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CORDIC Background

1.A survey of CORDIC algorithms for FPGAs, Ray Andraka,
www.andraka.com/cordic.htm
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Vector Rotation (1)

i = emsy = p el Restrict rotation angle = tan ¢ = +2°
yl = P e A B e Multiplication = simple shift
y - tan¢ y-27
x' = cos¢-|x — y tan¢] 2% o il ¢ x-2"
y' = cos¢-|y+ x tan @] regardless of direction = cos (¢) = cos (—¢)

X;p = Ki-[x- — ) d- 2—,~] Allowed Rotation Angles

1

Yitr = Ki'[yi"'xi'di'z_l] g
I 14 2 tang w§ 27
K, = cos ¢, = cos(tan " (27')) o m 1
cos \/TZ_ZI
- ] e
V1 +27%

d = +1 K =<1 (K, & cos¢ )
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Vector Rotation (2)

Xiv1 = Ki'[xi_yi'di'z_i] 'xi+12 = Kiz'[xiz'l'J’i2'2_2i_2xiyz'di'2_i]
Viep = K,-'[y,-+x,.-dl.-2"'] yi+12 = Kiz'[yiz+xi2'2_2i+2xiyidi'2_i]
: 2 2 2 . 2 2
K. = cos ¢, = cos(tan"' (27)) Xigt T Vi1 = Kl\-V (x”"+»/)
1 . \\
] —2i K, =1 Gei =1 Ki<1 G>1
1 +2
=+
“u == =i 2] 5
- —>
Ki
- —>
[yi+xi'di'2_i] Yit1
A
J
CORDIC Gain : growing in magnitude
L4y | @e = 2r o n —
oy 1 A =11 — =11 v1+2 7 — 1.647
N - K, =l
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Vector Rotation (3)

— Without Scale Constants K;

X = Ki.[xi_yi.di.z_i] Xiv1 = [xi_yi'di'z_i]

Vieg = Ki'[)’i"'xi'di'z_i] Yiv1r = [yi+xi'di'2_i]
. d = *1

K, = 1/VJ1+27% & cos(¢;) ’

d = +1 —» CORDIC Gain : growing in magnitude

i

4, =1 Ki = V1427 - 1.647
1/K, = V1 +27%
A For correction
/ Multiplying K's as a processing gain
1+ j2 tangp 27 n n 1
I[1 K, = [l —— — 0.6073
1 ; i ; —2i
. L T e =142
1
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Angle Accumulator

Rotation Mode
z, «— & (desired angle)

z, > 0

z,, = z,—d,- tan_1(2_i)

d. = -1 if z,<0

1

d. = +1 otherwise

1

Vectoring Mode
zy < 0

z, — z,+ tan ' (y,/x,)

Vector View

final
+¢

Z,, = z,—d,- tan” ' (27)

i+1

d, +1 if y,<0

d. = —1 otherwise

1

initial

Minimize the
residual angle

Vector View

initial

Minimize the
residual y component

e

Accumulator View

initial Z ¢
" 0 ¢

-
.

k»—»

Sinal  Z,

Subtract angles
at each step

Accumulator View

final  Z,

/>—>

initial Z ¢ 0

Add angles
at each step
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Angle Accumulator — Rotation Mode

Rotation Mode Vector View Accumulator View
z, «— & (desired angle)
z, > 0
final initial Z o O
-1 —i __—V
z,,, = z,—d,-tan (27) +¢ L
- 7 e
initial final  Z,
d. = -1 if z,<0
. Minimize the Subtract angles
di = +1 otherwise residual angle at each step
z; <0 Accumulator View Accumulator View
Increase Angle d, = —1
zZ,, = z;+ tan_1(2_i)
z,=20
A
Decrease Angle d;, = +1
i z.<0 z.>20
z,,, = z,— tan 1(2 ) : ’
Increase Angle +0 Decreases Angle —0
Young Won Lim
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Angle Accumulator — Vectoring Mode

Vectoring Mode

Vector View Accumulator View
zy < 0
z, = z,+ tan" (y,/x,)
initial final  Z,
_ —7 e 4
Zyy = Z;—d,; tan 1<2 ) } +¢
= P
/ﬁnal initial ZO<—O
d =+1 if y. <0
: : ) Minimize the Add angles
d, = —1 otherwise residual y component at each step
v, <0 N Vector View Vector View
Decrease Angle d, = +1
Zoy = Z,— tan_1(2_i)
y,>0 ' “~.\{‘—6
Increase Angle d, = —1
i <0 >0
Zi =Zl.+tan1(2 ) Vi Vi
Decrease Angle —0 Increases Angle +0
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Initial Rotation =*+t/2

Positive Phase (y>0) =  Rotate by —90 degrees

A 5= =d-y

@ (y.—x) D by ' = td-x
O (i ) / , T
‘ _ /\@ ( z! = Z+d'3

d =+1 if y<0

d = —1 otherwise

Negative Phase (y<0) = Rotate by +90 degrees

A
No magnitude change
v QD (—y.x) X' — y
] g '
D (x,y) \ ‘ y < X
@ (v,—x) @ (x.v) Consistent

Resulting Phase - [-90, +90]
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Initial Rotation 0, +Tt

Positive x (x> 0) =  Rotate by 0 degrees
A A x'" = +d-x
AG)@(XJ’) yr :—|‘d'y
z' =z if d=1
‘\ . . z' =m—z if d=-1
‘0O ()
: d = -1 if x<0
Negative x (x < 0) = Rotate by +180 degrees

d = +1 otherwise

z+m ? z—1m ?
@ (—x.~») ® (x.7) No magnitude change
® (w)T F@’ (=) s
y < X

Convenient wiring in
FPGA

Resulting Phase - [-90, +90]
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A. Sine and Cosine (1)

Rotation Mode

Vector View Accumulator View
z, «— & (desired angle)
z — 0
’ final {(x,, ) initial Z ¢ Q
1 m—i 4
z,,, = z,—d,-tan (27) +¢ L
e 7 e
initial (xo, 0) final Z
d. = -1 if z,<0
. Minimize the Subtract angles
di = +1 otherwise residual angle at each step
Finding Sine and Cosine
(xO, O) - ('xn’ yn)
x, = A, x,cosz,
y, = A, x,sInz,
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A. Sine and Cosine (2)

Finding Sine and Cosine Modulated Sine and Cosine
K -x = K -4 -x,cosz,
<x0, O) - (xn’ yn) .
K, -y, = K, -4, x,s1nz,
x, = A, x,cosz,
. K, -x, = x,co08z,
v, = A, x,s1nz, .
K, -y, = x,s1nz,
Unscaled Sine and Cosine Look Up Table
if x, « 114, — a pair of MULT
X, = COSz, CORDIC method
. — MULT as a part of rotation
y, = Ssinz,
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B. Polar to Rectangular

Rotation Mode

Vector View Accumulator View
z, «— & (desired angle)
z — 0
’ final {(x,, ) initial Z ¢ Q
_ —i A 4
z.,, = z,—d, tan”'(27) + P
e 7 e
initial (xo, 0) final Z
d. = -1 if z,<0
. Minimize the Subtract angles
di = +1 otherwise residual angle at each step
Finding Sine and Cosine
(x,, 0) = (x,. »,)
x, = A, x,cosz,
y, = A, x,sinz,
X, & 1 x, — rcosH
z, < O y, — rsin®
1A Background 14 Young Won Lim
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B. Polar to Rectangular

Rotation Mode

Vector View Accumulator View
z, «— & (desired angle)
z — 0
’ final {(x,, ) initial Z ¢ Q
_ —i A 4
z.,, = z,—d, tan”'(27) + P
e 7 e
initial (xo, 0) final Z
d. = -1 if z,<0
. Minimize the Subtract angles
di = +1 otherwise residual angle at each step
Finding Sine and Cosine
(x,, 0) = (x,. »,)
x, = A, x,cosz,
y, = A, x,sinz,
X, & 1 x, — rcosH
z, < O y, — rsin®
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C. General Vector Rotation

Rotation Mode
z, «— & (desired angle)

z, > 0

z,, = z,—d,- tan_1(2_i)

d. = -1 if z,<0

1

d. = +1 otherwise

1

Motion Correction and Control System

Vector View

final
+¢

>
initial

Minimize the
residual angle

Rotation Mode

Accumulator View

initial Z gy @

Subtract angles
at each step

x, = A, [xo ©COSZy— Y, SIn ZO] final
Yo = A4, [xo -sin z, + y, - cos Zo] _____ *Y initial
Young Won Lim
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C.

Vectoring Mode
Actual Vectors Angle Accumulator
zo — 0
z, — z,+tan"(y,/x,)
initial final
-1 —i P 4
z,,, = z,—d,-tan (27) e O +¢
= > >
ﬁnal initial
d, = +1 if y,<0 Add angles

Minimize the
at each step

d, = —1 otherwise residual y comp.
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