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1 General Overview of the Teaching of
Mathematics

The face of the teaching of mathematics is in constant flux. This course, therefore is an attempt to
stay in step with the current pedagogy(s) used in the teaching of mathematics to the primary grades.
While educators should find this book helpful in learning or reacquainting themselves with some of
the methodologies currently used, this course attempts to use as much lay language as possible to
also be helpful to parents who, in looking over the shoulders of their children, are sometimes baffled
by the "New Math". Those who perhaps might find the most value from this course would be those
who wish to home-school their child(ren). It is hoped that teachers of mathematics will continually
make updates to this course as these changes inevitably occur.

1.1 What This Book is Not

This book assumes that the reader has reached some level of competency with the topics it covers.
As such, this book is not designed to teach math to the reader. Rather, it is meant to give the reader
insight into how and why mathematical core understandings and skills are taught the way they are.
Activities will be suggested that will present teachers and prospective home-schoolers with ideas for
their own course content. A basic mathematics background should be all that is needed to find value
in this course. Often times parents (and even teachers) only understand a topic in the way they were
taught it, but modern math curriculums are often constructed in such a way that topics are covered
in many different ways in order to accommodate the different learning styles of students. By way
of example, this course will not teach the reader in step by step fashion how to multiply two large
numbers, but the various building blocks and algorithms that students are introduced to in the process
of learning this skill will be explained.

1.2 Connectedness

One of the overarching ideas that is highly valued in the teaching of mathematics in the primary grades
involves the connections students make in their learning. All of our mathematical understandings
are intertwined. For this reason, different skills such as multiplication and understandings like those
learned from the study of geometry are not taught separately. Rather, they are taught together, in such
a way as to reinforce each other. Students should be encouraged to make connections by looking
for patterns, exploring extremes, and forming and testing conjectures. Teachers and parents should
refrain from simply "telling them how to do it." Letting student "guess at" and then check their work,
learning from their mistakes as they go, leads to much stronger mathematical understandings. It also
leads them to form mathematical habits that make future mathematically based explorations more
efficient.

3



General Overview of the Teaching of Mathematics

Primary and even upper school teachers recognize that understanding mathematics in the abstract is
not the goal of most students. They need to see connections to the real world that inspire their learning.
For this reason, teachers prefer to use real world problems that require the need for mathematical
models (see below). Teachers prefer not to "teach". They prefer to "guide". Modern Educators
realize that students gain true "ownership" of their understandings through, inasmuch as it is possible,
making connections on their own - by way of their own work and explorations. Internal links in this
course, when found in this course will purposefully be placed there to emphasize what should be an
ever-present concept of the connectedness of mathematical understandings.

1.3 Manipulatives and Models

One very important component of the contemporary methods used to teach math is the use of
manipulatives (such as toys) and models (visual representations) to give added dimension to students'
understandings. In each chapter of this course, the reader will find various examples of models used
to teach different mathematical understandings. Often, they will find that these models serve to
make connections to material covered in other sections. Keep in mind that teachers in the classroom
tend to be very creative and resourceful. Often, the models found in this course have many possible
permutations, and can come in various shapes, sizes, and guizes. They are purposely presented here
in simple forms to facilitate for the reader their identification.
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2 Numbers

2.1 Numbers

This section is for students to read by themselves or with the help of a teacher or parent.

2.1.1 Natural Numbers

When we count apples or oranges or elephants, we are using natural numbers. Natural numbers are 1,
2, 3, and so on without end. There is no largest natural number, one can always get a larger natural
number by adding 1.[Numbers]

2.1.2 Zero

Zero represents nothingness. Zero is less than every natural number. If we have zero apples or
oranges or elephants, we simply do not have anything.

2.1.3 Other Types of Numbers

2.2 Teaching Numbers

This section is for teachers or home-schoolers. It is about teaching the basic concepts and conventions
of numbers.

2.2.1 Developing a sound concept of number

Children typically learn about numbers at a very young age by learning the sequence of words,
"one, two, three, four, five" etc. Usually, in chanting this in conjunction with pointing at a set of
toys, or mounting a flight of steps for example. Typically, 'mistakes' are made. Toys or steps are
missed or counted twice, or a mistake is made in the chanted sequence. Very often, from these
sorts of activities, and from informal matching activities, a child's concept of number and counting
emerges as their mistakes are corrected. However, here, at the very foundation of numerical concepts,
children are often left to 'put it all together' themselves, and some start off on a shaky foundation.
Number concepts can be deliberately developed by suitable activities. The first one of these is object
matching.
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Numbers

2.2.2 Matching Activities

As opposed to the typical counting activity children are first exposed to, matching sets of objects
gives a firm foundation for the concept of number and numerical relationships. It is very important
that matching should be a physical activity that children can relate to and build on.

Typical activities would be a toy's tea-party. With a set of (say) four toy characters, each toy has a
place to sit. Each toy has a cup, maybe a saucer, a plate etc. Without even mentioning 'four', we
can talk with the child about 'the right number' of cups, of plates etc. We can talk about 'too many'
or 'not enough'. Here, we are talking about number and important number relations without even
mentioning which number we are talking about! Only after a lot of activities of this type should we
talk about specific numbers and the idea of number in the abstract.

2.2.3 Number and Numerals

Teachers should print these numbers or show the children these numbers. Ideally, the numbers
should be handled by the student. There are a number of ways to achieve this: cut out numerals from
heavy cardstock, shape them with clay together, purchase wooden numerals or give them sandpaper
numerals to trace. Simultaneously, show the definitions of these numbers as containers or discrete
quantities (using boxes and small balls, e.g., 1 ball, 2 balls, etc. Note that 0 means "no balls"). This
should take some time to learn thoroughly (depending on the student).

0 1 2 3 4 5 6 7 8 9

2.2.4 Place Value

The Next step is to learn the place value of numbers.

As you are aware, the number after 9 is 10 (called ten). This number is represented by a new place,
the tens, and each time the number in the second place value increases, represents a collection of
ten units. After this comes the hundred place, followed by thousands. Even though numbers can be
much bigger, we will not need to create larger numbers at this time.

To help visualization, you can represent 10 as a batch of 10 coins, and 100 as 10 such batches.

2.2.5 Place Values in other number systems

Other number systems are not the same as the one we currently use. For example, the Maya Culture
where there are not the ten symbols above but twenty symbols.[Maya] Even though there are more
symbols, the place value system still remains intact.

A common number system used with computers is the use of binary, which uses the two symbols 0
and 1.

Here is how the system will be created:
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Teaching Numbers
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Numbers

If one uses the symbols A and B, you can get:

8



Teaching Numbers

B
in

ar
y

A
B

B
A

B
B

B
A

A
B

A
B

B
B

A
B

B
B

B
A

A
A

...
D

ec
im

al
0

1
2

3
4

5
6

7
8

...

9



Numbers

Trinary, which uses three digits, is also possible:
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Teaching Numbers
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Numbers

These external websites may give you enough information to figure the place value idea of any
number system.

1. [Numbers]Numbers1

2. [Maya]http://www.michielb.nl/maya/math.html

1 http://en.wikipedia.org/wiki/Number
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3 Adding numbers

3.1 Adding two single digit numbers

Adding single digit numbers is done according to the table below. To add two single digit numbers,
find one number in the first row and one number in the first column of the table. You will find the
sum where that row and column intersect. These sums follow a regular pattern and are quite easy to
remember with a little practice. Knowing these sums is the first step to mental arithmetic.
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Adding multiple digit numbers

3.2 Adding multiple digit numbers

To add multiple digit numbers, use the following procedure.

1. Start at the right-most digit in each number.
2. Add the right-most digit of each number as though they were single digit numbers.
3. If the sum of those digits is 0 to 9, that is the right-most digit of the answer.
4. If the sum of those digits is 10 to 18, the right-most digit of this sum is the right-most digit of

the answer.
5. Move one digit to the left in each of the two numbers you are adding.
6. Prepare to repeat the process with these digits, with one difference. If the sum on the previous

round was 10 or more, you will add 1 to the sum of these digits. If the sum on the previous
round was 0 to 9, you will not add one to these digits.

7. Repeat the process, moving left each time, remembering to add 1 if required, until there are no
more digits to add. For each round, you will find the next digit to the left of the answer.

If you are using pen and paper, write the two numbers you are adding one below the other, aligning
the right-most digits. Draw a line beneath the two numbers below which you will write the answer as
you calculate it. As you calculate each digit of the answer, write it below the digits of the numbers
above. For those rounds where the sum is 10 or more, write the "1" that you will add above the digits
of the next round so that you won't forget it.

26
+ 15
---
41

You now know how to add numbers of any size.

3.3 Teaching addition of numbers

When teaching young students how to add you will need to use physical items to help them understand
how addition works, use items that are similar to avoid confusing younger children. It is very
important that they understand the number system before trying to add or subtract. The following is
an example of how to show a child how to add.

I have two blocks, and Mary has two blocks. If Mary gives me two blocks how many blocks do I
have?

First show that you do in fact have two blocks, then show that Mary (or whatever the name of the
person is) also has two blocks. Have the children count the number of blocks you have and the
number of blocks Mary has.

Have Mary give them two blocks, now have the children count how many blocks they have. You
have four blocks and now Mary has zero blocks. Some children may be able to understand addition
better if you teach subtraction at the same time, some may notice that Mary has zero blocks while
others may not make this connection, this depends completely on each child.
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Adding numbers

This block example should be done multiple times until every student understands how to add two
single digit numbers together, if some students have trouble understanding the concept have them
hold the blocks and do the above block example with each other, help them count the blocks they
have. You can later increase the number of blocks slightly to help encourage further counting.

When the basic concept of adding has been introduced via a physical method children should be
encouraged to learn the combinations of single digit numbers - so that addition no longer relies on
counting blocks (or fingers). Especially important for mental subtraction is to learn the combinations
of numbers that add to give 10.

When these basics have been taught and before moving on to adding 2 digit numbers children must
learn place notation (ie that 25=20+5). Once this is learnt children can progress to adding 2 (and
more) digit numbers. It needs to be explained that when you have 10 in the units column you must
'carry' that over to be 1 in the 10s column. Note that this means that 25+97 is MUCH harder than
12+13.

Depending on the child it can be useful to do this in binary as there are far fewer number combinations
to remember, though this can confuse some children.

Due to place notation addition is usually carried out right to left:

1 1
45 45 45
+37 +37 +37
=== === ===

2 82

With the 1 above the addition representing a carried digit.

It is possible to do addition left to right:

45
+37
====
70
12
====
82

(adding the tens first).

Children who are taught this way will usually work out for themselves the shorter way of writing it
out.
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4 Subtracting numbers

4.1 Subtracting numbers

Subtraction is when we ask the question, if I have this many, and take away that many, how many are
left? Like I may have 7 apples, but I eat 2, so I have 7-2 = 5 left.

We are not allowed to subtract a larger natural number from a smaller one because we can not have
less than zero of anything.

Subtraction is just addition reversed. You can see this in the following way. If I have an addition, like
3+5 = 8, I can write it in a triangle like so:

8
/ \
3 + 5

Now the left side and the right side of the triangle are two subtractions: 8 - 3 = 5, and 8 - 5 = 3. This
nicely shows that when you subtract, say, 8 - 5, you want to know what the other leg of the triangle
is, given that the top is 8 and one leg is 5. To say this in another way, you want to know what must
be added to 5 to get 8.

Below is a subtraction table for small numbers. To use it, find your first number in the left column,
your second number in the top row. Then the difference is found where that row and column intersect.
These differences follow a very regular pattern and are easy to remember with a little practice.

17



Subtracting numbers

Su
bt

ra
ct

io
n

ta
bl

e
-

0
1

2
3

4
5

6
7

8
9

0
0

1
1

0
2

2
1

0
3

3
2

1
0

4
4

3
2

1
0

5
5

4
3

2
1

0
6

6
5

4
3

2
1

0
7

7
6

5
4

3
2

1
0

8
8

7
6

5
4

3
2

1
0

9
9

8
7

6
5

4
3

2
1

0
10

10
9

8
7

6
5

4
3

2
1

11
11

10
9

8
7

6
5

4
3

2
12

12
11

10
9

8
7

6
5

4
3

13
13

12
11

10
9

8
7

6
5

4
14

14
13

12
11

10
9

8
7

6
5

15
15

14
13

12
11

10
9

8
7

6
16

16
15

14
13

12
11

10
9

8
7

17
17

16
15

14
13

12
11

10
9

8
18

18
17

16
15

14
13

12
11

10
9

18



Subtraction with large numbers

4.2 Subtraction with large numbers

When larger numbers are involved, use the following procedure. Subtraction is more complicated
than addition, so pen and paper are usually required.

• Start with the right-most digit of each number.
• If the answer of subtracting these digits will not be less than zero, subtract these digits. The answer

is the right-most digit of the answer.
• In this case, move one digit left in each number and repeat the process.

• If it was not possible to perform the subtraction because the result would be less than zero, add 10
to the digit of the first number to make the subtraction possible. Do the subtraction, the answer is
the right-most digit of the answer.
• Reduce the next digit to the left in the first number by 1. This will be possible if that digit is 1 or

more.
• If reducing that digit was possible, the borrowing procedure is complete. Continue to the next

round, moving one digit to the left in each number. You will now use the reduced digit in the
next round.

• If reducing that digit was not possible because it was 0, add 10 to it and then reduce it by
one. Now one must borrow again from next left digit. Reduce the next digit to the left by 1,
borrowing again if it is 0. Continue this process until you reduce by 1 a digit that is 1 or more.
Then the borrowing procedure is complete. Repeat the process with the next digit of each
number. You will now be using the first of the reduced digits in the next round.

To make this clearer, see the examples below.

Example 1, no borrowing required.

27 27
- 4, - 4
--- ---

3 23

Example 2, 1 round of borrowing required.

3 3
40 40 40
- 2, - 2, - 2
--- --- ---

8 8 38

Example 3, 2 rounds of borrowing required.

09 09
100 100 100
- 15, - 15, - 15
--- --- ---

5 5 85
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4.3 Teaching subtraction

Subtracting numbers and adding numbers should be taught together, the process of teaching subtrac-
tion is the same as teaching addition. You should not teach children negative numbers at a young age
as there is no way to physically show them a negative number.

As with addition it is important for children to remember the simple combinations of single digit
numbers. Moving to 2 digit addition (having learnt place values), start with simple problems:

45
-32
===

first 5-2=3 second 40-30=10

45
-32
===

3
10

then add

45
-32
===

3
10
===
13

To get the answer.

When this is grasped move on to harder problems:

52
-35
====

There are 2 methods that I would like to illustrate, the first uses carrying:

Start by saying that 5 is bigger than 2 so we take 10 from the 50 and add it to the 2 to get 12

5412
- 3 5
======

Is the usual way of writing this.

Now subtract 5 from 12 to get 7. This is another 'pair' that needs to be taught - all the numbers up to
10 subtracted from all larger numbers up to 20 are 'required', or it is possible to say that 12-2 is 10
and that 5-2 is 3 and 10-3 is 7, which is how I do it, but is not necesseraly the 'easiest' way. Different
children will want to do this in different ways and will often develop their own methods for mental
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subtraction (ie when you don't write it down). For instance I do this: 56-38 becomes 50-40+6+2 :
note that I have used both the fact that 56=50+6 and that 38=40-2 (this is why I personally feel that
every child needs to know the pairs that sum to 10) and that a+b-(c-d) = a-c+b+d allthough you can
'see' this as the 'big chunk' from 40 to 50 and then the two small end bits added on (6 and 2) without
expaining using algebra, again teachers should remember this general truth (that addition can be
re-ordered and that minus minus = plus) in order to answer questions and with a view to the child
learning it in this form.

To continue:

5412
- 3 5
======

7

Then we take 30 from 40 (remember that it is now 40 since we gave the other 10 to the units) to get
10

5412
- 3 5
======

7
10

And finally add these two together

5412
- 3 5
======

7
10

======
17

To give the answer.

An alternate method of subtraction is to perform subtraction starting on the left and heading to the
right. This second method was used by some young children, which shows that young children can
understand negative numbers if told about them:

The same sum:

52
-35
====

This time we will take 30 from 50 first (working left to right here - much more 'obvious') to get 20

52
-35
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====
20

Then we will take 5 from 2 to get -3

52
-35
====
20
-3

Then we take the 3 from the 20

52
-35
====
20
-3
====
17

To finish the sum. Here students need to know what 20-3 is: This is easiest to look at as 10+10-3 and
then know that 10-3 is 7 (again, numbers adding to 10).
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5.1 The Teaching of Multiplication

5.1.1 Manipulatives and Models

In the early and middle primary grades, the operation of multiplication is first denoted by the symbol
"x", and is normally first taught as repeated addition, where multiplying the numbers "3" and "5" (3
x 5) is the same as adding the number three a total of five times: 3 + 3 + 3 + 3 + 3 = 15, so 3 x 5 = 15.
Modern curriculums initially teach this concept with manipulatives, or toys and objects that serve to
model, and enable students to visualize what multiplication is. For instance, a teacher might model
the problem 4 x 6 by putting 4 jelly beans each in 6 bags. Subsequent models become more abstract,
but the model that all students eventually learn to understand and use is called an area rectangle:

Figure 1

The above area rectangle models the problem 9 x 4, which equals 36. Note that there are 4 rows and
9 columns and that the height of the rectangle is 4 units and the width (or base) is 9 units. Students
find that when they count the 9 unit rows four times, they will count a total of 36 units. Soon, they
come to the realization that if they were to count the 4 unit columns nine times, they arrive at the
same answer. This becomes one of the ways that they learn the commutative property: a x b = b
x a (See:Wikipedia:Commutativity1) Eventually, students should memorize all of combinations of

1 http://en.wikipedia.org/wiki/Commutativity
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multiplying single digit numbers, but it should be noted that just because a student has memorized
their multiplication facts that they necessarily understand at an abstract level what multiplication
represents. Note that the above rectangle has a total of 36 square units, which serves to introduce
students to the geometric axiom that area of a rectangle is equal to the base (9 in this case) times the
height(4).

By working with area rectangles, students make connections to geometry that serve to strengthen
their understanding of multiplication. Eventually students no longer need to see the interior square
units and soon come to the understanding that one or both of the lengths of these area rectangles can
be expressed as the sum of two lengths. The following area diagram models the problem 16 x 3 :

Figure 2

Because 16 = 10 + 6, students can visualize that the length of the above rectangle is still 16. They
then can see that the larger rectangle can be expressed as the sum of the two smaller area rectangles:
(3 x 10) + (3 x 6).

In upper elementary grades students are introduced to a more standard mathematical nomenclature
where the mulitpication symbol "x" is no longer necessary, permitting them to notate an equation for
this model as: 3(16) = 3(10) + 3(6). This is the primary model used to teach the distributive property:
a(b + c) = a(b) + a(c) (See: Wikipedia:Distributivity2)

The area model can be used to show the distributive property at an even more complex level. Consider
the problem 155x360:

2 http://en.wikipedia.org/wiki/Distributivity
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Figure 3

5.1.2 The Use of Different Algorithms to Solve Multiplication Problems

Note that in the above model, the height and width (base) of the larger area rectangle has been broken
up into smaller area rectangles based on the place holder of each digit in each number, making it a
representation of the standard algorithm for multiplication:
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Figure 4

This standard algorithm can be further modified to make it more efficient.
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360

?155

1800

1800

360

55800

In the example above, multiplication is the same, but uses carried digits and integrates them into the
same row.

5.1.3 The Lattice Method

Some students find an algorithm known as the lattice method easier to use because it involves the
use of lines that guide the eventual values of the final place holders. It should be noted that students
using this algorithm generally take more time to complete a problem. Additionally, this algorithm
tends to become confusing for students when it is used with problems involving decimals. For these
reasons, the use of the lattice method can become a liability in later grades. It is recommended that
as soon as this model is mastered by the student, it becomes advisable to teach and encourage them
to use the standard model.

Figure 5
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Figure 6

In the left image, the two numbers are arranged at the edges of a grid. In each cell of the grid, the
two numbers in the row/colum are multiplies together to get a two digit number; the tens place is
places in the upper-left triangle in the grid, and the ones in the bottom-right corner.

In the right image, each diagonal is summed to produce a number on the bottom; digits are carried to
the diagonal on the left.

5.1.4 Multiplication with decimals

When decimals appear in a multiplication problem, they can be hidden during the multiplication. For
example, when looking at the problem 21.4 x 5.63 you would ignore the decimals and perform the
operation for 214 x 563. When the computation is complete and you have the answer of 120482,
count the digits (or place values) to the right of the decimal in each of the original two factors. The
first factor, 21.4, has one digit to the right of the decimal and the second factor 5.63 has two digits to
the right of the decimal. Next, take the total of these two counts, which in this case is 3, and include
the same number of digits to the right of the decimal point within the product. This makes the answer
120.482

Another way to determine where the decimal point belongs in your answer is to make an estimate.
For example if you once again have the problem 21.4 x 5.63 you could make a quick estimate of 20 x
5 which is 100, so you know your answer will have to be near 100. If you complete the multiplication
computation, once again ignoring the decimals (214 x 563), your answer will be 120482. The only
reasonable place to insert the decimal point, based on our estimate of 100, is between the 0 and 4,
making the answer 120.482
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6.1 Dividing numbers

When first teaching young children to divide, you may like to try getting a small group together and
sharing out a number of objects evenly between them. This will ensure that the students get a clear
understanding of the concept of division before moving on to the written process of short and long
division.

The process of division should be taught as the reverse of multiplication, again the times tables are
needed. The links between addition and subtraction and multiplication and division become important
later when the 'opposite' or inverse operation will be needed to solve algebraic problems. Primary
teachers can help with later learning by emphasising that division is the undoing of multiplication, as
well as pointing children in the right direction for actually doing division.

The simplest division is where the multiplication is known:

10
2 = 5

(Note that I will write division as fractions - the formating is easier - the two are the same thing,
children need to know this; I have met GCSE students, 15 and 16 years old, who were confused about
this. The usual line with dots above and below (÷) is normally used for these simple problems.)

Harder are problems where the inverse is not known:

98
2

As 98 is greater than 10×2, children are unlikely to know the answer. This is where we introduce
long division, which we write like this:

__
2/98

The first step is then to divide 9 by 2, however 2 does not go into 9. We find the highest number less
than 9 into which 2 does go (8) and divide it by 2. The remainder (9-8=1) we add to the units as a ten
(we have taken 10 away from 90 to get 80, we then add the 10 to the 8 to get 18). Having done this we
divide 18 by 2 to get 9. This is often set out like this (more often it is set out as a crossed out 9 with
a little 1 squished in by the 8, however this setting out is clearer and much better for harder problems):
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49
2/98
-80
18
-18
0

The 8 under the 9 is 4×2 and is the lowest multiple of 2 less than 9. As the 9 is in the 10s column it
is 90 and the 8 is 80. We then subtract the 80 from the original 98 and divide the resulting 18 by 2.

In a longer example we do the same thing more than once:

78487
2/156974
-140000 (2 does not go into 1 or 15, but 2×7 is 14)
16974
-16000 (2 does go into 16, 8 times)

974
-800 (2 does not go into 9 but it does 8)
174
-160 (not 17 but 16)
14
-14 (and finally 7×2=14)
0

This method extends directly to division by larger numbers. For numbers larger than 12 writting out
the multiples of the number to the side can be useful - only go up to what is required, calculating
more as you need them. It also extends to decimals - just continue after the decimal point, allthough
if the number you are dividing by is a decimal you need to multiply both it and the number you are
dividing it by by 10 or 100 or 1000 etc. in order to make it an integer (whole number).
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7.1 Negative numbers

The intended audience for this lesson is students, whether children or adults. For the same lesson,
but aimed at an audience of parents and educators, whether in traditional or home-schooling
environments, please see this Wikiversity page1.

7.1.1 Introduction

Negative numbers are numbers less than zero. A convenient way to think of them is as a number
owed. For example, if you have negative four apples, that means you owe four apples to someone. A
dash is typically used to indicate a negative value. In our case, we would write -4 apples.

Some other examples of negative numbers are temperatures below zero, depths below sea-level,
or floors in a building below the ground. Opposites can also be used, like forward and backward
(negative distance), going faster and slower (negative acceleration), give and take (giving negative
quantities), and heating and cooling (adding negative heat).

Negative numbers are always shown with a minus sign (-) directly in front. Positive numbers, which
haven't required a label until now, are sometimes shown with a plus sign (+) directly in front, but this
is optional.

7.1.2 Addition involving negative numbers

When adding two negative numbers, just find the sum and make it negative:

-4 + -3 = -7

This can be visualized by the use of negative tiles, each of which represent the number negative one
(-1).

1 http://en.wikiversity.org/wiki/Primary_mathematics:Negative_numbers
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Figure 7

The situation gets a bit more complicated when one of the numbers to be added together is negative
and the other is positive. Let's say we want to add positive two (+2) to negative three (-3). If we draw
the plus and minus signs, we can pair up each positive sign with one negative sign and then they
cancel each other out. This leaves one negative sign, though, meaning that +2 plus -3 equals -1:

Figure 8

We can write this as:

+2 + -3 = -1

It doesn't matter if we change the order in addition, so we also get:

-3 + +2 = -1
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Some people skip the plus sign on positive numbers, this gives us these two equations:

2 + -3 = -1

-3 + 2 = -1

Let's review. To add two negative numbers, just add normally, then make the result negative:

-4 + -3 = -7

When adding one negative number to one positive number, it can be rewritten as a subtraction
problem:

4 + -3 = 4 - 3 = 1

It may sometimes be necessary to change the order of the two terms to do this:

-3 + 4 = 4 - 3 = 1

Any subtraction problem can also produce a negative value:

-4 + 3 = 3 - 4 = -1

The last problem can be visualized as if you owed 4 apples, then got 3 (which you gave to the person
to whom you owed the apples), so you would still owe them 1 apple.

7.1.3 Subtraction involving negative numbers

Subtracting a negative number is the same as adding the same positive number. In other words, two
negative signs makes a positive:

5 - -2 = 5 + 2 = 7

Or, if both numbers are negative:

-5 - -2 = -5 + 2 = 2 - 5 = -3

To illustrate the last example, imagine five negative signs, then you subtract, or take away, two
negative signs, leaving you with three negative signs:
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Figure 9

It gets a bit trickier when you need to subtract more negatives than you start with. Here we start with
one negative but need to take away four. This requires us to add three sets of positives and negatives,
which cancel each other out. Then, once we remove the four negatives, that leaves us with three
positives:

Figure 10

This means:

-1 - -4 = +3

The other method is to say, since two negative signs make a positive sign, we instead can write:

-1 + 4 = 4 - 1 = 3

Note that, unlike addition, you can't change the order in a subtraction problem, or you may get a
different answer. This is true whether you are subtracting positive or negative numbers:

9 - 8 = +1
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8 - 9 = -1

7.1.4 Multiplication involving negative numbers

Just multiply normally, then apply the following rules:

• If both numbers are negative (or both are positive), the result is positive.

• If only one number is negative, the result is negative.

Thus:

4 × 3 = 12
-4 × -3 = 12
-4 × 3 = -12
4 × -3 = -12

You can change the order in multiplication, but, unlike addition, there isn't much advantage to doing
this. Here are the previous examples in the reverse order:

3 × 4 = 12
-3 × -4 = 12
3 × -4 = -12
-3 × 4 = -12

7.1.5 Division involving negative numbers

Just divide normally, then apply the following rules:

• If both numbers are negative (or both are positive), the result is positive.

• If only one number is negative, the result is negative.

Note that these are the same rules as were used for multiplication:

12 ÷ 3 = 4
-12 ÷ -3 = 4
12 ÷ -3 = -4
-12 ÷ 3 = -4

Here's those examples are again, using the alternate slash notation instead of the familiar division sign:

12 / 3 = 4
-12 / -3 = 4
12 / -3 = -4
-12 / 3 = -4
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Note that you can't change the order in division, just like you can't in subtraction, or you get a
different answer. Here are the previous examples in the reverse order:

3 / 12 = 1 / 4
-3 / -12 = 1 / 4
-3 / 12 = -1 / 4
3 / -12 = -1 / 4

7.1.6 Other notations

Negative numbers are sometimes shown in parenthesis, in red, or with DB (for DeBit) next to them,
in the field of accounting (that is, when dealing with money).
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8 Fractions

8.1 Learning to use fractions (Visually)

Fractions or rational numbers are in essence the same as division, however we use them more
often to express numbers less than one - for instance a half or a quarter. Fractions have a numerator
(on the top) and a denominator (on the bottom). If a fraction is larger than 1 then the numerator will
be larger.

8.1.1 Modern methods to teach fractions

Todays modern methods of teaching math and fractions are drastically different than how they were
taught just 10 years ago. The difference between these methods is that the later method explores
the visual evidence for certain ways of manipulating fractions and whereas the earlier approach
simply used variables from the begining. Tiles of different colors sorted into groups can be useful in
representing fractions visually.

8.1.2 Origami and Fractions

There is perhaps little emphasis these days which shows the elaborate "visualization" that math
requires. Students used to be taught merely by equation, but to my understanding, by teaching them
such methods they tend to take the "cooking approach" to problems in that they have an inadequate
sense of "visualizing" the concept the problem in their mind. What i want to do is emphasize the
creative aspect of fractions while at the same time exploring the richness of why such problems are
true.

Why i call this section Origami and math is because they are very much related to each other. The
thing about Origami which is rich in math is that essentially folding a piece of paper proves that such
a fraction exists!

in order to do this experiment, you need the following materials:

1. Square piece of paper
2. pencil

Steps to seeing some nice fractions

First, we have to say to ourselves, "This piece of paper is 1 piece of paper"

Now, we will explore fractions by seeing how "much" of the remaining paper we see as we fold.
Every time we see the paper, we will write down the fraction of the paper on the front of it. By the
time we get done, we'll have lots of fractions written on a piece of paper.
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Step 1: Obtain square piece of paper. Write "1" on it.

Step 2: fold piece of paper in half. Write "1/2" on it.

Step 3: Fold again in half. write "1/4"

Step 4: Fold again in half. write "1/8"

Step 5: Unfold the piece of paper and write lines in where there are folds in the paper

Notice: if there is a 1 on top, then whatever number is on the bottom, it takes that many "pieces" to
make a "whole". For example, 1/8 needs 8 pieces to become 1 whole.

8.1.3 The square model vs. the circle model

Figure 11 A square divided into
fractions

Figure 12 A circle divided into
fractions

A square divided into fractions A circle divided into fractions

8.1.4 The money approach: 1, 1/4, 1/2, 1/10, 1/20, 1/100

A very practical way to learn fractions is the use of money, as we use it everyday.

Questions:

1. How many quarters are in a dollar?
2. How many dimes are in a dollar?
3. How many nickels are in a dollar?
4. How many pennies are in a dollar?

As said from the previous section, if there is a one on top and some number on bottom, that means it
needs that much pieces to make it a whole (a whole means 1 by the way)

For example, 1/10 is the value of a dime (10 cents). You need 10 dimes (10 x 10 = 1 dollar) to get
one full dollar.
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8.1.5 Whole number fractions

First of all, as always, instead of looking at complicated variable jargon, we will instead look at
certain ways to "view" certain types of number. Just like art, you don't need to be an accomplished
artist to draw, but rather you just need to know how to look at things better (in this case, numbers)

Since fractions have both a top (called a numerator. think "topinator") and a bottom (denominator,
which "downominator" which is divided by a bar, we have to "adjust our thinking" so that we can
recognize what our friendly fractions might look like.)

For example,

Q: 5 ÷ 5 reads "5 divided by 5". What does that look in Fraction form?

Well, since we are prospective mathematicians (and artists...) we will look at the magic of what the
divided sign actually means:

o
===
o

(my divided sign) What it actually means is that dots tell you to "Make me a
number!"
(because Zeroes often become lonely...they want to have value in life...)and
you see that bridge which devides them too says that, "In order to separate
suchZEROES in life and making more zeroes, we say always divide your
numbers from each other."

A: 5
5 = 1, which also reads "5 divided by 5".

Since we know how to recognize some fractions, we have to "see" with our naked eyes what some
fractions actaully mean. The best preparation that you will have in our "artist" training is that whole
numbers actually have "1" on the bottom. You may ask yourself, "How can that be? Is that even
possible?"

Well Just for fun, we will go through this little exercise to show that there is indeed ones on the
bottom when you have whole numbers.

Example: express "5" in a fraction form.

Look at our previous example about the placement of things. We now know what a denominator
is and a numerator is. Since the whole number is the number of top, all we have to do is see what
number is on bottom, i wonder what it is.

5
? In order to figure out what goes on bottom, we can figure it out many

ways.Fractions are in ways actually like ratios. Such as if there were two
ice creams for me and none for you, my ratio would be 2:1 and yours
would be 0:1...Sad isn't it?Getting back to the point, we must think about
why and how it becomes a whole number.

(X)(X)(X)(X)(X)
(X) The upper part represents five oranges.

the lower represents 1.
= 5

1

So our lesson is, if there is any whole number, "1" will always go on the bottom. So if I say, "What's
the number that goes on the bottom if the number is 1,2,3,4,5,6,7, or any other whole number?"
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Of course, your answer should be "1", "1", "1", "1", "1", "1", "1" and always "1." I want you to
remember that!

8.2 Multiplying fractions

In general, multiplying fractions involves a simple formula:
A
B ∗

C
D = A∗C

B∗D

Where A, B, C, and D represent the numbers within the fractions. If this seems intimidating, there
are methods used to tackle the multiplication more easily.

8.2.1 Traditional multiplication method

1. Know what the fractions are. Write it out.

2. If you wrote it out correctly, ignore the fractions part and look at it this way.

For example:
5
3 ∗

5
3 = ?

?

If you wrote it correctly, this is what it should look like. Also, it would be helpful if you wrote it
equal to the mysteriously equal question marks, "?/?." They're there so you can see where to write
your answers.

3. Using your finger or card, cover or hide the bottom (called the denominator) so that you can
concentrate on multiplying the top. Focus solely on multipling the upper portion:
5 ∗ 5 = ?

5 x 5 = ? (what is 5 times 5? what is the value (in cents) of 5 nickels? why 25 of course!) So if 25 is
equals ?, than simply "erase" the "?" and write "25." Its that simple!

Again, since you know whats on top, do the same on the bottom:

3 ∗ 3 = ?

Again, what is 3 x 3? Of course, it is 9. So, again, erase the "?" and write down "9"

Once you remove the finger or card, you are presented with the answer: 5
3 ∗

5
3 = 25

9

8.2.2 Multiplying Fractions with nice pictures

Another good way to prove that answers are actually correct is to use a diagram or tiles to prove
that it is correct. So how we do that is first write out one of our fractions on one side and the other
fraction on the other side. To see what i mean, here is an example:

Here is our little lesson. We will multiply 3/4 x 1/2 = ?.
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1/4
1/4
1/4
1/4

So just imagine the figure
to the right is one whole 4
story "chocobar" (i will re-
mind you that one chocobar
that has 4 stories still is one
chcobar) You will see that
each story represents a frac-
tion. 1/4 means its needs 4
pieces to make a whole.

0000 __________________
000000/ |
OOOO Mr. Anaconda | "CHOBARS ARE YUMMY!"
\ _______-

| "I hope I eat a lot
| / \ | of them!"
| / \ |
| / \ |
| / \ /
\-/ \-/

But the thing is, Mr. Anaconda only has enough energy to eat once a week. His mouth is 1/2-full
with chocbar and the deepest he can eat is 3/4 a chocbar. How much of the chocbar has he eaten?

The fraction is set up like this:
3
4 ∗

1
2 = ?

?

Visually, it will look like this:

1/2 1/2
1/8 1/8
1/8 1/8
1/8 1/8
1/8 1/8

1/4
1/4
1/4
1/4

So, simplified from our little illustration is our little chocobar broken up into nice convenient blocks
so that Mr. Anaconda can eat it.

1/2 1/2
1/8 1/8
1/8 1/8
1/8 1/8
1/8 1/8

1/4
1/4
1/4
1/4

From the image, you can count 3/8ths of the chocobar was eaten.

8.2.3 Dividing fractions

As mentioned earlier, a fraction is one number divided by another. Because of textual limitations,
fractions here will be represented using numbers and slashes. For example, the fraction one half will
be represented as 1/2. The fraction two thirds will be represented as 2/3.

Now, on to some specifics. You may already know how to multiply fractions. Remember all you
have to do is multiply the two top numbers together and put them above your two bottom numbers
multiplied together. If know how to multiply fractions, dividing fractions will also be easy, and only
requires one extra step.
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In order to divide two fractions, you invert the second fraction and multiply. This means that you
switch around the numerator (top) and denominator (bottom) of the fraction before multiplication.

Let's look at examples using our two fractions. First, let's divide the fraction 1/2 by the fraction 1/2.
Since we are dividing a number by itself, we should expect to get an answer of 1.

Here is our problem.
1
2 ÷

1
2 = 1

2 ∗
2
1 = 1∗2

2∗1 = 2
2 = 1

Now let's try another example.
1
2 ÷

2
3 = 1

2 ∗
3
2 = 1∗3

2∗2 = 3
4

Hopefully, this gets you started.

There is an alternative way to divide fractions using an equivalent fraction approach
1
2 ÷

2
3 = 3

6 ÷
4
6 = 3

4

Here is another example
2
5 ÷

3
4 = 8

20 ÷
15
20 = 8

15

It works because the common denominator will always be n
n = 1

8.2.4 Adding fractions

Fractions that have the same or "Common" denominator are called "Like" fractions.

1/3, 2/3

(one-third, two-thirds)

To add Like fractions together such as these:

1/3 + 2/3 = ?

(one-third plus two-thirds equals what?)

1. Add the numerators (the top numbers):

1 + 2 = 3 (one plus two equals three)

2. Use the common denominator (the bottom numbers):

/3

All together it looks like this:

1/3 + 2/3 = 3/3

(one-third plus two-thirds equals three-thirds)

3. Then simplify the answer as much as you can by dividing the denominator into the numerator.

3/3 = 1 (three divided by three equals one)

If the numerator is now larger than the denominator it might look like this:
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Multiplying fractions

4/5 + 3/5 = 7/5 (four-fifths plus three-fifths equals seven-fifths)

Simplified:

5 goes into 7 one time, with 2 left over. Put the remainder (2) over the denominator (5).

7/5 = 1 2/5

(seven-fifths equals one and two-fifths)

To Add or Subtract fractions with different denominators, you must first convert them to equivalent
fractions with common denominators.

8.2.5 Multiplying to get equivalent fractions

In some cases, you may need to add 1/2 to 1/3:
1
2 +

1
3 =?

You will first have to convert the fractions into like fractions. The easiest means of doing so is to
multiply the top and bottom of the left fraction by the bottom on the right, and the top and bottom of
the right fraction by the bottom on the left:
1∗3
2∗3 +

1∗2
3∗2 =?

3
6 +

2
6 =?

The addition can now take place as expected:
3
6 +

2
6 = 5

6

(rational numbers)
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9 Working with fractions

9.1 Working with fractions

Mixed numbers and top heavy fractions:

A mixed number is an integer and a fraction, eg 2 and a half, a top heavy fraction is a fraction with a
larger numerator than demominator, eg 3/2. For multiplication and division you must not use mixed
numbers. They can be used in addition and subtraction (do the integers and fractions seperately and
combine the result) if this is not too confusing.

Simplest terms: Multiplying (or dividing) the numinator and denominator by the same number will
not change the fraction. A fraction is put into its simplest terms by dividing both by the largest
integer that goes into both a whole number of times, this can be done in stages using small integers
such as 2 and 3, 5 and 10 repeatedly.

Multiplication:

a
c ∗

b
d = ab

cd

Where ab=a*b.

Division:

To divide fractions; remember that a fraction is a division. Fractions can be stacked like so:

a
b
c
d

The rule to remember to simplify is that anything under an odd number of lines goes on the bottom
and anything under an even number of lines goes on the top (0 is even for this purpose) thus:

ad
bc

It is easier (perhaps) to remember that the the second fraction in the division gets turned upside down.

Addition and subtraction:

For addition the denomintators of the two fractions must be the same - if this is so then simply add
(or subtract) the numerators:

a
b +

c
b = a+c

b
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Working with fractions

If the denominators are not the same then a common denominator must be found, the simplest way
to do this is take the product of the denominators allthough if one is a multiple of the other simply
multiplying it by the aplicable integer works aswell. Remember to multiply the numerators by the
same number. In general:

a
b +

c
d = ad+cb

bd

But for example

a
5 +

b
10 = 2a+b

10

Is possible.

Remember that young children will not understand the algebraic formulation here. The art of primary
teaching is finding a way to make this make sense to young children however teachers need to know
these general rules.
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10 Decimals

10.1 Decimals

Decimals are a means of representing a partial number without using fractions. You will see them
when dealing with currency, and may find them in other situations as well. They will otherwise
appear to be normal numbers.

10.2 Addition and Subtraction

When adding or subtracting decimal numbers, the decimal points need to be aligned. If this causes
missing digits on the right, then treat them as zeros.

16.42
+ 2.3
------
18.72

10.3 Multiplication

When multiplying numbers, the right-most digits are aligned, with the decimal point being placed
within the normal location for the number. Multiply the two numbers as if they are normal numbers
to get the initial result. Next, count the number of digits to the right of the decimal points of the two
numbers; the total of the two counts indicates the number of digits to the right of the decimal point.

8.32 -- 2 digits after decimal

* 3.2 -- 1 digit after decimal
------
1 664
24 96
------
36.624 -- 2 + 1 = 3 digits after decimal

10.4 Division

Normally, the decimal point in the quotient is in the same location as the dividend. If a decimal point
appears in the divisor, the quotient's point is moved to the right by the same number of digits in the
quotient.
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10.5 Fractions to Decimals

Converting a fraction to a decimal simply involves long division. However, some numbers may
repeat infinitely as they can't be described in decimal form.

If you need to add digits to continue the decimal, simply add zeros to the quotient.

2.375
___

24 / 57
48
--
9.0
7.2
---
1.80
1.68
----

120
120
---

0

In the example above, you get an exact value.

2.157...
___

19 / 41
38
---

3.0
1.9
----
1.10
.95
----

150
133
---
17

In the example above, the number continues on without end. In general, you will want to stop after
only a few digits or until you find the repeating pattern. When you find the repeating pattern, a simple
notation is to draw a single line above the digits that continuously appear.

10.6 Converting to fractions

Finite-length decimals are trivially converted into fractions. The numberator contains the number
without the decimal point, and the denominator starts with 1, and has an additional '0' appended for
each digit to the right of the decimal point.

Infinite-length decimals are more complex, but are possible. The procedure for converting them
requires a knowledge of Algebra1, but will be summarised in an example. First, write x as the

1 http://en.wikibooks.org/wiki/Algebra
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Significant digits

repeating decimal:

x = 0.71428571428571428571428571428571...

Find the length of the repetition, and both sides by 10 until they line up again:

1000000x = 714285.71428571428571428571428571428571...

Subtract the first equation from the second, which should look like this:

999999x = 714285

Divide both sides by the left number:

x = 714285/999999

Reduce to lowest terms. In this case, both sides are divisible by 142857:

x = 5/7

10.7 Significant digits

In practice, decimal numbers (such as those obtained from measurements), may have a degree of
error. Thus, it might not make sense to always keep full precision when subtracting 0.001 from 1
million.

When adding or subtracting, a result is normally kept to the same precision as the least precise
number. When multiplying or dividing, a result contains the same number of significants as the one
with the least number of significant digits.

When dealing with measurements, there is usually only need for at most three significant digits.
Handheld calculators, having no direct concept of significant digits, will simply display them all and
will have to be rounded manually.

More information on significant digits will be found in a later chapter.
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11 Metric

The metric system, originating in France in 1791, is the current international standard for measure-
ments. In common use, there are three units that are frequently used in the metric system:

• Meter (m) - a unit of length
• Gram (g) - a unit of mass
• Second (s) - a unit of time.

The two tangible units, meter and gram, can be converted to larger and smaller representations simply
by multiplying by 10.

11.1 Meter

A meter is the standard unit of length; it is approximately equal to 39.37 inches (3.28 feet) in the US
customary system.

A normal meter stick will have 10 divisions, each representing 1 decimeter (dm). This is further
divided by 10 to give a total of 100 centimeters (cm), and then by ten again to give 1000 millimeters
(mm).

1000 meters equals 1 kilometer (km).

In the UK a meter is known as a "metre".

11.2 Gram

The gram is a unit of mass. It is commonly used to state weights as well.

There are 1000 grams in a kilogram (kg).

1000 kilograms is equal to 1 tonne (t).

A milligram (mg) is 1/1000th of a gram. Milligrams are often used in medicine and chemistry.

11.3 Liter

The liter (L) is a unit of liquid volume, equal to a cube of water measuring 10cm * 10cm * 10cm. A
milliliter (mL) is equal to one cubic centimeter.
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12 Time math

12.1 Time math

Time is often difficult to perform mathematical operations upon due to all the different units used.

12.1.1 Units

Seconds

The second is the basic unit of time. In scientific areas, seconds are often used for even large time
measurements, with scientific notation applied in such cases. In common usage, however, many
other time intervals are also used.

Seconds are abbreviated "sec" or just "s".

Minutes

There are 60 seconds per minute.

Minutes are abbreviated "min" or just "m".

Hours

There are also 60 minutes per hour, which means there are 60×60 or 3600 seconds per hour.

Hours are abbreviated "hr" or just "h".

Days

There are 24 hours per day, which means there are 60×24 or 1440 minutes per day. This, in turn,
means there are 60×60×24 or 86400 seconds per day.

Days are abbreviated "d".

Weeks

There are 7 days per week. This means there are 7×24 or 168 hours per week.

Weeks are abbreviated "wk".
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Time math

Months

There are 4 1/3 weeks per month, on average, and from 28 to 31 days per month, as follows:

28 or 29 days, depending on leap year (see the section below for leap year info):

• February

30 days:

• April, June, September, and November.

31 days:

• All remaining months.

Memory methods

Recalling which months have how many days can be tricky. There are some memory methods
available to assist you, however:

• Knuckle method. Place your two closed fists together and use the knuckles and valleys between
the knuckles to represent months:

J M M J A O D
A A A U U C E
N R Y L G T C
_ _ _ _ _ _ _ _
/ \_/ \_/ \_/ \ / \_/ \_/ \_/ \
| || |
| F A J || S N |
| E P U || E O |
| B R N || P V |
| || |
| / \ |
| / \ |
| / \ |

The knuckles represent months with 31 days while the valleys represent months with 30 days (or
less, in the case of February). Note that the thumbs and the gap between the hands are not used, and
neither is the last valley and last knuckle.

• Rhyme method.

"30 days hath September, April, June, and November..."

Years

The length of the year is based on how long it takes the Earth to revolve once around the Sun, which
is approximately 365 1

4 days.

Regular years have 365 days, while leap years have 366 (due to the addition of February 29th).

Normal years have 52 weeks and 1 day, while leap years have 52 weeks and 2 days.

All years have 12 months.
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Time math

Years are abbreviated "yr" or just "y".

What years are leap years ?

Since there is a fractional number of days in a year, not an integer, some adjustments need to be made
to prevent drift from occurring (where January would eventually end up in the summer). There are
occasional "leap seconds" added to some years, in addition to leap years, to keep this from happening.
Here are the rules for leap years:

• Every fourth year is a leap year:

• Except every 100th year, which is not a leap year.

• Except every 400th year, which is a leap year.

Here's a list of "every 4th year" from 1900 through 2100. All are leap years except for 1900 and
2100:

• 1900 (Not a leap year, due to the "every
100th year" rule).

• 1904
• 1908
• 1912
• 1916
• 1920
• 1924
• 1928
• 1932
• 1936
• 1940
• 1944
• 1948
• 1952
• 1956
• 1960
• 1964
• 1968
• 1972
• 1976
• 1980
• 1984
• 1988
• 1992
• 1996

• 2000 (Is a leap year, due to the "every
400th year" rule).

• 2004
• 2008
• 2012
• 2016
• 2020
• 2024
• 2028
• 2032
• 2036
• 2040
• 2044
• 2048
• 2052
• 2056
• 2060
• 2064
• 2068
• 2072
• 2076
• 2080
• 2084
• 2088
• 2092
• 2096
• 2100 (Not a leap year, due to the "every

100th year" rule).
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Time math

Longer periods

• Decade = 10 years

• Century = 100 years

• Millenium = 1000 years

• Myr = million years

• Byr = billion years

12.1.2 Systems

12 hour clock

In this traditional system, the first 12 hours in the day are called "AM" ("ante meridian", or before
noon) and the last 12 are called "PM" ("post meridian", or after noon). One oddity of this system is
that no zero hours are used, with 12 (from the previous time period) used in it's place.

24 hour clock

In this system, sometimes called military time, the first number is zero, and the full 24 hours is
counted:

Common name 12-hour clock 24-hour clock
================= ============= =============
"Midnight" 12:00 AM 0:00
"1 in the morning" 1:00 AM 1:00
"2 in the morning" 2:00 AM 2:00
"3 in the morning" 3:00 AM 3:00
"4 in the morning" 4:00 AM 4:00
"5 in the morning" 5:00 AM 5:00
"6 in the morning" 6:00 AM 6:00
"7 in the morning" 7:00 AM 7:00
"8 in the morning" 8:00 AM 8:00
"9 in the morning" 9:00 AM 9:00
"10 in the morning" 10:00 AM 10:00
"11 in the morning" 11:00 AM 11:00
"Noon" 12:00 PM 12:00
"1 in the afternoon" 1:00 PM 13:00
"2 in the afternoon" 2:00 PM 14:00
"3 in the afternoon" 3:00 PM 15:00
"4 in the afternoon" 4:00 PM 16:00
"5 in the afternoon" 5:00 PM 17:00
"6 in the evening" 6:00 PM 18:00
"7 in the evening" 7:00 PM 19:00
"8 in the evening" 8:00 PM 20:00
"9 in the evening" 9:00 PM 21:00
"10 in the evening" 10:00 PM 22:00
"11 in the evening" 11:00 PM 23:00

In the military, the time isn't necessarily reset at midnight. For example, a two-day operation may go
up to 48:00 (said "forty-eight hundred"). This is done to make time math simpler. So, for example,
the time between 20:00 and 40:00 is 20 hours.
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Time math

Decimal time

There was an attempt at decimal time during the French Revolution, but it never caught on. Days
were divided into 10 "hours", which were divided into 100 "minutes" each. "Weeks" were also 10
days long. No metric time system has ever been established.

12.1.3 Operations

Addition

Addition of a time interval to a starting time (or of two time intervals) works like normal addition,
except that you may want to convert to different units.

Examples

• 43 seconds + 2 seconds = 45 seconds

• 43 seconds + 22 seconds = 65 seconds, which you may want to convert to 1 minute and 5 seconds

• 43 seconds + 11:59:22 AM = 12:00:05 PM

Subtraction

Subtraction of a time interval from an ending time (or a time interval from another) works like normal
subtraction, except that you may want to convert to different units.

Examples

• 45 seconds - 2 seconds = 43 seconds

• 1 minute and 5 seconds - 43 seconds = 65 seconds - 43 seconds = 22 seconds.

• 12:00:05 PM - 43 seconds = 11:59:22 AM

Multiplication

You can multiply a time interval by a scalar (unitless value), but it doesn't yet make sense to multiply
specific time with anything else or two time intervals together. As before, you may want to change
units to something that makes sense or perform a different operation.

In Physics1, you may see time intervals being multiplied. However, this is beyond the scope of
elementary math and should be reserved until you are ready for the course (which requires knowledge
of algebra2.)

1 http://en.wikibooks.org/wiki/Physics
2 http://en.wikibooks.org/wiki/algebra
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Time math

Examples

• 43 seconds × 2 = 86 seconds = 1 minute and 26 seconds

• 1 day, 21 hours, 45 minutes, and 43 seconds × 2 = 2 days, 42 hours, 90 minutes, and 86 seconds =
2 days, 42 hours, 91 minutes, and 26 seconds = 2 days, 43 hours, 31 minutes, and 26 seconds = 3
days, 19 hours, 31 minutes, and 26 seconds

Division

You can divide a time interval by a scalar (unitless value), but it doesn't make sense to divide one
time by another. As before, you may want to change units.

You may also see a scalar divided by a time interval. This can be used to show frequency (how often
something occurs), or velocity (how fast something moves.)

Repeated division by a time interval appears in physics and is used to denote acceleration. However,
this concept is beyond the scope of this book.

Examples

• 1 minute and 25 seconds / 2 = 85 seconds / 2 = 42.5 seconds
• 30 / 5 seconds = 6 / 1 second (indicates something happens six times every second)
• 50 km / 2 hours = 25 km / 1 hour (indicates somthing moving at 25km/h).
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13 Unit math

13.1 Unit math

Until now, most of the numbers we've used have been scalar (unitless). However, in the real world,
most numbers have units associated with them. There are special rules which apply when doing math
on numbers with units.

13.1.1 Addition and subtraction

The following rules apply:

• If the units are the same, add or subtract normally.

• If the units are different, then:

• If they can be converted to the same units, then addition and subtraction can occur.

• If they can't be converted to the same units, then addition and subtraction are not possible.

Examples

4 apples + 3 apples = 7 apples
4 apples - 3 apples = 1 apple

In the following case, we try adding apples and oranges, but encoutner a roadblock:

4 apples + 3 oranges = ?

These two items cannot be directly added together. However, depending on the context, it may be
possible to convert them into "pieces of fruit" and add them. The result would look like this:

4 pieces of fruit + 3 pieces of fruit = 7 pieces of fruit

While the same may apply to subtraction, it is highly dependent on context (for example, the problem
may be solvable if you treat it as receiving 4 pieces of fruit and giving 3 pieces of fruit in exchange.).

More commonly, you will encounter situations where you use standard unit conversion (e.g. 1 foot =
12 inches):
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1 foot + 3 inches = 12 inches + 3 inches = 15 inches

A complex example where unit conversion is required:

60 MPH - 30 fps
= 60 miles/hr - 30 ft/sec
= (60 miles × 5280 ft/mile)/(1 hr × 3600 sec/hr) - 30 ft/sec
= 316,800 ft / 3600 sec - 30 ft/sec
= 88 ft/sec - 30 ft/sec
= 58 ft/sec

This method is called unit cancellation, and is quite useful is science and engineering.

Here is an example where it isn't possible to convert to the same units:

4 apples + 3 degrees = ?

13.1.2 Multiplication and division

When multiplying or dividing numbers with units, the units are also multiplied or divided.

Examples

Here's are examples using the same base units:

2 feet × 3 feet = 6 square feet = 6 ft2

6 square feet / 2 feet = 3 feet
2 meters × 3 meters × 4 meters = 24 cubic meters = 24 m3

24 m3 / 2 m = 12 m2

Here are examples using different base units:

2 feet × 3 pounds = 6 foot pounds (a unit of torque)
100 miles / 2 hours = 50 miles/hr = 50 MPH
60 pounds / 4 square inches = 15 pounds/square inch = 15 PSI
200 miles / 10 MPH = 200 miles / (10 miles/hr) = 200 miles × (1 hr / 10
miles) = 20 hrs

It is also possible to multiply or divide a number with units by a scalar (a unitless number):

3 apples × 2 = 6 apples
3 apples / 2 = 1.5 apples

So, two groups of 3 apples each gives us 6 apples, while 3 apples divided into 2 equal groups gives
us 1.5 apples per group.
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13.1.3 Powers, roots, and exponents

Just like multiplication or division, the operation also applies to the units.

Examples

(2 ft)3 = 23 ft3 = 8 ft3 = 8 cubic ft

(100 miles2)
1
2 = 10 miles

So, in the first case we calculated that a cube 2 feet long on each side has a volume of 8 cubic feet,
while in the second case we calculated that a square plot of 100 square miles of land would be 10
miles long on each side.

To distinguish between feet, square feet, and cubic feet, the term "linear feet" is sometimes used to
clarify that we are talking about regular feet, not square or cubic feet.

13.1.4 Unit conversion

Sometimes it is necessary to do a unit conversion by itself. The unit cancellation method shown
previously can be applied to convert from any unit to any other compatible units.

Examples

Convert 10 miles per day to inches per second:

(5280 ft/mile) × 10 miles/day = 52,800 ft/day
(12 inches/ft) × 52800 ft/day = 633,600 inch/day
633,600 inch/day × (1 day/24 hr) = 26,400 inch/hr
26,400 inch/hr × (1 hr/60 min) = 440 inch/min
440 inch/min × (1 min/60 sec) = 7.33333 inch/sec
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14 Introduction to significant digits

Significant digits are one crude way to denote a range of values. They apply to measured or
estimated numbers where the quantity can vary from the provided value.

14.0.5 Examples

By default, significant digits are measured by

2000 means 2000 ± 500 = 1500 to 2500
200 means 200 ± 50 = 150 to 250
20 means 20 ± 5 = 15 to 25
2 means 2 ± 0.5 = 1.5 to 2.5
0.2 means 0.2 ± 0.05 = 0.15 to 0.25
0.02 means 0.02 ± 0.005 = 0.015 to 0.025

(Note: The first three examples may have more significant digits depending on context.)

A terminal decimal point can be added to change the meaning of the first three cases:

2000. means 2000 ± 0.5 = 1999.5 to 2000.5
200. means 200 ± 0.5 = 199.5 to 200.5
20. means 20 ± 0.5 = 19.5 to 20.5

An additional zero after the decimal point also changes the meaning:

2000.0 means 2000 ± 0.05 = 1999.95 to 2000.05
200.0 means 200 ± 0.05 = 199.95 to 200.05
20.0 means 20 ± 0.05 = 19.95 to 20.05
2.0 means 2 ± 0.05 = 1.95 to 2.05

Here we've added another zero after the decimal point:

2000.00 means 2000 ± 0.005 = 1999.995 to 2000.005
200.00 means 200 ± 0.005 = 199.995 to 200.005
20.00 means 20 ± 0.005 = 19.995 to 20.005
2.00 means 2 ± 0.005 = 1.995 to 2.005
0.20 means 0.2 ± 0.005 = 0.195 to 0.205
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14.0.6 Limitations

• Significant digits only allow for ranges where the amount that can be added to the base value and
the amount that can be subtracted are the same.

• The value added and subtracted must also be 5 times or divided by a factor of 10.
• Exact values have no error or variation. Thus, $8472.35 will only mean $8472.35.

14.0.7 Use with scientific and engineering notation

To represent certain ranges, like 2000 ± 50, it's necessary to use either scientific or engineering
notation:

0.20 × 104 Mistake: this is neither proper scientific notation nor
proper engineering notation:

Proper scientific notation must have a nonzero digit to the left of the decimal point. Proper
engineering notation must use multiples of 3 (e.g., 5 x 103, 603 x 106, 42.3 x 109, ...)

2.0 × 103

14.0.8 Beyond significant digits

More complex ranges can be represented using the ± sign:

2000 ± 38.3

If the plus and minus values are different, the actual range can be listed, or separate plus and minus
values can be listed. The range shown to the right of the plus and minus symbol is called an error. In
this example, there are two significant digits, and one doubtful digit.

Note that the ± sign shouldn't be confused with the ± operator, which can indicate either an exact
addition or subtraction. This will be covered in Algebra1.

14.0.9 Accumulating error

As you perform mathematical operations with numbers, the error also increases.

• When you add or subtract numbers, the ranges are added together.
• When multiplying numbers, the error is converted into a percent of the main value (e.g. 20 ± 1

becomes 20 ± 5%). The percentages the two measurements added together, and the percentage is
converted back to reflect the error of the original number.

1 http://en.wikibooks.org/wiki/Algebra
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15 Powers, roots, and exponents

15.1 Exponents

Exponents, or powers, are a way of indicating that a quantity is to be multiplied by itself some
number of times. In the the expression 25, 2 is called the base and 5 is called the exponent, or power.
25 is shorthand for "multiply five twos together": 25 = 2×2×2×2×2 = 32. Notice that the exponent
tells us how many bases to multiply, not how many multiplications to perform. (In fact, the number
of multiplications is one less than the number of bases.) 25 is read "two raised to the fifth power" or
simply "two to the fifth."

In general,xn = x · x · x · · · · · x︸ ︷︷ ︸
n f actors

where there are n xs to be multiplied.

15.1.1 Squaring numbers

A convenient way to note that a number is to be multiplied by itself (for example 5×5) is to say that
the number is squared. To help visualize this, picture a square which is 5 units long and 5 units
wide. This square will then have an area of 5×5 or 25 square units. A nice way to write "5 squared"
is 52, where 5 is called the base and 2 is called the exponent.
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Figure 13

Area of five rows by five columns = 5 × 5 = 52 = 25.

Table of perfect squares

You may want to memorize some perfect square numbers:

Square Result
02 0
12 1
22 4
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Exponents

32 9
42 16
52 25
62 36
72 49
82 64
92 81
102 100
112 121
122 144
132 169
142 196
152 225
162 256
172 289
182 324
192 361
202 400

15.1.2 Cubing numbers

Similarly, a convenient way to note that a number is to be multiplied by itself and then itself again
(for example 5×5×5) is to say that the number is cubed. To help visualize this, picture a cube which
is 5 units long, 5 units wide, and 5 units high. This cube will then have a volume of 5×5×5 or
125 cubic units. A nice way to write "5 cubed" is 53, where 5 is called the base and 3 is called the
exponent.
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Figure 14

Volume of a cube with height, width, and length of five = 5 × 5 × 5 = 53 = 125.

Table of perfect cube numbers

You may want to memorize some perfect cube numbers:

Cube Result
03 0
13 1
23 8
33 27
43 64
53 125
63 216
73 343
83 512
93 729
103 1000
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15.1.3 Higher powers

Numbers higher than three may also be used as exponents, although there is no common term for
numbers raised to a fourth power or higher. For example, 54 = 5×5×5×5 = 625.

Table of higher powers
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Note: 00 is undefined.

15.2 Properties of Exponents

There are several properties of exponents which are frequently used to manipulate and simplify
algebraic and arithmetic expressions.

xmxn = xm+n

xm

xn = xm−n

(xy)n = xnyn(
x
y

)n

=
xn

yn

(xm)n = xmn

The first, third, and fifth properties may be extended to several factors, as follows:

xm1xm2xm3 · · ·xmn = xm1+m2+m3+ ···+mn

(x1x2x3 · · ·xn)
m = xm

1 xm
2 xm

3 · · ·xm
n

(· · ·(((xm1)m2)m3) · · ·)mn = xm1m2m3···mn

15.2.1 Bases and exponents of one and zero

Any number raised to an exponent of one equals itself. So, for example, 51 = 5.

Any non-zero number raised to an exponent of zero equals one. So, for example, 50 = 1.

Zero raised to any positive exponent is still zero. So, for example, 05 = 0.

One raised to any exponent is still one. So, for example, 15 = 1.

Zero raised to an exponent of zero is not defined.

15.2.2 Negative and noninteger powers

A base may also be raised to a negative, fractional, or decimal power. This will be covered later in
the lesson.

15.3 Roots

Roots are the inverse operation of powers:
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15.3.1 Square root

The inverse operation of squaring a number is taking the square root of that number. So, for example,
the square root of 25 is the number which must be multiplied by itself to equal 25. In this case, the
answer is 5. There are two types of notation used here:
√

25 = 251/2 = 5

Note, however, that most square roots don't yield integers, and many don't even produce rational
numbers.

Manually finding a square root

One method for manually taking square roots is to repeatedly do long division. Let's take the square
root of 10 in this example. We would start by estimating the answer. Since 32 = 9 and 42 = 16, we
know the answer lies between 3 and 4. Furthermore, since 10 is only one away from 9, but is 6 away
from 16, we could estimate that the answer is one-seventh of the way between 3 and 4. This won't
give an exact answer, and a seventh is ugly to work with, so let's use a fifth, instead. This gives us 3
1/5 or 3.2 as a starting estimate.

Now do long division to divide 10 by 3.2. We get 3.125. The average of 3.2 and 3.125 is (3.2 +
3.125)/2 = 6.325/2 = 3.1625, so that will be our next estimate.

Now do long division to divide 10 by 3.1625. We get 3.162055... (we didn't really need to go more
than one digit beyond the number of decimal places we started with). The average of 3.1625 and
3.1621 is 3.1623, so that will be our next estimate.

Now do long division to divide 10 by 3.1623. We get 3.162255...

So, this method can be repeated to get the desired level of accuracy. The actual square root of 10 is
3.16227766...

Note that calculators or computers are used for most square root calculations, but knowing how to
manually calculate a square root can be quite useful when no calculator is available.

If you would like to try this method yourself, try finding the square root of 7.

15.3.2 Cube root

The inverse operation of cubing a number is taking the cube root of that number. So, for example,
the cube root of 125 is the number which must be multiplied by itself and then multiplied by itself
again to equal 125. In this case, the answer is 5. There are two types of notation used here:

3
√

125 = 1251/3 = 5

Note, however, that most cube roots don't yield integers, and many don't even produce rational
numbers.
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15.3.3 Higher roots

Numbers higher than three may also be used as roots, although there is no common term for fourth
roots or higher. For example:

4
√

625 = 6251/4 = 5

Note, however, that most higher roots don't yield integers, and many don't even produce rational
numbers.

15.4 Combining powers and roots

The unit fraction notation used for roots previously may have given you the idea that roots are really
the same as powers, only with a unit fraction (one over some number) instead of an integer as the
exponent. Thus, the fractional notation is actually preferred in higher mathematics, although the root
symbol is still used occasionally, especially for square roots.

15.4.1 Fractions as exponents

Other (non-unit) fractions may also be used as exponents. In this case, the base number may be
raised to the power of the numerator (top number in the fraction) then the denominator (bottom
number) may be used to take the root. For example:

82/3 =
3
√

82 = 3
√

64 = 4

Alternatively, you can take the root first and then apply the power:

82/3 = ( 3
√

8)2 = 22 = 4

15.4.2 Decimal exponents

Any fractional exponent can also be expressed as a decimal exponent. For example, a square root
may also be written as:

251/2 = 250.5 = 5

Also, decimals which can't be expressed as a fraction (irrational numbers) may be used as exponents:

53.1415926... = 156.99...

Such problems aren't easy to solve by hand using basic math skills, but the answer can be estimated
manually. In this case, since 3.1415926 is between 3 and 4 (and considerable closer to 3), we know
that the answer will be between 5ˆ3 (or 125) and 5ˆ4 (or 625), and considerable closer to 125.

15.4.3 Negative exponents

A negative exponent simply means you take the reciprocal (one over the number) of the base first,
then apply the exponent:
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25−0.5 = 1/250.5 = 1/5

Alternatively, you can first apply the exponent (ignoring the sign), then take the reciprocal:

25−0.5 = 5−1 = 1/5

15.4.4 Fractions as bases

When a fraction is raised to an exponent, both the numerator and denominator are raised to that
exponent:

(5/6)2 = 52/62 = 25/36

Fractions may also be used for both the base and exponent:

(25/36)1/2 = 251/2/361/2 = 5/6

In addition, negative fractional exponents may be used, taking the reciprocal of the base, as always,
to find the solution:

(25/36)−1/2 = (36/25)1/2 = 361/2/251/2 = 6/5

15.4.5 Negative bases

Negative bases can be handled normally for integer powers:

(−5)2 = (−5)× (−5) = 25

(−5)3 = (−5)× (−5)× (−5) =−125

(−5)4 = (−5)× (−5)× (−5)× (−5) = 625

(−5)5 = (−5)× (−5)× (−5)× (−5)× (−5) =−3125

Note that negative bases raised to even powers produce positive results, while negative bases raised
to odd powers produce negative results.

Be careful with negative signs. Since -5 = -1×5, there is a difference between −52 and (−5)2. The
former means the negative of 5 times 5, whereas the latter
means -5 squared. In other words,

−52 =−1×52 =−1× (5×5) =−1×25 =−25

but

(−5)2 = (−5)× (−5) = 25

Roots and fractional/decimal powers are a bit trickier. Odd roots work out fine:

(−125)1/3 =−5

Even roots, however, have no real solution:

(−25)1/2 =?

(−625)1/4 =?
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Note that there is no real number, when multiplied by itself, which will produce -25, because 5×5
= 25 and -5×-5 = 25. There is actually a solution, called an imaginary number, but that won't be
discussed until later lessons.

15.4.6 Principal root

Note that, since both 5×5 = 25 and -5×-5 = 25, when we are asked to take the square root of 25
there are, in fact, two valid answers, 5 and -5. Actually, any even root of a positive number will
have two solutions, with one being the negative of the other. This may seem unusual, but, in higher
mathematics, problems often have multiple solutions.

However, for many problems, only the positive value seems to physically work. For example, if we
are asked to figure the length of the sides of a square yard which has an area of 25 square units, only
5 units on a side works. If we said "each side can also have a length of -5 units", that doesn't make
any sense. For this reason, the positive solution is called the principal root, and, depending on the
question, may be the only desired answer. In cases where either answer is valid, it is sometimes
written as ±5 (read as "plus or minus five").
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16 Scientific and engineering notation

16.1 Scientific and engineering notation

In science and engineering it is necessary to represent extremely small and large numbers.
Representing such numbers with conventional notation becomes difficult, for numbers such as these:

123,456,000,000,000,000,000,000,000

0.000 000 000 000 000 000 000 000 000 000 378

One way to represent such numbers is using exponents. The first number, for example, could be
represented as one of the following:

123,456 × 1021

123.456 × 1024

1.23456 × 1026

0.123456 × 1027

The second number could be represented as one of:

378 × 10-30

37.8 × 10-31

3.78 × 10-32

0.378 × 10-33

This notation is used to make extremely large and small numbers easier to write. It is composed of
the base on the left, and the exponent (on the right).

16.1.1 Scientific notation

In scientific notation, the goal is to get the base number to be greater than or equal to 1.0, and less
than 10. So, in the above examples, the two values in scientific notation were:

1.23456 × 1026

3.78 × 10-32

77



Scientific and engineering notation

16.1.2 Engineering notation

Engineering notation is a variation of scientific notation, where the exponent is a multiple of 3,
and the base is as close as possible to the range 1.0-10. In the above examples, the two values in
engineering notation were:

0.123456 × 1027

0.378 × 10-33
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17 Average, media, and mode

17.1 Average, median, and mode

There are three primary measures of central tendency, and a couple less often used measures,
which each, in their own way, tell us what a typical value is for a set of data.

17.1.1 Mode

The mode is simply the number which occurs most often in a set of numbers. For example, if there
are seven 12-year olds in a class, ten 13-year olds, and four 14-year olds, the mode is 13, since there
are more 13 year olds than any other age. In elections, the mode is often called the plurality, and the
candidate who gets the most votes wins, even if they don't get the majority (over half) of the votes.

17.1.2 Median

The median is the middle value of a set of values. For example, if students scored 81, 84, and 93 on
a test; we select the middle value of 84 as the median.

If you have an even number of values, the average of the two middle values is used as the median.
For example, the median of 81, 84, 86, and 93 is 85, since that's midway between 84 and 86, the two
middle values.

17.1.3 Average

The straight average, or arithmetic mean, is the sum of all values divided by the number of values.
For example, if students scored 81, 84, and 93 on a test, the average is (81+84+93)/3 or 86.

17.1.4 Weighted average

The weighted average or weighted mean, is similar to the straight average, with one exception.
When totaling the individual values, each is multiplied by a weighting factor, and the total is then
divided by the sum of all the weighting factors. These weighting factors allow us to count some
values as "more important" in finding the final value than others.
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17.1.5 Example

Let's say we had two school classes, one with 20 students, and one with 30 students. The grades in
each class on a particular test were:

Morning class = 62, 67, 71, 74, 76, 77, 78, 79, 79, 80, 80, 81, 81, 82, 83, 84, 86, 89, 93, 98

Afternoon class = 81, 82, 83, 84, 85, 86, 87, 87, 88, 88, 89, 89, 89, 90, 90, 90, 90, 91, 91, 91, 92,
92, 93, 93, 94, 95, 96, 97, 98, 99

The straight average for the morning class is 80% and the straight average of the afternoon class is
90%. If we were to find a straight average of 80% and 90%, we would get 85% for the mean of the
two class averages. However, this is not the average of all the students' grades. To find that, you
would need to total all the grades and divide by the total number of students:

4300%
50

= 86%

Or, you could find the weighted average of the two class means already calculated, using the number
of students in each class as the weighting factor:

(20)80%+(30)90%
20+30

= 86%

Note that if we no longer had the individual students' grades, but only had the class averages and the
number of students in each class, we could still find the mean of all the students grades, in this way,
by finding the weighted mean of the two class averages.

17.1.6 Geometric mean

The geometric mean is a number midway between two values by multiplication, rather than by
addition. For example, the geometric mean of 3 and 12 is 6, because you multiply 3 by the same
value (2, in this case) to get 6 as you must multiply by 6 to get 12. The mathematical formula for
finding the geometric mean of two values is:
√

AB

Where:

A = one value
B = the other value

So, in our case:√
3(12) =

√
36 = 6

Note the new notation used to show multiplication. We now can omit the multiplication sign and
show simply AB to mean A×B. However, when using numbers, 312 would be confusing, so we put
parenthesis around at least one of the numbers to make it clear.

The geometric mean can be extended to additional values:
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3
√
(2)(9)(12) = 3

√
216 = 6

For three values, a cube root is performed instead of a square root. On four values, the fourth root is
performed.
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18 Percentages

18.1 Percentages

18.1.1 Introduction

A percentage is a value divided by 100, shown with the percent symbol (%). For example, 4% is the
same as the decimal value 0.04 or the fraction 4/100 (which could also be reduced to 1/25).

18.1.2 Uses for percentages

Traditionally, percentages are used when dealing with changes in a value, particularly money. For
example, a store may have a 20% off sale or a bank may charge 7.6% interest on a loan.

18.1.3 Defining the base

The base of a percentage change is the starting value. Many errors occur from using the wrong base
in a percentage calculation.

18.1.4 Example

If a store has an $100 item, marks it 20% off, then charges 6% sales tax, what is the final price ?

First, calculate 20% of $100. That's 0.20 × $100 or $20. We then subtract that $20 from the original
price of $100 to get a reduced sale price of $80.

Now we add in the sales tax. Here's where the tricky part comes in; what is the base ? That is, do we
pay 6% tax on the original $100 price or on the reduced $80 price ? In most places, we would pay
tax on the reduced sales price, so $80 is the base. Thus, we multiply $80 × 0.06 to get $4.80 and add
that to $80 to get $84.80 for a final price.

Notice that even though we took off 20% and then added back in 6%, this is not the same as taking
off 14%, since the 20% and the 6% figures each had a different base. If the 6% sales tax did apply
to the original full price, however, then both percentages would have the same base and the total
reduction in price would, indeed, be 14%, bring the price down from $100 to $86.

18.1.5 Terms used with percentages

• If you take 20% off an amount (or a 20% reduction), that means the new price is 20% less than the
original (100%) price, so it's now 80% of the original price.
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• If you apply 20% interest to an amount, that means the new price is 20% higher than the original
(100%) price, or 120% of the original price. (Note that this is simple interest, we will consider
compound interest next.)

18.1.6 Compound interest

Simple interest is when you apply a percentage interest rate only once.

Compound interest is when you apply the same percentage interest rate repeatedly.

For example, let's say a $1000 deposit in a bank earns 10% interest each year, compounded annually,
for three years. After the first year, $100 in interest will have been earned for a total of $1100. In the
second year, however, there is not only interest on the $1000 deposit, but also on the $100 interest
earned previously. This "interest on your interest" is a feature of compounding. So, in year two we
earn 10% interest on $1100, for $110 in interest. Add this to $1100 to get a new total of $1210. The
10% interest in the third year on $1210 is $121, which gives us a total of $1331.

For those familiar with powers and exponents, we can use the following formula to calculate the
total:

T = P x (1 + I)N

Where:

T = final Total
P = initial Principal
I = Interest rate per compounding period
N = Number of compounding periods

In our example, we get:

T = $1000 x (1 + 10%)3

= $1000 x (1 + 0.10)3

= $1000 x (1.10)3

= $1000 x (1.10 x 1.10 x 1.10)
= $1000 x (1.331)
= $1331

More complex calculations involving compound interest will be covered in later lessons.
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19 Probability

19.1 Probability

In probability tells us how likely something is to happen.

If something is absolutely certain to happen, we say its probability is one. If something cannot
possibly happen, we say its probability is zero. A probability between zero and one means we don't
know for sure what will happen, but the higher the number the more likely something is to happen.
If something has a probability of 0.25, most people would say "it probably won't happen".

Unfortunately, children have a hard time understanding what a probability of 0.25 suggests. Children
are much more adept in understanding probability in terms of percentages (25%), and fractions (i.e.,
"It will happen about 1

4 of the time"), so it is very important that connections between probability
and the development of those skills and understandings occur together.

19.1.1 Models

It can be difficult but Probability is best taught with models. Two of the most effective and commonly
used models used to teach probability are area and tree diagrams

Area diagrams give students an idea of how likely something is by virtue of the amount of space
reserved for that probability. Consider the toss of a coin:
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Figure 15

Students can imagine that every time they toss a coin, they need to place that coin into the appropriate
side of the rectangle. As the number of throws increases, the amount of area needed to enclose the
coins will be the same on both sides. The same probability can be shown using a tree diagram:
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Figure 16

In this simple tree diagram, each line (or event path) will be followed 1
2 of the time. Note that both

diagrams show all of the possibilities, not just the probability of one event.

Both of these models can become more complex. Consider all of the possibilities of throwing two
coins in series:
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Figure 17

In the above area rectangle the instances where heads has been tossed twice in a row is represented
in the upper left hand corner. Note that whereas the probability of tossing both heads and tails (in
any order) is 50% or 1/2, and the probability of tossing two heads in a row is 25% or 1/4.
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Figure 18

While the tree diagram gives us the same information, the student needs to understand that all of
the events at the bottom have an equal chance of occurring (This is more visually evident in an area
diagram). However, the tree diagram has the advantage of better showing the chronology of events
(in this case the order of events is represented by downward motion).

While it may appear that both of these models have strengths and weaknesses, that is not the
point. By becoming familiar with these and other models, students gain a more robust and diverse
understanding of the nature of probability.

Consider the following problem:

If at any time a Dog is just as likely to give birth to a male puppy as she is to give birth to a female
puppy, and she has a litter of 5 puppies, what is the probability that all of the puppies will be of
the same sex?
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While this problem can be easily answered with the a standard formula, P = 2
(1

2

)n, where n is the
number of puppies born, this nomenclature is not only unintelligible to students, but teaching it to
students gives them no understanding of the underlying concepts. On the other hand, if they have
explored problems similar to this with a tree diagram, they should fairly easily be able to see patterns
emerging from which they can conjecture the "formula" that will find the correct answer. Consider
that a student has drawn a tree diagram that shows the permutations with three puppies in the litter:

Figure 19

If a teacher was to have this student share their work, the class of students in looking at this model
would be able to see that there are 8 possible outcomes. They should also notice that the only
instances where litters of all males or all females can be found are on the far ends of the tree.

Students are always encouraged to look for patterns in many of their mathematical explorations.
Here, students start to notice that the number of possibilities can be determined by multiplying the
number 2 by itself exactly the number of times there is to be a new outcome. In this case there
are three outcomes (puppies born) in a row. So 2 x 2 x 2 = 23, or 8 possible outcomes. Once the
student sees a connection to this pattern, they may conjecture that if there are 5 puppies in a litter,
the possible number of outcomes is 25, or 32, of which only 2 (represented by the combinations
MMMMM, and FFFFF on the extreme ends) will result in a litter puppies of all the same sex.
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Teachers are always looking for students to make connections with other skills they are learning. In
this case the teacher might ask the students to state the answer as a reduced fraction (1/16) and a
percentage (6.25%).

Since we're using math to help us understand what will happen, it may help us to be able to write an
equation like this:

Pr(X) = y

If this equation is true, we would say "the probability of X happening is y". For example, we can say:

X = A coin toss coming up heads

Pr(X) = 0.5

Since the letter X is standing for an event, not a number, and we don't want to get them confused,
we'll use capital letters for events, and lower-case letters for numbers. The symbol Pr represents a
function that has some neat properties, but for now we'll just think of it as a short way of writing "the
probability of X".

Since probabilities are always numbers between 0 and 1, we will often represent them as percentages
or fractions. Percentages seem natural when someone says something like "I am 100% sure that my
team will win." However, fractions make more sense for really computing probabilities, and it is
very useful to really be able to compute probabilities to try to make good decisions, so we will use
fractions here.

The basic rule for computing the probability of an event is simple, if the event is the kind where
we are making a definite choice from a known set of choices based on randomness that is fair. Not
everything is like that, but things like flipping a coin, rolling a single die, drawing a card, or drawing
a ticket from a bag with your eyes closed are random and fair since each of the possibilities is equally
likely. But the probability of things a little more complicated, like the sum of two dice, is not so
easy---and that makes it fun!

Suppose we have a single die. It has six faces, and as far as we know each is equally likely to be
face up if we roll the die. We can now use our basic rule for computing probability to compute the
probability of each possible outcome. The basic rule is to take the number of outcomes that represent
the event (called X) that you're trying to compute the probability of, and divide it by the total number
of possible outcomes. So, for rolling a die:

Pr("getting a one") = 1 face that has one dot / 6 faces = 1/6

Pr("getting a two") = 1 face that has two dots / 6 faces = 1/6

Pr("getting a three") = 1 face that has three dot / 6 faces = 1/6

Pr("getting a four") = 1 face that has four dots / 6 faces = 1/6

Pr("getting a five") = 1 face that has five dot / 6 faces = 1/6

Pr("getting a six") = 1 face that has six dots / 6 faces = 1/6

So we have 6 possibilities, and each has a probability of 1/6. We know that 6 * (1/ 6) = 1. In fact,
that is an example of a fundamental rule of probabilities:

The sum of probabilities of all possibilities is equal to one.
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But you probably know that each face of a die is equally likely to land face-up, so so far we haven't
done anything useful. So let's ask the question: What is the probability of throwing two dice and
having their sum equal seven when we add them together? Knowing that can help us win at a lot of
games (such as Monopoly(trademark Parker Brothers)), so it's pretty valuable to know the answer.

To find out the answer, we apply our basic rule, but now it is not so easy to know how many possible
outcomes of TWO dice thrown together will equal seven. However, it is easy to know how many
total possible outcomes there are: 6 times 6 = 36. One way to find out how many possible dice
throws add up to seven is just to make a table of all possible dice throws that fills in their sum and
count the number of sevens. Here is one:

***| 1 | 2 | 3 | 4 | 5 | 6
===========================
1 | 2 | 3 | 4 | 5 | 6 | 7
2 | 3 | 4 | 5 | 6 | 7 | 8
3 | 4 | 5 | 6 | 7 | 8 | 9
4 | 5 | 6 | 7 | 8 | 9 | 10
5 | 6 | 7 | 8 | 9 | 10| 11
6 | 7 | 8 | 9 | 10| 11| 12

The numbers along the top represent the value on the first die and the values on the left represent the
values of the second die when you throw them together. The values inside the table represent the
sum of the first and the second dice. (Note that the numbers range from 2 to 12 --- there's no way to
throw two dice and get a number less than two!)

So if we look carefully, we can see that there are exactly 6 sevens in this table. So the probability of
getting a seven if you throw two dice is 6 out of 36, or:

Pr(getting a 7) = 6 / 36 = 1 / 6.

(1 / 6 is a simple fraction equal in value to 6 / 36.)

Maybe that doesn't surprise you, but let's look at all the probabilities:

Pr(getting a 2) = 1 / 36

Pr(getting a 3) = 2 / 36

Pr(getting a 4) = 3 / 36

Pr(getting a 5) = 4 / 36

Pr(getting a 6) = 5 / 36

Pr(getting a 7) = 6 / 36

Pr(getting a 8) = 5 / 36

Pr(getting a 9) = 4 / 36

Pr(getting a 10)= 3 / 36

Pr(getting a 11)= 2 / 36

Pr(getting a 12)= 1 / 36
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What do you think we would get if we added all of those probabilities together? They should equal
36 / 36, right? Check that they do.

Did you know that the probability of a getting a 5 is four times that of getting a two? Did you know
that probability of getting a five, six, seven or eight is higher than the probability of other 7 numbers
all together? We can tell things like that by adding the probabilities together, if the events we're
talking about are completely independent, as they are in this case. So we can even write:

Pr(getting a 5, 6, 7 or 8) = Pr(getting a 5) + Pr(getting a 6) + Pr(getting a 7) + Pr(getting an 8)

But we can substitute these fractions and add them up easily to get:

Pr(getting a 5, 6, 7, or 8) = (4+5+6+5)/36 = 20/36.

Since we know the probability of all possible events must equal one, we can actually use that to
compute the probability:

Pr(getting a 2,3,4,9,10,11 or 12) = 1 - (20/36) = (36/36 - 20/36) = 16/36.

This way we didn't have to add up all those individual probabilities, we just subtracted our fraction
from 1.

Mathematically we could say: Pr(some events) = 1 - Pr(all the other possible events)

You might want to take the time now to get two dice and roll them 3*36 = 108 times, recording the
sum of them each time. The number you get for each sum won't be exactly 3 times the probabilities
that we have computed, but it should be pretty close! You should get around 18 sevens. This is fun to
do with friends; you can have each person make 36 rolls and then add together all your results for
each sum that is possible.

The fact that if you make a lot of rolls it is likely to get results close the probability of an outcome
times the number of rolls is called the Law of Large Numbers. It's what ties the math of probability
to reality, and what lets you do math to make a good decision about what roll you might get in a
game, or anything else for which you can compute or estimate a probability.

Here's a homework exercise for each of you: compute the probabilities of every possible sum of
throwing two dice, but two different dice: one that comes up 1,2,3 or 4 only, and the other that comes
up 1,2,3,4,5,6,7 or 8. Note that we these dice (which you can get at a gaming store, if you want) the
lowest and highest possible roll is the same but the number of possible rolls is only 4 * 8 = 32.

***| 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8
=====================================
1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9
2 | 3 | 4 | 5 | 6 | 7 | 8 | 9 | 10
3 | 4 | 5 | 6 | 7 | 8 | 9 | 10| 11
4 | 5 | 6 | 7 | 8 | 9 | 10| 11| 12

Pr(getting a 2) = 1 / 32

Pr(getting a 3) = 2 / 32

Pr(getting a 4) = 3 / 32

Pr(getting a 5) = 4 / 32

Pr(getting a 6) = 4 / 32
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Pr(getting a 7) = 4 / 32

Pr(getting a 8) = 4 / 32

Pr(getting a 9) = 4 / 32

Pr(getting a 10)= 3 / 32

Pr(getting a 11)= 2 / 32

Pr(getting a 12)= 1 / 32

(You should check our work by making sure that all these probabilities sum to 32/32 = 1).

So this is interesting: Although the possible scores of the throwing two dice are the same, the
probabilities are a little different. Since 1/32 is a little more than 1/36, you are actually more likely to
get a two or a twelve this way. And since 4 /32 = 1/8 is less than 6 / 36 = 1/6, you are less likely to
get a seven with these dice. You might have been able to guess that, but by doing the math you know
for sure, and you even know by how much, if you know how to subtract fractions well.

So let's review what we've learned:

• We know what the word probability means.
• We know probabilities are always numbers between 0 and 1.
• We know a basic approach to computing some common kinds of probabilities.
• We know that the probabilities of all possible outcomes should add up to exactly 1.
• We know the probability of a result is equal to one minus the probability of all other results.
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20 Factors and Primes

20.1 Factors and Primes

Factors are factorizations, which is to say the dividing functions of a number.

100 = 10 x 10
88 = 8 x 11

Prime factors are factors which are prime numbers

55 = 5 x 11
100 = 2 x 5 x 2 x 5

Because 2, 5, and 11 cannot be divided by any number but 1 and itself, these numbers are called
prime. Prime numbers are an important part of mathematics, and the problem of factoring large
numbers into primes remains fundamental to the study of computer science. Factoring a number like
64 often requires more than one step:

64 = 2 x 32 (32 is not prime)
or = 2 x 2 x 16 (16 is not prime)
or = 2 x 2 x 2 x 8 (8 is not prime)
or = 2 x 2 x 2 x 2 x 4 (4 is not prime)
or = 2 x 2 x 2 x 2 x 2 x 2
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21 Method for Factoring

21.1 A method of prime factorization for children

In math, the way you get to the correct answer is just as important as getting the right answer.
Sometimes the way one gets the answer can be thought of a proof. People don't usually use the word
proof when talking about arithmetic problems, but I think it is a good idea and good habit to get into.
This is a method of doing prime factorization that constructs a proof that your answer is correct as
you arrive at the answer. It keeps you from getting lost and shows your work. More importantly, I
think it helps you understand the process. It starts out very easy, so that beginners can use it, but later
on lets you skip some steps to save time.

The basic point of prime factorization is to take a number and find the prime factors. Since each
prime factor may occur more than once, for example in the number 4, which has prime factors (2,2),
we know that the factors of a number are not a set but a multi-set. (The difference will be important
as you get to more advanced math.) So the basic way we are going to do our work looks like this:

pf(X)
= { a reason we believe this}

(a list of factors)

For example, for the number 4, we could factorize it like this:

pf(4)
= { 4 = 2 * 2 }

(2,2)

This is a very simple proof, and also represents what is sometimes called "showing our work" or our
"scratch paper". Learning math is often about learning the language and symbols of math, and we
need to do that now.

I use the symbol pf(X) to mean "the prime factors of X". I use a comma list of numbers of "pf(X)"
symbols between parentheses to mean a multi-set of prime factors. So (pf(45),2,5) means "multi-set
that includes the prime-factors of 45 and the prime number 2 and the prime number 5".

Now, for doing prime factorization, we are only going to allow certain reasons to go from one step to
the next toward the answer. For example, "my friend Harold said so" is not a good reason.

The first reason that we will allow is a simple multiplication equation of the form x = y * z. In
particular, we are allowed to do this:
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pf(x)
= { x = y*z }

(pf(y),pf(z))

so long as the equation x = y* z is true (and y and z are both greater than 1, otherwise we'd be going
in circles!)

The second rule that we are allowed to use is to replace pf(x) with (x) if we know for sure that x is a
prime. For example, you should probably memorize the first ten primes: (2, 3, 5, 7, 11, 13, 17, 19,
23, 29), so it's OK to go from substitute the number 23 for pf(23), since we should know by heart
that 23 is prime. When we do this, we give the reason "23 is prime".

Finally, we need to note that ((X)) = (X), no matter what X is , so we never need to write parentheses
inside parentheses (this is not true of multiplication, it is only true because we are using parentheses
to mean something special.

So let's do an example:

pf(4)
= { 4 = 2 * 2 }

(pf(2), pf(2)
= { 2 is prime}

(2,2)

So, in this example, we've chained together two steps, with a reason for each one that is very simple.
This is a good idea when you are starting out. However, mathematicians also want to be efficient, so
if you are sure of what you are doing, you could do two steps at once:

pf(4)
= { 4 = 2 * 2, 2 is prime}

(2,2)

Notice that whether we perform one, two, or even more steps, we are really creating an equation. If
we drop out the intermediate steps, the result is pf(4) = (2,2), which is probably about what someone
would want on a test.

Now let's do a harder one:

pf(60)
= { 60 = 6 * 10 }

(pf(6), pf(10))
= { 6= 2* 3, 10 = 2* 5 }

(2,3,2,5)
= { commutativity of multiplication}

(2,2,3,5)

Commutativity of multiplication is a rule that just lets us reorder the factors. It's nice to have them in
order in our list, so we will often do that at the end. But that's a lot of writing, so we'll abbreviate it {
com. of mult. } Also, notice that in the second step I dropped the unnecessary parentheses, instead
of writing ((2,3), (2,5)).
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Now let's do an even bigger one, that's still easy, since the prime factors are all small, and it's easy to
see the factors.

pf(450)
= { 450 = 45 * 10 }

(pf(45), pf(10)}
= { 45 = 5 * 9, 10 = 2 * 5 }

(5,pf(9),2,5)
= { 9 = 3 * 3 , com. of mult.}

(2,3,3,5,5)

Now we see a way in which we could have made a mistake --- if we forgot that 9 is not prime and
had written (5,9,2,5). Hopefully we would have noticed, but we need to be careful!

21.1.1 When the factors aren't obvious

I think this is a nice method when the factors are easy to see. But unfortunately, sometimes they
aren't easy to see at all, and we need a new symbol for expressing our work in that case.

Consider the number 143. Is it prime, or does it have factors? Well, its not obvious. The basic
approach to finding any factor, or proving that a number is prime, is to start at the first prime (the
number 2) and see if it is a factor. By going systematically up through each prime, we either find a
factor or reach a prime that is bigger than the square root of the number, in which case we know the
number is prime.

However, this is sometimes a big job, and we would really like to show our work in a way that helps
us keep track of where we are and also can be quickly checked over to make sure we haven't made
any mistakes.

The way we can do this is with the symbol nu(X,Y), which means "the multi-set of prime factors of
Y, understanding that none of the numbers up to and including X evenly divide Y". I'm thus using
the "not divisible up to" function nu both to help remember what has already been checked, but I've
defined it so that my equation remains technically true at all times. The reason we want this symbol
is that we know that is how you prove something is prime---you prove nu(sqrt(Y),Y), and then you
know Y is prime. For example, if you know nu(13, 123), you know 123 is prime since 13*13 >
123. We can introduce nu(2,X) with the reason { X is not even}. If we know nu(2,X), then we can
introduce nu(3,X) with the reason { sum of X's digits not divisible by 3 }.

So let's try this:

pf(143)
= { 143 is not even }

(nu(2,143))
= { 1+4+3 not divisible by 3 }

(nu(3,143))
= { 143 doesn't end in 5 }

(nu(5,143))
= { 143 / 7 = 20 and 3 / 7 }

(nu(7,143))
= { 143 / 11 = 13!!}

(11,pf(13))
= { 13 is prime }

(11,13)
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So that is our answer. Now in this case, we had to use a reason that we derived by division:
143/ 7 is not a whole number, but 20 and 3/ 7s. And, we were surprised to learn that 11 evenly
divides 143. Let's try an even harder one. (Note, I am using the divisibility test from the Dr. Math
website: http://mathforum.org/dr.math/faq/faq.divisibleto50.html rather
than doing division for many of these divisibility tests at noted, but if I had to do it on a test, I would
use division, since I don't have those rules memorized.)

pf(1709)
= { not even, doesn't sum to 3, doesn't end in 5 }

(nu(5,1709))
= { 170+45 = 215, not divisible by 7 (x5 and add rule for 7) }

(nu(7,1709))
= { 1709/ 11 leaves 609, 609/ 11 leaves 59 (short division)}

(nu(11,1709))
= { 170+ 4*9 = 206, 20+24 = 48 not divisible by 13 (x4 and add rule
for 13) }

(nu(13,1709))
= { 170-45 = 125, not divisible by 17 (x5 and subtract rule for 17)
}

(nu(17,1709))
= { 170+18 = 188, not divisible by 19 (x2 and add rule for 19)}

(nu(19,1709))
= { 170+63 = 233, not divisible by 23 (x7 and add rule for 23)}

(nu(23,1709))
= { 170+27 = 197, 19+21 = 40, not divisible by 29 (x3 and add rule
for 29)}

(nu(29,1709))
= { 170 - 27 = 143, 14 - 27 = -13, not divisible by 31 (x3 and
subtract rule for 31)}

(nu(31,1709))
= { 170 - 99 = 71, not divisible by 37 (x11 and subtract rule for
37)}

(nu(37,1709))
= { 170 - 36 = 134, 41* 3 = 123 (x4 and subtract rule for 41) }

(nu(41,1709))
= { 4*43 = 172, 3 * 43 = 129, 1720+129 = 1849, so by nu rule we are
done!}

(1709)

By systematically working our way up from 2 to the square root of the number, we can always keep
track of where we are. For example, if we had started with 6 * 1709 = 10254, we would have ended
up with:

pf(10254)
= { even}

(2,pf(5127))
= {5+1+2+7=15 = 3 * 5 }

(2,3,pf(1709))
.....

(2,3,1709)

and then the proof would proceed as it did above, carrying with it the prime factors 2 and 3 the whole
time.

It is recommended that children use this method of writing out their work in order to build good
habits that will pay off in algebra and other more advanced mathematical calculation, and introduces
gently the all-important concept of the proof.
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One sometimes sees factor trees suggested as a notation. Factor trees may be useful for visualizing
some things but are not useful at all if one can't see the factors!
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23 Licenses

23.1 GNU GENERAL PUBLIC LICENSE
Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license
document, but changing it is not allowed. Preamble

The GNU General Public License is a free, copyleft license for software and
other kinds of works.

The licenses for most software and other practical works are designed to take
away your freedom to share and change the works. By contrast, the GNU
General Public License is intended to guarantee your freedom to share and
change all versions of a program–to make sure it remains free software for
all its users. We, the Free Software Foundation, use the GNU General Public
License for most of our software; it applies also to any other work released
this way by its authors. You can apply it to your programs, too.

When we speak of free software, we are referring to freedom, not price. Our
General Public Licenses are designed to make sure that you have the free-
dom to distribute copies of free software (and charge for them if you wish),
that you receive source code or can get it if you want it, that you can change
the software or use pieces of it in new free programs, and that you know you
can do these things.

To protect your rights, we need to prevent others from denying you these
rights or asking you to surrender the rights. Therefore, you have certain re-
sponsibilities if you distribute copies of the software, or if you modify it:
responsibilities to respect the freedom of others.

For example, if you distribute copies of such a program, whether gratis or for
a fee, you must pass on to the recipients the same freedoms that you received.
You must make sure that they, too, receive or can get the source code. And
you must show them these terms so they know their rights.

Developers that use the GNU GPL protect your rights with two steps: (1)
assert copyright on the software, and (2) offer you this License giving you
legal permission to copy, distribute and/or modify it.

For the developers’ and authors’ protection, the GPL clearly explains that
there is no warranty for this free software. For both users’ and authors’ sake,
the GPL requires that modified versions be marked as changed, so that their
problems will not be attributed erroneously to authors of previous versions.

Some devices are designed to deny users access to install or run modified
versions of the software inside them, although the manufacturer can do so.
This is fundamentally incompatible with the aim of protecting users’ free-
dom to change the software. The systematic pattern of such abuse occurs
in the area of products for individuals to use, which is precisely where it is
most unacceptable. Therefore, we have designed this version of the GPL to
prohibit the practice for those products. If such problems arise substantially
in other domains, we stand ready to extend this provision to those domains
in future versions of the GPL, as needed to protect the freedom of users.

Finally, every program is threatened constantly by software patents. States
should not allow patents to restrict development and use of software on
general-purpose computers, but in those that do, we wish to avoid the spe-
cial danger that patents applied to a free program could make it effectively
proprietary. To prevent this, the GPL assures that patents cannot be used to
render the program non-free.

The precise terms and conditions for copying, distribution and modification
follow. TERMS AND CONDITIONS 0. Definitions.

“This License” refers to version 3 of the GNU General Public License.

“Copyright” also means copyright-like laws that apply to other kinds of
works, such as semiconductor masks.

“The Program” refers to any copyrightable work licensed under this License.
Each licensee is addressed as “you”. “Licensees” and “recipients” may be
individuals or organizations.

To “modify” a work means to copy from or adapt all or part of the work in
a fashion requiring copyright permission, other than the making of an exact
copy. The resulting work is called a “modified version” of the earlier work
or a work “based on” the earlier work.

A “covered work” means either the unmodified Program or a work based on
the Program.

To “propagate” a work means to do anything with it that, without permis-
sion, would make you directly or secondarily liable for infringement under
applicable copyright law, except executing it on a computer or modifying
a private copy. Propagation includes copying, distribution (with or without
modification), making available to the public, and in some countries other
activities as well.

To “convey” a work means any kind of propagation that enables other parties
to make or receive copies. Mere interaction with a user through a computer
network, with no transfer of a copy, is not conveying.

An interactive user interface displays “Appropriate Legal Notices” to the ex-
tent that it includes a convenient and prominently visible feature that (1) dis-
plays an appropriate copyright notice, and (2) tells the user that there is no
warranty for the work (except to the extent that warranties are provided), that
licensees may convey the work under this License, and how to view a copy
of this License. If the interface presents a list of user commands or options,
such as a menu, a prominent item in the list meets this criterion. 1. Source
Code.

The “source code” for a work means the preferred form of the work for mak-
ing modifications to it. “Object code” means any non-source form of a work.

A “Standard Interface” means an interface that either is an official standard
defined by a recognized standards body, or, in the case of interfaces speci-
fied for a particular programming language, one that is widely used among
developers working in that language.

The “System Libraries” of an executable work include anything, other than
the work as a whole, that (a) is included in the normal form of packaging
a Major Component, but which is not part of that Major Component, and
(b) serves only to enable use of the work with that Major Component, or
to implement a Standard Interface for which an implementation is available
to the public in source code form. A “Major Component”, in this context,
means a major essential component (kernel, window system, and so on) of
the specific operating system (if any) on which the executable work runs, or
a compiler used to produce the work, or an object code interpreter used to
run it.

The “Corresponding Source” for a work in object code form means all the
source code needed to generate, install, and (for an executable work) run
the object code and to modify the work, including scripts to control those

activities. However, it does not include the work’s System Libraries, or
general-purpose tools or generally available free programs which are used
unmodified in performing those activities but which are not part of the work.
For example, Corresponding Source includes interface definition files asso-
ciated with source files for the work, and the source code for shared libraries
and dynamically linked subprograms that the work is specifically designed
to require, such as by intimate data communication or control flow between
those subprograms and other parts of the work.

The Corresponding Source need not include anything that users can regener-
ate automatically from other parts of the Corresponding Source.

The Corresponding Source for a work in source code form is that same work.
2. Basic Permissions.

All rights granted under this License are granted for the term of copyright
on the Program, and are irrevocable provided the stated conditions are met.
This License explicitly affirms your unlimited permission to run the unmod-
ified Program. The output from running a covered work is covered by this
License only if the output, given its content, constitutes a covered work. This
License acknowledges your rights of fair use or other equivalent, as provided
by copyright law.

You may make, run and propagate covered works that you do not convey,
without conditions so long as your license otherwise remains in force. You
may convey covered works to others for the sole purpose of having them
make modifications exclusively for you, or provide you with facilities for
running those works, provided that you comply with the terms of this License
in conveying all material for which you do not control copyright. Those thus
making or running the covered works for you must do so exclusively on your
behalf, under your direction and control, on terms that prohibit them from
making any copies of your copyrighted material outside their relationship
with you.

Conveying under any other circumstances is permitted solely under the con-
ditions stated below. Sublicensing is not allowed; section 10 makes it unnec-
essary. 3. Protecting Users’ Legal Rights From Anti-Circumvention Law.

No covered work shall be deemed part of an effective technological measure
under any applicable law fulfilling obligations under article 11 of the WIPO
copyright treaty adopted on 20 December 1996, or similar laws prohibiting
or restricting circumvention of such measures.

When you convey a covered work, you waive any legal power to forbid cir-
cumvention of technological measures to the extent such circumvention is
effected by exercising rights under this License with respect to the covered
work, and you disclaim any intention to limit operation or modification of
the work as a means of enforcing, against the work’s users, your or third
parties’ legal rights to forbid circumvention of technological measures. 4.
Conveying Verbatim Copies.

You may convey verbatim copies of the Program’s source code as you re-
ceive it, in any medium, provided that you conspicuously and appropriately
publish on each copy an appropriate copyright notice; keep intact all notices
stating that this License and any non-permissive terms added in accord with
section 7 apply to the code; keep intact all notices of the absence of any war-
ranty; and give all recipients a copy of this License along with the Program.

You may charge any price or no price for each copy that you convey, and you
may offer support or warranty protection for a fee. 5. Conveying Modified
Source Versions.

You may convey a work based on the Program, or the modifications to pro-
duce it from the Program, in the form of source code under the terms of
section 4, provided that you also meet all of these conditions:

* a) The work must carry prominent notices stating that you modified it, and
giving a relevant date. * b) The work must carry prominent notices stating
that it is released under this License and any conditions added under section
7. This requirement modifies the requirement in section 4 to “keep intact
all notices”. * c) You must license the entire work, as a whole, under this
License to anyone who comes into possession of a copy. This License will
therefore apply, along with any applicable section 7 additional terms, to the
whole of the work, and all its parts, regardless of how they are packaged.
This License gives no permission to license the work in any other way, but
it does not invalidate such permission if you have separately received it. *
d) If the work has interactive user interfaces, each must display Appropriate
Legal Notices; however, if the Program has interactive interfaces that do not
display Appropriate Legal Notices, your work need not make them do so.

A compilation of a covered work with other separate and independent works,
which are not by their nature extensions of the covered work, and which are
not combined with it such as to form a larger program, in or on a volume of
a storage or distribution medium, is called an “aggregate” if the compilation
and its resulting copyright are not used to limit the access or legal rights of
the compilation’s users beyond what the individual works permit. Inclusion
of a covered work in an aggregate does not cause this License to apply to the
other parts of the aggregate. 6. Conveying Non-Source Forms.

You may convey a covered work in object code form under the terms of
sections 4 and 5, provided that you also convey the machine-readable Corre-
sponding Source under the terms of this License, in one of these ways:

* a) Convey the object code in, or embodied in, a physical product (including
a physical distribution medium), accompanied by the Corresponding Source
fixed on a durable physical medium customarily used for software inter-
change. * b) Convey the object code in, or embodied in, a physical product
(including a physical distribution medium), accompanied by a written offer,
valid for at least three years and valid for as long as you offer spare parts or
customer support for that product model, to give anyone who possesses the
object code either (1) a copy of the Corresponding Source for all the software
in the product that is covered by this License, on a durable physical medium
customarily used for software interchange, for a price no more than your rea-
sonable cost of physically performing this conveying of source, or (2) access
to copy the Corresponding Source from a network server at no charge. * c)
Convey individual copies of the object code with a copy of the written offer
to provide the Corresponding Source. This alternative is allowed only occa-
sionally and noncommercially, and only if you received the object code with
such an offer, in accord with subsection 6b. * d) Convey the object code
by offering access from a designated place (gratis or for a charge), and of-
fer equivalent access to the Corresponding Source in the same way through
the same place at no further charge. You need not require recipients to copy
the Corresponding Source along with the object code. If the place to copy
the object code is a network server, the Corresponding Source may be on a
different server (operated by you or a third party) that supports equivalent
copying facilities, provided you maintain clear directions next to the object
code saying where to find the Corresponding Source. Regardless of what
server hosts the Corresponding Source, you remain obligated to ensure that
it is available for as long as needed to satisfy these requirements. * e) Convey
the object code using peer-to-peer transmission, provided you inform other
peers where the object code and Corresponding Source of the work are being
offered to the general public at no charge under subsection 6d.

A separable portion of the object code, whose source code is excluded from
the Corresponding Source as a System Library, need not be included in con-
veying the object code work.

A “User Product” is either (1) a “consumer product”, which means any
tangible personal property which is normally used for personal, family, or
household purposes, or (2) anything designed or sold for incorporation into
a dwelling. In determining whether a product is a consumer product, doubt-
ful cases shall be resolved in favor of coverage. For a particular product
received by a particular user, “normally used” refers to a typical or common
use of that class of product, regardless of the status of the particular user or of
the way in which the particular user actually uses, or expects or is expected to
use, the product. A product is a consumer product regardless of whether the
product has substantial commercial, industrial or non-consumer uses, unless
such uses represent the only significant mode of use of the product.

“Installation Information” for a User Product means any methods, proce-
dures, authorization keys, or other information required to install and execute
modified versions of a covered work in that User Product from a modified
version of its Corresponding Source. The information must suffice to en-
sure that the continued functioning of the modified object code is in no case
prevented or interfered with solely because modification has been made.

If you convey an object code work under this section in, or with, or specifi-
cally for use in, a User Product, and the conveying occurs as part of a trans-
action in which the right of possession and use of the User Product is trans-
ferred to the recipient in perpetuity or for a fixed term (regardless of how the
transaction is characterized), the Corresponding Source conveyed under this
section must be accompanied by the Installation Information. But this re-
quirement does not apply if neither you nor any third party retains the ability
to install modified object code on the User Product (for example, the work
has been installed in ROM).

The requirement to provide Installation Information does not include a re-
quirement to continue to provide support service, warranty, or updates for
a work that has been modified or installed by the recipient, or for the User
Product in which it has been modified or installed. Access to a network may
be denied when the modification itself materially and adversely affects the
operation of the network or violates the rules and protocols for communica-
tion across the network.

Corresponding Source conveyed, and Installation Information provided, in
accord with this section must be in a format that is publicly documented
(and with an implementation available to the public in source code form),
and must require no special password or key for unpacking, reading or copy-
ing. 7. Additional Terms.

“Additional permissions” are terms that supplement the terms of this License
by making exceptions from one or more of its conditions. Additional permis-
sions that are applicable to the entire Program shall be treated as though they
were included in this License, to the extent that they are valid under applica-
ble law. If additional permissions apply only to part of the Program, that part
may be used separately under those permissions, but the entire Program re-
mains governed by this License without regard to the additional permissions.

When you convey a copy of a covered work, you may at your option remove
any additional permissions from that copy, or from any part of it. (Addi-
tional permissions may be written to require their own removal in certain
cases when you modify the work.) You may place additional permissions on
material, added by you to a covered work, for which you have or can give
appropriate copyright permission.

Notwithstanding any other provision of this License, for material you add
to a covered work, you may (if authorized by the copyright holders of that
material) supplement the terms of this License with terms:

* a) Disclaiming warranty or limiting liability differently from the terms of
sections 15 and 16 of this License; or * b) Requiring preservation of specified
reasonable legal notices or author attributions in that material or in the Ap-
propriate Legal Notices displayed by works containing it; or * c) Prohibiting
misrepresentation of the origin of that material, or requiring that modified
versions of such material be marked in reasonable ways as different from the
original version; or * d) Limiting the use for publicity purposes of names of
licensors or authors of the material; or * e) Declining to grant rights under
trademark law for use of some trade names, trademarks, or service marks;
or * f) Requiring indemnification of licensors and authors of that material
by anyone who conveys the material (or modified versions of it) with con-
tractual assumptions of liability to the recipient, for any liability that these
contractual assumptions directly impose on those licensors and authors.

All other non-permissive additional terms are considered “further restric-
tions” within the meaning of section 10. If the Program as you received
it, or any part of it, contains a notice stating that it is governed by this Li-
cense along with a term that is a further restriction, you may remove that
term. If a license document contains a further restriction but permits reli-
censing or conveying under this License, you may add to a covered work
material governed by the terms of that license document, provided that the
further restriction does not survive such relicensing or conveying.

If you add terms to a covered work in accord with this section, you must
place, in the relevant source files, a statement of the additional terms that
apply to those files, or a notice indicating where to find the applicable terms.

Additional terms, permissive or non-permissive, may be stated in the form of
a separately written license, or stated as exceptions; the above requirements
apply either way. 8. Termination.

You may not propagate or modify a covered work except as expressly pro-
vided under this License. Any attempt otherwise to propagate or modify it is
void, and will automatically terminate your rights under this License (includ-
ing any patent licenses granted under the third paragraph of section 11).

However, if you cease all violation of this License, then your license from
a particular copyright holder is reinstated (a) provisionally, unless and until
the copyright holder explicitly and finally terminates your license, and (b)
permanently, if the copyright holder fails to notify you of the violation by
some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated per-
manently if the copyright holder notifies you of the violation by some reason-
able means, this is the first time you have received notice of violation of this
License (for any work) from that copyright holder, and you cure the violation
prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses
of parties who have received copies or rights from you under this License.
If your rights have been terminated and not permanently reinstated, you do
not qualify to receive new licenses for the same material under section 10. 9.
Acceptance Not Required for Having Copies.

You are not required to accept this License in order to receive or run a copy
of the Program. Ancillary propagation of a covered work occurring solely as
a consequence of using peer-to-peer transmission to receive a copy likewise
does not require acceptance. However, nothing other than this License grants
you permission to propagate or modify any covered work. These actions in-
fringe copyright if you do not accept this License. Therefore, by modifying
or propagating a covered work, you indicate your acceptance of this License
to do so. 10. Automatic Licensing of Downstream Recipients.

Each time you convey a covered work, the recipient automatically receives a
license from the original licensors, to run, modify and propagate that work,
subject to this License. You are not responsible for enforcing compliance by
third parties with this License.

An “entity transaction” is a transaction transferring control of an organiza-
tion, or substantially all assets of one, or subdividing an organization, or
merging organizations. If propagation of a covered work results from an
entity transaction, each party to that transaction who receives a copy of the
work also receives whatever licenses to the work the party’s predecessor in
interest had or could give under the previous paragraph, plus a right to pos-
session of the Corresponding Source of the work from the predecessor in
interest, if the predecessor has it or can get it with reasonable efforts.

You may not impose any further restrictions on the exercise of the rights
granted or affirmed under this License. For example, you may not impose a
license fee, royalty, or other charge for exercise of rights granted under this
License, and you may not initiate litigation (including a cross-claim or coun-
terclaim in a lawsuit) alleging that any patent claim is infringed by making,
using, selling, offering for sale, or importing the Program or any portion of
it. 11. Patents.

A “contributor” is a copyright holder who authorizes use under this License
of the Program or a work on which the Program is based. The work thus
licensed is called the contributor’s “contributor version”.

A contributor’s “essential patent claims” are all patent claims owned or con-
trolled by the contributor, whether already acquired or hereafter acquired,
that would be infringed by some manner, permitted by this License, of mak-
ing, using, or selling its contributor version, but do not include claims that
would be infringed only as a consequence of further modification of the con-
tributor version. For purposes of this definition, “control” includes the right
to grant patent sublicenses in a manner consistent with the requirements of
this License.

Each contributor grants you a non-exclusive, worldwide, royalty-free patent
license under the contributor’s essential patent claims, to make, use, sell, of-
fer for sale, import and otherwise run, modify and propagate the contents of
its contributor version.

In the following three paragraphs, a “patent license” is any express agree-
ment or commitment, however denominated, not to enforce a patent (such as
an express permission to practice a patent or covenant not to sue for patent
infringement). To “grant” such a patent license to a party means to make
such an agreement or commitment not to enforce a patent against the party.

If you convey a covered work, knowingly relying on a patent license, and the
Corresponding Source of the work is not available for anyone to copy, free of
charge and under the terms of this License, through a publicly available net-
work server or other readily accessible means, then you must either (1) cause
the Corresponding Source to be so available, or (2) arrange to deprive your-
self of the benefit of the patent license for this particular work, or (3) arrange,
in a manner consistent with the requirements of this License, to extend the
patent license to downstream recipients. “Knowingly relying” means you
have actual knowledge that, but for the patent license, your conveying the
covered work in a country, or your recipient’s use of the covered work in a
country, would infringe one or more identifiable patents in that country that
you have reason to believe are valid.

If, pursuant to or in connection with a single transaction or arrangement, you
convey, or propagate by procuring conveyance of, a covered work, and grant
a patent license to some of the parties receiving the covered work authoriz-
ing them to use, propagate, modify or convey a specific copy of the covered
work, then the patent license you grant is automatically extended to all recip-
ients of the covered work and works based on it.

A patent license is “discriminatory” if it does not include within the scope of
its coverage, prohibits the exercise of, or is conditioned on the non-exercise
of one or more of the rights that are specifically granted under this License.
You may not convey a covered work if you are a party to an arrangement
with a third party that is in the business of distributing software, under which
you make payment to the third party based on the extent of your activity of
conveying the work, and under which the third party grants, to any of the par-
ties who would receive the covered work from you, a discriminatory patent
license (a) in connection with copies of the covered work conveyed by you
(or copies made from those copies), or (b) primarily for and in connection
with specific products or compilations that contain the covered work, unless
you entered into that arrangement, or that patent license was granted, prior
to 28 March 2007.

Nothing in this License shall be construed as excluding or limiting any im-
plied license or other defenses to infringement that may otherwise be avail-
able to you under applicable patent law. 12. No Surrender of Others’ Free-
dom.

If conditions are imposed on you (whether by court order, agreement or oth-
erwise) that contradict the conditions of this License, they do not excuse you
from the conditions of this License. If you cannot convey a covered work
so as to satisfy simultaneously your obligations under this License and any
other pertinent obligations, then as a consequence you may not convey it at
all. For example, if you agree to terms that obligate you to collect a royalty
for further conveying from those to whom you convey the Program, the only
way you could satisfy both those terms and this License would be to refrain
entirely from conveying the Program. 13. Use with the GNU Affero General
Public License.

Notwithstanding any other provision of this License, you have permission to
link or combine any covered work with a work licensed under version 3 of
the GNU Affero General Public License into a single combined work, and to
convey the resulting work. The terms of this License will continue to apply to
the part which is the covered work, but the special requirements of the GNU
Affero General Public License, section 13, concerning interaction through a
network will apply to the combination as such. 14. Revised Versions of this
License.

The Free Software Foundation may publish revised and/or new versions of
the GNU General Public License from time to time. Such new versions will
be similar in spirit to the present version, but may differ in detail to address
new problems or concerns.

Each version is given a distinguishing version number. If the Program speci-
fies that a certain numbered version of the GNU General Public License “or
any later version” applies to it, you have the option of following the terms
and conditions either of that numbered version or of any later version pub-
lished by the Free Software Foundation. If the Program does not specify a
version number of the GNU General Public License, you may choose any
version ever published by the Free Software Foundation.

If the Program specifies that a proxy can decide which future versions of the
GNU General Public License can be used, that proxy’s public statement of
acceptance of a version permanently authorizes you to choose that version
for the Program.

Later license versions may give you additional or different permissions.
However, no additional obligations are imposed on any author or copyright
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holder as a result of your choosing to follow a later version. 15. Disclaimer
of Warranty.

THERE IS NO WARRANTY FOR THE PROGRAM, TO THE EXTENT
PERMITTED BY APPLICABLE LAW. EXCEPT WHEN OTHERWISE
STATED IN WRITING THE COPYRIGHT HOLDERS AND/OR OTHER
PARTIES PROVIDE THE PROGRAM “AS IS” WITHOUT WARRANTY
OF ANY KIND, EITHER EXPRESSED OR IMPLIED, INCLUDING,
BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MER-
CHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE. THE
ENTIRE RISK AS TO THE QUALITY AND PERFORMANCE OF THE
PROGRAM IS WITH YOU. SHOULD THE PROGRAM PROVE DEFEC-
TIVE, YOU ASSUME THE COST OF ALL NECESSARY SERVICING,
REPAIR OR CORRECTION. 16. Limitation of Liability.

IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR
AGREED TO IN WRITING WILL ANY COPYRIGHT HOLDER, OR
ANY OTHER PARTY WHO MODIFIES AND/OR CONVEYS THE PRO-
GRAM AS PERMITTED ABOVE, BE LIABLE TO YOU FOR DAM-
AGES, INCLUDING ANY GENERAL, SPECIAL, INCIDENTAL OR
CONSEQUENTIAL DAMAGES ARISING OUT OF THE USE OR IN-
ABILITY TO USE THE PROGRAM (INCLUDING BUT NOT LIMITED
TO LOSS OF DATA OR DATA BEING RENDERED INACCURATE OR

LOSSES SUSTAINED BY YOU OR THIRD PARTIES OR A FAILURE
OF THE PROGRAM TO OPERATE WITH ANY OTHER PROGRAMS),
EVEN IF SUCH HOLDER OR OTHER PARTY HAS BEEN ADVISED OF
THE POSSIBILITY OF SUCH DAMAGES. 17. Interpretation of Sections
15 and 16.

If the disclaimer of warranty and limitation of liability provided above can-
not be given local legal effect according to their terms, reviewing courts shall
apply local law that most closely approximates an absolute waiver of all civil
liability in connection with the Program, unless a warranty or assumption of
liability accompanies a copy of the Program in return for a fee.

END OF TERMS AND CONDITIONS How to Apply These Terms to Your
New Programs

If you develop a new program, and you want it to be of the greatest possible
use to the public, the best way to achieve this is to make it free software
which everyone can redistribute and change under these terms.

To do so, attach the following notices to the program. It is safest to attach
them to the start of each source file to most effectively state the exclusion of
warranty; and each file should have at least the “copyright” line and a pointer
to where the full notice is found.

<one line to give the program’s name and a brief idea of what it does.> Copy-
right (C) <year> <name of author>

This program is free software: you can redistribute it and/or modify it under
the terms of the GNU General Public License as published by the Free Soft-
ware Foundation, either version 3 of the License, or (at your option) any later
version.

This program is distributed in the hope that it will be useful, but WITH-
OUT ANY WARRANTY; without even the implied warranty of MER-
CHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
GNU General Public License for more details.

You should have received a copy of the GNU General Public License along
with this program. If not, see <http://www.gnu.org/licenses/>.

Also add information on how to contact you by electronic and paper mail.

If the program does terminal interaction, make it output a short notice like
this when it starts in an interactive mode:

<program> Copyright (C) <year> <name of author> This program comes
with ABSOLUTELY NO WARRANTY; for details type ‘show w’. This is
free software, and you are welcome to redistribute it under certain conditions;
type ‘show c’ for details.

The hypothetical commands ‘show w’ and ‘show c’ should show the appro-
priate parts of the General Public License. Of course, your program’s com-
mands might be different; for a GUI interface, you would use an “about
box”.

You should also get your employer (if you work as a programmer) or school,
if any, to sign a “copyright disclaimer” for the program, if necessary. For
more information on this, and how to apply and follow the GNU GPL, see
<http://www.gnu.org/licenses/>.

The GNU General Public License does not permit incorporating your pro-
gram into proprietary programs. If your program is a subroutine library,
you may consider it more useful to permit linking proprietary applications
with the library. If this is what you want to do, use the GNU Lesser
General Public License instead of this License. But first, please read
<http://www.gnu.org/philosophy/why-not-lgpl.html>.

23.2 GNU Free Documentation License
Version 1.3, 3 November 2008

Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc.
<http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license
document, but changing it is not allowed. 0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other func-
tional and useful document "free" in the sense of freedom: to assure everyone
the effective freedom to copy and redistribute it, with or without modifying
it, either commercially or noncommercially. Secondarily, this License pre-
serves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of "copyleft", which means that derivative works of
the document must themselves be free in the same sense. It complements the
GNU General Public License, which is a copyleft license designed for free
software.

We have designed this License in order to use it for manuals for free software,
because free software needs free documentation: a free program should come
with manuals providing the same freedoms that the software does. But this
License is not limited to software manuals; it can be used for any textual
work, regardless of subject matter or whether it is published as a printed
book. We recommend this License principally for works whose purpose is
instruction or reference. 1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that con-
tains a notice placed by the copyright holder saying it can be distributed un-
der the terms of this License. Such a notice grants a world-wide, royalty-free
license, unlimited in duration, to use that work under the conditions stated
herein. The "Document", below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as "you". You accept
the license if you copy, modify or distribute the work in a way requiring
permission under copyright law.

A "Modified Version" of the Document means any work containing the Doc-
ument or a portion of it, either copied verbatim, or with modifications and/or
translated into another language.

A "Secondary Section" is a named appendix or a front-matter section of the
Document that deals exclusively with the relationship of the publishers or
authors of the Document to the Document’s overall subject (or to related
matters) and contains nothing that could fall directly within that overall sub-
ject. (Thus, if the Document is in part a textbook of mathematics, a Sec-
ondary Section may not explain any mathematics.) The relationship could
be a matter of historical connection with the subject or with related matters,
or of legal, commercial, philosophical, ethical or political position regarding
them.

The "Invariant Sections" are certain Secondary Sections whose titles are des-
ignated, as being those of Invariant Sections, in the notice that says that the
Document is released under this License. If a section does not fit the above
definition of Secondary then it is not allowed to be designated as Invariant.
The Document may contain zero Invariant Sections. If the Document does
not identify any Invariant Sections then there are none.

The "Cover Texts" are certain short passages of text that are listed, as Front-
Cover Texts or Back-Cover Texts, in the notice that says that the Document
is released under this License. A Front-Cover Text may be at most 5 words,
and a Back-Cover Text may be at most 25 words.

A "Transparent" copy of the Document means a machine-readable copy, rep-
resented in a format whose specification is available to the general public,
that is suitable for revising the document straightforwardly with generic text
editors or (for images composed of pixels) generic paint programs or (for
drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable
for input to text formatters. A copy made in an otherwise Transparent file
format whose markup, or absence of markup, has been arranged to thwart or
discourage subsequent modification by readers is not Transparent. An image
format is not Transparent if used for any substantial amount of text. A copy
that is not "Transparent" is called "Opaque".

Examples of suitable formats for Transparent copies include plain ASCII
without markup, Texinfo input format, LaTeX input format, SGML or XML
using a publicly available DTD, and standard-conforming simple HTML,
PostScript or PDF designed for human modification. Examples of trans-
parent image formats include PNG, XCF and JPG. Opaque formats include
proprietary formats that can be read and edited only by proprietary word pro-
cessors, SGML or XML for which the DTD and/or processing tools are not
generally available, and the machine-generated HTML, PostScript or PDF
produced by some word processors for output purposes only.

The "Title Page" means, for a printed book, the title page itself, plus such
following pages as are needed to hold, legibly, the material this License re-
quires to appear in the title page. For works in formats which do not have
any title page as such, "Title Page" means the text near the most prominent
appearance of the work’s title, preceding the beginning of the body of the
text.

The "publisher" means any person or entity that distributes copies of the Doc-
ument to the public.

A section "Entitled XYZ" means a named subunit of the Document whose ti-
tle either is precisely XYZ or contains XYZ in parentheses following text that
translates XYZ in another language. (Here XYZ stands for a specific section
name mentioned below, such as "Acknowledgements", "Dedications", "En-
dorsements", or "History".) To "Preserve the Title" of such a section when
you modify the Document means that it remains a section "Entitled XYZ"
according to this definition.

The Document may include Warranty Disclaimers next to the notice which
states that this License applies to the Document. These Warranty Disclaimers
are considered to be included by reference in this License, but only as re-
gards disclaiming warranties: any other implication that these Warranty Dis-
claimers may have is void and has no effect on the meaning of this License.
2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commer-
cially or noncommercially, provided that this License, the copyright notices,
and the license notice saying this License applies to the Document are re-
produced in all copies, and that you add no other conditions whatsoever to
those of this License. You may not use technical measures to obstruct or
control the reading or further copying of the copies you make or distribute.
However, you may accept compensation in exchange for copies. If you dis-
tribute a large enough number of copies you must also follow the conditions
in section 3.

You may also lend copies, under the same conditions stated above, and you
may publicly display copies. 3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed
covers) of the Document, numbering more than 100, and the Document’s li-
cense notice requires Cover Texts, you must enclose the copies in covers that
carry, clearly and legibly, all these Cover Texts: Front-Cover Texts on the
front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front
cover must present the full title with all words of the title equally prominent
and visible. You may add other material on the covers in addition. Copying
with changes limited to the covers, as long as they preserve the title of the
Document and satisfy these conditions, can be treated as verbatim copying
in other respects.

If the required texts for either cover are too voluminous to fit legibly, you
should put the first ones listed (as many as fit reasonably) on the actual cover,
and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering
more than 100, you must either include a machine-readable Transparent
copy along with each Opaque copy, or state in or with each Opaque copy
a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete
Transparent copy of the Document, free of added material. If you use the
latter option, you must take reasonably prudent steps, when you begin dis-
tribution of Opaque copies in quantity, to ensure that this Transparent copy
will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents
or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document
well before redistributing any large number of copies, to give them a chance
to provide you with an updated version of the Document. 4. MODIFICA-
TIONS

You may copy and distribute a Modified Version of the Document under the
conditions of sections 2 and 3 above, provided that you release the Modi-
fied Version under precisely this License, with the Modified Version filling
the role of the Document, thus licensing distribution and modification of the
Modified Version to whoever possesses a copy of it. In addition, you must
do these things in the Modified Version:

* A. Use in the Title Page (and on the covers, if any) a title distinct from
that of the Document, and from those of previous versions (which should,
if there were any, be listed in the History section of the Document). You
may use the same title as a previous version if the original publisher of that
version gives permission. * B. List on the Title Page, as authors, one or
more persons or entities responsible for authorship of the modifications in
the Modified Version, together with at least five of the principal authors of
the Document (all of its principal authors, if it has fewer than five), unless
they release you from this requirement. * C. State on the Title page the name
of the publisher of the Modified Version, as the publisher. * D. Preserve
all the copyright notices of the Document. * E. Add an appropriate copy-
right notice for your modifications adjacent to the other copyright notices. *
F. Include, immediately after the copyright notices, a license notice giving
the public permission to use the Modified Version under the terms of this
License, in the form shown in the Addendum below. * G. Preserve in that
license notice the full lists of Invariant Sections and required Cover Texts
given in the Document’s license notice. * H. Include an unaltered copy of
this License. * I. Preserve the section Entitled "History", Preserve its Title,
and add to it an item stating at least the title, year, new authors, and publisher
of the Modified Version as given on the Title Page. If there is no section En-
titled "History" in the Document, create one stating the title, year, authors,
and publisher of the Document as given on its Title Page, then add an item
describing the Modified Version as stated in the previous sentence. * J. Pre-
serve the network location, if any, given in the Document for public access
to a Transparent copy of the Document, and likewise the network locations
given in the Document for previous versions it was based on. These may be
placed in the "History" section. You may omit a network location for a work
that was published at least four years before the Document itself, or if the

original publisher of the version it refers to gives permission. * K. For any
section Entitled "Acknowledgements" or "Dedications", Preserve the Title
of the section, and preserve in the section all the substance and tone of each
of the contributor acknowledgements and/or dedications given therein. * L.
Preserve all the Invariant Sections of the Document, unaltered in their text
and in their titles. Section numbers or the equivalent are not considered part
of the section titles. * M. Delete any section Entitled "Endorsements". Such
a section may not be included in the Modified Version. * N. Do not retitle
any existing section to be Entitled "Endorsements" or to conflict in title with
any Invariant Section. * O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices
that qualify as Secondary Sections and contain no material copied from the
Document, you may at your option designate some or all of these sections
as invariant. To do this, add their titles to the list of Invariant Sections in
the Modified Version’s license notice. These titles must be distinct from any
other section titles.

You may add a section Entitled "Endorsements", provided it contains nothing
but endorsements of your Modified Version by various parties—for example,
statements of peer review or that the text has been approved by an organiza-
tion as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a pas-
sage of up to 25 words as a Back-Cover Text, to the end of the list of Cover
Texts in the Modified Version. Only one passage of Front-Cover Text and
one of Back-Cover Text may be added by (or through arrangements made
by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same
entity you are acting on behalf of, you may not add another; but you may
replace the old one, on explicit permission from the previous publisher that
added the old one.

The author(s) and publisher(s) of the Document do not by this License give
permission to use their names for publicity for or to assert or imply endorse-
ment of any Modified Version. 5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this
License, under the terms defined in section 4 above for modified versions,
provided that you include in the combination all of the Invariant Sections of
all of the original documents, unmodified, and list them all as Invariant Sec-
tions of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple
identical Invariant Sections may be replaced with a single copy. If there are
multiple Invariant Sections with the same name but different contents, make
the title of each such section unique by adding at the end of it, in parentheses,
the name of the original author or publisher of that section if known, or else
a unique number. Make the same adjustment to the section titles in the list
of Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled "History" in the
various original documents, forming one section Entitled "History"; likewise
combine any sections Entitled "Acknowledgements", and any sections Enti-
tled "Dedications". You must delete all sections Entitled "Endorsements". 6.
COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents
released under this License, and replace the individual copies of this License
in the various documents with a single copy that is included in the collection,
provided that you follow the rules of this License for verbatim copying of
each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it
individually under this License, provided you insert a copy of this License
into the extracted document, and follow this License in all other respects
regarding verbatim copying of that document. 7. AGGREGATION WITH
INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and in-
dependent documents or works, in or on a volume of a storage or distribution
medium, is called an "aggregate" if the copyright resulting from the compi-
lation is not used to limit the legal rights of the compilation’s users beyond
what the individual works permit. When the Document is included in an
aggregate, this License does not apply to the other works in the aggregate
which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of
the Document, then if the Document is less than one half of the entire ag-
gregate, the Document’s Cover Texts may be placed on covers that bracket
the Document within the aggregate, or the electronic equivalent of covers if
the Document is in electronic form. Otherwise they must appear on printed
covers that bracket the whole aggregate. 8. TRANSLATION

Translation is considered a kind of modification, so you may distribute trans-
lations of the Document under the terms of section 4. Replacing Invariant
Sections with translations requires special permission from their copyright
holders, but you may include translations of some or all Invariant Sections in
addition to the original versions of these Invariant Sections. You may include
a translation of this License, and all the license notices in the Document, and
any Warranty Disclaimers, provided that you also include the original En-
glish version of this License and the original versions of those notices and
disclaimers. In case of a disagreement between the translation and the origi-
nal version of this License or a notice or disclaimer, the original version will
prevail.

If a section in the Document is Entitled "Acknowledgements", "Dedications",
or "History", the requirement (section 4) to Preserve its Title (section 1) will
typically require changing the actual title. 9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as
expressly provided under this License. Any attempt otherwise to copy, mod-
ify, sublicense, or distribute it is void, and will automatically terminate your
rights under this License.

However, if you cease all violation of this License, then your license from
a particular copyright holder is reinstated (a) provisionally, unless and until
the copyright holder explicitly and finally terminates your license, and (b)
permanently, if the copyright holder fails to notify you of the violation by
some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated per-
manently if the copyright holder notifies you of the violation by some reason-
able means, this is the first time you have received notice of violation of this
License (for any work) from that copyright holder, and you cure the violation
prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses
of parties who have received copies or rights from you under this License. If
your rights have been terminated and not permanently reinstated, receipt of a
copy of some or all of the same material does not give you any rights to use
it. 10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the
GNU Free Documentation License from time to time. Such new versions
will be similar in spirit to the present version, but may differ in detail to
address new problems or concerns. See http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the
Document specifies that a particular numbered version of this License "or
any later version" applies to it, you have the option of following the terms
and conditions either of that specified version or of any later version that has
been published (not as a draft) by the Free Software Foundation. If the Doc-
ument does not specify a version number of this License, you may choose
any version ever published (not as a draft) by the Free Software Foundation.
If the Document specifies that a proxy can decide which future versions of
this License can be used, that proxy’s public statement of acceptance of a
version permanently authorizes you to choose that version for the Document.
11. RELICENSING

"Massive Multiauthor Collaboration Site" (or "MMC Site") means any
World Wide Web server that publishes copyrightable works and also pro-
vides prominent facilities for anybody to edit those works. A public wiki
that anybody can edit is an example of such a server. A "Massive Multi-
author Collaboration" (or "MMC") contained in the site means any set of
copyrightable works thus published on the MMC site.

"CC-BY-SA" means the Creative Commons Attribution-Share Alike 3.0 li-
cense published by Creative Commons Corporation, a not-for-profit corpora-
tion with a principal place of business in San Francisco, California, as well as
future copyleft versions of that license published by that same organization.

"Incorporate" means to publish or republish a Document, in whole or in part,
as part of another Document.

An MMC is "eligible for relicensing" if it is licensed under this License, and
if all works that were first published under this License somewhere other than
this MMC, and subsequently incorporated in whole or in part into the MMC,
(1) had no cover texts or invariant sections, and (2) were thus incorporated
prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site
under CC-BY-SA on the same site at any time before August 1, 2009, pro-
vided the MMC is eligible for relicensing. ADDENDUM: How to use this
License for your documents

To use this License in a document you have written, include a copy of the
License in the document and put the following copyright and license notices
just after the title page:

Copyright (C) YEAR YOUR NAME. Permission is granted to copy, dis-
tribute and/or modify this document under the terms of the GNU Free Doc-
umentation License, Version 1.3 or any later version published by the Free
Software Foundation; with no Invariant Sections, no Front-Cover Texts, and
no Back-Cover Texts. A copy of the license is included in the section entitled
"GNU Free Documentation License".

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, re-
place the "with . . . Texts." line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-
Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combina-
tion of the three, merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recom-
mend releasing these examples in parallel under your choice of free software
license, such as the GNU General Public License, to permit their use in free
software.

23.3 GNU Lesser General Public License
GNU LESSER GENERAL PUBLIC LICENSE

Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license
document, but changing it is not allowed.

This version of the GNU Lesser General Public License incorporates the
terms and conditions of version 3 of the GNU General Public License, sup-
plemented by the additional permissions listed below. 0. Additional Defini-
tions.

As used herein, “this License” refers to version 3 of the GNU Lesser General
Public License, and the “GNU GPL” refers to version 3 of the GNU General
Public License.

“The Library” refers to a covered work governed by this License, other than
an Application or a Combined Work as defined below.

An “Application” is any work that makes use of an interface provided by the
Library, but which is not otherwise based on the Library. Defining a subclass
of a class defined by the Library is deemed a mode of using an interface
provided by the Library.

A “Combined Work” is a work produced by combining or linking an Appli-
cation with the Library. The particular version of the Library with which the
Combined Work was made is also called the “Linked Version”.

The “Minimal Corresponding Source” for a Combined Work means the Cor-
responding Source for the Combined Work, excluding any source code for
portions of the Combined Work that, considered in isolation, are based on
the Application, and not on the Linked Version.
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GNU Lesser General Public License

The “Corresponding Application Code” for a Combined Work means the
object code and/or source code for the Application, including any data and
utility programs needed for reproducing the Combined Work from the Appli-
cation, but excluding the System Libraries of the Combined Work. 1. Excep-
tion to Section 3 of the GNU GPL.

You may convey a covered work under sections 3 and 4 of this License with-
out being bound by section 3 of the GNU GPL. 2. Conveying Modified
Versions.

If you modify a copy of the Library, and, in your modifications, a facility
refers to a function or data to be supplied by an Application that uses the
facility (other than as an argument passed when the facility is invoked), then
you may convey a copy of the modified version:

* a) under this License, provided that you make a good faith effort to en-
sure that, in the event an Application does not supply the function or data,
the facility still operates, and performs whatever part of its purpose remains
meaningful, or * b) under the GNU GPL, with none of the additional permis-
sions of this License applicable to that copy.

3. Object Code Incorporating Material from Library Header Files.

The object code form of an Application may incorporate material from a
header file that is part of the Library. You may convey such object code

under terms of your choice, provided that, if the incorporated material is
not limited to numerical parameters, data structure layouts and accessors, or
small macros, inline functions and templates (ten or fewer lines in length),
you do both of the following:

* a) Give prominent notice with each copy of the object code that the Library
is used in it and that the Library and its use are covered by this License. *
b) Accompany the object code with a copy of the GNU GPL and this license
document.

4. Combined Works.

You may convey a Combined Work under terms of your choice that, taken to-
gether, effectively do not restrict modification of the portions of the Library
contained in the Combined Work and reverse engineering for debugging such
modifications, if you also do each of the following:

* a) Give prominent notice with each copy of the Combined Work that the Li-
brary is used in it and that the Library and its use are covered by this License.
* b) Accompany the Combined Work with a copy of the GNU GPL and this
license document. * c) For a Combined Work that displays copyright notices
during execution, include the copyright notice for the Library among these
notices, as well as a reference directing the user to the copies of the GNU
GPL and this license document. * d) Do one of the following: o 0) Con-
vey the Minimal Corresponding Source under the terms of this License, and
the Corresponding Application Code in a form suitable for, and under terms

that permit, the user to recombine or relink the Application with a modified
version of the Linked Version to produce a modified Combined Work, in the
manner specified by section 6 of the GNU GPL for conveying Correspond-
ing Source. o 1) Use a suitable shared library mechanism for linking with the
Library. A suitable mechanism is one that (a) uses at run time a copy of the
Library already present on the user’s computer system, and (b) will operate
properly with a modified version of the Library that is interface-compatible
with the Linked Version. * e) Provide Installation Information, but only if
you would otherwise be required to provide such information under section
6 of the GNU GPL, and only to the extent that such information is necessary
to install and execute a modified version of the Combined Work produced
by recombining or relinking the Application with a modified version of the
Linked Version. (If you use option 4d0, the Installation Information must
accompany the Minimal Corresponding Source and Corresponding Applica-
tion Code. If you use option 4d1, you must provide the Installation Infor-
mation in the manner specified by section 6 of the GNU GPL for conveying
Corresponding Source.)

5. Combined Libraries.

You may place library facilities that are a work based on the Library side by
side in a single library together with other library facilities that are not Ap-
plications and are not covered by this License, and convey such a combined
library under terms of your choice, if you do both of the following:

* a) Accompany the combined library with a copy of the same work based on
the Library, uncombined with any other library facilities, conveyed under the
terms of this License. * b) Give prominent notice with the combined library
that part of it is a work based on the Library, and explaining where to find
the accompanying uncombined form of the same work.

6. Revised Versions of the GNU Lesser General Public License.

The Free Software Foundation may publish revised and/or new versions of
the GNU Lesser General Public License from time to time. Such new ver-
sions will be similar in spirit to the present version, but may differ in detail
to address new problems or concerns.

Each version is given a distinguishing version number. If the Library as you
received it specifies that a certain numbered version of the GNU Lesser Gen-
eral Public License “or any later version” applies to it, you have the option
of following the terms and conditions either of that published version or of
any later version published by the Free Software Foundation. If the Library
as you received it does not specify a version number of the GNU Lesser Gen-
eral Public License, you may choose any version of the GNU Lesser General
Public License ever published by the Free Software Foundation.

If the Library as you received it specifies that a proxy can decide whether
future versions of the GNU Lesser General Public License shall apply, that
proxy’s public statement of acceptance of any version is permanent autho-
rization for you to choose that version for the Library.
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