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Partial Derivatives

Function of one variable y = f (x)

d y
dx

= lim
Δ x→0

f (x+Δ x )− f (x)

Δ x

Function of two variable

∂ z
∂ x

= lim
Δ x→0

f (x+Δ x , y )− f (x , y)

Δ x

z = f (x , y )

∂ z
∂ y

= lim
Δx→0

f (x , y+Δ y)− f (x , y )

Δ y

treating      as a constant

treating     as a constant

y

x
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Partial Derivatives Notations

Function of one variable y = f (x)

d y
dx

= lim
Δ x→0

f (x+Δ x )− f (x)

Δ x

Function of two variable

∂ z
∂ x

= lim
Δ x→0

f (x+Δ x , y )− f (x , y)

Δ x

z = f (x , y )

∂ z
∂ y

= lim
Δx→0

f (x , y+Δ y)− f (x , y )

Δ y

treating      as a constant

treating     as a constant

y

x

∂ z
∂ x

=
∂ f
∂ x

= zx = f x

∂ z
∂ y

=
∂ f
∂ y

= z y = f y
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Higher-Order & Mixed Partial Derivatives

Second-order Partial Derivatives

∂
2 z

∂ x2 = ∂
∂x (∂ z∂ x ) ∂

2 z
∂ y2 = ∂

∂ y ( ∂ z∂ y )
Third-order Partial Derivatives

∂
3 z

∂ x3
= ∂

∂x (∂
2 z

∂ x2 )
∂3z

∂ y3
= ∂

∂ y ( ∂
2 z

∂ y2 )

Third-order Partial Derivatives

∂
2z

∂ x∂ y
= ∂

∂ x ( ∂ z∂ y ) ∂
2z

∂ y ∂ x
= ∂

∂ y (∂ z∂x )=
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Chain Rule (1)

Function of two variable z = f (u , v )

u = g(x , y ) v = h(x , y )

∂ z
∂ x

=
∂ z
∂u

∂u
∂ x

+
∂ z
∂v

∂v
∂ x

∂ z
∂ y

=
∂ z
∂u

∂u
∂ y

+
∂ z
∂v

∂v
∂ y
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Chain Rule

Function of two variable z = f (u , v )

z

u v

x y x y

∂ z
∂u

∂ z
∂v

∂u
∂ y

∂u
∂ x

∂v
∂ y

∂v
∂ x

z

u v

x y x y

∂ z
∂u

∂ z
∂v

∂u
∂ y

∂u
∂ x

∂v
∂ y

∂v
∂ x

∂ z
∂ x

=
∂ z
∂u

∂u
∂ x

+
∂ z
∂v

∂v
∂ x

∂ z
∂ y

=
∂ z
∂u

∂u
∂ y

+
∂ z
∂v

∂v
∂ y
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Directional Derivatives

Function of two variable

∂ z
∂ x

= lim
Δ x→0

f (x+Δ x , y )− f (x , y)

Δ x

z = f (x , y )

∂ z
∂ y

= lim
Δx→0

f (x , y+Δ y)− f (x , y )

Δ y

Rate of change of f in the i direction

Rate of change of f in the j direction

Rate of change of f in the u direction y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

value
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Gradient of a 2 Variable Function

Function of two variable

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

f (x , y )

y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

Rate of change of f in the u direction

u

∂ f
∂x

= −2

∂ f
∂ y

= −1

vector

∂ f
∂x

i
∂ f
∂ y

j
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Gradient of a 3 Variable Function

Rate of change of f in the u direction

y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

Function of three variable

∇ F (x , y , z) =
∂F
∂ x

i +
∂F
∂ y

j +
∂F
∂ z

k

F (x , y , z)

u

vector
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General Partial Differentiation

Rate of change of f in the u direction

Function of two variable f (x , y)

(x , y , 0) (x+Δ x , y+Δ y , 0)

h = √(Δ x )
2
+ (Δ y )

2

y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

u
v = hu

v = hu

f (x+Δ x , y+Δ y )− f (x , y )

h

f (x + hcosθ , y + hsinθ)− f (x , y )

h
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Directional Derivative

Rate of change of f in the u direction

Function of two variable f (x , y)

(x , y , 0) (x+Δ x , y+Δ y , 0)

h = √(Δ x )
2
+ (Δ y )

2

y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

u
v = hu

v = hu

Du f (x , y ) = lim
h→0

f (x + hcosθ , y + hsinθ)− f (x , y)

h
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Computing Directional Derivative

Rate of change of f in the u direction

Function of two variable f (x , y)

(x , y , 0) (x+Δ x , y+Δ y , 0)

h = √(Δ x )
2
+ (Δ y )

2

y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

u
v = hu

v = hu

Du f (x , y ) = ∇ f (x , y )⋅u

u = cosθ i + sinθ j

value
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Chain Rule

Function of two variable y = f (u, v )

u = g(x , y ) v = h(x , y )
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Line Equations (2)
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