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Causal LTI Systems (1)

a N
d N y (t )

d t N +a N −1
d N −1 y (t )

d tN +⋯+a1
d y (t )

d t
+a0 y (t) = bM

d M x( t)
d tM +b M−1

d M −1 x (t )
d tM +⋯+b1

d x (t )
d t

+b0 x( t)

d N y ( t)
d tN +a1

d N −1 y( t)
d tN −1 +⋯+a N −1

d y (t)
d t

+a N y (t) = bN −M
d M x (t )

d tM +bN −M +1
d M x( t)
d tM −1 +⋯+bN −1

d x (t )
d t

+bN x (t)

(DN+a1DN −1+⋯+aN −1D+a N ) y (t ) = (DM+bN−M+1DM −1+⋯+bN −1 D+bN )x (t)

Q (D) y(t) = P (D) x(t )

d N y ( t)
d t N +a1

d N −1 y( t)
d tN −1 +⋯+a N −1

d y (t)
d t

+a N y (t) = b0
d M x( t)

d tM +b1
d M x (t)
d tM −1 +⋯+bN −1

d x (t)
d t

+bN x (t)

(DN+a1DN −1+⋯+aN −1D+a N ) y (t) = (b0DM+b1DM −1+⋯+bN −1 D+bN )x (t)

Q (D) y(t) = P (D) x(t )

M = N
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Causal LTI Systems (2) 

a N
d N y (t)

d t N +a N −1
d N −1 y (t )

d tN +⋯+a1
d y (t )

d t +a0 y (t) = bM
d M x( t)

d tM +bM −1
d M −1 x (t )

d t M +⋯+b1
d x (t )

d t +b0 x (t )

● Natural Response (Homogeneous Solution)
● Forced Response (Particular Solution)

● Zero Input Response
● Zero State Response (Convolution with h(t))

d N y ( t)
d tN +a1

d N −1 y( t)
d tN −1 +⋯+a N −1

d y (t)
d t

+a N y (t) = bN −M
d M x (t )

d tM +bN −M +1
d M x( t)
d tM −1 +⋯+bN −1

d x (t )
d t

+bN x (t)

(DN+a1DN −1+⋯+aN −1D+a N ) y (t ) = (DM+bN−M+1DM −1+⋯+bN −1 D+bN )x (t)

Q (D) y(t) = P (D) x(t )



CLTI Laplace Transform 5 Young Won Lim
11/15/11

Finding ZIR & ZSR Using Laplace Transform (1)

(D2+5D+6) y (t) = (D+1) x( t)

initial condition y(0−) = 2, ẏ (0−) = 1
input x(t) = e−4t u(t)

d 2 y (t )
d t2

+ 5 d y ( t)
d t

+ 6 y( t) = d x( t)
d t

+ x (t )

y(t )

d y (t)
d t

d 2 y (t)
d t2

x(t)

d x (t )
d t

Y (s)

sY ( s) − y (0−)

s2Y (s) − sy(0−) − ẏ(0−)

X (s) = 1
s+4

sX (s) − x (0−) = s
s+4

0

[s2Y (s) − 2 s − 1] + 5[ s Y ( s) − 2] + 6Y (s) = s
s+4 + 1

s+4

initial condition terms



CLTI Laplace Transform 6 Young Won Lim
11/15/11

Finding ZIR & ZSR Using Laplace Transform (2)

(D2+5D+6) y (t) = (D+1) x( t)

initial condition y(0−) = 2, ẏ (0−) = 1
input x(t) = e−4t u(t)

d 2 y (t )
d t2

+ 5 d y ( t)
d t

+ 6 y( t) = d x( t)
d t

+ x (t )

[s2Y (s) − 2 s − 1] + 5[ s Y ( s) − 2] + 6Y (s) = s
s+4 + 1

s+4

(s2 + 5s+ 6)Y ( s) − (2s+ 11) = s+1
s+4

(s2 + 5s+ 6)Y ( s) = (2s + 11) + s+1
s+4 = 2s2 + 20s+ 45

s + 4

Y (s) = 2s2 + 20s+ 45
( s + 4)( s2 + 5s+ 6)

= 2s2 + 20s + 45
( s + 2)(s + 3)(s + 4)

Y (s) = 13/2
s+2 − 3

s+3 − 3/2
s+4 y(t) = (132 e−2t − 3e−3 t − 3

2
e−4 t)u (t)

init cond terms
input terms



CLTI Laplace Transform 7 Young Won Lim
11/15/11

Finding ZIR & ZSR Using Laplace Transform (3)

(D2+5D+6) y (t) = (D+1) x( t)

initial condition y(0−) = 2, ẏ (0−) = 1
input x(t) = e−4t u(t)

d 2 y (t )
d t2

+ 5 d y ( t)
d t

+ 6 y( t) = d x( t)
d t

+ x (t )

(s2 + 5s+ 6)Y ( s) = (2s + 11) + s+1
s+4

Y (s) = [ 7
s+2

− 5
s+3]

y(t) = (7e−2 t − 5e−3t )u(t) + (− 12 e−2 t + 2e−3 t − 3
2

e−4 t)u (t )

Zero Input comp Zero State comp

Y (s) = (2s+ 11)
( s2 + 5s+ 6)

+ [−1/2s+2
+ 2

s+3
− 3 /2

s+4 ]

+ s+1
( s+4)(s2 + 5s+ 6)
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Zero State Response (2)

All initial conditions are zero y(0−) = ẏ (0−) = ÿ (0−) = ⋯ = y(N−1)(0−) = 0

causal input: x(0−) = ẋ(0−) = ẍ(0−) = ⋯ = x(N −1)(0−) = 0

d N y ( t)
d t N +a1

d N −1 y( t)
d tN −1 +⋯+a N −1

d y (t)
d t

+a N y (t) = b0
d M x( t)

d tM +b1
d M x (t)
d tM −1 +⋯+bN −1

d x (t)
d t

+bN x (t )

(DN+a1DN −1+⋯+aN −1D+a N ) y (t) = (b0DM+b1DM −1+⋯+bN −1 D+bN )x (t)

Q (D) y(t) = P (D) x(t)M = N

y(t ) d r y ( t)
d tr

Y (s) sr Y ( s)

x(t) d k x( t)
d t k

X (s) s k X ( s)
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Zero State Response (2)

d N y ( t)
d t N +a1

d N −1 y( t)
d tN −1 +⋯+a N −1

d y (t)
d t

+a N y (t) = b0
d M x( t)

d tM +b1
d M x (t)
d tM −1 +⋯+bN −1

d x (t)
d t

+bN x (t )

(DN+a1DN −1+⋯+aN −1D+a N ) y (t) = (b0DM+b1DM −1+⋯+bN −1 D+bN )x (t)

Q (D) y(t) = P (D) x(t)M = N

(sN+a1 sN −1+⋯+a N −1 s+a N )Y ( s) = (b0 sM+b1 sM −1+⋯+bN −1 s+bN ) X ( s)

Y (s) =
(b0 sM+b1 sM −1+⋯+bN −1 s+bN )

(sN+a1 s
N −1+⋯+aN −1 s+a N )

X (s)
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Laplace 

Q (D) y0( t) = 0 (DN+a1DN −1+⋯+aN −1D+a N ) y0(t) = 0

⋯

(λN+a1λ
N −1+⋯+aN −1 λ+a N ) ceλ t = 0

= 0 ≠ 0

Q (λ) = 0

Q (λ) = (λN+a1 λ
N −1+⋯+a N −1λ+a N ) = 0

Q (λ) = (λ − λ1)(λ − λ2) ⋯ (λ − λN )

c1e
λ1 t + c2e

λ2 t + cN eλN t = y0(t)

λi

eλ it

characteristic roots

characteristic modes

ZIR: a linear combination of the characteristic modes of the system 

d N y ( t)
d tN +a1

d N −1 y( t)
d tN −1 +⋯+a N −1

d y (t)
d t

+a N y (t) = bN −M
d M x (t )

d tM +bN −M +1
d M x( t)
d tM −1 +⋯+bN −1

d x (t )
d t

+bN x (t)

(DN+a1DN −1+⋯+aN −1D+a N ) ⋅ y (t) = (bN −M DM+b N−M+1DM −1+⋯+bN −1D+b N ) ⋅ x(t)

Q (D) ⋅ y (t ) = P(D) ⋅ x (t)
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Laplace Transform (1)

h(t )e st H ( s) e st

x( t ) = ∑
k=1

K

X (si)e si t y(t) = ∑
k=1

K

X (si)H (S i)e si t

x( t) = 1
2π j ∫

c− j ∞

c+ j ∞

X ( s)e s t ds y(t) = 1
2π j ∫

c '− j∞

c '+ j∞

X ( s)H ( s)e s t ds

h(t )

h(t )

= L−1 X ( s)H ( s)

Y (s) = X (s)H (s)
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Laplace Transform (2)

H ( s)x( t)

Y (s)

L L−1

X (s)

= X (s)H (s)

y(t )

H ( s)

Y (s)X (s) = X (s)H (s)

s is the complex frequency of est

Frequency domain method

h(t )x( t) y(t )
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