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A General m x n Matrix

a11 a12 a1n

a21 a22 a2n

am1 am2 amn

⋮ ⋮⋮

⋯

⋯

⋯

A = [ai j ]m×n = [ai j ]

=
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A Element of a Matrix

a11 a12 a1n

a21 a22 a2n

am1 am2 amn

⋮ ⋮⋮

⋯

⋯

⋯

A = [ai j ]m×n = [ai j ]

=

(A)m×n = ai j

ai ji-th row

j-th column
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am2 amn

a22 a2n

a1n

Matrix Multiplication (1)

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

x1

x2

xn

⋮

= b1

= b2

= bm

⋮

am2 amn

a22 a2n

a1na11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

x1

x2

xn

⋮

= b1

= b2

= bm

⋮

am2 amn

a22 a2n

a1na11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

x1

x2

xn

⋮

= b1

= b2

= bm

⋮

1st 
row

2nd 
row

m-th 
row

A = [ai j ]m×n

x = [x i j] n×1

b = [bi j ]m×1

A x b=

m×n n×1 m×1
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c11

am2 amn

a22 a2n

a1n

Matrix Multiplication (2)

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

1st 
row

2nd 
row

bn2

b22

b11 b12

b21

bn1

⋮ ⋮ cm2

c22

c11 c12

c21

cm1

⋮ ⋮

am2 amn

a22 a2n

a1na11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

bn2

b22

b11 b12

b21

bn1

⋮ ⋮ cm2

c22

c12

c21

cm1

⋮ ⋮

1st column

1st column

A = [ai j ]m×n

B = [bi j ] n×2

C = [ci j]m×2

A B C=

m×n n×2 m×2
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c11

c21

c11

am2 amn

a22 a2n

a1n

Matrix Multiplication (3)

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

1st 
row

2nd 
row

b22

b11 b12

b21

⋮ ⋮ cm2

c22

c12

c21

cm1

⋮ ⋮

am2 amn

a22 a2n

a1na11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

b22

b11 b12

b21

⋮ ⋮ cm2

c22

c12

cm1

⋮ ⋮

2nd column

2nd column

A = [ai j ]m×n

B = [bi j ] n×2

C = [ci j]m×2

A B C=

m×n n×2 m×2

bn2bn1

bn2bn1
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c12

c22

c11

c21

c11

am2 amn

a22 a2n

a1n

Matrix Multiplication (4)

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=m-th 
row

m-th 
row

b22

b11 b12

b21

⋮ ⋮ cm2

c22c21

cm1

⋮ ⋮

am2 amn

a22 a2n

a1na11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

b22

b11 b12

b21

⋮ ⋮ cm2

c12

cm1

⋮ ⋮

1st column

2nd column

A = [ai j ]m×n

B = [bi j ] n×2

C = [ci j]m×2

A B C=

m×n n×2 m×2

bn2bn1

bn2bn1
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c12

c22

c11

c21

c11

am2 amn

a22 a2n

a1n

Matrix Multiplication (4)

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=m-th 
row

m-th 
row

b22

b11 b12

b21

⋮ ⋮ cm2

c22c21

cm1

⋮ ⋮

am2 amn

a22 a2n

a1na11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

b22

b11 b12

b21

⋮ ⋮ cm2

c12

cm1

⋮ ⋮

1st column

2nd column

A = [ai j ]m×n

B = [bi j ] n×2

C = [ci j]m×2

A B C=

m×n n×2 m×2

bn2bn1

bn2bn1



Matrices (3A) 10 Young Won Lim
09/04/2012

Multiplication of Matrices (1)

am2 amr

a22 a2r

a1 ra11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

br 2

b22

b11 b12

b21

br 1

⋮ ⋮

br n

b2n

b1n

⋮

⋯

⋯

⋯

(B)r×n(A)m×rm

r

r

n

cr 2

c22

c11 c12

c21

cr 1

⋮ ⋮

cr n

c2n

c1n

⋮

⋯

⋯

⋯

n

m (C )m×n

c i i=
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Multiplication of Matrices (2)

am2 amr

a22 a2r

a1 ra11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

br 2

b22

b11 b12

b21

br 1

⋮ ⋮

br n

b2n

b1n

⋮

⋯

⋯

⋯

cr 2

c22

c11 c12

c21

cr 1

⋮ ⋮

cr n

c2n

c1n

⋮

⋯

⋯

⋯

c i i=
⋮ ⋮⋮

ai2 ai rai1
⋯

⋯

⋯

⋯

br 2

b22

b12

⋮

= ai1b1 j + ai 2b2 j + ai 3b3 j ⋯ + ai rbr j= ci j(AB)i j

= ∑
k=1

r

ai kbk j
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c11

am2 amn

a22 a2n

a1n

Partitioned Matrix

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

b22

b11 b12

b21

⋮ ⋮ cm2

c22

c12

c21

cm1

⋮ ⋮

A = [ai j ]m×n

B = [bi j ] n×2

C = [ci j]m×2

b1 b2

B = [b1 b2] AB= [Ab1 Ab2]
n×2 n×1 n×1

m×n n×2

bn2bn1

m×n n×1 m×n n×1

m×2 m×1 m×1

A B
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c11

am2 amn

a22 a2n

a1n

Partitioned Matrix

a11 a12

a21

am1

⋮ ⋮⋮

⋯

⋯

⋯

=

=

=

b22

b11 b12

b21

⋮ ⋮ cm2

c22

c12

c21

cm1

⋮ ⋮

A = [ai j ]m×n

B = [bi j ] n×2

C = [ci j]m×2

a1

a2

A = [
a1

a2

⋮
am

] AB
m×n

1×n

m×n n×2

bn2bn1

1×n n×2

m×2

am

1×n

1×n

= [
a1 B
a2 B
⋮

am B] 1×n n×2

1×n n×2

1×2

1×2

1×2

BA
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RREF of a Square Matrix

Elementary 
Row Operations

n

n

n

n

Either a zero row
Or a non-zero row

If a non-zero row

Size n x n 
→ No zero row at all 

RREF

Reduced
Row 
Echelon
Form

→ 0 0 0    …     0 1

The Last Row

1
1 1

1

0

0
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Non-singular Matrix

An Invertible, 
Non-singular 
Matrix

AB = BA = I
All square matrix

AC = CA = I B = CUnique

AA−1
= A−1 A = INotation
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Inverse of a 2x2 Matrix

A

 Invertible when 

= [a b
c d ]

ad − bc ≠ 0

A−1
=

1
(ad − bc) [ d −c

−b a ]
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Properties of Negative Powers

(A)−1 is invertible

An is invertible

k A is invertible

Assume A is invertible

((A)
−1

)
−1

= A

(An
)
−1

= A−n
= (A−1

)
n

(k An
)
−1

= k−1 A−1
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