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S r = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i −(a0 + a1 x i))
2

Regression

Linear Regression

Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − (a0 + a1 x i + a2 xi
2
))
2

Polynomial Regression

Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − (a0 + a1 x i ,1 + a2 xi ,2))
2Multiple Linear  Regression

S r = ∑
i=1

n

ϵi
2 = ∑

i=1

n

( y i − (β0 +∑
j=1

m

x i jβ j) )
2

General Multiple Linear  Regression
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S r = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i −(a0 + a1 x i))
2

y = a0 + a1 x

(x1, y1)

(x2, y2)

(x3, y3)

(x4, y4)

a0, a1

(x i , yi)

unknowns

measured data

unknowns

  random

Linear Regression (1)

Find the best fit line
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Linear Regression (2)

S r = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i −(a0 + a1 x i))
2

∂S r
∂a0

= 2∑
i=1

n

( y i − a0 − a1 x i)(−1) = 0

∂S r
∂a1

= 2∑
i=1

n

( y i − a0 − a1 x i)(−x i) = 0

∑
i=1

n

a0 + ∑
i=1

n

a1 x i = ∑
i=1

n

y i

∑
i=1

n

a0 xi + ∑
i=1

n

a1 x i
2

= ∑
i=1

n

y i x i

a0, a1

(x i , yi)

Sum of the square of the residuals

Minimum Condition

unknowns

measured data

unknowns

  random

∑
i=1

n

1 ∑
i=1

n

x i ∑
i=1

n

y i

∑
i=1

n

x i ∑
i=1

n

x i
2 ∑

i=1

n

x i y i

a0

a1

=
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Linear Regression (3)

∑
i=1

n

a0 + ∑
i=1

n

a1 x i = ∑
i=1

n

y i ∑
i=1

n

a0 xi + ∑
i=1

n

a1 x i
2

= ∑
i=1

n

y i x i

n⋅a0 + ∑
i=1

n

a1 xi = ∑
i=1

n

yi

a0 =
1
n
∑
i=1

n

yi −
1
n
∑
i=1

n

a1 xi

(∑
i=1

n

xi)( 1n∑i=1
n

yi −
1
n∑i=1

n

a1 xi) + ∑
i=1

n

a1 xi
2 = ∑

i=1

n

yi xi

1
n (∑i=1

n

xi)(∑
i=1

n

yi) −
1
n(∑i=1

n

xi)
2

a1 + (∑
i=1

n

xi
2) a1 = (∑

i=1

n

yi xi)

n(∑
i=1

n

xi
2) a1 − (∑

i=1

n

xi)
2

a1 = n(∑
i=1

n

yi xi) − (∑
i=1

n

xi)(∑
i=1

n

yi)

a1 =

n(∑
i=1

n

yi xi) − (∑
i=1

n

xi)(∑
i=1

n

yi)
n(∑

i=1

n

xi
2) − (∑

i=1

n

xi)
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1
n∑i=1

n

x i
1
n∑i=1

n

y i

( 1n∑i=1
n

x i)
2

(1n∑i=1
n

y i)
2

Mean Values of x
i
, y

i
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Mean Values of x
i
2, y

i
2, x

i
y

i 
(1)

1
n∑i=1

n

x i
2 1

n∑i=1

n

y i
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1
n∑i=1

n

x i y i

1
n∑i=1

n

x i
2 1

n∑i=1

n

y i
2

Mean Values of x
i
2, y

i
2, x

i
y

i 
(2)
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Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − (a0 + a1 x i + a2 xi
2
))
2

(x1, y1)

(x2, y2)

(x3, y3)
(x4, y4)

a0, a1, a2

(x i , yi) measured data

unknowns

  random

Polynomial Regression (1)

Find the best fit parabola

y = a0 + a1 x + a2 x
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Polynomial Regression (2)

S r = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i −(a0 + a1 x i + a2 x i
2
))
2

∂Sr
∂a0

= 2∑
i=1

n

( yi − a0 − a1 xi − a2 xi
2)(−1) = 0

∂Sr
∂a1

= 2∑
i=1

n

( yi − a0 − a1 xi − a2 xi
2)(−xi) = 0

Sum of the square of the residuals

Minimum Condition

∂Sr
∂a2

= 2∑
i=1

n

( yi − a0 − a1 xi − a2 xi
2)(−xi

2) = 0

a0, a1, a2

(x i , yi) measured data

unknowns

  random

Find the best fit parabola
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Polynomial Regression (3)

(∑
i=1

n

1)⋅a0 + (∑
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n

xi)⋅a1 + (∑
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n

xi
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xi y i)
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x i
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x i
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i=1
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i=1
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x i
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i=1
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x i) (∑
i=1
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x i
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i=1
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x i
3) (∑

i=1
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x i yi)
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i=1
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x i
2) (∑

i=1
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x i
3) (∑
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x i
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y = a0 + a1 x1 + a2 x2

(x1, y1)

(x3, y3)

(x4, y4)

a0, a1, a2

(x i ,1 , x i ,2 , y i) measured data

unknowns

  random

Multiple Linear Regression (1)

Find the best fit plane

(x2, y2)

Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − (a0 + a1 x i ,1 + a2 xi ,2))
2

x1

x2
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Multiple Linear Regression (2)

∂Sr
∂a0

= 2∑
i=1

n

( yi − a0 − a1 xi ,1 − a2 xi ,2)(−1) = 0

∂Sr
∂a1

= 2∑
i=1

n

( yi − a0 − a1 xi ,1 − a2 xi ,2)(−xi ,1) = 0

Sum of the square of the residuals

Minimum Condition

∂Sr
∂a2

= 2∑
i=1

n

( yi − a0 − a1 xi ,1 − a2 xi ,2)(−xi ,2) = 0

a0, a1, a2

(x i ,1 , x i ,2 , y i) measured data

unknowns

  random

Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − (a0 + a1 x i ,1 + a2 xi ,2))
2
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Multiple Linear Regression (3)

(∑
i=1

n

1)⋅a0 + (∑
i=1

n

xi ,1)⋅a1 + (∑
i=1

n

x i ,2)⋅a2 = (∑
i=1

n

y i)

(∑
i=1

n

x i ,1)⋅a0 + (∑
i=1

n

x i ,1
2 )⋅a1 + (∑

i=1

n

x i ,1 x i ,2)⋅a2 = (∑
i=1

n

xi ,1 yi)

(∑
i=1

n

x i ,2)⋅a0 + (∑
i=1

n

x i ,1 x i ,2)⋅a1 + (∑
i=1

n

xi ,2
2 )⋅a2 = (∑

i=1

n

xi ,2 y i)
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i=1

n

1) (∑
i=1

n

x i1) (∑
i=1

n

x i2) (∑
i=1

n

y i)
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i=1

n

x i1) (∑
i=1

n

x i1
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i=1
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x i1 x i2) (∑
i=1

n

x i1 y i)
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i=1
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x i2) (∑
i=1

n

x i1 x i2) (∑
i=1

n

x i2
2 ) (∑

i=1

n

x i2 yi)

a0

a1

a2
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Multiple Linear Regression – General (1)

∂Sr
∂β0

= 2∑
i=1

n

( yi −β0 −β1 x i1 − β2 xi 2 −⋯− βm x im)(−1) = 0

Sum of the square of the residuals

Minimum Condition

β0 , β1 ,⋯ , βm

(x i1 , x i 2 ,⋯ , xim , y i) measured data

unknowns

  random

Sr = ∑
i=1

n

ϵi
2 = ∑

i=1

n

( y i − (β0 +∑
j=1

m

x i jβ j) )
2

y = β0 +∑
j=1

m

x jβ j = β0 + x1β1 + x2β2 + ⋯+ xmβm

∂Sr
∂β1

= 2∑
i=1

n

( yi −β0 −β1 x i1 − β2 xi 2 −⋯− βm x im)(−xi 1) = 0

∂ Sr
∂βm

= 2∑
i=1

n

( y i −β0 − β1 xi 1 −β2 xi 2 −⋯− βm xim)(−xim) = 0
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Multiple Linear Regression – General (2)

(∑
i=1

n

1) (∑
i=1

n

x i1) (∑
i=1

n

x i2) (∑
i=1

n

y i)

(∑
i=1

n

x i1) (∑
i=1

n

x i1
2 ) (∑

i=1

n

x i1 x i2) (∑
i=1

n

x i1 y i)

(∑
i=1

n

x im) (∑
i=1

n

x imx i1) (∑
i=1

n

x im x i2)

(∑
i=1

n

x i2 yi)

β0

β1

β2

(∑
i=1

n

x im)
(∑
i=1

n

x i1 x im)

(∑
i=1

n

x im
2 )

(∑
i=1

n

x i2) (∑
i=1

n

x i2 xi1) (∑
i=1

n

x i2
2 ) (∑

i=1

n

x i1 x im)

βm (∑
i=1

n

x im yi)

=
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Multiple Linear Regression – General (3)

x1m x1m x11 x1m x12

1 x11 x12 x1m

x11 x11
2 x11 x12 x11 x1m

x1m
2

x12 x12 x11 x12
2 x11 x1m

x2m x2m x21 x2m x22

1 x21 x22 x2m

x21 x21
2 x21 x22 x21 x2m

x2m
2

x22 x22 x21 x22
2 x21 x2m

x3m x3m x31 x3m x32

1 x31 x32 x3m

x31 x31
2 x31 x32 x31 x3m

x3m
2

x32 x32 x31 x32
2 x31 x3m

x4m x4m x41 x4m x42

1 x41 x4 2 x4m

x41 x41
2 x41 x42 x41 x4m

x4m
2

x4 2 x4 2 x41 x4 2
2 x41 x4m

m = 1 measured data m = 2 measured data

m = 3 measured data m = 4 measured data
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Multiple Linear Regression – General (4)

x1m x1m x11 x1m x12

1 x11 x12 x1m

x11 x11
2 x11 x12 x11 x1m

x1m
2

x12 x12 x11 x12
2 x11 x1m

m = 1 measured data
m = 2 measured data

m = 3 measured data

m = 4 measured data

xm xm x1 xm x2

1 x1 x2 xm

x1 x1
2 x1 x2 x1 xm

xm
2

x2 x2 x1 x2
2 x1 xm

1
n
∑
i=1

n

1
1
n
∑
i=1

n

xi 1
1
n
∑
i=1

n

xi 2
1
n
∑
i=1

n

xi m

1 x1 x2 xm

E {1} E {x1} E {x2} E {xm}
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Least Square (1)

∂Sr
∂β j

= 2∑
i=1

n

ϵi
∂ϵi
∂β j

= 0 j = 1, ... ,m

Sum of the square of the residuals

Minimum Condition

β1 , β2 ,⋯ , βm

(x i1 , x i 2 ,⋯ , xim , y i) measured data

unknowns

  random

S r = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − f (x i , β) )
2

ϵi = ( y i − f (x i , β) )

∂ϵi
∂β j

= −
∂ f (x i , β)

∂β j

∂Sr
∂β j

= −2∑
i=1

n

ϵi
∂ f (x i , β)

∂β j
= 0 j = 1, ... ,m

ϵi = ( y i − f (x i , β) )
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Least Square (2)

Sum of the square of the residuals

Minimum Condition

β1 , β2 ,⋯ , βm

(x i1 , x i 2 ,⋯ , xim , y i) measured data

unknowns

  random

S r = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i − f (x i , β) )
2

∂Sr
∂β j

= −2∑
i=1

n

ϵi
∂ f (x i , β)

∂β j
= 0 j = 1, ... ,m

y = ∑
j=1

m

x jβ j = x1β1 + x2β2 + ⋯+ xmβm

Linear Least Square

f (xi , β) = ∑
j=1

m

xi jβ j = xi 1βi1 + x i 2βi 2 +⋯+ x imβim i:  measuring index
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Linear Least Square (1)

∂Sr
∂β1

= 2∑
i=1

n

( yi −β1 xi1 − β2 x i2 −⋯−βm xim)(−xi1) = 0

Sum of the square of the residuals

Minimum Condition

β1 , β2 ,⋯ , βm

(x i1 , x i 2 ,⋯ , xim , y i) measured data

unknowns

  random

Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i −∑
j=1

m

x i jβ j)
2

y = ∑
j=1

m

x jβ j = x1β1 + x2β2 + ⋯+ xmβm

∂Sr
∂β2

= 2∑
i=1

n

( yi −β1 xi1 − β2 x i2 −⋯−βm xim)(−xi2) = 0

∂ Sr
∂βm

= 2∑
i=1

n

( y i −β1 x i1 −β2 xi 2 −⋯− βm x im)(−xim) = 0

i:  measuring index
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Linear Least Square (2)

(∑
i=1

n

x i1
2 ) (∑

i=1

n

x i1 x i2) (∑
i=1

n

x i1 x i3) (∑
i=1

n

x i1 y i)

(∑
i=1

n

x i2 xi1) (∑
i=1

n

x i2
2 ) (∑

i=1

n

x i2 xi3) (∑
i=1

n

x i2 yi)

(∑
i=1

n

x im x i1) (∑
i=1

n

x im x i2) (∑
i=1

n

x im x i3)

(∑
i=1

n

x i3 yi)

β1

β2

β3

(∑
i=1

n

x i1 x im)
(∑
i=1

n

x i2 xim)

(∑
i=1

n

x im
2 )

(∑
i=1

n

x i3 xi1) (∑
i=1

n

x i3 xi 2) (∑
i=1

n

x i3
2 ) (∑

i=1

n

x i3 xim)

βm (∑
i=1

n

x im yi)

=

i:  measuring index
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Linear Least Square (3)

x3m x31 x3m x32 x3m x33

x31
2 x31 x32 x31 x33 x31 x3m

x32 x31 x32
2

x32 x33 x32 x3m

x3m
2

x33 x31 x33 x32 x33
2 x33 x3m

m = 1 measured data m = 2 measured data

m = 3 measured data m = 4 measured data

x4m x41 x4m x42 x4m x43

x41
2 x41 x42 x41 x43 x41 x4m

x4 2 x41 x4 2
2

x4 2 x43 x4 2 x4m

x4m
2

x4 3 x41 x4 3 x42 x4 3
2 x4 3 x4m

x1m x11 x1m x12 x1m x13

x11
2 x11 x12 x11 x13 x11 x1m

x12 x11 x12
2

x12 x13 x12 x1m

x1m
2

x13 x11 x13 x12 x13
2 x13 x1m

x2m x21 x2m x22 x2m x23

x21
2 x21 x22 x21 x23 x21 x2m

x22 x21 x22
2

x22 x23 x22 x2m

x2m
2

x23 x21 x23 x22 x23
2 x23 x2m
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Linear Least Square (4)

m = 1 measured data
m = 2 measured data

m = 3 measured data

m = 4 measured data

xm x1 xm x2 xm x3

x1
2 x1 x2 x1 x3 x1 xm

x2 x1 x2
2 x2 x3 x2 xm

xm
2

x3 x1 x3 x2 x3
2 x3 xm

1
n
∑
i=1

n

xi 1
2 1

n∑i=1

n

xi 1 x i 2
1
n
∑
i=1

n

xi 1 x i 3
1
n
∑
i=1

n

xi 1 x im

E {x1} E {x1 x2} E {x1 x3} E {x1 xm}

x1m x11 x1m x12 x1m x13

x11
2 x11 x12 x11 x13 x11 x1m

x12 x11 x12
2

x12 x13 x12 x1m

x1m
2

x13 x11 x13 x12 x13
2 x13 x1m

x1
2 x1 x2 x1 x3 x1 xm
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Linear Least Square (5)

Sum of the square of the residuals
β1 , ⋯ , βm

(x i1 , x i 2 ,⋯ , xim , y i) measured data

unknowns

  random

Sr = ∑
i=1

n

ϵi
2

= ∑
i=1

n

( y i −∑
j=1

m

x i jβ j)
2

y i = ∑
j=1

m

x i jβ j y = X β

xn1 xn2 xn3

x11 x12 x13 x1m

x21 x22 x23 x2m

xnm

x31 x32 x33 x3mX =

βm

β1
β2
β3

β =

yn

y1

y2

y3y =

y = ∑
j=1

m

x jβ j

i:  measuring index i:  measuring index
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Linear Least Square (6)

Normal Equations
β1 , ⋯ , βm

(x i1 , x i 2 ,⋯ , xim , y i) measured data

unknowns

  random

X β = y

X t X β̂ = X t y

∂Sr
∂β j

= 2∑
i=1

n

ϵi
∂ϵi
∂β j

( j = 1,2,... ,m)
∂ϵi
∂β j

= −xi j

∂Sr
∂β j

= 2∑
i=1

n

( y i −∑
j=1

m

xi jβ j) (−xi j) = 0 ( j = 1,2, ... ,m)

∑
i=1

n

∑
k=1

n

xi j xi k β̂k = ∑
i=1

n

xi j yi

y i = ∑
j=1

m

x i jβ j

∑
i=1

n

(xi j y i −∑
k=1

m

xi j xi k β̂k) = 0 ( j = 1,2, ... ,m)
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Original Sampled Signal

Noisy Sampled Signal
measurement 1

measurement 2

measurement 3

y[n]

x
1
[n]

x
2
[n]

x
3
[n]
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Original Sampled Signal

Noisy Sampled Signal
measurement 1

measurement 2

measurement 3

y[n]

x
1
[n]

x
2
[n]

x
3
[n]

x1[n−4 ] , x1 [n−3] , x1[n−2] , x1[n−1] , x1[n]

x2[n−4 ] , x2[n−3] , x2[n−2 ] , x2 [n−1 ] , x2 [n ]

x3[n−4 ] , x3[n−3 ] , x3[n−2] , x3 [n−1 ] , x3 [n]
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