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Vector bundles, forcing algebras and local cohomology

Lecture 1

Systems of linear equations

We start with some linear algebra. Let K be a field. We consider a system
of linear homogeneous equations over K,

fntl—l—...—f—flntn:(),

f21t1+...+f2ntn:0,

fm1t1++fmntn =0,
where the f;; are elements in K. The solution set to this system of homo-
geneous equations is a vector space V over K, its dimension is n — rk(A),
where A = (f;;);; is the matrix given by these elements. Additional elements
fis---, fm € K give rise to the system of inhomogeneous linear equations,

futi + ...+ fintn = f1,

forti + ...+ fouln = fo,

fm1t1++fmntn:fm

The solution set T' of this inhomogeneous system may be empty, but nevert-
heless it is tightly related to the solution space of the homogeneous system.
First of all, there exists an action

VT —T, (v,t) — v+t

because the sum of a solution of the homogeneous system and a solution of
the inhomogeneous system is again a solution of the inhomogeneous system.
This action is a group action of the group (V,+,0) on the set T". Moreover, if
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we fix one solution ¢ty € T' (supposing that at least one solution exists), then
there exists a bijection

V—T, v+ v+t

So T can be identified with the vector space V', however not in a canonical
way. The group V acts simply transitive on 7.

Suppose now that X is a geometric object (a topological space, a manifold,
a variety, the spectrum of a ring) and that instead of elements in the field K
we have functions
fij X — K

on X (which are continuous, or differentiable, or algebraic). We form the
Matrix of functions A = (f;;):;, which yields for every point P € X a matrix
A(P) over K. Then we get from these data the space

131

V=< (Pty,....t,)| A(P) =0, CXxK"

tn
together with the projection to X. For a fixed point P € X, the fiber of V
over P is the solution space to the corresponding homogeneous system of
linear equations given by inserting P. In particular, all fibers of the map

V — X,

are vector spaces (maybe of non-constant dimension). This vector space
structures yield an addition

VxxV —V (Pit1,...,t0;81,...,8) —> (P;t1 +81,...,tn + Sp)
(only points in the same fiber can be added). The mapping
X —V, P— (P;0,...,0)
is called the zero-section.
Suppose now that there are additionally functions
fiooo s fm X — K

given. Then we can form the set

ty fi(P)

T =< (Pty,... . t,)| A(P) = CXxK"

ty fn(P)
with the mapping to X. Again, every fiber of T over a point P € X is the
solution set to the system of inhomogeneous linear equations which arises by
inserting P. The actions of the fibers Vp on Tp (coming from linear algebra)
extend to an action

\% XxT—>T, (P;tl,...,tn;sl,...,sn) — (P;t1+81,...,tn+8n).
Also, if a (continuous, differentiable, algebraic) map
s: X —T
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with s(P) € Tp exists, then we can construct an (continuous, differentiable,
algebraic) isomorphism between V' and T'. However, different from the situa-
tion in linear algebra (which corresponds to the situation where X is just
one point), such a section does rarely exist.

These objects T" have new and sometimes difficult global properties which
we try to understand in these lectures. We will work mainly in an algebraic
setting and restrict to the situation where just one equation

f1T1++fnTn:f

is given. Then in the homogeneous case (f = 0) the fibers are vector spaces
of dimension n — 1 or n, and the later holds exactly for the points P € X
where fi(P) = ... = f,(P) = 0. In the inhomogeneous case the fibers are
either empty or of dimension n — 1 or n. We give some typical examples.

EXAMPLE 1.1. We consider the line (X = AL) (or X = K,R,C etc.) with
the (identical) function z. For f; = z and f = 0, i.e. for the equation xt = 0,
the geometric object V' consists of a horizontal line (corresponding to the
zero-solution) and a vertical line over z = 0. So all fibers except one are
zero-dimensional vector spaces. For the equation 0f = z, V' consists of one
vertical line, almost all fibers are empty. For the equation zt = 1, V is a
hyperbola, and all fibers are zero-dimensional with the exception that the
fiber over x = 0 is empty.

EXAMPLE 1.2. Let X denote a plane (K? R? A%) with coordinate functions
x and y. We consider a linear equation of type

% + ybtg = xcyd.

The fiber of the solution set 7" over a point # (0, 0) is onedimensional, whereas
the fiber over (0,0) has dimension two (for a, b, c,d > 1). Many properties of
T depend on these four exponents.

In (most of) these example we can observe the following behavior. On an
open subset, the dimension of the fibers is constant and equals n — 1, wheres
the fiber over some special points degenerates to an n-dimensional solution
set (or becomes empty).

Forcing algebras

We describe now the algebraic setting of systems of linear equations depen-
ding on a base space. For a commutative ring R, its spectrum X = Spec (R)
is a topological space on which the ring elements can be considered as func-
tions. The value of f € R at a prime ideal P € Spec (R) is just the image
of f under the morphism R — R/P — k(P) = Q(R/P). In this interpre-
tation, a ring element is a function with values in different fields. Suppose
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that R contains a field K. Then an element f € R gives rise to the ring
homomorphism
KlY] — R, Y — f,
which itself gives rise to a scheme morphism
Spec (R) — Spec (K[Y]) = AJ.
This is another way to consider f as a function on Spec (R).
DEFINITION 1.3. Let R be a commutative ring and let fi,..., f, and f be
elements in R. Then the R-algebra
R[Ty,....T.)/(ATh + ...+ [T — f)

is called the forcing algebra of these elements (or these data).

The forcing algebra B forces f to lie inside the extended ideal (fi,..., f,)B
(hence the name) For every R-algebra S such that f € (f1,..., f,)S there
exists a (non unique) ring homomorphism B — S by sending 7; to the
coefficient s; € S in an expression f = s1f; + ...+ S, fn-

The forcing algebra induces the spectrum morphism
Spec (B) — Spec (R).
Over a point P € X = Spec (R), the fiber of this morphism is given by
Spec (B ®g k(P)),
and we can write
B & wl(P) = 6(P)[Ty,..., T/ (A(PYTy + ... + fu(P)T, — f(P)),

where f;(P) means the evaluation of the f; in the residue class field. Hence
the x(P)-points in the fiber are exactly the solution to the inhomogeneous
linear equation fi;(P)Ty + ...+ fo(P)T,, = f(P). In particular, all the fibers
are (empty or) affine spaces.



