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Partial Derivatives

Function of one variable y = f(x)

dy _ i Fleax)=f(x)
dX AXx=>0 AX
Function of two variable 2z = f(x, y)
0z _ o FX#AX, V)= f(x, y)
aX Ax-=>0 A X
treating y as a constant
0z _ i X, y+Ay)-fix, y)
ay Ax-=>0 Ay

treating x as a constant
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Partial Derivatives Notations

Function of one variable y = f(x)

f(x+Ax)—f(x)

— = lim
dX AXx=>0 A X
Function of two variable 2 = f(x, y)

0z _ of _  _ 0z _ .. fix+Ax, y)-f(x,y)
0 X 0 X “x I 0 X igﬂ) A X

treating y as a constant

oz _ O0f 02 fx, y+Ay)—f(x, y)
—_— =5 === = Z = _ 0 ’ ’
oy “oy Tl gy =lm Ay

treating x as a constant
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Higher-Order & Mixed Partial Derivatives

Second-order Partial Derivatives

o’z _ o [0z o’z _ 5 |0z
o x> ox\|ox oy’ oy\oy
Third-order Partial Derivatives
0’z _ g [0’z 0’z _ 9 |0°z2
ox®  0xl|ox® oy> 0yl\ay’
Third-order Partial Derivatives
2 2
0"z _ 0 0z _ 0"z _ _O0_ 0z
oxo0y  0x\0y B oyox  O0yl|ox
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Chain Rule (1)

/N

Function of two variable 2z = f(u, v)
u = g(x,y) v = h(x,y)

0z _ 0zou , 0z0v 0z _ 0zdou 0z0dv

0 X ou ox oV 0X oy ouoy ovaoy
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Chain Rule

Function of two variable 2z = f(u, v)

Z Z
oz 0z oz oz
ou oAY ou ov
u Y u 1%
ou ou  ov ov. ou ou  ov ov
0 X oy 0 X oy 0 X oy 0 X oy
X y X y X y X y
0z _ 0zou _ 9zdv 0z _ 0zou 0z 0v
0 X ou 0Xx OV 0X oy oudy ovay
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Directional Derivatives

Function of two variable z = f(x,y)

0z _ i FOX+AX, y)=fx, y)
aX AXx-0 AX

Rate of change of fin the i direction

0z _ i Fx, y+Ay)-fix, y)
OV  ax=»0 Ay
Rate of change of f in the j direction $ ©
k =0, 0, 1)

j=1¢0,1,0)

Rate of change of f in the u direction > >y
i= (1, o,y'@\;
E> value

X
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Gradient of a 2 Variable Function

Function of two variable  f(x, y)

of . of .
VFilx,y) = a—f:l + %J Q> vector

Rate of change of f in the u direction

of _
ay A Z
| k =¢,0,1)
ji=10,1,0
o oa of -
oF . // ox | i =(,0,0) '@\;
ayl u
X
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Gradient of a 3 Variable Function

Function of three variable  F(x, y, 2)

oF oF oF
Fix,v,z) = —i+ —j+ —Kk vector
VF(x,y,z) 6Xl+6y]+az ﬁ>

Rate of change of fin the u direction

A Z
k =0, 0, 1)
A
u
j=¢0,1,0)
> >y
i=(1,0,0) 5
X
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General Partial Differentiation

Function of two variable  f(x, y)

h = J(Ax) +(Ay)’
(x, y, 0) » (X+Ax, y+Ay, 0)
Vv = hu

k =0, 0, 1)

j=1¢0,1,0)

Rate of change of fin the u direction = >y
i=(1, 0,’%/'@\\A

f(x+Ax, y+Ay)-f(x, y) !

X v = hu
h
f(x+hcos0, y+hsind)—f(x, y)
h
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Directional Derivative

Function of two variable  f(x, y)

h = Jax)P+(Ay)

(x, y, 0) » (X+Ax, y+Ay, 0)
v = hu N
k =(0,0, 1
j=1¢0,1,0)
- >y
i = (1, oy/\
u
Rate of change of f in the u direction X v = hu
B e, = B f(x+hcos6, y+hsin0)-f(x, y)
h>0 h
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Computing Directional Derivative

Function of two variable  f(x, y)

h = V(axP+(ay)

(x, y, 0) » (X+Ax, y+Ay, 0)
V = hu Az
k =(0,0, 1)
j=1<0,1,0)
> >y
i = (1, o,y\
u = cosOi + sinf j § ! Vv = hu
D, f(x,y) = Vf(x,y) u E> value
Rate of change of f in the u direction
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Chain Rule

Function of two variable y = f(u, v)

/

u = g(x,y) v = h(x, y)

-
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Line Equations (2)
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