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Fourier Series

f (x) = a0 + ∑
k=1

∞

(a k cos kx + bk sin kx)

a0 =
1

2π
∫−π

+ π

f (x) dx

a k =
1
π
∫−π

+ π

f (x) cos kx dx

bk =
1
π
∫−π

+ π

f ( x) sin kx dx

k = 1, 2, 3, ... one-sided spectrum
only positive frequencies
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Trigonometric Identities

cosθ cosϕ =
1
2

(cos (θ − ϕ) + cos(θ + ϕ))

sinθ sin ϕ =
1
2

(cos(θ − ϕ) − cos (θ + ϕ))

sinθ cos ϕ =
1
2

(sin (θ + ϕ) + sin (θ − ϕ))

cosθ sin ϕ =
1
2

(sin (θ + ϕ) − sin (θ − ϕ))

1
2

(1 + cos(θ + ϕ)) when θ=ϕ

1
2

(1 − cos(θ + ϕ)) when θ=ϕ

1
2

(sin(θ + ϕ)) when θ=ϕ

1
2

(sin(θ + ϕ)) when θ=ϕ

∫
−π

+ π

sin n x cos m x dx = 0

∫
−π

+ π

cos n x sin m x dx = 0

∫
−π

+ π

cos n x cos m x dx = 0 (n ≠ m)

∫
−π

+ π

sin n x sin m x dx = 0 (n ≠ m)

∫
−π

+ π

cos n x cos m x dx = π (n = m)

∫
−π

+ π

sin n x sin m x dx = π (n = m)

n, m : integer
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Trigonometric Orthogonality

a k ← f ( x)⋅cos k x = a0⋅cos k x + ∑
m=1

∞

(am cos m x⋅cos k x + bm sin m x⋅cos k x)

f ( x) = a0 + ∑
k=1

∞

(a k cos kx + bk sin kx)

a0 =
1

2π
∫−π

+ π

f (x) dx

a k =
1
π
∫−π

+ π

f (x) cos kx dx

bk =
1
π
∫−π

+ π

f ( x) sin kx dx

k = 1, 2, 3, ...

bk ← f (x)⋅sin k x = a0⋅sin k x + ∑
m=1

∞

(am cos m x⋅sin n x + bm sin m x⋅sin k x)

∫
−π

+ π

sin n x cos m x dx = 0

∫
−π

+ π

cos n x sin m x dx = 0

∫
−π

+ π

cos n x cos m x dx = 0 (n ≠ m)

∫
−π

+ π

sin n x sin m x dx = 0 (n ≠ m)

∫
−π

+ π

cos n x cos m x dx = π (n = m)

∫
−π

+ π

sin n x sin m x dx = π (n = m)

n, m : integer
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Any Period p = 2L

a0 =
1

2π
∫−π

+ π

g (v) dv

a k =
1
π
∫−π

+ π

g (v) cos kv dv

bk =
1
π
∫

−π

+ π

g (v) sin kv dv

k = 1, 2, ...

g (v) = a0 + ∑
k=1

∞

(ak cos kv + bk sin kv)

v : [− , ] x : [−L , L ]

v =

L

x

dv =

L

dx

a0 =
1

2 L ∫−L

+ L
f (x) dx

a k =
1
L
∫−L

+ L
f (x) cos

k π x
L

dx

bk =
1
L
∫−L

+ L
f (x) sin

k π x
L

dx

k = 1, 2, 3, ...

f (x) = a0 + ∑
k=1

∞

( ak cos
k π

L
x + bk sin

k π

L
x)
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Time and Frequency

a0 =
1
T ∫0

T
x( t) dt

a k =
2
T
∫0

T
x (t) cos

2π k t
T

dt

bk =
2
T
∫0

T
x (t ) sin

2π k t
T

dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos
2π k

T
t + bk sin

2π k
T

t)

2 L = T

Continuous Time Periodic Signal x t 

a0 =
1

2 L ∫−L

+ L
f (x) dx

a k =
1
L
∫−L

+ L
f (x) cos

k π x
L

dx

bk =
1
L
∫−L

+ L
f (x) sin

k π x
L

dx

k = 1, 2, 3, ...

f (x) = a0 + ∑
k=1

∞

( ak cos
k π

L
x + bk sin

k π

L
x)

x : [−L , L ] t : [0, T ]
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Harmonic Frquency

a0 =
1
T ∫0

T
x( t) dt

a k =
2
T
∫0

T
x (t) cos (2π k f 0 t) dt k = 1, 2, ...

bk =
2
T ∫0

T
x (t ) sin (2π k f 0 t) dt k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(2π k f 0 t) + bk sin(2πk f 0 t))

f 0 =
1
T

f n = n f 0 = n
1
T

t : [0, T ]

a0 =
1
T ∫0

T
x( t) dt

a k =
2
T
∫0

T
x (t) cos

2π k t
T

dt

bk =
2
T
∫0

T
x (t ) sin

2π k t
T

dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos
2π k

T
t + bk sin

2π k
T

t)

t : [0, T ]

resolution frequency

n-th harmonic frequency
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Radial Frequency

f

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T ∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
n=1

∞

( ak cos(kω0 t ) + bk sin(kω0 t))

t : [0, T ]

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k 2π f 0 t) dt k = 1, 2, ...

bk =
2
T ∫0

T
x (t ) sin (k 2π f 0 t) dt k = 1, 2, ...

x( t) = a0 + ∑
n=1

∞

( ak cos(k 2π f 0 t) + bk sin (k 2π f 0 t ))

t : [0, T ]

linear frequency

angular (radial) frequency ω = 2π f
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Complex Fourier Series Coefficients

a0 , a k , bk , k = 1, 2, ...

A 0 =
1
T
∫0

T
x t  dt

t : [0, T ]

Real coefficients

Complex coefficients

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(k ω0 t) + bk sin(k ω0 t))

t : [0, T ]

x(t ) = A0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j k ω0 t )

Ak =
1
T ∫0

T
x (t) e

− j k ω0 t
dt

B k =
1
T
∫0

T
x (t) e+ j k ω0 t dt

A0 , Ak , Bk , k = 1, 2, ...

one-sided spectrum

two-sided spectrum

only positive frequencies

Both pos and neg frequencies
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Euler Equation (1)

e j t = cos t  j sin t

cos t =
e j t

 e− j t

2

e− jt
= cos t − j sin t

sin t =
e j t

− e− j t

2 j

=
(ak − j bk)

2
e

j k ω0 t
+

(ak + j bk )

2
e
− j k ω0 t

x(t ) = A0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j k ω0 t )

a k cos(k ω0 t ) + bk sin(k ω0 t)

= ak

1
2

(e
j k ω0 t

+ e
− j k ω0 t

) + bk

1
2 j

(e
j k ω0 t

− e
− j k ω0 t

)

= Ak e
j k ω0 t

+ B k e
− j k ω0 t

A0 = a0

Ak =
1
2

(ak − j b k)

Bk =
1
2

(ak + j b k) on
ly

 p
os

iti
ve

 
fr

eq
ue

nc
ie

s

pos freq

neg freq

zero freq

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(k ω0 t) + bk sin(k ω0 t))
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Euler Equation (2)

Ak =
1
T ∫0

T
x (t) (cos (k ω0 t) − j sin (k ω0 t)) dt

B k =
1
T
∫0

T
x (t) (cos (k ω0 t) + j sin (k ω0 t)) dt

A n =
1
T
∫0

T
x t  e− j n0 t dt

Bn =
1
T
∫0

T
x t  e j n0 t dt

x(t) = ∑
k=0

∞

( Ak e+ j k ω0 t
+ Bk e− j k ω0 t )

Ak =
1
T ∫0

T
x (t) e

− j k ω0 t
dt

B k =
1
T
∫0

T
x (t) e+ j k ω0 t dt

x( t) = A0 + ∑
k=1

∞

( Ak e+ j k ω0 t
+ Bk e− j k ω0 t )

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(k ω0 t) + bk sin(k ω0 t))

x(t) = A0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j k ω0 t )

A0 = a0

Ak =
1
2

(ak − j bk)

Bk =
1
2

(ak + j bk) on
ly

 p
os

iti
ve

 
fr

eq
ue

nc
ie

s

pos freq

neg freq

zero freq
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Complex Fourier Series

x(t) = ∑
k=0

∞

( Ak e+ j k ω0 t
+ Bk e− j k ω0 t )

Ak =
1
T ∫0

T
x (t ) e

− j k ω0 t
dt

k = 0, 1, 2, ...

B k =
1
T ∫0

T
x (t ) e

+ j k ω0 t
dt

k = 1, 2, ...

x(t) = ∑
k=−∞

+ ∞

C k e+ j k ω0 t

C k =
1
T ∫0

T
x (t) e

− j k ω0 t
dt

k = −2, −1, 0, + 1, + 2, ...

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(k ω0 t) + bk sin(k ω0 t))

x(t) = A0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j k ω0 t )

A0 = a0

Ak =
1
2

(ak − j bk)

Bk =
1
2

(ak + j bk)

k = 1, 2, ...

C k =
A0 (k = 0)

Ak (k > 0)

B k (k < 0)
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Single-Sided Spectrum

x(t) = a0 + ∑
k=1

∞

( ak cos(k ω0 t) + bk sin(k ω0 t)) x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

= cos(α) cos(β)

gk cos(k ω0 t + ϕk ) = g k cos (ϕk ) cos(k ω0 t) − g k sin(ϕk) sin (k ω0 t)

cos(α+ β) − sin (α) sin(β)

a k cos(k ω0 t ) + bk sin(k ω0 t)

a k = g k cos(ϕk)

−bk = g k sin(ϕk )

a k
2
+ bk

2
= g k

2

−
bk

ak

= tan (ϕk)

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

g0 = a0

gk = √ ak
2
+ bk

2

ϕk = tan−1 (−bk

ak
)

k = + 1, + 2, ... k = + 1, + 2, ...



Fourier Analysis (2A)
Fourier Series 15 Young Won Lim

10/29/12

Phasor Representation (1)

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(k ω0 t) + bk sin(k ω0 t))

g0 = a0

gk = √ ak
2
+ bk

2

ϕk = tan−1 (−bk

ak
)

k = 1, 2, ...

x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

x(t) = g0 + ∑
k=1

∞

g k ℜ{e+ j (k ω0 t + ϕk )}

x(t) = g0 + ∑
k=1

∞

ℜ{g k⋅e+ j ϕk ⋅e+ jk ω0 t
}

X 0 = g0

X k = g k⋅e+ j ϕk

k = 1, 2, ...

x(t) = X 0 + ∑
k=1

∞

ℜ{X k e+ j k ω0 t
}



Fourier Analysis (2A)
Fourier Series 16 Young Won Lim

10/29/12

Phasor Representation (2) 

g0 = a0

gk = √ ak
2
+ bk

2

ϕk = tan−1 (−bk

ak
)

k = 1, 2, ...

x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

X 0 = g0

X k = g k⋅e+ j ϕk

k = 1, 2, ...

x(t) = X 0 + ∑
k=1

∞

ℜ{X k e+ j k ω0 t
}

x(t) = g0 + ∑
k=1

∞ g k

2
⋅( e+ j ( k ω0 t + ϕk) + e− j ( k ω0 t + ϕk))

x(t) = g0 + ∑
k=1

∞

( g k

2
e+ j ϕk e+ jk ω0 t

+
gk

2
e− j ϕk e− j k ω0 t)

x( t) = g0 + ∑
k=1

∞

( g k e
+ j ϕk

2
e+ jk ω0 t

+
gk e

− j ϕk

2
e− j k ω0 t)

x(t) = ∑
k=−∞

+ ∞

C k e+ j k ω0 t

C k =
g k e

+ j ϕk

2
(k > 0)

C−k =
g k e− j ϕk

2
(k < 0)

k = −2, −1, 0, + 1, + 2, ...
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Two-Sided Spectrum

x(t) = ∑
k=−∞

+ ∞

C k e+ j k ω0 tx( t) = ∑
k=−∞

+ ∞

Ck e+ j kω0 t

Ck =
1
T ∫0

T
x (t ) e

− j k ω0 t
dt

Ck =

a0 (k = 0)
1
2 (a k − jbk ) (k > 0)
1
2 (a k + jbk ) (k < 0)

k = ... , −2,−1, 0, + 1, + 2, ...

∣C k∣ =
a0 (k = 0)
1
2 √ ak

2 + bk
2 (k ≠ 0)

Arg (C k) =
tan−1 (−bk /ak ) (k > 0)

tan−1 (+ bk /ak ) (k < 0)

Ck =
1
T ∫0

T
x (t ) e

− j k ω0 t
dt

k = ... , −2,−1, 0, + 1, + 2, ...

Ck =

a0 (k = 0)
1
2 g k e+ j ϕk (k > 0)
1
2 g k e− j ϕk (k < 0)

∣C k∣ =
a0 (k = 0)
1
2∣g k ∣ (k ≠ 0)

Arg (C k) =
+ ϕk (k > 0)
−ϕk (k < 0)

Power Spectrum Periodogram

∣C k∣
2 + ∣C−k∣

2 =
1
2∣g k ∣2 =

1
2 (ak

2 + bk
2) 2⋅∣C k∣ = ∣g k ∣ = √ a k

2 + bk
2

Two-Sided One-Sided
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Square Wave CTFS (1) 

C k =
1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

n=0

∞

C k e+ j k ω0 t

Continuous Time Fourier Series

C k =
1

T 0
∫−T 0 /2

+ T 0 /2

xT 0
(t ) e− j k ω0 t dt

C k T 0 = ∫−T 0/2

+ T 0/2
xT 0

(t) e− j k ω0 t dt

= ∫−T 0/2

+ T 0/2
e− j k ω0t dt = [ −1

j k ω0

e − j k ω0t ]−T / 2

+ T /2

= −
e− j k ω0 T / 2

−e+ j k ω0 T /2

j k ω0

=
sin (k ω0T /2)

k ω0/2

−
T 0

2
+

T 0

2

2ω0−2ω0

∣C k∣

ω0−ω0

1
T 0

⋅T

2ω0−2ω0

∣C k T 0∣
T

ω0−ω0

ω0 =
2π

T 0

Fundamental Frequency

k ω0

∣sin(k ω0T /2 )

kω0/2 ∣

ω0 T 0 = 2π

−
T
2

+
T
2

T 0

T
=

2
1ω0 T = π

T Period = T 0

ω0 T = 2π
T
T 0
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Square Wave CTFS (2) 

2ω0−2ω0

∣C k∣

ω0−ω0

T
T 0

ω0 =
2π

T 0

k ω0

∣ 1
T 0

sin (k ω0T /2)

k ω0/2 ∣

Ck =
1
T 0

⋅
sin(k ω0T / 2)

k ω0/2
=

1
T 0

⋅
sin(T k ω0/2)

k ω0/ 2

sin (k ω0 T /2) = 0

sin( k
2π

T 0

T
2 ) = 0

k = ±n
T 0

T

C k = 0

T = T 0/2

ω = k ω0 = ±n
T 0

T
ω0

T 0

sin (±nπ) = 0

TPeriod = T 0

C0 = lim
k →0

1
T 0

⋅
sin (T k ω0/2)

k ω0/2

C0 = lim
k →0

1
T 0

⋅
(T ω0/2)cos (T k ω0/2)

ω0/2
=

T
T 0

ω0 T = 2π
T
T 0

ω0

T 0

T
=

2π

T

−
T 0

2
+

T 0

2

Period = T 0

Ck =
1
T 0

⋅
sin (k ω0T /2)

k ω0/2

C0 =
T
T 0
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Square Wave CTFS (3) 

2ω0−2ω0

∣C k∣

ω0−ω0

T
T 0

ω0 =
2π

T 0

k ω0

∣ 1
T 0

sin (k ω0T /2)

k ω0/2 ∣

T = T 0/2

T 0

1
T 0

2π

T 0

TPeriod = T 0

⋅T

ω0 T = 2π
T
T 0

ω0

T 0

T
=

2π

T

2π

T
= ω0

T 0

T
−

T 0

2
+

T 0

2

Period = T 0

Ck =
1
T 0

⋅
sin(k ω0T /2)

k ω0/2

C0 =
T
T 0

ω = k ω0 = ±n
T 0

T
ω0

( k = ±n
T 0

T )Ck = 0
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Square Wave CTFS (4) 

C k =
1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

n=0

∞

C k e+ j k ω0 t

Continuous Time Fourier Series

C k =
1

T 0
∫0

+ T 0

xT 0
(t ) e− j k ω0 t dt

C k T 0 = ∫0

+ T 0

xT 0
(t) e− j k ω0 t dt

= ∫0

+ T
e− j k ω0 t dt = [ −1

j k ω0

e− j k ω0 t ] 0

+T

= −
e− j k ω0 T

− e0

j k ω0

=
1 − e− j k ω0T

j k ω0

ω0 =
2π

T 0

Fundamental Frequency

ω0 T 0 = 2π T 0

T
=

2
1ω0 T = π

ω0 T = 2π
T
T 0

+ T 00 + T

T Period = T 0

=
1 − e− j k 2π T /T 0

j k 2π/T 0

Ck T 0 =
1 − e− j k 2π T /T 0

j k 2π/T 0

Ck =
1 − (−1)k

j 2π k

C0 =
1
2

C0 T 0 = ∫0

+T
e− j 0ω0 t dt = T

1
2

1
j π

1
j 3π

C0 C1 C2 C3 C4C−1C−2C−3C−4

−1
j π

−1
j 3π 0 000
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Square Wave CTFS (5) 

+ T 00 + T

T Period = T 0
T 0

T
=

2
1

2ω0−2ω0

∣C k∣

ω0−ω0

1
T 0

⋅T

T 0

T Period = T 0

−
T 0

2
+

T 0

2

T 0

T
=

2
1

C k =
1 − e− j k 2πT /T0

j k 2π

C0 =
T
T 0

Ck =
1
T 0

⋅
sin (k ω0T /2)

k ω0/2

C0 =
T
T 0

1
T 0

⋅
sin (k ω0T /2)

k ω0/2
=

sin (k πT /T 0)

k π
=

(e+ j k π T /T 0 − e− j k π T /T 0)
j k 2π

= e+ j k πT /T 0 ( 1 − e− j k 2πT /T 0

j k 2π ) = e+ j k ω0T /2 ( 1 − e− j k 2πT /T 0

j k 2π )

e+ j k ω0 T / 2
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Inner Product Space

〈 f , g 〉 = ∫a

b
f (t)g (t)d t

Hilbert Space real / complex inner  product space

〈 y , x 〉 = 〈 x , y 〉

〈a x1 + b x2, y 〉 = a 〈 x1, y 〉 + b 〈 x2, y 〉

〈 x , x 〉 ≥ 0

complex conjugate

linear

positive semidefinite

∥x∥ = √ 〈 x , x 〉

∣ 〈 x , y 〉 ∣ ≤ ∥x∥∥y∥

Norm

Cauchy-Schwartz Inequality



Fourier Analysis (2A)
Fourier Series 24 Young Won Lim

10/29/12

Orthogonality

f 0 =
1
T

fundamental frequency

n-th harmonic frequency

x( t) = ∑
k=−∞

+ ∞

Ck e+ j kω0 t Ck =
1
T ∫0

T
x (t ) e

− j k ω0 t
dt

k = ... , −2,−1, 0, + 1, + 2, ...

〈e j mω0 t , e j nω0 t
〉 = ∫0

T
e+ j (m−n)ω0t d t =

0 (m ≠ n)

T (m = n) m, n : integer

f n = n f 0

ω0 = 2π f 0 =
2π

T

ωn = 2π f n =
2πn

T
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Inner Product Examples

R

I

R

I

R

I

R

I

R

I

f 0 = 1 /T ω0 = 2π/TT

〈e j 1ω0 t , e j1ω0 t
〉 = ∫0

T
e+ j (1−1)ω0 t d t = T

e j 1ω0t

e j 1ω0t

e j−1ω0t

e j 2ω0 t

e j−2ω0 t

〈e
j 1ω0 t

, e
j−1ω0 t

〉 = ∫
0

T

e
+ j (1+ 1)ω0 t

d t = 0

〈e
j 1ω0 t

, e
j 2ω 0 t

〉 = ∫
0

T

e
+ j (1−2)ω0 t

d t = 0

〈e
j 1ω0 t

, e
j−2ω0 t

〉 = ∫0

T

e
+ j (1+ 2)ω0 t

d t = 0
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