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Fourier Series

f(x) = a, + Y, (a, coskx + b, sinkx)
k=1

[ F(x) dx

+ 7T

f(x) cos kx dx

Q
s
I

1
27
1
e

b, = %Ii: f(x) sin kx dx

k=12 3, .. m) one-sided spectrum
only positive frequencies
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Trigonometric ldentities

cosO cosq = %(cos(ﬁ—cp) + cos(0+ o)) %(1 + cos(0+ ¢)) when 0=¢
sin@singp = — (cos(0 —¢) — cos(O0+ @ — (1 — cos(B+ @)) when 6=¢
i ; ’”'
sin® cosq = %(sin(6+ @) + sin(0 — )) %(sin(6+ ¢)) when 0=g¢
: 1, . : 1, .
cosf sing = - (sin(0+ @) — sin(0 — ¢)) E(sm(6+ ¢)) when 0=g¢

cosnx cosmxdx = 0 (n # m) fi: cosnx cosmxdx = m (n = m)

|
a

+7
sinnxsinmxdx =0 (n # m) f_n sinnxsinmx dx = 7

+
2

sinnx cosmx dx
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o

|
a

n, m : integer

+
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I
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cosnx sinmx dx
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Trigonometric Orthogonality

f(X) = a, + Z(akCOSkX + b, sinkx) fi: cosnxcosmxdx = 0 (n #+ m)
k=1
J'_n sinnxsinmxdx = 0 (n # m)
1 + 7 + 7
do = 5 _nf(x) dx f_n sinnx cosmx dx = 0
A - %f‘:: F(x) cos kx dx J'_n cosnx sinmx dx = 0
1 p+m . o
by = Ef—nf(x) sin_kx dx f_n cosnxcosmxdx = n (n = m)
k=123 . J':: sinnxsinmxdx = (n = m)
n, m : integer
a, ¢ f(x)-coskx = a,-coskx + ), (a, cosmx-coskx + b,sinmx-coskx)
m=1
b, ¢ f(x)-sinkx = a,-sinkx + Z(am cosmx-sinnx + b_sinmx -sink x)
m=1
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Any Period p = 2L

g(v) = a, + z;<ak coskv + b, sinkv) Flx) = a, + 3aq coskL—nx N bksinanx
k=1
1 + 1 1 +L
a, = 5[ g(v)dv a0=2—fo<x>dx
1 p+mn 1 T X
a, = Ef_ng(v) cos kv dv a, = If ) cos dx
1 = . 1 T X
b, = Ef_ng(v) sin kv dv b, = ff ) sin dx
k=1, 2 k=12 3
v: [—m, +T] x: [-L, +L]
v = D x
L
T
dv = — dx
L
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Time and Frequency

f(x) =a, + D|a, cos KT x + b, sin <7 « x(t) = a, + Y. |a, cos t + b, sin 22K ¢
k=1 L L k=1
1 +L 1 T
aOZZ—fo(x)dx aoz?fox(t)dt
1 2 T 2kt
a, = ff ) cos dx a, = ?fox(t) T dt
1 X 2 T . 2wkt
b, = ff ) sin dx b, = ?fo (t) sin T dt
k =1, 2, 3, k =1, 2,
x: [-L, +L] t: [0, T]

I
Iﬂ

E |

Continuous Time Periodic Signal x(t)

L) Y
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Harmonic Frquency

x(t) = a, + a, cos 22K ¢ 4 b, sin 22K ¢ + Z(ak cos(2mk f,t) + b, sin(2mk fot))
k=1 k=1
1 7 _ 1
a, = Tfo x(t) dt do = 7 fo x(t) dt
) T
2 T 2nkt = = =
a, = ?fox(t) e dt a = - fox(t) cos (2nk f,t)dt k =1, 2, ..
_ 2 (7 - _
b, = Efo(t)sm 2nkt dt b, = T fox(t)sm(Zn:k fot)dt k =1, 2, ..
T Y0 T
k =1, 2, ..

: 1
resolution frequency fo = T
: 1
n-th harmonic frequency f,=nf, = n
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Radial Frequency

+ i(ak cos(k2m f,t) + b, sin(k2n fot)) x(t) = a, + i(ak cos(kw,t) + b, sin(kmot))

n=1

n=1

L7 = lfT (¢) dt
aoz?fox(t)dt Qo = 7 Jo X

2 T _ 2 (T
a, = Tfox(t) cos (k2m f t)dt k =1, 2, .. a, = ?fox(t) cos (k w,t) dt

2 (T : _ 2 T :
b, = ?J‘Ox(t)sm (k2w f t)dt  k =1, 2, .. b, = T Ox(t)sm (kowt) dt

k =1, 2, ..
t: [0, T] t: [0, T]

linear frequency f

angular (radial) frequency ®

2n f
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Complex Fourier Series Coefficients

x(t) = a, + Z(ak cos(kwyt) + b, sin(kooot))
k=1
1 oT
a = J, x(¢) dt
2 T
a = = fox(t) cos (k wyt) dt
b, = % " x(t) sin (ko) dt
k =1, 2, ..
t: [0, T]

-
I

Real coefficients

a,, a,, b, k =1, 2, ..

Complex coefficients
A,, A, B, k =

Fourier Analysis (2A)
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Euler Equation (1)

<
G
I
Q
o
+
M s

(ak cos(kw,t) + b, sin(k(uot))

k=1
1 T
a = J, x(¢) dt
2 T
a, = ?fox(t) cos (k wyt) dt
2 T .
b, = = o x(t) sin (kogt) dt
k=1, 2, ..
e’ = coswt + jsinwt
e’ = coswt — jsinwt
_ ejwt+e—jwt
coswt =
2
. jwt e—ju)t
sinwt = ,
2]

a, cos(kw,t) + b, sin(k w,t)

_ 1 (ejko)ot+ e—jkmot) + bk 21' (ejkwot_ e—jkwot)
J

_akE

(ak - jbk) LT (ak+ jbk) o Tt

x(0) = A+ Y[A & B
k=1

zero freq ™ Ay = 4,

1 :
pos freq mm A, b (a,— jby)

1 :
neg freq m B, = E(ak'l' jby)

y
only positive
frequencies
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Euler Equation (2)

w 1 T . .
x(t) = a, + Z(ak cos(kw,t) + b, sin(kwot)) Ay = ?J‘Ox(t)(cos (kayt) = jsin (kayt)) dt
k=1
1 7 . .
- B, = ?fox(t)(cos(kwoth jsin (kw,t)) dt
a = J, x(¢) dt
2 T
a, = ?fox(t) cos (k wyt) dt -
A = — [ x(t) e dr
b, = % " x(t) sin (ko) dt o= Jox(®
]_ T + jkw,
k=12 . B, = 1 J,x(e) e e

x(t) = A, + Z(Ak e+ B, e
k=1

x(t) = A, + Z(Ak etk 4 B, e K

k=1
zero freq ™ Ay = do 0 4,
= @
1 . 2.5
pos freq wm A, :E(ak_.]bk) >88
o o
>3 o
]_ . I= g (t) _ Z(A + jkwgt + B — jkwyt
neg freq mw B, = E(a"+ jb,)  § & X)) = 2lAce K e
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Complex Fourier Series

x(t) = a, + Z(ak cos(k(oot) + b, sin(kmot)) x(t) — Z(Ak ot ikout 4 B, kot
k=1 —
1 X —jkw,t
ao:Tfox(t)dt Ak:% Zx(t)ejkf’dt
2 T k =0, 1, 2,
a, = T fOX(t) cos (kmot) dt
1 T + jkoyt
b, = % Zx(t)sin (kw,t) dt B, = fj‘ox(t) o g,
k =1, 2 k = ]_, 2,
X(l’) = AO + Z(Ak ejkmot + Bk e—jkmot X(l’) — Z Ck e+jkw0t
k=1 P
= 1 T ikoyt
AO aO Ck _ T OX(t) jk dt
1 ] R
Ak = E (ak ka) k = 2’ 1’ O’ +1, +2,
1 i A, (k=0)
s E(ak+ ka) Cy :{Ak (k> 0)
k =1, 2 B, (k<0)
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Single-Sided Spectrum

>
G
|
Q
(=)
+
M s

(ak cos(kwyt) + b, sin(kwot))

b
=
I
«Q
o
+
M

g, cos(kw,t + @)

=~
Il
-

1 7 _
a = = Io x(t) dt 9o = f/’o
2 2
2 T g, = \Va,+ b,
a, = = fox(t) cos (kw,t) dt "
-1 k
¢, = tan | ——
b, = %fo(t)sin (kw,t) di " a,
k = +1,+2, .. k = +1,+2, ..
cos(a+ ) = cos(a) cos(p) — sin(a) sin(p) a, = g, cos(q,)

g, cos(kwyt+ @) = g, cos(q,) cos(kw,t) — g, sin(g,) sin(k w,t)

a, cos(kwyt) + b, sin(k w,t) b,
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Phasor Representation (1)

>
G
|
Q
(=)
+
M s

(ak cos(kwyt) + b, sin(kwot)) g, cos(kw,t + @)

=~
Il
-

b
=
I
«Q
o
+
M

a, = %J:x(t) dt 9o = f/’o
2 2
7 oT g. = Va,+ b,
a, = ?fox(t) cos (kw,t) dt "
-1 k
@, = tan |——
b, = % " x(t) sin (k) dt " a,
k =1, 2, .. k=12, ..
x(t) = g, + . g, cos(kw,t+ @) x(t) = X, + l; R(X, e
k=1 =
X(t) = Jg, + l;gkm{e+j(kw0t+ (Pk)} XO = g,
- + + jkw X, = TARAL
x(t) =g, + Z Rig, e’ " e ik of} k g€
k=1 k =1, 2,
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Phasor Representation (2)

_ o Gk [ +jlkont+ a) . —j(kont+ o) x(t) = g, + . g, cos(koyt + @)
t) = + =", + 0 k 0 k
X0 =g+ X 5le e |
x(t) = go * Z % el m et Oty %e_j(pke_jk%t) do = 4o
k=1
gk — \/ai"' bi
00 + j ¢ —J O
— gk € + jk w,t di € —jkoyt _ b
X(t)—go"'l; 5 e T+ 5 e’ ) ¢, = tan || ——
a
k =1, 2,
X(t) = Z C, eI X(t) = X, + Z ER{XkeJrjk%t}
k=—0 k=1
e+j(Pk
Ck:gk2 (k> 0) Xy = 9o
—jq X — e"'J.CPk
_gre K = 9k
C, = 5 (k< 0) k=1 2
k = =2, -1, 0, +1, +2, ...
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Two-Sided Spectrum

Z C +Jk(,l)0 Z C +ka0

Power Spectrum  Two-Sided Periodogram One-Sided
P+ 1CLI" = 3lguf* = 3 (ai+ bi) 24Cy| = |gu| = Vai+ by
0 0mm0m0m0mnnmmm0mnnmnm0mnmm0—nmm0mnmn0nm———V——&&&—&;G;G;_;_———0 00— 0000090909090
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Square Wave CTFS (1)

Continuous Time Fourier Series
1 r —jk oyt
CkZTfox(t)e dt

0/ -
LT e
0 0

o0

Z Ck e+jkw0t

n=0

Fundamental Frequency

wozz_“ “’OTOZZH-TO—E
+T0/2 — ik T = B
— Jkwyt 0 o, T =xn T 1
+T/2 0, = 20—
+T2 -1 _; 4
—_ Jk‘”ot j— kaot
= f—TOIZ e dt = ka e ] 0 7‘CkT0‘
0 ~T/2 T
. - sin(k w,T/2)
B e—]ku)OT/Z_e+Jku)0T/2 B Sll'l(k(DOT/Z) kwy/2
B jkw, B kw,/2 | |
T Period = T T e ﬁkmo
- > %—Oﬁ ‘C"’
1
T LT T
2 2
—_— ; ; — ! '
_% _,_% 2w, —w;, W, 20,
Fourier Analysis (2A) 18
Fourier Series

Young Won Lim
10/29/12



Square Wave CTFS (2)

C 1 sin(kw,T/2) 1 sin(T kw,/2) 27 T, 2
- . - . W, = — 0 - =2
KTT, ko2 T, kw2 ° T, ®o T
C., =0 ™ sin(kw,T/2) = 0 w, T = 2RT£
0
sinl k2ZL) — ¢ =™  sin(xnn) = 0
To 2 - ™
T - 1 sm(k(oOT/2)
kK = inﬂ =, 0= ko, = in?ou)o T, ko2
T T
CO — T_
1 sin(Tkwy/2) L ’ Y,
C, = lim —
k>0 TO kU)O/Z
1 (Twy/2)cos(Tkw,/2) T
C, = lim — = —
koo T, 0,/2 T,
Period = T, o I = T,/2 € 1 sin (k w,T/2)|
+—> - > T 2
- — T kw,/2
o I T, o
2 2
2w, —w, O, 20, k w,

%
Young Won Lim
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Square Wave CTFS (3)

a R
c 1 sin(kw,T/2) 0. = 2n T, 2=n
ST ko2 I YT T T
T
Cy, = —
° T, 0w, T = 2n—
- J 0
T
o = kw, = +n—w, - [ 1 sin(kooOT/Z)‘
T T —
T_ T~ TO k(DO/Z ‘
0
C, =20 k = in5 f
T | | f
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Square Wave CTFS (4)

Continuous Time Fourier Series

o0
1 ! —Jkoyt _ + jkwyt
? 0 X t)e dt — X(t) = C,e
n=0
1 e+, ke Fundamental Frequency
C.==J,° o dt
I, "° W, = 2n Wy Ty = 2m - I, _ 2
Jv+ To e ka t dt 0 TO (DOT =t T ].
: [ |
+T 0, T = 2n—
— J‘;T e—jkwot dt = _1 e—jkmot 0 0
jko, 0
4 —jk2xTIT, e )
_ _e—kaOT _ _1- o ket _1- o JK2RTIT, @57, 1 jkezn/T = C - 1 2(7”1)
ik w, ik o, jk2n/T, 0 4
: T _iog 1
T Period = 0 COTO = J‘O e jOwyt dt = T - Cc, = E
- > - > N J
c, ¢, ¢, ¢, ¢ «¢ C, C, C,
—_— | N —1 -1 1 1 1
| 0 G 0 jx 2 a0 G3x O
0 +T +T,
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Square Wave CTFS (5)

a . Y
T | Period = T, ﬂ _ z o - 1 —jk2nTIT,
) : ) d a - “ jk2m
Cy, = —
— TO
~ J
0 +T +T,
+jkw,T/2
_
" ] ~
T Period = T, T, ) 1 sin(kw,T/2)
+—> 20 _ = C, —.
+—' T 1 T, kw,/2
T, T, .
_1o 1o T
2 2 Co = 7
- J
ki’
L.sin(kaTIZ) _ sin(knT/T,) _ e”jk”T’To_e‘f’”‘T’To) c
T, k(DO/Z - km jk2m )
_.T R
. . T,
_ ajkari,| 1= ke | 1 — e
= e e I I
jk2m jk2m
2w, —w, 0, 2w,
Young Won Lim
10/29/12

22

Fourier Analysis (2A)
Fourier Series




Inner Product Space

Hilbert Space  real / complex inner product space

(o) = J Flo)glde

complex conjugate Norm

(¥, x) = (X, y) X[l =+ {x, x)

linear Cauchy-Schwartz Inequality

(ax,+ bx, y) = a(x, y)+ b{x, y) [(x, v | < XLyl

positive semidefinite

(x,x) =0
Fourier Analysis (2A) 23 Young Won Lim
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Orthogonality

x(t) = D, C, e C, = %J‘Zx(t)e_jk%t dt
k=—w
k = ..,-2-1,0,+1,+2, ..
1 21
fundamental frequency fo = T w, = 2nf, = -
: 21tn
n-th harmonic frequency f,=nf, w, =2nf, = -
. . o 0 (m#n)
<ejm030t, ejnw0t> — _[0 + j(m n)wotdt — )
LT (m=n) m, n : integer
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Inner Product Examples

T f0:1/T

w, = 2n/T

< -~
I

T

<ej1w0t’ ej1m0t> — J‘O e+j(1—1)wotdt =T _

T

<ej1w0t, ej—1w0t> — J'O e+j(1+1)0)0tdt =0 -

T

+ j(1-2)w,t

dt = 0 (m

<ej1m0t, ej—2w0t> — J‘ze+j(1+2)wotdt -0 -

Fourier Analysis (2A)
Fourier Series

T ™

T~ T -
J—1w,

I "

HaNT e N T

I

I

N
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