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Fourier Series

f (x) = a0 + ∑
k=1

∞

(a k cos kx + bk sin kx)

a0 = 1
2π ∫−π

+π
f (x) dx

a k = 1
π ∫−π

+π
f (x) cos kx dx

bk = 1
π ∫−π

+π
f ( x) sin kx dx

k = 1, 2, 3, ... one-sided spectrum
only positive frequencies
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Trigonometric Identities

cosθ cosϕ = 1
2 (cos (θ − ϕ) + cos(θ + ϕ))

sinθ sin ϕ = 1
2 (cos(θ − ϕ) − cos (θ + ϕ))

sinθ cos ϕ = 1
2 (sin (θ + ϕ) + sin (θ − ϕ))

cosθ sin ϕ = 1
2 (sin (θ + ϕ) − sin (θ − ϕ))

1
2 (1 + cos(θ + ϕ)) when θ=ϕ

1
2 (1 − cos(θ + ϕ)) when θ=ϕ

1
2 (sin(θ + ϕ)) when θ=ϕ

1
2 (sin(θ + ϕ)) when θ=ϕ

∫−π

+π
sin n x cosm x dx = 0

∫−π

+π
cos n x sinm x dx = 0

∫−π

+π
cos n x cosm x dx = 0 (n ≠ m)

∫−π

+π
sin n x sinm x dx = 0 (n ≠ m)

∫−π

+π
cosn x cosm x dx = π (n = m)

∫−π

+π
sin n x sinm x dx = π (n = m)
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Trigonometric Orthogonality

a k ← f ( x)⋅cos k x = a0⋅cos k x + ∑
m=1

∞

(am cosm x⋅cos k x + bm sinm x⋅cos k x)

f ( x) = a0 + ∑
k=1

∞

(a k cos kx + bk sin kx)

a0 = 1
2π ∫−π

+π
f (x) dx

a k = 1
π ∫−π

+π
f (x) cos kx dx

bk = 1
π ∫−π

+π
f ( x) sin kx dx

k = 1, 2, 3, ...

bk ← f (x)⋅sin k x = a0⋅sin k x + ∑
m=1

∞

(am cosm x⋅sin n x + bm sinm x⋅sin k x)

∫−π

+π
sin n x cosm x dx = 0

∫−π

+π
cosn x sinm x dx = 0

∫−π

+π
cosn x cosm x dx = 0 (n ≠ m)

∫−π

+π
sin n x sinm x dx = 0 (n ≠ m)

∫−π

+π
cosn x cosm x dx = π (n = m)

∫−π

+π
sin n x sinm x dx = π (n = m)
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Any Period p = 2L

a0 = 1
2π ∫−π

+π
g (v) dv

a k = 1
π ∫−π

+π
g (v) cos kv dv

bk = 1
π ∫−π

+π
g (v) sin kv dv

k = 1, 2, ...

g (v) = a0 + ∑
k=1

∞

(ak cos kv + bk sin kv)

v : [− , ] x : [−L , L ]

v = 
L

x

dv = 
L

dx

a0 = 1
2L ∫−L

+L
f (x) dx

a k = 1
L ∫−L

+L
f (x) cos k π x

L
dx

bk = 1
L ∫−L

+L
f (x) sin k π x

L
dx

k = 1, 2, 3, ...

f (x) = a0 + ∑
k=1

∞

(ak cos k π
L

x + bk sin k π
L

x)
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Time and Frequency

a0 = 1
T ∫0

T
x( t) dt

a k = 2
T ∫0

T
x (t) cos 2π k t

T
dt

bk = 2
T ∫0

T
x (t ) sin 2π k t

T
dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos 2π k
T

t + bk sin 2π k
T

t)

2 L = T

Continuous Time Periodic Signal x t 

a0 = 1
2L ∫−L

+L
f (x) dx

a k = 1
L ∫−L

+L
f (x) cos k π x

L
dx

bk = 1
L ∫−L

+L
f (x) sin k π x

L
dx

k = 1, 2, 3, ...

f (x) = a0 + ∑
k=1

∞

(ak cos k π
L

x + bk sin k π
L

x)

x : [−L , L ] t : [0, T ]
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Harmonic Frquency

a0 = 1
T ∫0

T
x( t) dt

a k = 2
T ∫0

T
x (t) cos (2π k f 0 t) dt k = 1, 2, ...

bk = 2
T ∫0

T
x (t ) sin (2π k f 0 t) dt k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(2π k f 0 t) + bk sin(2πk f 0 t))

f 0 = 1
T

f n = n f 0 = n 1
T

t : [0, T ]

a0 = 1
T ∫0

T
x( t) dt

a k = 2
T ∫0

T
x (t) cos 2π k t

T
dt

bk = 2
T ∫0

T
x (t ) sin 2π k t

T
dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos 2π k
T

t + bk sin 2π k
T

t)

t : [0, T ]

resolution frequency

n-th harmonic frequency
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Radial Frequency

f

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (kω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (kω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
n=1

∞

(ak cos(kω0 t ) + bk sin(kω0 t))

t : [0, T ]

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k 2π f 0 t) dt k = 1, 2, ...

bk = 2
T ∫0

T
x (t ) sin (k 2π f 0 t) dt k = 1, 2, ...

x( t) = a0 + ∑
n=1

∞

(ak cos(k 2π f 0 t) + bk sin (k 2π f 0 t ))

t : [0, T ]

linear frequency

angular (radial) frequency ω = 2π f
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Complex Fourier Series Coefficients

a0 , a k , bk , k = 1, 2, ...

A 0 = 1
T ∫0

T
x t  dt

t : [0, T ]

Real coefficients

Complex coefficients

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t))

t : [0, T ]

x(t ) = A0 + ∑
k=1

∞

(Ak e
j k ω0 t + Bk e

− j kω0 t)

Ak = 1
T ∫0

T
x (t) e− j kω0 t dt

B k = 1
T ∫0

T
x (t) e+ j kω0 t dt

A0 , Ak , Bk , k = 1, 2, ...

one-sided spectrum

two-sided spectrum

only positive frequencies

Both pos and neg frequencies
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Euler Equation (1)

e j t = cos t  j sin t

cos t = e j t  e− j t

2

e− jt = cos t − j sin t

sin t = e j t − e− j t

2 j

=
(ak − j bk)

2 e j kω0 t +
(ak + j bk )

2 e− j kω0 t

x(t ) = A0 + ∑
k=1

∞

(Ak e
j k ω0 t + Bk e

− j kω0 t)

a k cos(kω0 t ) + bk sin(k ω0 t)

= ak
1
2 (e j k ω0 t + e− j kω0 t) + bk

1
2 j (e j k ω0 t − e− j k ω0 t)

= Ak e
j kω0 t + B k e

− j k ω0 t

A0 = a0

Ak = 1
2

(ak − j b k)

Bk =
1
2

(ak + j b k) on
ly

 p
os

iti
ve

 
fre

qu
en

ci
es

pos freq

neg freq

zero freq

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t))
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Euler Equation (2)

Ak = 1
T ∫0

T
x (t) (cos (k ω0 t) − j sin (k ω0 t)) dt

B k = 1
T ∫0

T
x (t) (cos (k ω0 t) + j sin (k ω0 t)) dt

A n = 1
T ∫0

T
x t  e− j n0 t dt

Bn = 1
T ∫0

T
x t  e j n0 t dt

x(t) = ∑
k=0

∞

(Ak e
+ j kω0 t + Bk e

− j kω0 t )

Ak = 1
T ∫0

T
x (t) e− j kω0 t dt

B k = 1
T ∫0

T
x (t) e+ j kω0 t dt

x( t) = A0 + ∑
k=1

∞

(Ak e
+ j kω0 t + Bk e

− j kω0 t)

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t))

x(t) = A0 + ∑
k=1

∞

(Ak e
j k ω0 t + Bk e

− j kω0 t)

A0 = a0

Ak = 1
2

(ak − j bk)

Bk =
1
2

(ak + j bk) on
ly

 p
os

iti
ve

 
fre

qu
en

ci
es

pos freq

neg freq

zero freq
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Complex Fourier Series

x(t) = ∑
k=0

∞

(Ak e
+ j kω0 t + Bk e

− j kω0 t )

Ak = 1
T ∫0

T
x (t ) e− j kω0 t dt

k = 0, 1, 2, ...

B k = 1
T ∫0

T
x (t ) e+ j kω0 t dt

k = 1, 2, ...

x(t) = ∑
k=−∞

+∞

C k e
+ j kω0 t

C k = 1
T ∫0

T
x (t) e− j kω0 t dt

k = −2, −1, 0, +1, +2, ...

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t))

x(t) = A0 + ∑
k=1

∞

(Ak e
j k ω0 t + Bk e

− j kω0 t)

A0 = a0

Ak = 1
2

(ak − j bk)

Bk =
1
2

(ak + j bk)

k = 1, 2, ...

C k =
A0 (k = 0)
Ak (k > 0)
B k (k < 0)
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Single-Sided Spectrum

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t)) x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

= cos(α) cos(β)

gk cos(k ω0 t + ϕk ) = g k cos (ϕk ) cos(k ω0 t) − g k sin(ϕk) sin(k ω0 t)

cos(α+β) − sin (α) sin(β)

a k cos(kω0 t ) + bk sin(k ω0 t)

a k = g k cos(ϕk)

−bk = g k sin(ϕk )

a k
2 + bk

2 = g k
2

−
bk

ak
= tan (ϕk)

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

g0 = a0

gk = √ak
2 + bk

2

ϕk = tan−1 (−bk

ak )
k = +1, +2, ... k = +1, +2, ...
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Phasor Representation (1)

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x (t) cos (k ω0 t) dt

bk = 2
T ∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t))

g0 = a0

gk = √ak
2 + bk

2

ϕk = tan−1 (−bk

ak )
k = 1, 2, ...

x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

x(t) = g0 + ∑
k=1

∞

g k ℜ{e+ j (kω0 t + ϕk )}

x(t) = g0 + ∑
k=1

∞

ℜ{g k⋅e
+ j ϕk⋅e+ jk ω0 t }

X 0 = g0

X k = g k⋅e
+ j ϕk

k = 1, 2, ...

x(t) = X 0 + ∑
k=1

∞

ℜ{X k e
+ j k ω0 t}
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Phasor Representation (2) 

g0 = a0

gk = √ak
2 + bk

2

ϕk = tan−1 (−bk

ak )
k = 1, 2, ...

x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

X 0 = g0

X k = g k⋅e
+ j ϕk

k = 1, 2, ...

x(t) = X 0 + ∑
k=1

∞

ℜ{X k e
+ j k ω0 t}

x(t) = g0 + ∑
k=1

∞ g k

2
⋅(e+ j ( kω0 t + ϕ k) + e− j ( kω0 t + ϕ k))

x(t) = g0 + ∑
k=1

∞ ( g k

2
e+ j ϕk e+ jk ω0 t +

gk

2
e− j ϕk e− j k ω0 t)

x( t) = g0 + ∑
k=1

∞ ( g k e
+ j ϕk

2
e+ jk ω0 t +

gk e
− j ϕk

2
e− j kω0 t)

x(t) = ∑
k=−∞

+∞

C k e
+ j kω0 t

C k =
g k e

+ j ϕk

2
(k > 0)

C−k =
g k e

− j ϕk

2 (k < 0)

k = −2, −1, 0, +1, +2, ...



17 Young Won Lim
12/20/111B CTFS

Two-Sided Spectrum

x(t) = ∑
k=−∞

+∞

C k e
+ j kω0 tx( t) = ∑

k=−∞

+∞

Ck e
+ j kω0 t

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

Ck =
a0 (k = 0)
1
2 (a k − jbk ) (k > 0)
1
2 (a k + jbk ) (k < 0)

k = ... ,−2,−1, 0, +1, +2, ...

∣C k∣ =
a0 (k = 0)
1
2 √ak

2 + bk
2 (k ≠ 0)

Arg (C k) = tan−1(−bk /ak ) (k > 0)
tan−1(+bk /ak ) (k < 0)

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

k = ... ,−2,−1, 0, +1, +2, ...

Ck =
a0 (k = 0)
1
2 g k e

+ j ϕk (k > 0)
1
2 g k e

− j ϕk (k < 0)

∣C k∣ =
a0 (k = 0)
1
2∣g k∣ (k ≠ 0)

Arg (C k) = +ϕk (k > 0)
−ϕk (k < 0)

Power Spectrum Periodogram
∣C k∣

2 +∣C−k∣
2 = 1

2∣g k ∣2 = 1
2 (ak

2 + bk
2) 2⋅∣C k∣ = ∣g k∣ = √a k

2 + bk
2

Two-Sided One-Sided
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CTFS of Impulse Train (1)

p (t) = ∑
n=−∞

∞

δ(t − nT s)

p (t) = ∑
k=−∞

+∞

ak e
+ j kω s t

a k = 1
T s

∫
−T s/2

+T s/2

δ(t ) e− j kω st dt

= 1
T s

∫
−T s/2

+T s/2

δ( t) e− j kω s 0 dt

T s 2T s 3T s−T s−2T s−3T s

1 1 1111 1

Fourier Series Expansion of Impulse Train

Fourier Series Coefficients

= 1
T s

∫
−T s/2

+T s/2

δ( t) dt = 1
T s

ωs 2ωs 3ωs−ωs−2ωs−3ωs

1
T s

1
T s

1
T s

1
T s

1
T s

1
T s

1
T s

ωs = 2π
T s
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CTFS of Impulse Train (2)
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-1

-0.5

0

0.5

1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

p (t) = 1
T s

∑
k=−∞

+∞

ak e
+ j k ωs t = 1

T s
∑
k=−∞

+∞

(cos k ωs t − j sin k ωs t)

cos 2π⋅1⋅t sin 2π⋅1⋅t

∑
k=1

40

cos 2π⋅k⋅t ∑
k=1

40

sin 2π⋅k⋅t
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CTFS of Impulse Train (3)

p (t) = 1
T s

∑
k=−∞

+∞

ak e
+ j k ωs t = 1

T s
∑
k=−∞

+∞

(cos k ωs t − j sin k ωs t)

cos 2π⋅1⋅t sin 2π⋅1⋅t

∑
k=−40

40

cos 2π⋅k⋅t ∑
k=−40

40

sin 2π⋅k⋅t
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Inner Product Space

〈 f , g 〉 = ∫
a

b

f (t )g (t)d t

Hilber Space 
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Complex Vector Inner Product

〈 x , y 〉 = x H ⋅ y = ∑ xi
∗ yi

Hermitian inner product 

x = (a1+ j b1

a2+ j b2

⋮
an+ j bn

)

: conjugate transposex H

Norm of Hermitian inner products 

the length of a vector∥x∥ = √〈 x , x 〉 = √ x H ⋅ x = √∑ xi
∗ xi

〈 x , x 〉 = x H ⋅x = ∑ xi
∗ xi

(a1− j b1 a2− j b2 ⋯ an− j bn) (a1+ j b1

a2+ j b2

⋮
an+ j bn

) = ∑
i=1

n

a i
2 + bi

2
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Orthogonality 

X [k ] = ∑
n= 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

r0
r1
r2
r3
r 4
r5
r6
r7

r0
∗r1

∗r2
∗r3

∗r 4
∗r5

∗r6
∗r7

∗

r0⋅r0
∗ r0⋅r1

∗ r0⋅r2
∗ r0⋅r3

∗ r0⋅r4
∗ r0⋅r5

∗ r0⋅r6
∗ r0⋅r7

∗

r1⋅r0
∗ r1⋅r1

∗ r1⋅r2
∗ r1⋅r3

∗ r1⋅r4
∗ r1⋅r5

∗ r1⋅r6
∗ r1⋅r7

∗

r2⋅r0
∗ r2⋅r1

∗ r2⋅r2
∗ r2⋅r3

∗ r2⋅r4
∗ r2⋅r5

∗ r2⋅r6
∗ r2⋅r7

∗

r3⋅r0
∗ r3⋅r1

∗ r3⋅r2
∗ r3⋅r3

∗ r3⋅r4
∗ r3⋅r5

∗ r3⋅r6
∗ r3⋅r7

∗

r4⋅r0
∗ r4⋅r1

∗ r4⋅r2
∗ r4⋅r3

∗ r4⋅r4
∗ r4⋅r5

∗ r4⋅r6
∗ r4⋅r7

∗

r5⋅r0
∗ r5⋅r1

∗ r5⋅r2
∗ r5⋅r3

∗ r5⋅r4
∗ r5⋅r5

∗ r5⋅r6
∗ r5⋅r7

∗

r6⋅r0
∗ r6⋅r1

∗ r6⋅r2
∗ r6⋅r3

∗ r6⋅r4
∗ r6⋅r5

∗ r6⋅r6
∗ r6⋅r7

∗

r7⋅r0
∗ r7⋅r1

∗ r7⋅r2
∗ r7⋅r3

∗ r7⋅r4
∗ r7⋅r5

∗ r7⋅r6
∗ r7⋅r7

∗

=

〈r i
H , ri

H 〉 = r i⋅r i
∗ = N

(i ≠ j)

AH= B
BH= A

AB=N I
BA=N I

AH A = A AH= N I
BH B = B BH= N I

〈r i
H , r j

H 〉 = r i⋅r j
∗ = 0
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Cauchy-Schwartz Inequality

∣ 〈 x , y 〉∣2
≤ 〈 x , x 〉⋅ 〈 y , y 〉

∣ 〈 x , y 〉∣ ≤ ∥x∥⋅∥y∥

For all vectors x and y of an inner product space

The equality holds if and only if x and y are linearly dependent

x = (a1+ j b1

a2+ j b2

⋮
an+ j bn

)〈 x , y 〉 = x H ⋅ y ≤ ∥x∥⋅∥y∥

y = k x

y = k(a1+ j b1

a2+ j b2

⋮
an+ j bn

)
Inner product is maximum 
when

maximum

〈 x , y 〉 ≤ k(∑i=1

n

ai
2 + bi

2)
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