma mod-pos-neg-trivial: [| (0::int) < a; a+b < 0 || ==> a mod b = a+b
(proof )

There is no mod-neg-pos-trivial.

lemma zdiv-zminus-zminus [simp|: (—a) div (—=b) = a div (b::int)
(proof)

lemma zmod-zminus-zminus [simp]: (—a) mod (—b) = — (a mod (b::int))
(proof)

29.6 Laws for div and mod with Unary Minus

lemma zminusi-lemma:
quorem((a,b),(q,r))
==> quorem ((—a,b), (if r=0 then —q else —q — 1),
(if =0 then 0 else b—r))
(proof )

lemma zdiv-zminusi-eq-if :
b # (0::int)
==> (—a) divb =
(if a mod b = 0 then — (a div b) else — (a divb) — 1)
(proof)

lemma zmod-zminus1-eqg-if:
(—a:int) mod b = (if a mod b = 0 then 0 else b — (a mod b))

(proof)

lemma zdiv-zminus2: a div (—b) = (—a::int) div b

(proof)
lemma zmod-zminus2: a mod (—b) = — ((—a::int) mod b)
(proof)
lemma zdiv-zminus2-eq-if :
b # (0::int)
==> a div (—b) =

(if a mod b = 0 then — (a div b) else — (a divb) — 1)
(proof)

lemma zmod-zminus2-eq-if :
a mod (—b::int) = (if a mod b = 0 then 0 else (a mod b) — b)
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(proof)

29.7 Division of a Number by Itself

lemma self-quotient-auzl: [| (0:int) < a; a =71+ axq; r < a || ==> 1<y
(proof )

lemma self-quotient-auz2: [| (0::int) < a; a =1 + axq; 0 < r || ==> ¢ < 1
(proof )

lemma self-quotient: [| quorem((a,a),(q,7)); a # (0zint) || ==> q = 1
(proof )

lemma self-remainder: [| quorem((a,a),(q,r)); a # (0:int) || ==>r =0
(proof )

lemma zdiv-self [simp]: a # 0 ==> a div a = (1::int)

(proof)

lemma zmod-self [simp]: a mod a = (0::int)
(proof)

29.8 Computation of Division and Remainder

lemma zdiv-zero [simp]: (0::int) div b = 0

(proof)

lemma div-eqg-minusl: (0::int) < b ==> —1divb = —1

(proof )

lemma zmod-zero [simp]: (0::int) mod b = 0

(proof )

lemma zdiv-minusl: (0::int) < b ==> —1 div b = —1

(proof )

lemma zmod-minus!: (0::int) < b ==> —1mod b =1b — 1

(proof )

a positive, b positive

lemma div-pos-pos: [| 0 < a; 0 < b || ==> a div b = fst (posDivAlg(a,b))
(proof )

lemma mod-pos-pos: [| 0 < a; 0 < b |] ==> a mod b = snd (posDivAlg(a,b))
(proof )

a negative, b positive

lemma div-neg-pos: [| a < 0; 0 < b |] ==> a div b = fst (negDivAlg(a,b))
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{proof)

lemma mod-neg-pos: [| a < 0; 0 < b || ==> a mod b = snd (negDivAlg(a,b))
(proof)

a positive, b negative

lemma div-pos-neg:

[0 <a; b<0]] ==>adivb= fst (negateSnd(negDivAlg(—a,—b)))
(proof)
lemma mod-pos-neg:

[[ 0 <a; b< 0] ==>amodb = snd (negateSnd(negDivAlg(—a,—b)))
(proof)

a negative, b negative

lemma div-neg-neg:

a<0; b<0]| ==>adivb= fst (negateSnd(posDivAlg(—a,—b)))
(proof )
lemma mod-neg-neg:

[[a<0; b<0|]==>amodb= snd (negateSnd(posDivAlg(—a,—b)))
(proof)

Simplify expresions in which div and mod combine numerical constants

lemmas div-pos-pos-number-of =
div-pos-pos [of number-of v number-of w, standard)]
declare div-pos-pos-number-of [simp)

lemmas div-neg-pos-number-of =
div-neg-pos [of number-of v number-of w, standard)]
declare div-neg-pos-number-of [simp)

lemmas div-pos-neg-number-of =
div-pos-neg [of number-of v number-of w, standard)
declare div-pos-neg-number-of [simp]

lemmas div-neg-neg-number-of =
div-neg-neg [of number-of v number-of w, standard)
declare div-neg-neg-number-of [simp]

lemmas mod-pos-pos-number-of =
mod-pos-pos [of number-of v number-of w, standard]
declare mod-pos-pos-number-of [simp]

lemmas mod-neg-pos-number-of =
mod-neg-pos [of number-of v number-of w, standard)]
declare mod-neg-pos-number-of [simp]
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lemmas mod-pos-neg-number-of =
mod-pos-neg [of number-of v number-of w, standard)]
declare mod-pos-neg-number-of [simp]

lemmas mod-neg-neg-number-of =
mod-neg-neg [of number-of v number-of w, standard)
declare mod-neg-neg-number-of [simp]

lemmas posDivAlg-eqn-number-of =
posDivAlg-eqn [of number-of v number-of w, standard)
declare posDivAlg-eqgn-number-of [simp]

lemmas negDivAlg-eqn-number-of =
negDivAlg-eqn [of number-of v number-of w, standard]
declare negDivAlg-eqn-number-of [simp]

Special-case simplification

lemma zmod-1 [simp]: a mod (1::int) = 0

(proof)

lemma zdiv-1 [simp]: a div (1::int) = a

(proof)

lemma zmod-minusi-right [simp: a mod (—1:int) = 0
(proof)

lemma zdiv-minusi-right [simp]: a div (—1::int) = —a

(proof)

lemmas div-pos-pos-1-number-of =
div-pos-pos [OF int-0-less-1, of number-of w, standard)
declare div-pos-pos-1-number-of [simp]

lemmas div-pos-neg-1-number-of =
div-pos-neg [OF int-0-less-1, of number-of w, standard)
declare div-pos-neg-1-number-of [simp]

lemmas mod-pos-pos-1-number-of =
mod-pos-pos |OF int-0-less-1, of number-of w, standard]
declare mod-pos-pos-1-number-of [simp]

lemmas mod-pos-neg-1-number-of =
mod-pos-neg [OF int-0-less-1, of number-of w, standard)
declare mod-pos-neg-1-number-of [simp]
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lemmas posDivAlg-eqn-1-number-of =
posDivAlg-eqn [of concl: 1 number-of w, standard]
declare posDivAlg-eqn-1-number-of [simp)

lemmas negDivAlg-eqn-1-number-of =

negDivAlg-eqn [of concl: 1 number-of w, standard)
declare negDivAlg-eqn-1-number-of [simp]

29.9 Monotonicity in the First Argument (Dividend)

lemma zdiv-monol: [| a < a’; 0 < (buint) || ==> adivb < a’ div b
(proof )

lemma zdiv-monol-neg: [| a < a’; (bint) < 0| ==> a’ divb < adivd
(proof )

29.10 Monotonicity in the Second Argument (Divisor)

lemma ¢-pos-lemma:
[0 <bxqg"+r5r ' <b; 0<b'|]==>0<(q":int)
{proof )

lemma zdiv-mono2-lemma:
[| bxg + r=bq" + r’; 0 < b*q" + r’;
r'<bh 0<r; 0<b; b <b]
==> ¢ < (q':int)

(proof)
lemma zdiv-mono2:

[| (0:int) < a; 0<b; b/ <b||==>adwb< advbd’
(proof)
lemma g¢-neg-lemma:

[[x¢"+ 7' < 0; 0<7r; 0<b|]==>q < (0:int)
(proof)

lemma zdiv-mono2-neg-lemma:
[| bxg + r=b"xq" + r’; b'xq¢' + r' < 0;
r<by 0<r5 0<b; b <b]|
==> ¢’ < (q::int)

(proof )
lemma zdiv-mono2-neg:

[[ @ < (0:int); 0<b; V/<b|]==>adivb <adivb
(proof )

29.11 More Algebraic Laws for div and mod

proving (a*b) divec =a* (b divc) + a* (b mod ¢)
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lemma zmultl-lemma:

(| quorem((b,¢),(¢,r)); ¢ # 0 ]
==> quorem ((axb, ¢), (a*xq + axr div ¢, a*xr mod c))

(proof)

lemma zdiv-zmulti-eq: (axbd) div ¢ = ax(b div ¢) + ax(b mod ¢) div (c::int)

(proof)

lemma zmod-zmulti-eq: (axb) mod ¢ = ax(b mod ¢) mod (c::int)

(proof)

lemma zmod-zmultl-eq”: (axb) mod (c::int) = ((a mod ¢) * b) mod ¢
(proof)

lemma zmod-zmult-distrib: (axb) mod (c::int) = ((a mod ¢) * (b mod ¢)) mod c

(proof)

lemma zdiv-zmult-self! [simp]: b # (0::int) ==> (axb) div b = a
(proof)

lemma zdiv-zmult-self2 [simp]: b # (0::int) ==> (bxa) div b = a
(proof)

lemma zmod-zmult-selfl [simp]: (axb) mod b = (0::int)
(proof)

lemma zmod-zmult-self2 [simp]: (bxa) mod b = (0::int)

{proof)

lemma zmod-eg-0-iff: (m mod d = 0) = (EX q::int. m = dxq)
(proof)

lemmas zmod-eq-0D = zmod-eq-0-iff [THEN iffD1]
declare zmod-eq-0D [dest!|

proving (a+b) div ¢ = a div ¢ + b div ¢ + ((a mod ¢ + b mod c) div ¢)

lemma zadd1-lemma:

[| quorem((a,c),(ag,ar)); quorem((b,c),(bg,br)); ¢ # 0 ||
==> quorem ((a+b, c), (ag + bq + (ar+br) div ¢, (ar+br) mod c))

(proof)

lemma zdiv-zaddI-eq:
(a+b) div (cint) = a div ¢ + b div ¢ + ((@ mod ¢ + b mod ¢) div ¢)
(proof)

lemma zmod-zadd1-eq: (a+b) mod (c::int) = (a mod ¢ + b mod ¢) mod ¢
(proof)
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lemma mod-div-trivial [simp]: (a mod b) div b = (0::int)

{proof)

lemma mod-mod-trivial [simp]: (a mod b) mod b = a mod (b::int)

(proof)

lemma zmod-zadd-left-eq: (a+b) mod (c::int) = ((a mod ¢) + b) mod ¢
(proof)

lemma zmod-zadd-right-eq: (a+b) mod (c::int) = (a + (b mod ¢)) mod ¢
(proof )

lemma zdiv-zadd-selfl [simp]: a # (0::int) ==> (a+b) div a = b div a + 1
(proof)

lemma zdiv-zadd-self2[simp]: a # (0::int) ==> (b+a) div a = b div a + 1
(proof)

lemma zmod-zadd-self1 [simp]: (a+b) mod a = b mod (a::int)

(proof)

lemma zmod-zadd-self2[simp]: (b+a) mod a = b mod (a::int)

{proof)

29.12 Proving a div (b * ¢) = a div b div ¢

first, four lemmas to bound the remainder for the cases bj0 and b;0

lemma zmult2-lemma-auzl: || (0:int) < ¢; b <1y 7 < 0] ==> bxc < bx(q
mod ¢) + r
(proof)
lemma zmult2-lemma-auz?2:
[| (0int) < ¢; b<r, r<0]|]==>bx*x(gmodc)+1<20
(proof )
lemma zmult2-lemma-auzs: [| (0:zint) < ¢; 0 <71, r<b|==>0<bx(g
mod ¢) + r
(proof )
lemma zmult2-lemma-auz: [| (0:int) < ¢; 0 < r;r < b || ==> b * (¢ mod c)
+r<bxc
(proof)

lemma zmult2-lemma: || quorem ((a,b), (¢,r)); b # 0; 0 < ¢ ||
==> quorem ((a, bxc), (q div ¢, bx(q mod c) + r))
(proof)

lemma zdiv-zmult2-eq: (0::int) < ¢ ==> a div (bxc) = (a div b) div ¢

{proof)
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lemma zmod-zmult2-eq:

(0::int) < ¢ ==> a mod (bxc) = bx(a div b mod ¢) + a mod b
(proof)
29.13 Cancellation of Common Factors in div

lemma zdiv-zmult-zmultl-auxl:

[| (0:int) < b; ¢ # 0 |] ==> (cxa) div (¢xb) = a div b
(proof )
lemma zdiv-zmult-zmult1-auz?2:
[| b < (0:int); ¢ # 0 |] ==> (cxa) div (cxb) = a div b
(proof )
lemma zdiv-zmult-zmultl: ¢ # (0::int) ==> (cxa) div (cxb) = a div b
(proof )

lemma zdiv-zmult-zmult2: ¢ # (0::int) ==> (axc) div (bxc) = a div b

(proof)

29.14 Distribution of Factors over mod

lemma zmod-zmult-zmultl-auzl :

[| (0::int) < b; ¢ # 0 ]] ==> (cxa) mod (cxb) = ¢ * (a mod b)
(proof)
lemma zmod-zmult-zmultl-auz?:

[| b < (0::int); ¢ # 0 ]] ==> (cxa) mod (cxb) = ¢ * (a mod b)
(proof )

lemma zmod-zmult-zmultl: (cxa) mod (cxb) = (c:int) * (a mod b)

(proof)

lemma zmod-zmult-zmult2: (axc) mod (bxc) = (a mod b) * (c::int)
(proof)

29.15 Splitting Rules for div and mod

The proofs of the two lemmas below are essentially identical

lemma split-pos-lemma:
0<k ==>

311

P(ndivk ::int)(n mod k) = (Vij. 0<j & j<k & n=kxi +j ——> Pij)

(proof)

lemma split-neg-lemma:
k<0 ==>

P(n divk ::int)(n mod k) = (Vij. k<j & j<0 & n = kxi + j ——> P ij)

(proof)
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lemma split-zdiv:
P(n divk :: int) =
(k=0—-——>P0)&
(0<k ——> (Vij. 0<j & j<k & n=kxi +j ——> Pi)) &
(k<0 ——> (Vij. k<j & j<0 & n = kxi + j ——> P 1i)))
(proof )

lemma split-zmod:
P(n mod k :: int) =
(k=0-—>Pn)&
(0<k ——> (Vij. 0<j & j<k&n=kxi+j——>Pj) &
(k<0 ——> (Vij. k<j & j<0 & n =kxi + j —> Pj)))
(proof )

declare split-zdiv [of - - number-of k, simplified, standard, arith-split]
declare split-zmod [of - - number-of k, simplified, standard, arith-split]

29.16 Speeding up the Division Algorithm with Shifting

computing div by shifting

lemma pos-zdiv-mult-2: (0::int) < a ==> (1 + 2xb) div (2%a) = b div a
(proof)

lemma neg-zdiv-mult-2: a < (0::int) ==> (1 + 2xb) div (2xa) = (b+1) div a
{proof)

lemma not-0-le-lemma: ~ 0 < z ==> z < (0::int)

{proof)

lemma zdiv-number-of-BIT [simp]:
number-of (v BIT b) div number-of (w BIT bit.B0) =
(if b=bit.B0O | (0::int) < number-of w
then number-of v div (number-of w)
else (number-of v + (1::int)) div (number-of w))
(proof)

29.17 Computing mod by Shifting (proofs resemble those for
div)
lemma pos-zmod-mult-2:
(0:int) < a ==> (1 + 2xb) mod (2%a) =1 + 2 x (b mod a)
(proof)

lemma neg-zmod-mult-2:
a < (0:int) ==> (1 + 2%b) mod (2xa) = 2 * ((b+1) mod a) — 1



THEORY “IntDiv” 313

(proof)

lemma zmod-number-of-BIT [simp):
number-of (v BIT b) mod number-of (w BIT bit.B0) =
(case b of
bit. B0 => 2 x (number-of v mod number-of w)
| bit.B1 => if (0::int) < number-of w
then 2 * (number-of v mod number-of w) + 1
else 2 x ((number-of v + (1::int)) mod number-of w) — 1)

(proof)

29.18 Quotients of Signs

lemma div-neg-pos-less0: [| a < (0::int); 0 < b || ==>adivb <0
(proof )

lemma div-nonneg-neg-le0: [| (0::int) < a; b < 0| ==>adivdb <0
(proof )

lemma pos-imp-zdiv-nonneg-iff: (0::int) < b ==> (0 < a div b) = (0 < a)
(proof)
lemma neg-imp-zdiv-nonneg-iff :
b < (0:int) ==> (0 < a div b) = (a < (0::int))
(proof)

lemma pos-imp-zdiv-neg-iff: (0::int) < b ==> (a div b < 0) = (a < 0)

(proof)

lemma neg-imp-zdiv-neg-iff: b < (0::int) ==> (a div b < 0) = (0 < a)

{(proof)

29.19 The Divides Relation

lemma zdvd-iff-zmod-eq-0: (m dvd n) = (n mod m = (0::int))
(proof)

lemma zdvd-0-right [iff]: (m::int) dvd 0
(proof)

lemma zdvd-0-left [iff]: (0 dvd (m::int)) = (m = 0)
{proof)

lemma zdvd-1-left [iff]: 1 dvd (m::int)
{proof)

lemma zdvd-refl [simp]: m dvd (m::int)
(proof)
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lemma zdvd-trans: m dvd n ==> n dvd k ==> m dvd (k:int)
(proof)

lemma zdvd-zminus-iff: (m dvd —n) = (m dvd (n::int))
(proof)

lemma zdvd-zminus2-iff: (—m dvd n) = (m dvd (n:int))
{proof)

lemma zdvd-anti-sym:
0<m==>0<n==>mdvdn==>ndvdm==>m = (n:int)
(proof)

lemma zdvd-zadd: k dvd m ==> k dvd n ==> k dvd (m + n :: int)
(proof)

lemma zdvd-zdiff: k dvd m ==> k dvd n ==> k dvd (m — n :: int)
{proof)

lemma zdvd-zdiff D: k dvd m — n ==> k dvd n ==> k dvd (m::int)
(proof)

lemma zdvd-zmult: k dvd (n:int) ==> k dvd m * n
{proof)

lemma zdvd-zmult2: k dvd (m:int) ==> k dvd m * n
(proof )

lemma zdvd-triv-right [iff]: (k::int) dvod m x k
{proof)

lemma zdvd-triv-left [iff]: (k::int) dvd k * m
{proof )

lemma zdvd-zmultD2: j * k dvd n ==> j dvd (n::int)
{proof)

lemma zdvd-zmultD: j * k dvd n ==> k dvd (n::int)
{proof )

lemma zdvd-zmult-mono: i dvd m ==> j dvd (n:int) ==> i % jdvd m * n
(proof )

lemma zdvd-reduce: (k dvd n + k x m) = (k dvd (n::int))
{proof)

lemma zdvd-zmod: f dvd m ==> f dvd (n::int) ==> f dvd m mod n

(proof)
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lemma zdvd-zmod-imp-zdvd: k dvd m mod n ==> k dvd n ==> k dvd (m::int)
{proof)

lemma zdvd-not-zless: 0 < m ==> m < n ==> = n dvd (m:int)
(proof)

lemma int-dvd-iff: (int m dvd z) = (m dvd nat (abs z))
{proof)

lemma dvd-int-iff: (z dvd int m) = (nat (abs z) dvd m)
(proof)

lemma nat-dvd-iff : (nat z dvd m) = (if 0 < z then (z dvd int m) else m = 0)
{proof)

lemma zminus-dvd-iff [iff]: (—z dvd w) = (z dvd (w::int))

{proof)

lemma dvd-zminus-iff [iff]: (z dvd —w) = (z dvd (w::int))
{proof)

lemma zdvd-imp-le: [| z dvd n; 0 < n || ==> z < (n::int)
{proof)

29.20 Integer Powers

instance int :: power (proof)

primrec
p 0=1
p " (Suc n) = (pint) x (p

n)

instance int :: recpower

(proof)

lemma zpower-zmod: ((z::int) mod m) "y mod m = z"y mod m

(proof)

lemma zpower-zadd-distrib: " (y+z) = ((z"y)*(z"2)::int)
{proof)

lemma zpower-zpower: (z'y) "z = (x"(y*z)::int)
(proof)

lemma zero-less-zpower-abs-iff [simp]:
(0 < (abs z)"n) = (z # (0::int) | n=0)
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(proof)

lemma zero-le-zpower-abs [simp]: (0::int) <= (abs z) "n

(proof)

lemma int-power: int (m™n) = (int m) “n
(proof)

Compatibility binding

lemmas zpower-int = int-power [symmetric]

lemma zdiv-int: int (a div b) = (int a) div (int b)

(proof)
lemma zmod-int: int (a mod b) = (int a) mod (int b)
(proof)

Suggested by Matthias Daum

lemma int-power-div-base:
[0<m; 0<k] =k "mdivk = (k:int) ~ (m — Suc 0)
(proof)

(ML)

end

30 NatBin: Binary arithmetic for the natural num-
bers

theory NatBin
imports IntDiv
begin

Arithmetic for naturals is reduced to that for the non-negative integers.

instance nat :: number (proof)

defs (overloaded)
nat-number-of-def
(number-of ::bin => nat) v == nat ((number-of :: bin => int) v)
30.1 Function nat: Coercion from Type int to nat
declare nat-0 [simp] nat-1 [simp]

lemma nat-number-of [simp]: nat (number-of w) = number-of w
(proof)
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lemma nat-numeral-0-eq-0 [simp]: Numeral0 = (0::nat)
(proof)

lemma nat-numeral-1-eq-1 [simp]: Numerall = (1::nat)

(proof)

lemma numeral-1-eq-Suc-0: Numerall = Suc 0
(proof)

lemma numeral-2-eq-2: 2 = Suc (Suc 0)

(proof)

Distributive laws for type nat. The others are in theory IntArith, but these
require div and mod to be defined for type ”int”. They also need some of
the lemmas proved above.

lemma nat-div-distrib: (0::int) <= z ==> nat (z div z') = nat z div nat 2’
(proof)

lemma nat-mod-distrib:
[| (0:int) <= z; 0 <= 2z’ |] ==> nat (z mod z) = nat z mod nat z’
(proof)

Suggested by Matthias Daum

lemma int-div-less-self: [0 < z; 1 < k] = z div k < (z:int)

(proof)

30.2 Function int: Coercion from Type nat to int

lemma int-nat-number-of [simp]:
int (number-of v :: nat) =
(if neg (number-of v :: int) then 0
else (number-of v :: int))
(proof)

30.2.1 Successor

lemma Suc-nat-eq-nat-zadd1: (0::int) <= z ==> Suc (nat z) = nat (1 + 2)
(proof)

lemma Suc-nat-number-of-add:
Suc (number-of v + n) =
(if neg (number-of v :: int) then 1+4n else number-of (bin-succ v) + n)
(proof)

lemma Suc-nat-number-of [simp]:
Suc (number-of v) =
(if neg (number-of v :: int) then 1 else number-of (bin-succ v))
(proof)
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30.2.2 Addition

lemma add-nat-number-of [simp]:
(number-of v :: nat) + number-of v’ =
(if neg (number-of v :: int) then number-of v’
else if neg (number-of v’ :: int) then number-of v
else number-of (bin-add v v'))
(proof)

30.2.3 Subtraction

lemma diff-nat-eq-if :
nat z — nat 2’ =
(if neg z’ then nat z
else let d = 2—z" in
if neg d then 0 else nat d)
(proof)

lemma diff-nat-number-of [simp]:
(number-of v :: nat) — number-of v’ =
(if neg (number-of v’ :: int) then number-of v
else let d = number-of (bin-add v (bin-minus v')) in
if neg d then 0 else nat d)
(proof)

30.2.4 Multiplication

lemma mult-nat-number-of [simp]:
(number-of v :: nat) * number-of v’ =
(if neg (number-of v :: int) then 0 else number-of (bin-mult v v'))

(proof)

30.2.5 Quotient

lemma div-nat-number-of [simp]:
(number-of v :: nat) div number-of v/ =
(if neg (number-of v :: int) then 0
else nat (number-of v div number-of v’))
(proof)

lemma one-div-nat-number-of [simp]:
(Suc 0) div number-of v/ = (nat (1 div number-of v'))
(proof )

30.2.6 Remainder

lemma mod-nat-number-of [simp]:
(number-of v :: nat) mod number-of v’ =
(if neg (number-of v :: int) then 0
else if neg (number-of v’ :: int) then number-of v
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else nat (number-of v mod number-of v'))
(proof)

lemma one-mod-nat-number-of [simp]:
(Suc 0) mod number-of v’ =
(if neg (number-of v’ :: int) then Suc 0
else nat (1 mod number-of v'))
(proof )

(ML)

30.3 Comparisons
30.3.1 Equals (=)
lemma eg-nat-nat-iff:
[| (0:int) <= z; 0 <= z'|] ==> (nat z = nat z’) = (z=2)
(proof )

lemma eg-nat-number-of [simp]:
((number-of v :: nat) = number-of v’) =
(if neg (number-of v :: int) then (iszero (number-of v’ :: int) | neg (number-of
v’ int))
else if neg (number-of v’ :: int) then iszero (number-of v :: int)
else iszero (number-of (bin-add v (bin-minus v')) :: int))

(proof)

30.3.2 Less-than (j)

lemma less-nat-number-of [simp]:
((number-of v :: nat) < number-of v') =
(if neg (number-of v :: int) then neg (number-of (bin-minus v’) :: int)
else neg (number-of (bin-add v (bin-minus v’)) :: int))

{(proof)

lemmas numerals = nat-numeral-0-eq-0 nat-numeral-1-eq-1 numeral-2-eq-2

30.4 Powers with Numeric Exponents

We cannot refer to the number 2::’a in Ring-and-Field.thy. We cannot
prove general results about the numeral —1::’a, so we have to use — (1::'a)
instead.
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lemma power2-eq-square: (a::'a::{ comm-semiring-1-cancel,recpower’})? = a * a

{proof)

lemma zero-power2 [simpl: (0::'a::{ comm-semiring-1-cancel ,recpower})? = 0

(proof)

lemma one-power2 [simp]: (1::'a::{ comm-semiring-1-cancel,recpower})? = 1

{proof)

lemma power3-eq-cube: (x::'a:recpower) 8 = & % T * T
(proof )

Squares of literal numerals will be evaluated.

lemmas power2-eq-square-number-of =
power2-eq-square [of number-of w, standard)]
declare power2-eq-square-number-of [simp]

lemma zero-le-power2: 0 < (a?::'a::{ordered-idom,recpower})
(proof)

lemma zero-less-power2:
(0 < a?) = (a # (0::'a::{ordered-idom,recpower}))
(proof )

lemma power2-less-0:
fixes a :: 'a::{ordered-idom,recpower}
shows ~ (a? < 0)

(proof)

lemma zero-eq-power2:
(a®> = 0) = (a = (0:'a::{ordered-idom,recpower}))
{proof)

lemma abs-power2:
abs(a?) = (a®::'a::{ordered-idom,recpower})
{proof)

lemma power2-abs:
(abs a)? = (a®:'a::{ordered-idom,recpower})
(proof)

lemma power2-minus:
(— a)? = (a®:'a::{ comm-ring-1,recpower})
{proof)

lemma power-minusl-even: (— 1) * (2xn) = (1::'a::{ comm-ring-1,recpower})

(proof)
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lemma power-even-eq: (a::'a::recpower) * (2xn) = (a'n) 2

(proof)

lemma power-odd-eq: (a::int) * Suc(2%n) = a * (a"n) "2

(proof )

lemma power-minus-even [simp]:
(—a) " (2xn) = (a:'a::{comm-ring-1,recpower}) * (2xn)
(proof)

lemma zero-le-even-power":
0 < (a:'a::{ordered-idom,recpower}) * (2+n)
(proof)

lemma odd-power-less-zero:
(a::’a::{ordered-idom,recpower}) < 0 ==> a ~ Suc(2xn) < 0

(proof)

lemma odd-0-le-power-imp-0-le:
0 <a " Suc(2xn) ==> 0 < (a::'a:{ordered-idom,recpower})

(proof)

Simprules for comparisons where common factors can be cancelled.

lemmas zero-compare-simps =
add-strict-increasing add-strict-increasing?2 add-increasing
zero-le-mult-iff zero-le-divide-iff
zero-less-mult-iff zero-less-divide-iff
mult-le-0-iff divide-le-0-iff
mult-less-0-iff divide-less-0-iff
zero-le-power2 power2-less-0

30.4.1 Nat

lemma Suc-pred”: 0 < n ==> n = Suc(n — 1)

(proof)

lemmas expand-Suc = Suc-pred’ [of number-of v, standard)]

30.4.2 Arith

lemma Suc-eq-add-numeral-1: Suc n = n + 1

{proof)

lemma Suc-eq-add-numeral-1-left: Sucn =1 + n

(proof)

lemma add-eg-if: (m::nat) + n = (if m=0 then n else Suc ((m — 1) + n))
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(proof)

lemma mult-eg-if: (m::nat) x n = (if m=0 then 0 else n + ((m — 1) % n))

(proof)

lemma power-eg-if: (p " m :: nat) = (if m=0then 1 else p x (p " (m — 1)))
(proof)

30.5 Comparisons involving (0::nat)

Simplification already does n < (0::'a), n < (0::'a) and (0::'a) < n.

lemma eg-number-of-0 [simp]:
(number-of v = (0::nat)) =
(if neg (number-of v :: int) then True else iszero (number-of v :: int))

(proof)

lemma eq-0-number-of [simp]:
((0::nat) = number-of v) =
(if neg (number-of v :: int) then True else iszero (number-of v :: int))

(proof)

lemma less-0-number-of [simp]:
((0::nat) < number-of v) = neg (number-of (bin-minus v) :: int)
(proof)

lemma neg-imp-number-of-eq-0: neg (number-of v :: int) ==> number-of v =
(0::nat)
(proof )

30.6 Comparisons involving Suc

lemma eg-number-of-Suc [simp]:
(number-of v = Suc n) =
(let pv = number-of (bin-pred v) in
if neg pv then False else nat pv = n)
(proof)

lemma Suc-eg-number-of [simp):
(Suc n = number-of v) =
(let pv = number-of (bin-pred v) in
if neg pv then False else nat pv = n)
(proof)

lemma less-number-of-Suc [simp):
(number-of v < Suc n) =
(let pv = number-of (bin-pred v) in
if neg pv then True else nat pv < n)
(proof)
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lemma less-Suc-number-of [simp]:
(Suc n < number-of v) =
(let pv = number-of (bin-pred v) in
if neg pv then False else n < nat pv)
(proof)

lemma le-number-of-Suc [simp]:
(number-of v <= Suc n) =
(let pv = number-of (bin-pred v) in
if neg pv then True else nat pv <= n)

{proof)

lemma le-Suc-number-of [simp]:
(Suc n <= number-of v) =
(let pv = number-of (bin-pred v) in
if neg pv then False else n <= nat pv)
(proof)

declare zadd-int [symmetric, simp]

lemma lemmal: (m+m = n+n) = (m = (n::int))
(proof)

lemma lemma2: m+m ~= (1::int) + (n + n)

(proof)

lemma eg-number-of-BIT-BIT:
((number-of (v BIT xz) ::int) = number-of (w BIT y)) =
(z=y & (((number-of v) ::int) = number-of w))

(proof)

lemma eg-number-of-BIT-Pls:
((number-of (v BIT xz) ::int) = Numeral0) =
(z=bit.BO & (((number-of v) ::int) = Numeral0))
(proof)

lemma eg-number-of-BIT-Min:

((number-of (v BIT x) ::int) = number-of Numeral. Min) =
(z=bit.B1 & (((number-of v) ::int) = number-of Numeral.Min))

(proof)

lemma eg-number-of-Pls-Min: (Numeral0 ::int) ~= number-of Numeral.Min

(proof)

323
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30.7 Literal arithmetic involving powers

lemma nat-power-eq: (0::int) <= z ==> nat (z'n) = nat z " n

(proof)

lemma power-nat-number-of :
(number-of v :: nat) “n =
(if neg (number-of v :: int) then 0°n else nat ((number-of v :: int) * n))

(proof)

lemmas power-nat-number-of-number-of = power-nat-number-of [of - number-of
w, standard]
declare power-nat-number-of-number-of [simp)

For the integers

lemma zpower-number-of-even:
(z::int) ~ number-of (w BIT bit.B0) =
(let w =z * (number-of w) in w*w)

(proof)

lemma zpower-number-of-odd:
(z::int) * number-of (w BIT bit.B1) =
(if (0:int) <= number-of w
then (let w = z *~ (number-of w) in zxw*w)
else 1)
(proof)

lemmas zpower-number-of-even-number-of =
zpower-number-of-even [of number-of v, standard)]
declare zpower-number-of-even-number-of [simp]

lemmas zpower-number-of-odd-number-of =

zpower-number-of-odd [of number-of v, standard)]
declare zpower-number-of-odd-number-of [simp]

(ML)
declare split-div[of - - number-of k, standard, arith-split]
declare split-mod|of - - number-of k, standard, arith-split]

lemma nat-number-of-Pls: Numeral0) = (0::nat)
{proof)

lemma nat-number-of-Min: number-of Numeral.Min = (0::nat)
{proof)
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lemma nat-number-of-BIT-1:
number-of (w BIT bit.B1) =
(if neg (number-of w :: int) then 0
else let n = number-of w in Suc (n + n))
(proof )

lemma nat-number-of-BIT-0:
number-of (w BIT bit.B0) = (let n::nat = number-of w in n + n)
{proof)

lemmas nat-number =
nat-number-of-Pls nat-number-of-Min
nat-number-of-BIT-1 nat-number-of-BIT-0

lemma Let-Suc [simp]: Let (Suc n) f == f (Suc n)
(proof)

lemma power-mli-even: (—1) " (2xn) = (1::'a::{number-ring,recpower})

(proof)

lemma power-m1-odd: (—1) ~ Suc(2xn) = (—1::'a::{number-ring,recpower})

(proof)

30.8 Literal arithmetic and of-nat

lemma of-nat-double:
0 <z ==> of-nat (nat (2 * z)) = of-nat (nat z) + of-nat (nat x)
(proof)

lemma nat-numeral-mi-eq-0: —1 = (0::nat)
(proof)

lemma of-nat-number-of-lemma:
of-nat (number-of v :: nat) =
(if 0 < (number-of v :: int)
then (number-of v :: 'a :: number-ring)
else 0)

(proof)

lemma of-nat-number-of-eq [simp]:
of-nat (number-of v :: nat) =
(if neg (number-of v :: int) then 0
else (number-of v :: 'a :: number-ring))

(proof)
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30.9 Lemmas for the Combination and Cancellation Sim-
procs

lemma nat-number-of-add-left:
number-of v + (number-of v/ + (k:nat)) =
(if neg (number-of v :: int) then number-of v’ + k
else if neg (number-of v’ :: int) then number-of v + k
else number-of (bin-add v v') + k)
(proof)

lemma nat-number-of-mult-left:
number-of v x (number-of v’ x (k:nat)) =
(if neg (number-of v :: int) then 0
else number-of (bin-mult v v') * k)
(proof)

30.9.1 For combine-numerals

lemma left-add-mult-distrib: ixu + (jxu + k) = (i+7)*u + (k:nat)
(proof)

30.9.2 For cancel-numerals

lemma nat-diff-add-eq1:
Jj <= (iznat) ==> ((ixu + m) — (jxu + n)) = (((i—j)*u + m) — n)
{proof)

lemma nat-diff-add-eq2:
i <= (junat) ==> ((ixu + m) — (jxu + n)) = (m — ((j—i)xu + n))
(proof)

lemma nat-eq-add-iff1:
Jj <= (iznat) ==> (ixu + m = jxu + n) = ((i—j)*u + m = n)
(proof )

lemma nat-eq-add-iff2:
i <= (junat) ==> (ixu + m = jxu + n) = (m = (j—i)*u + n)

(proof)

lemma nat-less-add-iff1:
Jj <= (iunat) ==> (ixu + m < jxu + n) = ((i—j)*u + m < n)

(proof)

lemma nat-less-add-iff2:
i <= (jinat) ==> (ixu + m < jxu + n) = (m < (j—i)*u + n)
(proof)

lemma nat-le-add-iff1:
Jj <= (iznat) ==> (ixu + m <= jxu + n) = ((i—j)*u + m <= n)
(proof)
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lemma nat-le-add-iff2:
i <= (junat) ==> (ixu + m <= jxu + n) = (m <= (j—i)*u + n)

(proof)

30.9.3 For cancel-numeral-factors

lemma nat-mult-le-cancell: (0:nat) < k ==> (kxm <= kxn) = (m<=n)

{(proof)

lemma nat-mult-less-cancell: (0:nat) < k ==> (kxm < kxn) = (m<n)
(proof)

lemma nat-mult-eq-cancell: (0::nat) < k ==> (kxm = kxn) = (m=n)
(proof )

lemma nat-mult-div-cancell: (0::nat) < k ==> (kxm) div (kxn) = (m div n)
(proof)

30.9.4 For cancel-factor

lemma nat-mult-le-cancel-disj: (kxm <= kxn) = ((0::nat) < k ——> m<=n)

(proof)

lemma nat-mult-less-cancel-disj: (kxm < kxn) = ((0::nat) < k & m<n)

(proof)

lemma nat-mult-eqg-cancel-disj: (kxm = kxn) = (k = (0:nat) | m=n)
(proof)

lemma nat-mult-div-cancel-disj:
(kxm) div (kxn) = (if k = (0::nat) then 0 else m div n)
(proof)

(ML)

31 NatSimprocs: Simprocs for the Naturals

theory NatSimprocs

imports NatBin

uses int-factor-simprocs. ML nat-simprocs. ML
begin

(ML)
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31.1 For simplifying Suc m — K and K — Suc m

Where K above is a literal

lemma Suc-diff-eq-diff-pred: Numeral) < n ==> Sucm —n =m — (n — Nu-
merall)

(proof)

Now just instantiating n to number-of v does the right simplification, but
with some redundant inequality tests.

lemma neg-number-of-bin-pred-iff-0:
neg (number-of (bin-pred v)::int) = (number-of v = (0::nat))
(proof)

No longer required as a simprule because of the inverse-fold simproc

lemma Suc-diff-number-of

neg (number-of (bin-minus v)::int) ==>
Suc m — (number-of v) = m — (number-of (bin-pred v))
(proof)

lemma diff-Suc-eq-diff-pred: m — Sucn=(m — 1) — n
(proof)

31.2 For nat-case and nat-rec

lemma nat-case-number-of [simp]:
nat-case a f (number-of v) =
(let pv = number-of (bin-pred v) in
if neg pv then a else f (nat pv))
(proof)

lemma nat-case-add-eq-if [simp):
nat-case a f ((number-of v) + n) =
(let pv = number-of (bin-pred v) in
if neg pv then nat-case a fn else f (nat pv + n))
(proof)

lemma nat-rec-number-of [simp]:
nat-rec a f (number-of v) =
(let pv = number-of (bin-pred v) in
if neg pv then a else f (nat pv) (nat-rec a f (nat pv)))
(proof)

lemma nat-rec-add-eq-if [simp]:
nat-rec a f (number-of v + n) =
(let pv = number-of (bin-pred v) in
if neg pv then nat-rec a fn
else f (nat pv + n) (nat-rec a f (nat pv + n)))
(proof)
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31.3 Various Other Lemmas
31.3.1 Evens and Odds, for Mutilated Chess Board

Lemmas for specialist use, NOT as default simprules
lemma nat-mult-2: 2 x z = (z+z:nat)

(proof)

lemma nat-mult-2-right: z * 2 = (z+z::nat)

(proof)

Case analysis on n < (2::/a)

lemma less-2-cases: (n:nat) < 2 ==>n =0 | n = Suc 0

(proof)

lemma div2-Suc-Suc [simp]: Suc(Suc m) div 2 = Suc (m div 2)
(proof)

lemma add-self-div-2 [simp]: (m + m) div 2 = (m:nat)
(proof)

lemma mod2-Suc-Suc [simp]: Suc(Suc(m)) mod 2 = m mod 2

(proof)

lemma mod2-gr-0 [simp]: 'm:nat. (0 < m mod 2) = (m mod 2 = 1)
(proof)

31.3.2 Removal of Small Numerals: 0, 1 and (in additive posi-
tions) 2

lemma add-2-eq-Suc [simp]: 2 + n = Suc (Suc n)

(proof )

lemma add-2-eq-Suc’ [simp]: n + 2 = Suc (Suc n)
(proof)

Can be used to eliminate long strings of Sucs, but not by default
lemma Suc8-eq-add-3: Suc (Suc (Suc n)) =3 +n
(proof)

These lemmas collapse some needless occurrences of Suc: at least three Sucs,
since two and fewer are rewritten back to Suc again! We already have some
rules to simplify operands smaller than 3.

lemma div-Suc-eg-div-add3 [simp]: m div (Suc (Suc (Suc n))) = m div (3+n)
(proof)

lemma mod-Suc-eq-mod-add3 [simp]: m mod (Suc (Suc (Sucn))) = m mod (8+n)
(proof)
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lemma Suc-div-eq-add3-div: (Suc (Suc (Suc m))) div n = (3+m) div n
(proof)

lemma Suc-mod-eq-add3-mod: (Suc (Suc (Suc m))) mod n = (8+m) mod n
(proof)

lemmas Suc-div-eq-add3-div-number-of =
Suc-div-eq-add3-div [of - number-of v, standard)
declare Suc-div-eq-addS-div-number-of [simp)

lemmas Suc-mod-eq-add3-mod-number-of =
Suc-mod-eq-add3-mod [of - number-of v, standard]
declare Suc-mod-eg-add3-mod-number-of [simp)

31.4 Special Simplification for Constants

These belong here, late in the development of HOL, to prevent their interfer-
ing with proofs of abstract properties of instances of the function number-of

These distributive laws move literals inside sums and differences.

lemmas left-distrib-number-of = left-distrib [of - - number-of v, standard)
declare left-distrib-number-of [simp]

lemmas right-distrib-number-of = right-distrib [of number-of v, standard]
declare right-distrib-number-of [simp]

lemmas left-diff-distrib-number-of =
left-diff-distrib [of - - number-of v, standard)]
declare left-diff-distrib-number-of [simp]

lemmas right-diff-distrib-number-of =
right-diff-distrib [of number-of v, standard)
declare right-diff-distrib-number-of [simp]

These are actually for fields, like real: but where else to put them?

lemmas zero-less-divide-iff-number-of =
zero-less-divide-iff [of number-of w, standard)
declare zero-less-divide-iff-number-of [simp)

lemmas divide-less-0-iff-number-of =
divide-less-0-iff [of number-of w, standard]
declare divide-less-0-iff-number-of [simp]

lemmas zero-le-divide-iff-number-of =
zero-le-divide-iff [of number-of w, standard)]
declare zero-le-divide-iff-number-of [simp]
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lemmas divide-le-0-iff-number-of =
divide-le-0-iff [of number-of w, standard)
declare divide-le-0-iff-number-of [simp]

Replaces inverse #nn by 1 /#nn. It looks strange, but then other simprocs
simplify the quotient.

lemmas inverse-eq-divide-number-of =
inverse-eq-divide [of number-of w, standard)
declare inverse-eq-divide-number-of [simp]

These laws simplify inequalities, moving unary minus from a term into the
literal.

lemmas less-minus-iff-number-of =
less-minus-iff [of number-of v, standard)]
declare less-minus-iff-number-of [simp]

lemmas le-minus-iff-number-of =
le-minus-iff [of number-of v, standard)
declare le-minus-iff-number-of [simp]

lemmas equation-minus-iff-number-of =
equation-minus-iff [of number-of v, standard]
declare equation-minus-iff-number-of [simp]

lemmas minus-less-iff-number-of =
minus-less-iff [of - number-of v, standard]
declare minus-less-iff-number-of [simp]

lemmas minus-le-iff-number-of =
minus-le-iff [of - number-of v, standard)]
declare minus-le-iff-number-of [simp]

lemmas minus-equation-iff-number-of =
minus-equation-iff [of - number-of v, standard]
declare minus-equation-iff-number-of [simp]
These simplify inequalities where one side is the constant 1.
lemmas less-minus-iff-1 = less-minus-iff [of 1, simplified)

declare less-minus-iff-1 [simp]

lemmas le-minus-iff-1 = le-minus-iff [of 1, simplified]
declare le-minus-iff-1 [simp]

lemmas equation-minus-iff-1 = equation-minus-iff [of 1, simplified]
declare equation-minus-iff-1 [simp]

lemmas minus-less-iff-1 = minus-less-iff [of - 1, simplified]
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declare minus-less-iff-1 [simp]

lemmas minus-le-iff-1 = minus-le-iff [of - 1, simplified)
declare minus-le-iff-1 [simp]

lemmas minus-equation-iff-1 = minus-equation-iff [of - 1, simplified]
declare minus-equation-iff-1 [simp]
Cancellation of constant factors in comparisons (< and <)

lemmas mult-less-cancel-left-number-of =
mult-less-cancel-left [of number-of v, standard)
declare mult-less-cancel-left-number-of [simp)

lemmas mult-less-cancel-right-number-of =
mult-less-cancel-right [of - number-of v, standard)]
declare mult-less-cancel-right-number-of [simp)

lemmas mult-le-cancel-left-number-of =
mult-le-cancel-left [of number-of v, standard]
declare mult-le-cancel-left-number-of [simp]

lemmas mult-le-cancel-right-number-of =
mult-le-cancel-right [of - number-of v, standard)
declare mult-le-cancel-right-number-of [simp]

Multiplying out constant divisors in comparisons (<, < and =)

lemmas le-divide-eg-number-of = le-divide-eq [of - - number-of w, standard]
declare le-divide-eg-number-of [simp)

lemmas divide-le-eg-number-of = divide-le-eq [of - number-of w, standard]
declare divide-le-eq-number-of [simp]

lemmas less-divide-eqg-number-of = less-divide-eq [of - - number-of w, standard)
declare less-divide-eq-number-of [simp]

lemmas divide-less-eq-number-of = divide-less-eq [of - number-of w, standard)
declare divide-less-eq-number-of [simp]

lemmas eg-divide-eq-number-of = eq-divide-eq [of - - number-of w, standard)
declare eq-divide-eq-number-of [simp]

lemmas divide-eq-eq-number-of = divide-eq-eq [of - number-of w, standard)
declare divide-eg-eq-number-of [simp]

31.5 Optional Simplification Rules Involving Constants

Simplify quotients that are compared with a literal constant.

lemmas le-divide-eq-number-of = le-divide-eq [of number-of w, standard)]
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lemmas divide-le-eg-number-of = divide-le-eq [of - - number-of w, standard]
lemmas less-divide-eqg-number-of = less-divide-eq [of number-of w, standard]
lemmas divide-less-eq-number-of = divide-less-eq [of - - number-of w, standard)]
lemmas eq-divide-eq-number-of = eq-divide-eq [of number-of w, standard]
lemmas divide-eq-eq-number-of = divide-eq-eq [of - - number-of w, standard)

Not good as automatic simprules because they cause case splits.
lemmas divide-const-simps =
le-divide-eq-number-of divide-le-eq-number-of less-divide-eg-number-of
divide-less-eq-number-of eq-divide-eq-number-of divide-eq-eq-number-of
le-divide-eq-1 divide-le-eq-1 less-divide-eq-1 divide-less-eq-1

31.5.1 Division By —1
lemma divide-minus1 [simp):

x/—1 = —(z::'a::{field, division-by-zero,number-ring } )
(proof)

lemma minusI-divide [simp]:
—1 / (z:'a:{field,division-by-zero,number-ring}) = — (1/z)
(proof)

lemma half-gt-zero-iff :
(0 <r/2)=(0 < (r:'a:{ordered-field,division-by-zero,number-ring }))
(proof)

lemmas half-gt-zero = half-gt-zero-iff [THEN iffD2, simp]

lemma nat-dvd-not-less:
[0 <m;m<nl|]==>-ndvd (m:nat)
(proof )

(ML)

end

32 Presburger: Presburger Arithmetic: Cooper’s
Algorithm

theory Presburger

imports NatSimprocs SetInterval

uses (cooper-dec. ML) (cooper-proof . ML) (qelim.ML)
(reflected-presburger. ML) (reflected-cooper. ML) (presburger. ML)

begin

Theorem for unitifying the coeffitients of z in an existential formula
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theorem unity-coeff-ex: (z::int. P (I x x)) = (. I dvd (1xx+0) A P x)
{proof)

lemma uminus-dvd-conv: (d dvd (t::int)) = (—d dvd t)
(proof)

lemma uminus-dvd-conv”: (d dvd (t::int)) = (d dvd —t)
(proof)

Theorems for the combination of proofs of the equality of P and P-m for
integers x less than some integer z.

theorem eg-minf-conjl: Iz1int. V. v < 21 — (Al v = A22) =
Jz22uint. Vo, © < 22 — (Bl © = B22) =
Jzuint. Vo, o < 2 — ((Alz A Bl z) = (A2 2 N B2 x))

{proof)

theorem eg-minf-disjl: 3z1:int. V. x < 21 — (Al z = A21) =
J22:int. Vo, © < 22 — (Bl ¢ = B2 2) =
Jzumt. Ve, 2 <z — ((Alz vV Bl z) = (A22 V B2 1))

(proof)

Theorems for the combination of proofs of the equality of P and P-m for
integers = greather than some integer 2.
theorem eg-pinf-conjl: Iz1:int. V. 21 <z — (Al z = A22) =

J22:int. Va. 22 <o — (Bl z = B22) =
Fzuint. Vo, z <z — (Al 2 A Bl z) = (A2 2 A B2 1))

{proof)

theorem eg-pinf-disjI: Iz1::int. V. 21 < z — (Al z = A2 z) =
J22:int. Va. 22 < x — (Bl ¢ = B22) =
Jzuint. Ve, z <z — (Al z VvV Bl z) = (A2 1z V B2x))

{proof)

Theorems for the combination of proofs of the modulo D property for P
plusinfinity
FIXME: This is THE SAME theorem as for the minusinf version, but with
+k.. instead of —k.. In the future replace these both with only one.
theorem modd-pinf-conjl: ¥ (z::int) k. A x = A (z+kxd) =

V(z::int) k. Bz = B (z+kxd) =

V (z::int) (k:int). (A 2 A Bz) = (A (z4+kxd) A B (x+kxd))

(proof)

theorem modd-pinf-disjl: ¥ (z::int) k. A ¢ = A (z+k+d) =
YV (z::int) k. Bx = B (z+k*xd) =
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YV (z:zint) (kint). (A 2V Bz) = (A (z+kxd) V B (z+kxd))
{proof)

This is one of the cases where the simplifed formula is prooved to habe some
property (in relation to P-m) but we need to prove the property for the
original formula (P-m)

FIXME: This is exaclty the same thm as for minusinf.
lemma pinf-simp-eq: ALL z. P(z) = Q(z) ==> (EX (x:uint). P(z)) ——> (EX
(z:int). F(z)) ==> (EX (z:int). Q(z)) ——> (EX (x:int). F(x))

{proof )

Theorems for the combination of proofs of the modulo D property for P
minusinfinity
theorem modd-minf-congl: ¥ (z::int) k. A v = A (z—kxd) =

YV (z:zint) k. Bx = B (z—kxd) =

V (z:zint) (kint). (A z A Bz) = (A (z—kxd) A B (z—kxd))

(proof )

theorem modd-minf-disjl: ¥V (xz:int) k. A x = A (z—k*xd) =
YV (z::int) k. Bx = B (z—kxd) =
Y (z:zint) (kint). (A z vV Bz) = (A (z—kxd) V B (z—kxd))
{proof)

This is one of the cases where the simplifed formula is prooved to have some
property (in relation to P-m) but we need to prove the property for the
original formula (P-m).
lemma minf-simp-eq: ALL z. P(z) = Q(z) ==> (EX (z:int). P(z)) ——> (EX
(zint). F(z)) ==> (EX (z:int). Q(z)) ——> (EX (zuint). F(z))

(proof)

Theorem needed for proving at runtime divide properties using the arith-
metic tactic (which knows only about modulo = 0).

lemma zdvd-iff-zmod-eq-0: (m dvd n) = (n mod m = (0::int))
{proof)

Theorems used for the combination of proof for the backwards direction of
Cooper’s Theorem. They rely exclusively on Predicate calculus.

lemma not-ast-p-disjl: (ALL x. Q(x::int) A ~(EX (j:int) : {1..d}. EX (a::int)
:A. Q(a — j)) ——> P1(xz) ——> P1(z + d))
==>
(ALL z. Q(x:int) A ~(EX (juint) : {1..d}. EX (auzint) : A. Q(a — j)) ——>
P2(z) ——> P2(z + d))
==>
(ALL z. Q(z:zint) A~ (EX (j:int) : {1..d}. EX (azint) : A. Q(a — 7)) ——>(P1(x)
V P2(z)) ——> (P1(z + d) V P2(z + d)))

{proof)
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lemma not-ast-p-congl: (ALL z. Q(z::int) A ~(EX (j:zint) : {1..d}. EX (a::int)
: A. Q(a—j)) ——> P1(z) ——> Pi(z + d))
==>
(ALL z. Q(z:int) A ~(EX (juint) @ {1..d}. EX (azint) : A. Q(a — j)) ——>
P2(z) ——> P2(z + d))
==>
(ALL z. Q(z::int) A ~(EX (j:zint) : {1..d}. EX (aint) : A. Q(a — 7)) ——>(P1(x)
A P2(z)) ——> (P1(z + d)
A P2(z + d)))

(proof)

lemma not-ast-p-Q-elim:
(ALL z. Q(z::int) A ~(EX (juint) : {1..d}. EX (azint) : A. Q(a — j)) ——>P(z)
——> P(z + d))
==>(P=Q)
==> (ALL z. ~(EX (j:int) : {1..d}. EX (a:int) : A. P(a — j)) ——>P(z) —>
P(z + d))

{proof)

Theorems used for the combination of proof for the backwards direction of
Cooper’s Theorem. They rely exclusively on Predicate calculus.

lemma not-bst-p-disjl: (ALL x. Q(z::int) A ~(EX (juint) : {1..d}. EX (b:int) :
B. Q(b+j)) ——> P1(z) ——> PI1(z — d))
==>
(ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (bzint) : B. Q(b+y)) ——> P2(z)
——> P2(z — d))
==>
(ALL . Q(z:zint) A ~(EX (juint) : {1..d}. EX (b:int) : B. Q(b+j)) ——>(P1(z)
vV P2(z)) ——> (P1(z — d)
V P2(z—d)))

{proof)

lemma not-bst-p-conjl: (ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (b:int)
: B. Q(b+j)) ——> P1(z) ——> P1(z — d)

==>

(ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (bzint) : B. Q(b+y)) ——> P2(z)
——> P2(z — d))

==>

(ALL . Q(z:zint) A ~(EX (juint) : {1..d}. EX (b:int) : B. Q(b+j)) ——>(P1(z)
A P2(z)) ——> (P1(z — d)
A P2(z—d)))

{proof)

lemma not-bst-p-Q-elim:

(ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (bzint) : B. Q(b+j)) ——>P(z)
——> P(z — d))
==>(P=0Q)
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==> (ALL z. ~“(EX (juint) : {1..d}. EX (b::int) : B. P(b+j)) ——>P(z) ——>
P(z — d))
{proof)

This is the first direction of Cooper’s Theorem.
lemma cooper-thm: (R ——> (EX z:int. P x)) ==> (Q ——>(EX zuint. Pz
)) ==> ((R|Q) ——> (EX z:int. P z))

{proof )

The full Cooper’s Theorem in its equivalence Form. Given the premises it
is trivial too, it relies exclusively on prediacte calculus.
lemma cooper-eq-thm: (R ——> (EX z:uint. P z)) ==> (Q ——>(EX z::int. P

z)) ==>(("Q)
——> (EX zuint. Px ) ——> R) ==> (EX zuint. P z) = R|Q

{proof)

Some of the atomic theorems generated each time the atom does not depend
on z, they are trivial.
lemma fm-eqg-minf: EX z:int. ALLz. x < z —> (P = P)

(proof)

lemma fm-modd-minf: ALL (z::int). ALL (k::int). (P = P)
{proof)
lemma not-bst-p-fm: ALL (z::int). Q(z::int) A ~(EX (j:int) : {1..d}. EX (b::int)

: B. Q(b+y)) ——> fm ——> fm
(proof )

lemma fm-eq-pinf: EX z:int. ALL z. z < x ——> (P = P)
(proof)
The next two thms are the same as the minusinf version.
lemma fm-modd-pinf: ALL (z::int). ALL (k:int). (P = P)
(proof)
lemma not-ast-p-fm: ALL (z::int). Q(z::int) A ~(EX (j:int) : {1..d}. EX (a::int)
A Q(a — j)) ——> fm ——> fm
(proof)
Theorems to be deleted from simpset when proving simplified formulaes.
lemma P-egtrue: (P=True) = P
(proof)

lemma P-eqfalse: (P=False) = (™~ P)
{proof)
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Theorems for the generation of the bachwards direction of Cooper’s Theo-
rem.

These are the 6 interesting atomic cases which have to be proved relying on
the properties of B-set and the arithmetic and contradiction proofs.

lemma not-bst-p-it: 0 < (d::int) ==>

ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (b:int) : B. Q(b+j)) ——> ( 0
<—z+a)—>0<—(z—-d)+a)

(proof)

lemma not-bst-p-gt: [ (g::int) € B; g = —a | =

ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (b:zint) : B. Q(b+j)) ——> (0 <
Ex) +f>a) ——> (0 < (z—d)+ a)

pTOOo,

lemma not-bst-p-eq: [ 0 < d; (g:zint) € B; g = —a — 1 | =

ALL z. Q(z::int) A ~(EX (j:int) : {1..d}. EX (b:zint) : B. Q(b+j)) ——> (0 =
z+a)——>0=(z—d)+a)

(proof)

lemma not-bst-p-ne: [ 0 < d; (g::int) € B; g = —a | =

ALL z. Q(z:int) A ~(EX (juint) : {1..d}. EX (b:int) : B. Q(b+5)) ——> ~(0
=z+a)—>"(0=(z—d)+ a)

(proof)

lemma not-bst-p-dvd: (d1:int) dvd d ==>

ALL z. Q(z:int) A ~(EX (juant) : {1..d}. EX (buint) : B. Q(b+j)) ——> di
dvd (z + a) ——> dI dvd ((z — d) + a )

(proof)

lemma not-bst-p-ndvd: (d1::int) dvd d ==>

ALL z. Q(z:int) A ~(EX (j:int) : {1..d}. EX (b:int) : B. Q(b+j)) ——> ~(d1
dvd (z 4+ a)) ——> ~(dI dvd ((x — d) + a))

(proof)

Theorems for the generation of the bachwards direction of Cooper’s Theo-
rem.

These are the 6 interesting atomic cases which have to be proved relying on
the properties of A-set ant the arithmetic and contradiction proofs.
lemma not-ast-p-gt: 0 < (d::int) ==>

ALL x. Q(z::int) A ~(EX (juint) : {1..d}. EX (azint) : A. Q(a — j)) ——> (0
<z4+t)—>0<(zx+d)+1t)

(proof )

lemma not-ast-p-lt: [0 < d ;(t:int) € A ] =
ALL z. Q(z:int) A ~(EX (juint) : {1..d}. EX (azint) : A. Q(a — j)) ——> (0
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<—z4+1t)——>(0<—(z+d)+1)
(proof)

lemma not-ast-p-eq: [ 0 < d; (g:int) € A; 9 =—-t+ 1] =

ALL z. Q(z:int) A ~(EX (juint) : {1..d}. EX (azint) : A. Q(a — j)) ——> (0
=z+t)——>0=(+d)+1)

(proof)

lemma not-ast-p-ne: [ 0 < d; (g:zint) € 4; g = —t | =

ALL z. Q(z:int) A ~(EX (juint) : {1..d}. EX (azint) : A. Q(a — j)) ——> ~(0
=z+t)——>"(0=(x+d)+1t)

(proof)

lemma not-ast-p-dvd: (d1::int) dvd d ==>

ALL z. Q(z::int) A ~(EX (juint) : {1..d}. EX (azint) : A. Q(a — j)) ——> dI
dvd (z +t) ——> dIl dvd ((z + d) +t)

(proof )

lemma not-ast-p-ndvd: (d1::int) dvd d ==>

ALL x. Q(z:zint) A ~(EX (juint) : {1..d}. EX (auint) : A. Q(a — 7)) ——>
~(dl dvd (z + t)) ——> ~(dl dvd ((z + d) + 1))

{proof)

These are the atomic cases for the proof generation for the modulo D prop-

erty for P plusinfinity

They are fully based on arithmetics.

lemma dvd-modd-pinf: ((d::int) dvd d1) ==>

(ALL (z::int). ALL (k::int). (((d:int) dvd (z + t)) = (d dvd (z+kxdl + t))))
(proof )

lemma not-dvd-modd-pinf: ((d::int) dvd d1) ==>

(ALL (z::int). ALL k. (~((d:zint) dvd (z + t))) = (V(d dvd (z+k*xdl + t))))
(proof )

These are the atomic cases for the proof generation for the equivalence of P
and P plusinfinity for integers x greater than some integer z.

They are fully based on arithmetics.

lemma eg-eq-pinf: EX z:int. ALL x. z <z —> (( 0 = z +t ) = False )
{proof)

lemma neg-eq-pinf: EX z:int. ALL z. z <z ——> ((7( 0 =z +t)) = True)
(proof)

lemma le-eg-pinf: EX z:int. ALLz. z <z ——> (0 <z +t = True )
(proof )

lemma len-eg-pinf: EX z:int. ALL x. 2 <z ——> (0 < —z +t = False)
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{proof)

lemma dvd-eq-pinf: EX z:int. ALLz. z <z ——> ((d dvd (x + t)) = (d dvd
(z + 1))
{proof)

lemma not-dvd-eg-pinf: EX z:int. ALL . z <z ——> ((7(d dvd (z + t))) =
(~(d dvd (z + 1))))
{proof)

These are the atomic cases for the proof generation for the modulo D prop-
erty for P minusinfinity.

They are fully based on arithmetics.

lemma dvd-modd-minf: ((d::int) dvd d1) ==>

(ALL (z::int). ALL (k::int). (((d:int) dvd (z + t)) = (d dvd (z—kxdI + t))))
(proof)

lemma not-dvd-modd-minf: ((d::int) dvd d1) ==>
(ALL (z::int). ALL k. (~((d:zint) dvd (z + t))) = (Y(d dvd (z—k*dl + t))))
(proof )

These are the atomic cases for the proof generation for the equivalence of P
and P minusinfinity for integers x less than some integer z.

They are fully based on arithmetics.

lemma eq-eq-minf: EX z:int. ALLz. z < 2z ——> (( 0 = z +t ) = False )
(proof )

lemma neg-eqg-minf: EX z:int. ALL z. x < z ——> ((¥( 0 = z +t)) = True )
(proof)

lemma le-e¢g-minf: EX z:int. ALL z. x < z —> ( 0 < x +t = False )
(proof)

lemma len-eg-minf: EX z:int. ALLx. x < z ——> (0 < —z +t = True)
(proof )

lemma dvd-eq-minf: EX z:int. ALL z. ¢ < z ——> ((d dvd (z + t)) = (d dvd

(z + 1))
(proof)

lemma not-dvd-eg-minf: EX z:int. ALL . z < z ——> ((V(d dvd (z + t))) =
(~(d dvd (z + 1))))
{proof)

This Theorem combines whithnesses about P minusinfinity to show one
component of the equivalence proof for Cooper’s Theorem.
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FIXME: remove once they are part of the distribution.

theorem int-ge-induct[consumes 1,case-names base step]:
assumes ge: k < (i:int) and
base: P(k) and
step: Ni. [k < i; Pi] = P(i+1)
shows P i
(proof)

theorem int-gr-induct[consumes 1,case-names base step]:
assumes gr: k < (i:int) and
base: P(k+1) and
step: N\i. [k < i; Pi] = P(i+1)
shows P i
(proof)

lemma decr-lemma: 0 < (d:int) = z — (abs(x—2)+1) * d < z

(proof)

lemma incr-lemma: 0 < (d:int) = z < z + (abs(z—2)+1) * d

{(proof)

lemma minusinfinity:
assumes ( < d and
PleqP1: ALL z k. P1 x = P1(z — kx+d) and
ePeqP1: EX z:int. ALLx. © < z — (P x = Pl z)
shows (EX z. Pl ) — (EX z. P x)

(proof)

This Theorem combines whithnesses about P minusinfinity to show one
component of the equivalence proof for Cooper’s Theorem.
lemma plusinfinity:
assumes ( < d and
PiegP1: ALL (z::int) (k:int). P1 z = P1 (z + k % d) and
ePeqPl1: EX zuint. ALLx. 2 <1z ——> (Px = Pl x)
shows (EX z::int. P1 ) ——> (EX z:int. P )
(proof )

Theorem for periodic function on discrete sets.

lemma minf-vee:
assumes dpos: (0::int) < d and modd: ALL z k. P x = P(z — kxd)
shows (EX z. Pz) = (EXj:{l..d}. Pj)
(is LHS = ?RHS)

(proof)

Theorem for periodic function on discrete sets.

lemma pinf-vee:
assumes dpos: 0 < (d::int) and modd: ALL (x::int) (k::int). Pz = P (x+k*d)
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shows (EX z::int. P z) = (EX (j::int) : {1..d} . Pj)
(is PLHS = ?RHS)
(proof)

lemma decr-mult-lemma:
assumes dpos: (0::int) < d and
minus: ALL z::int. P+ — P(z — d) and
knneg: 0 <=k
shows ALL z. Pz — P(z — kxd)
(proof)

lemma incr-mult-lemma:
assumes dpos: (0::int) < d and
plus: ALL z::int. Pz — P(z + d) and
knneg: 0 <=k
shows ALL z. Pz — P(x + kxd)
(proof)

lemma cpmi-eq: 0 < D = (EX zuint. ALLx. v < z ——> (P z = PI x))
==> ALL x.~(EX (juint) : {1..D}. EX (buint) : B. P(b+j)) ——> P (z) ——>
P (z — D)

==> (ALL (z:int). ALL (k::int). (P1 z)= (P1 (z—kxD))))
==> (EX (z::int). ( ) = (EX (juint) : {1..D} . (P1()))) | (EX (j:int) :
gl Df}> EX (b:int) : B. P (b+))))

Proo

Cooper Theorem, plus infinity version.

lemma cppi-eq: 0 < D = (EX zuint. ALL z. 2 < x ——> (P z = P1 z))
==> ALL .~ (EX (j::int) : {1..D}. EX (auint): A. P(a — j)) ——> P (z) ——>
P (z + D)
==> (ALL (z::int). ALL (k::int). ((P1 z)= (P1 (z+k*D))))
==> (EX (z::int). ( ) = (EX (juint) : {1..D} . (P1()))) | (EX (j:int) :
(1D} BX (a4 7 (o = )

proo,

Theorems for the quantifier elminination Functions.
lemma ge-ex-conj: (EX (z::int). A z) =
==> (EX (z:int). Pz) = (Q (EX z:int. A x))
==> (EX (z:int). Pz) = (Q & R)
(proof)

lemma ge-ex-nconj: (EX (z::int). P z) = (True & Q)
==> (EX (z:int). Pz) = Q
(proof)

lemma ge-conjl: P1 = P2 ==> Q1 = Q2 ==> (P1 & Q1) = (P2 & Q2)
(proof)
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lemma ge-disjl: P1 = P2 ==> Q1 = Q2 ==> (P1 | Q1) = (P2 | Q2)
(proof)

lemma ge-impl: P1 = P2 ==> Q1 = Q2 ==> (Pl ——> Q1) = (P2 ——>
Q2)
(proof)

lemma ge-eql: P1 = P2 ==> Q1 = Q2 ==> (P1 = Q1) = (P2 = (Q2)
(proof)

lemma ge-Not: P = Q ==> (“P) = (7 Q)
(proof)

lemma ge-ALL: (EX z. YPz) = R ==> (ALL z. Pz) = (™R)
(proof)

Theorems for proving NNF
lemma nnf-im: ((“P) = P1) ==> (Q=Q1) ==> (P ——> Q) = (P1 | Q1))
(proof)

lemma nnf-eq: (P & Q) = (P1 & Q1)) ==> (("P) & (~Q)) = (P2 & Q2))
==>((P= Q)= (P& QDI(P2 & 0)
proo

le<rnma}>nnf—nn: (P=Q)==>((""P)=Q)

proo

lemma nnf-nej: (VP) = P1) ==> ((Q) = Q1) ==> (("(P & Q)) = (P1 |
Q1))

(proof)

lsngna nnf-ndj: ((VP) = P1) ==> (("Q) = Q1) ==> (("(P | Q) = (P1 &
1

(proof)

lemma nnf-nim: (P = P1) ==> (("Q) = Q1) ==> (("(P ——> Q)) = (P1 &
Q1))

(proof)

lemma nnf-neq: (P & (Y Q)) = (P1 & Q1)) ==> ((("P) & Q) = (P2 & @Q2))
==> (("(P =Q)) = ( 2

(proof )

lemma nnf-sdj: (A & (™B)) = (
==> (4 =(~0C)) ==> ((*((A & B)
(proof )

lemma ge-exl2: A = B ==> (EX (z:int). A(z)) = (EX (x:int). B(z))
{proof)

lemma ge-exl: (Nz:int. A v = B z) ==> (EX (z::int). A(z)) = (EX (z:int).
B(z))



THEORY “Presburger” 344

{proof)

lemma ge-ALLI: (Nz::int. Az = Bx) ==> (ALL (z::int). A(z)) = (ALL (z::int).
B(x))

(proof)

lemma cp-expand: (EX (z::int). P (z)) = (EX (j:int) : {1..d}. EX (b:int) : B.
(P1(5) | P(b+5)))

==>(EX (z:int). P (z)) = (EX (juint) : {1..d}. EX (buint) : B. (P1 (j) |
P(b+5)))

(proof)

lemma cppi-expand: (EX (z::int). P (z)) = (EX (juint) : {1..d}. EX (a:int) :
A (P1 (4) | P(a = j)))

::')>)§EX (z::int). P (z)) = (EX (juint) : {1..d}. EX (auint) : A. (PI (j) | P(a
—J

(proof)

lemma simp-from-to: {i..j::int} = (if j < i then {} else insert i {i+1..j})
(proof)

Theorems required for the adjustcoeffitienteq

lemma ac-dvd-eq: assumes not0: 0 ~= (k::int)

shows ((m::int) dvd (cxn+t)) = (kxm dvd ((kxc)xn—+(kxt))) (is 2P = 2Q)
(proof)

lemma ac-lt-eq: assumes gr0: 0 < (k::int)
shows ((m::int) < (cxn+t)) = (kxm <((kxc)xn+(k«t))) (is 7P = 2Q)
(proof )

lemma ac-eq-eq : assumes not0: 0 ~= (k:int) shows ((m:int) = (cxn+t)) =
(kxm =((kxc)*n+(kxt)) ) (is 7P = 2Q)
(proof)

lemma ac-pi-eq: assumes gr0: 0 < (k::int) shows (~((0::int) < (cxn + t))) =
(0 < ((=k)xc)xn + ((=k)*t + k))
(proof)

lemma binminus-uminus-conv: (a:int) — b = a + (=)
(proof)

lemma linearize-dvd: (t::int) = t1 ==> (d dvd t) = (d dvd t1)
(proof)

lemma [f-lt: (I::int) = 1l ==> (ruint) = Ir ==> (I < r) =(ll < Ir)
(proof)
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lemma If-eq: (I::int) = Il ==> (ruint) = lIr ==> (I =r) =(ll = Ir)
(proof)

lemma If-dvd: (I::int) = 1l ==> (ruint) = Ir ==> (I dvd ) =(ll dvd Ir)
(proof)

Theorems for transforming predicates on nat to predicates on int
theorem all-nat: (Vz:nat. P z) = (Vzuint. 0 <=z — P (nat z))
(proof )

theorem ez-nat: (3z:nat. P x) = (3zuint. 0 <=z A P (nat z))
(proof)

theorem zdiff-int-split: P (int (z — y)) =
(y<z— P(intz —inty)) A (z <y — P0))
{proof)

theorem zdvd-int: (z dvd y) = (int z dvd int y)
(proof)

theorem number-ofl: (0:int) <= number-of n = (0::int) <= number-of (n
BIT b)
{proof)

theorem number-of2: (0::int) <= Numeral0 (proof)

theorem Suc-plusl: Sucn =n + 1 (proof)

Specific instances of congruence rules, to prevent simplifier from looping.

theorem imp-le-cong: (0 <= = P = P') = (0 <= (z:int) — P) = (0
<=1z — P’
{proof)

theorem conj-le-cong: (0 <=2 = P = P') = (0 <= (z::int) A P) = (0 <=
x A P

(proof)
(ML)

end

33 Relation-Power: Powers of Relations and Func-
tions

theory Relation-Power
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imports Nat
begin

instance
set :: (type) power {proof)

primrec (relpow)
R0 =1d
R*(Sucn) =R O (R"n)

instance
fun = (type, type) power (proof)

primrec (funpow)

f0="1d

f(Suc m) = fo (f'n)
WARNING: due to the limits of Isabelle’s type classes, exponentiation on
functions and relations has too general a domain, namely (‘a x b) set and
'a = 'b. Explicit type constraints may therefore be necessary. For example,
range (f “n) = A and Range (R ~ n) = B need constraints.

lemma funpow-add: f * (m+n) = f'm o f'n

(proof)

lemma rel-pow-1: 'R:: (‘ax’a)set. R"1 = R

(proof)

declare rel-pow-1 [simp]

lemma rel-pow-0-I: (z,z) : R0

{(proof)

lemma rel-pow-Suc-I: [| (z,y) : R™n; (y,2):R || ==> (x,2):R"(Suc n)
(proof)

lemma rel-pow-Suc-I2 [rule-format):
Vz. (z,y) : R —> (y,2):R"n ——> (%,2):R"(Suc n)

(proof )
lemma rel-pow-0-E: [| (z,y) : R"0; z=y ==> P || ==> P
(proof)
lemma rel-pow-Suc-E:
I (2.2) : R*(Suc n); Ny. || (5.9) s R°n; (9,2) : R[] ==> P [| ==> P
(proof )

lemma rel-pow-E:
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[| (£,2) : R™n; [| n=0;z =2]|] ==> P;
Ny m.[| n = Suc m; (z,y) : R°m; (y,2) : R|] ==> P
) ==> P
(proof )

lemma rel-pow-Suc-D2 [rule-format]:
Vi z. (z,2):R°(Suc n) ——> (3y. (z,y):R & (y,2):R"n)
(proof )

lemma rel-pow-Suc-D2":
Veyz (zy): R'n & (y,2) : R ——> (3w. (z,w) : R & (w,z) : R™n)
(proof )

lemma rel-pow-E2:

[| (z,2) : R™n; [| n=0; 2 =z || ==> P,
Wy m. [| n = Suc m; (z,y) : R; (y,2) : R"m || ==> P
|| ==> P
(proof)

lemma rtrancl-imp-UN-rel-pow: !Ip. p:R "« ==> p : (UN n. R n)
(proof )

lemma rel-pow-imp-rtrancl: p. p:R"n ==> p:R "%
(proof)

lemma rtrancl-is-UN-rel-pow: R"x = (UN n. R n)
(proof)

lemma single-valued-rel-pow [rule-format]:

r:('a * 'a)set. single-valued r ==> single-valued (r"n)
(proof)
(ML)

end

34 Parity: Even and Odd for ints and nats

theory Parity
imports Divides IntDiv NatSimprocs
begin

axclass even-odd < type

instance int :: even-odd (proof)
instance nat :: even-odd (proof)
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consts
even :: 'a::even-odd => bool

syntax
odd :: 'a::even-odd => bool

translations
odd x == ~even

defs (overloaded)
even-def: even (z:int) == x mod 2 = 0
even-nat-def: even (z::nat) == even (int z)

34.1 Even and odd are mutually exclusive

lemma int-pos-lt-two-imp-zero-or-one:
0 <=z ==>(zuint) < 2==>z=0|z=1
(proof )

lemma neg-one-mod-two [simp]: ((z::int) mod 2 ~= 0) = (x mod 2 = 1)
{proof)

34.2 Behavior under integer arithmetic operations

lemma even-times-anything: even (x::int) ==> even (z * y)
{proof )

lemma anything-times-even: even (y::int) ==> even (z * y)
(proof)

lemma odd-times-odd: odd (z::int) ==> odd y ==> odd (z * y)
{proof)

lemma even-product: even((z::int) x y) = (even z | even y)
{proof)

lemma even-plus-even: even (z::int) ==> even y ==> even (z + y)
{proof)

lemma even-plus-odd: even (z::int) ==> odd y ==> odd (z + y)
(proof)

lemma odd-plus-even: odd (z::int) ==> even y ==> odd (z + y)
{proof)

lemma odd-plus-odd: odd (z::int) ==> odd y ==> even (z + y)
(proof)

lemma even-sum: even ((z::int) + y) = ((even z & even y) | (odd z & odd y))
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{proof)

lemma even-neg: even (—(z::int)) = even
{proof)

lemma even-difference:
even ((z::int) — y) = ((even z & even y) | (odd z & odd y))

{proof)

lemma even-pow-gt-zero [rule-format]:

even (z:int) ==> 0 < n ——> even (x"n)
(proof)
lemma odd-pow: odd x ==> odd((z::int) "n)
{proof)
lemma even-power: even ((z::int) "n) = (even z & 0 < n)
{proof)
lemma even-zero: even (0::int)
{proof)
lemma odd-one: odd (1::int)
{proof)
lemmas even-odd-simps [simp] = even-def [of number-of v,standard] even-zero

odd-one even-product even-sum even-neg even-difference even-power

34.3 Equivalent definitions

lemma two-times-even-div-two: even (z::int) ==> 2 % (z div 2) =z
{proof)
lemma two-times-odd-div-two-plus-one: odd (z::int) ==>
2x(xdiv2)+ 1=z
{proof )

lemma even-equiv-def: even (z::int) = (EX y. x = 2 *x y)
(proof )

lemma odd-equiv-def: odd (z::int) = (EXy. x =2y + 1)
{proof)

34.4 even and odd for nats
lemma pos-int-even-equiv-nat-even: 0 < x ==> even x = even (nat )

{proof)

lemma even-nat-product: even((z::nat) * y) = (even z | even y)
{proof)
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lemma even-nat-sum: even ((xz::nat) + y) =
((even z & even y) | (odd z & odd y))

{proof)

lemma even-nat-difference:
even ((z:nat) — y) = (z < y | (even z & even y) | (odd z & odd y))

{proof)

lemma even-nat-Suc: even (Suc z) = odd x
(proof)

lemma even-nat-power: even ((z:nat) "y) = (even z & 0 < y)
{proof)

lemma even-nat-zero: even (0::nat)
(proof)

lemmas even-odd-nat-simps [simp] = even-nat-def [of number-of v,standard]
even-nat-zero even-nat-Suc even-nat-product even-nat-sum even-nat-power

34.5 Equivalent definitions

lemma nat-lt-two-imp-zero-or-one: (z::nat) < Suc (Suc 0) ==>
z=0|z= Suc0
{proof )
lemma even-nat-mod-two-eq-zero: even (z::nat) ==> x mod (Suc (Suc 0)) = 0
(proof)

lemma odd-nat-mod-two-eq-one: odd (z::nat) ==> x mod (Suc (Suc 0)) = Suc 0
{proof)

lemma even-nat-equiv-def: even (z:nat) = (z mod Suc (Suc 0) = 0)
(proof)

lemma odd-nat-equiv-def: odd (x::nat) = (x mod Suc (Suc 0) = Suc 0)
{proof)

lemma even-nat-div-two-times-two: even (x::nat) ==>
Suc (Suc 0) * (z div Suc (Suc 0)) =z
(proof)
lemma odd-nat-div-two-times-two-plus-one: odd (z::nat) ==>
Suc( Suc (Suc 0) * (z div Suc (Suc 0))) =z
(proof )

lemma even-nat-equiv-def2: even (z::nat) = (EX y. x = Suc (Suc 0) * y)
{proof)



THEORY “Parity” 351

lemma odd-nat-equiv-def2: odd (z::nat) = (EX y. z = Suc(Suc (Suc 0) * y))
(proof)

34.6 Parity and powers

lemma minus-one-even-odd-power:

(even x ——> (— 1:'a::{comm-ring-1,recpower})’c = 1) &
(odd z ——> (— 1:'a) "z = — 1)
(proof)
lemma minus-one-even-power [simp):
even x ==> (— 1:'a::{comm-ring-1,recpower}) "z = 1
(proof)

lemma minus-one-odd-power [simp]:

odd x ==> (— 1:'a:{comm-ring-1,recpower}) ‘z = — 1
{proof)
lemma neg-one-even-odd-power:
(even &z ——> (—1:'ax{number-ring,recpower}) "z = 1) &
(odd x ——> (—1:"a) "z = —1)
{proof)
lemma neg-one-even-power [simp]:
even ¥ ==> (—1:'a::{number-ring,recpower}) v = 1
{proof)
lemma neg-one-odd-power [simp):
odd © ==> (—1:'a::{number-ring,recpower}) ‘r = —1
{proof)

lemma neg-power-if:

(—z:'a:{ comm-ring-1,recpower}) " n =
(if even n then (z " n) else —(z " n))
(proof)
lemma zero-le-even-power: even n ==>
0 <= (z::'a::{recpower,ordered-ring-strict}) "~ n
(proof )
lemma zero-le-odd-power: odd n ==>
(0 <= (z::'a::{recpower,ordered-idom}) " n) = (0 <= z)
{proof)

lemma zero-le-power-eq: (0 <= (z::'a::{recpower,ordered-idom}) " n) =
(even n | (odd n & 0 <= z))
(proof)
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lemma zero-less-power-eq: (0 < (x::'a::{recpower,ordered-idom}) * n) =
(n=201(evenn &z ~=10)| (odd n & 0 < z))
{proof)

~

lemma power-less-zero-eq: ((z::'a::{recpower,ordered-idom}) “n < 0) =
(odd n & z < 0)
{proof )

lemma power-le-zero-eq: ((z::'a::{recpower,ordered-idom}) "n <= 0) =
(n~=0& ((oddn & x <= 0) | (even n & z = 0)))
(proof )

lemma power-even-abs: even n ==>
(abs (z::'a::{recpower,ordered-idom})) 'n = z'n
(proof)

lemma zero-less-power-nat-eq: (0 < (zznat) "n) =(n=01]0 < z)
{proof)

lemma power-minus-even [simpl: even n ==>
(= z)"n = (z"n:'a:{recpower,comm-ring-1})
{proof)
lemma power-minus-odd [simp): odd n ==>
(= z)"n = — (2 n:'a::{recpower,comm-ring-1})
(proof )

lemmas power-0-left-number-of = power-0-left [of number-of w, standard)

declare power-0-left-number-of [simp]

lemmas zero-le-power-eq-number-of =
zero-le-power-eq [of - number-of w, standard)
declare zero-le-power-eq-number-of [simp]

lemmas zero-less-power-eq-number-of =
zero-less-power-eq [of - number-of w, standard)
declare zero-less-power-eqg-number-of [simp]

lemmas power-le-zero-eq-number-of =
power-le-zero-eq [of - number-of w, standard)]
declare power-le-zero-eg-number-of [simp]

lemmas power-less-zero-eq-number-of =
power-less-zero-eq [of - number-of w, standard)]

declare power-less-zero-eq-number-of [simp]

lemmas zero-less-power-nat-eq-number-of =

352
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zero-less-power-nat-eq [of - number-of w, standard)
declare zero-less-power-nat-eqg-number-of [simp]

lemmas power-eg-0-iff-number-of = power-eq-0-iff [of - number-of w, standard]
declare power-eq-0-iff-number-of [simp]

lemmas power-even-abs-number-of = power-even-abs [of number-of w -, standard)]
declare power-even-abs-number-of [simp]

34.7 An Equivalence for 0 < a™n
lemma even-power-le-0-imp-0:
a " (2xk) < (0:'a::{ordered-idom,recpower}) ==> a=0
(proof )
lemma zero-le-power-iff :
(0 < a’n) = (0 < (a'a:{ordered-idom,recpower}) | even n)
(is 2P n)
(proof )

34.8 Miscellaneous
lemma even-plus-one-div-two: even (z::int) ==> (z + 1) div 2 = z div 2

{proof)

lemma odd-plus-one-div-two: odd (z::int) ==> (z + 1) div 2 = z div 2 + 1
{proof)

lemma div-Suc: Suc a div ¢ = a div ¢ + Suc 0 div ¢ +
(@ mod ¢ + Suc 0 mod c) div c

{proof)

lemma even-nat-plus-one-div-two: even (z::nat) ==>
(Suc z) div Suc (Suc 0) = z div Suc (Suc 0)
(proof)

lemma odd-nat-plus-one-div-two: odd (z::nat) ==>

(Suc z) div Suc (Suc 0) = Suc (z div Suc (Suc 0))

(proof)

end

35 GCD: The Greatest Common Divisor

theory GCD
imports Parity
begin



THEORY “GCD” 354

See [1].

consts
ged :: nmat X nat => nat — Euclid’s algorithm

recdef gcd measure ((A(m, n). n) 2 nat x nat => nat)
ged (my, n) = (if n = 0 then m else ged (n, m mod n))

constdefs
is-ged :: nat => nat => nat => bool — gcd as a relation
is-ged p mn == p duvd m A p dvd n A
(Vd. d dvd m A d dvd n ——> d dvd p)

lemma gcd-induct:
(N"m. Pm 0) ==>
"mmn. 0 <n==>Pn (mmodn)==>Pmn)
==> P (m:nat) (n:nat)
{proof)

lemma ged-0 [simp]: ged (m, 0) = m
{proof)

lemma ged-non-0: 0 < n ==> ged (m, n) = ged (n, m mod n)
(proof)

declare gcd.simps [simp del]

lemma ged-1 [simp]: ged (m, Suc 0) = 1
{proof)

ged (m, n) divides m and n. The conjunctions don’t seem provable sepa-
rately.

lemma ged-dvdl [iff]: ged (m, n) dvd m
and ged-dvd2 [iff]: ged (m, n) dvd n
(proof )

Maximality: for all m, n, k naturals, if £ divides m and k divides n then k
divides ged (m, n).

lemma ged-greatest: k dvd m ==> k dvd n ==> k dvd ged (m, n)
(proof )

lemma ged-greatest-iff [iff]: (k dvd ged (m, n)) = (k dvd m A k dvd n)
{proof)

lemma ged-zero: (ged (my, n) = 0) = (m =0 An=20)
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{proof)

Function ged yields the Greatest Common Divisor.

lemma is-ged: is-ged (ged (m, n)) m n
{proof)

Uniqueness of GCDs.
lemma is-ged-unique: is-ged m a b ==> is-ged n a b ==> m = n

(proof )

lemma is-gcd-dvd: is-ged m a b ==> k dvd a ==> k dvd b ==> k dvd m
(proof )

Commutativity
lemma is-ged-commute: is-ged k m n = is-gcd k n m

(proof )

lemma ged-commute: ged (m, n) = ged (n, m)
{proof)

lemma ged-assoc: ged (ged (k, m), n) = ged (k, ged (m, n))
(proof)

lemma ged-0-left [simp]: ged (0, m) = m
{proof)

lemma ged-1-left [simp]: ged (Suc 0, m) = 1
(proof )

Multiplication laws

lemma ged-mult-distrib2: k x ged (m, n) = ged (k * m, k x n)
— [1, page 27]
{proof)

lemma ged-mult [simp]: ged (k, k * n) = k
{proof)

lemma ged-self [simp]: ged (k, k) = k
(proof)

lemma relprime-dvd-mult: ged (k, n) = 1 ==> k dvd m * n ==> k dvd m
(proof )

lemma relprime-dvd-mult-iff: ged (k, n) = 1 ==> (k dvd m * n) = (k dvd m)
(proof)
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lemma ged-mult-cancel: ged (k, n) = 1 ==> ged (k * m, n) = ged (m, n)
(proof)

Addition laws

lemma ged-add! [simp): ged (m + n, n) = ged (m, n)
{proof)

lemma ged-add2 [simp): ged (m, m + n) = ged (m, n)
(proof)

lemma ged-add2’ [simp]: ged (m, n + m) = ged (m, n)
{proof)

lemma gcd-add-mult: ged (m, k * m + n) = ged (m, n)
{proof)

end

36 Binomial: Binomial Coefficients

theory Binomial
imports GCD
begin

This development is based on the work of Andy Gordon and Florian Kam-
mueller

consts
binomial :: nat = nat = nat (infix] choose 65)

primrec
binomial-0: (0  choose k) = (if k = 0 then 1 else 0)

binomial-Suc: (Suc n choose k) =
(if k = 0 then 1 else (n choose (k — 1)) + (n choose k))

lemma binomial-n-0 [simp]: (n choose 0) = 1

(proof)

lemma binomial-0-Suc [simp]: (0 choose Suc k) = 0

{proof)

lemma binomial-Suc-Suc [simp]:
(Suc n choose Suc k) = (n choose k) + (n choose Suc k)
(proof)

lemma binomial-eq-0 [rule-format]: Yk. n < k ——> (n choose k) = 0
(proof)
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declare binomial-0 [simp del] binomial-Suc [simp del]

lemma binomial-n-n [simp]: (n choose n) = 1

(proof)

lemma binomial-Suc-n [simp]: (Suc n choose n) = Suc n
(proof)

lemma binomial-1 [simp]: (n choose Suc 0) = n

(proof)

lemma zero-less-binomial [rule-format]: k < n ——> 0 < (n choose k)
(proof)

lemma binomial-eq-0-iff : (n choose k = 0) = (n<k)

(proof)

lemma zero-less-binomial-iff: (0 < n choose k) = (k<n)

(proof)

lemma Suc-times-binomial-eq [rule-format]:
Vk.k <n——> Sucn x (n choose k) = (Suc n choose Suc k) * Suc k

(proof)

This is the well-known version, but it’s harder to use because of the need to
reason about division.
lemma binomial-Suc-Suc-eq-times:

k < n ==> (Suc n choose Suc k) = (Suc n * (n choose k)) div Suc k
(proof )

Another version, with -1 instead of Suc.

lemma times-binomial-minusi-eq:
|k < n; 0<k|] ==> (n choose k) x k =n x ((n — 1) choose (k — 1))
(proof)

36.0.1 Theorems about choose

Basic theorem about choose. By Florian Kammiiller, tidied by LCP.

lemma card-s-0-eq-empty:
finite A ==> card {B. BC A& card B= 0} = 1
(proof)

lemma choose-deconstruct: finite M ==> x ¢ M
==> {s. s <=insert t M & card(s) = Suc k}
={s. s <= M & card(s) = Suc k} Un
{s. EXt. t <= M & card(t) = k & s = insert x t}
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{proof)

There are as many subsets of A having cardinality k as there are sets ob-
tained from the former by inserting a fixed element z into each.
lemma constr-bij:
[|finite A; x ¢ A|] ==>
card {B. EX C. C <= A & card(C) = k & B = insert ¢ C} =
card {B. B <= A & card(B) = k}
(proof)

Main theorem: combinatorial statement about number of subsets of a set.

lemma n-sub-lemma:
WA. finite A ==> card {B. B <= A & card B = k} = (card A choose k)

{proof)

theorem n-subsets:
finite A ==> card {B. B <= A & card B = k} = (card A choose k)

{proof)

The binomial theorem (courtesy of Tobias Nipkow):
theorem binomial: (a+b::nat) 'n = (O k=0..n. (n choose k) x a’k x b"(n—k))
(proof )

end

37 PrelList: A Basis for Building the Theory of
Lists
theory PreList

imports Wellfounded-Relations Presburger Relation-Power Binomial
begin

Is defined separately to serve as a basis for theory ToyList in the documen-
tation.

end

38 List: The datatype of finite lists

theory List
imports PreList
begin

datatype ‘a list =
Nil- ([])
| Cons 'a ’alist (infixr # 65)
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38.1 Basic list processing functions

consts
Q :: 'a list => 'a list => 'a list  (infixr 65)
filter:: ('a => bool) => 'a list => 'a list
concat:: 'a list list => 'a list
foldl = ('b => 'a => 'b) => 'b => 'a list => 'b
foldr :: (la => b => 'b) => 'a list => b =>"b
hd:: 'a list => 'a
tl:: 'a list => 'a list
last:: 'a list => 'a
butlast :: 'a list => 'a list
set :: 'a list => 'a set
list-all2 :: (‘a => 'b => bool) => 'a list => 'b list => bool
map :: (‘la=>'b) => (‘a list => 'b list)
nth :: 'a list => nat => 'a  (infixl ! 100)
list-update :: 'a list => nat => 'a => 'a list
take:: nat => 'a list => 'a list
drop:: nat => 'a list => 'a list
takeWhile :: ("a => bool) => 'a list => 'a list
dropWhile :: ('a => bool) => 'a list => 'a list
rev :: 'a list => 'a list
zip o list => b list => (‘a x 'b) list
upt :: nat => nat => nat list ((1[-..</-"))
remdups :: 'a list => 'a list
removel :: 'a => 'a list => 'a list
null:: 'a list => bool
distinct:: 'a list => bool
replicate :: nat => 'a => 'a list
rotatel :: 'a list = 'a list
rotate :: nat = 'a list = 'a list
sublist :: 'a list => nat set => 'a list

mem :: 'a => 'a list => bool  (infixl 55)

list-inter :: 'a list = 'a list = 'a list

list-ex :: ('a = bool) = 'a list = bool

list-all:: ('a => bool) => ('a list => bool)

itrev :: 'a list = 'a list = 'a list

filtermap :: (‘a = 'b option) = 'a list = 'b list

map-filter :: ('a => 'b) => (‘a => bool) => 'a list => 'b list

nonterminals lupdbinds lupdbind
syntax
— list Enumeration

Qlist :: args => 'a list  ([(-)])

— Special syntax for filter
Qfilter :: [pttrn, 'a list, bool] => "a list  ((1[--./ -]))
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— list update

-lupdbind:: ['a, 'a] => lupdbind  ((2- :=/ -))

i lupdbind => lupdbinds ~ (-)

-lupdbinds :: [lupdbind, lupdbinds] => lupdbinds  (-,/ -)
-LUpdate :: ['a, lupdbinds] => 'a  (-/[(-)] [900,0] 900)

upto:: nat => nat => nat list  ((1[-../-]))

translations
[z, xs] == z#[xs]
[z] == z#]]

[z:zs . P]== filter (%x. P) xs

-LUpdate xs (-lupdbinds b bs)== -LUpdate (-LUpdate xs b) bs
zs[i:=x] == list-update xs i x

[i..j] == [i..<(Suc j)]

syntax (zsymbols)

Qfilter :: [pttrn, 'a list, bool] => 'a list((1[-€- ./ -]))
syntax (HTML output)

Qfilter :: [pttrn, 'a list, bool] => 'a list((1[-€- ./ -]))

Function size is overloaded for all datatypes. Users may refer to the list
version as length.

syntax length :: 'a list => nat
translations length => size :: - list => nat

(ML)

primrec
hd(z#zs) = x

primrec

t(l]) = [
tl(ztxs) = xs

primrec
null([]) = True
null(x#xs) = False

primrec
last(z#xs) = (if xzs=|] then z else last xs)

primrec
butlast [|= []
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butlast(x#xs) = (if xs=[] then || else z#butlast xs)

primrec

set [| = {}

set (x#wxs) = insert x (set xs)

primrec
map f [ = ||
map [ (z#xs) = f(z)#map [ xs

primrec
append-Nil:[|Qys = ys
append-Cons: (z#xs)Qys = z#(zsQys)

primrec

rev([]) =[]
rev(z#as) = rev(zs) Q [z]

primrec
filter P[] =[]
filter P (z#txs) = (if P x then x#filter P xs else filter P xs)

primrec
foldl-Nil:foldl fa || = a
foldl-Cons: foldl f a (z#xs) = foldl f (f a x) xs

primrec
foldr f [l a =a
foldr f (z#xs) a = fx (foldr f zs a)

primrec
concat([]) = ||
concat(z#zs) = x Q concat(zs)

primrec
drop-Nil:drop n || = ||
drop-Cons: drop n (z#xs) = (case n of 0 => z#uxs | Suc(m) => drop m xs)
— Warning: simpset does not contain this definition, but separate theorems for
n = 0 and n = Suc k

primrec
take-Nil:take n [| = ]
take-Cons: take n (z#xs) = (case n of 0 => [ | Suc(m) => x # take m xs)
— Warning: simpset does not contain this definition, but separate theorems for
n = 0 and n = Suc k

primrec
nth-Cons:(z#xs)!n = (case n of 0 => z | (Suc k) => xslk)
— Warning: simpset does not contain this definition, but separate theorems for
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n =0 and n = Suc k

primrec

(lé:=v] =]

(x#xs)[i:=v] = (case i of 0 => v # xs | Suc j => x # xs[j:=v])

primrec
takeWhile P || = ||
takeWhile P (x#xs) = (if Pz then x#take While P zs else [])

primrec
dropWhile P || = |]
dropWhile P (z#uxs) = (if P x then dropWhile P zs else x#xs)

primrec

zip s [] = ]

zip-Cons: zip xs (y#ys) = (case zs of [| => [| | 2#2s => (2,y)#zip 28 ys)

— Warning: simpset does not contain this definition, but separate theorems for
zs = [| and zs = z # zs

primrec
upt-0: [i..<0] = ||
upt-Suc: [i..<(Suc 7)] = (if i <= j then [i..<j] Q [j] else [])

primrec
distinct || = True
distinct (z#xs) = (z ~: set s A distinct s)

primrec
remdups [ = ||
remdups (z#xs) = (if x : set xs then remdups xs else x # remdups xs)

primrec
removel z [| =[]
removel x (y#xs) = (if t=y then zs else y # removel z xs)

primrec
replicate-0: replicate 0 x = |]
replicate-Suc: replicate (Suc n) © = x # replicate n x

defs
rotatel-def: rotatel xs == (case zs of [| = [| | z#xs = zs Q [z])
rotate-def: rotate n == rotatel "~ n

list-all2-def:
list-all2 P xs ys ==
length xs = length ys N (Y (z, y) € set (zip zs ys). Pz y)

sublist-def
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sublist xs A == map fst (filter (%p. snd p : A) (zip zs [0..<size xs]))

primrec
xz mem [| = False
x mem (y#ys) = (if y=x then True else x mem ys)

primrec
list-inter || bs = |]
list-inter (a#tas) bs =
(if a € set bs then a#t(list-inter as bs) else list-inter as bs)

primrec
list-all P [| = True
list-all P (z#txs) = (P(z) A list-all P xs)

primrec
list-ex P[] = False
list-ex P (z#wxs) = (P x V list-ex P 1s)

primrec

filtermap f [] =[]
filtermap f (z#xs) =
(case f x of None = filtermap f s

| Some y = y # (filtermap f xs))

primrec
map-filter f P[] = []
map-filter f P (z#xs) = (if P x then f x # map-filter f P zs else
map-filter f P xs)

primrec
itrev [ ys = ys
itrev (x#txs) ys = itrev xs (zys)

lemma not-Cons-self [simp]: s # x # xs

(proof)

lemmas not-Cons-self2 [simp] = not-Cons-self [symmetric]

lemma neg-Nil-conv: (zs # []) = 3y ys. xs = y # ys)
(proof)

lemma length-induct:
(Nxs. YV ys. length ys < length xs ——> P ys ==> P 1s) ==> P xs
(proof)
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38.1.1 length

Needs to come before @ because of theorem append-eq-append-conv.

lemma length-append [simp]: length (zs @ ys) = length zs + length ys
(proof)

lemma length-map [simp]: length (map f xs) = length zs
(proof)

lemma length-rev [simp]: length (rev zs) = length xs

(proof)

lemma length-tl [simp]: length (tl zs) = length xs — 1
(proof )

lemma length-0-conv [iff]: (length zs = 0) = (zs = [])
(proof )

lemma length-greater-0-conv [iff]: (0 < length xs)
{proof)

(zs # [])

lemma length-Suc-conv:
(length s = Suc n) = (Jy ys. xs = y # ys A length ys
(proof )

I
3
S~—

lemma Suc-length-conv:
(Suc n = length xs) = (3y ys. xs = y # ys A length ys = n)
{proof )

lemma impossible-Cons [rule-format]:
length s <= length ys ——> xs = = # ys = False
(proof )

lemma list-induct2[consumes 1]: \ys.
[ length zs = length ys;

P
Az zs y ys. [ length xs = length ys; P xs ys | = P (z#xs) (y#ys) |
= P s ys

(proof)

38.1.2 @ — append

lemma append-assoc [simp]: (zs Q ys) @ zs = xs Q (ys Q zs)

(proof)

lemma append-Nil2 [simp]: zs Q [| = xs
(proof)

lemma append-is-Nil-conv [iff]: (zs Q ys =[]) = (zs =[] Ays =[])

364
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{proof)

lemma Nil-is-append-conv [iff]: ([ = xs Q ys) = (zs =[] A ys = [])
(proof)

lemma append-self-conv [iff]: (xs @ ys = xs) = (ys = [])
(proof)

lemma self-append-conv [iff]: (xs = zs Q ys) = (ys = [])
(proof)

lemma append-eg-append-conv [simp):
Nys. length xs = length ys V length us = length vs
==> (2sQus = ysQus) = (zs=ys N us=vs)

{(proof)

lemma append-eq-append-conv2: ys zs ts.

(zs @ ys = zs Q ts) =

(EX us. zs = zs @ us & us @ ys = ts | xs @ us = zs & ys = usQ ¢s)
(proof)

lemma same-append-eq [iff]: (zs Q ys = zs @ zs) = (ys = 2s)

(proof)

lemma appendi-eq-conv [iff]: (zs Q [z] = ys Q [y]) = (zs = ys Az = y)
(proof)

lemma append-same-eq [iff]: (ys @ zs = zs @ xs) = (ys = 2s)

{proof)

lemma append-self-conv2 [iff]: (zs Q ys = ys) = (zs = [])
(proof)

lemma self-append-conv2 [iff]: (ys = xs Q ys) = (zs = [])
(proof)

lemma hd-Cons-tl [simp]: xs # [| ==> hd xs # tl zs = xs
(proof)

lemma hd-append: hd (zs Q ys) = (if zs = || then hd ys else hd xs)
(proof)

lemma hd-append?2 [simp]: xs # [| ==> hd (xs Q ys) = hd xs
(proof )

lemma tl-append: tl (zs Q ys) = (case zs of [| => tl ys | z#zs => zs Q ys)
(proof )

lemma t-append?2 [simp): zs # [| ==> tl (zs Q ys) = tl zs Q ys

365
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{proof)

lemma Cons-eq-append-conv: t#xs = ysQzs =
(ys =[] & z#xs = zs | (EX ys'. a#ys’ = ys & xs = ys'Qzs))
(proof)

lemma append-eg-Cons-conv: (ysQzs = z#xs) =
(ys =[] & zs = a#as | (EX ys'. ys = z#ys’ & ys'Qzs = xs))
(proof)

Trivial rules for solving @-equations automatically.

lemma eq-Nil-appendl: xs = ys ==> zs =[] @Q ys

{proof)

lemma Cons-eq-appendl:

[| z # xs1 = ys; s = xs1 Q zs || ==> o # x5 = ys Q zs
(proof )

lemma append-eq-appendl

[| zs @ 251 = zs; ys = xs1 Q us || ==> 25 Q ys = 25 Q us
(proof)

366

Simplification procedure for all list equalities. Currently only tries to rear-
range @ to see if - both lists end in a singleton list, - or both lists end in the

same list.

(ML)

38.1.3 map

lemma map-ext: (Nz. z : set xs ——> fz = gx) ==> map fzs = map g xs
(proof)

lemma map-ident [simp]: map (Az. ) = (Azs. xs)

(proof)

lemma map-append [simp]: map [ (zs Q ys) = map fas Q map fys
(proof)

lemma map-compose: map (f o g) xs = map f (map g xs)

(proof)

lemma rev-map: rev (map f xs) = map f (rev xs)

(proof)

lemma map-eqg-conv[simp): (map fxzs = map g xs) = (lz : set xs. fz = g x)

{proof)

lemma map-cong [recdef-cong]:
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xs = ys ==> (Nz. z : set ys ==> fz = gx) ==> map f s = map g ys

— a congruence rule for map

(proof)
lemma map-is-Nil-conv [iff]: (map fzs =[]) = (zs = [])
(proof)
lemma Nil-is-map-conv [iff]: ([] = map fxs) = (zs = [])
(proof)

lemma map-eq-Cons-convliff]:

(map faxs = y#ys) = (Fz2s. xs = z#2s N fz2 =y N map f zs = ys)

(proof)

lemma Cons-eq-map-convliff]:

(z#tzs = map fys) = (Fz25. ys = z#2s ANz = fz N xs = map [ 25)

{proof)

lemma EX-Mmap-conv:

(EX xs. ys = map fxs) = (ALL y : set ys. EX z. y = fx)

(proof)

lemma map-eq-imp-length-eq:
Nzs. map fxs = map fys ==> length xs = length ys

(proof)

lemma map-inj-on:

[| map fxs = map f ys; inj-on f (set xzs Un set ys) |]
==> s = YS

(proof)

lemma inj-on-map-eq-map:

inj-on f (set zs Un set ys) = (map fxs = map fys) =

{proof)

lemma map-injective:
Nzs. map fxs = map fys ==> inj f ==> s = ys

(proof)

lemma inj-map-eq-map[simpl: inj f = (map f xs = map f ys)

(proof)

lemma inj-mapl: inj f ==> inj (map f)

{proof)

lemma inj-mapD: inj (map f) ==> inj f

{(proof)

lemma inj-map[iff]: inj (map f) = inj f

367
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{proof)

lemma inj-on-mapl: inj-on f (U (set < A)) = inj-on (map f) A

(proof)

lemma map-idl: (N\z. z € set 1s = fz = x) = map f s = zs

(proof)

lemma map-fun-upd [simp]: y ¢ set s = map (f(y:=v)) zs = map [ s

(proof)

lemma map-fst-zip[simp]:
length xs = length ys = map fst (zip zs ys) = xs
(proof)

lemma map-snd-zip[simp]:
length xs = length ys = map snd (zip zs ys) = ys

(proof)

38.1.4 rev

lemma rev-append [simp]: rev (zs @ ys) = rev ys @ rev s
{proof)

lemma rev-rev-ident [simp]: rev (rev xs) = xs
(proof)

lemma rev-swap: (rev s = ys) = (zs = rev ys)
(proof)

lemma rev-is-Nil-conv [iff]: (revzs = []) = (xs = [])
(proof)

lemma Nil-is-rev-conv [iff]: ([] = rev zs) = (zs = [])
(proof)

lemma rev-singleton-conv [simp]: (rev xs = [z]) = (zs = [z])

{proof)

lemma singleton-rev-conv [simp]: ([z] = rev zs) = (zs = [z])

(proof)

lemma rev-is-rev-conv [iff]: Nys. (rev zs = rev ys) = (zs = ys)

{proof)

lemma inj-on-rev[iff]: inj-on rev A

(proof)

lemma rev-induct [case-names Nil snoc]:



THEORY “List” 369

[| P[; "xas. Pas ==> P (zs Q [z]) |] ==> P us
(proof )
(ML)
lemma rev-exhaust [case-names Nil snoc]:
(zs =[] ==> P) ==>(lys y. s = ys Q [y] ==> P) ==> P
(proof )

lemmas rev-cases = rev-exhaust

38.1.5 set
lemma finite-set [iff]: finite (set xs)
(proof)

lemma set-append [simp]: set (xs @ ys) = (set zs U set ys)
(proof)

lemma hd-in-set: | = z#xs —> xEset |

(proof)

lemma set-subset-Cons: set xs C set (z # xs)
(proof)

lemma set-ConsD: y € set (x # xs) = y=x V y € set s

(proof)

lemma set-empty [iff]: (set xs = {}) = (ws = [])
(proof)

lemma set-empty2[iff]: ({} = set xs) = (ws = [])
(proof)

lemma set-rev [simp]: set (rev xs) = set xs

{(proof)

lemma set-map [simp]: set (map fxs) = f*(set xs)

(proof)

lemma set-filter [simp]: set (filter P xs) = {z. z : set xs A P z}
(proof)

lemma set-upt [simp]: set[i.<j] ={k. i <k ANk <j}
(proof)

lemma in-set-conv-decomp: (x : set xs) = (Fys zs. xs = ys Q x # zs)

(proof)
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lemma finite-list: finite A ==> EX [. set| = A
(proof )

lemma card-length: card (set xzs) < length xs
(proof)

38.1.6 filter

lemma filter-append [simp]: filter P (xs @Q ys) = filter P xs @ filter P ys
{proof)

lemma rev-filter: rev (filter P xs) = filter P (rev zs)
(proof)

lemma filter-filter [simp]: filter P (filter Q xzs) = filter (Ax. Q © A P z) zs
(proof)

lemma length-filter-le [simp]: length (filter P zs) < length xs
(proof)

lemma filter-True [simp]: Vz € set xs. P x ==> filter P s = xs

(proof)

lemma filter-False [simp]: Vz € set xs. = P ==> filter P zs = []
(proof)

lemma filter-empty-conv: (filter P xs = []) = (Va€set zs. = P x)
(proof)

lemma filter-id-conv: (filter P xs = xs) = (Vxz€E€set zs. P x)

{(proof)

lemma filter-map:

filter P (map f zs) = map f (filter (P o f) xs)
(proof)

lemma length-filter-map[simp]:
length (filter P (map f xs)) = length(filter (P o f) xs)

(proof)

lemma filter-is-subset [simp]: set (filter P xs) < set xs

(proof)

lemma length-filter-less:
[z : setxs; ~ P x| = length(filter P xs) < length zs

(proof)

lemma length-filter-conv-card:
length(filter p xs) = card{i. i < length xs & p(xsli)}
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{proof)

lemma Cons-eq-filterD:

r#Hrs = filter P ys =
Jus vs. ys = us Q@ z # vs A (VYu€set us. =~ Pu) A Pz A xs = filter P vs
(concl is Fus vs. ?P ys us vs)

(proof)

lemma filter-eq-ConsD:

filter P ys = z#xs =

Fus vs. ys = us Q z # vs A (Vu€set us. -~ Pu) AN Pz A zs = filter P vs
(proof)

lemma filter-eq-Cons-iff :

(filter P ys = zftxs) =

(Jus vs. ys = us Q@ z # vs A (Vu€set us. - Pu) AN Px A xs = filter P vs)
(proof)

lemma Cons-eq-filter-iff:

(z#xs = filter P ys) =

(Jus vs. ys = us Q@ x # vs A (Vu€set us. = Pu) A Px A xs = filter P vs)
(proof )

lemma filter-cong:
zs = ys = (\z. z € set ys = Pz = Q ) = filter P xs = filter Q ys
{proof )

38.1.7 concat

lemma concat-append [simp]: concat (zs @Q ys) = concat s Q concat ys

(proof)

lemma concat-eq-Nil-conv [iff]: (concat zss = []) = (Vxs € set zss. xs = [])
(proof)
lemma Nil-eg-concat-conv [iff]: ([| = concat zss) = (Vs € set xss. zs = [])
(proof)

lemma set-concat [simp]: set (concat xs) = |J (set ‘ set xs)
(proof)

lemma map-concat: map f (concat xs) = concat (map (map f) xs)

(proof)

lemma filter-concat: filter p (concat xs) = concat (map (filter p) xs)

(proof)

lemma rev-concat: rev (concat xs) = concat (map rev (rev s))

{proof)
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38.1.8 nth

lemma nth-Cons-0 [simp]: (z # zs)!10 = z

(proof)

lemma nth-Cons-Suc [simp]: (z # xs)!(Suc n) = xsln

(proof)
declare nth.simps [simp del]

lemma nth-append:
In. (zs @ ys)ln = (if n < length xs then zsln else ys!(n — length xs))
(proof)

lemma nth-append-length [simp]: (zs Q@ x # ys) ! length xs = «
(proof)

lemma nth-append-length-plus[simp]: (xzs Q ys) ! (length zs + n) = ys ! n
(proof)

lemma nth-map [simp]: In. n < length xs ==> (map f zs)ln = f(xsln)

(proof)

lemma set-conv-nth: set xs = {xsli | i. 1 < length xs}

(proof)

lemma in-set-conv-nth: (z € set zs) = (i < length zs. zsli = x)

{proof)

lemma list-ball-nth: [| n < length xs; lz : set xs. P x|] ==> P(xsln)
(proof)

lemma nth-mem [simp]: n < length zs ==> zsln : set zs

{proof)

lemma all-nth-imp-all-set:

[| li < length zs. P(xsli); « : set zs|]] ==> P x

(proof)

lemma all-set-conv-all-nth:
(Vz € setxzs. Pz) = (Vi. i < length xs ——> P (zs! 1))
(proof )

38.1.9 list-update

lemma length-list-update [simp]: i, length(zs[i:=z]) = length xs

{(proof)

lemma nth-list-update:
Wij. i < length xs==> (asli:z=z])lj = (if i = j then z else zsly)

372
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(proof )

lemma nth-list-update-eq [simp]: i < length zs ==> (azs[i:=z])li = ¢
(proof)

lemma nth-list-update-neq [simp]: i j. i # j ==> zs[i:=zx]!lj = xslj
(proof )

lemma list-update-overwrite [simp):

i, i < size xs ==> zs[i:==z, i:=y] = xs[i:=y]

(proof )

lemma list-update-id[simp]: 5. i < length xs ==> xs[i := xsli] = x5
(proof )

lemma list-update-beyond[simp]: \i. length xs < i = zs[i:=z] = x5

{proof)

lemma list-update-same-conv:
Wi. i < length zs ==> (as[i := z] = zs) = (asli = x)

(proof)

lemma list-update-append] :
Wi, 4 < size s = (zs Q ys)[i:=z] = xs[i:=z] Q ys

(proof)

lemma list-update-append:

Mn. (zs @Q ys) [n:= z] =

(if n < length zs then zs[n:= z] Q ys else xs Q (ys [n—length zs:= z]))
(proof)

lemma list-update-length [simp]:
(zs @ z # ys)[length zs := y] = (xs Q y # ys)
{proof)

lemma update-zip:

Wi xy zs. length s = length ys ==>

(zip xs ys)|i:=xy] = zip (zs[i:=fst zy]) (ys[i:=snd zy))
(proof )

lemma set-update-subset-insert: i, set(xs[i:=z]) <= insert © (set xs)

{(proof)

lemma set-update-subsetl: [| set xs <= A; x:A || ==> set(zs[i := z]) <= A
{proof)

lemma set-update-memlI: In. n < length xs = x € set (zs[n = x])

(proof)
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38.1.10 last and butlast

lemma last-snoc [simp): last (zs Q [z]) = =

(proof)

lemma butlast-snoc [simp]: butlast (zs Q [z]) = xs

(proof )

lemma last-ConsL: zs = [| = last(z#xs) = =

(proof)

lemma last-ConsR: xs # [| = last(x#xs) = last xs

(proof )

lemma last-append: last(zs Q ys) = (if ys = [| then last zs else last ys)
(proof )

lemma last-appendL[simp|: ys = [| = last(zs Q ys) = last xs
(proof )

lemma last-appendR[simp]: ys # [| = last(zs Q ys) = last ys
(proof)

lemma length-butlast [simp]: length (butlast xs) = length zs — 1
(proof)

lemma butlast-append:
Nys. butlast (zs Q ys) = (if ys = [] then butlast zs else xs @ butlast ys)

(proof)

lemma append-butlast-last-id [simp]:

xs # [| ==> butlast xs Q [last xs] = xs

{proof)

lemma in-set-butlastD: z : set (butlast xs) ==> x : set xs
(proof)

lemma in-set-butlast-appendl:
x @ set (butlast xs) | x : set (butlast ys) ==> x : set (butlast (zs Q ys))

(proof)

lemma last-drop[simp]: !In. n < length ts = last (drop n xs) = last xs

(proof)

lemma last-conv-nth: xs#[] = last s = xs!(length xs — 1)

(proof)
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38.1.11 take and drop

lemma take-0 [simp]: take 0 s = ||

(proof)

lemma drop-0 [simp]: drop 0 xs = xs

(proof)

lemma take-Suc-Cons [simp): take (Suc n) (z # xs) = x # take n s

{(proof)

lemma drop-Suc-Cons [simp]: drop (Suc n) (x # zs) = drop n zs
(proof)

declare take-Cons [simp del] and drop-Cons [simp del]

lemma take-Suc: xs ~= [| ==> take (Suc n) s = hd xs # take n (tl xs)

(proof)

lemma drop-Suc: drop (Suc n) zs = drop n (tl zs)

(proof)

lemma drop-tl: "!n. drop n (tl zs) = tl(drop n zs)
(proof)

lemma nth-via-drop: 'n. drop n s = y#ys = xsln =y

(proof)

lemma take-Suc-conv-app-nth:
i, i < length ©s = take (Suc i) s = take i xs Q [zs!i]

{(proof)

lemma drop-Suc-conv-tl:
Wi, i < length xs = (xs!i) # (drop (Suc i) zs) = drop i xs
(proof)

lemma length-take [simp]: lxs. length (take n xs) = min (length xs) n

(proof)

lemma length-drop [simp]: zs. length (drop n xs) = (length s — n)
(proof)

lemma take-all [simp]: lzs. length xs <= n ==> take n s = xs
{proof)
lemma drop-all [simp]: Nzs. length xs <= n ==> drop n zs = ||
(proof)

lemma take-append [simp]:
Nas. take n (zs Q ys) = (take n xs Q take (n — length xs) ys)
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{proof)

lemma drop-append [simp]:
Nas. drop n (xs @Q ys) = drop n xs @ drop (n — length xs) ys
(proof )

lemma take-take [simp]: zs n. take n (take m xs) = take (min n m) xs
(proof)

lemma drop-drop [simp]: zs. drop n (drop m xs) = drop (n + m) xs

(proof)

lemma take-drop: 'zs n. take n (drop m xzs) = drop m (take (n + m) zs)
(proof)

lemma drop-take: !!'m n. drop n (take m xs) = take (m—n) (drop n xs)

(proof)

lemma append-take-drop-id [simp]: xs. take n xs @Q drop n zs = xs

(proof)

lemma take-eq-Nil[simp]: 'n. (takenzs =[]) = (n =0 V zs = [])
(proof)

lemma drop-eq-Nil[simp]: !n. (drop n zs = []) = (length zs <= n)

(proof)

lemma take-map: zs. take n (map f xs) = map f (take n xs)
(proof)

lemma drop-map: zs. drop n (map f xs) = map f (drop n xs)

(proof)

lemma rev-take: i. rev (take i xzs) = drop (length xs — i) (rev xs)
(proof)

lemma rev-drop: li. rev (drop i zs) = take (length zs — i) (rev xs)

(proof)

lemma nth-take [simp]: n i. i < n ==> (take n zs)li = xsli
(proof)

lemma nth-drop [simp]:
s i. n + i <= length xs ==> (drop n xzs)'i = xzs!(n + i)
(proof)

lemma set-take-subset: An. set(take n zs) C set xs

(proof)
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lemma set-drop-subset: A\n. set(drop n xs) C set s

{proof)

lemma in-set-takeD: x : set(take n zs) = x : set xs

(proof)

lemma in-set-dropD: x : set(drop n xs) = x : set xs
(proof)

lemma append-eq-conv-cony:
zs. (xs @Q ys = 28) = (xs = take (length xs) zs A ys = drop (length xs) zs)
(proof)

lemma take-add [rule-format]:
Vi. i+j < length(xs) ——> take (i+j) zs = take i zs Q take j (drop i zs)
(proof)

lemma append-eq-append-conv-if :

Wysy. (ws1 @ zsg = ys; @ yso) =
(if size xs; < size ysy
then zs1 = take (size xs1) ys1 A xsa = drop (size xs1) ys1 @ yso
else take (size ys1) xs1 = ys1 A drop (size ys1) zs1 Q xso = ysa)

(proof)

lemma take-hd-drop:
In. n < length xs = take n s @ [hd (drop n xs)] = take (n+1) xs

(proof)

lemma id-take-nth-drop:
i < length xs = xs = take i xs Q zsli # drop (Suc 1) s

{(proof)

lemma upd-conv-take-nth-drop:
i < length xs = zs[i:=a] = take i xs Q a # drop (Suc i) xs
(proof)

38.1.12 takeWhile and drop While

lemma take While-drop While-id [simp]: takeWhile P xs @ drop While P xs = xs
(proof)

lemma take While-appendl [simp):
[| z:set zs; ~P(z)|] ==> takeWhile P (zs Q ys) = takeWhile P xs
(proof )

lemma take While-append2 [simp):
(Nz. x : set xs ==> P x) ==> takeWhile P (xs @ ys) = xzs @Q takeWhile P ys
(proof )
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lemma take While-tail: = P x ==> takeWhile P (zs Q (z#l)) = takeWhile P xs
(proof)

lemma drop While-append1 [simp):
[| z : set zs; ~P(x)|] ==> dropWhile P (zs Q ys) = (drop While P xs)Qys
(proof )

lemma drop While-append2 [simp):
(Nz. z:set xs ==> P(x)) ==> dropWhile P (zs Q ys) = drop While P ys
(proof)

lemma set-take-whileD: x : set (takeWhile P xs) ==> z : set xzs N P z

{proof)

lemma take While-eq-all-conv[simp]:
(take While P zs = xs) = (Vx € set xs. P 1)

{proof)

lemma drop While-eq-Nil-conv[simp]:
(dropWhile P zs = []) = (Va € set zs. P 1)
(proof)

lemma drop While-eq-Cons-conv:
(dropWhile P zs = y#ys) = (s = takeWhile P s @ y # ys & = P y)
(proof )

The following two lemmmas could be generalized to an arbitrary property.

lemma take While-neg-rev: [distinct zs; © € set zs] =
take While (\y. y # ) (rev xs) = rev (H (dropWhile (\y. y # ) xs))
(proof )

lemma drop While-neg-rev: [distinct xs; = € set xzs] =
dropWhile (Ay. y # z) (rev xs) = x # rev (takeWhile (A\y. y # x) zs)
(proof)

38.1.13  zip

lemma zip-Nil [simp]: zip [] ys = |]
{proof)

lemma zip-Cons-Cons [simp]: zip (z # zs) (v # ys) = (x, y) # zip xs ys
(proof)

declare zip-Cons [simp del]
lemma zip-Consi:

zip (z#fws) ys = (case ys of [| = [| | y#tys = (z,y)#zip zs ys)
(proof)
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lemma length-zip [simp]:
as. length (zip zs ys) = min (length xzs) (length ys)
(proof)

lemma zip-appendl:

Nas. zip (xzs Q ys) zs =

zip xs (take (length xzs) zs) Q zip ys (drop (length xs) zs)
(proof)

lemma zip-append2:
Nys. zip s (ys Q zs) =
zip (take (length ys) xs) ys @Q zip (drop (length ys) xs) zs

(proof)
lemma zip-append [simp):

[| length zs = length us; length ys = length vs || ==>
zip (zsQys) (usQus) = zip xs us @ zip ys vs

(proof)

lemma zip-rev:
length xs = length ys ==> zip (rev xs) (rev ys) = rev (zip xs ys)

(proof)

lemma nth-zip [simp]:
Wi zs. [| i < length zs; © < length ys|| ==> (zip xs ys)li = (zsli, ysli)

{(proof)

lemma set-zip:
set (zip xs ys) = {(wsli, ysli) | i. i < min (length xs) (length ys)}
(proof)

lemma zip-update:
length xs = length ys ==> zip (zs[i:=x]) (ys[i:=y]) = (zip zs ys)[i:=(z,y)]
{proof)

lemma zip-replicate [simp]:
5. zip (replicate i z) (replicate j y) = replicate (min i j) (z,y)
(proof )

38.1.14 list-all2

lemma list-ali2-lengthD [intro?]:
list-all2 P zs ys ==> length xs = length ys
(proof)

lemma list-all2-Nil [iff ,code]: list-all2 P || ys = (ys = [])
(proof)

lemma list-all2-Nil2[iff]: list-all2 P zs || = (zs = [])
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{proof)

lemma list-all2-Cons [iff ,code]:
list-all2 P (z # zs) (y # ys) = (P z y A list-all2 P xs ys)
(proof)

lemma list-all2-Cons1:
list-all2 P (z # xs) ys = (3z zs. ys = z # zs N P x z A list-all2 P xs zs)

(proof)

lemma list-all2-Cons2:
list-all2 P xs (y # ys) = (3zzs. as = 2z # 28 N P z y A list-all2 P zs ys)

(proof)

lemma list-all2-rev [iff]:
list-all2 P (rev xzs) (rev ys) = list-all2 P zs ys

(proof)

lemma list-all2-revl:
list-all2 P (rev xs) ys = list-all2 P xs (rev ys)

(proof)

lemma list-all2-append1:

list-all2 P (zs Q ys) zs =

(EX us vs. zs = us @Q vs A length us = length xs A length vs = length ys A
list-all2 P xs us A list-all2 P ys vs)

(proof)

lemma list-all2-append?2:

list-all2 P zs (ys Q zs) =

(EX us vs. xs = us @ vs A length us = length ys A length vs = length zs A
list-all2 P us ys A list-all2 P vs zs)

{proof)

lemma list-all2-append:
length xs = length ys —
list-all2 P (zsQus) (ysQ@Qus) = (list-all2 P xs ys A list-all2 P us vs)

(proof)

lemma list-all2-appendl [intro?, trans):
[ list-ali2 P a b; list-all2 P ¢ d | = list-all2 P (a@Qc) (bQd)

(proof)

lemma list-all2-conv-all-nth:

list-all2 P xs ys =

(length xzs = length ys N (Vi < length zs. P (xsli) (ysli)))
(proof)

lemma list-all2-trans:
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assumes tr: labc. P1ab==> P2bc==> P3ac
shows !!bs c¢s. list-all2 P1 as bs ==> list-all2 P2 bs cs ==> list-all2 P3 as cs
(is !'bs e¢s. PROP ?2@Q) as bs cs)

(proof)

lemma list-all2-all-nthI [intro?]:
length a = length b = (An. n < length a = P (aln) (bln)) = list-all2 P a b

{proof)

lemma list-all2l:
Vi € set (zip ab). split P x = length a = length b = list-all2 P a b

(proof)

lemma list-all2-nthD:
[ list-all2 P xs ys; p < size xs | = P (xslp) (yslp)
(proof)

lemma list-all2-nthD2:
[list-all2 P xs ys; p < size ys] = P (xs!p) (ys!p)
{proof)

lemma list-all2-map1:
list-all2 P (map f as) bs = list-all2 (Az y. P (fz) y) as bs
{proof)

lemma list-all2-map2:
list-all2 P as (map f bs) = list-all2 (A\x y. Pz (fy)) as bs

(proof)

lemma list-all2-refl [intro?):
(Az. P x x) = list-all2 P xs xs
(proof)

lemma list-all2-update-cong:
[ i<size xs; list-all2 P xs ys; Pz y | = list-all2 P (zs[i:=z]) (ys[i:=y])
{proof)

lemma list-all2-update-cong?2:
[list-all2 P zs ys; P x y; i < length ys] = list-all2 P (zs[i:=z]) (ys[i:=y])
(proof)

lemma list-all2-takel [simp,intro?]:
An ys. list-all2 P zs ys = list-all2 P (take n xs) (take n ys)
{proof )

lemma list-all2-dropl [simp,intro?]:
An bs. list-all2 P as bs = list-all2 P (drop n as) (drop n bs)
(proof)
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lemma list-all2-mono [intro?]:
Ny. list-all2 Pz y — (Azy. Pay = Quzy) = list-all2 Qz y
(proof )

38.1.15 foldl and foldr

lemma foldi-append [simp]:
Na. foldl f a (xzs Q ys) = foldl f (foldl f a xs) ys
{proof )

lemma foldr-append[simp]: foldr f (zs @ ys) a = foldr f xzs (foldr f ys a)
(proof)

lemma foldr-foldl: foldr f zs a = foldl (%x y. fy z) a (rev zs)
(proof )

lemma foldi-foldr: foldl f a xzs = foldr (%z y. fy z) (rev zs) a
(proof)

Note: n < foldl (op +) n ns looks simpler, but is more difficult to use
because it requires an additional transitivity step.

lemma start-le-sum: In:nat. m <= n ==> m <= foldl (op +) n ns
{proof)
lemma elem-le-sum: 'n::inat. n : set ns ==> n <= foldl (op +) 0 ns
(proof)

lemma sum-eg-0-conv [iff]:
m:nat. (foldl (op +) mns =0) = (m=0A (¥Vn € set ns. n = 0))
(proof)

38.1.16 upto

lemma upt-rec[code]: [i..<j] = (if i<j then i#[Suc i..<j] else [])
— simp does not terminate!

(proof)

lemma upt-conv-Nil [simp]: j <= i ==> [i..<j] = |]

(proof)

lemma upt-eq-Nil-conv[simp): ([i..<j] =) =G =0V j <=1)
(proof)

lemma upt-eq-Cons-conv:
o xs. ([i..<j] = aftas) = (i < j & i=2z& [i+1..<j] = xs)
(proof)

lemma upt-Suc-append: i <= j ==> [i..<(Suc j)] = [i..<j]Q[f]
— Only needed if upt-Suc is deleted from the simpset.
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{proof)

lemma upt-conv-Cons: i < j ==> [i..<j| = i # [Suc i..<J]

(proof)

lemma upt-add-eg-append: i<=j ==> [i..<j+k] = [i..<j]Q[j..<j+k]
— LOOPS as a simprule, since 7 <= j.

(proof )

lemma length-upt [simp): length [i..<j] =j — i

(proof )

lemma nth-upt [simp]: i + k < j ==> [i.<j| ! k=14 + k
(proof )

lemma take-upt [simp]: li. i+m <= n ==> take m [i..<n] = [i..<i+m)]
(proof )

lemma drop-upt[simp]: drop m [i..<j] = [i+m..<j]
(proof)

lemma map-Suc-upt: map Suc [m..<n] = [Suc m..n]
(proof )

lemma nth-map-upt: i. i < n—m ==> (map f [m..<n]) ! i = f(m+1)

{(proof)

lemma nth-take-lemma:
Nzs ys. k <= length xs ==> k <= length ys ==>
(M. i < k ——> asli = ysli) ==> take k s = take k ys

(proof)

lemma nth-equalityl:

[| length xs = length ys; ALL i < length xs. xsli = ysli || ==> xs = ys
(proof)

lemma list-all2-antisym:
[ (Azy. [Pzy;, Quz] = z =y); list-all2 P zs ys; list-all2 Q ys xs |
= s = ys
(proof )

lemma take-equalityl: (Vi. take i xs = take i ys) ==> xs = ys
— The famous take-lemma.

{proof)

lemma take-Cons”:
take n (x # xs) = (if n = 0 then || else © # take (n — 1) xs)
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{proof)

lemma drop-Cons’:
drop n (z # xs) = (if n = 0 then x # xs else drop (n — 1) x5)
(proof)

lemma nth-Cons” (z # xs)ln = (if n = 0 then x else zs!(n — 1))
(proof)

lemmas [simp] = take-Cons'[of number-of v,standard)
drop-Cons'[of number-of v,standard]
nth-Cons’[of - - number-of v,standard]

38.1.17 distinct and remdups

lemma distinct-append [simp]:
distinct (xs Q ys) = (distinct zs A distinct ys A set zs N set ys = {})
(proof )

lemma distinct-rev[simp]: distinct(rev xs) = distinct xs

(proof)

lemma set-remdups [simp]: set (remdups xs) = set xs
(proof)

lemma distinct-remdups [iff]: distinct (remdups xs)

(proof)

lemma remdups-eq-nil-iff [simp): (remdups z = []) = (z = [])
{proof)

lemma remdups-eq-nil-right-iff [simp]: ([] = remdups z) = (z = [])
(proof)

lemma length-remdups-leq[iff]: length(remdups zs) <= length xs

{(proof)

lemma length-remdups-eq[iff]:
(length (remdups zs) = length xs) = (remdups zs = xs)
(proof)

lemma distinct-filter [simp]: distinct xs ==> distinct (filter P xs)

(proof)

lemma distinct-map-filterl:
distinct(map f xs) = distinct(map f (filter P xs))

(proof)

lemma distinct-upt[simp]: distinct[i..<j]
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{proof)

lemma distinct-take[simp): \i. distinct xs = distinct (take i xs)

(proof)

lemma distinct-drop[simp]: \i. distinct xs => distinct (drop i xs)

(proof)

lemma distinct-list-update:
assumes d: distinct zs and a: a ¢ set zs — {xsli}
shows distinct (zs[i:=a])

{proof)

It is best to avoid this indexed version of distinct, but sometimes it is useful.

lemma distinct-conv-nth:
distinct xs = (Vi < size x5. ¥Vj < size xs. i # j ——> xsli # aslj)

{proof)

lemma distinct-card: distinct xs ==> card (set xs) = size s
(proof)

lemma card-distinct: card (set xs) = size xs ==> distinct xs

(proof)

lemma inj-on-setl: distinct(map f xs) ==> inj-on f (set zs)

(proof)

lemma inj-on-set-conv:
distinct xs = inj-on [ (set xs) = distinct(map f xs)
(proof)

38.1.18 removel

lemma set-removel-subset: set(removel x xs) <= set s
(proof)

lemma set-removel-eq [simp]: distinct s ==> set(removel  zs) = set zs — {z}

{proof)

~ ~

lemma notin-set-removel [simp]: © ~: set xs ==> x ~: set(removel y xs)

{(proof)

lemma distinct-removel [simp): distinct zs ==> distinct(removel z zs)

(proof)

38.1.19 replicate

lemma length-replicate [simp]: length (replicate n ) = n
(proof)
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lemma map-replicate [simp]: map f (replicate n x) = replicate n (f )

(proof)

lemma replicate-app-Cons-same:
(replicate n x) Q (z # xs) = x # replicate n x Q x5
(proof)

lemma rev-replicate [simp|: rev (replicate n ©) = replicate n

(proof)

lemma replicate-add: replicate (n + m) x = replicate n © @ replicate m x

(proof )
Courtesy of Matthias Daum:

lemma append-replicate-commute:
replicate n x @ replicate k x = replicate k © @Q replicate n x

(proof)

lemma hd-replicate [simp]: n # 0 ==> hd (replicate n x) = x

{proof)

lemma tl-replicate [simp]: n # 0 ==> tl (replicate n z) = replicate (n — 1) z
(proof)

lemma last-replicate [simp]: n # 0 ==> last (replicate n ) = x

{proof)

lemma nth-replicate[simp]: i. i < n ==> (replicate n x)!i = x

(proof)

Courtesy of Matthias Daum (2 lemmas):
lemma take-replicate[simp]: take i (replicate k x) = replicate (min i k) x

(proof)

lemma drop-replicate[simp]: li. drop i (replicate k z) = replicate (k—i) z

(proof)

lemma set-replicate-Suc: set (replicate (Suc n) z) = {z}

(proof)

lemma set-replicate [simp]: n # 0 ==> set (replicate n z) = {z}

(proof)

lemma set-replicate-conv-if: set (replicate n z) = (if n = 0 then {} else {z})

(proof)

lemma in-set-replicateD: z : set (replicate n y) ==>z =y

(proof)
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38.1.20 rotatel and rotate

lemma rotate-simps[simp|: rotatel [| = [| A rotatel (z#zs) = zs Q [z]

(proof)

lemma rotate0[simp): rotate 0 = id

(proof)

lemma rotate-Suc[simp)|: rotate (Suc n) zs = rotatel (rotate n xs)

{(proof)

lemma rotate-add:
rotate (m—+n) = rotate m o rotate n

(proof)

lemma rotate-rotate: rotate m (rotate n xs) = rotate (m-+n) xs

{proof)

lemma rotatel-length01 [simp]: length ts <= 1 = rotatel zs = xs

(proof)

lemma rotate-length01 [simp): length xs <= 1 = rotate n s = xs

(proof)

lemma rotatel-hd-tl: zs # [| = rotatel xs = tl s Q [hd zs]

(proof)

lemma rotate-drop-take:
rotate n xs = drop (n mod length xs) xs Q take (n mod length xs) xs

(proof)

lemma rotate-conv-mod: rotate n xs = rotate (n mod length xs) s

{proof)

lemma rotate-id[simp]: n mod length ts = 0 = rotate n s = xs

(proof)

lemma length-rotatel [simp]: length(rotatel xs) = length xs

{proof)

lemma length-rotate[simp): las. length(rotate n xs) = length s

(proof)

lemma distincti-rotate[simp]: distinct(rotatel xs) = distinct xs
(proof)

lemma distinct-rotate[simp): distinct(rotate n xs) = distinct s

(proof)

lemma rotate-map: rotate n (map f xs) = map f (rotate n xs)

387
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{proof)

lemma set-rotatel [simp]: set(rotatel xs) = set xs

(proof)

lemma set-rotate[simp]: set(rotate n xs) = set s

(proof)

lemma rotatel-is-Nil-conv[simp]: (rotatel zs = []) = (xs = [])

(proof)

lemma rotate-is-Nil-conv[simp]: (rotate n zs = [|) = (xs = [])
(proof)

lemma rotate-rev:
rotate n (rev zs) = rev(rotate (length xs — (n mod length zs)) xs)

(proof)

38.1.21 sublist — a generalization of nth to sets

lemma sublist-empty [simp]: sublist zs {} = |]

(proof)

lemma sublist-nil [simp]: sublist [| A = |]

(proof)

lemma length-sublist:
length(sublist xs I) = card{i. i < length xs A i : I}
(proof)

lemma sublist-shift-lemma-Suc:
Wis. map fst (filter (%op. P(Suc(snd p))) (zip xs is)) =
map fst (filter (%op. P(snd p)) (zip zs (map Suc is)))
(proof)

lemma sublist-shift-lemma:
map fst [p:zip zs [i..<i + length xs] . snd p : A] =
map fst [p:zip zs [0..<length zs] . snd p + i : A]
(proof)

lemma sublist-append:
sublist (1 Q@ 1) A = sublist | A Q sublist I’ {j. j + length I : A}

(proof)

lemma sublist-Cons:
sublist (x # 1) A = (if 0:A then [z] else [|) Q sublist | {j. Suc j : A}
(proof)

lemma set-sublist: 1. set(sublist xs I) = {xsli|i. i<size zs N i € I}
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(proof)

lemma set-sublist-subset: set(sublist zs I) C set xs

(proof)

lemma notin-set-sublistl[simp|: © ¢ set s => x ¢ set(sublist xs I)
(proof)

lemma in-set-sublistD: x € set(sublist xs [) = x € set xs

(proof)

lemma sublist-singleton [simp]: sublist [x] A = (if 0 : A then [z] else [])
(proof)

lemma distinct-sublistl [simp]: 1. distinct ©s = distinct(sublist zs I)

(proof)

lemma sublist-upt-eq-take [simp]: sublist | {.<n} = take nl

(proof)

lemma filter-in-sublist: \s. distinct xs =
filter (%ox. x € set(sublist xs s)) xs = sublist xs s

(proof)

38.1.22 Sets of Lists

38.1.23 lists: the list-forming operator over sets

consts lists :: 'a set => 'a list set
inductive lists A
intros
Nil [introl]: []: lists A
Cons [introl]: [| a: A;l: lists A|] ==> a#l : lists A

inductive-cases listsE [elim!]: x#1 : lists A

lemma lists-mono [monol: A C B ==> lists A C lists B

(proof)

lemma lists-Intl:
assumes [: [: lists A shows [: lists B ==> [ lists (A Int B) (proof)

lemma lists-Int-eq [simp]: lists (A N B) = lists A N lists B
(proof)

lemma append-in-lists-conv [iff]:
(zs Q ys : lists A) = (ws : lists A A ys : lists A)
(proof)
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lemma in-lists-conv-set: (zs : lists A) = (Vx € set zs. z : A)
— eliminate lists in favour of set

(proof)

lemma in-listsD [dest!]: zs € lists A ==> Vzeset xs. ¢ € A

(proof)

lemma in-listsI [introl]: Vz€set xs. © € A ==> x5 € lists A
(proof)

lemma lists-UNIV [simp]: lists UNIV = UNIV

(proof)

38.1.24 For efficiency

Only use mem for generating executable code. Otherwise use x € set zs
instead — it is much easier to reason about. The same is true for list-all
and list-ex: write V z€set zs and d z€set zs instead because the HOL quan-
tifiers are aleady known to the automatic provers. In fact, the declarations
in the Code subsection make sure that €, Vz€set xs and JdzEset xs are
implemented efficiently.

The functions itrev, filtermap and map-filter are just there to generate effi-
cient code. Do not use them for modelling and proving.

lemma mem-iff: (z mem zs) = (z : set xs)
(proof)

lemma list-inter-conv: set(list-inter xs ys) = set xs N set ys

(proof)

lemma list-all-iff: list-all P xs = (V& € set xs. P )
(proof)

lemma list-all-append [simp]:
list-all P (zs @Q ys) = (list-all P zs A list-all P ys)
(proof )

lemma list-all-rev [simp]: list-all P (rev zs) = list-all P xs

(proof)

lemma list-ex-iff: list-ex P xs = (3x € set xs. P z)
(proof)

lemma itrev[simpl: ALL ys. itrev xs ys = rev s Q ys

(proof)

lemma filtermap-conv:
filtermap f xs = map (%x. the(f z)) (filter (%ox. fx # None) xs)
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(proof)

lemma map-filter-conv[simp): map-filter f P xs = map [ (filter P xs)
(proof )

38.1.25 Code generation

Defaults for generating efficient code for some standard functions.

lemmas in-set-code[code unfold] = mem-iff [symmetric, THEN eq-reflection]

lemma rev-code[code unfold]: rev xs == itrev xs []

(proof)

lemma distinct-Cons-mem|code]: distinct (z#xs) = (~(z mem zs) A distinct xs)
(proof)

lemma remdups-Cons-mem|[code]:
remdups (z#xs) = (if x mem xs then remdups s else x # remdups xs)

(proof)

lemma list-inter-Cons-mem|[code]: list-inter (a#as) bs =
(if a mem bs then a#t(list-inter as bs) else list-inter as bs)

(proof)

For implementing bounded quantifiers over lists by list-ex /list-all:

lemmas list-bex-code|code unfold] = list-ex-iff [symmetric, THEN eq-reflection]
lemmas list-ball-code[code unfold] = list-all-iff [symmetric, THEN eq-reflection)]

38.1.26 Inductive definition for membership

consts ListMem :: (‘a X 'a list)set

inductive ListMem

intros

elem: (z,x#xs) € ListMem

insert: (x,xs) € ListMem = (x,y#uxs) € ListMem

lemma ListMem-iff: ((z,zs) € ListMem) = (z € set zs)
(proof)

38.1.27 Lists as Cartesian products

set-Cons A Xs: the set of lists with head drawn from A and tail drawn from
Xs.

constdefs
set-Cons :: 'a set = 'a list set = 'a list set
set-Cons A XS == {z. Jz zs. 2 = s#as & z € A & zs € XS}

lemma set-Cons-sing-Nil [simp]: set-Cons A {[|} = (%z. [z])‘A
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{proof)

Yields the set of lists, all of the same length as the argument and with
elements drawn from the corresponding element of the argument.

consts listset :: 'a set list = 'a list set
primrec

listset [| = {[]}
listset(A# As) = set-Cons A (listset As)

38.2 Relations on Lists
38.2.1 Length Lexicographic Ordering

These orderings preserve well-foundedness: shorter lists precede longer lists.
These ordering are not used in dictionaries.

consts lezn = (‘a * ‘a)set => nat => (‘a list x 'a list)set
— The lexicographic ordering for lists of the specified length
primrec
lezn v 0 = {}
lezn v (Suc n) =
(prod-fun (%(z,zs). x#xs) (%o(x,xs). x#xs) ¢ (r <xlexx> lexn r n)) Int
{(xs,ys). length s = Suc n A length ys = Suc n}

constdefs
lex :: ('a x 'a) set => (a list x 'a list) set
lexr == Jn. lexn rn

— Holds only between lists of the same length

lenlex :: (Ya x 'a) set => ('a list x 'a list) set
lenlex v == inv-image (less-than <xlexx> lex r) (Yoxs. (length xs, xs))
— Compares lists by their length and then lexicographically

lemma wf-lexn: wf r ==> wf (lexn r n)

(proof)

lemma lexn-length:
Nas ys. (xs, ys) : lexzn v n ==> length xs = n A length ys = n

(proof)

lemma wf-lex [introl]: wf r ==> wf (lex r)

{proof)

lemma lezn-conv:
lexn rn =
{(zs,ys). length s = n A length ys = n A
(Bays vy xs’ ys'. xs= xys Q zH#Has' A ys= zys Q y # ys’' A (z, y):r)}
(proof)
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lemma lex-conv:
lex r =
{(zs,ys). length zs = length ys A
(Faysxy s’ ys' xs = xys Q o # xs' A ys = zys Q y # ys’' A (z, y):r)}
{proof)

lemma wf-lenlex [intro!]: wf r ==> wf (lenlex r)
(proof)

lemma lenlezx-conv:
lenlex v = {(zs,ys). length xs < length ys |
length zs = length ys A (xs, ys) : lex r}
(proo)

lemma Nil-notin-lez [iff]: ([], ys) & lex r
(proof)

lemma Nil2-notin-lex [iff]: (ws, []) & lex r
(proof)

lemma Cons-in-lex [iff]:

((z # xs, y # ys) : lexr) =
((z, y) : v A length xs = length ys | z = y A (zs, ys) : lex 1)

(proof)

38.2.2 Lexicographic Ordering

Classical lexicographic ordering on lists, ie. ”a” j "ab” j ”b”. This ordering
does not preserve well-foundedness. Author: N. Voelker, March 2005.
constdefs
lezord :: ('a x 'a)set = ('a list * 'a list) set
lexord r =={(z,y). 3 av.y=2Qa# vV
Guabvw. (a) erNz=uQ(a#v)ANy=uQ@(b# w))}

lemma lezord-Nil-left[simp]: ([|,y) € lexord r = (3 az. y = a # )
(proof)

lemma lexord-Nil-right[simp]: (z,[]) ¢ lexord r
{proof)

lemma lexord-cons-cons|[simp]:
((a # z, b # y) € lezord r) = ((a,b)e v | (a = b & (z,y)€ lexord r))
{proof )

lemmas lexord-simps = lexord-Nil-left lexord-Nil-right lexord-cons-cons

lemma lezord-append-rightl: 3 b z. y = b # 2z = (z, x Q y) € lexord r
(proof)
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lemma lexord-append-left-rightl:
() er = (uQa# z,u@bH#y) € lexord r
(proof)

lemma lezord-append-leftl: (u,v) € lexord r = (z Q u, z Q v) € lexord r
(proof)

lemma lexord-append-leftD:
[ (z @u, zQv) € lexord r; (! a. (a,a) ¢ r) | = (u,v) € lexzord r
(proof)

lemma lezord-take-index-conv:
((z,y) : lexord r) =
((length x < length y A take (length z) y = z) V
(Fi. i < min(length x)(length y) & take i x = take i y & (zli,yli) € 1))

(proof)
lemma lezord-lex: (z,y) € lex r = ((z,y) € lexord r A length x = length y)

{proof)

lemma lexord-irreflezive: (! z. (z,2) ¢ r) = (y,y) ¢ lexord r
(proof)

lemma lezord-trans:
[ (z, y) € lexord r; (y, z) € lexord r; trans r | = (=, z) € lezord r

{proof)

lemma lexord-transl: trans r = trans (lexord r)
(proof)

lemma lezord-linear: (! a b. (a,b)e r|a =10 | (b,a) € r) = (z,y) : lezord r | x

=y | (y,x) : lexord r
(proof)

38.2.3 Lifting a Relation on List Elements to the Lists

consts listrel :: (a x 'a)set => ('a list x 'a list)set

inductive listrel(r)

intros
Nil: ([),[]) € listrel r
Cons: || (z,y) € r; (zs,ys) € listrel v || ==> (x#xs, y#ys) € listrel r

inductive-cases listrel-Nill [elim!]: ([],xs) € listrel r
inductive-cases listrel-Nil2 [elim!]: (xs,]]) € listrel r
inductive-cases listrel-Cons1 [elim!]: (y#ys,zs) € listrel r
inductive-cases listrel-Cons2 [elim!]: (xzs,y#ys) € listrel r

]:
:

lemma listrel-mono: r C s = listrel r C listrel s



THEORY “List” 395

(proof)

lemma listrel-subset: » C A x A = listrel v C lists A x lists A

(proof)

lemma listrel-refl: refl A r = refl (lists A) (listrel 1)
(proof)

lemma listrel-sym: sym r => sym (listrel r)

(proof)

lemma listrel-trans: trans r = trans (listrel r)
(proof)

theorem equiv-listrel: equiv A r = equiv (lists A) (listrel r)
(proof)

lemma listrel-Nil [simp]: listrel v ““ {[]} = {[]}
{(proof)

lemma listrel-Cons:
listrel v ““ {x#xs} = set-Cons (r*{z}) (listrel r * {zs})
(proof)

38.3 Miscellany

38.3.1 Characters and strings

datatype nibble =
Nibble0O | Nibblel | Nibble2 | Nibble3 | Nibblej | Nibble5 | Nibble6 | Nibble7
| Nibble8 | Nibble9 | NibbleA | NibbleB | NibbleC | NibbleD | NibbleE | NibbleF

datatype char = Char nibble nibble
— Note: canonical order of character encoding coincides with standard term
ordering

types string = char list
syntax
-Char :: zstr => char (CHR -)
-String = xstr => string  (-)
(ML)
38.3.2 Code generator setup
(ML)

types-code
list (- list)
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attach (term-of) ((
val term-of-list = HOLogic.mk-list;
)
attach (test) (
fun gen-list’ aG i j = frequency

(i, fn () => aG j = gen-list’ aG (i—1) j), (1, fn () => [)] ()
and gen-list aG 1 = gen-list’ aG i i;
»

char (string)
attach (term-of) (
val nibbleT = Type (List.nibble, []);

fun term-of-char ¢ =
Const (List.char.Char, nibbleT ——> nibbleT ——> Type (List.char, [])) $
Const (List.nibble. Nibble ~ nibble-of-int (ord c¢ div 16), nibbleT) $
Const (List.nibble. Nibble " nibble-of-int (ord ¢ mod 16), nibbleT);
)
attach (test) (
fun gen-char i = chr (random-range (ord a) (Int.min (ord a + i, ord 2)));

)

consts-code Cons ((- ::/ -))
(v)

end

39 Map: Maps

theory Map
imports List
begin

types (‘a,’d) “=> = 'a => 'b option (infixr 0)
translations (type) a ~=> b <= (type) a => b option

consts
chg-map = ('b => 'b) => ‘a => ('a “=> b)) => (‘a V=>'b)

map-add :: ('a Y=> 'b) => (a Y=> 'b) => (‘a ¥=>'b) (infix] ++ 100)
restrict-map :: (‘a ~=>"b) => 'a set => (‘a “=>'b) (infixl |* 110)
dom = (‘a ~=>"'b) => 'a set

ran = (Ya Y=>'b) => 'b set

map-of : ('a x 'b)list => 'a V=>"b

map-upds::

=>'0) (-/"(-{l=>}-/") [900,0,0]900)
'a ¥=>"b) =>"b=>"b =>
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(‘a ™=>"b) (-/'(-=>-/")  [900,0,01900)
map-le :: ('a “=>"b) => (Ya “=> 'b) => bool (infix C,, 50)

constdefs
map-comp :: ('b Y=> 'c) => (‘a Y=>'b) => (a V=> 'c) (infixl o’-m 55)
fo-m g == (k. case g k of None = None | Some v = fv)

nonterminals
maplets maplet

syntax
empty 'a ~V=>"b
-maplet :: ['a, 'a] => maplet (- /|->/-)
-maplets :: ['a, 'a] => maplet -/ll->1/ -

2 maplet => maplets ()
-Maplets :: [maplet, maplets] => maplets (-,/ -)
-MapUpd :: ['a ~“=>"b, maplets] => 'a ~=> "b (-/'(-") [900,0]900)
-Map  :: maplets => 'a ~=>"b ((1[-]))

syntax (zsymbols)
~=>  : [type, type] => type (infixr — 0)

map-comp :: ('b Y=>'c) => (‘a Y=>'b) => (‘a Y=> 'c) (infixl o, 55)

-maplet :: ['a, 'a] => maplet (- /—/>-)
-maplets :: ['a, 'a] => maplet (- /=1 )

map-upd-s :: ('a ~Y=>"'b) => 'a set => 'b => ('a Y=>"'b)
(-/'"(-/{=1}/-") [900,0,0]1900)
map-subst :: ('a Y=>'b) => b => b =>
(a ~=>"b) (-/'(=~>-/")  [900,0,01900)
Q@chg-map :: ('a “=>"b) => ‘a => (b => 'b) => (‘a “=>'b)
(<) /(=) =A- =) [900,0,0,0] 900)

syntax (latex output)
restrict-map :: (‘a ~=>"b) => 'a set => ('a Y=>'b) (-]- [111,110] 110)
— requires amssymb!

translations
empty => -K None
empty <= %z. None

m(z—Ay. f) == chg-map (A\y. f) = m

-MapUpd m (-Maplets xy ms) == -MapUpd (-MapUpd m zy) ms
-MapUpd m (-maplet zy) == m(z:=Some y)

-MapUpd m (-maplets © y) == map-upds m z y

-Map ms == -MapUpd empty ms

-Map (-Maplets ms1 ms2) <= -MapUpd (-Map ms1) ms2
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-Maplets ms1 (-Maplets ms2 ms3) <= -Maplets (-Maplets msl ms2) ms3

defs

chg-map-def: chg-map f a m == case m a of None => m | Some b => m(a|]—>f
b)

map-add-def: ml++m2 == %z. case m2 x of None => ml1 z | Some y =>
Some y

restrict-map-def: m|‘A == %x. if x : A then m z else None

map-upds-def: m(zs [|—>] ys) == m ++ map-of (rev(zip zs ys))
map-upd-s-def: m(as{|—>}b) == %x. if z : as then Some b else m x
map-subst-def: m(a™~>b) == %z. if m © = Some a then Some b else m x

dom-def: dom(m) == {a. m a ~= None}
ran-def: ran(m) == {b. EX a. m a = Some b}

map-le-def: m1 C,, mog == ALL a : dom my. m1 a = mso a
primrec
map-of [| = empty

map-of (p#tps) = (map-of ps)(fst p |=> snd p)

39.1  empty

lemma empty-upd-none[simp|: empty(x := None) = empty

(proof)

lemma sum-case-empty-empty[simp]: sum-case empty empty = empty
(proof )

39.2  map-upd

lemma map-upd-triv: t k = Some x ==> t(k|->z) =t

{proof)

~

lemma map-upd-nonempty|simp|: t(k|—>z)

(proof)

= empty

lemma map-upd-eqD1: m(a—z) = n(a—y) = z =y

{proof)

lemma map-upd-Some-unfold:
((m(a|—>b)) 2 = Somey) =(x=aANb=yVz#aAmaz= Somey)
(proof )

lemma image-map-upd[simp]: v ¢ A = m(z —y) ‘A=m ‘A
(proof)
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lemma finite-range-updl: finite (range f) ==> finite (range (f(a|—>b)))
(proof)

39.3 sum-case and empty/map-upd
lemma sum-case-map-upd-empty|[simp]:

sum-case (m(k|—>y)) empty = (sum-case m empty)(Inl k|—>y)

(proof)

lemma sum-case-empty-map-upd[simp]:
sum-case empty (m(k|—>y)) = (sum-case empty m)(Inr k|—>y)

{(proof)

lemma sum-case-map-upd-map-upd[simp):

sum-case (ml1(k1|—>y1)) (m2(k2|—>y2)) = (sum-case (ml1(k1|—>y1)) m2)(Inr
k2|—>y2)

(proof)

39.4 chg-map

lemma chg-map-new[simp]: m a = None ==> chg-map fam

{proof)

I
3

lemma chg-map-upd[simp]: m a = Some b ==> chg-map f a m = m(a|]—>fb)

(proof)

lemma chg-map-other [simp]: a # b = chg-map famb=mb

{proof)

39.5 map-of

lemma map-of-eq-None-iff:
(map-of zys x = None) = (z ¢ fst © (set zys))
(proof)

lemma map-of-is-SomeD:
map-of xys = Some y = (z,y) € set xys
(proof)

lemma map-of-eq-Some-iff [simp]:
distinct(map fst zys) = (map-of zys z = Some y) = ((z,y) € set zys)
(proof)

lemma Some-eg-map-of-iff [simp]:
distinct(map fst xys) = (Some y = map-of zys ) = ((x,y) € set zys)
(proof)

lemma map-of-is-Somel [simp]: [ distinct(map fst zys); (z,y) € set zys |
= map-of xys x = Some y
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{proof)

lemma map-of-zip-is-None[simp]:
length zs = length ys = (map-of (zip zs ys) x = None) = (z ¢ set xs)
(proof)

lemma finite-range-map-of: finite (range (map-of zys))
(proof)

lemma map-of-SomeD [rule-format]: map-of s k = Some y ——> (k,y):set xs

(proof)

lemma map-of-mapk-Somel [rule-format]:
inj f ==> map-of t k = Some v ——>
map-of (map (split (%k. Pair (fk))) t) (f k) = Some x
(proof)

lemma weak-map-of-Somel [rule-format|:
(k, z) : set | ——> (Fz. map-of l k = Some x)
(proof )

lemma map-of-filter-in:
[| map-of xs k = Some z; P k z || ==> map-of (filter (split P) zs) k = Some z
(proof)

lemma map-of-map: map-of (map (%(a,b). (a,f b)) xs) x = option-map f (map-of
xs T)

(proof)

39.6 option-map related

lemma option-map-o-empty[simpl: option-map f o empty = empty

{(proof)

lemma option-map-o-map-upd[simp]:
option-map f o m(a|—>b) = (option-map f o m)(a|—>fb)
(proof )

39.7 map-comp related

lemma map-comp-empty [simp]:
m Oy, empty = emptly
empty o,, m = emptly
(proof )

lemma map-comp-simps [simp]:
m2 k = None = (ml o,, m2) k = None
m2k = Some k' = (m1 o,, m2) k = m1k’
(proof)
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lemma map-comp-Some-iff:
((m1 on m2) k = Some v) = (k" m2 k = Some k' A m1 k' = Some v)
{proof)

lemma map-comp-None-iff :

((m1 o,, m2) k = None) = (m2k = None V (k' m2k = Some k' AN m1 k' =
None))

(proof)

39.8 ++

lemma map-add-empty[simp]: m ++ empty = m

(proof)

lemma empty-map-add[simp]: empty ++ m = m
(proof)

lemma map-add-assoc[simp]: m1 ++ (m2 ++ m3) = (mI1 ++ m2) ++ m3
(proof)

lemma map-add-Some-iff :
((m ++ n) k = Some z) = (n k = Some z | n k = None & m k = Some z)
(proof)

lemmas map-add-SomeD = map-add-Some-iff [THEN iffD1, standard]
declare map-add-SomeD [dest!]

lemma map-add-find-right[simp]: laz. n k = Some zx ==> (m ++ n) k = Some
T
(proof)

lemma map-add-None [iff]: ((m ++ n) k = None) = (n k = None & m k =
None)
(proof)

lemma map-add-upd[simp]: f ++ g(z|—>y) = (f ++ g)(z|—>y)
(proof )

lemma map-add-upds[simp]: m1 ++ (m2(zs[—]ys)) = (mI++m2)(xzs[—]ys)
(proof)

lemma map-of-append|[simp]: map-of (xsQys) = map-of ys ++ map-of s
(proof)

declare fun-upd-apply [simp del]

lemma finite-range-map-of-map-add:

finite (range f) ==> finite (range (f ++ map-of 1))
(proof)

declare fun-upd-apply [simp]
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lemma inj-on-map-add-dom[iff]:
ing-on (m ++ m’) (dom m') = inj-on m' (dom m’)

(proof)

39.9 restrict-map

lemma restrict-map-to-empty[simpl: m|{} = empty

(proof)

lemma restrict-map-empty[simp]: empty|‘D = empty

(proof)

lemma restrict-in [simp]: € A = (m|‘A) z = m x
(proof)

lemma restrict-out [simp]: * ¢ A = (m|‘A) x = None

(proof)

lemma ran-restrictD: y € ran (m|‘A) = Jz€A. m z = Some y
(proof)

lemma dom-restrict [simp]: dom (m|‘A) = dom m N A

(proof)

lemma restrict-upd-same [simp]: m(z—y)|‘(—{z}) = m|‘(—{z})

(proof)

lemma restrict-restrict [simp]: m|‘A|‘B = m|‘(ANB)

{proof)

lemma restrict-fun-upd[simp]:

m(z = y)|'‘D = (if ¢ € D then (m|‘(D—{z}))(z := y) else m|‘D)
(proof)
lemma fun-upd-None-restrict|simp]:

(m|‘D)(z := None) = (if z:D then m|*(D — {z}) else m|‘D)
(proof )

lemma fun-upd-restrict:
(m['D)(z = y) = (m|"(D—{z}))(z := y)
(proof)

lemma fun-upd-restrict-conv[simp]:
v € D= (m|D)(z = y) = (m|'(D—{z})(x == )
{proof)

39.10 map-upds
lemma map-upds-Nill [simp]: m([] [|—>] bs) = m
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{proof)

lemma map-upds-Nil2[simp]: m(as [|[->] []) = m

(proof)

403

lemma map-upds-Cons[simp]: m(aftas [|—>] b#bs) = (m(a]—>b))(as[|—>]bs)

(proof)

lemma map-upds-append! [simp]: N\ys m. size xs < size ys =
m(zs@Q[z] [—] ys) = m(xs [—] ys)(z — yslsize zs)

(proof)

lemma map-upds-list-update2-drop|[simp]:
Am ys i. [size zs < i; i < size ys]
= m(as[—]ysliz=y]) = m(zs[—]ys)

(proof)

lemma map-upd-upds-conv-if: 'z y ys f.
(f (zl=>y))(zs [|[=>] ys) =
(if z : set(take (length ys) xs) then f(zs [|—>] ys)
else (f(zs [|[=>] ys))(z|—>y))
(proof)

lemma map-upds-twist [simp]:
a ~: set as ==> m(al—>b)(as[|—>]bs) = m(as[|—>]bs)(a|—>b)

(proof)

lemma map-upds-apply-nontin[simp]:
Nys. x ~: set s ==> (f(as]|—>]ys)) v = fz
(proof)

lemma fun-upds-append-drop[simp]:
m ys. size s = size ys = m(zsQzs[—]ys) = m(zs[—]ys)

{proof)

lemma fun-upds-append2-drop[simp):
Im ys. size xs = size ys = m(as[—]ysQzs) = m(zs[—]ys)

(proof)

lemma restrict-map-upds[simp]: !m ys.

[ length zs = length ys; set ks C D ]

= m(zs [—] ys)|‘D = (m|(D — set xs))(zs [—] ys)
(proof )

39.11  map-upd-s

lemma map-upd-s-apply [simp]:
(m(as{|—>}b)) © = (if x : as then Some b else m z)
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{proof)

lemma map-subst-apply [simp]:
(m(a~>b)) x = (if m = = Some a then Some b else m x)

(proof)

39.12 dom

lemma doml: m a = Some b ==> a : dom m
(proof )

lemma domD: a : dom m ==> 3b. m a = Some b
(proof)

lemma domlIff[iff]: (a : dom m) = (m a ~= None)

(proof)
declare domlIff [simp del]

lemma dom-empty[simp]: dom empty = {}

{proof)

lemma dom-fun-upd[simp]:
dom(f(z = y)) = (if y=None then dom f — {z} else insert z (dom f))
(proof )

lemma dom-map-of: dom(map-of zys) = {z. Jy. (z,y) : set zys}
(proof)

lemma dom-map-of-conv-image-fst:
dom(map-of xys) = fst * (set xys)

(proof )

lemma dom-map-of-zip[simp]: [| length xs = length ys; distinct zs || ==>
dom(map-of (zip xs ys)) = set xs

(proof )

lemma finite-dom-map-of: finite (dom (map-of 1))

(proof)

lemma dom-map-upds[simp]:
Im ys. dom(m(zs[|—>]ys)) = set(take (length ys) xs) Un dom m
(proof )

lemma dom-map-add[simp): dom(m++n) = dom n Un dom m

(proof)

lemma dom-override-on[simp]:
dom(override-on f g A) =
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(dom f —{a. a: A — domg}) Un {a. a: A Int dom g}
(proof)

lemma map-add-comm: dom m1 N dom m2 = {} = ml++m2 = m2++ml

(proof)

39.13 ran
lemma ranl: m a = Some b ==> b : ran m
(proof)

lemma ran-empty[simp|: ran empty = {}

{proof)

lemma ran-map-upd[simp]: m a = None ==> ran(m(a|—>b)) = insert b (ran
m)

(proof)

39.14  map-le

lemma map-le-empty [simp]: empty T, g
(proof)

lemma upd-None-map-le [simp]: f(z := None) C,, f

(proof)

lemma map-le-upd[simp): f ., g ==> f(a == b) Cpp, g(a := b)

(proof)

lemma map-le-imp-upd-le [simp]: m1 C,, m2 = ml(z := None) C,, m2(z
Y)
(proof)

lemma map-le-upds[simp]:
”fg bs. f Cm g ==> f(CLS H_>] bS) Cm g(as H_>] bs)
(proof)

lemma map-le-implies-dom-le: (f C,, g) = (dom f C dom g)
(proof )

lemma map-le-refl [simp]: f T f
{proof)

lemma map-le-trans(trans]: | m1 C,, m2; m2 C,,, m8] = mi1 C,, m3

(proof)

lemma map-le-antisym: [ f T g, 9 S f ]l = f =9
{proof)
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lemma map-le-map-add [simp]: f C,, (9 ++ f)
(proof)

lemma map-le-iff-map-add-commute: (f C,, f ++ g) = (f++9 = g++f)
(proof)

lemma map-add-le-mapF: f++g C,, h = g C b
(proof)

lemma map-add-le-mapl: [ f T h; 9 S by f S fH+9 ] = f++9 S b
(proof)

end

40 Refute: Refute

theory Refute

imports Map

uses Tools/prop-logic. ML
Tools / sat-solver. ML
Tools [ refute. ML
Tools / refute-isar. ML

begin

(L)

(k mmm - *)
(x REFUTE %)
(x *)
(* We use a SAT solver to search for a (finite) model that refutes a given  *)
(* HOL formula. *)
(k m—mmmmmmm *)
(k mmmmmmm *)
(* NOTE *)
(x *)
(* I strongly recommend that you install a stand-alone SAT solver if you *)
(* want to use ’refute’. For details see ’HOL/Tools/sat_solver.ML’. If you *)
(* have installed (a supported version of) zChaff, simply set ’ZCHAFF_HOME’ *)
(* in ’etc/settings’. *)
(k ——— *)
(k mmm *)
(x USAGE *)
(* *)

(* See the file ’HOL/ex/Refute_Examples.thy’ for examples. The supported *)
(* parameters are explained below. *)
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(k ———— *)
(k m—mmmmmmm *)
(* CURRENT LIMITATIONS *)
(x *)

(* ’refute’ currently accepts formulas of higher-order predicate logic (with *)
(* equality), including free/bound/schematic variables, lambda abstractions, *)
(* sets and set membership, "arbitrary", "The", "Eps", records and *)
(* inductively defined sets. Defining equations for constants are added *)
(* automatically, as are sort axioms. Other, user-asserted axioms however *)
(* are ignored. Inductive datatypes and recursive functions are supported, *)

(* but may lead to spurious countermodels. *)
(x *)
(* The (space) complexity of the algorithm is non-elementary. *)
(x *)
(* Schematic type variables are not supported. *)
(k ———— *)
(k m—mmmmmmm *)
(* PARAMETERS *)
(x *)
(* The following global parameters are currently supported (and required): *)
(x *)
(* Name Type Description *)
(x *)
(* "minsize" int Only search for models with size at least *)
(* ‘minsize’. *)
(* "maxsize" int If >0, only search for models with size at most *)
(* ‘maxsize’. *)
(* "maxvars" int If >0, use at most ’maxvars’ boolean variables *)
(* when transforming the term into a propositional *)
(* formula. x)
(* "maxtime" int If >0, terminate after at most ’maxtime’ seconds. *)
(* This value is ignored under some ML compilers. *)
(* "satsolver"  string Name of the SAT solver to be used. *)
(x *)
(* See ’HOL/SAT.thy’ for default values. *)
(x *)
(* The size of particular types can be specified in the form type=size *)
(* (where ’type’ is a string, and ’size’ is an int). Examples: *)
(+ "rat=1 *)
(x "List.list"=2 *)
(k —————————————  —  —————————————————,—,— -, —————————— - — —— — — *)
(k m - *)
(* FILES )
(x *)
(* HOL/Tools/prop_logic.ML Propositional logic *)

(* HOL/Tools/sat_solver.ML SAT solvers *)
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(* HOL/Tools/refute.ML Translation HOL -> propositional logic and

(* Boolean assignment -> HOL model

(* HOL/Tools/refute_isar.ML  Adds ’refute’/’refute_params’ to Isabelle’s

(* syntax

(* HOL/Refute.thy This file: loads the ML files, basic setup,

(* documentation

(* HOL/SAT.thy Sets default parameters

(* HOL/ex/RefuteExamples.thy Examples

(k — =m0 —————————————
end

41 SAT: Reconstructing external resolution proofs

for propositional logic

theory SAT imports Refute

uses

Tools / cnf-funcs. ML
Tools / sat-funcs. ML

begin

Late package setup: default values for refute, see also theory Refute.

refute-params
[itself=1,
minsize=1,
mazsize=8§,
mazvars=10000,
maztime=060,
satsolver=auto]

(ML)

42 Hilbert-Choice: Hilbert’s Epsilon-Operator and

the Axiom of Choice

theory Hilbert-Choice

imports NatArith

uses (Tools/meson.ML) (Tools/specification-package. ML)
begin

*)
*)
*)
*)
*)
*)
*)
*)
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42.1 Hilbert’s epsilon

consts
Eps 2 ('a => bool) =>"a

syntax (epsilon)

-Eps i [pttrn, bool] => 'a  ((3e-./ -) [0, 10] 10)
syntax (HOL)

-Eps 2 [pttrn, bool] =>'a  ((3Q -./ -) [0, 10] 10)
syntax

-Eps i [pttrn, bool] => 'a  ((3SOME -./ -) [0, 10] 10)
translations

SOME z. P == Eps (%z. P)
(ML)

axioms

somel: P (z::'a) ==> P (SOME z. P z)
finalconsts

Eps

constdefs
inv : (Ya => 'b) => (b => 'a)
inv(f :: 'a => ') == %y. SOME z. fx =y

Inv :: 'a set => ('a => 'b) => (b => "a)
InvAf==%x. SOMEy.yec A& fy=1z

42.2 Hilbert’s Epsilon-operator

Easier to apply than somel if the witness comes from an existential formula
lemma somel-ezx [elim?]: 3z. P x ==> P (SOME xz. P 1)
(proof)

Easier to apply than somel because the conclusion has only one occurrence
of P.

lemma somel2: [| P a; "z. Pz ==> Qz || ==> Q (SOME z. P z)
(proof)
Fasier to apply than somel2 if the witness comes from an existential formula
lemma somel2-ez: [| Ja. Pa;lz. Pz ==> Qz || ==> Q (SOME z. P 1)
(proof )
lemma some-equality [intro]:
| Pa; lz. Pz ==>z=a || ==> (SOME z. Pz) = a
(proof )

lemma somel-equality: [| EX!z. P z; P a || ==> (SOME z. Pz) = a
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(proof)

lemma some-eg-ex: P (SOME z. P x) = (3z. P x)
(proof)

lemma some-eq-trivial [simp]: (SOME y. y=z) = z
(proof)

lemma some-sym-eg-trivial [simp|: (SOME y. z=y) = «

(proof)

42.3 Axiom of Choice, Proved Using the Description Oper-
ator

Used in Tools/meson. ML
lemma choice: Vz. Jy. Qzy ==>3f.Vz. Qz (fz)
(proof)

lemma bchoice: Va€S. Jy. Qzy ==>3If. VzeS. Qz (fz)
(proof)
42.4 Function Inverse

lemma inv-id [simp): inv id = id

(proof)

A one-to-one function has an inverse.

lemma inv-f-f [simp]: inj f ==> inv f (fz) ==

(proof)

lemma inv-f-eq: [| inj f; fa=yl|]==>mvfy==x

{(proof)

lemma inj-imp-inv-eq: [| inj f; Vz. f(gz) =z || ==>invf =g
(proof)

But is it useful?

lemma inj-transfer:
assumes injf: inj f and minor: ly. y € range(f) ==> P(inv fy)
shows P z

(proof)

lemma inj-iff: (inj f) = (inv fo f = id)
{proof )

lemma inj-imp-surj-inv: inj f ==> surj (inv f)
(proof )
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lemma f-inv-f: y € range(f) ==> f(inv fy) =y
(proof)

lemma surj-f-inv-f: surj f ==> f(inv fy) =y

(proof)

lemma inv-injective:
assumes eq: inv fx = inv fy
and z: z: range f
and y: y: range f
shows z=y

(proof)

lemma inj-on-inv: A <= range(f) ==> inj-on (inv f) A

{proof)

lemma surj-imp-inj-inv: surj f ==> inj (inv f)

(proof)

lemma surj-iff: (surj f) = (f o inv f = id)

(proof)

lemma surj-imp-inv-eq: || surj f;Va. g(fz) =z || ==> inv f = ¢
(proof)

lemma bij-imp-bij-inv: bij f ==> bij (inv f)

(proof )

lemma inv-equality: [| z. g (fz) =2; Ny. f(gy) =y ||==>ivf=yg
{proof )

lemma inv-inv-eq: bij f ==> inv (inv f) = f

(proof )

lemma o-inv-distrib: [| bij f; bij g || ==> inv (fo g) = inv g o inv f
(proof )

lemma image-surj-f-inv-f: surj f ==> f“ (inv f “A) = A

(proof)
lemma image-inv-f-f: inj f ==> (inv f) ‘ (f*A) = A
(proof)
lemma inv-image-comp: inj f ==> inv f ¢ (fX) =X

(proof)
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lemma bij-image-Collect-eq: bij f ==> f ¢ Collect P = {y. P (inv f y)}
(proof)

lemma bij-vimage-eg-inv-image: bij f ==> f —“A=inv f ‘A
(proof)

42.5 Inverse of a PI-function (restricted domain)
lemma Inv-f-f: [| inj-on fA; z € Al]==>InwAf (fz)=1
(proof)

lemma f-Inv-f: y € fA ==>f (InvAfy) =y
(proof)

lemma Inv-injective:
assumes eq: Inv A fz =Inv A fy
and z: z: f'A
and y: y: fA
shows z=y
(proof)

lemma inj-on-Inv: B <= f‘A ==> inj-on (Inv A f) B

(proof)

lemma Inv-mem: [| f‘A=DB; € Bl|]==>InwAfzeA
(proof)

lemma Inv-f-eq: [| inj-on fA; fe =y, 2 € A||]==>IwAfy=xz
(proof )

lemma Inv-comp:

(| inj-on f (g “A);injrong A;z € fg ‘Al ==>
InvA(fog)z=(InwAgolnv (g ‘A f)z
(proof)

42.6 Other Consequences of Hilbert’s Epsilon
Hilbert’s Epsilon and the split Operator

Looping simprule
lemma split-paired-Eps: (SOME z. P z) = (SOME (a,b). P(a,b))
(proof )

lemma Eps-split: Eps (split P) = (SOME xy. P (fst zy) (snd zy))
(proof)

lemma FEps-split-eq [simp]: (Q(z'y). z =2’ & y = y') = (z,y)
(proof)
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A relation is wellfounded iff it has no infinite descending chain

lemma wf-iff-no-infinite-down-chain:
wfr=(~3f. Vi. (f(Suc i),fi) € 1))
(proof)

A dynamically-scoped fact for TFL

lemma ifl-some: VP x. Px ——> P (Eps P)
{proof )

42.7 Least value operator

constdefs
LeastM :: ['a => 'b:iord, 'a => bool] => 'a
LeastM m P == SOME z. Pz & (Vy. Py ——> mx <= m y)

syntax

-LeastM :: [pttrn, 'a => 'b:iord, bool] => 'a  (LEAST - WRT -. - [0, 4, 10]
10)
translations

LEAST © WRT m. P == LeastM m (%x. P)

lemma LeastMI2:
Pr==>ly. Py==>maz <= my)
==> (llz. Pr ==>Vy. Py—>maz < my==>Qz)
==> @ (LeastM m P)
(proof )

lemma LeastM-equality:
Pk==>Nz. Pz ==>mk<=mz)
==> m (LEAST x WRT m. P z) = (m k::'a::order)
(proof)

lemma wf-linord-ex-has-least:
wfr ==>Vazy. ((z,9):r"+) = ((y,2)~:ir"x) ==> Pk
==>32. Pz & (ly. Py ——> (m z,m y):r ")
{proof)

lemma ex-has-least-nat:
Pk==>3z. Pz & Vy. Py —> mz <= (m y:nat))
(proof)

lemma LeastM-nat-lemma:
Pk ==> P (LeastM m P) & (Vy. Py ——> m (LeastM m P) <= (m y:nat))
(proof )

lemmas LeastM-natl = LeastM-nat-lemma [THEN conjunct!, standard)

lemma LeastM-nat-le: P x ==> m (LeastM m P) <= (m z::nat)

{proof)
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42.8 Greatest value operator

constdefs
GreatestM :: ['a => 'b::ord, 'a => bool] => 'a
GreatestM m P == SOME z. Pz & Vy. Py ——> my <= m 1)

Greatest :: ("a::ord => bool) => 'a  (binder GREATEST 10)
Greatest == GreatestM (%ox. z)

syntax
-GreatestM :: [pttrn, '‘a=>"b::ord, bool] => 'a
(GREATEST - WRT -. - [0, 4, 10] 10)

translations
GREATEST x WRT m. P == GreatestM m (%x. P)

lemma GreatestMI2:
Pg==>ly. Py==>my <= mz)
==>(llz. Pr ==>Vy. Py —>my<mz==>Qz)
==> @ (GreatestM m P)
(proof )

lemma GreatestM-equality:
Pk==>Nz. Pz ==>maz<=mk)
==> m (GREATEST © WRT m. P z) = (m k::’a::order)
(proof )

lemma Greatest-equality:
P (k:'azorder) ==> (lz. Pz ==> z <= k) ==> (GREATEST z. Pz) = k
(proof)

lemma ex-has-greatest-nat-lemmas:
Pk==>Vz. Pz ——> (Jy. Py &~ ((m y:nat) <= m x))
==>3dy. Py &~ (my<mk+n)
(proof )

lemma ex-has-greatest-nat:
Pk==>Vy.Py—>my<bd
==>3dz. Pz & Vy. Py —> (m yunat) <= m 1)
(proof)

lemma GreatestM-nat-lemma:
Pk==>Vy.Py—>my<bd
==> P (GreatestM m P) & (Vy. Py ——> (m y:nat) <= m (GreatestM m
P))
{proof)

lemmas GreatestM-natl = GreatestM-nat-lemma [THEN conjunct!, standard)

lemma GreatestM-nat-le:
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Prx==>Vy Py—>my<bd
==> (m z:nat) <= m (GreatestM m P)
{proof)

Specialization to GREATEST.

lemma Greatestl: P (k:nat) ==>Vy. Py ——> y < b ==> P (GREATEST
z. P 1)

(proof)

lemma Greatest-le:
Px==>Vy Py——>y < b==> (zunat) <= (GREATEST z. P x)
(proof)

42.9 The Meson proof procedure
42.9.1 Negation Normal Form

de Morgan laws

lemma meson-not-conjD: ~ (P& Q) ==> ~P | ~Q
and meson-not-disjD: ~(P|Q) ==> ~P & ~Q
and meson-not-notD: ¥~ P ==> P
and meson-not-allD: WP. ~(Vz. P(z)) ==> Jz. ~P(z)
and meson-not-exD: IIP. ~(3z. P(z)) ==> V. ~P(z)
{proof)

Removal of ——> and <—> (positive and negative occurrences)
lemma meson-imp-to-disjD: P——>@Q ==> ~P | Q
and meson-not-impD: ~(P——>Q) ==> P & ~Q
and meson-iff-to-disjD: P=Q ==> (P | Q) & (¥ Q | P)
and meson-not-iff D: ~(P=Q) ==> (P | Q) & (P | ~Q)
— Much more efficient than P A = @ V @ A = P for computing CNF
(proof )

42.9.2 Pulling out the existential quantifiers

Conjunction

lemma meson-conj-exD1: !P Q. (3z. P(z)) & Q ==> Jz. P(z) & Q
and meson-conj-exD2: 1P Q. P & (3z. Q(z)) ==> Fz. P & Q(x)
{proof)
Disjunction
lemma meson-disj-exD: 'P Q. (3z. P(z)) | Bz. Q(z)) ==> Jz. P(z) | Q(x)
— DO NOT USE with forall-Skolemization: makes fewer schematic variables!!
— With ex-Skolemization, makes fewer Skolem constants
and meson-disj-exD1: 'P Q. (3z. P(z)) | @ ==> Jz. P(z) | Q
and meson-disj-exD2: '|P Q. P | (3z. Q(z)) ==> Fz. P | Q(z)
{proof)
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42.9.3 Generating clauses for the Meson Proof Procedure

Disjunctions

lemma meson-disj-assoc: (P|Q)|R ==> P|(Q|R)
and meson-disj-comm: P|Q ==> Q|P
and meson-disj-FalseD1: False|P ==> P
and meson-disj-FalseD2: P|False ==> P

{proof)

42.10 Lemmas for Meson, the Model Elimination Procedure
Generation of contrapositives

Inserts negated disjunct after removing the negation; P is a literal. Model
elimination requires assuming the negation of every attempted subgoal,
hence the negated disjuncts.

lemma make-neg-rule: ~P|Q ==> (("P==>P) ==> @)
(proof)
Version for Plaisted’s ”Postive refinement” of the Meson procedure

lemma make-refined-neg-rule: ~P|Q ==> (P ==> Q)
(proof)

P should be a literal

lemma make-pos-rule: P|Q ==> ((P==>"P) ==> Q)
(proof)

Versions of make-neg-rule and make-pos-rule that don’t insert new assump-
tions, for ordinary resolution.

lemmas make-neg-rule’ = make-refined-neg-rule

lemma make-pos-rule’: [|P|Q; ~P|] ==> @

(proof)

Generation of a goal clause — put away the final literal
lemma make-neg-goal: ~P ==> ((~P==>P) ==> Fulse)
(proof)

lemma make-pos-goal: P ==> ((P==>"P) ==> Fulse)

(proof)

42.10.1 Lemmas for Forward Proof

There is a similarity to congruence rules

lemma conj-forward: || P'&Q’; P'==> P; Q' ==> Q || ==> P&Q
(proof )



THEORY “Infinite-Set” 417

lemma disj-forward: [| P'|Q’; P'==> P; Q'==> Q |] ==> P|Q
(proof)

lemma disj-forward2:

| PIQ% P'==> P; [| Q4 P==>Fulse [| ==> @ || ==> PIQ
(proof)

lemma all-forward: [| V. P'(x); z. P'(z) ==> P(z) |] ==> Vz. P(z)
(proof)

lemma ez-forward: [| 3z. P'(z); Nz. P'(z) ==> P(z) || ==> Jz. P(z)
(proof)

Many of these bindings are used by the ATP linkup, and not just by legacy
proof scripts.

(ML)

end

43 Infinite-Set: Infnite Sets and Related Concepts

theory Infinite-Set
imports Hilbert-Choice Binomial
begin

43.1 Infinite Sets

Some elementary facts about infinite sets, by Stefan Merz.

syntax
infinite :: 'a set = bool
translations

infinite S == S ¢ Finites

Infinite sets are non-empty, and if we remove some elements from an infinite
set, the result is still infinite.

lemma infinite-nonempty:
= (infinite {})
(proof)

lemma infinite-remove:
infinite S = infinite (S — {a})
(proof )

lemma Diff-infinite-finite:
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assumes 71" finite T and S: infinite S
shows infinite (S—T)
(proof)

lemma Un-infinite:
infinite S = infinite (S U T)
(proof)

lemma infinite-super:
assumes T: S C T and S: infinite S
shows infinite T

{proof)

As a concrete example, we prove that the set of natural numbers is infinite.

lemma finite-nat-bounded:
assumes S: finite (S::nat set)
shows 3k. S C {..<k} (is k. %bounded S k)

(proof)

lemma finite-nat-iff-bounded:
finite (S::nat set) = (3k. S C {..<k}) (is ?lhs = ?rhs)
(proof )

lemma finite-nat-iff-bounded-le:
finite (S::nat set) = (3k. S C {..k}) (is ?lhs = ?rhs)
(proof)

lemma infinite-nat-iff-unbounded:
infinite (S::nat set) = (Vm. In. m<n A neS)
(is ?lhs = ?rhs)

(proof)

lemma infinite-nat-iff-unbounded-le:
infinite (S::nat set) = (Vm. In. m<n A neS)
(is ?lhs = ?rhs)

(proof)

For a set of natural numbers to be infinite, it is enough to know that for any
number larger than some k, there is some larger number that is an element
of the set.

lemma unbounded-k-infinite:
assumes k: Vm. k<m — (In. m<n A neSs)
shows infinite (S::nat set)

(proof)

theorem nat-infinite [simp]:
infinite (UNIV :: nat set)
(proof)
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theorem nat-not-finite [elim]:
finite (UNIV ::nat set) = R

(proof)

Every infinite set contains a countable subset. More precisely we show that
a set S is infinite if and only if there exists an injective function from the
naturals into S.
lemma range-inj-infinite:

inj (f:nat = 'a) = infinite (range f)

(proof)

The “only if” direction is harder because it requires the construction of a
sequence of pairwise different elements of an infinite set S. The idea is to
construct a sequence of non-empty and infinite subsets of S obtained by
successively removing elements of S.

lemma linorder-injl:
assumes hyp: Vo y. ¢ < (y::'a:linorder) — fa # fy
shows inj f

(proof)

lemma infinite-countable-subset:

assumes inf: infinite (S::'a set)

shows 3f. inj (f:nat = 'a) A range f C S
(proof)

theorem infinite-iff-countable-subset:
infinite S = (3f. inj (f:nat = 'a) A range f C 5)
(is ?lhs = ?rhs)

(proof)

For any function with infinite domain and finite range there is some element
that is the image of infinitely many domain elements. In particular, any
infinite sequence of elements from a finite set contains some element that
occurs infinitely often.
theorem inf-img-fin-dom:

assumes img: finite (f‘A) and dom: infinite A

shows Jy € f‘A. infinite (f —* {y})
(proof)

theorems inf-img-fin-domE = inf-img-fin-dom| THEN bexE]

43.2 Infinitely Many and Almost All

We often need to reason about the existence of infinitely many (resp., all
but finitely many) objects satisfying some predicate, so we introduce corre-
sponding binders and their proof rules.

consts
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Inf-many :: (a = bool) = bool (binder INF 10)
Alm-all :: ('a = bool) = bool (binder MOST 10)

defs
INF-def: Inf-many P
MOST-def: Alm-all P

infinite {x. P x}
~(INF z. ~ P 1)

syntax (zsymbols)
MOST :: [idts, bool] = bool ((8Y oo~/ -) [0,10] 10)
INF  :: [idts, bool] = bool  ((83-./ -) [0,10] 10)

syntax (HTML output)
MOST :: [idts, bool] = bool ((8Y -/ -) [0,10] 10)
INF  :: [idts, bool] = bool  ((83-./ -) [0,10] 10)

lemma INF-EX:
(Joz. P2z) = (32. P 1)
(proof )

lemma MOST-iff-finiteNeg:
(V. P x) = finite {x. = Pz}
(proof )

lemma ALL-MOST:
V. Pr = V2. Pz

{(proof)

lemma INF-mono:
assumes inf: Iz. Prand ¢: A\z. Pz —= Q=
shows 3 z. Q =

{(proof)

lemma MOST-mono:
[Voz. Pz A. P2 — Q1] = Voot Qz
(proof )

lemma INF-nat: (3oon. P (ninat)) = (Vm. In. m<n A P n)

(proof)

lemma INF-nat-le: (3oon. P (n:nat)) = (Ym. In. m<n A P n)

(proof)

lemma MOST-nat: (¥ oon. P (n:nat)) = (Im. Vn. m<n — P n)

{proof)

lemma MOST-nat-le: (Vson. P (n:nat)) = (Im. ¥Yn. m<n — P n)

{(proof)

420
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43.3 Miscellaneous

A few trivial lemmas about sets that contain at most one element. These
simplify the reasoning about deterministic automata.
constdefs

atmost-one :: 'a set = bool
atmost-one S =Vzy. z€S5 N ye§ — z=y

lemma atmost-one-empty: S={} = atmost-one S

{(proof)

lemma atmost-one-singleton: S = {x} = atmost-one S
(proof)

lemma atmost-one-unique [elim]: [ atmost-one S; x € S; y € S| = y=z

(proof)

end

44 Extraction: Program extraction for HOL

theory FExtraction

imports Datatype

uses Tools/rewrite-hol-proof . ML
begin

44.1 Setup
(ML)

lemmas [eztraction-expand] =
atomize-eq atomize-all atomize-imp
allE rev-mp congE Eq-Truel Eq-Fualsel eqTruel eqTrueE eq-cong2
notE’ impE’ impE iffE imp-cong simp-thms
induct-forall-eq induct-implies-eq induct-equal-eq
induct-forall-def induct-implies-def induct-impliesl
induct-atomize induct-rulifyl induct-rulify2

datatype sumbool = Left | Right

44.2 Type of extracted program

extract-type
typeof (Trueprop P) = typeof P

typeof P = Type (TYPE(Null)) = typeof @ = Type (TYPE('Q)) =
typeof (P — Q) = Type (TYPE('Q))
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typeof Q@ = Type (TYPE(Null)) = typeof (P — Q) = Type (TYPE(Null))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE('Q)) =
typeof (P — Q) = Type (TYPE('P = 'Q))

(Az. typeof (P z)) = (Ax. Type (TYPE(Null))) =
typeof (Vx. P x) = Type (TYPE(Null))

(A\z. typeof (P x)) = (A\z. Type (TYPE('P))) =
typeof (Vz::'a. P z) = Type (TYPE('a = 'P))

(Az. typeof (P z)) = (Az. Type (TYPE(Null))) =
typeof (3z::’'a. P z) = Type (TYPE('a))

(A\z. typeof (P x)) = (Az. Type (TYPE('P))) =
typeof (3z::'a. P x) = Type (TYPE('a x 'P))

typeof P = Type (TYPE(Null)) = typeof Q = Type (TYPE(Null)) =
typeof (P V Q) = Type (TYPE(sumbool))

typeof P = Type (TYPE(Null)) = typeof Q = Type (TYPE('Q)) =
typeof (P V Q) = Type (TYPE('Q option))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE(Null)) =
typeof (P V Q) = Type (TYPE('P option))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE('Q)) =
typeof (P V Q) = Type (TYPE('P + 'Q))

typeof P = Type (TYPE(Null)) = typeof Q = Type (TYPE('Q)) =
typeof (P A Q) = Type (TYPE('Q))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE(Null)) =
typeof (P N Q) = Type (TYPE('P))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE('Q)) =
typeof (P A Q) = Type (TYPE('P x 'Q))

typeof (P = Q) = typeof (P — Q) A (€ — P))
typeof (x € P) = typeof P

44.3 Realizability

realizability
(realizes t (Trueprop P)) = (Trueprop (realizes t P))

(typeof P) = (Type (TYPE(Null))) =
(realizes t (P — @Q)) = (realizes Null P — realizes t Q)
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(typeof P) = (Type (TYPE('P))) =
(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P — Q)) = (Va::'P. realizes ¥ P — realizes Null Q)

(realizes t (P — @Q)) = (Vz. realizes © P — realizes (t z) Q)

(Az. typeof (P z)) = (Az. Type (TYPE(Null))) =
(realizes t V. P z)) = (Va. realizes Null (P z))

(realizes t (Vx. P z)) = (Vx. realizes (t z) (P x))

(Az. typeof (P z)) = (Az. Type (TYPE(Null))) =
(realizes t (3z. P x)) = (realizes Null (P t))

(realizes t (Jx. P x)) = (realizes (snd t) (P (fst t)))

(typeof P) = (Type (TYPE(Null))) =
(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P V Q)) =
(case t of Left = realizes Null P | Right = realizes Null Q)

(typeof P) = (Type (TYPE(Null))) =
(realizes t (P V Q)) =
(case t of None = realizes Null P | Some q = realizes q Q)

(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P V Q)) =
(case t of None = realizes Null Q | Some p = realizes p P)

(realizes t (P V Q)) =
(case t of Inl p = realizes p P | Inr q = realizes q Q)

(typeof P) = (Type (TYPE(Null))) =
(realizes t (P N Q)) = (realizes Null P A realizes t Q)

(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P N Q)) = (realizes t P A realizes Null Q)

(realizes t (P N Q)) = (realizes (fst t) P A realizes (snd t) Q)

typeof P = Type (TYPE(Null)) =
realizes t (— P) = — realizes Null P

typeof P = Type (TYPE('P)) =
realizes t (= P) = (Vx::'P. — realizes z P)

typeof (P::bool) = Type (TYPE(Null)) =
typeof @ = Type (TYPE(Null)) =

423
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realizes t (P = Q) = realizes Null P = realizes Null Q

(realizes t (P = Q)) = (realizes t (P — Q) A (Q — P)))

44.4 Computational content of basic inference rules

theorem disjE-realizer:
assumes 7: case z of Inlp = Pp | Inr ¢ = Q ¢
and r1: Ap. Pp = R (fp) and r2: Aq. @ ¢ = R (g q)
shows R (case x of Inlp = fp | Inr ¢ = g q)

(proof)

theorem disjE-realizer2:
assumes r: case z of None = P | Some ¢ = Q ¢
and r1: P = R f and 72: Aq. @ ¢ = R (g q)
shows R (case z of None = [ | Some ¢ = ¢ q)

(proof)

theorem disjE-realizer3:
assumes r: case ¢ of Left = P | Right = Q
andri: P=—= Rfand r2: Q = R g
shows R (case z of Left = f | Right = g)

(proof)

theorem conjl-realizer:

Pp= Qq= P (fst (p, q)) N Q (snd (p, q))
(proof )

theorem exl-realizer:
Pyz = P (snd (z,y)) (fst (z, y)) (proof)

theorem ezE-realizer: P (snd p) (fst p) =
Aey. Pye— Q (fzy)) = Q (let (z,y) = pinfzy)
(proof)

theorem ezE-realizer”: P (snd p) (fst p) =
(Azy. Pyz— Q) = Q (proof)

realizers
impl (P, Q): Apq. pq
APQupq (h:-).alll --+ Az impl----- (h - 1))

impl (P): Null
APQ (h:-).all---(Ax impl----- (h - )

impl (Q): \g. ¢ A P Q@ q. impI - - - -

impl: Null impl
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mp (P, Q): Apq. pq

APQpq(h:-)p mp----- (spec - - - p - h)
mp (P): Null

APQ (h:-)p.mp----- (spec - - - p « h)

mp (Q): Aq. ¢ AP Qq.mp - -- -

mp: Null mp

alll (P): Ap.p A Pp.all - -

alll: Null alll

spec (P): Az p.px A Pxp. spec - -+

spec: Null spec

ex] (P): Az p. (z, p) A Pz p. exl-realizer - P - p - x
exl: Ax. 2 A Px (h:-). h

exk (P, Q): Ap pq. let (z,y) =pinpgzy
AP Qp (h:-) pg. exE-realizer - P -p - Q -pq-h

exE (P): Null
A P Q p. exE-realizer’ - - - - - -

exE (Q): Az pg. pq =
APQux (hi:-)pg (h2:-). h2 -z« hi

exE: Null
APQux (hi:-) (h2:-). h2 -z - hi

congl (P, Q): Pair
APQp (h:-)q. conjl-realizer - P -p- Q- q-h

congl (P): Ap. p
APQp. conjl - - - -

congl (Q): Aq. q
APQ (h:-)q comgl - -+ - h

conjl: Null conjl

congunctl (P, Q): fst
A P @ pq. conjunctl - - - -

conjunct! (P): Ap. p
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A P Q p. conjunct! - - - -

conjunctl (Q): Null
A P Q@ q. conjunct] - - - -

conjunctl: Null conjunct1

congunct?2 (P, Q): snd
A P Q pq. conjunct2 - - - -

conjunct? (P): Null
A P Q p. conjunct? - - - -

conjunct?2 (Q): Ap. p
A P @ p. conjunct2 - - - -

congunct2: Null conjunct2

disjI1 (P, Q): Inl

APQp.iffD2----. (sum.cases-1 - P - - - p)
disjI1 (P): Some

APQp. iffD2 - ---- (option.cases-2 - - - P - p)
disjI1 (Q): None

APQ.iffD2 - -- - (option.cases-1 - - - -)
disjl1: Left

AP Q. iffD2 - - -- (sumbool.cases-1 - - - -)

disjI2 (P, Q): Inr
AQPgq. iffD2 - - - (sum.cases-2 - -+ Q - q)

disjI2 (P): None
AQP.iffD2 - - -- (option.cases-1 - - - -)

disjI2 (Q): Some
AQPg. iffD2----. (option.cases-2 - - - @ - q)

disjI2: Right
ANQP.iffD2 - -+ -- (sumbool.cases-2 - - - -)

disjE (P, @, R): A\pq pr qr.
(case pq of Inl p = prp | Inr ¢ = qr q)
AP QRpqg (hi:-)pr (h2:-) gr.
disjE-realizer - - - - - pq - R - pr - qr - h1 - h2

disjE (Q, R): Apq pr qr.
(case pq of None = pr | Some q¢ = qr q)
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AP QRpqg (hi:-)pr (h2:-) gr.
disjE-realizer? - - - --pq - R - pr - qr - hl - h2

disjE (P, R): Apq pr qr.
(case pq of None = gr | Some p = pr p)
AP QRpqg (hi:-)pr (h2:-) gr (h3: -).
disjE-realizer?2 - - - --pq - R - qr - pr - hl - h8 - h2

disjE (R): Apq pr qr.
(case pq of Left = pr | Right = qr)
AP QRpqg (hi:-)pr (h2:-) gr.
disjE-realizer3 - - - --pq - R - pr - qr - hl - h2

disjE (P, Q): Null
A P Q R pq. disjE-realizer - - - - - pg - (Az. R) - - - -

disjE (Q): Null
A P Q R pq. disjE-realizer2 - - - - - pg - (Az. R) - -+ -

disjE (P): Null
AP QRpqg (hi:-) (h2:-) (h3: -).

disjE-realizer2 - - - - - pg - (Az. R) - -+ -+ h1 « h3 - h2
disjE: Null
A P QR pq. disjE-realizer3 - - - - - pqg - (Ax. R) - - -

FalseE (P): arbitrary
A P. FalseE - -

FualseE: Null FalseE

notl (P): Null
AP (h:-).all---(Az. notl ---(h-x))

notl: Null notl

notE (P, R): Ap. arbitrary
APR((h:-)p. notE - -- - (spec - - - p - h)

notE (P): Null
A PR (h:-)p. notk - -- - - (spec - - - p + h)

notE (R): arbitrary
A PR.notkl - - -

notE: Null notE

subst (P): s t ps. ps
AstP (h:-)ps. subst-s-t-Pps-h
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subst: Null subst

iff D1 (P, Q): fst
A QPpq(h:-)p.
mp - - - (spec - - - p » (conjunct! - - - - - h))

iffD1 (P): Ap. p
AQPp(hi-).mp----- (conjunct! - - - - - h)

iffD1 (Q): Null
AQPql (h:-) q2.
mp - - - (spec - - - q2 « (conjunctl - - - -+ h))

iffD1: Null iffD1

iffD2 (P, Q): snd
AP @Qpq(h:-)q
mp - - - (spec - - - q - (conjunct2 - - - - - h))

iffD2 (P): Ap. p
APQp(h:-).mp----- (congunct2 - - - - - h)

iffD2 (Q): Null
AP Qql (h:-) g2.
mp - - (spec - - - q2 - (conjunct2 - - - -+ h))

iff D2: Null iff D2
iffl (P, Q): Pair

AP Qpg (hi:-)qgp (h2:-). conjl-realizer -
(Apg. Vz. Pz — Q (pq x)) - pq -

(Agp.Vz. Qv — P (qp z)) - gp +
(alll - -+ (A z. impl - - - - - (h1 - 2))) -
(alll - -+ (Az. impl - -- - (h2 - x)))
iffT (P): Ap. p
APQ (h!:-)p (h2:-). congl - -+ -
(alll - -+ (A z. impl - - - - - (h1 - x)))
(impl - - - - - h2)
iffl (Q): Aq- ¢
APQq(h:-)(h2:-). congl « -- -+
(impIl - - - - - h1) -
(alll - -+ (Az. impl - -- - (h2 - x)))

iff[: Null iffI
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end

45 Reconstruction: Reconstructing external reso-
lution proofs

theory Reconstruction
imports Hilbert-Choice Map Infinite-Set Extraction
uses Tools/res-lib. ML

Tools/res-clause. ML

Tools [ res-skolem-function. ML
Tools /res-axioms. ML

Tools [ res-types-sorts. ML

Tools/ ATP [ recon-order-clauses. ML
Tools/ ATP [ recon-translate-proof . ML
Tools/ ATP [ recon-parse. ML

Tools | ATP [ recon-transfer-proof . ML
Tools/ ATP | Atp Communication. ML
Tools/ ATP /watcher. ML
Tools/ ATP [ res-clasimpset. ML
Tools/res-atp. ML

Tools [ reconstruction. ML

begin
(ML)

end

46 Main: Main HOL

theory Main
imports SAT Reconstruction
begin

Theory Main includes everything. Note that theory PreList already includes
most HOL theories.

Late clause setup: installs all simprules and claset rules into the clause
cache; cf. theory Reconstruction.

(ML)

end
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