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e — differentiable 4-(pseudo-)manifold
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e SR+GR: construct spacetime from set theory

e start with X = set of points, no distances between
points, angles, etc. defined

e N0 absolute simultaneity = “time is not absolute”

e add properties to X that satisfy theorems

e — differentiable 4-(pseudo-)manifold

e point particle in space — w:World line in spacetime

e point in spacetime — spacetime “event"
e SR: spacetime = w:Minkowski space

e GR: spacetime = a solution of the
w:Einstein field equations

=

0-M-[Al-[B -lcal-ic - X |- [7y -[t+ [w— -1z - @y -tc - [Penl- [B+ - PBI-twi-[uk - pF -[[[p]|]|-E=m -[E=p-[SR  SR+€GR —p1



http://en.wikipedia.org/wiki/World line
http://en.wikipedia.org/wiki/Minkowski space
http://en.wikipedia.org/wiki/Einstein field equations

SR: Minkowski spacetime L

O

(0.0)

p at (x,y), distance from observer at O is d

=

0-M-[Al-[B -lcal-ic - X |- [7y -[t+ [w— -1z - @y -ftc - [Penl- [B+ - PBI-twi-[uk - pF -[[[p]]|-E=m -[E=p-[SR  SR+€GR v -p2




SR: Minkowski spacetime

) \
p - le
\ - ‘/ p—
\Q( ‘\” ( Py’ )

cosf) sinb Dx
—sinf cosf Dy

09

p at («,y), distance from observer at O is d = unchanged

=

0-M-[Al-[8 -kal-i¢c-[Z¢ -7y [t+ -[x— -1z -[@y -fc -Pen - B+ -PB- 1w - [ul - [pH -[||p||- E=m|-[E=p|-[SR  SR+€GR

— pz



SR: Minkowski spacetime L

t
"o
| (X,1)
|
v/ |
|
|
O |
X
(0,0 !
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where (As)? = —(At)? + (Ax)?
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() =n ()

units: A only makes sense if same units for z, ¢, 2/, t/

A¢) =

Definition: 1 m := (1/2.99792458 x 10%) s ~ 1078%° s ~ 3 ns
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b4 o
cosh¢ = < —|—2e
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( cosh ¢ —sinhgb) siih ¢ := 7

, w:hyperbolic function
—sinh¢ cosh ¢

() =n ()

units: A only makes sense if same units for z, ¢, 2/, t/

A¢) =

Definition: 1 m := (1/2.99792458 x 10%) s ~ 1078%° s ~ 3 ns

L .
speed of light in a vacuum = ¢ = 2.99792415§><10 m

L 15 — 1 (dimensionless)
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What is ¢ ?
observer B has worldline (2/,¢") = (0,t)

In A’s coordinate system, B’s worldline is:
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t t’ t' cosh ¢
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SR: rapidity ¢ vs velocity 5
What is ¢ ?
observer B has worldline (2/,¢") = (0,t)

In A’s coordinate system, B’s worldline is:

I R N 0\ _ t' sinh ¢
t t’ t' cosh ¢
= ¢ = t' sinh ¢ = ttanh ¢ = Gt

where velocity 5 :=v/c = v = tanh ¢
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SR: calibration
Where does (2/,t') = (0,1) lie for observer A?
Where does (z/,t') = (1,0) lie for observer A?

~ constant distance
X" d=1from (0,0)

(0,0) 1] s
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SR: calibration

Where does (2/,t') = (0,1) lie for observer A?
Where does (2/,t') = (1,0) lie for observer A?
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What happens to a photon under Lorentz transformation?
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What happens to a photon under Lorentz transformation?

Observer A: photon worldline is the set of spacetime
events {(t,t) |t1 <t < ta} for some ty, s
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SR: effect of A on x = t (photons) L

What happens to a photon under Lorentz transformation?

Observer A: photon worldline is the set of spacetime
events {(t,t) |t1 <t < ta} for some ty, s

'\ coshgp —sinho t
t' ]\ —sinh¢ cosho ¢
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Observer A: photon worldline is the set of spacetime
events {(t,t) |t1 <t < ta} for some ty, s

'\ coshgp —sinho t
t' ]\ —sinh¢ cosho ¢

B (cosh ¢ — sinh ¢)t
~\ (—sinh ¢ + cosh @)t
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SR: effect of A on x = t (photons) L

What happens to a photon under Lorentz transformation?

Observer A: photon worldline is the set of spacetime
events {(t,t) |t1 <t < ta} for some ty, s

'\ coshgp —sinho t
t' ]\ —sinh¢ cosho ¢
B (cosh ¢ — sinh @)t
~\ (—sinh ¢ + cosh @)t

= worldline is =’ = (cosh ¢ — sinh ¢)t =t i.e. the set of
spacetime events

{(t',t") | (cosh ¢ — sinh ¢)t; < t' < (cosh ¢ — sinh ¢)ta}

=
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SR: effect of A on x = t (photons) L

What happens to a photon under Lorentz transformation?

Observer A: photon worldline is the set of spacetime
events {(t,t) |t1 <t < ta} for some ty, s

'\ coshgp —sinho t
t' ]\ —sinh¢ cosho ¢
B (cosh ¢ — sinh ¢)t
~\ (—sinh ¢ + cosh @)t
= worldline is =’ = (cosh ¢ — sinh ¢)t =t i.e. the set of
spacetime events

{(t',t") | (cosh ¢ — sinh ¢)t; < t' < (cosh ¢ — sinh ¢)ta}
e photon speed same in both reference frames
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SR: effect of A on x = t (photons) L

What happens to a photon under Lorentz transformation?

Observer A: photon worldline is the set of spacetime
events {(t,t) |t1 <t < ta} for some ty, s

'\ coshgp —sinho t
t' ]\ —sinh¢ cosho ¢
B (cosh ¢ — sinh ¢)t
~\ (—sinh ¢ + cosh @)t
= worldline is =’ = (cosh ¢ — sinh ¢)t =t i.e. the set of
spacetime events

{(t',t") | (cosh ¢ — sinh ¢)t; < t' < (cosh ¢ — sinh ¢)ta}
e photon speed same in both reference frames
Lo w:Michelson-Morley experiment (1887)
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

=
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t t

cosh ¢ — sinh ¢4 x
, — sinh ¢ cosh ¢ t
T

where tanh ¢; = 61 = 0.1
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t t

cosh s —sinh ¢o x’
, — sinh ¢ cosh g9 t/
X

where tanh ¢o = B2 = 0.5

0-M-[Al-[8 -kal-ic-[Z¢ -7 [t+ -[x— -1z -[@y -Ic -Pen - B+ -PBI-tw - [ul - [pH -[||p||- E=m|-[E=p|-[SR  SR+eGR
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

! cosh¢o  —sinh ¢o x’
— sinh ¢2 cosh ¢2 t’
i

where tanh ¢o = B2 = 0.5

=
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

=
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

71 (0,0)

but A(p2)A(¢1) = A(p1 + ¢2)

=
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

A1 (0,0)

() s (1)

but A(p2)A(¢1) = A(p1 + ¢2)

cf. rotation ¢, “plus” rotation 6, = rotation 6; + 6,

=
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

x! ZC,/ X
clia x( o ) = A(¢p2)A (1) ( ; )
but A(p2)A(¢1) = A(p1 + ¢2)

SO B3 = tanh (¢1 + ¢2)

=
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

() s (1)

but A(p2)A(¢1) = A(p1 + ¢2)

h h
SO (33 = tanh (§b1 T ¢2) — 1Trtlan¢ﬁ;5_1t3ar;hq;22
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SR: adding velocities

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

71 (0,0)

() s (1)

but A(p2)A(¢1) = A(p1 + ¢2)
SO 63 = tanh (§b1 + ¢2) — 1%21%2

=
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SR: adding velocities L

Interstellar ark travels at 5; = 0.1 from Sun, sends out
rocket at 55 = 0.5; rocket’s speed 33 in Sun frame =7

t "

71 (0,0)

() s (1)

but A(p2)A(¢1) = A(p1 + ¢2)

SO 33 = tanh (¢1 + ¢p) = 252 = LS~ (57
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SR: Lorentz factor

A: alternative to hyperbolic trig functions

=
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SR: Lorentz factor

A: alternative to hyperbolic trig functions

b | o
cosh¢ = ¢ 4"26

0o

A(¢) =

( cosh ¢ sinhgb) sinh ¢ = "

, w:hyperbolic function
—sinh ¢  cosh ¢

=
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http://en.wikipedia.org/wiki/hyperbolic function

SR: Lorentz factor

A: alternative to hyperbolic trig functions

= tanh ¢

v o= (1-p%)7Y2 =
Lorentz factor

B v = cosh ¢
A(B) = ( oA ) By = sinh ¢
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SR: worldline time dilation L

. cosh ¢

_— e = =\ = =

sinh ¢

=
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SR: worldline time dilation L

. cosh ¢

_— e = =\ = =

sinh ¢

cosh ¢ =~

=
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SR: worldline time dilation

. cosh ¢

(0,0)

sinh ¢

coshp =~ = —2

L V162

0-M-[Al-[8 -kal-lc-[Z¢-7y - [t+ -[x— -1z - @y -ftc - Penl- [+ -PBI-twl- uk - [pH -[||p|| -E=ml-[E=p|-[SR
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SR: worldline time dilation
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SR: worldline time dilation L

worldline “time dilation"
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SR: worldline time dilation

worldline “time dilation"

muons: mean lifetime
2197 ns <« 15 km

X

sinh ¢
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— pg



SR: worldline time dilation

worldline “time dilation"

muons: mean lifetime
2197 ns <« 15 km

X

sinh ¢

time dilation = muons
coshp =v=—=-—=>1 can hit the ground
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢

~(0,0) cosh ¢

v/As%(q,p) = cosh ¢ — Bsinh ¢

=
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢

VAs%(q,p) = (1 - 5%)y
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢
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SR: worldsheet space contraction !

8(/

B sinh ¢ = 3%y

sinh ¢

-(0,0) cosh ¢

VAs%(q,p) =7t <1 worldsheet “space contraction"

=
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SR: worldsheet space contraction !
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SR: worldsheet space contraction !

A1 1 _ cosh ¢ — (G sinh ¢
— 0 sinh ¢ — 3 cosh ¢
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SR: worldsheet space contraction !

At ( 1 ) B ( cosh ¢(1 — 32) )
—f3 cosh ¢( tanh ¢ — tanh ¢)
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SR: worldsheet space contraction !
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SR: worldsheet space contraction !
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SR: worldsheet space contraction !
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SR: worldsheet space contraction !

VAs%(q,p) =7t <1 worldsheet “space contraction"

=
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SR: Doppler shift L
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SR: Doppler shift L

see photon worldline calculation

=
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SR: Doppler shift L

see photon worldline calculation
r" = (cosh ¢ + sinh ¢)t

=
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SR: Doppler shift L

see photon worldline calculation
r" = (cosh ¢ + sinh ¢)x

=
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SR: Doppler shift L

see photon worldline calculation
t' [z = cosh ¢ + sinh ¢

=
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SR: Doppler shift L

see photon worldline calculation
'z =y + By

=
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SR: Doppler shift L

see photon worldline calculation
'z =~(1+0)

=
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SR: Doppler shift L

see photon worldline calculation
t'Jz = 5(1+f) = L2

V152

=
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SR: Doppler shift L

see photon worldline calculation

1 2
o'/ =v(1+0) = \/(1£BJ)F(’Z)+B)
-
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SR: Doppler shift L

see photon worldline calculation
_ _ /140
v fr=~(1+08)=1/123

=
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SR: Doppler shift L

see photon worldline calculation
1+z:=N/A=~(1+08)= /32 redshift

5
=

0-M-[Al- B -cal-c-[Z¢|-7v -[t+ -[x— -z - [Ty - - Penl- B+ -W-W-W-@- [p|l -E=m-[E=p|- SR  SR+eGR V -p.l2




SR: Doppler shift L

see photon worldline calculation

1+z:=N/A=~(1+8)= /15 redshift

=when g <«1,z~pf

=
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SR: relativistic aberration L

y | (o) plane
O
i \90’_\'?3'
pAN
A /// 1
k= P !
/’/9 E X
(0,0,0) cos 6 |
( ____________

(2, y) frame

=
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http://en.wikipedia.org/wiki/Relativistic aberration

SR: relativistic aberration L

y (x,y) plane
O
i \(;0’_\'?3'
P
A /// 1
= e !
/’/9 E X
(0,0,0) cos 6 |
( ____________

(2, y) frame

event B: (x,y,t) = (cosf,sinf, 1)

=
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http://en.wikipedia.org/wiki/Relativistic aberration

SR: relativistic aberration
event B: (x,y,t) = (cosf,sinf, 1)

=
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SR: relativistic aberration L
event B: (x,y,t) = (cosf,sinf, 1)

cos 6
A1 sin 6
1

=
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SR: relativistic aberration
event B: (x,y,t) = (cosf,sinf, 1)

cos 0 v 0 By cos 0/
AT sinf | = 0 1 0 sin #
1 By 0~ 1

=
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SR: relativistic aberration L
event B: (x,y,t) = (cosf,sinf, 1)

cos 0/ v cos b + By
AT sinf) | = sin 6
1 B3y cost +
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SR: relativistic aberration L
event B: (x,y,t) = (cosf,sinf, 1)

cos 0 v(cos 6 + )
A sinf) | = sin 6
1 ¥(1 + (3 cosb)
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SR: relativistic aberration L
event B: (x,y,t) = (cosf,sinf, 1)

J | @) piane
O
| I O
E B
//// | —" E x/
009 (B + cosh)
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SR: relativistic aberration L
event B: (x,y,t) = (cosf,sinf, 1)

Y (%, y) plane
O
i \(;0’_\'93'
S B
D /// 1
k= e !
(0,0,9) cos 6 |
( ____________

(z',9) frame
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SR: relativistic aberration L
event B: (x,y,t) = (cosf,sinf, 1)

0-M-[Al- B -cal-c-[Z¢|-7v -[t+ -[x— -z - [Ty - - Penl- B+ -W-W-W-@- [p|l -E=m-[E=p|- SR  SR+eGR V -p.13


http://en.wikipedia.org/wiki/Relativistic aberration

SR: relativistic aberration L
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e “elsewhere" spacetime events can change from past to
future even though 4 > 0
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L orentz transform of world line

e coordinate time in spacetime model # time in your
brain (thinking)

e 4L can be positive or negative, \ arbitrary real
D)
parameter

e “elsewhere" spacetime events can change from past to
future even though 4 > 0

e W:proper time 7 := time along a worldline measured by
clock following that worldline

e often dr iIs useful for integrating
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SR: pole-barn/ladder paradox L

e ladder of length 29.9y ns, garage length 30 ns
e instantaneously close front + back doors
¢ 29.9v ns /v < 30 ns = OK
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SR: pole-barn/ladder paradox L

e ladder of length 29.9v ns, garage length 30 ns

e instantaneously close front + back doors

e ladder frame: garage 30/~ ns long <« 29.9v nsl!

Is this possible or not? Make a spacetime diagram.
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SR: pole-barn/ladder paradox L
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SR: pole-barn/ladder paradox L

@ w:Ladder paradox
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SR: twins paradox L

t
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Ay
xr
(0,0) , Ay =(L,0)

simply connected Minkowski

=

0-M-[Al- B -cal-c-[Z¢|-7v -[t+ -[x— -z - [Ty - - Penl- B+ -W-W-W-@- [p|l -E=m-[E=p|- SR  SR+eGR V -p.20




SR: twins paradox L

t

holonomy g

—
wdentify spacetime events
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SR: twins paradox L

:
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SR: twins paradox
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SR: twins paradox

Roukema & Bajtlik 2008, MNRAS, 390, 655
arXiv:astro-ph/0612155

e helps understand w:Ehrenfest paradox
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (t,z,y, 2)' coord system
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (¢, z, y, z) coord system

e IN (t,z) Spacetime
2-plane, extend from
ncalar speed ( to
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (¢, z, y, z) coord system

(uhou®) = (), ()
w:four-velocity

e in (t,x) Spacetime
2-plane, extend from
scalar speed (§ to

pacetime vector =
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (¢, z, y, z) coord system

(uhu®) = (), Fx ()
w:four-velocity

similarly (ul', u®) =

d d
R (3t'(7), 772 (7))
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for

observer with (¢, z, y, z) coord system

w:four-velocity

similarly (ul', u®)

e IN (¢,z) Spacetime
2-plane, extend from
scalar speed (§ to
spacetime vector =

ngent to worldline
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (¢, z, y, z) coord system

(uhu®) = (et (), ()
w:four-velocity

similarly (ul', u®) =
(¢ (7), 52/ (1)) = (1,0)

want « Lorentz Invariant =
(uf, u?)t = A7H(1,0)F

e in (t,x) Spacetime
IL2-plane, extend from
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (¢, z, y, z) coord system

' | (W' u®) = (), g (T))
g w:four-velocity

similarly ~ (u, u®) -
(3t'(7), gr2'(1)) = (1,0)

—

want « Lorentz Invariant
= (W) = A7 L,0b =

v(1,8)*

e IN (¢,z) Spacetime
2-plane, extend from
scalar speed (§ to
spacetime vector =

ngent to worldline
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SR: four-velocity, four-momentum *

choose z axis so that 3-velocity ugaijean = (3,0,0)T for
observer with (¢, z, y, z) coord system

e IN (¢,z) Spacetime
2-plane, extend from
scalar speed (§ to
spacetime vector =

ngent to worldline

(uhu®) = (), Frx ()
w:four-velocity

similarly ~ (u, u®) -
(3t'(7), gr2'(1)) = (1,0)

want « Lorentz Invariant

= (W) = A7 L,0b =
v(1,8)"

aD: i@ = (1, 6%, 8Y, 67)"
notation in this pdf:

—

@ = 4-vector, g = spatial
component
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SR: four-velocity, four-momentum *

Is the 3-component (spatial component) of « the same as
the non-relativistic velocity?
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SR: four-velocity, four-momentum *

Is the 3-component (spatial component) of « the same as
the non-relativistic velocity?

B = L(z,y,2)T
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SR: four-velocity, four-momentum *

Is the 3-component (spatial component) of « the same as
the non-relativistic velocity?

B = L(z,y,2)T

=75 (zy,2)"
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SR: four-velocity, four-momentum *

Is the 3-component (spatial component) of « the same as
the non-relativistic velocity?

B = L(z,y,2)T

=75 (zy,2)"

+ %(w,y,z)T exceptif =0 ~v=1

=
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SR: four-velocity, four-momentum *

momentum: 7 := ma = my(1, 5%, 59, 5*), where m =
constant w:invariant mass

T ...=tensor-style component notation, not powers
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SR: four-velocity, four-momentum *

momentum: 7 := ma = my(1, 5%, 59, 5*), where m =
constant w:invariant mass
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SR: four-velocity, four-momentum *

momentum: 7 := ma = my(1, 5%, 59, 5*), where m =
constant w:invariant mass

What does the time component of momentum = p® = m~
mean physically?

e first look at spatial component in a given ref. frame
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SR: four-velocity, four-momentum *

momentum: 7 := ma = my(1, 5%, 59, 5*), where m =
constant w:invariant mass

Bp=mk(r,y,2)"
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SR: four-velocity, four-momentum *

momentum: 7 := ma = my(1, 5%, 59, 5*), where m =
constant w:invariant mass

Bp=mk(r,y,2)"

= my3(z,y,2)T

=

0-M-[Al- B -cal-c-[Z¢|-7v -[t+ -[x— -z - [Ty - - Penl- B+ -W-W-W-@- [p|l -E=m-[E=p|- SR  SR+eGR V -p.23



http://en.wikipedia.org/wiki/invariant mass

SR: four-velocity, four-momentum *

momentum: 7 := ma = my(1, 5%, 59, 5*), where m =
constant w:invariant mass

Bp=mk(r,y,2)"

T

= my3(z,y, 2)

T m%(x,y, 2)V exceptif 3=0<~y=1

=

0-M-[Al-B lcal-ic-[EP|- [y -[t+ -[x— -1z -[xy -G - [Pen-[B+ -[PBl-twl- wH - [pH [[[p]|||-E=m|-[E=p|-[SR  SR+eGR ~p.23



http://en.wikipedia.org/wiki/invariant mass

SR: four-velocity, four-momentum *

let us define 4-acceleration, 4-force
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SR: four-velocity, four-momentum *
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SR: four-velocity, four-momentum *

a.—dTu

=
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SR: four-velocity, four-momentum *

— _i—»

a _dTu

B)7 — d° (3) 7
4= qrz ¢
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SR: four-velocity, four-momentum *

—»._i—»
a:= g
3)» __ d’ T
()a—de(a:,y,z)
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SR: four-velocity, four-momentum *

@ f:=mWa defn w:four-force
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SR: four-velocity, four-momentum *

QL
|
Sl
]

m Wg  defn w:four-force

Sl
S T
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]
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SR: four-velocity, four-momentum *

—m Bz  defn w:four-force

=

0-M-[Al-[8 -kal-ic-[Z¢ -7y [t+ -[x— -1z -[@y -Ic -Pen - B+ -PB- 1w - [ul - [pH -[||p||- E=m|-[E=p|-[SR = SR+eGR



http://en.wikipedia.org/wiki/four-force

SR: invariance of Wy, Wq, Wy

Euclidean norm: ||Z]|2 = 3 (z#)?

L

=
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SR: invariance of Wy, Wq, Wy

Minkowski pseudo-norm: ||Z]|* = 3= nu otz

=

0-W-IAl-B -lcall-ie - By [t @ — 1z @y ke Penl- B+ - PBl-wi-lu - [pk (| pl]|-[E=ml-E=p]- SR SR+eGR V -p.25



SR: invariance of Wy, Wq, Wy

Minkowski pseudo-norm: ||Z||? = n,,, 2" "
w:Einstein summation sum is implicit
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SR: invariance of Wy, Wa, Wf

Minkowski pseudo-norm: ||7||? = —zY2° + 6;;2'27

0;; = 11fi =4, otherwise =0; 7,5 € 1,2,3

invariance: ||7]|* = same in all reference frames

sign convention: (—,+,+,+) or (+,—, —, —) are common

=
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SR: invariance of Wy, Wa, Wf

Minkowski pseudo-norm: ||7||? = —zY2° + 6;;2'27

0;; = 11fi =4, otherwise =0; 7,5 € 1,2,3

invariance: ||7]|* = same in all reference frames

sign convention: (—,+,+,+) or (+,—, —, —) are common

non-rest frame: ||]|* = —v* + v*3?
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SR: invariance of Wy, Wa, Wf

Minkowski pseudo-norm: ||7||? = —zY2° + 6;;2'27

0;; = 11fi =4, otherwise =0; 7,5 € 1,2,3

invariance: ||7]|* = same in all reference frames

sign convention: (—,+,+,+) or (+,—, —, —) are common

non-rest frame: ||u]|? = —* +7?3* = —

=
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SR: invariance of Wy, Wq, Wy

Minkowski pseudo-norm: ||7||? = —zY2° + 6;;2'27

0;; = 11fi =4, otherwise =0; 7,5 € 1,2,3

invariance: ||7]|* = same in all reference frames

sign convention: (—,+,+,+) or (+,—, —, —) are common
non-rest frame: ||i]|?> = —2 + 723? = —

rest frame: ||@]|* = —1% + 0% = —1 invariant

=
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SR: invariance of Wy, Wa, Wf

Minkowski pseudo-norm: ||7||? = —zY2° + 6;;2'27

0;; = 11fi =4, otherwise =0; 7,5 € 1,2,3

invariance: ||7]|* = same in all reference frames

sign convention: (—,+,+,+) or (+,—, —, —) are common
non-rest frame: ||i]|?> = —2 + 723? = —

rest frame: ||@]|* = —1% + 0% = —1 invariant

similarly: ||@||2, || f]|? invariant
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SR: energy: varies with ref frame L

Newtonian K = (1/2)m/3? = 0 in rest frame
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SR: energy: varies with ref frame L

Newtonian K = (1/2)m/3? = 0 in rest frame

4-force f is invariant, but
3-force usually defined to be frame-dependent:

3-force := LB #£ L0y
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SR: energy: varies with ref frame L

Newtonian K = (1/2)m/3? = 0 in rest frame

4-force f is invariant, but
3-force usually defined to be frame-dependent:

3-force := LB #£ L0y
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SR: energy: varies with ref frame L

In (z,t) frame,
K = work done
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SR: energy: varies with ref frame L

B2 (3)]? 3
In (z,t) frame, = / — - dx
K = work done o7
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SR: energy: varies with ref frame L

| B2 (3)]? 3
In (z,t) frame, = / — - dx
K = work done 82 d !
_ / — B)g.az
o dt

=
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SR: energy: varies with ref frame L

In (z,t) frame, / —f
K = work done !
.

d
d_ m3y)dx

(assume ®)f/7 | 7)

=
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SR: energy: varies with ref frame L

In (z,t) frame, = /
K = work done .3, d 0
I

~Jo At

=
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SR: energy: varies with ref frame L

B2 (3)]?
In (z,t) frame, = /
0

K = work done .3, d !
J

B2
monde =m [ d(o)s

- dx

=
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SR: energy: varies with ref frame L
B2 (3)]?

In (z,t) frame, = — - dz
K = work done s, 4 o7 B2
= [ omemdz=m [ d(s)s
0 0
B2
=m B(Bdy + vdp)

=
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SR: energy: varies with ref frame L
B2 (3)]?

In (z,t) frame, = — - dz
K = work done s, 4 o7 B2
= [ omemdz=m [ d(s)s
0 0
B2

=m B(Bdy + vdB)

=12
= m/ 1 (8% +~72)dy <= dy = By°dp
Y=

=
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SR: energy: varies with ref frame L
B2 (3)]?

In (z,t) frame, = — - dz
K = work done s, 4 o7 B2
= [ omemdz=m [ d(s)s
0 0
B2

=m B(Bdy + vdB)

V=72
= m/_1 (87 +77H)dy < dy=67°dp3
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SR: energy: varies with ref frame L
| B2 (3)]? 3
In (x,t) frame, — — - dx
K = work done .3, d o7 B2
[ Gmandr =m [~ agms

I
=m [ B(Bdy+~ydB)

Y="72
m/1 6+’V )dy < dy = 8y°dp3
7

V=2
=m d~y
=1

=
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SR: energy: varies with ref frame L

| B2 (3)]?
In (z,t) frame, = — - dz
K = work done s, 4 o7 B2
= [ omemdz=m [ d(s)s
0 0
B2

=m [ B(Bdy+~ydB)

Y="72
m/1 6+’V )dy < dy = 8y°dp3
7

V=72
:m/ dy =mvy —m
=1

=
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SR: energy: varies with ref frame L

| B2 (3)]?
In (z,t) frame, = — - dz
o 7

K = work done .3, d
J

B2
monde =m [ d(o)s

I
=m B(Bdy + vdB)

=12
= m/_1 (87 +77H)dy < dy=67°dp3

V=72
= m/ dy =mvy —m
v=1

= K +m = m~y drop “"

=
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SR: energy: varies with ref frame L

| B2 (3)]?
In (z,t) frame, = — - dz
K = work done s, 4 o7 B2
= [ omemdz=m [ d(s)s
0 0
B2

=m B(Bdy + vdB)

=12
= m/_1 (87 +77H)dy < dy=67°dp3

V=72
= m/ dy =mvy —m
v=1

= K +m=m~y=p"

=
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SR: energy: varies with ref frame L

B2 (3)]?
In (z,t) frame, = — - dz
K = work done s, 4 o7 B2
= [ omemdz=m [ d(s)s
0 0
B2

=m B(Bdy + vdB)

=12
= m/_1 (87 +77H)dy < dy=67°dp3

V=72
= m/ dy =mvy —m
v=1

= K +m =my=7p"
so pY = kinetic energy + rest mass

=
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SR: energy: varies with ref frame L

Does small g limit agree with Newtonian K?
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SR: energy: varies with ref frame L

Does small g limit agree with Newtonian K?

momentum time component:

P’ =my=m(1- %717

=m[l — (1/2)(=5%) + O(8Y)] if B < 1

=
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SR: energy: varies with ref frame L

Does small g limit agree with Newtonian K?
momentum time component:

P’ =my=m(l— 3%
~mll+(1/2)5%if B« 1
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SR: energy: varies with ref frame L

Does small g limit agree with Newtonian K?

momentum time component:

P’ =my=m(l-§*)"17

~m+ (1/2)mB? if 3 <« 1
Yes.
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SR:p.... Invariant or not? L
momentum: 7 = m~y(1, 5%, 59, 3*)*

P =m+ K =mny

=
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http://en.wikipedia.org/wiki/invariant mass

SR:p....Invariant or not?
momentum: 7 = m~y(1, 5%, 59, 3*)*
po =m+ K = mvy
non-rest frame: ||i]|? = —? 4+ 723% = —1

rest frame: ||@]|* = —1 4+ 0* = —1 invariant

=

0-M-[Al-[8 -kal-ic-[Z¢ -7 [t+ -[x— -1z -[@y -Ic -Pen - B+ -PBI-tw - [ul - [pH -[||p||- E=m|-[E=p|-[SR  SR+eGR

V -p.29


http://en.wikipedia.org/wiki/invariant mass

SR:p....Invariant or not? L
momentum: 7 = m~y(1, 5%, 59, 3*)*
P =m+ K =mny
non-rest frame: ||p]|? = —m2y2 + m?+%3% = —m?

rest frame: ||p]|? = —m?* + 0% = —m? invariant

=
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SR:p....Invariant or not?
momentum: 7 = m~y(1, 5%, 59, 3*)*
po =m+ K = mvy
non-rest frame: ||p]|? = —m2y2 + m?+%3% = —m?
rest frame: ||p]|? = —m?* + 0% = —m? invariant
m = W:invariant mass = rest mass: invariant

AND conserved (in interactions): ||p’+ ¢1|? = ||7]|?

=
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SR:p....Invariant or not?
momentum: 7 = m~y(1, 5%, 59, 3*)*
P =m+ K =mny
non-rest frame: ||p]|? = —m2y2 + m?+%3% = —m?
rest frame: ||p]|? = —m?* + 0% = —m? invariant
m = W:invariant mass = rest mass: invariant
AND conserved (in interactions): ||p’+ ¢1|? = ||7]|?
where interaction is (4-momenta):

FHi—T

=
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http://en.wikipedia.org/wiki/invariant mass

SR:p....Invariant or not? L
momentum: 7 = m~y(1, 5%, 59, 3*)*
P =m+ K =mny
non-rest frame: ||p]|? = —m2y2 + m?+%3% = —m?
rest frame: ||p]|? = —m?* + 0% = —m? invariant
m = W:invariant mass = rest mass: invariant

AND conserved (in interactions): ||p’+ ¢1|? = ||7]|?
where interaction is (4-momenta):

FHa—T

WARNING: assume that 4-momentum vectors at

different space-time positions can be
parallel-transported; not the case in curved spacetime
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SR:p.... Invariant or not? L

vector space = p' +¢' =71 (i = 1,2, 3)

=
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SR:p.... Invariant or not? L
vector space = p' +¢' =7 (i = 1,2,3)

= conservation of (relativistic) 3-momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)

=
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SR:p.... Invariant or not? L
vector space = p' +¢' =7 (i = 1,2,3)

= conservation of (relativistic) 3-momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)
vector space = p' + ¢° = rY

=
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SR:p.... Invariant or not? L
vector space = p' +¢' =7 (i = 1,2,3)

= conservation of (relativistic) 3-momentum (Newtonian:
conserved)

but NOT invariant (Newtonian: not invariant)
vector space = p' + ¢° = rY

= conservation of (relativistic) “total energy" =m + K
(Newtonian: m conserved, K not conserved, K+
potential energy conserved)

but NOT invariant (Newtonian: m invariant, X not
Invariant)

=
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17+ 7% =?
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17+ 7% =?
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r
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SR:p....Invariant or not?

m(v,+067,0,0)"
m(vy, —37,0,0)"

+q
L (27, (-8 + 3)7,0,0]"

p
q
7

p
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SR:p.... Invariant or not? L

4
!
x
N "
‘X o 9//\J r
Q A\ \
/ \ \
7 RS & =2
Q) ) )
NS x|

p
q_): m(% _677 07 O)T
L
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SR:p.... Invariant or not? L

g system rest mass be-
fore and after: 2m~

T
T
= 1"
\
o o 9//\J &
$ \ \
/ \ \
7 My =i 2
Q) ) )
INY x

p
q_): m(% _677 07 O)T
L
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Invariant or not?

g system rest mass be-
fore and after: 2m~
rest masses in many

different frames:

m 4+ m #£ 2my if v £ 1

]
3

p+q

L

p=m(y,+57,0,0)T
q_): m(% _677 07 O)T
d 2m~(1,0,0,0)"
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SR:p.... Invariant or not? L

g system rest mass be-
fore and after: 2m~
rest masses in many
different frames:

m 4+ m #£ 2my if v £ 1
———. O + VTP A
N VAT

A A
ﬁ:m( 7+6V7070)T
q_): m(% _677070)T
7= p+q=2mv(1,0,0,0)T

r
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tl

?

17+ 71|

2y

Vv e 9//\J

$ N\ \

/ N A \
4 M > 2,
o, P

/‘\\ X,
N

m( ) +677 07 O)T
m(% _677 07 O)T

p
q

r

r

p+q = 2m~(1,0,0,0)T

* lnvariant or not?

system rest mass be-
fore and after: 2m~
rest masses in many
different frames:

m 4+ m #£ 2my if v £ 1

V-Ipl? + v=lldl? e #
V-
system mass Iis invari-
ant, but can be di-
vided into p® and p*,i €
{1,2,3} components In
many different ways
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SR:p.... Invariant or not? L

Interaction: momenta: p+ ¢ —
moduli: m, m, 2m-~y

=
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SR:p.... Invariant or not? L

Interaction: momenta: p+ ¢ —
moduli: m, m, 2m-~y
total energy E := pY

=

0-M-[Al-[B -lcal-ic - X |- [7y -[t+ [w— -1z - @y -ftc - [Penl- [B+ - PBI-twi-[uk - pF -[[[p]]|-E=m -[E=p-[SR  SR+€GR V -p.32




SR:p....Invariant or not?

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := p’

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

=
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SR:p....Invariant or not?

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := pY

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)

=
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SR:p....Invariant or not?

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := pY

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

=
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SR:p.... Invariant or not? L

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := pY

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

—m? = ||p]*

=
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SR:p.... Invariant or not? L

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := p’

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

-m? = ||p]®

—m? = [|(E,p", p¥,p*)"|)?

=
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SR:p.... Invariant or not? L

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := pY

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

—m? = ||p]*
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SR:p.... Invariant or not? L

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := pY

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

-m? = ||p]®

—m? = [|(E,p", p¥,p*)"|)?
m2 _ EQ o p2

=
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SR:p.... Invariant or not? L

Interaction: momenta: p+q¢ — 7

moduli: m, m, 2m-~y

total energy E := p’

rest frame: E := p” =t component of m(1,0,0,0)'
E = m (the famous equation)

this means: in the rest frame, K + m = m (trivial)
more interesting: non-rest frame:

-m? = ||p]®

—m? = [|(E,p", p¥,p*)"|)?
m? = B — | @7

=
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SR: null 4-momentum

photon: m =0

=
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SR: null 4-momentum L

photon: m =0
extend defn of 4-momentum to p for a photon

=
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SR: null 4-momentum L

photon: m =0
extend defn of 4-momentum to p for a photon
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SR: null 4-momentum

photon: m =0
extend defn of 4-momentum to p for a photon

4 7 = L since m = 0; no 4-velocity
so 0 = F? — p?
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SR: null 4-momentum

photon: m =0
extend defn of 4-momentum to p for a photon

4 7 = L since m = 0; no 4-velocity
S0 0 = E? —p?
i.e. 7= (E,F,0,00' = (p,p,0,0)" (if = direction)
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SR: null 4-momentum

photon: m =0

extend defn of 4-momentum to p for a photon
4 7 = L since m = 0; no 4-velocity

S0 0 = E? —p?

i.e. 7= (E,F,0,00' = (p,p,0,0)" (if = direction)
S0 E = p for any massless particle

=
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Minkowski spacetime: draw a correct diagram
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SR: model summary L

Minkowski spacetime: draw a correct diagram

Lorentz transformation (boost) A(¢) or A
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SR: model summary L

Minkowski spacetime: draw a correct diagram
Lorentz transformation (boost) A(¢) or A

refuse the assumption of absolute simultaneity (time)
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