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= vector space, g = lengths of vectors in T3 M

3. also, vx € M, 3 4D Mink. cotangent space T M
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2+3. vector—one-form duality in a basis: ¢,

4. w:Levi-Civita connection < metric
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Einstein summation:

e coordinates like r, 0, x, v:

—

not a sum: AZ, €

e repeated up-down coordinate indices like i, 5 € {0, 1,2}
ora, 8,7, A\ u, v e {0,1,2,3}:

sum: Az ¢ == Ay, & + A}, &, for a 2D manifold, coords =,y
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vector invariance requires contravariance of its coords
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T x' ~Y wl T

— L T = Yy - — L
ey/ — Ay/ ex _|_ Ay/ €y7 p _>O/ / — A

Yy Yy
7 = p'€; (W:Einstein summation)
new basis vectors = sum of inverse A x old vectors

vector invariance requires contravariance of its coords
“contra" = inverse of change of basis vectors

e p'IS Invariant: no dependence on coords
e p'IS contravariant: p* change inversely to ¢;
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¢ depends either on z and y, or on ' and ¢/
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¢ = scalar field = ¢(z,y) = (2, )

write ¢ ,, = @ =: (d¢)s

¢ depends elther on z and y, or on 2’ and ¢/
— gb,x’ — ¢,x X x T+ §b,y Y.z

(gb,x/,qb,y/) — (Qb,x,Qb,y) ( by )

Yo' Yy

( ! ) = A1 ( x: ) (general)
Y Y

1o = (@), (@) ) = (@), (@0), ) A~
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same vector: p# = AXp¥
same gradient (example 1-form): (d¢),s = (d¢), A",
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—

basis vectors of different bases: €, = A’ €,
same vector: p# = AXp¥
same gradient (example 1-form): (d¢),s = (d¢), A",

e vVector p'is invariant. no dependence on coords
e p'IS contravariant. components p” change inversely to

how €, change; Inverses: matrix {A", } vs {A%}

e 1-form d¢ is invariant: no dependence on coords
e d¢ is covariant: components (d¢),, change like &, (but
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GR: coord. transf.: 1-forms

—

basis vectors of different bases: €, = A’ €,
same vector: p¥ = AX p?
same gradient (example 1-form): (d¢),s = (d¢), A",

e vVector p'is invariant. no dependence on coords
e p'IS contravariant. components p” change inversely to

how €, change; Inverses: matrix {A", } vs {Aﬁo:}
e 1-form d¢ is invariant: no dependence on coords
e d¢ is covariant: components (d¢),, change like &, (but

left-multiply)
w:Covariance and contravariance of vectors

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



http://en.wikipedia.org/wiki/Covariance and contravariance of vectors

GR tensors: two different scalar products

=

1A de-[() g - @H]-lds? [ VAR M -V, /= 0-R-[>] SR+eGR

— p6



GR tensors: two different scalar products

vector—1-form duality requirement:

=

1A de-[() g - @f]-lds? [ VAR M - [V, /= 0-R-[>] SR+eGR



GR tensors: two different scalar products

vector—1-form duality requirement:

<ﬁ7 g> — Z p'uQ,u
u

=

1A d¢-[() g - @f]-lds? [V AR IM - [V, /= 0-R-[>] SR+eGR

— p6



GR tensors: two different scalar products

vector—1-form duality requirement:

<ﬁ7 g> — p'UQ,u

=

1A de-[() g - @f]-lds? [ VAR M -V, /= 0-R-[>] SR+eGR

— p6
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vector—1-form duality requirement:

~
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GR tensors: two different scalar products
vector—1-form duality requirement:

(P, 4) = p"qu = p(q) = 4(p)

(,)Yisa(l,1) tensor

can be called I with components ¢, in a coordinate basis
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GR tensors: two different scalar products
vector—1-form duality requirement:

(P, 4) = p"qu = p(q) = 4(p)

(,)Yisa(l,1) tensor

think: vector — column vector
1-form — row vector
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vector—1-form duality requirement:
P, @) = p'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor

0
<qo,q1><é ?)(;)
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vector—1-form duality requirement:
P, @) = p'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor
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vector—1-form duality requirement:
P, @) = p'qu = p(q) = 4(P)
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GR tensors: two different scalar products

vector—1-form duality requirement:
P, @) = p'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor

(CJo,m)((l) ?) (i(l) ) = (%m)(i?) = p'q,

(, ) =(1,1)-tensor = “row-column" matrix I with I*, = &',

=
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GR tensors: two different scalar products
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http://en.wikipedia.org/wiki/tensor product

GR: p,q,(p,q), 9
GR tensors: two different scalar products

ordinary linear algebra: column vectors, row vectors,
matrices

=
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GR: p, q, (D, Q)
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GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

=
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GR: p,q,(p,q), 9
GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

e.g.: (0,2)-tensor: metric g,
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GR: p,q,(p,q), 9
GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

using (, ), (1,0)-tensor = vector = function of 1-forms

=
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GR: p,q,(p,q), 9
GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

using (, ), (0,1)-tensor = 1-form = function of vectors

=
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GR: p,q,(p,q), 9
GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

(m, n)-tensor = function of m 1-forms and n vectors

=
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http://en.wikipedia.org/wiki/tensor product

GR: p, q, (D, Q)

- P4, \P>4) 59

GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

(m, n)-tensor = function of m 1-forms and n vectors

V = space of vectors p’' = pte),

=
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GR: p, q, (D, Q)

- P4, \P,4) , 9
GR tensors: two different scalar products
(m, n)-tensor algebra: m column n row m + n-arrays
(m, n)-tensor = function of m 1-forms and n vectors
V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

=
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GR: p, q, (D, Q)

- P4, \P,4) , 9
GR tensors: two different scalar products
(m, n)-tensor algebra: m column n row m + n-arrays
(m, n)-tensor = function of m 1-forms and n vectors
V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V*® V* =space of (0,2)-tensors T = T7),,¢" ® € (e.0.

metric) w:tensor product

=
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http://en.wikipedia.org/wiki/tensor product

o~ o o~
GR: p,q,(P,q) 9

GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

(m, n)-tensor = function of m 1-forms and n vectors

V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V*® V* =space of (0,2)-tensors T = T7),,¢" ® € (e.0.
metric) w:tensor product

loosely speaking, the second ® means “function of two
vectors" (or 1-forms, or a vector and a 1-form) in that
particular left-to-right order

=
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GR: p, q, (D, Q)

- P4, \P,4) , 9
GR tensors: two different scalar products
(m, n)-tensor algebra: m column n row m + n-arrays
(m, n)-tensor = function of m 1-forms and n vectors
V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V*® V* =space of (0,2)-tensors T = T7),,¢" ® € (e.0.

metric) w:tensor product

orderof V*@ V* =2

=
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http://en.wikipedia.org/wiki/tensor product

o~ o o~
GR: p,q,(P,q) 9

GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays

(m, n)-tensor = function of m 1-forms and n vectors

V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V*® V* =space of (0,2)-tensors T = T7),,¢" ® € (e.0.
metric) w:tensor product

orderof V*@ V* =2

warning: the “rank" of tensors has two different
meanings: w:Tensor_(intrinsic_definition)#Tensor_rank
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http://en.wikipedia.org/wiki/Tensor_(intrinsic_definition)#Tensor_rank

GR: p, q, (D, Q)

- P4, \P,4) , 9
GR tensors: two different scalar products
(m, n)-tensor algebra: m column n row m + n-arrays
(m, n)-tensor = function of m 1-forms and n vectors
V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V*® V* =space of (0,2)-tensors T = T7),,¢" ® € (e.0.

metric) w:tensor product

orderof V* @ V* =2
dimension of V* @ V* = 16 (for V = spacetime)

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T =1),,e" ® €, where
® = w:tensor product

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR

1


http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

| 1 0
e.g. Euclideang on R?. g9 = ( 0 2 )

=
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1

— p8


http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A4, B)

=
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1
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http://en.wikipedia.org/wiki/tensor product

GR: g L
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

also written: A- B “dot product"

=
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GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A4, B)

=
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http://en.wikipedia.org/wiki/tensor product

GR: g

V*® V* = space of (0,2)-tensors T' = 1), " ® €, where

® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
(10
Jv =\ 0 1
L. (10 A\
A B) =
s - (5 5) (&)

=
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GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

o(A,B) = (A Agr?) ( gg )
|-
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(%f, é) — A, B, + AQBQTQ

=
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http://en.wikipedia.org/wiki/tensor product

GR: g L
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(%f, é) = A.B, + AQBQTQ

L))
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

S B,
g(A, B) = A,.B, + AgByr* = (A, Ay) ( 5 )
Yy
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A,B) = A.B, + AgByr* = A,B, + A,B,

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A,B) = A.B, + AgByr* = A,B, + A,B,

in general, for a 2-form T, T(A4, B) £T(B, A)

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A,B) = A.B, + AgByr* = A,B, + A,B,

g — g,uué'u ® e”

=
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A,B) = A.B, + AgByr* = A,B, + A,B,

g = gt ® &

=

1A de-[() - @H]-lds? [ VAR M -V, /= 0-R-[>] SR+eGR

1
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http://en.wikipedia.org/wiki/tensor product

GR: g
V*® V* = space of (0,2)-tensors T' = 1), " ® €, where
® = w:tensor product

e.g.. metric g = function of two vectors
= “row-row" matrix

. 1 0
e.d. Euclidean g on R?. g9 = ( ) or

0 r?
1 0
Jry =\ o 1

g(A,B) = A.B, + AgByr* = A,B, + A,B,

g = g:cyéx ® e’

=
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http://en.wikipedia.org/wiki/tensor product

GR: metrictensor g, g ', bases

g can be applied to basis vectors €,

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,

we can define components (used earlier): g, := g(€,,¢€,)

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)

=g = gue' ®e”

=
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1
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”

e.g. 9 =gné ®e + gpe" @& + gt @ + ggpe’ @ &

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”

€.0.9= grre’ @€+ g(%ée & &’

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
check: g(é,€e.) = grp?

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
0(€, &) = (grre" ® & + gppe’ © &%)(Er, &)

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &

a(ér,€r) = g€ @€ (€, e) + 99959 X ée(é;“v ér)

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &

g(é}, 57") — Jrr ér(gr) ér(gr) + 9o ée(gr) ée(gr)

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &

g(e—;“7 57") = Jrr <ér7 57"> <ér’ é}> + 9o <é97 gr> <é97 G_t,«>

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &

g(€r,er) =g X 1 X 14 ggg x 0 x 0 by duality through
scalar product ( , )

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
ag(er, €r) = grr Self-consistent definition

=
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GR: metrictensor g, g~!, bases 1
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gné @& + gppé? @ &’
inverse: g~ ! = ¢g"’¢, ® é,,

=
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GR: metrictensor g, g~!, bases 1
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gné @& + gppé? @ &’
inverse: g~ ! = ¢g"’¢, ® é,,

where ¢#“g,, = &,

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:
9(A, B) =g~ (A, B)

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

o(A, B) =g (A4, B)= A- B

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

g(A,B)=9 YA, B)=A B = g,, A*B¥

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

g(A,B) =9 YA,B)=A-B =g, A*B" = ¢" A,B,

=
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' ®e”
e.g. g = gé" ®e" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

—

g(A,B) =9 YA,B)=A-B =g, A*B" = ¢" A,B,

lower an index: g, A" = A,

=
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GR: metrictensor g, g ', bases

g can be applied to basis vectors €,

we can define components (used earlier): g, := g(€,,¢€,)

=g = gue' ®e”

€.0.9= grre’ @€+ 99969 & &’

inverse: g~ ! = ¢g"’¢, ® é,,

where ¢#“g,, = &,

duality of associate vectors and 1-forms:

g(A,B) =9 YA,B)=A-B =g, A*B" = ¢" A,B,

lower index: g, A" = A,

=

raise index:. ¢*¥ B, = B#

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

1

— pg



GR: what I1sa coordinate? L

a coordinate, e.g. 2" or z! is a scalar field on the
4-manifold

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.10



GR: what I1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.10



GR: what I1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

(Bertschinger writes zk to show dependence on position
x In manifold # vector space)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.10



GR: what I1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V —p.10



GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

. | " e.g. on R?

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V —p.10



GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

-1

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V —p.10



GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

-1

0 0.5

scalar field r 1 e.g. on RQ

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V —p.10



GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

-1

-0.5

0.5

-1 -0.5 0 0.5

scalar field 6 1 e.g. on RQ

1A dg- () -g -t lds?]. [V A [M [V, /= 0-R->| SR+eGR v - p.10



GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

-1

-1 -0.5 0 0.5

scalar field 6 1 e.g. on RQ

coordinate singularity # singularity in manifold

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR ~p.10



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d:f:’> for any scalar field f coordinate-free

where d = &9, in a coordinate basis

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free

where d = &9, in a coordinate basis
(Bertschinger writes V for the gradient d)

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free

where d = &9, in a coordinate basis
check: df = <€1f, d:f>

=

1A dg- () -g et lds?]. [V A [M [V, /= 0-R->| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free

where d = &9, in a coordinate basis
check: df = <€1f, d:f>
= (e'0,f,dx"ey)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = <€1f, d:f>

= (e'0,f,dx"ey)
= (0,.f)dz” (e, e,) since scalars commute

=

1A dg- () -g et lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = <Elf, d:f>

= (e'0,f,dx"ey)
= (0,.f)dz” (e, e,) since scalars commute
l.e. df = (9,.f) da* since (e*,¢&,) = o,

=

1A dg- () -9 [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V -pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = <€1f, d:f>

= (e'0,f,dx"ey)
= (0,.f)dz” (e, e,) since scalars commute

lLe.df =), %dx“

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = <€1f, d:f>

= (e'0,f,dx"ey)
= (0,.f)dz” (e, e,) since scalars commute
l.e. df = (9,.f) dx*

=

1A dg- () -9 [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = <Elf, d:f>

= (e'0,f,dx"ey)

= (0,,f) dz¥ (e#, €,) since scalars commute
l.e. df = (0, f) daH

check: dz# = é¥9,z#

=

1A dg- () -g [t lds?]. [V A M [V, /= 0-R->| SR+eGR V - pil



GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free

where d = &9, in a coordinate basis
check: df = <Elf, d:f>

= (e'0,f,dx"ey)

= (0,.f)dz” (e, e,) since scalars commute
l.e. df = (9,.f) dx*

check: dz* = é¥9, z

__ U
— ot

— e’ o, xH
1%

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V - pil



GR: what isa coordinatebasis?  *
coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = <Elf, d:f>

= (e'0,f,dx"ey)

= (0,.f)dz” (e, e,) since scalars commute

l.e. df = (9,.f) dx*

check: dz# = &0, "

_ Z Nya?;v

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V - pil




GR: what isa coordinate basis?

coordinate basis: €, € chosen so that:
dz = dz*€, and

df = <61f, d97:’> for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = <Elf, d:f>

= (e'0,f,dx"ey)
= (0,.f)dz” (e, e,) since scalars commute
l.e. df = (9,.f) dx*

check: dz# = é¥9,z#
_ o

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R->| SR+eGR —pl1



GR: metricusing dx

we now have

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: metricusing dx

we now have

ds? := |d7|?

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: metricusing dx

we now have
ds? = \df|2 =g(d, d)

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: metricusing dx L

we now have
ds? := |d7|? =g(d¥, d¥) = d¥ - d¥ coordinate-free

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - pi2



GR: metricusing dx L

we now have
ds? := |d7|? =g(d¥, d¥) = d¥ - d¥ coordinate-free

ds? = gudxtz? if z# are a coordinate basis

=

1A dg- () -g [k lds?]. [V A [M [V, /= 0-R-[>| SR+eGR -p.12



GR: e.g. Euclidean g on R?

gdro and Jxy
ds? = dz? + dy? = dr? + r*db?

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: e.g. Euclidean g on R?
gdro and Jzy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: e.g. Euclidean g on R?
gdro and Jzy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

é)fr'é)/r:l,é)e'e_b:r2#1

Y

~

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pi3



GR: e.g. Euclidean g on R? L

gdro and Jxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

—

e -6 =1,6p-€p=1r2#1
9o = 0 = g™ =1 = g%, g™ =0 = g¥*

=

E-W@--W-@-!x—“\-d Q-Vﬁm-!ﬁ-vvzo-@- SR+eGR V -p.13



GR: e.g. Euclidean g on R?

gdro and Jxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

é)fr'é)/r:l,é)e'e_b:r2#1

GGy =00 = " =1 =g¥W, g™ =0 = g¥*

but grr —1 ?é 999 _ T—Q’grﬁ — () = 997“

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

V -p.13



GR: e.g. Euclidean g on R? L
gdro and Jzy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

g E=1,8 =141
GGy =00 = " =1 =g¥W, g™ =0 = g¥*
bUt gfrfr —1 7ég@@ :T—Q’grﬁ :O:gﬁfr

10
0 2 4 6 8 10

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pi3



GR: e.g. Euclidean g on R? L
gdro and Jzy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

g E=1,8 =141
GGy =00 = " =1 =g¥W, g™ =0 = g¥*
bUt gfrfr —1 7ég@@ :T—Q’grﬁ :O:gﬁfr

Lloo 2 4 6 8 10 Soéérzl’éeéezr_Q#l

1A d¢-[() g - @] lds? [ VAR M - [V, /= 0-R-[>] SR+eGR

-p.13



GR: gradient of avector: vA 1

gradient of scalar field: d¢ = V¢

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR V —p.14


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: vA 1

what is gradient of vector field VA?

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR V —p.14


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: vA 1

VA =V(A"¢)

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: vA 1
VA =V(AYE,)
= 19, (AVE,)

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(AE,)
— a1, (AVE,)
= e ® [(0,A4Y)e, + AY0,€,] by product rule and linearity

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR V —p.14


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
— 10, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR V —p.14


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
=elo,(A%e,)
= 0,A%et @ e, + AVet ® 0,6,
give a name to the second part: it must be a linear
combination of basis vectors ¢,

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.l4


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
— 10, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.l4


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
= elg,(Ave))
= 0,A%et @ e, + AVet ® 0,6,
define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)

SO VA = 9, A"¢" @ &, + AVéh @ T, ,é),

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.l4


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
= elg,(Ave))
= 0,A%et @ e, + AVet ® 0,6,
define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)
SO VA = 9, A"¢" @ &, + AVéh @ T, ,é),

_ TR A Sl 2 S A
= guAvel @ e, + AT, e/ ® €) since any I, Is a scalar

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.l4


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
=elo,(A%e,)
= 0,A%et @ e, + AVet ® 0,6,
define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)
SO VA = 9,Aé" ® &, + Av¢* @ I, )
= 0, AVt @ &, + AMY, LB ® €y
since name of summation index is arbitrary, e.g.

doaT = ST =3 e

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pi14


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
— 10, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)

SO VA = 9, A"¢" @ &, + AVéh @ T, ,é),
= 0, AVt @ &, + AMY, LB ® €y
= (A + ATY e @ €,

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.14


http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
— 10, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)

SO VA = 9, A"¢" @ &, + AVéh @ T, ,é),
= 0, AVt @ &, + AMY, LB ® €y
= (A + ATY e @ €,

V, A = A’/;M = 0, A" + A)‘FV)\M

w:covariant derivative of vector

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.14


http://en.wikipedia.org/wiki/covariant derivative
http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(A"¢)
= et9,(AYée,)
= 0,A%et @ e, + AVet ® 0,6,
define I, ) := 0,6, Christoffel symbols of second kind
(symmetric defn)
SO VA = 9, A"¢" @ &, + AVéh @ T, ,é),
= 0, AVt @ &, + AMY, LB ® €y
= (A + ATY e @ €,

UV . AV .__ AV ATV
VA =AY, = AV, + ATY,,

w:covariant derivative of vector

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR —p.l14


http://en.wikipedia.org/wiki/covariant derivative

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I'', ~are NOT the components of a tensor

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.15


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: VandI", L
mathematically deeper: V, usually written just as V, is

the w:Levi-Civita connection
warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and ™\, L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection

warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(do) e+

=

1A dg- () -g et lds?]. [V A [M - [V, /= 0-R->| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: VandI", L
mathematically deeper: V, usually written just as V, is

the w:Levi-Civita connection
warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =
Vet = 0, pet

=

1A dg- () -g [t lds?]. [V A [M - [V, /= 0-R-[>| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and ™\, L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection

warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =

scalar field ¢ gives a (0, 1)-tensor field = one-form field =
Vet = 0, pet

and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components VA" = 9, A" + AAFVAM

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and ™\, L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =
Vet = 0, pet

and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components V, A = §,A” + A'T" |

e tensors:; Vo = %qué“,

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and ™\, L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =
Vet = 0, pet

and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components V, A = §,A” + A'T" |

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V -pi5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and ™\, L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I'', ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =
Vet = 0, pet

and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components V, A = §,A” + A'T" |

e Not components of tensor: I |

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR ~p.15


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: gradient of one-form V A

how does a one-form change with position? VA =?

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: gradient of one-form V A

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

1

—-p.1



GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.16



GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0,,0% = 0 (obviously)
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0.0% = 9u ((€”,€x))

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0u0% = 0. ({€”,€)))

can we use the product rule with this scalar product?

0, ((45) =2

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0,0% = 0, ((e”,€)))

can we use the product rule with this scalar product?
0, (<21, §>) — 9, (A,B) in some coordinate basis

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0,0% = 0, ((e”,€)))

can we use the product rule with this scalar product?
9 ((A,B)) = 0, (4,B)

= (0,A,)B"Y + A,(0,B") by product rule on functions

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0,0% = 0, ((e”,€)))

can we use the product rule with this scalar product?
9 ((A,B)) = 0, (4,B)

= (0, 4y)BY + A,(0,B")

= (9,4, l§> + <}i, 8M§> since

0 A = (0, A0, 0,A1,0,A2,0,A3)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.16



GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0.0% = 9u ((€”,€x))

product rule holds: 9, (<}i, §>) — <8Wii, l§> + <}i, 8ME>

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0.0% = 9u ((€”,€x))

product rule holds: 9, (<}i, §>) — <8Wii, l§> + <}i, 8ME>

S0 0 = (3,8, E\) + (6, 0,80

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0.0% = 9u ((€”,€x))

product rule holds: 9, <}i
SO 0 = (Ju€”, €x) + (€”,0uen)

= (F%,e%,6) + (&.1%,,6x)

ool
\/
N—

|

<(9Mi, §> + <}i, 8M1§>

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.16



GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0.0% = 9u ((€”,€x))

product rule holds: 9, <}i, §>) — <8Wii, l§> + <}i,c‘9ul§>

SO 0 = (0,€", €x) + (6", 0u€))
= FY, (&,8) + 1%, (&, &)

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

v v
how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
product rule holds: 0, (

0= 0,0% =0, ({(€”,€)))
)~ (u)+ (105
S0 0 = (0,€",€x) + (e”

:FVAMJFFMsmce( , >:5*”'fA

/\

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0,0% = 0, ((e”,€)))

product rule holds: 9, (<}i, §>) — <8Wii, l§> + <}i, 8ME>
S0 0 = (0,€Y,€\) + (€”,0.€))

= F% , + 17, since (€7, ey) = 6

SV . VO SA 170
hence, 9,¢" =: F " = —T" ;¢

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0,0% = 0, ((e”,€)))

product rule holds: 9, (<}i, §>) — <8Wii, l§> + <}i, 8ME>
S0 0 = (0,€Y,€\) + (€”,0.€))

= F% , + 17, since (€7, ey) = 6

SV . VO SA 170
hence, 9,¢" =: F " = —T" ;¢

VAY = 0,AY + AT, VA, = 0,4, — A\,

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.16



GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients £ |

how can we relate I, to £ 7

relation between vectors and one-forms: (e”, ey) = 0%
0= 0,0% = 0, ((e”,€)))

product rule holds: 9, (<}i, §>) — <8M}i, l§> + <}i, 8Ml§>
S0 0 = (0,€Y,€\) + (€”,0.€))

= F% , + 17, since (€7, ey) = 6

SV . VO SA 170
hence, 9,¢" =: F " = —T" ;¢

vV __ AV ATV . A
LA;M_A,MJFA M 0 Avp = Ay — AT,

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR ~p.16




GR: smooth manifold and ?g L

similarly, we can write the (0, 3)-tensor
Vg = (Vaguw)& ®@ e @ &
giving Vg, = Oaguw — F"L)\g,w — I\ Gux
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GR: smooth manifold and ?g L

similarly, we can write the (0, 3)-tensor
Vg = (Vaguw)& ®@ e @ &

giving Vg, = Oaguw — F"L)\g,w — I\ Gux
also Vg~ ! = (V,g")é* ® €, ® &,

and VAgW = aAg“” + F'L,:;)\g/iu + FVKJ)\g,LLK,

=
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GR: smooth manifold and ?g L

similarly, we can write the (0, 3)-tensor
Vg = (Vaguw)& ®@ e @ &

giving Vg, = Oaguw — F"L)\g,w — I\ Gux
also Vg~ ! = (V,g")é* ® €, ® &,

and VAgW = aAgW + F'L,:;)\g/iu + FVKJ)\g,LLK,

Do we know anything interesting about Vg for the
manifolds of interest to GR?

=
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GR: smooth manifold and ?g L

similarly, we can write the (0, 3)-tensor
Vg = (Vaguw)& ®@ e @ &

giving Vg, = Oaguw — F"L)\g,w — I\ Gux
also Vg~ ! = (V,g")é* ® €, ® &,

and VAgW = aAgW + F'L,:;)\g/iu + FV,{)\Q,LLK,

Do we know anything interesting about Vg for the
manifolds of interest to GR?

First, we need a rough description of the manifolds we
need for GR.

=

1A dg- () -g ek lds?]. [V A M [V, /= 0-R->| SR+eGR —p17



GR: smooth manifold and ?g L

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed

=
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http://en.wikipedia.org/wiki/Manifold#Mathematical_definition
http://commons.wikimedia.org/wiki/File:Circle_with_overlapping_manifold_charts.svg
http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g L

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed
¢ no differentiability, no metric needed

=
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http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g L

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed
next: relation with R* (or M%)

=
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http://commons.wikimedia.org/wiki/File:Circle_with_overlapping_manifold_charts.svg
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GR: smooth manifold and ?g L

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed
next: relation with R* (or M%)

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -pis


http://en.wikipedia.org/wiki/Manifold#Mathematical_definition
http://commons.wikimedia.org/wiki/File:Circle_with_overlapping_manifold_charts.svg
http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g

topological manifold M

w:Manifold#Mathematical definition

e only topological properties needed

next: relation with R* (or M%)

1A d¢-[() g - @f]-lds? [ VAR M - [V, /= 0-R-[>] SR+eGR

w:Manifold

e chart := function ¢,
from part of pseudo-4-
manifold M to part of M*
(Minkowski)

e atlas := set of overlap-
ping charts that cover M

1

-p.18


http://en.wikipedia.org/wiki/Manifold#Mathematical_definition
http://commons.wikimedia.org/wiki/File:Circle_with_overlapping_manifold_charts.svg
http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g L

if every transition chart := ¢5 0 ¢! in an atlas for M is

differentiable on R* (or M*), then M is a
w:differentiable 4-(pseudo-)manifold

=
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GR: smooth manifold and ?g L

if every transition chart := ¢5 0 ¢! in an atlas for M is

differentiable on R* (or M*), then M is a
w:differentiable 4-(pseudo-)manifold

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.19


http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/File:Nondifferentiable_atlas.png

GR: smooth manifold and ?g L

if every transition chart := ¢5 0 ¢! in an atlas for M is

differentiable on R* (or M*), then M is a
w:differentiable 4-(pseudo-)manifold

W
projections (left-to-right) ¢1, ¢2, ¢3 from S? to R?

=
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VvV -p.19


http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/File:Nondifferentiable_atlas.png

GR: smooth manifold and ?g L

if every transition chart := ¢5 0 ¢! in an atlas for M is

differentiable on R* (or M*), then M is a
w:differentiable 4-(pseudo-)manifold

¢1 is not differentiable, so ¢1 o ¢, * is not differentiable

=

1A dg- () -g @t lds?]. [V A [M - [V, /= 0-R->| SR+eGR V -p.19


http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/File:Nondifferentiable_atlas.png

GR: smooth manifold and ?g L

if every transition chart := ¢5 0 ¢! in an atlas for M is

differentiable on R* (or M*), then M is a
w:differentiable 4-(pseudo-)manifold

atlas not enough to show that S? = differentiable
Lz-manifold

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR ~p.19


http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/File:Nondifferentiable_atlas.png

GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

=
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GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If V& > 1, Jk-th derivatives, then M Is a smooth
4-(pseudo-)manifold

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.20


http://en.wikipedia.org/wiki/differentiable manifold
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GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If V& > 1, Jk-th derivatives, then M Is a smooth
4-(pseudo-)manifold

If a (pseudo-)w:Riemannian metric g can be added to M,
then (M,g) Is a (pseudo-)Riemannian 4-manifold

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.20


http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/Riemannian metric

GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If V& > 1, Jk-th derivatives, then M Is a smooth
4-(pseudo-)manifold

If a (pseudo-)w:Riemannian metric g can be added to M,
then (M,g) Is a (pseudo-)Riemannian 4-manifold

If g has signature (1,n — 1) (i.e. (—,+,+,+) or
(+,—,—,—), etc.), then (M,g) is a Lorentzian n-manifold

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR ~p.20


http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/Riemannian metric

GR: smooth manifold and ?g L

topological manifolds

=
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GR: smooth manifold and ?g L

topological manifolds
differentiable (pseudo-)manifolds

=
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GR: smooth manifold and ?g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds

=
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GR: smooth manifold and ?g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

=
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GR: smooth manifold and ?g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds
Lorentzian manifolds

=
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GR: smooth manifold and ?g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

Lorentzian manifolds
Lorentzian 4-manifolds

=
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GR: smooth manifold and ?g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

Lorentzian manifolds
Lorentzian 4-manifolds

GR: assume that spacetime is a Lorentzian 4-manifold

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR —p21



GR: smooth manifold and ?g L
from above:

VAQW — 3A9w/ _ FZAQW _ Fﬁmgwf

=

TAIS A g -l ds2 [V A M (V= 0 -RS) SReccR Ve



GR: smooth manifold and ?g L
from above:

v)\g,uu — a)\g,uu — F/ib)\g/w — FRV)\Q/LR

In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g

= O\9ur = O\Naw

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.22



GR: smooth manifold and ?g L
from above:

v)\g,uy — 3>\9W — FZAQ&V — FRV)\g,uﬁ;

In the tangent space at x, 3 coordinate basis ¢j; with
Jnv = Npp = dlag(_la 17 17 1) — g,uy

= Oxgpw = O3y = 0

=
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GR: smooth manifold and ?g L
from above:

v)\g,uy — 3>\9W " u Ik " Ik

In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g

= aj\g,uu — 8_77/15 —

also, I'}¢5 := &5 = 9y

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.22



GR: smooth manifold and ?g L

from above:

v)\g,uy — 3>\9W — FH;L)\QK;V — FRMQ/M

In the tangent space at x, 3 coordinate basis ¢j; with

Jnv = Npp = dlag(_la 17 17 1) — g,uy

= 85\gﬂp = 85\77/19 =0

also, I'}, ;5 = €y = Opéy

but in a Cartesian or Minkowski (vector) space, the basis

vectors always point in the same direction and their
lengths are fixed

=
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GR: smooth manifold and ?g L
from above:

v)\g,uu — a)\g,uu — F/ib)\g/w — FRV)\Q/LR

In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g

= N\Gur = O\Nar =

also, I'}, ;5 = €y = Opéy
4 A >
MY = T, &5 = 0
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GR: smooth manifold and ?g L
from above:

v)\g,uu — a)\g,uu — F/ib)\g/w — FRV)\Q/LR

In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g

= N\Gur = O\Nar =

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.22



GR: smooth manifold and Vg L
from above:
v)\g,uy — 3>\9W — FH;L)\QK;V — FRMQ/M
In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g
= N\Gur = O\Nar =

— —

N — Cop — 8—59

so Vg = 0 (also Vg~! = 0) on the tangent space, since if
true in one coord system, also true in others

=
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GR: smooth manifold and Vg L
from above:
v)\g,uy — 3>\9W " u Ik " Ik
In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g
= aj\g,uu — 8_77/15 —

so Vg = 0 = Vg~ ! on tangent space
..Vg :O:Vg_1 on M

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.22



GR: smooth manifold and ?g L
from above:

v)\g,uy — 3>\9W — FH;L)\QK;V — FRMQ/M

In the tangent space at x, 3 coordinate basis ¢j; with
Juv = Ny — dlag(_la 17 17 1) — g/jD

= Oxgpw = O\ =

so Vg = 0 = Vg~! on tangent space
%g :0269_1 on M
..., =T, inany coord. basis (symmetric defn)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p22



GR: smooth manifold and ?g L
from above:

v)\g,uu — a)\g,uu — F/Z)\g/w — FRV)\Q/LK

In the tangent space at x, 3 coordinate basis ¢j; with
9pr = My = diag(—1,1,1,1) = g

= N\Gur = O\Nar =

so Vg = 0 = Vg~! on tangent space
%g :O:%g_1 on M
..., =T, inany coord. basis (symmetric defn)

[, = 39 (0ugvs + Ougur — Oxgyw) in @ coordinate basis

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR —p.22




GR: directional deriv.. < VA,V >0
e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

=
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e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

e how about moving along a specific curve?

=
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GR: directional deriv.: < VA,V >
e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general
e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(\)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.23



GR: directional deriv.: < VA,V >
e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general
e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.23



GR: directional deriv.: < VA,V >
e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general
e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

e can define tangent vectors along the curve, i.e.

V() =%

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.23



GR: directional deriv.: < VA,V >
e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general
e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

e can define tangent vectors along the curve, i.e.

¥ . dx dz" >
V) =4 —dete

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.23



GR: directional deriv.. < VA,V >0
e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general
e how about moving along a specific curve?
e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis
e can define tangent vectors along the curve, i.e.
V=& = &
warning: {z#(\)} at some X on the manifold is a point on

the manifold but NOT a vector; while d¥ — in the tangent
space — IS a vector

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR ~p.23



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo¢ = <%gb, ‘7>

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR

V -p.24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo = <%gb, ‘7>

or in a coordinate basis. ..

=
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V -p.24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo¢ = <%gb, ‘7>
= VO,

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo¢ = <%gb, ‘7>
= VO,

Vy written by Bertschinger without ~or ~ because Vy T of
tensor T has the same tensor orderas T

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo .= <%gb, ‘7>
= VO,

for a vector field:

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V —p.24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product( )

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo¢ = <%gb, ‘7>
= V10,0
%\T = vaf = <§/f7 ‘7>

or in a coordinate basis. ..

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

V -p.24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product( )

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR V- p24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product( )

= VIO,

dd — 7, 4 = <%Y V>
N — YV 9

= V“(VMA’/)G_’V

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR V- p24



GR: directional deriv.. < VAV > ¥

using 17( A) = d>\’ L project covariant derivative to curve

using scalar product (,)

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

V -p.24



GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product( )

= V¥V, ,AY)e,
= VH(AY T A’*F”,w)e}
SO In a coord basis,

Vv d = (4 - vea, ) &,

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR —p.24




GR: directional deriv.. < VA,V >0
special (interesting) case: vector field A and curve with

tangents V := 4 where A “locally does not change
direction”

=
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GR: directional deriv.. < VA,V >0
special (interesting) case: vector field A and curve with

tangents V := dA  where A “locally does not change
direction”

l.e. VVILY =0
Vv A =0 defn: paraIIeI transport of 4 along path x(\)

where V = dA

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R->| SR+eGR ~p.25



GR: directional deriv.: < VA V > 1
example:

Ni



http://commons.wikimedia.org/wiki/File:Parallel transport.png

GR: directional deriv.: < VA V > 1
example:

Ni

on S?, parallel transport of

—

A around a closed loop

does not conserve A’s di-
rection

1A Ao [() -9 - [eH]-|ds? . [V A [M [V, /= 0 -R-[>] SR+eGR ~p.26


http://commons.wikimedia.org/wiki/File:Parallel transport.png

GR: directional deriv.: < @ff, 7

V'V = 0|defn: w:geodesic

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR vV - p27


http://en.wikipedia.org/wiki/geodesic
http://en.wikipedia.org/wiki/Euler-Lagrange equation

GR: directional deriv.. < VA,V >
V'V = 0|defn: w:geodesic
e more general definition of “straight line" than “shortest
distance between two points"

e tensorial definition — independent of coordinate basis

e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T3

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.27


http://en.wikipedia.org/wiki/geodesic
http://en.wikipedia.org/wiki/Euler-Lagrange equation

GR: directional deriv.. < VA,V >0
V'V = 0|defn: w:geodesic

e more general definition of “straight line" than “shortest
distance between two points"

e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?

e (4 + VHVFETY )é, =0

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.27


http://en.wikipedia.org/wiki/geodesic
http://en.wikipedia.org/wiki/Euler-Lagrange equation

GR: directional deriv.. < VA,V >0
V'V = 0|defn: w:geodesic

e more general definition of “straight line" than “shortest
distance between two points"

e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?

e, I+ VIVATY =0V

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.27


http://en.wikipedia.org/wiki/geodesic
http://en.wikipedia.org/wiki/Euler-Lagrange equation

GR: directional deriv.. < VA,V >0
V'V = 0|defn: w:geodesic

e more general definition of “straight line" than “shortest
distance between two points"

e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?

: dz” dz" dz" v _
.. D2 -+ ﬁﬁr,{u = 0 Vv

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.27
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GR: directional deriv.. < VA,V >0
V'V = 0|defn: w:geodesic

e more general definition of “straight line" than “shortest
distance between two points"

e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?

: d?z” de" dx" v __
.. W—I—ﬁﬁfw—ovy
cf w:Euler-Lagrange equation

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR —p27


http://en.wikipedia.org/wiki/geodesic
http://en.wikipedia.org/wiki/Euler-Lagrange equation

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

(“1" and “2" are not component indices here)

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

x A

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

x A
X dfl,dfz

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
(“Inputs"),

l.e. IS a ® of 3 one-forms

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
(“Inputs"),

l.e. has 3 covariant ® components

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
(“Inputs"),

l.e. Isa (7, 3) tensor

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn: | —R(-, A, d7;,dZ) := dA(")

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two

directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn:

(minus sign convention: MTW1973, Bertschinger)

—R(+, A, d#1, d7) == dA()

w:Rlemann curvature tensor

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

V —p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two

directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn:

(minus sign convention: MTW1973, Bertschinger)

—R(+, A, d#1, d7) == dA()

w:Rlemann curvature tensor

dA(")

=

R e 4] 6,0

1Al de-[() g - @f]-lds? [V AR IM - [V, /= 0-R-[>] SR+eGR

V —p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn:

—R(+, A, d#1, d7) == dA()

(minus sign convention: MTW1973, Bertschinger)
w:Rlemann curvature tensor

dA(")

=

—RE A e ()
i.e. _R — Rluyaﬁe_ju ® é’V ® ’éOé ® éﬁ

1A de-[() - - @H]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR

V —p.28


http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7ze, —dz, —dxsy ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn: | —R(-, 4, d#, d#) := dA()
(minus sign convention: MTW1973, Bertschinger)
w:Rlemann curvature tensor

AA() = =R g A7 daf day 8,()

6. —R=3",>, > > s R 0@ ©eE® &P

=

1A dg- () -9 [k lds?]. [V A [M [V, /= 0-RI->| SR+eGR ~p.28



http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: Riemann tensor L

how can R be evaluated?

=
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GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...

=
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GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VVa)Ar = R, 5AY in a coord. basis

=
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GR: Riemann tensor L

how can R be evaluated?

use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VVa)Ar = R, 5AY in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.29



GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VVa)Ar = R, 5AY in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis
using V,A* from above and similar formulae, ...

R AV = (I, —TH T I%  —TH % ) A

In a coord. basis

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V - p.29



GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VVa)Ar = R, 5AY in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis
using V,A* from above and similar formulae, ...

R AV = (I, —TH T I%  —TH % ) A

In a coord. basis
o F“Vﬁ: sum over first order partial derivatives of g,,., . ..

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR V - p.29




GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VVa)Ar = R, 5AY in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis
using V,A* from above and similar formulae, ...

R AV = (I, —TH T I%  —TH % ) A

In a coord. basis
o F“Vﬁ: sum over first order partial derivatives of g,,., . ..

e SO R has second order partial derivatives of g,., . ..

=

1A dg- () -g [t lds?]. [V A [M [V, /= 0-R-[>| SR+eGR ~p.29



GR: Riemann tensor L

e first order 0:

(pseudo-)manifold locally like R3 (M*), 3 coords where
[, =0 locally

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-RI->| SR+eGR V -p.30



GR: Riemann tensor L

e first order 0:

(pseudo-)manifold locally like R3 (M*), 3 coords where
[, =0 locally

e second order 0.
(pseudo-)manifold globally like R? (M%) < Rf,  ;(x) = 0 Vx

=

1A dg- () -g [k lds?]. [V A [M [V, /= 0-R-[>| SR+eGR ~p.30



GR: Bianchi, Riccl, Einstan

... second Bianchi identity:
VoR' 4+ ViR" 4+ VaRLek =0

VO

=

1Al de-[() g - @f]-lds? [ VAR IM - [V, /= 0-R-[>] SR+eGR


http://en.wikipedia.org/wiki/Ricci curvature
http://en.wikipedia.org/wiki/scalar curvature
http://en.wikipedia.org/wiki/Proofs involving covariant derivatives
http://en.wikipedia.org/wiki/List of formulas in Riemannian geometry

GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' 4+ ViR" 4+ VaRLek =0

VAO
w:Rlicci curvature tensor (by components):
R = RO;“W

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p31
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GR: Bianchi, Riccl, Einstan

... second Bianchi identity:
VoR' 4+ ViR" 4+ VaRLek =0

.Xes
w:Rlicci curvature tensor (by components):
R = RO;“W
w:scalar curvature = Ricci scalar:

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p31


http://en.wikipedia.org/wiki/Ricci curvature
http://en.wikipedia.org/wiki/scalar curvature
http://en.wikipedia.org/wiki/Proofs involving covariant derivatives
http://en.wikipedia.org/wiki/List of formulas in Riemannian geometry

GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +VeR"\ 4+ VaRok =

.Xes
w:Rlicci curvature tensor (by components):
R = RO;“W
w:scalar curvature = Ricci scalar:

warning: “R" written coordinate-free may mean:
e an order 4, dimension 64 tensor R;

e an order 2, dimension 16 tensor R or R; or

e an order O, dimension 1 tensor = scalar R

e all three are fields over a spacetime 4-manifold

=

E-W@--W-@-!x—“\-d Q-Vﬁm-!ﬁ-vvzo-@- SR+€eGR vV -p.31
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GR: Bianchi, Riccl, Einstan

... second Bianchi identity:
VoR' +VeR"\ 4+ VaRok =

VO

w:Rlicci curvature tensor (by components):
Ry = R,
w:scalar curvature = Ricci scalar:

w:Proofs involving covariant derivatives
V(R — 2g"R) =0

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V -p31
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GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +VeR"\ 4+ VaRok =

.Xes
w:Rlicci curvature tensor (by components):
R = RO;“W
w:scalar curvature = Ricci scalar:

w:Proofs involving covariant derivatives
V(R — 2g"R) =0

defn Einstein tensor (by components):
GH = Riv — Lo R
= V,GH =0

=

1A dg- () -g @t lds?]. [V A [M [V, /= 0-R->| SR+eGR V —p.31
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GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +VeR"\ 4+ VaRok =

.Xes
w:Rlicci curvature tensor (by components):
R = RO;MW
w:scalar curvature = Ricci scalar:

w:Proofs involving covariant derivatives
V(R — 2g" R) = 0

defn Einstein tensor (by components):
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