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CTFS with Complex Coefficients

x(t) = ∑
k=0

∞

( Ak e+ j k ω0 t + Bk e− j k ω0 t )

Ak = 1
T ∫0

T
x( t) e− j k ω0 t dt

k = 0, 1, 2, ...

B k = 1
T ∫0

T
x( t) e+ j k ω0 t dt

k = 1, 2, ...

x( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

k = −2, −1, 0, +1, +2, ...

a0 = 1
T ∫0

T
x(t) dt

a k = 2
T ∫0

T
x( t) cos (kω0 t) dt

bk = 2
T ∫0

T
x(t) sin (kω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

(ak cos(kω0 t) + bk sin(kω0 t))

x(t) = A0 + ∑
k=1

∞

( Ak e j kω0 t + Bk e− j kω0 t)

A0 = a0

Ak = 1
2

(ak − j bk)

Bk =
1
2

(ak + j bk)

k = 1, 2, ...
Ck =

A0 = a0 (k = 0)

Ak = 1
2

(ak − jbk) (k > 0)

Bk = 1
2 (ak + jbk) (k < 0)
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CTFS and DTFS

x(t) ≈ ∑
k=−M

+M

C k e+ j kω0 t
N = 2M + 1

T s →00 ≤ n < L

T s =
T
N

0−M⋅T s −T s
+M⋅T s

Time Samples

+T s

x [0 ] x [1] x [N ]x [M −1] x [M ] x [M +1]

x [n] = ∑
k=−M

+M

γk e
+ j(2π

N )nkx( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

Ck = 1
T ∫0

T
x (t ) e− j kω0 t dt

k = −2, −1, 0, +1, +2, ...

n = 0, 1, 2, ... , N−1,

γk = 1
N ∑

n=0

N −1

x [n] e
− j(2π

N )nk ω0 t

k = −M , ... , 0, ... , +M

j kω0 t → k( 2π
T ) n( T

N ) = (2 π
T )n k xFS (t) = ∑

k=−∞

+∞

γ k e+ j kω 0 t
DTFS

CTFS
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CTFT and DFT

X  j = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

Continuous Time Fourier Transform

X [k ] = ∑
n = 0

N − 1

x [n] e− j2 /N k n x [n ] = 1
N ∑

k = 0

N − 1

X [k ] e j 2/N k n

Discrete Fourier Transform
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From CTFT to DFT (1)

X  j = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

Continuous Time Fourier Transform

ω→ωk

ωk = 2 π
T s

k
N

t →nT s d t →T s ∫→∑

T s →00 ≤ n < L 0 ≤ ωk < 2 π
T s

0 ≤ k < N

T s

0 T s 2Ts (L−1)T s 0 ω1 ω2 ωN −1

2π
T s

1
N

d ω → 2 π
T s

1
N

Time Samples Frequency Samples

∫→∑
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From CTFT to DFT (2)

x t  = 1
2 ∫−∞

∞
X  j e j t d 

Continuous Time Fourier Transform

t → n T s d t →T s ∫ → ∑ 0 ≤ n < L

ω →ωk d ω →
2π
T s

1
N ∫ → ∑ 0 ≤ k < N k = 2

T s

k
N

x [n] = 1
2 ∑

k = 0

N − 1
X  jk e j k n T s 2

T s

1
N

X  j = ∫−∞

∞
x t  e− j t d t

X  j = ∑
n =−∞

∞

x nT s e− j nT s⋅T s x nT s = 1
2 ∫−∞

∞ X  j e j nT s d 

X  jk  = T s ∑
n = 0

L − 1

x [n] e− jk n T s
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From CTFT to DFT (3)

X  j = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

Continuous Time Fourier Transform

1
T s

X̂ ( j ωk ) = ∑
n = 0

L − 1

x[n ] e
− j(2π

N )k n
x [n ] = 1

N ∑
k = 0

N − 1 1
T s

X̂ ( jωk) e
+ j(2π

N )k n

ωk T s →
2π
N

k k = 2
T s

k
N

k = 2
T s

k
N

X  jk  = T s ∑
n = 0

L − 1

x [n] e− jk n T s x [n ] = 1
2π ∑

k = 0

N − 1

X̂ ( jωk) e+ j ωk nT s 2π
T s

1
N

ω→ωkt →nT s d t →T s ∫→∑ d ω → 2 π
T s

1
N ∫→∑

Time Samples Frequency Samples

ωk n T s →
2π
N

k n
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From CTFT to DFT (4)

X  j = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

Continuous Time Fourier Transform

1
T s

X̂ ( j ωk ) = ∑
n = 0

L − 1

x[n ] e
− j(2π

N )k n
x [n ] = 1

N ∑
k = 0

N − 1 1
T s

X̂ ( jωk) e
+ j(2π

N )k n

ω→ωkt →nT s d t →T s ∫→∑ d ω → 2 π
T s

1
N ∫→∑

Time Samples Frequency Samples

ωk T s →
2π
N k ωk = 2 π

T s

k
Nωk nT s →

2π
N k n
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From CTFT to DFT (5)

X  j = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

Continuous Time Fourier Transform

1
T s

X̂ ( j ωk ) = ∑
n = 0

L − 1

x[n ] e
− j( 2π

N )k n
x [n ] = 1

N ∑
k = 0

N − 1 1
T s

X̂ ( jωk) e
+ j(2π

N )k n

X [k ] = ∑
n = 0

N − 1

x [n] e− j2 /N k n x [n ] = 1
N ∑

k = 0

N − 1

X [k ] e j 2/N k n

Discrete Fourier Transform L = N
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CTFT of a Sampled Signal 

xs t  = xc t  ∑
k =−∞

∞ 1
T s

e j k  s t

s = 2
T s

X s( j ω) = 1
T s

∑
k =−∞

+∞

X c ( j (ω − k ωs))

ωs = 2π
T s

X s( j ω) = ∑
n =−∞

+∞

xc (nT s) e− jωnT s

X s( j ω) = ∑
n =−∞

+∞

x [n ] e− jωnT s

xs(t ) = xc (t) ∑
n =−∞

+∞

δ(t − nT s)

xs(t) = ∑
n =−∞

+∞

xc (nT s)δ(t − nT s)

= =

Continuous Time Fourier Transform

x t  = 1
2 ∫−∞

∞
X  j e j t d  X  j = ∫−∞

∞
x t  e− jt d t

CTFS DTFT

CTFT

CTFT
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DTFT and CTFT

Continuous Time Fourier Transform

Discrete Time Fourier Transform

CTFT

DTFT

X  j  = ∫−∞

∞
x t  e− j t d t x t  = 1

2 ∫−∞

∞
X  j e j t d 

X e j  = ∑
n =−∞

∞

x [n ] e− j n x [n] = 1
2π ∫−π

+π
X (e j ω̂) e+ j ω̂n

X s( j ω) = ∑
n =−∞

+∞

xc (nT s) e− jωnT s

X s( j ω) = ∑
n =−∞

+∞

x [n ] e− jωnT s

X s( j ω) = 1
T s

∑
k =−∞

+∞

X c ( j (ω − k ωs))

ωs = 2π
T s

=
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DTFT and CTFT

X e j  = ∑
n = −∞

∞

x [n] e− j n DTFT of a sampled signal

X e j 
 = T s

= X e jT s = 1
T s

∑
k = −∞

∞

X c j  − k s

= 1
T s

∑
k = −∞

∞

X c j  − 2 k
T s



CTFT of a sampled signal

X s( j ω) = ∑
n =−∞

+∞

xc (nT s) e− jωnT s

X s( j ω) = ∑
n =−∞

+∞

x [n ] e− jωnT s

X s( j ω) = 1
T s

∑
k =−∞

+∞

X c ( j (ω − k ωs))

ωs = 2π
T s

=
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DTFT and DFT

X e j  = ∑
n = −∞

∞

x [n] e− j n

DTFT of a sampled signal

 = T s

X e j k  = ∑
n = 0

L − 1

x [n ] e− j k n
ω̂k = (2π

N ) k

 k 0 ≤ k  2 0 ≤ k  N 0 ≤ n  L

X [k ] = = ∑
n = 0

L − 1

x [n ] e− j 2/N k nX e j 2/N k

DTFT sampled in frequency

DFT of a sampled signal

Frequency Samples
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CTFT and DFT

X [k ] = ∑
n = 0

L − 1

x [n ] e− j 2/N k n= X e j 2/N k 

DTFT sampled in frequency

DFT of a sampled signal

X e jT s CTFT evaluated at  = 2 k
N T s

 = 2 k
N T s

 = 2 k
N T s

= 1
T s

∑
l =−∞

∞

X c  j  − ls

= 1
T s

∑
l =−∞

∞

X c  j  − l 2
T s



 = 2 k
N T s
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