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In this paper we will estimate the difference between the consecutive primes.
This result is a new result on the distribution of the prime number. This

paper is a continuation of [6] and [7].

1. Introduction
By the theorem 2 of the paper [6], there exist the optimum points
A, = (210, A A ) € R™ in m -dimensional real space R" of the function

_ exp(exp(e” -F(A
H(ﬂ):H(/L,/QQ,...’/lm): (plinF();apEm )))

: (1)

where
1-p !
1-p/"!

F(Z):F(ﬂ'la ﬂ”z""aﬂ“m):f[ > (2)



and y =0.577--- is Euler’s constant ([1,2,5]).

And here we assume that A :(21, /12,---,/1m) are real numbers and
A2 224, 21. Let p=2,p,=3,p,=5,---, P, be the consecutive
primes. We will choose p,, =5 arbitrarily and fix it. Then the optimum

points 1, = (/110, Ay A ) e R™ are estimated as follows. There is a number

k (1<k <m) such that for any i (1<i<k) it holds that

ﬂ/IO =(10g pm+10g10g pm _1j+o[ 1 ] (3)

log p; log p; log p; -log p,

and forany i (k+1<i<m) it holds that 4’ =1. So we have
>0 > > A > Ay == Jy =1, 4
And for any i (1<i<k) it holds that
pi = pf == pf = (e7F (4,))-exp(e7F () +1. (5)

On the other hand, for the number k these hold that

I
0:1 0 , — -1 J1+0 R 6
A =1+ [logpmJ P =+/Py-log p, [+ [logpmn (6)
k=2vm [ 1+0[ 081080 || _5 | Pn_ [y, o loglog Py || 5
log p;, log p;, log p;,

This shows that the function value H (/110, Zf,m,l,?]) is dependent only on
Py - So we can put

exp(exp(e’7 -F (ZO ))) |

0 0 0
PP Py

Cm:H(AO’ 220""’}??1): (8)

In this connection, we will put



Ny =P pF Py Ph. Mo =Ny Dy
/T(; =(ﬂ’|0’ /120"'3&?1—1)6 Rm_l, )
Cr:n—l =H (ﬂ_“(;): H (ﬂ'loa ﬂ“zo""’ﬂrg—l)

and

Cov= max H(4, 4, An,). (10)

(42 221 JER™

Then it is clear that C, , <C_ .
Let 1'= (21' s A e --,/1,;_1) be the optimum points of the function
H (21 N/ --,/lm_l) with (m —1) -variable in the space R™"'. In general, then
we have

A >Ah>>A4 >4 =-=4,,=1. (11)
Rarely, the last bigger number than 1 in {21' s A A } could be k . But it
is not essential. It is important that for any i (1<i<k-1)

A= At o= pia! = (e‘V F (Z’))-exp(e‘y F (Z’))+1 (12)

holds. We note that it doesn’t exceed one in{ﬂf, A, ,/1;1} :
We also put

0= PPy B P P

n,=p P B P P Py =1 Py (13)

T=(% 2 A1), Ch=H(T).

On the other hand, it is well known that

1
> —=loglog p, +b, +Ey(p,), (14)

P<Pm

where

P) P

bo:}/+Z(log(l—lj+lJ:O.241--- (15)
p



([1,2,5]). And there exists a constant a >0 such that

E, (Pa) =0 exp(-ayflog b, )). (16)

2. The estimate of F(7,)

We have
Theorem 1. For the optimum points A, =(/110, /120,--%”2)6 R™ of the

function H (21, Ay A ) we have

= 4
F(ﬂo)=e”10gpm~[1+Eo(pm)—¢p—m.logmpm+e(pm)} (17)

where £(p,,)= O( E; (Pn )) . Hence we also have
(e‘7 -F (Z)))-exp(e‘y -F (/TO))z
(log pm+1) é(pm)], (18)

=p. -1 1+(1 +1
Pm ngm[ (ngm ( \/710g3/2 D,

where Z(p,)=0(log’ p,-E; (Pn)))-

Proof. From (2) and (5), it is clear that

— mo_p A
log F (/”LO) = log(Hlp—'_lj =

i=1 1- pi

—Zlog[l—
=A+TA+A,

where

A= Zlog[ " JAZ Zlog(l—pzj,A} Zlog(l—%}l.(ZO)

i=k+1 i

]+Z log[l__}zlog(l_ﬂ_l _ (19)

i=k+1

First let’s see A . By Mertens’ theorem ([1,2]), preliminarily, we have



So we have
(e7-F(4&))-exp(e”-F(%))+1=py,-logp, -(1+0(

Hence From (5) and (7) for any i (1<i<k) we have

K 1 1
Al =;10g(1_ p-j10+1]=k.10g[1_ p-ﬂ10+lJ=

- p:1f)+l +O{ pz.(lz”n) J -

2 | “0(%J
Jpn (logp, )" logp, )/

Next let’s see A, . Now we put

1
T(x)=) —=loglogx+b, +E,(X).
p<x
dx
X-log X

Then we have dT (x) = +dE,(X). So we have

m

S [T i)

i=k+1 Py Dy t-logt

P
o I dE, (t)
pk IOg pk pm IOg pm Pk t

_ 2 . 1+O(loglogpmJ
Jp. (logp,)” oz P,

and

(21)

(22)

(23)

(24)

(25)



A = Zm: log(l—%):—zm: LJFO(Zm:LJ:

2 3
ikl i i=k+1 P i—k+1 P

_ -2 _ 1Jro(loglog pm]
JPn -(logp, )" logp, ))

Next let’s see A,. By (15) we have

1) 1 1) 1
log|1-— |[+— |=b,—y= Y |log| 1-= |+=|. (27
p;‘m[og( p]+ p] ’ p;m(og[ pj+ pj 7

And it is clear that

(26)

1 1 | 1
log(l——} —|=-) ——+—=
p) p ;J-p‘ p
1 1 1
:‘2p2+$+---+ P p +---‘S (28)
S 2_|_L3_|_ .+L+...‘= 1
P> p p’ p-(p-1)
So we have
-3 (log(l—lp]—klpjé >, 5 (;_1)<
P>Pm P>Pm (29)
1 1 1 1 1
S = —_— :—:O —_—
n>zpmn (n-1) n;pm(n—l n) n (pmJ
By (14) we have
m 1 m 1
AB:Z——Z log(l——j+— =
i=1 pi i=1 i pl
:loglogpm+bO+E0(pm)—(b0—y—Z(log(l—lpj+%D: (30)
P>Pn

=loglog p,, + 7 + Eo(pm)+0[pij.

From (23), (26) and (30) we have



logF(/TO)=loglog P, +7+ Eo(pm)+
loglog p,, ]] (1)

—4
\/7 1 3/2 (1 + O( 1
pm -10g pm 0og pm

and hence we have

(efy . F(Z())):log P '(H Eo(pm)_m—’_‘g(pm)J ,

O(Eg ( P )) . Therefore we have

where 8( P )

(&7 -F(&))-exp(e” F(2))-

lo +1) _
=p,, -logp, - [1+(logpm+1 o (P ( 8P +1) e(pm))}

\/710g3/2 P,
where é(pm):O(log2 pm-Eé(pm)).

This completes the proof of the theorem 1. []

3. The estimate of (logC,,_, —logC; )

We get

Theorem 2. There exists a number m, such that for any m >m, we have

logC,  —logC! = \/ppm _l:;[; ( pmp‘ P J~(1+ E(p,). (2)
m-1" m-1 m-1

~ 1
where E(pm)_o[log pm]. (33)

Proof. From (9) and (10), we have
logC,, ,—logC, |
:(exp(e 4 F ) log n’)—(exp(e_V-F(/TO’))—log n(’)):

:(exp e*V-F ﬂ —exp(e*y-F(Zg)))—(logn'—logng)z
=R —R,,

(34)



where
R :(exp(e’y -F (Z’))—exp(e’7 -F (ﬂ_,(;))), R, =(logn'—logn;). (35)
Let’s see R,. We can write as

(-R)=(exp(e” F(%))-exp(e " F (¥

=exp(e‘7 . F(Z,))’{exp(ey-F(Ié))lj (36)

exp(e_7 -F (/T’))

|
N—"
——
~—
Il

and here we have

(37

By the Taylor’s expansion of the function log(1+x) (0<x<1), (5) and

(12), for any i (1<i<k—1) we have

2
AR+l A+ Al A+
_(k)'[ :‘311 41%1 1}_(_;)'[ :0)11 /1,?:1 IJ +
Pi '(pi - ) Pi '(pi - ) (38)



2
SR R N O I
4 —— | | + n
(pf“-(pfl) 2 (P (pi-1) AlP.)

where ﬂl(pm)_o[k'[ p/i 1 — pA! )] } 59)

B (1

Hence we have

2
F ( _(;) p_z1-°+1 _ pAet K> p',14°+1 _ pi
_ — k . i i - i i _
(F( ,)J 1+( ) [plﬂ,,%l.(plﬂ,#l_l) + 2 pi,11-°+1_(pi11-'+1_1)

_@. piz1-°+1 . pi/11-'+1 ? . pizi'+1 _ pi +l, piz,-'ﬂ . pi ? ~
2 (=) ) (e -1) )2 e (R 1)
[ 2

A+l
Pi—pi)J +B/(Pa)= (40)

0 3
, plﬂ1 +1 pi/11-'+1
where /(p,)= O[k3 [ p.ﬂ"o“ ( v _1) . (41)

From (40), the expression (37) is

log[exp<67 -F (%’))J_(ey ' F(Z'))'L F(_(;)

exp<e’7 -F (Z’))

A+

(erF (z')).[(k).[ k (pﬁf’ﬂl)} @)

Pi

2
(k)-(k=1) | pf = pi pi! — b :
* 2 piif’ﬂ ( i/Ii'+1 _1) + i/l{+1 ( pf _1) + ,6'1 ( pm)




and so we have

ol N 2

exp(e_7 -F (I’)) pi! ( pit—1

2
kz ) 2 pizi°+1_pi,1{+1
+7-(e V.F(ﬂ )) -[pﬁm_(plz.’ﬂ_l)J +
2 2
e (a) P (7 F(%)) | P b
e F ) {lo.’"'“-(piil)J+ 2 p?"”-(piil) '

+(k)'(k_1),(ey.|:(,?)).[ P = i )J +5/(Pn)

7 piﬂ1—°+1 ( piA1'+l 1

(43)

where /5 Pm)O[k3 {e7-F (7)) [ A )} J (44)

pi,11-°+1 ( pi/11-'+1 -1

Hence we have

(-R)=exp(e” F (Z’))-[eXp(ey - (i})) -1} -

exp(e’y -F ( '

_ exp(e—y E (Z’))[(k)(QV -F (Z’)) plﬂ.ef(;fﬁfﬂl)J*_

2
k> ) 2 pi/1i°+1_piz1-'+1 ) - pizi'ﬂ_pz
ER '[pﬁ“-(pf’“—l) e ))'{pﬁ“-(pskl)}
2
L (or e (7| P =P
+5.(e y'F(/l )) .(pl/l,’n_(pfil)J +

+(k).(2kl).(e7.F(Z,)).[ oA+ _ pe )} +ﬂ{’(pm)}

P 1

(45)

10



From (12), since (e"yF (Z’))-exp( F( )) pit—1 (I<i<k-1),

R e i Y e A W
(_Rl)—(k)'{ pA ! + P . p; -1 ’
K2 (e—7 -F (/T’)) ( pi/1i°+1 _pji ]Z X

T () p!

L (p 1) (67 F(7) (g —p Y

2 ( pi 1 ] '
K)-(k=1) [ pA = pirt Y

l( )( )[p| Pi ] + lm(pm)9

2 (p-1) Uop

we have

(46)

+

where

ﬂlﬂ( pm) = exp(e_7 : F ) 181" pm

Ao
-1 pf*“

Next let’s see R, . It is not difficult to see that for any i (1<i<k-1)

Y S
(-R,)=(log n(')—logn'):log( DI% 322 p;; pk+11 plm—l]:
Pt P Pl Pt P

A4 A+l A0+1
=(k)-log p'ﬁq — |~ log P +log P |-
Pi P P

Al A+ A+l 52
:(k)-log(H—pi pyfi j+log(l+—pi > ka: (48)
i k

04 L O+ [+ 2
OO  l- L
p " 2 p
' 2

11



p_zi°+1 . p@-’ a0\
where f, ( P ) =0| k [T] . (49)

Therefore we have

(-)-(logC,., ~logC;,)=—(R ~R,) =

ARl A+ A+l A+l a2
SO il Y il il
p P P —1

+(k_2),(e7-F(I'>),(pw 5 ]

2) (pf-1) p

(b 1) (e-y-F(Z')),( i~ b ]

+

P —1

1
2 pi pi!
2
1 (k)-(k=1) ((pA—pf )
2 (pfior) [ p + AP )~

2
ARl K+ Al A
_(k){pi ’ ?k—l J—'—[Kj'[pi , F:i ] .
e 2 p

2

Aa_n2) 1 (A2

_(pl p2 ka+E'[pl pz pk] _ﬂZ(pm)' (50)
K k

_l_

Here the term without K in its coefficients is

1 (p-1) (e7F(2)) [ P - py T N

2 p p p -1
A+l '+ LS A 2
(P =) pi—p2 (pF—p2) 1 (pf i =p)
+ A+ 2 2 + 2 -
P; ( Py —1) Py 2 Py

(D

1 iﬂ1’+1_ 2\’ pi}ﬁ'“_l e‘V.F(Z') 2 )?
:E'(p p; pkj '[( p 8 i )'(pgk—ll )
o= (R )
{ p: ][ p (p-1) Y

12



1 p¥ - p ’ pi -1 e‘V-F(Z’) ;)
:E(pp—ska -[1+( pf*'” )( pi/li'+1 )(plfpk_lJ }-’_
(W”—pi (P 1) pi-p (P )
+ ' )
p? P (P -1)

1 (=g [ (R ) (e_y'F(ﬂ_')), o2 )
- 2 1+ A+l A+l 2 +
2 p; p; P, p; -1

, 2
e B B _

o pi ™+ (pe-1)

2

_k p.’"” p?”

where

2 0 L N2
1 plﬂ{ + p2 Iﬂ1 1 iﬂﬁ-l
al(pm):E'[ pz : ) p p/li'+1p X
k i

X[H(p@1),(ey~|:’(/7')),[ P ]2+ .’2-p§21)]= (52)

pi/11-+1 piﬂi+1 plf _1

_o| [lgP |
Pr

and the term with k in its coefficients is

k,[ pi ! - pﬁ*’“]_k,( pi — pf “J K [ p - pf “] _
3 i )2 e

L pizi0+1 _ pix;+1 B pizfﬂ _ piﬂ; +1 K 4°+1 _ pl/l, +1
piﬂq_oJr1 pl,11' +1 2 pl/l, +1

=_k.(piz,“+1 _ pi/11'+1)2 +5[ pigq_m plﬂﬁ +1] _

041 74l [ |
pittpt 20 p

0 ’ 2 !
:_E[u] '(2'£‘lj:
2| b

(53)

13



2
A+l _ oA+ A A
:_E{B_jg?_}.@—zﬂg_$ﬁ_ﬂz
2 P o

2
k i/11-“+1 _ i/11-' +1
:_E{B_Eg;_l.@+%(m»,

A4 A+
where %(pm)=—2'%=0(%

> j(0<<9<1/2). (54)

And the term with k? in its coefficients is

k_Z.(e”F(Z')).{ i Jzﬂ (k>~<k—1).( o g ] i

2 ( pizm _1) pizim 2 ( pizi'+1 _1) pi/11-0+1
e (pop Y (e F() ke
_7[ o) ) () )

pizi'ﬂ pizi°+1 ( piﬂ;+1 _1) + k ( piz;+1 _1)

k_[pp pﬁﬂ}[@y-F(m) -1 J
2

0 , 2
k [P —pi
:E'[T -y (Py),

where

And we have
A+ A+l 2
ﬁr(pm)—ﬂz(pm){gj-(pipTP'j Fu(pn). 67

where S,(p,)= O(L&J (0<6<1/2) . Hence we have

m

14



where

lg(c_jh(
C.., 2

aO(pm):aZ(pm)_al(pm)_a3(pm)+

+ﬂ;’(pm)—ﬂ2(pm):o[%j-

A+ A+
Pi — B

! 1
P

J -(1+a0(pm))

Pm

On the other hand, by (11) and (12) we have

|
P = p, -log Py -1+ (Pn))s el(pm)=0( j

and

log p,

iy 1
A N L e e

and

Hence

where 84(pm):O[

where

/ [ loglog p,
k=2 |[—=—(1+&(P,))s &(Pn, :Oﬂ—————
log p,, ( o )) >(Pn) log p,

041 '+1
piﬂ1+_pij1+

log p,,

J+1
pi/L "

log p,,

logC,, , —logC,

( pm - pm—l)

pm—l

_ P — P '(1+84(pm)):

J . From this we have

2

]
i

pm B pm—l

) \/pm—l lOg pm—l

-(

pm—l

15

2
k _A1-°+1 _ At
= (u} .(1+a0(pm))=

j’(HﬂO(pm))-

j.

(58)

(39)

(60)

(61)

(62)

(63)



1+ﬂo(pm):(1+€1(pm))'(1+52(pm))2'(1+0‘0(pm)>:

| (64)
=1+0 .
[log pmj

This is the proof of the theorem 2. []

4. The estimate of (p, - p,_,)

We have

Theorem 3. There exist a number m, such that for any m>m, we have

(P = Pot) = O(/Pys -log™ Py ). (65)
Proof. It is easy to see that
logC, —logC! :( xp(e’y-F(Z))—logno)—(exp(e’7-F(Z))—logni)z
(exp (e7-F(%))-exp(e” - F(Z )))—(logné—logn’)+
eXp e’ -F(4 ) (e / F(’TO)))_

(exo(e”-F(%)
(exp ey F ) exp(ey F( ))):
=(

logC,_, —logC, )+R,,

+

(66)

where
R, =(exp(e_7 F(%))-exp(e” F(_(;)))—
~(exp(e7-F(Z))-exp(e” - F (7))
On other hand, by (18) in the theorem 1 we have

(ole”-(R)-le” ()
—exple7-F (7)) [exP(e (7). j‘lJ: -

(67)

16



m

L (7R (3))-emle” F (2))x

{oer i s ol

o)) exp(e” F(%)))-[no(log_pm

=

:me'((e_y'F( Py

(log P +1)

=log pm-(lJr(log pm+l)~E ( \/710g3/2 . +®1(pm)],

where O, (p,,)= O(log2 P - Eo ( Py ))

And we have

exp(e” -F(7'))- (exp[e (X)) 1 }1]:

:M'log pm—l .X(1+(10g pm—l +1) Eo(pm_l)_

4-(log py_; +1) +0,(p —1))

B \I pm—l 10g3/2 pm—l
where ©,(p,_, )= O(log2 Pt Eo (P )) :

From this we obtain

(log P +1)
R, =log pm-(1+(log pm"‘l)' ( \/— 3/2
log™” p,,

pm_1 ' 10g pm—l
—ml o Tml (]
P ( (

4-(log Py + ) +0, (Pyy)) =

3/2

P log p,

log pm—l +1) EO ( pmfl)_

=pL.( F(%))-exp(e- F(’m)'[Ho(bi—mmD:

)

l(pm))_

=(log Pn —%dog pm_ljﬂog P -(log p, +1)-E, (P, ) -

m

17
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(70)



_M.(log P +1)' E, ( pm—1)+

Pm
4 log p,, - (log P +1)  Puaclogp, 4-(10g P +1)
Jpy log"? p, P Py log p,
1
+10g pm '®l(pm)_%'®2(pm—l)‘

Here we have

log pm pFr)n - IOg pm 1 = log pm [1 pm pm IJ IOg pm—l =

m

(log Pm _log pm 1 ( — P

:log(1+ P pmlj ( p’“jlogpml

pm—l

_PuPa 1 [pm pmlj {pm—pm_lj.logpml:
Prt 20 P P

=P ZPost gogp o (py).

m-1

where rl(pm):1+0( ]:0(1).

log p,,
By (14) it is true that

( i%—loglog P, —b, =
i=l1 i

[ ——loglog Py — bj—loglog p,, +loglog pm_1+L=
P

log p 1
=E T —.
(pml) (log pm_lj—l— pm

Hence we have

18
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1
log p, -(log p, +1>-Eo(pm)—w«mg P +1)-Ey (P ) =

m

= lOg pm (IOg pm +1) EO ( pm)_log pm—l (log pm—l +1) EO ( pm—l)+

( o p - lllog P -(log Pt +1)' E, ( pm-l) -

m

=log p, -(log P, +1)-(Eq (Pn) ~Ey (Pt ) +
+(10g pm (log pm+1)_10g pm 1 log pm 1+1 ) EO pm 1
)

[pmppmljlogpml (logpm1+1) (pml

m

=log pm.(log pm+1).(—log( log py j ) ]+

log pm 1
+(10g P (log P +1)_10g P (IOg P +1)) EO ( pm—1)+

( o p - lllog Prm-i -(log P +1)' E, ( pm-l) -

m

(pmp Po- ‘jlogz Pt 6 (Pn)

-1

1 1
where I, (p,)=0 + =0(1).
2( ) [pm_pml logpmJ ()

Next, it is clear that

4-log p,,-(log p, +1) p, -logp, ., . 4-(log py_, +1) _

P log’? p,, P P log®”? poy

=M~log pm_1 'r3(pm)’

m-1

and

-1
log pm.@)l(pm)_w.gz(pm_l):

m

:m-log pm—l’r4(pm)

m-1

log p 1
where r,(p,,)=0 = | and r,(p, :O( ]
(o) -0[ ®E22 | am )0 .

19
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(74)

(75)



Therefore we have

R, = P =Pt joe2 p 0y (Pn)> (76)
m-1

1
log p,

where 8, (P, )="1(Py)+

‘(ﬁ(pm)+r3(pm)r4(pm)>:()(1).

On the other hand, since C, <C_ we have
0<(logC,  —logC; ) <R,. (77)

Thus from the theorem 2, we have

Pm = Py P = P
prerrs el (U

(pmp Po- lj 10g2 P '50(pm)-

-1

(78)

Therefore we have

(P~ Po)=O(VPyy -log™ by, ). (79)

This is the proof of the theorem 3. []

5. The estimate of E,(p,)

We get

Theorem 4. There exists a number m, such that for any m >m, we have

Eo(pm)=0[l°jp—pm]. (80)

Proof. Since

F(%):F(})-[HLJ, (81)

we have

20



4
log pm.[l—i_ Eo(pm)—m+g(pm)]:

4 1
=log P, '[H Eo(pm_l)—m+€(pm_l)]'(ﬁp—]-

From this we have

(82)

1
log pm 'EO(pm)_log pm—l '(1+p_}'E0(pm—l):

m

= _(log P —IOg Py _%j-i_ (83)
p

4 log p,._
+———| logp, —logp,  ———" |+
\ Pm 10g3/2 P ( &P & P P ]

1
+10g P '8(pm)—10g P '(1+p_j"9(pm—l)'

m

From (73) the left hand side of (83) is

pLJ.EO(pm_I):

m

1 1
=log pm'(EO(pm—l)_log(me}-’_ J_

log pm—l pm

log Pm 'EO(pm)_log Pt [1+

1
—log p,._, '[1 +p_j E, ( P ) = (34)

lo
= (log pm - IOg pm—l - gppm_l j EO ( pm—l ) -

IOg pm—l pm

On the other hand, here we have



~log p, -| log (log_pmj LN —(log P, —log P, _log oy j+
log Py ) Pa D,

+(log P, —logp,, — logppml J.[log ?gg_éog Pry }r (85)
m m-1
log p,, —log p,,,
41 m 8Pt | L A(p,) |,
oxp, [2( 8B | o(p,)
! ! 3
where A( pm) = O{[ 08 F:gg_pog P j J ) (86)
m-1

And we have

1
log P '8(pm)—10g P '(1+p_j'g(pml):

m

2 (87)
=0 [log Pm _log P j )
10g pm—l
So from (83) we have

1
(log pm —IOg pm—l - °8 pm lj (pm 1)

lo lo lo
_[lOg pm_log pm—l gpml] [ g?;n)gp gpml}
m-1

_log P, - [ (log P —IOg P IJ J (88)
2 IOg pm 1

g pm 1
—[lOg pm 10g pm 1 j
VP log Dm

2
x(log P, —log p, _logpﬁ}ro(( log Fl’(r:g—;()g pm—lj J
m m-1

Now if we would exactly write not only the term with E ( Pr ) , but also the

term with E; (p,,)and more E; (p,, ), and would repeat above process, then
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log pm—l

m

we would have (log P, —log p,_, — ] in the every term.

So we will eliminate it from both hand sides of (88). Then since

-1
lo
(10g P _1Og Py ) [log P _log Prn-1 _%j =

m

1 5 (89)
Og pm—l
( pm (IOg pm _log pm—l)] ( )
and
IOg P _log Prm_i — 1 10g(1+ Pmn — P IJ
log p,, log p,, Pt (90)

— 1 'pm_pm—l. 1+O[pm pmlj
lOg pm—l pm—l pm—l
by the theorem 3 we have

log” p
E,(p,)=0| & En |, 91)
(P) (WJ

This is the proof of the theorem 4. []
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