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Angle and Arc Length

Circumference Arc length

Angle o Arc Length
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Arc Length Ratio

[ [ : Arc length

21tr  : Circumference

Angle | 1 |
in degree 0= 0 S <: 0-(360) < o 000 = 1 @
o
[
Ratio 0 = e S 1
4
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Degree and Radian Scales

[ [ : Arc length
0 o
211 2mtr  : Circumference
0 90 180 270 360
Angle 0< o, <(360 | : : : —
in degree
Degree Scale
1 1 3
] 0 B 2 0 1
Ratio 0 < o = 1 : : : : !
Angle 0< o0 <[ Radian Scale
in radian - : : : i !
s 3
0 ) T > 21
= 1.57 =3.14 =471 = 6.28
. Y Won Li
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Measuring Angle in Degree

Circumference 2TTr Arc length | Ratio

[

0 <
2171

IA

Angle in degree

o
IA

0, < 360

21mr Circumference - 360° /
2mr - 1 =360 : 0, ) 0, = — 360
! Arc length - @
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Measuring Angle in ~adian

Circumference 2TTr Arc length | Ratio
[
0 < <1
21r

Hr rad Angle in radian

r 0< 0 =<2m
—_—

21mr Circumference — )71 /

2tr 2l = 21w 0O, ﬁ> 0, = P 21
! Arc length - 0
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Unit Degree and Unit Radian

Unit Degree Degree 1 degree

0, deg = > L) 360 deg If 1 = (circumference / 360 )

2171
360

| =

The unit degree
| = 2mr is represented for
360 the sake of
explanation

Unit Radian Radian 1 radian

Young Won Lim

Trigonometry 8 o e oo



Degree O Radian

Circumferenc ~ 2TTF
e

[
Degree 0, deg J = +360  deg

Arc length [

[
Radian 9d'@ rad J = rad
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Radian O Degree

Circumference 21r

Radian 0, rad J = = yad

Arc length [

Hr rad

: 360 deg
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Degree = Radian

The Same Angle
1
0, deg — YT - 360 deg
0, deg —— 4 0, rad
0 | 2
r " T 2w RC r
rad y
8, degree = 0. radian
. TT
Degree 0, deg J > 0, 130 " Radian
180 _
Degree 0, - —— deg = 0, rad J Radian
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Well-known Angles in Decree

60°

45°
60°

N|§|
- &
N|§|

60° 1 60° 45°

Mlﬁ

30°

90° 90°
1200 gy 120° 60°
135° 45°
150° 30°
180° 0° 180° 0° 180° 0°
210° 330°
225° 315°
240° — | —3pp0 240° 00°
300 270° 270° 3
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Well-known Angles in ~adian

g
' 450
o T
4 600 ?
1 1 1 ;
2
2 A ﬂ g
s 60° 1 60° E s 45° V2 s 30° 2
3 3 4 2 6 B
g g
2m s 2 21 2 -
3 7 3 3 ™ 3 3
) 4 sm g
6 6
T 0 T 0 L 0
7 11
Bl 7 6 6
am L 5w 4 4 Sm
3 3 3 3 3m 3
2 2
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Well-known Angles (Degree - Radian)

90°
120° 60°

135° s . radian
150° 30°
0° 0 = 0 = 0.000
180° ) 30° 6 = W6 = 0.524
45° W4 = W4 = 0.785
60° 3 = W3 = 1.047
2107 H 90° /2 = w2 = 1.571
225° B 120° W6 + 12 = 2w3 = 2.094
woe 135° V4 + 172 =  3wW4 = 2.356
150° W3 + W2 = 56 = 2.618
o 3 o 180° W2 + 172 = m o= 3.142
3ms 3w 210° W6 + nO = 716 = 3.665
5m 4 225° W4 + nO = 574 = 3.927
6 6 240° W3 + nO = 413 = 4.189
270° W2 + nO = 32 = 4.712
" 0 300° W6+ M+ W2 = 573 = 5.236
315° W4+ T+ W2 = 714 = 5.498
s lim 330° wW3+n+ w2 = 11m/6 = 5.760
6 7re 0 360° W2 + T+ W2 = 2 = 6.283
AL 5m 4
3 w3
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Well-known Angles (Radian - Degree)

___radian |
0] 0.0 x 180 / 1t = 0°
1 1.0x 180 / 1t = 57.3°
2 2.0x 180/ m= 114.6°
3 3.0x 180 / 1t = 171.9°
4 4.0 x 180 / 11 = 229.2°
5 5.0x 180/ m =  286.5°
6 6.0x 180/ m= 343.8°
2 rad 1.57 /2 X180 / 11 = 90Q°
1 rad 3.14 T x 180 / 1t = 180°
4.71 3ry2 x 180/ m=  270°
{ 6.28 2 x 180/ m=  360°
3 rad
0.79 W4 x 180 / 1t = 45°
6 rad 2.36 37/4 x 180 / m=  135°
3.93 5/4 x 180 / 1t = 225°
5.50 71M/4 x 180 / 1M = 315°
4 rad
5 rad
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Co-terminal Angle (Multiple Rotations)

Co-terminal Angles

terminal side
the same terminal side
0 . :
B> jnitial side the same initial side
different rotations
0, = 0 0, = 1 rotation + 0 0, = 2 rotations + 0
single single
rotation rotation
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Multiple Rotations

Allow multiple rotations

/ . Are I d : Distance traveled

length along circumference

0<I!I=<2mr d=>0

0, = 0 0, = 1 rotation + 0 0, = 2 rotations + 0
d, =1 d, = 2mtr +1 d, = 22mr+1
‘ e
Trigonometry 17 "o o5 02
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Multiple Rotations in Degree

] ] 1
0 = 21Tr><360 0 = 27Tr><360 0 = 21Tr><360
d, =1 d, = 2mr+1 d, = 4mtr +1
0, = 2Tr1r><360 0, = 2‘irzr><36o 0, = 2‘f;rx360
= 2Tlrr><360 = (1+ ir)x360 = (2+ Tlrr)><360
0, = 0 0, = 360 +6 0, = 2-360 + 0
Trigonometry 18 )
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Multiple Rotations in Facdian

0 = X 21T 0 = X 21T 0 = X 21T
21r 21r 2171
d, =1 d, = 2mr+1 d, = 4mtr +1
0 4, X 2 0, = d2x2 0, = 4 X 2
Y (4 o T 2 2mr T 3 2y T
_ ! X 2T =(1+ I)X2n = (2+ l)xzn
21T r 21r 211
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Co-terminal Angle (Reverse Rotations)

initial side
: —0

terminal side
S Negative
/ \ Angle
o clockwise single
rotation
0, = 0, =

Co-terminal Angles

the same terminal side
the same initial side

different rotations

0, = 1 rotation — 0
Angle
( e\ i
counter-
clockwise

Trigonometry 20
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Reverse Rotations

Consider the direction of rotations + d=0

[ : Arc
length directed distance

0<I!I=<2mr or

0, = —0 | 0, = 1 rotation — 6
d = —1 d, = 2mr—1

G c
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Reverse Rotations in DUegree

21Tr 0 = 21TI"><360
d, = —I d, = 2mr — 1
0, = 2Tr1r><360 0, = 2‘fjr><360
= 2;lr><360 = (1—2ir)><360
0, = —0 8, = 360 —0
Trigonometry 22 "o 23l pos.
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Reverse Rotations in Racian

0 = ! X 21T 0 = ! X 21T
211 21r
0 4, X 2 0, = 4 X 2
Y T 2 21y TT
R _ _ /
= 27_”ﬂ><2Tr (1 Py ) X 21
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Angles in the Standard Position

terminal side

0

‘ = initial side

Positive Angle

+
Gp > 0
counter-clockwise
- Ve N
Negative Angle
VT A J
clockwise

Trigonometry 24

Angles in the standard position

Vertex is in the origin of a
rectangular coordinate system

@ Initial side lies along the

positive x-axis

0, = 0,+360 (0,>0)

0, = 0,-360 (6,<0)
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Positive and Negative Angles

n
90° 2n 2 L
1207 60° Positive Angle 3m 3 3T
1352 45° sm 4 4
150° 30 6 6
180° 0° I 0
71T
210° 330° ? 11_1T
6
225° 315° S_Tr 7_1T
300° 4 4w 5T 4
240° 3 3m 3
270° BN
3
270° s : S
- - 3
-240° _300° Negative Angle “6r in
- ° 4 4
225 315 im .
) 6
-210 -330° 6
-180° 0° o 0
-150° -30° —%rr o
3 -
_135° sl 4 om A
-120° -60 3 -n 3
-90° 2
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Arc Length Ratio

di
fla) = 5
TTr
A f
1.0
2171
-2 2 >
wr mr d
—1.0
d. d,
l 2mr
(d.) = Remaind a;
g(d;) = Remainder P N g dj
1.0
// / >
—4mr —-2T1r 21r 21r d
d .
=+ k- /
dj + k21r Ty
(0<d,<2mr)
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Co-terminal Angle & Arc Length Ratio

g(d,) = Remainder (2ar’rir) Degree Degl‘ee
A
360
/ / / ~
di g(d,) 360 . g(dl) —4mr —2mr 21r 41tr d
g(d,) = Remainder (ijr) Radian Radian
TZTr
— 4y —2mr d
d g(d)) 21 g(d))
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