CTFS (1B)

e Continuous Time Fourier Series

Young Won Lim
12/22/11



Copyright (c) 2009 - 2011 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
12/22/11


mailto:youngwlim@hotmail.com

Fourier Series

f(x) = ay + D (a,coskx + b, sinkx)
=1

1 +7
ay = 5 _nf(x)dx

a, = %f:f(x) cos kx dx

S
=
Il

% [ (%) sin kx dx

k=123, .. ) one-sided spectrum
only positive frequencies
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Trigonometric Identities

cosO cosp = %(cos(ﬁ—q)) + cos(0 + ¢)) %(1 + cos(0+ ¢)) when 0=¢

B Bl — %(cos(@—q)) — cos(6 + ¢)) %(1 ~ cos(04 ¢)) when 6=¢

sin@ cos ¢ = %(Sin(ﬂ-l-(])) + sin(0 — ¢)) %(sin(6+q))) when 0=¢

cosOsin¢p = %(sin(6+q)) — sin(0— ¢)) %(sin(6+q))) when 0=
+n tn

f_n cosnx cosmxdx = 0 (n # m) f_n cosnxcosmxdx = (n = m)
+7 BE

f_n sinnx sinmx dx = 0 (n # m) f_n sinnx sinmx dx = n  (n = m)
+7

f_ sinnx cosmx dx = 0 .
" n, m : integer

f: cosnx sinmx dx = 0
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Trigonometric Orthogonality

+
A

cosnx cosmxdx = 0 (n # m)

|
|

f(x) =a, + Z(akcoskx + b, sinkx)
k=1

sinnx sinmx dx = 0

+ |
A A

a, = ! +T[f(x)a’x

e sinnx cosmx dx = 0
27 n

%'—aﬁ'—a
a
B
s
3

a, = %fjf(x) cos kx dx cosnx sinmx dx = 0

1 +7 .
b, = ;f_nf(x) sin kx dx f cosnx cosmxdx = n (n = m)

k=1, 2, 3, .. _rn sinpnxsinmx dx = T (” = m)

n, m : integer

a, « f(x)-coskx = a,-coskx + (a, cosmx-coskx + b, sinmx-coskx)

1

DMs 5 s

b, « f(x)-sinkx = a,-sinkx + (@, cosmx-sinnx + b, sinmx -sink x)

1

m
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Any Period p = 2L

g(v) = a, + kZ::l(ak coskv + b, sinkv) 7(x) = a, + e, cosﬂx b, sinﬂx

k=1 L L
1 +n 1 +L
ay = 5| glv)dv ay = 57 [, f(x)dx
@ = el cos kv as ap = [ 1) cos B35 s
1 ptn : 1 p¢+L kmtx
by =~ J L g(v)sin kv av by = 7 [, S (x)sin = d
k=1, 2, .. k=1, 2, 3,
v: [-m, +T] x: [-L, +L]
y = =
L
L1
dv = — dx
L
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Time and Frequency

f(x) = a, + Z a, cosﬂx + b, sinﬂx x(t) = a, + Z a, cosznkt + b, sin nkt
i1 L L Pt T
ao—ﬁ_fox ao—?oxt t
1 L 2 T 2nkt
a, = Zf_Lf(x) CcOS d. a, = ?fox(t) S dt
1 L kmx 2 T . 2mkt
b, = zf_Lf(x) sin dx b, = ?fox(t)sm dt
k = 1, 2, 3, k = 17 29
x: [-L, +L] t: [0, T]
&> et ﬁ
Continuous Time Periodic Signal x(t)
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Harmonic Frquency

21tk
T

- 2k :
+ Z a; Cos— t + b,sin
k=1

t

i (ak cos(2mk fot) + b, sin(27tkf0t))

1 o1 _ L
a, = ?J‘O x(t) dt a4 = 7 fo x(¢) dt
2 T
a, = %fzx(f) 2kt dt a, = ?fox(t) cos (2mk fot)dt k =1, 2, ...
2 1 2k by = = [T x(e)sin (2nk for)di Kk = 1, 2
bk:?fox(z‘)sin dt T T 0 > Lo e
k=1, 2,
t: 0, T] t: [0, T]
. 1
resolution frequency fo = 7
. 1
n-th harmonic frequency f,=nf, = "o
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Radial Frequency

x(t) = a, + Z(ak cos(k2mf,t) + b, sin(k27tf0t)) x(t) = ay + Z(ak cos(kwyt) + b, sin(kooot))
n=1 n=1
1 or
a, = %fgx(t) dt a, = Tfo x(2) dt
_ 2 (7 _ a, = ngx(t) cos (kwyt) dt
a, = Ffox(t) cos (k2m fot)dt k =1, 2, .. k 7 Jo 0
2 T .
b, = %fzx(z)sin (k2nfot)dt k=1, 2, .. by = = [, x(t)sin (koyt) di
k=1, 2, ..
t: [0, T] : [0, T
linear frequency f
angular (radial) frequency w = 2nf
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Complex Fourier Series Coefficients

b
Il
—_

x(t) = a, + i(ak cos(kwyt) + b, sin(kooot))

a, = %fjx(t) dt
a, = %_ﬁx(z‘) cos (kw,t) dt
2 T .
b, = rd Ox(t)sm (kw,t) dt
k=1, 2,
t: [0, T}

Real coefficients

a,, a,, b, k=12, ..

Complex coefficients
A,, A,, B,, k =

| T
4, = - |, x(e)a
A, = %J‘Zx(t) ke gy
B, = %fﬁx(t) et dt
t: [0, T]

one-sided spectrum
only positive frequencies

two-sided spectrum
Both pos and neg frequencies
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Euler Equation (1)

>
Il
—_

x(t) = a, + i(ak cos(kw,t) + b, sin(k(uot))

1 ik wyt —jkwyt 1 ke w,t —jkwyt
1 T — - J KW J KWy - JR WO J KW,
a():?_fox(t)df ak2(e +e )+bk2j(e e )
a, = %f:x(t) cos (kw,t) dt _ (a; _2jbk) Skt (aszbk) o koot
2 T .
b, = T Ox(t)sm (kw,t) dt _ 4 Skt L B, L
k=1, 2,
e’/ = coswt + jsinwt x(t) = 4, + (Ak e/ + B, e_jkwot)
. k=1
e’ = coswt — jsinwt
zero freq m 4, = 4, o o
e’ e =
coswt = f A_l( —jb,) @2
2 pos freq mm) kT 5\ ]k>8_qCJ
. jwt  —jwt P 8’
sinwt = 27 negfreq m) B, = 5 (ak-l—jbk) Sf—_’
1B CTFS Young Won Lim
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Euler Equation (2)

0 1 pr ..
x(t) = a, + Z(ak cos(kwyt) + b, sin(k(oot)) A, = ?J‘Ox(t)(cos (kw,t) = jsin (kw,t)) dt
k=1
I ¢T .
| ot B, = ?fox(t)(cos (kwyt)+ jsin (kw,t)) dt
ay = & -[o x(t) dt
a, = %_ﬁx(z‘) cos (kw,t) dt
1 T —jkw,t
A = — t)e " dt
b, = % | x(¢) sin (kw,t) dt o= 7 doxle
k=12 . Be = = [y x(e) e a
x(t) = 4, + ) A, e+ B, et * . .
() 0 kZ::I( k k ) X(f) _ AO + Z(Ak e+jkw0t + Bk e—]kwot
k=1
zero freq ™ 4, = a,
1 :
posfreq mm 4, = E(ak_]bk)

v
only positive
frequencies

neg freq - Bk = %(ak + jbk) X(Z‘) — ];)(Ak e+jk(1)ot + Bk e—jkwot
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Complex Fourier Series

x(t) = a, + Z(ak cos(kwyt) + b, sin(k(oot)) x(1) = Z(Ak gkt | g gk
k=1 k=0
1 ' —jkw,t
a, = FIOX(t)df Ak — %J‘Zx(t)ejk()dt
2 (" k=0, 1,2,
a, = ?fox(t) cos (kw,t) dt
1 r +j kot
br = % (1) sin (ko) d B, = Tfox(t) 7 dt
k=1, 2, . k =1, 2,
e} +oo
X(f) = AO + Z(Ak Tk wyt + Bk Jkoyt X(t) — Z Ck +jkwyt
k=1 k=—o0
Ao = 4, Ck _ % Zx(t) Jkoyt dt
A, = %(ak Jjby) k= =2, =1, 0, +1, +2,
1 4, (k=0)
B = glatib C, ={Ak (k> 0)
1B CTFS 13 Young Won Lim
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Single-Sided Spectrum

x(t) = a, + Z(ak cos(kwyt) + b, sin(ku)(,t)) x(t) = g, + ng cos(kw,t + ¢, )
k=1 k=1
1 7 _ 4
a = 7 fo x(t) dt 8o 0
2 T 8r = Vai-kbi
a; = = fox(z‘) cos (kw,t) dt )
¢, = tan  [——%
b, = %fo(t)sin (k wyt) dt " ( ak)
k= +1,+2, .. k= +1,+2, ..
cos(o+p) = cos(a) cos(p) — sin(a) sin(p) a, = g cos(q,)

—b, = g, Sin(q)k)

g cos(kwyt + ¢,) = g, cos(¢y) cos(kwyt) — g, sin(g,) sin(kw,?)

2 2 2
a,+b, = g,

a, cos(kw,t) + b, sin(kw,) b,

_a_k = ftan (q)k)

1B CTFS 1 4 Young Won Lim
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Phasor Representation (1)

x(t) = a, + Z(ak cos(kwyt) + b, sin(ku)(,t)) x(t) = g, + ng cos(k oy + ;)
k=1 ~
1 7 -
dy = 7 fo x(t) dt g, = a,
2 2
2 T o = et b
ay = 2 [, x(1) cos (koyt) dr b
2 4 (])k = tan_l _k
b, = = 0x(t)sin (kow,t) dt a,
k == 1 2 k = 1, 2’
x(t) = g, + ng cos(ku)otJrq)k) x(t) = X, + ; R(X, +jk0)0t}
k=1 -
x(t) = g T ,;gkm{ +j(k‘”of+¢k)} X, = g
S — +j 0
x(l‘) = gO + Z m{gk e+J(P e+jkm0t} Xk = gke
k=1 k = 1, 2,
Y Won Li
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Phasor Representation (2)

x(t) = g, + ,; %,(eﬂ(kwotmk)+e—j(kmot+¢k)) x(t) = g, T+ I;gk cos(k(x)otJrq)k)
X(t) = g, + Z (% e+j¢k e+jk(1)0t+ %e_jq)ke_jkwot) g, = a,
k=1
8r = Vai-kbi
0 gk e+j¢k " g e_jq)k ‘ b
+ jk w,t —Jjkwt
xlt) = g + 2| g e S 0 = tan” (__k)
k=1 a,
k=1, 2,
+0o0 ' 0 .
x(t) = Z C, e x(t) = X, + Z R{X e
k=—o0 k=1
+j o
Ck:gk; (k>0) Xo = &
—J O X — _e+j¢k
_ 8x € /e k Ek
€= lk<0) k=1, 2
k= -2, -1, 0, +1, +2, ...
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Two-Sided Spectrum

Z C +]k0)o Z C +jkwO

Power Spectrum  Two-Sided Periodogram One-Sided
|Ck|2+|c—k|2 = %|gk|2 = %(alzc_i_blzc) 2'|Ck| = |gk| = \/alzc+bi

1B CTFS 17 Yourg Won e



CTFS of Impulse Train (1)

n=—oo 1 1 1 1 1 1
Fourier Series Expansion of Impulse Train T T T T T T >
o —3T, —2T, T, \ T, 2T, 3T,
+jko,
plt) = 2. aye”™
k=—ow
o = 27
Fourier Series Coefficients * T,
+7,/2
_ 1 —jkwt
“k‘s_zj,zé R e S I
TS TS TS TS TS TS TS
p !
—]k(DO
= — dt
—3w, 2w, —o, ®, 2w, 3w,
1 +7./2 1
= — f S(t)dt = —
TS —-7./2 Ts
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CTFS of Impulse Train (2)

1 —+00 1 +o0
+jkw.t . .
plt) = — > a, e’ = — > (coskw,t— jsinko,)
TS k:—oo TS k =—
cos2m-1-¢ sin2m-1-¢
1 1
05 1 \‘\ ;“/ \\ s’/ “\“x s“/ \\ ] 05
0 0
05 - | 05 -
2 1.5 1 0.5 0 0.5 1 15 2 2 15 1 0.5 0 0.5 1 15 2
40 T ‘ T ‘ T ‘ T 30 1
30 H H . 207
10 |-
20 | | | | 1 ol |
10 - | u u . ol
0 ‘Jﬂ.« , r_’mw\\w\.& &_’wx!\““‘ew\.r ) M\\‘\\wr‘. | a.t«ﬁ 0
\“w .Mn W w '“w‘\\\ 20 -
-10 ‘ ‘ ‘ -30
-2 -1.5 -1 05 0 05 1 1.5 2 -2 -1.5 -1 -05 0 05 1 1.5 2
40 40
D cos2m k-t D sin2mket
k=1 k=1
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CTFS of Impulse Train (3)

~+o0 +o0
plt) = TL > a, et = L > (coskw,t— jsinkw,t)

s k=—o TS k=—o0

cos2m-1-¢ sin2m-1-¢
1 1
\ \ / \ / \ /
05 L \““ \“‘ “‘/ \“‘ ““/ \“‘ “‘/ H 05 L _
0r | q 0r 1
05 \/ \ //“ \ \/ | 05 )
1 | | 1 | | | 1 _1 L L | | | L L
2 15 1 0.5 0 05 1 15 2 -2 15 1 0.5 0 05 1 15 2
100 1e-13
80 - \ \ \
5e-14 b
60 | H ‘ H ]
40 | I \ I 1 0r 1
20 | I I I 1
‘\\" A hr}\H\\u\ N A !w}\HM\ A h}\H\‘\\\ A A h” -56-14 [ b
0 VY i I e e u\‘\
_20 ‘ | ‘\‘ | ‘\‘ L ‘\‘ | _1e_13 L L | | | L L
-2 -1.5 -1 0.5 0 05 1 15 2 -2 15 -1 -0.5 0 05 1 1.5 2
40 40
E cos2m-k-t E sin2m-k-t
k=—40 k=—40
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Inner Product Space

Hilbert Space  real / complex inner product space

(f, g = J rlt)glt)ds

complex conjugate Norm

(v, x) = (x, ») lxll = v(x, »)

linear Cauchy-Schwartz Inequality
(ax, + bx, y) = a<x1, y)+ b<x2, y) [ (x, vy | < |lx]| |»]]
positive semidefinite

(x,x) =0

18 CTFS 21 Yo i



Orthogonality

x(t) = k; C, e’ x(t) = Z(ak cos(2mk fot) + b, sin(2nkf0t))
1 pr . a, = 1 J.Tx(t) dt
Cp = 7 [y x(6) e di T
2 T
k= 210 4142 . a, = Tfox(t) cos (2mk fot)dt k=1, 2, ..
2 T
b, = = | x(t)sin(2nk f,t)dt k =1, 2, .
a, (k _ O) k T vf() ( ) ( 0 )
Cp = { %(ak_jbk) (k>0)
Yay+ jb) (K <0) t: 10, 7]
fundamental frequency fo = 1?
n-th harmonic frequency  f = n f,
T
< Jm,yt jnw t> _ fe+](m n)w, di — { 0 (m ;&n)
0 T (m — n) m, n : integer
1B CTFS 22 Young Won Lim
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Cauchy-Schwartz Inequality

For all vectors x and y of an inner product space

(e, ) < (e, %) (p, p)

[ )< Il Iyl

The equality holds if and only if x and y are linearly dependent =)  maximum

a,+jb, a,t+jb,
oy = ey sl =y = R
a,+jb, a,+jb,
Inner product is maximum n
when y = fx (x,p) < kZ:aiz—l—bi2
i=1

1B CTFS 23 Yo i



Orthogonality

— * * * * * * * *
F,oFy Py F Py Fy, Py Py ¥, Py Fs PP Pyt

* * * * * * * *

Fs-Fy Fs F, FsF, Fs Fy Fs P, FsFs s Fg sty

* * * * * * * *

Fo-Fy Fo'F, Fg Py Fo Ty Fo T, FgFs T Fg TooTy

* * * * * * * *

1B CTFS 24 R



Complex Vector Inner Product

Hermitian inner product

(x,y) = x"-y = Zx;yi x? : conjugate transpose

Norm of Hermitian inner products

x| = V{x, x) = VxT x =y D xix, the length of a vector

a,+jb,
X = a2+.]b2 (x, x) = = ijxi
n
. . . ; 2 2
(al_Jbl a,—jb, - an_.]bn) a,+jb, = a; + b;
a,+jb, i=1

1B CTFS 25 Young WanLin



The 1st Row of the DFT Matrix

R
0 cycle
7 Yy
— AP
it = ¢ F k=10, n=01,.,7
R w samples of cos(—wt) = cos(wt) } measure wt = 2T [t
>
sin(—w¢t) = —sin(wt) 270(5)-f 1

[ = samples of

X[0] measures how much of the +0+-w component is present in X.

Young Won Lim
12/22/11
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The 2nd Row of the DFT Matrix

o —j (2
W = e k=1, n=01,.,17
R w»  samples of cos(—wt) = cos(wt) } measure wi = 21ft
>
sin(—wt) = —sin(wt) 210 (g) St

[ = samples of

X[ 1] measures how much of the +1-w component is present in X.

Young Won Lim
12/22/11
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The 3rd Row of the DFT Matrix

R

2 cycles
! W '

—j(=-)kn

W = e k=2 n=01,..,7

wt = 21 ft
2m(5)-f,

R w9  samples of cos(—2wt) = cos(2wt) } measure
>
[ = samples of sin(—2wt) = —sin(2wt)

X[2] measures how much of the +2-wcomponent is present in X.

1B CTFS 28
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The 4th Row of the DFT Matrix

R
3 I

2y
s k=3 n=01,.,7

= cos(3wt) } measure wt = 27ft
>
21 (2)f ot

W' = e
R w»  samples of cos(—3wt)

sin(—3w¢) = —sin(3wi)

[ = samples of

X[3] measures how much of the +3-wcomponent is present in X.

Young Won Lim
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The 5th Row of the DFT Matrix

R

4 cycles
! WW y

2
o= ¢ 8 k=4, n=01.,7
R ws  samples of cos(—4wt) = cos(4wt) } measure wt = 2T [t
>

[ = samples of sin(—4wt) = —sin(4wt) 2m-(5)-f ot

X[4] measures how much of the +4-@wcomponent is present in X.

1B CTFS 30
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The 6th Row of the DFT Matrix

R

3 cycles
! MW '

—Jj(=)kn

W = e ® k=5 n=01,.,7

R w samples of cos(—(—3w)t) = cos(3wt) }measure
[ = samples of sin(—(—3w)¢) = sin(3wt) g

—wt = —2Tft
2m() St

X[5] measures how much of the —3-w component is present in X.

1B CTFS 3 Yo i



The 7th Row of the DFT Matrix

R

2 cycles
! W '

—j(=-)kn

W = e k=2 n=01,..,7

R = samples of  cos(—(—2w)t)

cos(2wt) } measure
>

—wt = —27ft

[ m samples of sin(—(—2w)t) = sin(2wt) 21 (2)-f 8

X[6] measures how much of the —2-w component is present in X.
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The 8th Row of the DFT Matrix

W’8m=e_'8 k=17 n =
R w» samples of cos(—(—w)t) = cos(w?) }measure —wt = —2Tft
-
sin(—(—w)¢) = sin(wt) 270 ()t

[ = samples of

X[7] measures how much of the —I-w component is present in X.

Young Won Lim
12/22/11
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