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in
tu
iti
on

.
C
ur
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t
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w
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5.
4

T
yp

e
si
gn

at
ur
es

in
co
de

N
ow

w
e'
ve

ex
pl
or
ed

th
e
ba

sic
th
eo
ry

be
hi
nd

ty
pe

s
as

w
el
la

s
ho

w
th
ey

ap
pl
y
to

H
as
ke
ll.

T
he

ke
y
w
ay

in
w
hi
ch

ty
pe

sig
na

tu
re
s
ar
e
us
ed

is
fo
r

an
no

ta
tin

g
fu
nc

tio
ns

in
so
ur
ce

fil
es
.
Le

t
us

se
e
w
ha

t
th
at

lo
ok

s
lik

e
fo
r

xo
r
fu
nc

tio
n
fr
om

an
ea
rli
er

ex
am

pl
e:

E
xa

m
pl
e:

A
fu
nc

tio
n
w
ith

its
sig

na
tu
re

xo
r
::

Bo
ol

->
Bo

ol
->

Bo
ol

xo
r
p
q
=
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no
t
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q)

T
ha

t
is
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lw

e
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ve
to

do
,r
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lly
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Si
gn

at
ur
es

ar
e
pl
ac
ed

ju
st

be
fo
re

th
e
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rr
es
po

nd
in
g
fu
nc

tio
ns
,f
or

m
ax

im
um
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ity

.



T
he

sig
na

tu
re
s
w
e
ad

d
in

th
is
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ay
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rv
e
a
du

al
ro
le
.
T
he
y
in
fo
rm

th
e

ty
pe

of
th
e
fu
nc

tio
ns
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th

to
hu

m
an

re
ad

er
s
of

th
e
co
de

an
d
to

th
e

co
m
pi
le
r/
in
te
rp
re
te
r.

5.
4.
1

T
yp

e
in
fe
re
nc
e

W
e
ju
st

sa
id

th
at

ty
pe

sig
na

tu
re
s
te
ll
th
e
in
te
rp
re
te
r
(o
r
co
m
pi
le
r)

w
ha

t
th
e
fu
nc

tio
n
ty
pe

is.
H
ow

ev
er
,
up

to
no

w
yo

u
w
ro
te

pe
rf
ec
tly

go
od

H
as
ke
ll
co
de

w
ith

ou
ta

ny
sig

na
tu
re
s,
an

d
it
wa

sa
cc
ep
te
d
by

G
H
C
/G

H
C
i.

T
ha

t
sh
ow

s
th
at

in
ge
ne

ra
li
t
is

no
t
m
an

da
to
ry

to
ad

d
ty
pe

sig
na

tu
re
s.

B
ut

th
at

do
es
n'
tm

ea
n
th
at

if
yo
u
do

n'
ta

dd
th
em

H
as
ke
ll
sim

pl
y
fo
rg
et
s

ab
ou

t
ty
pe

s
al
to
ge
th
er
!
In
st
ea
d,

w
he

n
yo
u
di
dn
't

te
ll
H
as
ke
ll
th
e
ty
pe

s
of

yo
ur

fu
nc

tio
ns

an
d
va
ria

bl
es

it
fig

ur
ed

th
em

ou
t
th
ro
ug

h
a
pr
oc
es
s

ca
lle

d
ty
pe

in
fe
re
nc
e.

In
es
se
nc

e,
th
e
co
m
pi
le
r
pe

rf
or
m
s
in
fe
re
nc

e
by

st
ar
tin

g
w
ith

th
e
ty
pe

s
of

th
in
gs

it
kn

ow
s
an

d
th
en

w
or
ki
ng

ou
t
th
e

ty
pe

s
of

th
e
re
st

of
th
e
va
lu
es
.
Le

t's
se
e
ho

w
th
at

wo
rk
s
w
ith

a
ge
ne
ra
l

ex
am

pl
e.



E
xa

m
pl
e:

Si
m
pl
e
ty
pe

in
fe
re
nc

e

–
We

'r
e
de
li
be
ra
te
ly

no
t
pr
ov
id
in
g
a
ty
pe

si
gn
at
ur
e
fo
r
th
is

fu
nc

ti
on

is
L
c
=

c
==

'l
'

is
L
is

a
fu
nc

tio
n
th
at

ta
ke
s
an

ar
gu

m
en
t
c
an

d
re
tu
rn
s
th
e
re
su
lt

of
ev
al
ua

tin
g
c
==

'l
'.

If
we

do
n'
t
pr
ov
id
e
a
ty
pe

sig
na

tu
re

th
e
co
m
pi
le
r,

in
pr
in
ci
pl
e,

do
es

no
t
kn

ow
th
e
ty
pe

of
c,

no
r
th
e
ty
pe

of
th
e
re
su
lt.

In
th
e
ex
pr
es
sio

n
c
==

'l
',

ho
w
ev
er
,i
t
do

es
kn

ow
th
at

'l
'
is

a
Ch
ar

.
Si
nc
e
c
an

d
'l

'
ar
e
be

in
g
co
m
pa

re
d
w
ith

eq
ua

lit
y
w
ith

(=
=)

an
d
bo

th



ar
gu

m
en
ts

of
(=
=)

m
us
t
ha

ve
th
e
sa
m
e
ty
pe

7 ,
it

fo
llo

w
s
th
at

c
m
us
t

be
a
Ch
ar

.
Fi
na

lly
,s

in
ce

is
L
c
is

th
e
re
su
lt

of
(=
=)

it
m
us
t
be

a
Bo
ol

.
A
nd

th
us

w
e
ha

ve
a
sig

na
tu
re

fo
r
th
e
fu
nc

tio
n:

E
xa

m
pl
e:

is
L
w
ith

a
ty
pe

is
L
::

Ch
ar

->
Bo

ol

is
L
c
=

c
==

'l
'

A
nd

,i
nd

ee
d,

if
yo

u
le
av
e
ou

t
th
e
ty
pe

sig
na

tu
re

th
e
H
as
ke
ll
co
m
pi
le
r

w
ill

di
sc
ov
er

it
th
ro
ug

h
th
is
pr
oc
es
s.

Yo
u
ca
n
ve
rif
y
th
at

by
us
in
g
:t

on
is
L
w
ith

or
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ith

ou
t
a
sig

na
tu
re
.
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s
w
e
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se
d
in
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ru
th
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lu
es
".

T
ha

t
fa
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is
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al
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st
at
ed
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e
ty
pe
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at
ur
e
of
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–
if
yo
u
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e
cu

rio
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yo
u
ca
n
ch
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k
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gh
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u
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ill
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a
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t
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e
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r
a
fu
ll
ex
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an

at
io
n
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e
no

ta
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n
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ed
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So
,i
ft
yp

e
sig

na
tu
re
s
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e
op

tio
na

li
n
m
os
t
ca
se
s8

w
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sh
ou

ld
we

ca
re

so
m
uc
h
ab

ou
t
th
em

?
H
er
e
ar
e
a
fe
w

re
as
on

s:

•
D
oc
um

en
ta
ti
on

:
ty
pe

sig
na

tu
re
s
m
ak

e
yo

ur
co
de
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sie

r
to

re
ad

.
W

ith
m
os
tf

un
ct
io
ns
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he

na
m
e
of

th
e
fu
nc
tio

n
al
on

g
w
ith

th
e
ty
pe

of
th
e
fu
nc
tio

n
is

su
ffi
ci
en
t
to
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es
s
w
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t
th
e
fu
nc
tio

n
do
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.
O
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ou
rs
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u
sh
ou
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al
w
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s
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m
m
en
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er
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to
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t
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ng

th
e
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pe
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st
at
ed
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s
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no
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a
fu
nc
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n
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an
d

th
en
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n
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yo

u,
at

co
m
pi
le
-t
im

e,
th
at

yo
ur

fu
nc
tio

n
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w
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n
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5.
4.
3

T
yp

es
pr
ev
en
t
er
ro
rs

T
he

ro
le

of
ty
pe

s
in

pr
ev
en
tin

g
er
ro
rs

is
ce
nt
ra
l
to

ty
pe

d
la
ng

ua
ge
s.

W
he

n
pa

ss
in
g
ex
pr
es
sio

ns
ar
ou

nd
yo
u
ha

ve
to

m
ak

e
su
re

th
e
ty
pe

s
m
at
ch

up
lik

e
th
ey

di
d
he
re
.
If
th
ey

do
n'
t,
yo
u'
ll
ge
t
ty
pe

er
ro
rs

w
he
n

yo
u
tr
y
to

co
m
pi
le
;
yo

ur
pr
og

ra
m

w
on
't

pa
ss

th
e
ty
pe
ch
ec
k.

T
hi
s
is

re
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ly

ho
w

ty
pe

s
he

lp
yo

u
to

ke
ep

yo
ur

pr
og

ra
m
s
bu

g-
fr
ee
.
To
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a
ve
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iv
ia
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xa
m
pl
e:

E
xa

m
pl
e:

A
no

n-
ty
pe
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ng
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ra
m
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el

lo
"
+
"
wo
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H
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g
th
at
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e
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rt

of
yo
ur
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ra
m

w
ill

m
ak

e
it
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il
to
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m
pi
le
,
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ey
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ca
n'
ta

dd
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o
st
rin

gs
to
ge
th
er
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n
al
ll
ik
el
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d
th
ei
nt
en
tio

n



wa
st

o
us
e
th
e
sim

ila
r-
lo
ok

in
g
st
rin

g
co
nc
at
en
at
io
n
op

er
at
or
,w

hi
ch

jo
in
s

tw
o
st
rin

gs
to
ge
th
er

in
to

a
sin

gl
e
on

e:

E
xa

m
pl
e:

O
ur

er
ro
ne

ou
s
pr
og

ra
m
,fi

xe
d

"h
el

lo
"
++

"
wo

rl
d"

A
n
ea
sy

ty
po

to
m
ak
e,

bu
t
be

ca
us
e
yo
u
us
e
H
as
ke
ll,

it
wa

s
ca
ug

ht
w
he
n

yo
u
tr
ie
d
to

co
m
pi
le
.
Yo

u
di
dn
't
ha

ve
to

wa
it
un

til
yo
u
ra
n
th
e
pr
og
ra
m

fo
r
th
e
bu

g
to

be
co
m
e
ap

pa
re
nt
.

T
hi
s
w
as

on
ly

a
sim

pl
e
ex
am

pl
e.

H
ow

ev
er
,t

he
id
ea

of
ty
pe

s
be

in
g
a

sy
st
em

to
ca
tc
h
m
ist

ak
es

w
or
ks

on
a
m
uc
h
la
rg
er

sc
al
e
to
o.

In
ge
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ch

ar
e
no

t
so

un
co
m
m
on

in
H
as
ke
ll
pr
og

ra
m
m
in
g.

If
th
e
in
pu

t
fu
nc

tio
n
fo

nl
y
ne

ed
s
its

fir
st

pa
ra
m
et
er

to
pr
od

uc
e
th
e
fir
st

pa
rt

of
th
e
ou

tp
ut
,t

he
n
ev
er
yt
hi
ng

wo
rk
s
ju
st

fin
e.

H
ow

ev
er
,a

le
ft

fo
ld

m
us
t
ca
ll
its

el
fr

ec
ur
siv

el
y
un

til
it

re
ac
he
s
th
e
en
d
of

th
e
in
pu

t
lis
t;

th
is

is
in
ev
ita

bl
e,

be
ca
us
e
th
e
re
cu
rs
iv
e
ca
ll
is

no
t
m
ad

e
in

an
ar
gu

m
en
t
to

f.
N
ee
dl
es
s
to

sa
y,

th
is

ne
ve
r
ha

pp
en
s
if
th
e
in
pu

t
lis
t
is
in
fin

ite
an

d
th
e

pr
og

ra
m

w
ill

sp
in

en
dl
es
sly

in
an

in
fin

ite
lo
op

.



A
s
a
to
y
ex
am

pl
e
of

ho
w

th
is

ca
n
w
or
k,

co
ns
id
er

a
fu
nc

tio
n
ec
ho
es

ta
ki
ng

a
lis
to

fi
nt
eg
er
sa

nd
pr
od

uc
in
g
a
lis
tw

he
re

if
th
e
nu

m
be

rn
oc
cu
rs

in
th
e
in
pu

t
lis
t,

th
en

n
re
pl
ic
at
ed

n
tim

es
w
ill

oc
cu
r
in

th
e
ou

tp
ut

lis
t.

W
e
w
ill

m
ak

e
us
e
of

th
e
pr
el
ud

e
fu
nc

tio
n
re
pl
ic
at
e:

re
pl
ic
at
e
n
x

is
a
lis
t
of

le
ng

th
n
w
ith

x
th
e
va
lu
e
of

ev
er
y
el
em

en
t.

W
e
ca
n
w
rit

e
ec
ho

es
as

a
fo
ld
r
qu

ite
ha

nd
ily

:

ec
ho

es
=
fo

ld
r
(\

x
xs

->
(r

ep
li

ca
te

x
x)

++
xs

)
[]

(N
ot
e:

T
hi
s
is

ve
ry

co
m
pa

ct
th
an

ks
to

th
e

\x
xs

->
sy
nt
ax

.
In
st
ea
d

of
de
fin

in
g
a
fu
nc
tio

n
so
m
ew

he
re

el
se

an
d
pa

ss
in
g
it
to

fo
ld
rw

e
pr
ov
id
ed

th
e
de
fin

iti
on

in
si
tu
;x

an
d
xs

be
in
g
th
e
ar
gu

m
en
ts

an
d
th
e
rig

ht
-h
an

d
sid

e
of

th
e
de

fin
iti
on

be
in
g
w
ha

t
is

af
te
r
th
e
->

)

or
,e

qu
al
ly

ha
nd

ily
,a

s
a
fo
ld
l:



ec
ho

es
=
fo

ld
l
(\

xs
x
->

xs
++

(r
ep

li
ca

te
x
x)

)
[]

bu
t
on

ly
th
e
fir
st

de
fin

iti
on

wo
rk
s
on

an
in
fin

ite
lis
t
lik

e
[1
..]
.
Tr

y
it!

(I
f

yo
u
tr
y
th
is

in
G
H
C
i,
re
m
em

be
r
yo
u
ca
n
st
op

an
ev
al
ua

tio
n
w
ith

C
tr
l-c

,
bu

t
yo

u
ha

ve
to

be
qu

ic
k
an

d
ke
ep

an
ey
e
on

th
e
sy
st
em

m
on

ito
r
or

yo
ur

m
em

or
y
w
ill

be
co
ns
um

ed
in

no
tim

e
an

d
yo
ur

sy
st
em

w
ill

ha
ng

.)

A
s
a
fin

al
ex
am

pl
e,

an
ot
he

r
th
in
g
th
at

yo
u
m
ig
ht

no
tic

e
is

th
at

ma
p

its
el
fi
s
pa

tt
er
ne

d
as

a
fo
ld
:

ma
p
f
=

fo
ld

r
(\
x

xs
->

f
x
:

xs
)

[]

Fo
ld
in
g
ta
ke
sa

lit
tle

tim
e
to

ge
tu

se
d
to
,b

ut
it
is
a
fu
nd

am
en
ta
lp

at
te
rn

in
fu
nc

tio
na

lp
ro
gr
am

m
in
g
an

d
ev
en
tu
al
ly

be
co
m
es

ve
ry

na
tu
ra
l.
A
ny

tim
e
yo
u
wa

nt
to

tr
av
er
se

a
lis
t
an

d
bu

ild
up

a
re
su
lt
fro

m
its

m
em

be
rs
,

yo
u
lik

el
y
w
an

t
a
fo
ld
.



E
xe
rc
is
es
:

1.
D
efi
ne

th
e
fo
llo

w
in
g
fu
nc
tio

ns
re
cu
rs
iv
el
y
(li
ke

th
e
de
fin

iti
on

s
fo
r
su
m,

pr
od
uc
t
an

d
co
nc
at

ab
ov
e)
,t

he
n
tu
rn

th
em

in
to

a
fo
ld
:

•
an
d
::

[B
oo
l]

->
Bo
ol

,w
hi
ch

re
tu
rn
s
Tr

ue
if
a
lis
t
of

B
oo

ls
ar
e
al
lT

ru
e,

an
d
Fa

lse
ot
he

rw
ise

.
•

or
::

[B
oo
l]

->
Bo
ol

,
w
hi
ch

re
tu
rn
s
Tr

ue
if
an

y
of

a
lis
t
of

B
oo

ls
ar
e
Tr

ue
,a

nd
Fa

lse
ot
he

rw
ise

.
2.

D
efi

ne
th
e
fo
llo

w
in
g
fu
nc

tio
ns

us
in
g
fo
ld
l1

or
fo
ld
r1

:
•

ma
xi
mu
m
::

Or
d
a
=>

[a
]
->

a,
w
hi
ch

re
tu
rn
st

he
m
ax

-
im

um
el
em

en
t
of

a
lis
t
(h
in
t:

ma
x
::

Or
d
a
=>

a
->

a
->

a
re
tu
rn
s
th
e
m
ax

im
um

of
tw

o
va
lu
es
).

•
mi
ni
mu
m
::

Or
d
a
=>

[a
]
->

a,
w
hi
ch

re
tu
rn
s
th
e
m
in
-

im
um

el
em

en
t
of

a
lis
t
(h
in
t:

mi
n
::

Or
d
a
=>

a
->

a
->

a
re
tu
rn
s
th
e
m
in
im

um
of

tw
o
va
lu
es
).



3.
U
se

a
fo
ld

(w
hi
ch

on
e?
)
to

de
fin

e
re
ve
rs
e
::

[a
]
->

[a
],

w
hi
ch

re
tu
rn
s
a
lis
t
w
ith

th
e
el
em

en
ts

in
re
ve
rs
e
or
de

r.

N
ot
e
th
at

al
lo

ft
he

se
ar
e
Pr

el
ud

e
fu
nc

tio
ns
,s

o
th
ey

w
ill

be
al
wa

ys
cl
os
e
at

ha
nd

w
he
n
yo
u
ne
ed

th
em

.
(A

lso
,t
ha

tm
ea
ns

yo
u
w
ill

wa
nt

to
us
e
sli
gh

tly
di
ffe

re
nt

na
m
es

fo
r
te
st
in
g
yo
ur

an
sw

er
s
in

G
H
C
i.)
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Sc
an

s

A
"s
ca
n"

is
m
uc
h
lik

e
a
cr
os
s
be

tw
ee
n
a
ma
p
an

d
a
fo
ld
.

Fo
ld
in
g
a

lis
t
ac
cu

m
ul
at
es

a
sin

gl
e
re
tu
rn

va
lu
e,

w
he

re
as

m
ap

pi
ng

pu
ts

ea
ch

ite
m

th
ro
ug

h
a
fu
nc

tio
n
w
ith

no
ac
cu

m
ul
at
io
n.

A
sc
an

do
es

bo
th
:
it

ac
cu

m
ul
at
es

a
va
lu
e
lik

e
a
fo
ld
,b

ut
in
st
ea
d
of

re
tu
rn
in
g
a
fin

al
va
lu
e
it

re
tu
rn
s
a
lis
t
of

al
lt

he
in
te
rm

ed
ia
te

va
lu
es
.



T
he

St
an

da
rd

Pr
el
ud

e
co
nt
ai
ns

fo
ur

sc
an

fu
nc

tio
ns
:

sc
an

l
::

(a
->

b
->

a)
->

a
->

[b
]
->

[a
]

T
hi
s
ac
cu

m
ul
at
es

th
e
lis
t
fr
om

th
e
le
ft
,
an

d
th
e
se
co
nd

ar
gu

m
en
t

be
co
m
es

th
e
fir
st

ite
m

in
th
e
re
su
lti
ng

lis
t.

So
sc
an
l
(+
)
0
[1
,2
,3
]

=
[0
,1
,3
,6
].

sc
an

l1
::

(a
->

a
->

a)
->

[a
]
->

[a
]

T
hi
s
is

th
e
sa
m
e
as

sc
an
l,

bu
t
us
es

th
e
fir
st

ite
m

of
th
e
lis
t
as

a
ze
ro

pa
ra
m
et
er
.
It

is
w
ha

t
yo

u
w
ou

ld
ty
pi
ca
lly

us
e
if
th
e
in
pu

t
an

d
ou

tp
ut

ite
m
s
ar
e
th
e
sa
m
e
ty
pe

.
N
ot
ic
e
th
e
di
ffe

re
nc

e
in

th
e
ty
pe

sig
na

tu
re
s.

sc
an
l1

(+
)
[1
,2
,3
]
=
[1
,3
,6
].



sc
an

r
::

(a
->

b
->

b)
->

b
->

[a
]
->

[b
]

sc
an

r1
::

(a
->

a
->

a)
->

[a
]
->

[a
]

T
he

se
tw

o
fu
nc

tio
ns

ar
e
th
e
ex
ac
t
co
un

te
rp
ar
ts

of
sc
an
l
an

d
sc
an
l1

.
T
he

y
ac
cu

m
ul
at
e
th
e
to
ta
ls

fr
om

th
e
rig

ht
.
So

:

sc
an

r
(+

)
0
[1

,2
,3

]
=
[6
,5

,3
,0

]
sc

an
r1

(+
)
[1

,2
,3

]
=
[6
,5

,3
]

E
xe
rc
is
es
:

1.
W
rit

e
yo
ur

ow
n
de

fin
iti
on

of
sc
an
r,

fir
st

us
in
g
re
cu
rs
io
n,

an
d

th
en

us
in
g
fo
ld
r.

D
o
th
e
sa
m
e
fo
r
sc
an
l
fir
st

us
in
g
re
cu
rs
io
n

th
en

fo
ld
l.

2.
D
efi

ne
th
e
fo
llo

w
in
g
fu
nc

tio
ns
:



•
fa
ct
Li
st

::
In
te
ge
r
->

[I
nt
eg
er
],

w
hi
ch

re
tu
rn
s
a

lis
t
of

fa
ct
or
ia
ls

fr
om

1
up

to
its

ar
gu

m
en
t.

Fo
r
ex
am

pl
e,

fa
ct
Li
st

4
=
[1
,2
,6
,2
4]

.
M
or
e
to

be
ad

de
d
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fil
te
r

A
ve
ry

co
m
m
on

op
er
at
io
n

pe
rf
or
m
ed

on
lis
ts

is
fil
te
rin

g1
,
w
hi
ch

is
ge
ne

ra
tin

g
a
ne

w
lis
t
co
m
po

se
d
on

ly
of

el
em

en
ts

of
th
e
fir
st

lis
t
th
at

m
ee
t
a
ce
rt
ai
n
co
nd

iti
on

.
O
ne

sim
pl
e
ex
am

pl
e
of

th
at

w
ou

ld
be

ta
ki
ng

a
lis
t
of

in
te
ge
rs

an
d
m
ak

in
g
fr
om

it
a
lis
t
w
hi
ch

on
ly

re
ta
in
s
its

ev
en

nu
m
be

rs
.

re
ta

in
Ev

en
::

[I
nt
]
->

[I
nt

]
re

ta
in

Ev
en

[]
=
[]

1
ht

tp
:/

/e
n.

wi
ki

pe
di

a.
or

g/
wi

ki
/F

il
te

r%
20

%2
8m

at
he

ma
ti

cs
%2

9

http://en.wikipedia.org/wiki/Filter%20%28mathematics%29


re
ta

in
Ev

en
(n

:n
s)

=
--

mo
d
n
2
co
mp
ut
es

th
e
re
ma
in
de
r
fo
r
th
e
in
te
ge
r
di
vi
si
on

of
n
by

2,
so

if
it

is
ze

ro
th

e
nu

mb
er

is
ev
en

if
((

mo
d
n
2)

==
0)

th
en

n
:
(r

et
ai

nE
ve

n
ns

)
el

se
re

ta
in

Ev
en

ns

T
ha

t
w
or
ks

fin
e,

bu
t
it
is

a
sli
gh

tly
ve
rb
os
e
so
lu
tio

n.
It

w
ou

ld
be

ni
ce

to
ha

ve
a
m
or
e
co
nc

ise
w
ay

to
w
rit

e
th
e
fil
te
r
fu
nc

tio
n.

A
lso

,i
t
w
ou

ld
ce
rt
ai
nl
y
be

ve
ry

us
ef
ul

to
be

ab
le

to
ge
ne
ra
liz

e
th
e
fil
te
rin

g
op

er
at
io
n
–

th
at

is,
m
ak

e
it
ca
pa

bl
e
of

fil
te
rin

g
a
lis
t
us
in
g
an

y
bo

ol
ea
n
co
nd

iti
on

we
'd

lik
e.

To
he
lp

us
w
ith

bo
th

of
th
es
e
iss

ue
sP

re
lu
de

pr
ov
id
es

a
fi
lt
er

fu
nc

tio
n.

fi
lt
er

ha
s
th
e
fo
llo

w
in
g
ty
pe

sig
na

tu
re
:

fi
lt

er
::

(a
->

Bo
ol

)
->

[a
]
->

[a
]

T
ha

t
m
ea
ns

it
ev
al
ua

te
s
to

a
lis
t
w
he

n
gi
ve
n
tw

o
ar
gu

m
en
ts
,n

am
el
y

an
(a

->
Bo
ol
)
fu
nc
tio

n
w
hi
ch

ca
rr
ie
s
th
e
ac
tu
al

te
st

of
th
e
co
nd

iti
on

fo
r
th
e
el
em

en
ts

of
th
e
lis
t
an

d
th
e
lis
t
to

be
fil
te
re
d.

In
or
de

r
to

w
rit

e



re
ta
in
Ev
en

us
in
g
fi
lt
er

,w
e
ne
ed

to
st
at
e
th
e
co
nd

iti
on

as
an

au
xi
lia

ry
(a

->
Bo
ol
)
fu
nc

tio
n,

lik
e
th
is

on
e:

is
Ev

en
::

In
t
->

Bo
ol

is
Ev

en
n
=
((

mo
d
n

2)
==

0)

A
nd

th
en

re
ta
in
Ev

en
be

co
m
es

sim
pl
y:

re
ta

in
Ev

en
ns

=
fi

lt
er

is
Ev

en
ns

It
ca
n
be

m
ad

e
ev
en

m
or
e
te
rs
e
by

w
rit

in
g
it
in

po
in
t-
fr
ee

st
yl
e:

re
ta

in
Ev

en
=
fi

lt
er

is
Ev

en

T
hi
s
is

ju
st

lik
e
w
ha

t
w
e
de

m
on

st
ra
te
d
be

fo
re

fo
r
ma
p
an

d
th
e
fo
ld
s.

Li
ke

fi
lt
er

,t
ho

se
ta
ke

an
ot
he

r
fu
nc

tio
n
as

ar
gu

m
en
t;

an
d
us
in
g
th
em

po
in
t-
fr
ee

em
ph

as
iz
es

th
is

"fu
nc

tio
ns
-o
f-f
un

ct
io
ns
"
as
pe

ct
.
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Li
st

co
m
pr
eh

en
si
on

s

A
n

ad
di
tio

na
l
to
ol

fo
r
lis
t
pr
oc
es
sin

g
is

th
e
lis
t
co
m
pr
eh

en
sio

n2
,
a

po
w
er
fu
l,
co
nc

ise
an

d
ex
pr
es
siv

e
sy
nt
ac
tic

co
ns
tr
uc

t.
O
ne

sim
pl
e
w
ay

w
e
ca
n
us
e
lis
t
co
m
pr
eh

en
sio

ns
is

as
sy
nt
ac
tic

su
ga

r3
fo
r
fil
te
rin

g.
So

,
in
st
ea
d
of

us
in
g
th
e
P
re
lu
de

fi
lt
er

,w
e
co
ul
d
w
rit

e
re
ta
in
Ev
en

lik
e

th
is:

re
ta

in
Ev

en
es

=
[
n

|
n
<-

es
,
is

Ev
en

n
]

T
hi
sc

om
pa

ct
sy
nt
ax

m
ay

lo
ok

a
bi
ti
nt
im

id
at
in
g
at

fir
st
,b

ut
it
is
sim

pl
e

to
br
ea
k
do

w
n.

O
ne

po
ss
ib
le

w
ay

to
re
ad

it
w
ou

ld
be

:

•
(S
ta
rt
in
g
fro

m
th
e
m
id
dl
e)

Ta
ke

th
e
lis
t
es

an
d
dr
aw

(t
he

"<
-"
)
ea
ch

of
its

el
em

en
ts

as
a
va
lu
e
n.

2
ht

tp
:/

/e
n.

wi
ki

pe
di

a.
or

g/
wi

ki
/L

is
t%

20
co

mp
re

he
ns

io
n

3
ht

tp
:/

/e
n.

wi
ki

pe
di

a.
or

g/
wi

ki
/S

yn
ta

ct
ic

%2
0s

ug
ar

http://en.wikipedia.org/wiki/List%20comprehension
http://en.wikipedia.org/wiki/Syntactic%20sugar


•
(A

ft
er

th
e
co
m
m
a)

Fo
r
ea
ch

dr
aw

n
n
te
st

th
e
bo

ol
ea
n
co
nd

iti
on

is
Ev
en

n.
•

(B
ef
or
e
th
e
ve
rt
ic
al

ba
r)

If
(a
nd

on
ly

if)
th
e
bo

ol
ea
n
co
nd

iti
on

is
sa
tis

fie
d,

pr
ep

en
d
n
to

th
e
ne

w
lis
t
be

in
g
cr
ea
te
d
(n
ot
e
th
e
sq
ua

re
br
ac
ke
ts

ar
ou

nd
th
e
w
ho

le
ex
pr
es
sio

n)
.

T
hu

s
if
es

is
eq
ua

lt
o
[1
,2
,3
,4
],
th
en

w
e
w
ou

ld
ge
t
ba

ck
th
e
lis
t
[2
,4
].
1

an
d
3
w
er
e
no

t
dr
aw

n
be

ca
us
e
(i
sE
ve
n
n)

==
Fa
ls
e

.

T
he

re
al

po
w
er

of
lis
t
co
m
pr
eh

en
sio

ns
,
th
ou

gh
,
co
m
es

fr
om

th
e
fa
ct

th
ey

ar
e
ea
sil
y
ex
te
ns
ib
le
.
Fi
rs
tly

,w
e
ca
n
us
e
as

m
an

y
te
st
s
as

we
w
ish

(e
ve
n
ze
ro
!).

M
ul
tip
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pe
ar
s
in
sid

e
an

ot
he

r
da

ta
st
ru
ct
ur
e,

th
e

ap
pr
op

ria
te

m
ap

fu
nc

tio
n
fo
r
th
at

da
ta

st
ru
ct
ur
e
sh
ou

ld
be
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ed

to
ap

pl
y
th
e
fo
ld

fu
nc

tio
n
to

it.
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f5
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e
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pe
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f5
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]
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a
->

(W
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rd
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Ma
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e
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->
c

as
th
e
ty
pe
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Fi
ft
h
is:

4
T
hi
s
so
rt

of
re
cu
rs
iv
en

es
s,

in
w
hi
ch

th
e
fu
nc
ti
on

us
ed

fo
r
fo
ld
in
g
ca
n
ta
ke

th
e

re
su
lt
of

an
ot
he
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ol
d
as

an
ar
gu

m
en
t,
is
w
ha

tc
on

fe
rs

th
e
fo
ld
so

fd
at
a
st
ru
ct
ur
es

su
ch
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lis
ts

an
d
tr
ee
s
th
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r
"a
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um

ul
at
in
g"

fu
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na
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Fi
ft

h
::

[W
ei

rd
a
b]

->
a
->

(W
ei

rd
a
a,

Ma
yb

e
(W

ei
rd

a
b)

)
->

We
ir
d

a
b

T
he

de
fin

iti
on

of
g
fo
r
th
e
Fi
ft
h
co
ns
tr
uc

to
r
w
ill

be
:

g
(F

if
th

li
st

x
(w

aa
,
mc

))
=

f5
(m

ap
g
li

st
)
x
(w

aa
,
ma
yb
eM
ap

g
mc

)
wh

er
e

ma
yb

eM
ap

f
No

th
in

g
=
No

th
in

g
ma

yb
eM

ap
f
(J

us
t
w)

=
Ju

st
(f

w)

N
ow

no
te

th
at

no
th
in
g
st
ra
ng

e
ha

pp
en

s
w
ith

th
e
We
ir
d
a
a
pa

rt
.
N
o

g
ge
ts

ca
lle

d.
W

ha
t's

up
?
T
hi
s
is

a
re
cu
rs
io
n,

rig
ht
?
W
el
l..
.
no

t
re
al
ly
.

We
ir
d
a
a
an

d
We
ir
d
a
b
ar
e
di
ffe

re
nt

ty
pe

s,
so

it
isn

't
a
re
al

re
cu
rs
io
n.

It
isn

't
gu

ar
an

te
ed

th
at
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or

ex
am

pl
e,

f2
w
ill

w
or
k
w
ith

so
m
et
hi
ng

of
ty
pe

'a
',
w
he
re

it
ex
pe

ct
s
a
ty
pe

'b
'.

It
ca
n
be

tr
ue

fo
r
so
m
e
ca
se
s,

bu
t

no
t
fo
r
ev
er
yt
hi
ng

.
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lo
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th
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fin
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on
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ap

.
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rif
y
th
at

it
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de

ed
a
m
ap

fu
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tio
n
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•
It

pr
es
er
ve
s
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ur
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•
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nl
y
ty
pe
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as
ke
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w
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r
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w
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ev
er
,
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s
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ot
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r
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ar
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g
w
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th
is
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ap

te
r,

w
e
w
ill

se
e
ho

w
to

de
fin

e
an
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im
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em

en
t
ty
pe
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as
se
s,

an
d
ho
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us
e
th
em
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ou

r
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va
nt
ag
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ly
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ea
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ty
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is
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en
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er
at
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w
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e
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r
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os
en

ty
pe
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r
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am

pl
e,
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a
ty
pe
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lo
ng

s
to

(o
r,
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us
e
th
e
ja
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nt
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s)
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e
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s

1
C
ha
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C
la
ss
es

an
d
in
st
an

ce
s

U
p
to

no
w

we
ha

ve
se
en

ho
w

ex
ist

in
g
ty
pe

cl
as
se
s
ap

pe
ar

in
sig

na
tu
re
s,

lik
e
th
at

of
(=
=)

:

(=
=)

::
(E

q
a)

=>
a

->
a
->

Bo
ol

N
ow

it
is

tim
e
to

sw
itc

h
pe

rs
pe

ct
iv
es
.
Fi
rs
t,
w
e
qu

ot
e
th
e
de
fin

iti
on

of
th
e
Eq

cl
as
s
fr
om

Pr
el
ud

e:

2
To

pr
og
ra
m
m
er
s
co
m
in
g
fro

m
ob
je
ct
-o
ri
en
te
d
la
ng
ua

ge
s:

A
cl
as
s
in

H
as
ke
ll
in

al
ll
ik
el
ih
oo

d
is
no

tw
ha

t
yo

u
ex
pe

ct
-
do

n'
t
le
t
th
e
te
rm

s
co
nf
us
e
yo

u.
W

hi
le

so
m
e
of

th
e
us
es

of
ty
pe

cl
as
se
s
re
se
m
bl
e
w
ha

t
is

do
ne

w
ith

ab
st
ra
ct

cl
as
se
s
or

Ja
va

in
te
rf
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es
,t

he
re
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e
fu
nd

am
en
ta
ld

iff
er
en

ce
s
w
hi
ch

w
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m
e
cl
ea
r
as

w
e
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e.



cl
as

s
Eq

a
wh

er
e

(=
=)

,
(/

=)
::

a
->

a
->

Bo
ol

--
Mi
ni
ma
l
co
mp
le
te

de
fi
ni
ti
on
:

--
(=
=)

or
(/
=)

x
/=

y
=

no
t
(x

==
y)

x
==

y
=

no
t
(x

/=
y)

T
he

de
fin

iti
on

st
at
es

th
at

if
a
ty
pe

a
is

to
be

m
ad

e
an

in
st
an

ce
of

th
e

cl
as
sE

q
it
m
us
ts

up
po

rt
th
e
fu
nc
tio

ns
(=
=)

an
d
(/
=)

-t
he

cl
as
s
m
et
ho
ds

-
bo

th
of

th
em

ha
vi
ng

ty
pe

a
->

a
->

Bo
ol

.
A
dd

iti
on

al
ly
,t

he
cl
as
s

pr
ov

id
es

de
fa
ul
t
de
fin

iti
on

s
fo
r
(=

=
)
an

d
(/
=)

in
te
rm

s
of

ea
ch

ot
he
r.

A
s
a
co
ns
eq
ue

nc
e,

th
er
e
is

no
ne

ed
fo
r
a
ty
pe

in
Eq

to
pr
ov
id
e
bo

th
de
fin

iti
on

s-
gi
ve
n
on

e
of

th
em

,t
he

ot
he
rw

ill
be

ge
ne
ra
te
d
au

to
m
at
ic
al
ly
.

W
ith

a
cl
as
s
de
fin

ed
,w

e
pr
oc
ee
d
to

m
ak
e
ex
ist

in
g
ty
pe

s
in
st
an

ce
s
of

it.
H
er
e
is

an
ar
bi
tr
ar
y
ex
am

pl
e
of

an
al
ge
br
ai
c
da

ta
ty
pe

m
ad

e
in
to

an
in
st
an

ce
of

Eq
by

an
in
st
an

ce
de
cl
ar
at
io
n:

da
ta

Fo
o
=
Fo

o
{x

::
In

te
ge

r,
st

r
::

St
ri

ng
}



in
st

an
ce

Eq
Fo

o
wh

er
e

(F
oo

x1
st

r1
)
==

(F
oo

x2
st

r2
)
=
(x

1
==

x2
)
&&

(s
tr

1
==

st
r2
)

A
nd

no
w

w
e
ca
n
ap

pl
y
(=
=)

an
d
(/
=)

to
Fo
o
va
lu
es

in
th
e
us
ua

lw
ay
:

*M
ai

n>
Fo

o
3
"o

ra
ng

e"
==

Fo
o
6

"a
pp
le

"
Fa

ls
e

*M
ai

n>
Fo

o
3
"o

ra
ng

e"
/=

Fo
o
6

"a
pp
le

"
Tr

ue

A
fe
w

im
po

rt
an

t
re
m
ar
ks
:

•
T
he

cl
as
s
Eq

is
de
fin

ed
in

th
e
St
an

da
rd

P
re
lu
de
.
T
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s
co
de

sa
m
pl
e

de
fin

es
th
e
ty
pe

Fo
o
an

d
th
en

de
cl
ar
es

it
to

be
an

in
st
an

ce
of

Eq
.

T
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th
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e
de

fin
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on

s
(c
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ss
,d

at
a
ty
pe

an
d
in
st
an

ce
)
ar
e
co
m
pl
et
el
y

se
pa
ra
te

an
d
th
er
e
is

no
ru
le

ab
ou

t
ho

w
th
ey
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e
gr
ou

pe
d.

T
ha

t
wo

rk
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ot
h
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ys
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co
ul
d
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st
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ea
sil
y
cr
ea
te

a
ne
w

cl
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sB

ar
an

d
th
en

de
cl
ar
e
th
e
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pe
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te
ge
r
to

be
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an

ce
of

it.



•
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ar
e
no
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es
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te
go
rie

s
of
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pe

s;
an

d
so

th
e
in
st
an

ce
s
of

a
cl
as
s
ar
e
no

t
va
lu
es
,b

ut
ty
pe
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.

•
T
he

de
fin

iti
on

of
(=
=)

fo
r
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o
re
lie

s
on

th
e
fa
ct

th
at

In
te
ge
r
an

d
St
ri
ng

ar
e
al
so

m
em

be
rs

of
Eq
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s
we

ar
e
us
in
g
(=
=)

w
ith

th
e
va
lu
es

of
th
e
fie

ld
s.

In
fa
ct

al
m
os
t
al
lt
yp

es
in

H
as
ke
ll
(t
he

m
os
t
no

ta
bl
e

ex
ce
pt
io
n
be

in
g
fu
nc

tio
ns
)
ar
e
m
em

be
rs

of
Eq

.

•
Ty

pe
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no

ny
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sd
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d
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ith
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e
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a
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of
Eq

,a
nd

fo
r
th
at

m
at
te
r
a
lo
t
of
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w
ill

al
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be
m
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be
rs
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r
Pr

el
ud

e
cl
as
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ss
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h
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Or
d
an

d
Sh
ow

.
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hi
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ou
ld

re
qu

ire
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rg
e
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s
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bo

ile
rp
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te
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r
ev
er
y
ne

w
ty
pe
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o
H
as
ke
ll
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s
a
co
nv

en
ie
nt

w
ay

to
de
cl
ar
e
th
e
"o
bv

io
us
"
in
st
an

ce
de

fin
iti
on

s
us
in
g
th
e
ke
yw

or
d
de
ri
vi
ng

.
U
sin

g
it,

Fo
o
w
ou

ld
be

w
rit

te
n
as
:

da
ta

Fo
o
=
Fo

o
{x

::
In

te
ge

r,
st

r
::

St
ri

ng
}

de
ri

vi
ng

(E
q,

Or
d,

Sh
ow
)

T
hi
s
m
ak

es
Fo
o
an

in
st
an

ce
of

Eq
w
ith

an
au

to
m
at
ic
al
ly

ge
ne

ra
te
d

de
fin

iti
on

of
==

ex
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eq
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nt

to
th
e
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e
w
e
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w
ro
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m
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es
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an

ce
of
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d
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d
Sh
ow
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r
go
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.
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u
ca
n
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e
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ri
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w
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a
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ite
d
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t
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-in
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w
hi
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e
de

sc
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ed
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ie
fly
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lo
w
:

E
q Eq
ua
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y
op

er
at
or
s
==

an
d
/=
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s
<
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,m
ax
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r
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at
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A
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r
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at
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ca
n
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r.

P
ro
vi
de

s
mi
nB
ou
nd

an
d
ma
xB
ou
nd

,
th
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e
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e
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n
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ra
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d
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to

be
th
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r
m
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t
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s.
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s
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e
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e
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s
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e
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s
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e
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"
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n
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a
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d
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s
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e
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ra
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t
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m
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e
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e
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d
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s
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d
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->
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->
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->
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re
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.
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ra
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e
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=
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re
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at
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at
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at
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ra
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at
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at
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fir
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H
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e
in

Nu
m.

H
ow

ev
er
,t
he

(N
um

a)
=>

co
ns
tr
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w
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at
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p
is

th
e
pr
im

e
ex
am

pl
e)

ar
e
no

t
sp
ec
ifi
c
to

lis
ts
.

O
ne

of
th
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w
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b
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:
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]
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re
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ro
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at
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r
la
w
s
ca
nn

ot
pr
op

er
ly

be
ca
lle

d
a
fu
nc

to
r5
.
T
he

fir
st

la
w

is:

5
T
he

fu
nc

to
r
la
w
s,
an

d
in
de

ed
th
e
co
nc

ep
t
of

a
fu
nc

to
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at
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.
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d
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e
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e
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ill
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e
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of
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d
w
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t
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.
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an

sw
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th
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e
sh
al
lw

rit
e
th
e
ex
am

pl
e
w
ith

th
e
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o
gr
an

dp
as

in
a

ve
ry

su
gg

es
tiv

e
st
yl
e:

bo
th

Gr
an

df
at

he
rs

p
=
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{

f
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fa
th

er
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si
gn

th
e
re
su
lt

of
fa
th
er

p
to

th
e
va

ri
ab

le
f

gf
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fa
th

er
f;
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si
mi
la
r

m
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th

er
p;
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.

gm
<-

fa
th

er
m;

--
..
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f,
gm
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ra
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ra
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e
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d
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n
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e
w
ith

an
ex
ce
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n
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w
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re
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d
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at
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en
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e
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re
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at
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ra
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at
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at
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m
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n
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n
as

th
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at
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at
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ra
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n
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ev
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ra
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ra
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r
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pr
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e

la
w
s: m
>>

=
re
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=
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ra
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t

T
he

be
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an

d
rig
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un

it
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w
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T
he
y

st
at
e
th
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re
tu
rn

do
es
n'
t
pe

rf
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m

an
y
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m
pu
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st
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s

va
lu
es
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r
in
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te

rn
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an
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he
r
p
=
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{

m
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mo
th

er
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er
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tu

rn
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e
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m
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at
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e
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m
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e
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at
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t
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t
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=
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r
p
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)
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at
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=
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at
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>
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>
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de
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m
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=
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g
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W
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d
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H
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So
fa
r,
we

ha
ve

de
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ed
m
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ad
s
in

te
rm

s
of

>>
=
an

d
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tu
rn

,b
ut

th
er
e'
s

al
so

an
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te
rn
at
iv
e
de

fin
iti
on

th
at

st
ar
ts

w
ith

m
on

ad
s
as

fu
nc
to
rs

w
ith

tw
o
ad

di
tio

na
lc

om
bi
na

to
rs
:

fm
ap

::
(a

->
b)

->
M

a
->

M
b

--
fu
nc
to
r

re
tu

rn
::

a
->

M
a

jo
in

::
M
(M

a)
->

M
a

A
fu
nc
to
rM

ca
n
be

th
ou

gh
to

fa
sc

on
ta
in
er
,s
o
th
at

M
a
"c
on

ta
in
s"

va
lu
es

of
ty
pe

a.

U
nd

er
th
is

in
te
rp
re
ta
tio

n,
th
e
fu
nc

tio
ns

be
ha

ve
as

fo
llo

w
s:

•
fm
ap

ap
pl
ie
s
a
gi
ve
n
fu
nc

tio
n
to

ev
er
y
el
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en
t
in

a
co
nt
ai
ne

r
•
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tu
rn

pa
ck
ag

es
an

el
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en
t
in
to

a
co
nt
ai
ne
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•
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s
a
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nt
ai
ne

r
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nt
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ne

rs
an

d
tu
rn
s
th
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in
to

a
sin
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e
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b
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.
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:
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e
lis
ts

to
ge
th
er

to
ge
ta

ll
va
lid

so
lu
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at
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=
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r
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http://hackage.haskell.org/packages/archive/mtl/latest/doc/html/Control-Monad-Error.html
http://hackage.haskell.org/packages/archive/mtl/latest/doc/html/Control-Monad-Error.html
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f
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e
in
pu
t,

an
d
re
tu
rn

th
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=
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http://hackage.haskell.org/packages/archive/base/latest/doc/html/Text-ParserCombinators-ReadP.html
http://hackage.haskell.org/packages/archive/base/latest/doc/html/Text-ParserCombinators-ReadP.html
http://hackage.haskell.org/packages/archive/parsec/latest/doc/html/Text-ParserCombinators-Parsec-Prim.html
http://hackage.haskell.org/packages/archive/parsec/latest/doc/html/Text-ParserCombinators-Parsec-Prim.html
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=
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http://haskell.org/ghc/docs/latest/html/libraries/base/Control-Monad.html#t%3AMonadPlus
http://haskell.org/ghc/docs/latest/html/libraries/base/Control-Monad.html#t%3AMonadPlus
http://www.haskell.org/haskellwiki/MonadPlus
http://www.haskell.org/haskellwiki/All_About_Monads#Zero_and_Plus
http://www.haskell.org/haskellwiki/MonadPlus
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is

is
th
at

it
ge
ne
ra
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th
in
g
or

Ju
st

:
th
e
bi
nd

op
er
at
or

ta
ke
s
ca
re

of
th
at

fo
r
us
.

N
ot
e
ho

w
w
e
us
e
li
ft

to
br
in
g
th
e
fu
nc

tio
ns

ge
tL
in
e
an

d
pu
tS
tr
Ln

in
to

th
e
Ma
yb
eT

IO
m
on

ad
.
A
lso

,
sin

ce
Ma
yb
eT

IO
is

an
in
st
an

ce
of

Mo
na
dP
lu
s,

ch
ec
ki
ng

fo
r
pa

ss
w
or
d
va
lid

ity
ca
n
be

ta
ke
n
ca
re

of
by

a
gu
ar
d
st
at
em

en
t,

w
hi
ch

w
ill

re
tu
rn

mz
er
o
(i.
e.

IO
No
th
in
g)

in
ca
se

of
a
ba

d
pa

ss
w
or
d.

In
ci
de

nt
al
ly
,w

ith
th
e
he

lp
of

Mo
na
dP
lu
s
it
al
so

be
co
m
es

ve
ry

ea
sy

to
as
k
th
e
us
er

ad
in
fin

itu
m

fo
r
a
va
lid

pa
ss
w
or
d:



as
kP

as
sw

or
d
::

Ma
yb

eT
IO

()
as

kP
as

sw
or

d
=

do
li

ft
$
pu

tS
tr

Ln
"I

ns
er

t
yo

ur
ne

w
pa

ss
wo

rd
:"

va
lu

e
<-

ms
um

$
re

pe
at

ge
tV

al
id

Pa
ss

wo
rd

li
ft

$
pu

tS
tr

Ln
"S

to
ri

ng
in

da
ta

ba
se

..
."
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of
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e
tr
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me
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ck
ag

e
pr
ov
id
e
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m
er
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m
an

y
co
m
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m
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ad
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(M
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T,
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r
in
st
an

ce
,
ca
n
be

fo
un

d
in

C
on

-
tr
ol
.M

on
ad

.T
ra
ns
.M

ay
be

1 )
.
T
he

y
ar
e
de

fin
ed

co
ns
ist

en
tly

w
ith

th
ei
r

no
n-
tr
an

sf
or
m
er

ve
rs
io
ns
;t
ha

t
is,

th
e
im

pl
em

en
ta
tio

n
is

ba
sic

al
ly

th
e

sa
m
e,

on
ly

w
ith

th
e
ex
tr
a
w
ra
pp

in
g
an

d
un

w
ra
pp

in
g
ne
ed
ed

to
th
re
ad

th
eo

th
er

m
on

ad
.F

ro
m

th
is
po

in
to

n,
we

w
ill

re
fe
rt

o
th
en

on
-t
ra
ns
fo
rm

er
m
on

ad
on

w
hi
ch

th
e
tr
an

sf
or
m
er

is
ba

se
d
as

th
e
ba

se
m
on

ad
,a

nd
to

1
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
tr

an
sf

or
me

rs
/l

at
es
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do
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ht

ml
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on
tr
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on
ad
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ra

ns
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.h
tm

l

http://hackage.haskell.org/packages/archive/transformers/latest/doc/html/Control-Monad-Trans-Maybe.html
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th
e
ot
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r
m
on

ad
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w
hi
ch

th
e
tr
an

sf
or
m
er

is
ap

pl
ie
d,
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th
e
in
ne

r
m
on

ad
.

To
pi
ck

an
ar
bi
tr
ar
y
ex
am

pl
e,

Re
ad
er
T
En
v
IO

St
ri
ng

is
a
co
m
pu

ta
-

tio
n
w
hi
ch

in
vo

lv
es

re
ad

in
g
va
lu
es

fr
om

so
m
e
en
vi
ro
nm

en
t
of

ty
pe

En
v

(t
he

se
m
an

tic
s
of

Re
ad
er

,
th
e
ba

se
m
on

ad
)
an

d
pe

rf
or
m
in
g
so
m
e
IO

in
or
de

r
to

gi
ve

a
va
lu
e
of

ty
pe

St
ri
ng

.
Si
nc

e
th
e
bi
nd

op
er
at
or

an
d

re
tu
rn

fo
r
th
e
tr
an

sf
or
m
er

m
irr

or
th
e
se
m
an

tic
s
of

th
e
ba

se
m
on

ad
,a

do
bl
oc
k
of

ty
pe

Re
ad
er
T
En
v
IO

St
ri
ng

w
ill
,f
ro
m

th
e
ou

ts
id
e,

lo
ok

a
lo
t
lik

e
a
do

bl
oc
k
of

th
e
Re
ad
er

m
on

ad
;t

he
m
ai
n
di
ffe

re
nc

e
be

in
g

th
at

IO
ac
tio

ns
be

co
m
e
tr
iv
ia
lt

o
em

be
d
by

us
in
g
li
ft

.

37
.3
.1

T
yp

e
ju
gg
lin

g

W
e
ha

ve
se
en

th
at

th
e
ty
pe

co
ns
tr
uc

to
r
fo
r
Ma
yb
eT

is
a
w
ra
pp

er
fo
r

a
Ma
yb
e
va
lu
e
in

th
e
in
ne

r
m
on

ad
,a

nd
so

th
e
co
rr
es
po

nd
in
g
ac
ce
ss
or

ru
nM
ay
be
T
gi
ve
s
us

a
va
lu
e
of

ty
pe

m
(M
ay
be

a)
-
th
at

is,
a
va
lu
e
of



th
e
ba

se
m
on

ad
re
tu
rn
ed

in
th
e
in
ne

r
m
on

ad
.
In

a
sim

ila
r
fa
sh
io
n,

w
e

ha
ve

ru
nL

is
tT

::
Li

st
T
m
a
->

m
[a

]

an
d

ru
nE

rr
or

T
::

Er
ro

rT
e
m
a

->
m
(E

it
he

r
e
a)

fo
r
th
e
lis
t
an

d
er
ro
r
tr
an

sf
or
m
er
s.

N
ot

al
lt
ra
ns
fo
rm

er
sa

re
re
la
te
d
to

th
ei
rb

as
em

on
ad

si
n
th
is
wa

y,
ho

we
ve
r.

T
he

Wr
it
er

,R
ea
de
r,

St
at
e
an

d
Co
nt

m
on

ad
s
ha

ve
in

co
m
m
on

th
at
,

un
lik

et
he

ba
se

m
on

ad
si
n
th
ee

xa
m
pl
es

ab
ov
e,
th
ey

ha
ve

ne
ith

er
m
ul
tip

le
co
ns
tr
uc
to
rs

no
r
co
ns
tr
uc
to
rs

w
ith

m
ul
tip

le
ar
gu

m
en
ts
.
Fo

r
th
at

re
as
on

,
th
ey

ha
ve

ru
n.
..

fu
nc
tio

ns
,w

hi
ch

ac
t
as

sim
pl
e
un

w
ra
pp

er
s
an

al
og
ou

s
to

th
e
ru
n.
..
T
of

th
e
tr
an

sf
or
m
er

ve
rs
io
ns
.
T
he

ta
bl
e
be

lo
w

sh
ow

s
th
e

re
su
lt
ty
pe

s
of

th
e
ru
n.
..

an
d
ru
n.
..
T
fu
nc
tio

ns
in

ea
ch

ca
se
,w

hi
ch



m
ay

be
th
ou

gh
t
of

as
th
e
ty
pe

s
w
ra
pp

ed
by

th
e
ba

se
an

d
tr
an

sf
or
m
ed

m
on

ad
s
re
sp
ec
tiv

el
y.

2

B
as
e
M
on

ad
T
ra
ns
fo
rm

er
O
ri
gi
na

l
T
yp

e
("
w
ra
pp

ed
"

by
ba

se
)

C
om

bi
ne

d
T
yp

e
("
w
ra
pp

ed
"

by
tr
an

s-
fo
rm

ed
)

W
rit

er
W
rit

er
T

(a
,
w)

m
(a
,
w)

R
ea
de

r
R
ea
de

rT
r
->

a
r
->

m
a

St
at
e

St
at
eT

s
->

(a
,
s)

s
->

m
(a
,

s)
C
on

t
C
on

tT
(a

->
r)

->
r

(a
->

m
r)

->
m
r

2
T
he

w
ra
pp

in
g
in
te
rp
re
ta
tio

n
is
on

ly
lit
er
al
ly

tr
ue

fo
r
ve
rs
io
ns

of
th
e

mt
l
pa

ck
ag

e
ol
de

r
th
an

2.
0.
0.
0
.



T
he

fir
st

th
in
g
to

no
tic

e
is

th
e
ba

se
m
on

ad
is

no
w
he

re
to

be
se
en

in
th
e
co
m
bi
ne

d
ty
pe

s.
T
ha

t
is

ve
ry

na
tu
ra
l,
as

w
ith

ou
t
in
te
re
st
in
g

co
ns
tr
uc

to
rs

(li
ke

th
e
on

es
fo
r
Ma
yb
e
or

lis
ts
)
th
er
e
is

no
re
as
on

to
re
ta
in

th
e
ba

se
m
on

ad
ty
pe

af
te
r
un

w
ra
pp

in
g
th
e
tr
an

sf
or
m
ed

m
on

ad
.

B
es
id
es

th
at
,
in

th
e
th
re
e
la
tt
er

ca
se
s
w
e
ha

ve
fu
nc

tio
n
ty
pe

s
be

in
g

w
ra
pp

ed
.
St
at
eT

,f
or

in
st
an

ce
,t

ur
ns

st
at
e-
tr
an

sf
or
m
in
g
fu
nc

tio
ns

of
th
e
fo
rm

s
->

(a
,
s)

in
to

st
at
e-
tr
an

sf
or
m
in
g
fu
nc

tio
ns

of
th
e
fo
rm

s
->

m
(a
,
s)

;s
o
th
at

on
ly

th
e
re
su
lt

ty
pe

of
th
e
w
ra
pp

ed
fu
nc
tio

n
go

es
in
to

th
e
in
ne
r
m
on

ad
.
Re
ad
er
T
is

an
al
og
ou

s,
bu

t
no

t
Co
nt
T:

du
e
to

th
e

se
m
an

tic
s
of

Co
nt

(t
he

co
nt
in
ua

tio
n
m
on

ad
)
th
e
re
su
lt

ty
pe

s
of

bo
th

th
e
w
ra
pp

ed
fu
nc

tio
n
an

d
its

fu
nc

tio
na

la
rg
um

en
t
m
us
t
be

th
e
sa
m
e,

an
d
so

th
e
tr
an

sf
or
m
er

pu
ts

bo
th

in
to

th
e
in
ne

r
m
on

ad
.
W

ha
t
th
es
e

ex
am

pl
es

sh
ow

is
th
at

in
ge
ne
ra
lt
he
re

is
no

m
ag
ic

fo
rm

ul
a
to

cr
ea
te

a
tr
an

sf
or
m
er

ve
rs
io
n
of

a
m
on

ad
—

th
e
fo
rm

of
ea
ch

tr
an

sf
or
m
er

de
pe

nd
s

on
w
ha

t
m
ak
es

se
ns
e
in

th
e
co
nt
ex
t
of

its
no

n-
tr
an

sf
or
m
er

ty
pe

.
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lif
tM

W
e
be

gi
n
w
ith

a
po

in
t
th
at
,s

tr
ic
tly

sp
ea
ki
ng

,i
sn
't

ab
ou

t
m
on

ad
tr
an

s-
fo
rm

er
s.

li
ft
M
is

an
ex
tr
em

el
y
us
ef
ul

fu
nc
tio

n
in

th
e
st
an

da
rd

lib
ra
ry
,

w
ith

th
e
sig

na
tu
re
:

li
ft

M
::

Mo
na

d
m
=>

(a
1
->

r)
->

m
a1

->
m

r

li
ft
M
ap

pl
ie
s
a
fu
nc

tio
n
(a
1
->

r)
to

a
va
lu
e
w
ith

in
a
m
on

ad
m.

If
yo

u
pr
ef
er

th
e
po

in
t-
fr
ee

in
te
rp
re
ta
tio

n,
it
co
nv

er
ts

a
re
gu

la
r
fu
nc
tio

n
in
to

on
e
th
at

ac
ts

w
ith

in
m
-a

nd
th
at

is
w
ha

t
is

m
ea
nt

by
lif
tin

g.



Le
t
us

se
e
ho

w
li
ft
M
is
us
ed
.
T
he

fo
llo

w
in
g
pi
ec
es

of
co
de

al
lm

ea
n
th
e

sa
m
e
th
in
g.

do
no

ta
ti
on

lif
tM

lif
tM

as
an

op
er
a-

to
r

do
x
<-

mo
na

di
cV

al
ue

re
tu

rn
(f

x)
li

ft
M
f
mo

na
di

cV
al

ue
f

‘l
if

tM
‘
mo
na
di
cV
al
ue

T
he

th
ird

ex
am

pl
e,

in
w
hi
ch

w
e
us
e
li
ft
M
as

an
op

er
at
or
,s

ug
ge
st
s
an

in
te
re
st
in
g
w
ay

of
vi
ew

in
g
li
ft
M:

it
is

ju
st

a
m
on

ad
ic

ve
rs
io
n
of

($
)!

no
n
m
on

ad
ic

m
on

ad
ic



f
$
va

lu
e

f
‘l

if
tM

‘
mo

na
di

cV
al

ue

E
xe
rc
is
es
:

1.
W
rit

e
an

im
pl
em

en
ta
tio

n
fo
r
li
ft
M.
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m
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ne

d
m
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w
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m
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sf
or
m
er
s,

w
e

av
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d
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vi
ng

to
m
an

ag
e
th
e
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ne
r
m
on

ad
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pe

s
ex
pl
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itl
y,

re
su
lti
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in
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ea
re
r,

sim
pl
er

co
de

.
In
st
ea
d
of

cr
ea
tin

g
ad

di
tio

na
ld

o-
bl
oc
ks

w
ith

in
th
e
co
m
pu

ta
tio

n
to

m
an

ip
ul
at
e
va
lu
es

in
th
e
in
ne

r
m
on

ad
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,w
e
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us
e
lif
tin

g
op

er
at
io
ns

to
br
in
g
fu
nc
tio

ns
fr
om

th
e
in
ne
r
m
on

ad
in
to

th
e

co
m
bi
ne

d
m
on

ad
.

W
ith

li
ft
M
we

ha
ve

se
en

ho
w

th
e
es
se
nc
e
of

lif
tin

g
is,

to
pa

ra
ph

ra
se

th
e

do
cu
m
en
ta
tio

n,
pr
om

ot
in
g
so
m
et
hi
ng

in
to

a
m
on

ad
.
T
he

li
ft

fu
nc
tio

n,
av
ai
la
bl
e
fo
r
al
lm

on
ad

tr
an

sfo
rm

er
s,

pe
rfo

rm
s
a
di
ffe

re
nt

ki
nd

of
lif
tin

g:
it

pr
om

ot
es

a
co
m
pu

ta
tio

n
fr
om

th
e
in
ne

r
m
on

ad
in
to

th
e
co
m
bi
ne

d
m
on

ad
.
li
ft

is
de

fin
ed

as
th
e
sin

gl
e
m
et
ho

d
of

th
e
Mo
na
dT
ra
ns

cl
as
s

in
C
on

tr
ol
.M

on
ad

.T
ra
ns
.C

la
ss

3 .

cl
as

s
Mo

na
dT

ra
ns

t
wh

er
e

li
ft

::
(M

on
ad

m)
=>

m
a

->
t
m
a

T
he
re

is
a
va
ria

nt
of

li
ft

sp
ec
ifi
c
to

IO
op

er
at
io
ns

ca
lle

d
li
ft
IO

,w
hi
ch

is
th
e
sin

gl
e
m
et
ho

d
of

th
e
Mo
na
dI
O
cl
as
s
in

C
on

tr
ol
.M

on
ad

.IO
.C
la
ss

4 .

3
ht

tp
:/

/h
ac

ka
ge

.h
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ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
tr

an
sf

or
me

rs
/l

at
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t/
do

c/
ht

ml
/C

on
tr

ol
-M

on
ad

-T
ra

ns
-C

la
ss

.h
tm

l
4

ht
tp

:/
/h

ac
ka

ge
.h

as
ke

ll
.o

rg
/p

ac
ka

ge
s/

ar
ch

iv
e/

tr
an

sf
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me
rs

/l
at

es
t/

do
c/

ht
ml

/C
on

tr
ol

-M
on

ad
-I

O-
Cl
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s.
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ml

http://hackage.haskell.org/packages/archive/transformers/latest/doc/html/Control-Monad-Trans-Class.html
http://hackage.haskell.org/packages/archive/transformers/latest/doc/html/Control-Monad-Trans-Class.html
http://hackage.haskell.org/packages/archive/transformers/latest/doc/html/Control-Monad-IO-Class.html
http://hackage.haskell.org/packages/archive/transformers/latest/doc/html/Control-Monad-IO-Class.html


cl
as

s
(M

on
ad

m)
=>

Mo
na

dI
O
m

wh
er

e
li

ft
IO

::
IO

a
->

m
a

li
ft
IO

ca
n
be

co
nv

en
ie
nt

w
he
n
ha

vi
ng

m
ul
tip

le
tr
an

sf
or
m
er
s
st
ac
ke
d

in
to

a
sin

gl
e
co
m
bi
ne
d
m
on

ad
.
In

su
ch

ca
se
s,
IO

is
al
wa

ys
th
e
in
ne
rm

os
t

m
on

ad
,a

nd
so

m
or
e
th
an

on
e
lif
t
w
ou

ld
be

ty
pi
ca
lly

ne
ed

ed
to

br
in
g

IO
va
lu
es

to
th
e
to
p
of

th
e
st
ac
k.

li
ft
IO

,h
ow

ev
er
,i
s
de

fin
ed

fo
r
th
e

in
st
an

ce
s
in

a
w
ay

th
at

al
lo
w
s
us

to
br
in
g
n
IO

va
lu
e
fr
om

an
y
de

pt
h

w
hi
le

w
rit

in
g
th
e
fu
nc

tio
n
a
sin

gl
e
tim

e.
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e
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e
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n
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tu
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C
on

t-
va
lu
e
of

k.
W
e
sa
y,

th
er
ef
or
e,

th
at

th
e
ty
pe

of
k
is:

k
::

a
->

Co
nt

r
b
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sid

e
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nt

r
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ca
us
e
k
ne
ve
r
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mp
ut
es

th
at

co
nt
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ua
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on
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b
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ch
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e
pa

ra
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et
er

ty
pe

of
th
at
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nt
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ua

tio
n

ca
n
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an

yt
hi
ng
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de

pe
nd

en
t
of

ty
pe

a.
W
e
un
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sa
lly
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an

tif
y
th
e
re
tu
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pe
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hi
s
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r
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e
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tio

ne
d
re
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d
th
e
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r
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e
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k.

In
ou

r
ab

ov
e
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de
,w

e
us
e
it
as
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rt

of
a

wh
en
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ns
tr
uc

t:

wh
en
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Mo

na
d
m
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Bo
ol

->
m
()

->
m
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A
s
so
on
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th
e
co
m
pi
le
r
se
es

k
be

in
g
us
ed

in
th
is
wh
en

,i
t
in
fe
rs

th
at

we
w
an

t
a
()

ar
gu

m
en
t
ty
pe

of
th
e
co
nt
in
ua

tio
n
ta
ki
ng

fr
om

th
e
re
tu
rn

va
lu
e
of

k.
T
he

re
tu
rn

C
on

t-
va
lu
e
of

k
ha

s
ty
pe

Co
nt

r
()

.
T
hi
s

ar
gu

m
en
t
ty
pe

b
is

in
de

pe
nd

en
t
of

th
e
ar
gu

m
en
t
ty
pe

a
of

k.
1 .

T
he

re
tu
rn

C
on

t-
va
lu
e
of

k
do

es
n'
t
us
e
th
e
co
nt
in
ua

tio
n
w
hi
ch

is
ar
gu

m
en
t

of
th
is

C
on

t-
va
lu
e
its

el
f,
it
us
e
th
e
co
nt
in
ua

tio
n
w
hi
ch

is
ar
gu

m
en
t
of

re
tu
rn

C
on

t-
va
lu
e
of

th
e
ca
ll
CC

.S
o
th
at

ca
ll
CC

ha
s
re
tu
rn

ty
pe

Co
nt

r
St
ri
ng

.
B
ec
au

se
th
e
fin

al
ex
pr
es
sio

n
in

in
ne
r
do

-b
lo
ck

ha
s
ty
pe

Co
nt

1
T
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e
a
in
fe
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a
m
on
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or
ph
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ty
pe
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ca
us
e

k
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d
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a
la
m
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a
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pr
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d
th
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d
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m
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s
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r
St
ri
ng

,t
he

in
ne

r
do

-b
lo
ck

ha
s
ty
pe

Co
nt

r
St
ri
ng

.
T
he

re
ar
e
tw

o
po

ss
ib
le

ex
ec
ut
io
n
ro
ut
es
:
ei
th
er

th
e
co
nd

iti
on

fo
r
th
e
wh
en

su
cc
ee
ds
,k

do
es
n'
t
us
e
co
nt
in
ua

tio
n
pr
ov

id
in
g
by

th
e
in
ne
r
do

-b
lo
ck

w
hi
ch

fin
al
ly

ta
ke
s
th
e
co
nt
in
ua

tio
n
w
hi
ch

is
ar
gu

m
en
t
of

re
tu
rn

C
on

t-
va
lu
e
of

th
e

ca
ll
CC

,k
us
es

di
re
ct
ly

th
e
co
nt
in
ua

tio
n
w
hi
ch

is
ar
gu

m
en
t
of

re
tu
rn

C
on

t-
va
lu
e
of

th
e
ca
ll
CC

,e
xp

re
ss
io
ns

in
sid

e
do

-b
lo
ck

af
te
rk

w
ill

to
ta
lly

no
t
be

us
ed

,
be

ca
us
e
H
as
ke
ll
is

la
zy
,
un

us
ed

ex
pr
es
sio

ns
w
ill

no
t
be

ex
ec
ut
ed
.
If

th
e
co
nd

iti
on

fa
ils
,t

he
wh
en

re
tu
rn
s
re
tu
rn

()
w
hi
ch

us
e

th
e
co
nt
in
ua

tio
n
pr
ov

id
in
g
by

th
e
in
ne

r
do

-b
lo
ck
,s
o
ex
ec
ut
io
n
pa

ss
es

on
.

If
yo

u
di
dn

't
fo
llo

w
an

y
of

th
at
,j
us
t
m
ak

e
su
re

yo
u
us
e
re
tu
rn

at
th
e

en
d
of

a
do

-b
lo
ck

in
sid

e
a
ca
ll
to

ca
ll
CC

,n
ot

k.
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al
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w
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gi
ve
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pe
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ht

aw
ay
,
bu

t
in

th
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se

w
e



ha
ve
n'
t.

T
he

re
as
on

is
sim

pl
e:

th
e

ty
pe

is
ra
th
er

ho
rr
en

do
us
ly

co
m
pl
ex
,a

nd
it
do

es
n'
t
im

m
ed
ia
te
ly

gi
ve

in
sig

ht
in
to

w
ha

t
th
e
fu
nc
tio

n
do

es
,
or

ho
w

it
w
or
ks
.

N
ev
er
th
el
es
s,

yo
u

sh
ou

ld
be

fa
m
ili
ar

w
ith

it,
so

no
w
yo
u'
ve

ho
pe

fu
lly

un
de
rs
to
od

th
ef
un

ct
io
n
its

el
f,
he
re
's
it'
st

yp
e:

ca
ll

CC
::

((
a
->

Co
nt

r
b)

->
Co

nt
r
a)

->
Co
nt

r
a

T
hi
ss

ee
m
sl
ik
e
a
re
al
ly

we
ird

ty
pe

to
be

gi
n
w
ith

,s
o
le
t's

us
e
a
co
nt
riv

ed
ex
am

pl
e.

ca
ll

CC
$
\k

->
k
5

Yo
u
pa

ss
a
fu
nc

tio
n
to

ca
ll
CC

.T
hi
si
n
tu
rn

ta
ke
sa

pa
ra
m
et
er
,k

,w
hi
ch

is
an

ot
he

r
fu
nc

tio
n.

k,
as

w
e
re
m
ar
ke
d
ab

ov
e,

ha
s
th
e
ty
pe

:



k
::

a
->

Co
nt

r
b

T
he

en
tir

e
ar
gu

m
en
t

to
ca
ll
CC

,
th
en

,
is

a
fu
nc

tio
n

th
at

ta
ke
s

so
m
et
hi
ng

of
th
e
ab

ov
e
ty
pe

an
d
re
tu
rn
s
Co
nt

r
t,

w
he

re
t
is

w
ha

t-
ev
er

th
e
ty
pe

of
th
e
ar
gu

m
en
tt

o
k
wa

s.
So

,c
al
lC
C'
sa

rg
um

en
th

as
ty
pe

:

(a
->

Co
nt

r
b)

->
Co

nt
r
a

Fi
na

lly
,c

al
lC
C
is

th
er
ef
or
e
a
fu
nc
tio

n
w
hi
ch

ta
ke
s
th
at

ar
gu

m
en
t
an

d
re
tu
rn
s
its

re
su
lt.

So
th
e
ty
pe

of
ca
ll
CC

is:

ca
ll

CC
::

((
a
->

Co
nt

r
b)

->
Co

nt
r
a)

->
Co
nt

r
a



42
.4
.4

T
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w
e
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th
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us
e
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ll
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d
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hi
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ju
st

le
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im
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en
ta
tio
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hi
ch
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f
=
Co
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ru
nC

on
t
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->

Co
nt

$
\_

->
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)
k
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hi
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fr
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d
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n
n
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)
$

do
st

r
<-
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$
\e
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<
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)
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xi
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$
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p
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n
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xi
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gt
h
ns

<
3)

(e
xi

t2
$

le
ng
th

ns
)

wh
en

(l
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1.
Fi
rs
tly

,t
he

(‘
ru
nC
on
t‘

id
)
at

th
e
to
p
ju
st

m
ea
ns

th
at

w
e
ru
n

th
e
C
on

t
bl
oc
k
th
at

fo
llo

w
s
w
ith

a
fin

al
co
nt
in
ua

tio
n
of

id
.
T
hi
s

is
ne

ce
ss
ar
y
as

th
e
re
su
lt

ty
pe

of
fu
n
do

es
n'
t
m
en
tio

n
C
on

t.
2.

W
e
bi
nd

st
r
to

th
e
re
su
lt
of

th
e
fo
llo

w
in
g
ca
ll
CC

do
-b
lo
ck
:

a)
If
n
is

le
ss

th
an

10
,w

e
ex
it
st
ra
ig
ht

aw
ay
,j
us
t
sh
ow

in
g
n.

b)
If

no
t,

w
e
pr
oc
ee
d.

W
e
co
ns
tr
uc

t
a
lis
t,

ns
,
of

di
gi
ts

of
n

‘d
iv
‘
2.

c)
n'

(a
n
In
t)

ge
ts

bo
un

d
to

th
e
re
su
lt

of
th
e
fo
llo

w
in
g
in
ne

r
ca
ll
CC

do
-b
lo
ck
.

i.
If

le
ng
th

ns
<
3,

i.e
.,

if
n
‘d
iv
‘
2
ha

s
le
ss

th
an

3
di
gi
ts
,w

e
po

p
ou

to
ft
hi
si
nn

er
do

-b
lo
ck

w
ith

th
e
nu

m
be

r
of

di
gi
ts

as
th
e
re
su
lt.

ii.
If
n
‘d
iv
‘
2
ha

s
le
ss

th
an

5
di
gi
ts
,w

e
po

p
ou

t
of

th
e

in
ne

r
do

-b
lo
ck

re
tu
rn
in
g
th
e
or
ig
in
al

n.
iii
.
If
n
‘d
iv
‘
2
ha

s
le
ss

th
an

7
di
gi
ts
,w

e
po

p
ou

t
of

bo
th

th
e
in
ne

r
an

d
ou

te
r
do

-b
lo
ck
s,

w
ith

th
e
re
su
lt

of
th
e

di
gi
ts

of
n
‘d
iv
‘
2
in

re
ve
rs
e
or
de

r
(a

St
rin

g)
.



iv
.
O
th
er
w
ise

,w
e
en
d
th
e
in
ne
r
do

-b
lo
ck
,r
et
ur
ni
ng

th
e
su
m

of
th
e
di
gi
ts

of
n
‘d
iv
‘
2.

d)
W
e
en

d
th
is

do
-b
lo
ck
,r

et
ur
ni
ng

th
e
St
rin

g
"(
ns

=
X)

Y"
,

w
he

re
X

is
ns

,t
he

di
gi
ts

of
n
‘d
iv
‘
2,

an
d
Y

is
th
e
re
su
lt

fr
om

th
e
in
ne

r
do

-b
lo
ck
,n

'.
3.

Fi
na

lly
,w

e
re
tu
rn

ou
t
of

th
e
en
tir

e
fu
nc
tio

n,
w
ith

ou
r
re
su
lt
be

in
g

th
e
st
rin

g
"A

ns
w
er
:
Z"
,
w
he

re
Z

is
th
e
st
rin

g
w
e
go

t
fr
om

th
e

ca
ll
CC

do
-b
lo
ck
.
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O
ne

us
e
of

co
nt
in
ua

tio
ns

is
to

m
od

el
ex
ce
pt
io
ns
.
To

do
th
is,

we
ho

ld
on

to
tw

o
co
nt
in
ua

tio
ns
:
on

e
th
at
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=
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m
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re
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]
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re
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re
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ra
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ra
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]
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]
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ra
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e
sa
m
e
tim

e
,a

nd
it'
s
fo
o
w
ho

m
ak

es
us
e
of

th
at

pr
om

ise
by

ch
oo

sin
g
bo

th
a
=
Ch
ar

an
d
a
=
Bo
ol

.



C
on

ce
rn
in
g
no

m
en

cl
at
ur
e,

sim
pl
e
po

ly
m
or
ph

ic
fu
nc

tio
ns

lik
e
ba
r
ar
e

sa
id

to
ha

ve
a
ra
nk

-1
ty
pe

w
hi
le

th
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pr
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ra
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at
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⊥
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es

jo
in

on
th
e
re
su
lt.

fm
ap

is
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st

th
e
fa
m
ili
ar

ma
p
fo
r
lis
ts
,

so
w
e
fir
st

m
ap
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ro
ss
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ch

of
th
e
lis
t
of

lis
ts
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e
th
e
to
p-
le
ve
ll
ist

,
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nc
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en
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g
th
em

do
w
n
in
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a
lis
t
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ch
.
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te
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w
e
ha
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a
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t

of
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w
e
th
en
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n
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h
jo
in

.
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m
m
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y,

w
e
'e
nt
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he
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p
le
ve
l,
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e
th
e
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nd
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d
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le
ve
ls

do
w
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th
en

co
lla
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e
th
is
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w

le
ve
lw

ith
th
e
to
p
le
ve
l.

W
ha

t
ab

ou
t
th
e
rig

ht
-h
an

d
sid

e?
W
e
fir
st

ru
n
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in
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ou

r
lis
t
of

lis
t
of

lis
ts
.
A
lth

ou
gh

th
is
is
th
re
e
la
ye
rs
,a

nd
yo
u
no

rm
al
ly

ap
pl
y
a
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o-
la
ye
re
d

lis
t
to

jo
in

,t
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s
w
ill

st
ill

w
or
k,

be
ca
us
e
a
[a

7 ]
is

ju
st

[[
b]
],

w
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re
b

=
[a
],

so
in

a
se
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e,

a
th
re
e-
la
ye
re
d
lis
t
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a
tw

o
la
ye
re
d
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t,
bu

t
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:/
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e
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d
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an
ot
he
rl
ist

.
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ap
pl
y
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r
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t
of
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fla
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e.

A
s
th
e
se
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la
ye
r
w
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t
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t
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t
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st
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d
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d
a
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ill

st
ill
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d
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w
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lis
t
of
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th
e
ot
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r
jo
in

fla
tt
en
s.

Su
m
m
in
g
up

,t
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le
ft-

ha
nd

sid
e
w
ill

fla
tt
en

th
e
in
ne
r
tw

o
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ye
rs

in
to

a
ne

w
la
ye
r,

th
en

fla
tt
en

th
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w
ith

th
e
ou

te
rm

os
t
la
ye
r.

T
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rig
ht
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an

d
sid

e
w
ill

fla
tt
en

th
e
ou

te
r
tw

o
la
ye
rs
,t
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n
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tt
en

th
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w
ith

th
e
in
ne

rm
os
t
la
ye
r.

T
he

se
tw

o
op

er
at
io
ns

sh
ou

ld
be

eq
ui
va
le
nt
.
It
’s

so
rt

of
lik

e
a
la
w

of
as
so
ci
at
iv
ity
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r
jo
in
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Ma
yb
e
is

al
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a
m
on
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,w
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re
tu

rn
::

a
->

Ma
yb

e
a

re
tu

rn
x
=
Ju

st
x

jo
in

::
Ma

yb
e
(M

ay
be

a)
->

Ma
yb

e
a

jo
in

No
th

in
g

=
No

th
in

g
jo

in
(J

us
t
No

th
in

g)
=
No

th
in

g
jo

in
(J

us
t
(J

us
t
x)

)
=
Ju

st
x
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if
w
e
ha

d
a
th
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e-
la
ye
re
d
M
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be
(i.
e.
,
it

co
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d
be

No
th
in
g,

Ju
st

No
th
in
g ,

Ju
st

(J
us
t
No
th
in
g)
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Ju
st

(J
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t
(J
us
t
x)
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fir
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w
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g
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e
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r
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o
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rs

fir
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n
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w
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e
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r
la
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r
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ex
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tly
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e
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m
e
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lla
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g
th
e
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r
la
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fir
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,t
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n
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w
ith
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e
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t
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rif
y
th
at

th
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d
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m
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s
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in
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la
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w
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m
e
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pl
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e
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e
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r
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w
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.
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T
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w
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.
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re
tu
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=
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in

.
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W
ha

t
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ou
t
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e
se
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he
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A
ga
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t
w
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e
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e

of
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B
ot
h
fu
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m
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d
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e
se
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w

ar
e
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]

->
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e
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s
a
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n
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m
ap

s
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er
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e
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tu
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in
g
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t
x
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so
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t
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d
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e
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rig
ht
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e
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z,
..
.]

,t
ur
ns

it
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th
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fla
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n
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.
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ap
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e
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w
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->
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n
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s.

R
ec
al
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sy
nt
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su
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r
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r
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m
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na

tio
n
of

st
at
em

en
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in
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in
g
(>
>=
)
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w
itn

es
se
d
by

th
e
us
ua

l
tr
an

sla
tio

n:

do
{
x

}
--

>
x

do
{
le

t
{
y
=
v
};

x
}

--
>
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t

y
=
v
in

do
{

x
}

do
{
v
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x
}
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>

y
>>

=
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{
x
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do
{
y;

x
}
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>

y
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=
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{
x
}

A
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e
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w
e
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n
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e
w
ha

t
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e
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e
m
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w
s
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r
ab

ov
e
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w
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e
a
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y
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m
e
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th
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u
w
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t
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1.
re
tu
rn

x
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=
f
=
f
x.

Pr
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f:
re

tu
rn

x
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=
f

=
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in
(f
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p
f
(r

et
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n
x)

)
--
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e
de

fi
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(>

>=
)

=
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in
(r
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n
(f
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)
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w
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=
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n
.
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tu
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)
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w
2
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f
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2.
m
>>
=
re
tu
rn

=
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Pr
oo

f:

m
>>

=
re

tu
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=
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in
(f
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p
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tu
rn
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th

e
de
fi

ni
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on
of

(>
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)

=
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oi
n
.
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)
m

=
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m
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w
2

=
m

3.
(m
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=
f)
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=
g
=
m
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=
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x
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f
x
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=
g)
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l
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g
=
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.
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(m
>>

=
f)
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=

g
=
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n
(f
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p
f
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)
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=
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e

de
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)
=
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(f
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p
g
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n
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p
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e
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)
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.
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f
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)
=
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n
.
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g

.
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)
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p
f
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.
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.
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(f
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p
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)
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p
f
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w
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.
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.
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(f
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p
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.
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m
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.
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(f
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p
g
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)
m
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w
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=
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.
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.
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g
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m
=
(j

oi
n
.
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.
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x
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g
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m
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w
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=
(j
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n
.
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x
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g
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)
m
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th
e

di
st

ri
bu

ti
ve
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w
of
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=
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oi
n
.
fm

ap
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x
->
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p
g
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))

)
m

=
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n
.
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)
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)
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p
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=
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)
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D
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rn

x
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=
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f
x
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{
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<-
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f
v
}

=
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{
f
x
}

m
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=
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rn

=
m

do
{
v
<-
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v
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=

do
{
m
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st
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e

D
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(m
>>
=
f)
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=
g
=
m
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=
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x
->

f
x
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=
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do
{
y

<-
do

{
x
<-
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f
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g
y
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=
do

{
x

<-
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<-

f
x;
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}

T
he
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m
m
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at
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at
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s
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m
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s
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u
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at
e
th
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=

jo
in

.
jo

in
jo

in
.
fm

ap
re

tu
rn

=
jo

in
.

re
tu
rn

=
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=
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.
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=
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:
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=
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tu
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=
m
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m
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=
f
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f
m
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=
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.
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is

ex
er
ci
se
.

56
.5

Su
m
m
ar
y

W
e'
ve

co
m
e
a
lo
ng

wa
y
in

th
is
ch
ap

te
r.

W
e'
ve

lo
ok
ed

at
w
ha

tc
at
eg
or
ie
s

ar
e
an

d
ho

w
th
ey

ap
pl
y
to

H
as
ke
ll.

W
e'
ve

in
tr
od

uc
ed

th
e
ba

sic
co
nc
ep
ts

of
ca
te
go

ry
th
eo
ry

in
cl
ud

in
g
fu
nc

to
rs
,a

s
w
el
la

s
so
m
e
m
or
e
ad

va
nc

ed
to
pi
cs

lik
e
m
on

ad
s,
an

d
se
en

ho
w

th
ey
're

cr
uc

ia
lt
o
id
io
m
at
ic

H
as
ke
ll.

W
e
ha

ve
n'
tc

ov
er
ed

so
m
e
of

th
e
ba

sic
ca
te
go
ry

th
eo
ry

th
at

wa
sn
't
ne
ed
ed

fo
r
ou

r
ai
m
s,

lik
e
na

tu
ra
lt
ra
ns
fo
rm

at
io
ns
,b

ut
ha

ve
in
st
ea
d
pr
ov
id
ed

an
in
tu
iti
ve

fe
el

fo
r
th
e
ca
te
go

ric
al

gr
ou

nd
in
g
be

hi
nd

H
as
ke
ll'
s
st
ru
ct
ur
es
.



57
T
he

C
ur
ry
-H

ow
ar
d

is
om

or
ph

is
m

T
he

C
ur
ry
-H

ow
ar
d
is
om

or
ph

is
m

is
a
st
rik

in
g
re
la
tio

ns
hi
p
co
nn

ec
t-

in
g
tw

o
se
em

in
gl
y
un

re
la
te
d
ar
ea
s
of

m
at
he

m
at
ic
s
—

ty
pe

th
eo
ry

an
d

st
ru
ct
ur
al

lo
gi
c.

1059



57
.1

In
tr
od

uc
ti
on

T
he

C
ur
ry
-H

ow
ar
d
iso

m
or
ph

ism
,h

er
ea
ft
er

re
fe
rr
ed

to
as

sim
pl
y
C
-H

,
te
lls

us
th
at

in
or
de
r
to

pr
ov
e
an

y
m
at
he
m
at
ic
al

th
eo
re
m
,a

ll
we

ha
ve

to
do

is
co
ns
tr
uc
t
a
ce
rt
ai
n
ty
pe

w
hi
ch

re
fle
ct
s
th
e
na

tu
re

of
th
at

th
eo
re
m
,

th
en

fin
d
a
va
lu
e
th
at

ha
s
th
at

ty
pe

.
T
hi
s
se
em

s
ex
tr
em

el
y
w
ei
rd

at
fir
st
:
w
ha

t
do

ty
pe

s
ha

ve
to

do
w
ith

th
eo
re
m
s?

H
ow

ev
er
,a

s
w
e
sh
al
l

se
e,

th
e
tw

o
ar
e
ve
ry

cl
os
el
y
re
la
te
d.

A
qu

ic
k
no

te
be

fo
re

w
e
be

gi
n:

fo
r

th
es
e
in
tr
od

uc
to
ry

pa
ra
gr
ap

hs
,w

e
ig
no

re
th
e
ex
ist

en
ce

of
ex
pr
es
sio

ns
lik

e
er
ro
r
an

d
un
de
fi
ne
d
w
ho

se
de
no

ta
tio

na
ls

em
an

tic
s1

ar
e
⊥
.
T
he
se

ha
ve

an
ex
tr
em

el
y
im

po
rt
an

t
ro
le
,b

ut
we

w
ill

co
ns
id
er

th
em

se
pa

ra
te
ly

in
du

e
tim

e.
W
e
al
so

ig
no

re
fu
nc
tio

ns
th
at

by
pa

ss
th
e
ty
pe

sy
st
em

lik
e

un
sa
fe
Co
er
ce
#.

W
e
ca
n
bu

ild
in
cr
ed
ib
ly

co
m
pl
ic
at
ed

ty
pe

s
us
in
g
H
as
ke
ll'
s
hi
gh

er
-o
rd
er

fu
nc

tio
ns

2
fe
at
ur
e.

W
e
m
ig
ht

w
an

t
to

as
k

th
e
qu

es
tio

n:
gi
ve
n

an

1
C
ha

pt
er

55
on

pa
ge

93
9

2
C
ha

pt
er

19
on

pa
ge

36
1



ar
bi
tr
ar
y
ty
pe

,
un

de
r
w
ha

t
co
nd

iti
on

s
do

es
th
er
e
ex
ist

a
va
lu
e
w
ith

th
at

ty
pe

(w
e
sa
y
th
e
ty
pe

is
in
ha
bi
te
d)
?
A

fir
st

gu
es
s
m
ig
ht

be
'a
ll
th
e

tim
e'
,b

ut
th
is
qu

ick
ly

br
ea
ks

do
w
n
un

de
r
ex
am

pl
es
.
Fo

r
ex
am

pl
e,

th
er
e

is
no

fu
nc

tio
n
w
ith

ty
pe

a
->

b,
be

ca
us
e
w
e
ha

ve
no

w
ay

of
tu
rn
in
g

so
m
et
hi
ng

of
ty
pe

a
in
to

so
m
et
hi
ng

of
a
co
m
pl
et
el
y
di
ffe

re
nt

ty
pe

b
(u
nl
es
s
w
e
kn

ow
in

ad
va
nc

e
w
hi
ch

ty
pe

s
a
an

d
b
ar
e,

in
w
hi
ch

ca
se

we
're

ta
lk
in
g
ab

ou
t
a
m
on

om
or
ph

ic
fu
nc
tio

n,
su
ch

as
or
d
::

Ch
ar

->
In
t)
.

In
cr
ed
ib
ly
,i
tt

ur
ns

ou
tt

ha
ta

ty
pe

is
on

ly
in
ha

bi
te
d
w
he
n
it
co
rr
es
po

nd
s

to
a
tr
ue

th
eo
re
m

in
m
at
he
m
at
ic
al

lo
gi
c.

B
ut

w
ha

t
is

th
e
na

tu
re

of
th
is

co
rr
es
po

nd
en
ce
?
W

ha
t
do

es
a
ty
pe

lik
e
a
->

b
m
ea
n
in

th
e
co
nt
ex
t
of

lo
gi
c?

57
.1
.1

A
cr
as
h
co
ur
se

in
fo
rm

al
lo
gi
c

W
e
ne
ed

so
m
e
ba

ck
gr
ou

nd
on

fo
rm

al
lo
gi
c
be

fo
re

we
ca
n
be

gi
n
to

ex
pl
or
e

its
re
la
tio

ns
hi
p
to

ty
pe

th
eo
ry
.
T
hi
s
is

a
ve
ry

br
ie
fi
nt
ro
du

ct
io
n;

fo
r
a



w
id
er

gr
ou

nd
in
g
w
e
re
co
m
m
en

d
yo
u
co
ns
ul
t
an

in
tr
od

uc
to
ry

te
xt
bo

ok
on

th
e
su
bj
ec
t
m
at
te
r.

In
ev
er
yd

ay
la
ng

ua
ge

w
e
us
e
a
lo
t
of

'If
...

th
en

...
'

se
nt
en

ce
s.

Fo
r

ex
am

pl
e,
'If

th
e
we

at
he
r
is
ni
ce

to
da

y,
th
en

we
'll

wa
lk

in
to

to
w
n'
.
T
he
se

ki
nd

s
of

st
at
em

en
ts

al
so

cr
op

up
in

m
at
he

m
at
ic
s;

w
e
ca
n
sa
y
th
in
gs

lik
e
'If

x
is

po
sit

iv
e,

th
en

it
ha

s
a
(r
ea
l)

sq
ua

re
ro
ot
'.

Fo
rm

al
lo
gi
c
is

a
w
ay

of
tr
an

sla
tin

g
th
es
e
st
at
em

en
ts

fr
om

lo
os
e,

w
oo

lly
,a

m
bi
gu

ou
s

En
gl
ish

in
to

pr
ec
ise

sy
m
bo

lis
m
.
W
e
us
e
th
e
→

sig
n
(r
ea
d
as

'im
pl
ie
s')

to
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us
in
g

H
as
ke
ll
ty
pe

s
be

ca
us
e
ev
er
y
ty
pe

is
in
ha

bi
te
d.

T
he
re
fo
re
,H

as
ke
ll'
s
ty
pe

sy
st
em

ac
tu
al
ly

co
rr
es
po

nd
st

o
an

in
co
ns
ist

en
tl
og
ic

sy
st
em

.
H
ow

ev
er
,i
f

we
wo

rk
w
ith

a
lim

ite
d
su
bs
et

of
H
as
ke
ll'
st

yp
e
sy
st
em

,a
nd

in
pa

rt
ic
ul
ar

di
sa
llo

w
po

ly
m
or
ph

ic
ty
pe

s,
w
e
ha

ve
a
co
ns
ist

en
t
lo
gi
c
sy
st
em

w
e
ca
n

do
so
m
e
co
ol

st
uff

in
.
H
er
ea
fte

r
it

is
as
su
m
ed

we
ar
e
wo

rk
in
g
in

su
ch

a
ty
pe

sy
st
em

.

N
ow

th
at

w
e
ha

ve
th
e
ba

sic
s
of

C
-H

,w
e
ca
n
be

gi
n
to

un
pa

ck
a
lit
tle

m
or
e
th
e
re
la
tio

ns
hi
p
be

tw
ee
n
ty
pe

s
an

d
pr
op

os
iti
on

s.
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Lo
gi
ca
lo

pe
ra
ti
on

s
an

d
th
ei
r
eq
ui
va
le
nt
s

T
he

es
se
nc

e
of

sy
m
bo

lic
lo
gi
c
is

a
se
t
of

pr
op

os
iti
on

s,
su
ch

as
P

an
d

Q
,a

nd
di
ffe

re
nt

w
ay

s
of

co
m
bi
ni
ng

th
es
e
pr
op

os
iti
on

s
su
ch

as
Q

→
P

or
P
∨
Q
.
T
he

se
w
ay

s
of

co
m
bi
ni
ng

pr
op

os
iti
on

s
ca
n
be

th
ou

gh
t
of

as
op

er
at
io
ns

on
pr
op

os
iti
on

s.
B
y
C
-H

,p
ro
po

sit
io
ns

co
rr
es
po

nd
to

ty
pe

s,
so



we
sh
ou

ld
ha

ve
th
at

th
eC

-H
eq
ui
va
le
nt
so

ft
he
se

pr
op

os
iti
on

co
m
bi
na

to
rs

ar
e
ty
pe

op
er
at
io
ns
,m

or
e
no

rm
al
ly

kn
ow

n
as

ty
pe

co
ns
tr
uc
to
rs
.
W
e'
ve

al
re
ad

y
se
en

an
ex
am

pl
e
of

th
is:

th
e
im

pl
ic
at
io
n
op

er
at
or

→
in

lo
gi
c

co
rr
es
po

nd
s
to

th
e
ty
pe

co
ns
tr
uc

to
r
(-
>)

.
T
he

re
st

of
th
is

se
ct
io
n

pr
oc
ee
ds

to
ex
pl
or
e
th
e
re
st

of
th
e
pr
op

os
iti
on

co
m
bi
na

to
rs

an
d
ex
pl
ai
n

th
ei
r
co
rr
es
po

nd
en

ce
.
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C
on

ju
nc
ti
on

an
d
D
is
ju
nc
ti
on

In
or
de

r
fo
r
A
∧
B

to
be

a
th
eo
re
m
,b

ot
h
A

an
d
B

m
us
t
be

th
eo
re
m
s.

So
a
pr
oo

ff
or
A
∧
B

am
ou

nt
s
to

pr
ov
in
g
bo

th
A

an
d
B
.R

em
em

be
r
th
at

to
pr
ov
e
a
pr
op

os
iti
on

A
w
e
fin

d
a
va
lu
e
of

ty
pe

A,
w
he

re
A

an
d
A
ar
e

C
-H

co
rr
es
po

nd
en
ts
.
So

in
th
is

in
st
an

ce
w
e
w
ish

to
fin

d
a
va
lu
e
th
at

co
nt
ai
ns

tw
o
su
b-
va
lu
es
:
th
e
fir
st

w
ho

se
ty
pe

co
rr
es
po

nd
s
to

A
,a

nd
th
e
se
co
nd

w
ho

se
ty
pe

co
rr
es
po

nd
s
to

B
.T

hi
s
so
un

ds
re
m
ar
ka

bl
y
lik

e
a

pa
ir.

In
de
ed
,w

e
re
pr
es
en
t
th
e
sy
m
bo

ls
tr
in
g
A
∧
B

by
(a
,
b)

,w
he
re

a
co
rr
es
po

nd
s
to

A
an

d
b
co
rr
es
po

nd
s
to

B
.



D
isj
un

ct
io
n

is
op

po
sit

e
to

co
nj
un

ct
io
n.

In
or
de

r
fo
r
A
∨
B

to
be

a
th
eo
re
m
,e

ith
er

A
or

B
m
us
t
be

a
th
eo
re
m
.
A
ga
in
,w

e
se
ar
ch

fo
r
a
va
lu
e

w
hi
ch

co
nt
ai
ns

ei
th
er

a
va
lu
e
of

ty
pe

A
or

a
va
lu
e
of

ty
pe

B.
T
hi
s
is

Ei
th
er

.
Ei
th
er

A
B
is

th
e
ty
pe

w
hi
ch

co
rr
es
po

nd
s
to

th
e
pr
op

os
iti
on

A
∨
B
.
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Fa
ls
it
y

It
is

oc
ca
sio

na
lly

us
ef
ul

to
re
pr
es
en
t
a
fa
lse

st
at
em

en
t
in

ou
r
lo
gi
c

sy
st
em

.
B
y
de
fin

iti
on

,a
fa
lse

st
at
em

en
t
is

on
e
th
at

ca
n'
t
be

pr
ov
en
.
So

w
e'
re

lo
ok

in
g
fo
r
a
ty
pe

w
hi
ch

isn
't
in
ha

bi
te
d.

A
lth

ou
gh

no
ne

of
th
es
e

ty
pe

s
ex
ist

in
th
e
de
fa
ul
t
lib

ra
rie

s
(d
on
't

ge
t
co
nf
us
ed

w
ith

th
e
()

ty
pe

,
w
hi
ch

ha
s
pr
ec
ise

ly
on

e
va
lu
e)
,
w
e
ca
n
de

fin
e
on

e,
if
w
e
tu
rn

on
th
e

-X
Em
pt
yD
at
aD
ec
ls

fla
g
in

G
H
C
:



da
ta

Vo
id

T
he

eff
ec
to

fo
m
itt

in
g
th
ec

on
st
ru
ct
or
sm

ea
ns

th
at

Vo
id

is
an

un
in
ha

bi
te
d

ty
pe

.
So

th
e
Vo
id

ty
pe

co
rr
es
po

nd
st

o
a
no

nt
he
or
em

in
ou

rl
og
ic
.
T
he
re

ar
e
a
fe
w

ha
nd

y
co
ro
lla

rie
s
he

re
:

1.
(V
oi
d,

A)
an

d
(A
,
Vo
id
)
ar
e
bo

th
un

in
ha

bi
te
d
ty
pe

s
fo
r
an

y
ty
pe

A,
co
rr
es
po

nd
in
g
to

th
e
fa
ct

th
at
F
∧
A

an
d
A
∧
F

ar
e
bo

th
no

nt
he

or
em

s
if
F
is

a
no

nt
he

or
em

.
2.

Ei
th
er

Vo
id

A
an

d
Ei
th
er

A
Vo
id

ar
e
es
se
nt
ia
lly

th
e
sa
m
e
as

A
fo
r
an

y
ty
pe

A,
4
co
rr
es
po

nd
in
g
to

th
e
fa
ct

th
at
F
∨
A

an
d
A
∨
F
,

w
he

re
F
is

a
no

nt
he

or
em

,a
re

th
eo
re
m
s
on

ly
if
A

is
a
th
eo
re
m
.

3.
A
ny

ty
pe

th
at

co
rr
es
po

nd
s
to

a
no

nt
he

or
em

ca
n
be

re
pl
ac
ed

w
ith

Vo
id

.
T
hi
s
is

be
ca
us
e
an

y
no

nt
he

or
em

-ty
pe

m
us
t
be

un
in
ha

bi
te
d,

4
Te

ch
ni
ca
lly
,t
he

ty
pe

s
Ei

th
er

Vo
id

A
an

d
A
ar
e
iso

m
or
ph

ic
.
Se

ei
ng

as
yo
u
ca
n'
t

ha
ve

a
va
lu
e
of

ty
pe

Vo
id

,e
ve
ry

va
lu
e
in

Ei
th

er
Vo

id
A
m
us
tb

e
a

Ri
gh

t-
ta
gg

ed
va
lu
e,

so
th
e
tr
an

sf
or
m
at
io
n
ju
st

st
rip

s
th
e

Ri
gh

t
co
ns
tr
uc
to
rs
.



so
re
pl
ac
in
g
it

w
ith

Vo
id

ev
er
yw

he
re

do
es
n'
t
ch
an

ge
an

yt
hi
ng

.
Vo
id

is
re
al
ly

eq
ui
va
le
nt

to
an

y
no

nt
he

or
em

ty
pe

5 .
4.

A
s
w
e
re
m
ar
ke
d
in

th
e
fir
st

se
ct
io
n,

th
e
im

pl
ic
at
io
n
P
→

Q
is

tr
ue

if
Q

is
tr
ue

,r
eg
ar
dl
es
s
of

th
e
tr
ut
h
va
lu
e
of

P.
So

w
e
sh
ou

ld
be

ab
le

to
fin

d
a
te
rm

w
ith

ty
pe

Vo
id

->
a.

In
fa
ct

on
e
do

es
ex
ist

,
bu

t
it'
s
so
m
ew

ha
t
co
m
pl
ic
at
ed

to
ex
pl
ai
n:

th
e
an

sw
er

is
th
e
em

pt
y
fu
nc

tio
n.

W
e
ca
n
de

fin
e
a
fu
nc

tio
n
f
::

A
->

B
as

a
(p
ro
ba

bl
y
in
fin

ite
)
se
t
of

pa
irs

w
ho

se
fir
st

el
em

en
t
is

an
el
em

en
t

of
A
(t
he

do
m
ai
n)

an
d
se
co
nd

el
em

en
t
is
f'
s
ou

tp
ut

on
th
is

te
rm

,
an

el
em

en
t
of

B
(t
he

ra
ng
e)
.
Fo

r
ex
am

pl
e,

th
e
su
cc
es
so
r
fu
nc
tio

n
on

th
e
na

tu
ra
ls

is
re
pr
es
en
te
d
as

{(
0,
1)
,
(1
,2
),

(2
,3
),

..
.}

.
N
ot
e
th
at

in
or
de

r
to

be
a
(t
ot
al

an
d
w
el
l-d

efi
ne

d)
fu
nc

tio
n,

w
e

m
us
t
ha

ve
pr
ec
ise

ly
on

e
pa

ir
(a
,
f
a)

fo
r
ea
ch

te
rm

a
w
ith

ty
pe

A.

5
A
ga

in
,t
he

te
ch
ni
ca
ls
ta
te
m
en
t
is
th
at

Vo
id

is
iso

m
or
ph

ic
to

an
y
ty
pe

w
hi
ch

is
a

no
nt
he

or
em

.



T
he

em
pt
y
fu
nc
tio

n,
le
t's

ca
ll
it
em
pt
y
is

re
pr
es
en
te
d
in

th
is

w
ay

by
th
e
em

pt
y
se
t.

B
ut

as
we

m
us
t
ha

ve
a
pa

ir
fo
r
ea
ch

el
em

en
t
of

th
e
do

m
ai
n,

an
d
th
er
e
no

pa
irs

in
ou

r
re
pr
es
en
ta
tio

n,
th
e
do

m
ai
n

ty
pe

m
us
t
be

em
pt
y,

i.e
.

Vo
id

.
W

ha
t
ab

ou
t
th
e
ra
ng

e
ty
pe

?
em
pt
y
ne

ve
r
pr
od

uc
es

an
y
ou

tp
ut
,
so

th
er
e
ar
e
no

re
st
ric

tio
ns

pl
ac
ed

on
th
e
ra
ng

e
ty
pe

.
T
hu

s,
it

is
va
lid

to
as
su
m
e
th
at

th
e

ra
ng

e
ty
pe

ha
s
an

y
ty
pe

,
so

w
e
ca
n
sa
y
em
pt
y
::

fo
ra
ll

a.
Vo
id

->
a.

U
nf
or
tu
na

te
ly
,i
t's

no
t
po

ss
ib
le

to
w
rit

e
th
is

fu
nc

tio
n

in
H
as
ke
ll;

w
e'
d
id
ea
lly

lik
e
to

w
rit

e
so
m
et
hi
ng

lik
e:

em
pt

y
::

Vo
id

->
a

A
nd

st
op

th
er
e,

bu
t
th
is

is
ill
eg
al

H
as
ke
ll.

T
he

cl
os
es
t
w
e
ca
n

co
m
e
is

th
e
fo
llo

w
in
g:

em
pt

y
::

Vo
id

->
a

em
pt

y
_
=
un

de
fi

ne
d



A
lte

rn
at
iv
el
y:

em
pt

y
::

Vo
id

->
a

em
pt

y
=
em

pt
y

A
no

th
er

re
as
on

ab
le

w
ay

(a
lso

di
sa
llo

w
ed

in
H
as
ke
ll)

w
ou

ld
be

to
w
rit

e:

em
pt

y
x
=
ca

se
x

of
{
}

T
he

ca
se

st
at
em

en
t
is

pe
rfe

ct
ly

we
ll
fo
rm

ed
sin

ce
it

ha
nd

le
s
ev
er
y

po
ss
ib
le

va
lu
e
of

x.
N
ot
e
th
at

th
is

is
pe

rf
ec
tly

sa
fe
,s

in
ce

th
e
rig

ht
-h
an

d
sid

e
of

th
is

fu
nc
tio

n
ca
n
ne
ve
r
be

re
ac
he
d
(s
in
ce

w
e
ha

ve
no

th
in
g
to

pa
ss

it)
.

So
,t

he
co
nc

lu
sio

n
of

al
lt

hi
s
is

th
at

Vo
id

->
a
is

an
in
ha

bi
te
d

ty
pe

,j
us
t
as

P
→

Q
is

tr
ue

if
P

is
fa
lse

.
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N
eg
at
io
n

T
he
¬

op
er
at
io
n
in

lo
gi
c
tu
rn
s
th
eo
re
m
s
in
to

no
nt
he

or
em

s
an

d
vi
ce

ve
rs
a:

if
A

is
a
th
eo
re
m

th
en
¬A

is
a
no

nt
he
or
em

;i
fA

is
a
no

nt
he
or
em

th
en
¬A

is
a
th
eo
re
m
.
H
ow

ca
n
w
e
re
pr
es
en
t
th
is

in
H
as
ke
ll?

T
he

an
sw

er
's

a
sn
ea
ky

on
e.

W
e
de

fin
e
a
ty
pe

sy
no

ny
m
:

ty
pe

No
t
a
=

a
->

Vo
id

So
fo
r
a
ty
pe

A,
No
t
A
is

ju
st

A
->

Vo
id

.
H
ow

do
es

th
is

wo
rk
?
W
el
l,
if

A
wa

s
a
th
eo
re
m
-ty

pe
,t
he
n
A
->

Vo
id

m
us
t
be

un
in
ha

bi
te
d:

th
er
e'
s
no

wa
y
an

y
fu
nc
tio

n
co
ul
d
re
tu
rn

an
y
va
lu
e,

be
ca
us
e
th
e
re
tu
rn

ty
pe

,V
oi
d

ha
s
no

va
lu
es

(T
he

fu
nc
tio

n
ha

s
to

pr
ov
id
e
va
lu
es

fo
r
al
li
nh

ab
ita

nt
s
of

A
)!
O
n
th
e
ot
he
r
ha

nd
,i
fA

w
as

a
no

nt
he
or
em

,t
he
n
A
ca
n
be

re
pl
ac
ed

w
ith

Vo
id

as
w
e
ex
pl
or
ed

in
th
e
la
st

se
ct
io
n.

T
he

n
th
e
fu
nc

tio
n
id

::
Vo
id

->
Vo
id

is
an

in
ha

bi
ta
nt

of
No
t
A,

so
No
t
A
is

a
th
eo
re
m

as
re
qu

ire
d
(T

he
fu
nc
tio

n
do

es
n'
t
ha

ve
to

pr
ov
id
e
an

y
va
lu
es
,s

in
ce

th
er
e



ar
e
no

in
ha

bi
ta
nt
s
in

its
do

m
ai
n.

N
ev
er
th
el
es
s
it'
s
a
fu
nc

tio
n
—

w
ith

an
em

pt
y
gr
ap

h)
.
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A
xi
om

at
ic

lo
gi
c
an

d
th
e
co
m
bi
na

to
ry

ca
lc
ul
us

So
fa
r
w
e'
ve

on
ly

us
ed

so
m
e
ve
ry

ba
sic

fe
at
ur
es

fr
om

H
as
ke
ll'
s
ty
pe

sy
st
em

.
In
de

ed
,m

os
t
of

th
e
fe
at
ur
es

of
lo
gi
c
w
e'
ve

m
en
tio

ne
d
ca
n
be

ex
pl
or
ed

us
in
g
a
ve
ry

ba
sic

'p
ro
gr
am

m
in
g
la
ng

ua
ge
',
th
e
co
m
bi
na

to
r

ca
lc
ul
us
.
To

fu
lly

ap
pr
ec
ia
te

ho
w

cl
os
el
y
C
-H

tie
s
to
ge
th
er

th
es
e
tw

o
ar
ea
s
of

m
at
he

m
at
ic
s,

w
e
ne

ed
to

ax
io
m
at
is
e
bo

th
ou

r
di
sc
us
sio

n
of

fo
rm

al
lo
gi
c
an

d
ou

r
di
sc
us
sio

n
of

pr
og

ra
m
m
in
g
la
ng

ua
ge
s.
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A
xi
om

at
ic

lo
gi
c

W
e
st
ar
t
w
ith

tw
o
ax

io
m
s
ab

ou
t
ho

w
th
e
→

op
er
at
io
n
sh
ou

ld
be

ha
ve

(f
ro
m

no
w

on
,w

e
as
su
m
e
th
at

→
is

a
rig

ht
-a
ss
oc
ia
tiv

e
fu
nc
tio

n,
i.e

.
A

→
B
→

C
m
ea
ns

A
→

(B
→

C
))
:

1.
A
→

B
→

A
2.

(A
→

B
→

C
)
→

(A
→

B
)
→

A
→

C

T
he

fir
st

ax
io
m

sa
ys

th
at

gi
ve
n
an

y
tw

o
pr
op

os
iti
on

s
A

an
d
B
,i
fw

e
as
su
m
e
bo

th
A

an
d
B
,w

e
kn

ow
th
at

A
is

tr
ue

.
T
he

se
co
nd

sa
ys

th
at

if
A

im
pl
ie
s
th
at

B
im

pl
ie
s
C

(o
r
eq
ui
va
le
nt
ly
,i
fC

is
tr
ue

w
he

ne
ve
r
A

an
d
B

ar
e
tr
ue

),
an

d
A

its
el
fi
m
pl
ie
s
B
,t
he

n
kn

ow
in
g
A

is
tr
ue

w
ou

ld
be

en
ou

gh
to

co
nc

lu
de

th
at

C
is

tr
ue

.
T
hi
s
m
ay

se
em

co
m
pl
ic
at
ed
,b

ut
a
bi
t
of

th
ou

gh
t
re
ve
al
s
it

to
be

co
m
m
on

se
ns
e.

Im
ag

in
e
w
e
ha

ve
a

co
lle

ct
io
n
of

bo
xe
s
of

va
rio

us
co
lo
ur
s,

so
m
e
w
ith

w
he

el
s,

so
m
e
w
ith

lid
s,

su
ch

th
at

al
lt
he

re
d
bo

xe
s
w
ith

w
he

el
s
al
so

ha
ve

lid
s,

an
d
al
lt
he

re
d

bo
xe
sh

av
e
w
he
el
s.

Pi
ck

on
e
bo

x.
Le

tA
=
'T

he
bo

x
un

de
rc

on
sid

er
at
io
n

is
re
d'
,B

=
'T
he

bo
x
un

de
r
co
ns
id
er
at
io
n
ha

s
w
he

el
s',

C
=

'T
he

bo
x



un
de

r
co
ns
id
er
at
io
n
ha

s
a
lid
'.

T
he

n
th
e
se
co
nd

la
w

te
lls

us
th
at
,a

s
A

→
B
→

C
(a
ll
re
d
bo

xe
s
w
ith

w
he

el
s
al
so

ha
ve

lid
s)
,a

nd
A
→

B
(a
ll

re
d
bo

xe
s
ha

ve
w
he

el
s)
,t

he
n
if
A

(if
th
e
bo

x
is

re
d)
,t

he
n
C

m
us
t
be

tr
ue

(t
he

bo
x
ha

s
a
lid

).

W
e
al
so

al
lo
w

on
e
in
fe
re
nc
e
la
w,

ca
lle

d
m
od
us

po
ne

ns
:

1.
If
A
→

B
,a

nd
A
,t
he

n
B
.

T
hi
s
la
w

al
lo
w
s
us

to
cr
ea
te

ne
w

th
eo
re
m
s
gi
ve
n
ol
d
on

e.
It

sh
ou

ld
be

fa
irl
y
ob

vi
ou

s;
it

is
es
se
nt
ia
lly

th
e
de

fin
iti
on

of
w
ha

t
→

m
ea
ns
.
T
hi
s

sm
al
lb

as
is
pr
ov

id
es

a
sim

pl
e
en

ou
gh

lo
gi
c
sy
st
em

w
hi
ch

is
ex
pr
es
siv

e
en
ou

gh
to

co
ve
r
m
os
t
of

ou
r
di
sc
us
sio

ns
.
H
er
e'
s
a
sa
m
pl
e
pr
oo

fo
ft

he
la
w

A
→

A
in

ou
r
sy
st
em

:

Fi
rs
tly

,w
e
kn

ow
th
e
tw

o
ax

io
m
s
to

be
th
eo
re
m
s:

•
A
→

B
→

A
•

(A
→

B
→

C
)
→

(A
→

B
)
→

A
→

C



Yo
u'
ll
no

tic
e
th
at

th
e
le
ft-

ha
nd

sid
e
of

th
e
se
co
nd

ax
io
m

lo
ok

s
a
bi
t
lik

e
th
e
fir
st

ax
io
m
.
T
he

se
co
nd

ax
io
m

gu
ar
an

te
es

th
at

if
w
e
kn

ow
th
at

A
→

B
→

C
,t

he
n
w
e
ca
n
co
nc

lu
de

(A
→

B
)
→

A
→

C
.I
n
th
is

ca
se
,i
f

w
e
le
t
C

be
th
e
sa
m
e
pr
op

os
iti
on

as
A
,t

he
n
w
e
ha

ve
th
at

if
A
→

B
→

A
,t
he

n
(A

→
B
)
→

A
→

A
.B

ut
w
e
al
re
ad

y
kn

ow
A
→

B
→

A
,t
ha

t
w
as

th
e
fir
st

ax
io
m
.
T
he

re
fo
re
,w

e
ha

ve
th
at

(A
→

B
)
→

A
→

A
is

a
th
eo
re
m
.
If

w
e
fu
rt
he
r
le
t
B

be
th
e
pr
op

os
iti
on

C
→

A
,f
or

so
m
e
ot
he
r

pr
op

os
iti
on

C
,t

he
n
w
e
ha

ve
th
at

if
A

→
C
→

A
,t

he
n
A

→
A
.B

ut
,

ag
ai
n,

w
e
kn

ow
th
at

A
→

C
→

A
(it
's
th
e
fir
st

ax
io
m

ag
ai
n)
,s

o
A
→

A
,a

s
w
e
w
an

te
d.

T
hi
s
ex
am

pl
e
de
m
on

st
ra
te
s
th
at

gi
ve
n
so
m
e
sim

pl
e
ax

io
m
s
an

d
a
sim

pl
e

w
ay

to
m
ak
e
ne
w

th
eo
re
m
s
fr
om

ol
d,

w
e
ca
n
de
riv

e
m
or
e
co
m
pl
ic
at
ed

th
eo
re
m
s.

It
m
ay

ta
ke

a
w
hi
le
to

ge
tt

he
re

—
he
re

we
ha

d
se
ve
ra
ll
in
es

of
re
as
on

in
g
to

pr
ov
e
ju
st

th
at

th
e
ob

vi
ou

s
st
at
em

en
t
A
→

A
is
a
th
eo
re
m
!

—
bu

t
w
e
ge
t
th
er
e
in

th
e
en
d.

T
hi
s
ki
nd

of
fo
rm

al
isa

tio
n
is

at
tr
ac
tiv

e
be

ca
us
e
we

ha
ve

es
se
nt
ia
lly

de
fin

ed
a
ve
ry

sim
pl
e
sy
st
em

,a
nd

it
is

ve
ry

ea
sy

to
st
ud

y
ho

w
th
at

sy
st
em

w
or
ks
.



57
.3
.2

C
om

bi
na

to
r
ca
lc
ul
us

T
he

la
m
bd

a
ca
lc
ul
us

6
is
a
wa

y
of

de
fin

in
g
a
sim

pl
ep

ro
gr
am

m
in
g
la
ng

ua
ge

fr
om

a
ve
ry

sim
pl
e
ba

sis
.
If
yo
u
ha

ve
n'
t
al
re
ad

y
re
ad

th
e
ch
ap

te
r
th
at

w
as

ju
st

lin
ke
d
to
,w

e
re
co
m
m
en

d
yo

u
re
ad

at
le
as
t
th
e
in
tr
od

uc
to
ry

se
ct
io
ns

on
th
e
un

ty
pe

d
ve
rs
io
n
of

th
e
ca
lc
ul
us
.
H
er
e'
s
a
re
fr
es
he

r
in

ca
se

yo
u'
re

fe
el
in
g
du

st
y.

A
la
m
bd

a
te
rm

is
on

e
of

th
re
e
th
in
gs
:

•
A

va
lu
e,

v.
•

A
la
m
bd
a
ab
st
ra
ct
io
n
λ
x
.t
,w

he
re

ti
s
an

ot
he

r
la
m
bd

a
te
rm

.
•

A
n
ap

pl
ic
at
io
n

(t
1t

2)
,w

he
re
t 1

an
d
t 2

ar
e
la
m
bd

a
te
rm

s.

T
he

re
is

on
e
re
du

ct
io
n
la
w
,t

oo
,c

al
le
d
be
ta
-r
ed
uc
tio

n:

•
((
λ
x
.t

1)
t 2

)
→

t 1
[x

:=
t 2

],
w
he
re
t 1

[x
:=
t 2

]m
ea
ns
t 1

w
ith

al
lt

he
fr
ee

oc
cu

rr
en

ce
s
of

x
re
pl
ac
ed

w
ith

t 2
.

6
ht

tp
:/

/e
n.

wi
ki

bo
ok

s.
or

g/
wi

ki
/H

as
ke

ll
%2

FL
am

bd
a%

20
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ul
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A
s
m
en
tio

ne
d
in

th
e
la
m
bd

a
ca
lc
ul
us

7
ar
tic

le
,t

he
di
ffi
cu
lty

co
m
es

w
he
n

tr
yi
ng

to
pi
n

do
w
n

th
e
no

tio
n

of
a
fr
ee

oc
cu

rr
en

ce
of

an
id
en
tifi

er
.

T
he

co
m
bi
na

to
r
ca
lc
ul
us

wa
s
in
ve
nt
ed

by
th
e
A
m
er
ic
an

m
at
he

m
at
ic
ia
n

H
as
ke
ll
C
ur
ry

(a
ft
er

w
ho

m
a
ce
rt
ai
n
pr
og
ra
m
m
in
g
la
ng

ua
ge

is
na

m
ed
)

be
ca
us
e
of

th
es
e
di
ffi
cu

lti
es
.

T
he

re
ar
e
m
an

y
va
ria

nt
s
on

th
e
ba

sic
co
m
bi
na

to
r
ca
lc
ul
us
,b

ut
we

co
ns
id
er

on
e
of

th
e
sim

pl
es
t
he
re
.
W
e
st
ar
t

w
ith

tw
o
so
-c
al
le
d
co
m
bi
na

to
rs
:

•
K

ta
ke
s
tw

o
va
lu
es

an
d
re
tu
rn
s
th
e
fir
st
.
In

th
e
la
m
bd

a
ca
lc
ul
us
,

K
=
λ
x
y
.
x
.

•
S
ta
ke
s
a
bi
na

ry
fu
nc

tio
n,

a
un

ar
y
fu
nc

tio
n
an

d
a
va
lu
e,

an
d
ap

pl
ie
s

th
at

va
lu
e
an

d
th
e
va
lu
e
pa

ss
ed

in
to

th
e
un

ar
y
fu
nc
tio

n
to

th
e
bi
na

ry
fu
nc

tio
n.

ag
ai
n,

in
th
e
la
m
bd

a
ca
lc
ul
us
:

S
=
λ
x
y
z
.
x
z
(y
z
).

T
he

fir
st

fu
nc

tio
n
yo

u
sh
ou

ld
re
co
gn

ise
as

co
ns
t.

T
he

se
co
nd

is
m
or
e

co
m
pl
ic
at
ed

,
it

is
th
e
m
on

ad
ic

fu
nc

tio
n
ap

in
th
e
((
->
)
e)

m
on

ad
(w

hi
ch

is
es
se
nt
ia
lly

R
ea
de

r)
.
T
he

se
tw

o
co
m
bi
na

to
rs

fo
rm

a
co
m
pl
et
e

7
ht

tp
:/

/e
n.

wi
ki

bo
ok

s.
or

g/
wi

ki
/H

as
ke

ll
%2

FL
am

bd
a%

20
ca

lc
ul

us
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ba
sis

fo
r
th
e
en
tir

e
la
m
bd

a
ca
lc
ul
us
.
E
ve
ry

la
m
bd

a
ca
lc
ul
us

pr
og

ra
m

ca
n
be

w
rit

te
n
us
in
g
ju
st

th
es
e
tw

o
fu
nc

tio
ns
.
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Sa
m
pl
e
pr
oo

fs

57
.5

In
tu
it
io
ni
st
ic

vs
cl
as
si
ca
ll
og

ic

So
fa
r,
al
lo

ft
he

re
su
lts

w
e
ha

ve
pr
ov
ed

ar
e
th
eo
re
m
s
of

in
tu
iti
on

ist
ic

lo
gi
c.

Le
t's

se
e
w
ha

t
ha

pp
en
s
w
he
n
w
e
tr
y
to

pr
ov
e
th
e
ba

sic
th
eo
re
m

of
cl
as
sic

al
lo
gi
c,

No
t
No
t
A
->

A
.R

ec
al
lt
ha

t
th
is

tr
an

sla
te
s
as

((
A

->
Vo
id
)
->

Vo
id
)
->

A
.S

o,
gi
ve
n
a
fu
nc

tio
n
of

ty
pe

(A
->

Vo
id
)

->
Vo
id

w
e
ne
ed

a
fu
nc
tio

n
of

ty
pe

A
.N

ow
a
fu
nc
tio

n
of

ty
pe

(A
->

Vo
id
)
->

Vo
id

ex
ist

s
pr
ec
ise

ly
if
ty
pe

A
->

Vo
id

is
un

in
ha

bi
te
d,

or
in

ot
he
rw

or
ds

if
ty
pe

A
is
in
ha

bi
te
d.

So
we

ne
ed

a
fu
nc
tio

n
w
hi
ch

ta
ke
s

an
y
in
ha

bi
te
d
ty
pe

,
an

d
re
tu
rn
s
an

el
em

en
t
of

th
at

ty
pe

.
A
lth

ou
gh

it
is

sim
pl
e
en

ou
gh

to
do

th
is

on
a
co
m
pu

te
r
-
w
e
ne

ed
on

ly
fin

d
th
e



"s
im

pl
es
t"

or
"fi
rs
t"

in
ha

bi
ta
nt

of
ea
ch

ty
pe

-t
he
re

is
no

w
ay

to
do

th
is

us
in
g
st
an

da
rd

la
m
bd

a-
ca
lc
ul
us

or
co
m
bi
na

to
r
te
ch
ni
qu

es
.
So

w
e
se
e

th
at

th
is

re
su
lt

ca
nn

ot
be

pr
ov
ed

us
in
g
th
es
e
tw

o
te
ch
ni
qu

es
,a

nd
he
nc
e

th
at

th
e
un

de
rly

in
g
lo
gi
c
is

in
tu
iti
on

ist
ic

ra
th
er

th
an

cl
as
sic

al
.

In
st
ea
d,

co
ns
id
er

a
tr
ad

iti
on

al
er
ro
rh

an
dl
in
g
fu
nc
tio

n
w
hi
ch

ca
lls

th
ro
w

w
he

n
an

er
ro
r
oc
cu

rs
,t

ra
ns
fe
rr
in
g
co
m
pu

ta
tio

n
to

ca
tc
h.

T
he

th
ro
w

fu
nc
tio

n
ca
nc
el
s
an

y
re
tu
rn

va
lu
e
fr
om

th
e
or
ig
in
al

fu
nc
tio

n,
so

it
ha

s
ty
pe

A
->

Vo
id

,
w
he

re
A
is

th
e
ty
pe

of
its

ar
gu

m
en
ts
.

T
he

ca
tc
h

fu
nc

tio
n
th
en

ta
ke
s
th
e
th
ro
w
fu
nc

tio
n
as

its
ar
gu

m
en
t,

an
d,

if
th
e

th
ro
w
tr
ig
ge
rs

(i.
e.

re
tu
rn
s
a
Vo
id

)
w
ill

re
tu
rn

th
e
ar
gu

m
en
t
of

th
e

th
ro
w
fu
nc

tio
n.

So
th
e
ty
pe

of
ca
tc
h
is

((
A
->

Vo
id
)
->

Vo
id
)
->

A
.8

8
T
hi
s
ar
gu

m
en
t
is

ta
ke
n

fr
om

D
an

P
ip
on

i
.

A
dv

en
tu
re
s
in

C
la
ss
ic
al

La
nd

A
dv

en
tu
re
s
in

C
la
ss
ic
al

La
nd

.
T
he

M
on

ad
Re

ad
er

,



58
fix

an
d
re
cu

rs
io
n

T
he

fi
x
fu
nc
tio

n
is

a
pa

rt
ic
ul
ar
ly

we
ird

-lo
ok

in
g
fu
nc
tio

n
w
he
n
yo
u
fir
st

se
e
it.

H
ow

ev
er
,i
t
is
us
ef
ul

fo
r
on

e
m
ai
n
th
eo
re
tic

al
re
as
on

:
in
tr
od

uc
in
g

it
in
to

th
e
(t
yp

ed
)
la
m
bd

a
ca
lc
ul
us

as
a
pr
im

iti
ve

al
lo
w
s
yo
u
to

de
fin

e
re
cu

rs
iv
e
fu
nc

tio
ns
.
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tr
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uc
in
g

fi
x
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t's

ha
ve

th
e
de

fin
iti
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fi
x
be

fo
re

w
e
go

an
y
fu
rt
he

r:
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fi
x
::

(a
->

a)
->

a
fi

x
f
=

f
(f

ix
f)

T
hi
s
im

m
ed

ia
te
ly

se
em

s
qu

ite
m
ag

ic
al
.

Su
re
ly

fi
x
f
w
ill

yi
el
d

an
in
fin

ite
ap

pl
ic
at
io
n
st
re
am

of
fs
:
f
(f

(f
(.
..

))
)?

T
he

re
so
lu
tio

n
to

th
is

is
ou

r
go

od
fr
ie
nd

,l
az
y
ev
al
ua

tio
n.

E
ss
en
tia

lly
,t

hi
s
se
qu

en
ce

of
ap

pl
ic
at
io
ns

of
f
w
ill

co
nv

er
ge

to
a
va
lu
e
if
(a
nd

on
ly

if)
f
is

a
la
zy

fu
nc

tio
n.

Le
t's

se
e
so
m
e
ex
am

pl
es
:

E
xa

m
pl
e:

fi
x
ex
am

pl
es



Pr
el

ud
e>

:m
Co

nt
ro

l.
Mo
na

d.
Fi

x
Pr

el
ud

e
Co

nt
ro

l.
Mo

na
d.

Fi
x>

fi
x
(2

+)
**

*
Ex

ce
pt

io
n:

st
ac

k
ov

er
fl

ow
Pr

el
ud

e
Co

nt
ro

l.
Mo

na
d.

Fi
x>

fi
x
(c

on
st

"h
el

lo
")

"h
el

lo
"

Pr
el

ud
e
Co

nt
ro

l.
Mo

na
d.

Fi
x>

fi
x
(1

:)
[1

,1
,1

,1
,

1,
1,

1,
1,

1,
1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,

1,
1,
1,
1,
..
.

W
e
fir
st

im
po

rt
th
e
Co
nt
ro
l.
Mo
na
d.
Fi
x

m
od

ul
e
to

br
in
g
fi
x

in
to

sc
op

e
(t
hi
s
is

al
so

av
ai
la
bl
e
in

th
e
Da
ta
.F
un
ct
io
n)
.
T
he

n
w
e
tr
y
so
m
e

ex
am

pl
es
.
Si
nc

e
th
e
de

fin
iti
on

of
fi
x
is

so
sim

pl
e,

le
t's

ex
pa

nd
ou

r
ex
am

pl
es

to
ex
pl
ai
n
w
ha

t
ha

pp
en

s:

fi
x
(2

+)
=
2
+

(f
ix

(2
+)

)
=
2
+

(2
+
fi

x
(2

+)
)

=
4
+

(f
ix

(2
+)

)



=
4
+

(2
+
fi

x
(2

+)
)

=
6

+
fi

x
(2

+)
=
..

.

It
's
cl
ea
r
th
at

th
is

w
ill

ne
ve
r
co
nv

er
ge

to
an

y
va
lu
e.

Le
t's

ex
pa

nd
th
e

ne
xt

ex
am

pl
e:

fi
x
(c

on
st

"h
el

lo
")

=
co

ns
t
"h

el
lo

"
(f

ix
(c

on
st

"h
el

lo
")

)
=
"h

el
lo

"

T
hi
s
is

qu
ite

di
ffe

re
nt
:
w
e
ca
n
se
e
af
te
r
on

e
ex
pa

ns
io
n
of

th
e
de

fin
iti
on

of
fi
x
th
at

be
ca
us
e
co
ns
t
ig
no

re
s
its

se
co
nd

ar
gu

m
en
t,

th
e
ev
al
ua

tio
n

co
nc
lu
de
s.

T
he

ev
al
ua

tio
n
fo
r
th
e
la
st

ex
am

pl
e
is

a
lit
tle

di
ffe

re
nt
,b

ut
w
e
ca
n
pr
oc
ee
d
sim

ila
rly

:



fi
x
(1

:)
=
1
:

fi
x
(1

:)
=
1
:

(1
:
fi

x
(1

:)
)

=
1
:

(1
:
(1

:
fi

x
(1

:)
))

A
lth

ou
gh

th
is

sim
ila

rly
lo
ok

s
lik

e
it'
ll
ne

ve
r
co
nv

er
ge

to
a
va
lu
e,

ke
ep

in
m
in
d
th
at

w
he

n
yo
u
ty
pe

fi
x
(1
:)

in
to

G
H
C
i,

w
ha

t
it'
s
re
al
ly

do
in
g
is

ap
pl
yi
ng

sh
ow

to
th
at
.
So

w
e
sh
ou

ld
lo
ok

at
ho

w
sh
ow

(f
ix

(1
:)
)
ev
al
ua

te
s
(f
or

sim
pl
ic
ity

,w
e'
ll
pr
et
en

d
sh
ow

on
lis
ts

do
es
n'
t
pu

t
co
m
m
as

be
tw

ee
n
ite

m
s)
:

sh
ow

(f
ix

(1
:)

)
=
"[

"
++

ma
p

sh
ow

(f
ix

(1
:)

)
++

"]
"

=
"[

"
++

ma
p

sh
ow

(1
:
fi

x
(1

:)
)
++

"]
"

=
"[

"
++

"1
"

++
ma

p
sh

ow
(f

ix
(1

:)
)
++

"]
"

=
"[

"
++

"1
"

++
"1

"
++

ma
p
sh

ow
(f

ix
(1

:)
)
++

"]
"



So
al
th
ou

gh
th
e
ma
p
sh
ow

(f
ix

(1
:)
)

w
ill

ne
ve
r
te
rm

in
at
e,

it
do

es
pr
od

uc
eo

ut
pu

t:
G
H
C
ic
an

pr
in
tt

he
be

gi
nn

in
g
of

th
es

tr
in
g,
"[
"
++

"1
"

++
"1
",

an
d
co
nt
in
ue

to
pr
in
t
m
or
e
as

ma
p
sh
ow

(f
ix

(1
:)
)
pr
od

uc
es

m
or
e.

T
hi
s
is

la
zy

ev
al
ua

tio
n
at

w
or
k:

th
e
pr
in
tin

g
fu
nc

tio
n
do

es
n'
t

ne
ed

to
co
ns
um

e
its

en
tir

e
in
pu

ts
tr
in
g
be

fo
re

be
gi
nn

in
g
to

pr
in
t,
it
do

es
so

as
so
on

as
it

ca
n
st
ar
t.

E
xe
rc
is
es
:

W
ha

t,
if
an

yt
hi
ng

,w
ill

th
e
fo
llo

w
in
g
ex
pr
es
sio

ns
co
nv

er
ge

to
?

•
fi
x
("
he
ll
o"
++
)

•
fi
x
(\
x
->

cy
cl
e
(1
:x
))

•
fi
x
re
ve
rs
e

•
fi
x
id

•
fi
x
(\
x
->

ta
ke

2
$
cy
cl
e
(1
:x
))
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fi
x
an

d
fix

ed
po

in
ts

A
fix

ed
po
in
t
of

a
fu
nc

tio
n
f
is

a
va
lu
e
a
su
ch

th
at

f
a
==

a.
Fo

r
ex
am

pl
e,

0
is

a
fix

ed
po

in
t
of

th
e
fu
nc

tio
n
(*

3)
sin

ce
0
*
3
==

0.
T
hi
s
is

w
he

re
th
e
na

m
e
of

fi
x
co
m
es

fr
om

:
it

fin
ds

th
e
lea

st
-d
efi

ne
d

fix
ed

po
in
to

fa
fu
nc
tio

n.
(W

e'
ll
co
m
e
to

w
ha

t
"le

as
t
de
fin

ed
"m

ea
ns

in
a

m
in
ut
e.
)
N
ot
ic
e
th
at

fo
r
bo

th
of

ou
r
ex
am

pl
es

ab
ov
e
th
at

co
nv

er
ge
,t
hi
s

is
re
ad

ily
se
en

:

co
ns

t
"h

el
lo

"
"h

el
lo

"
->

"h
el

lo
"

(1
:)

[1
,1

,.
.]

->
[1

,1
,.

..
]

A
nd

sin
ce

th
er
e'
s
no

nu
m
be

r
x
su
ch

th
at

2+
x
==

x,
it

al
so

m
ak
es

se
ns
e

th
at

fi
x
(2
+)

di
ve
rg
es
.



E
xe
rc
is
es
:

Fo
r
ea
ch

of
th
e
fu
nc

tio
ns

f
in

th
e
ab

ov
e
ex
er
ci
se
s
fo
r
w
hi
ch

yo
u

de
ci
de

d
th
at

fi
x
f
co
nv

er
ge
s,

ve
rif
y
th
at

fi
x
f
fin

ds
a
fix

ed
po

in
t.

In
fa
ct
,i
t's

ob
vi
ou

s
fro

m
th
e
de
fin

iti
on

of
fi
x
th
at

it
fin

ds
a
fix

ed
po

in
t.

A
ll
w
e
ne

ed
to

do
is

w
rit

e
th
e
eq
ua

tio
n
fo
r
fi
x
th
e
ot
he

r
w
ay

ar
ou

nd
:

f
(f

ix
f)

=
fi

x
f

W
hi
ch

is
pr
ec
ise

ly
th
e
de
fin

iti
on

of
a
fix

ed
po

in
t!

So
it
se
em

s
th
at

fi
x

sh
ou

ld
al
w
ay
s
fin

d
a
fix

ed
po

in
t.

B
ut

so
m
et
im

es
fi
x
se
em

s
to

fa
il
at

th
is,

as
so
m
et
im

es
it

di
ve
rg
es
.
W
e
ca
n
re
pa

ir
th
is

pr
op

er
ty
,h

ow
ev
er
,i
f

w
e
br
in
g
in

so
m
e
de

no
ta
tio

na
ls

em
an

tic
s1
.
Ev

er
y
H
as
ke
ll
ty
pe

ac
tu
al
ly

in
cl
ud

e
a
sp
ec
ia
lv

al
ue

ca
lle
d
bo

tt
om

,w
rit

te
n
⊥⊥⊥
.
So

th
e
va
lu
es

w
ith

ty
pe

,
fo
r
ex
am

pl
e,

In
t
in
cl
ud

e,
in

fa
ct
,⊥⊥⊥

as
w
el
la

s
1,

2,
3
et
c.
.
D
iv
er
ge
nt

1
C
ha

pt
er

55
on

pa
ge

93
9



co
m
pu

ta
tio

ns
ar
e
de

no
te
d
by

a
va
lu
e
of
⊥⊥⊥
,i
.e
.,
w
e
ha

ve
th
at

fi
x
(2
+)

=
⊥⊥⊥
.

T
he

sp
ec
ia
lv

al
ue

un
de
fi
ne
d
is

al
so

de
no

te
d
by

th
is
⊥⊥⊥
.
N
ow

w
e
ca
n

un
de

rs
ta
nd

ho
w

fi
x
fin

ds
fix

ed
po

in
ts

of
fu
nc

tio
ns

lik
e
(2
+)

:

E
xa

m
pl
e:

Fi
xe
d
po

in
ts

of
(2
+)

Pr
el

ud
e>

(2
+)

un
de

fi
ne

d
**

*
Ex

ce
pt

io
n:

Pr
el

ud
e.
un

de
fi

ne
d

So
fe
ed

in
g
un
de
fi
ne
d
(i.
e.
,⊥⊥⊥

)
to

(2
+)

gi
ve
s
us

un
de
fi
ne
d
ba

ck
.
So

⊥⊥⊥

is
a
fix

ed
po

in
t
of

(2
+)

!

In
th
e
ca
se

of
(2
+)

,i
t
is

th
e
on

ly
fix

ed
po

in
t.

H
ow

ev
er
,t

he
re

ar
e
ot
he

r
fu
nc
tio

ns
f
w
ith

se
ve
ra
lfi

xe
d
po

in
ts

fo
r
w
hi
ch

fi
x
f
st
ill

di
ve
rg
es
:
fi
x

(*
3)

di
ve
rg
es
,b

ut
w
e
re
m
ar
ke
d
ab

ov
e
th
at

0
is

a
fix

ed
po

in
t
of

th
at



fu
nc

tio
n.

T
hi
s
is

w
he

re
th
e
"le

as
t-
de

fin
ed

"
cl
au

se
co
m
es

in
.
T
yp

es
in

H
as
ke
ll
ha

ve
a

pa
rt
ia
lo

rd
er

2
on

th
em

ca
lle

d
de
fin

ed
ne

ss
.
In

an
y
ty
pe

,
⊥⊥⊥

is
th
e
le
as
t-
de

fin
ed

va
lu
e
(h
en

ce
th
e
na

m
e
"b
ot
to
m
")
.
Fo

r
sim

pl
e

ty
pe

s
lik

e
In
t,

th
e
on

ly
pa

irs
in

th
e
pa

rt
ia
lo

rd
er

ar
e
⊥⊥⊥
≤≤≤

1,
⊥⊥⊥
≤≤≤

2
an

d
so

on
.
W
e
do

no
th

av
e
m
≤≤≤

n
fo
ra

ny
no

n-
bo

tt
om

In
ts

m,
n.

Si
m
ila

r
co
m
m
en
ts

ap
pl
y
to

ot
he

r
sim

pl
e
ty
pe

s
lik

e
Bo
ol

an
d
()

.
Fo

r
"la

ye
re
d"

va
lu
es

su
ch

as
lis
ts

or
Ma
yb
e,

th
e
pi
ct
ur
e
is

m
or
e
co
m
pl
ic
at
ed
,a

nd
w
e

re
fe
r
to

th
e
ch
ap

te
r
on

de
no

ta
tio

na
ls

em
an

tic
s3
.

So
sin

ce
⊥⊥⊥

is
th
e
le
as
t-
de

fin
ed

va
lu
e
fo
r
al
l
ty
pe

s
an

d
fi
x
fin

ds
th
e

le
as
t-
de

fin
ed

fix
ed

po
in
t,

if
f
⊥⊥⊥

=
⊥⊥⊥
,
w
e
w
ill

ha
ve

fi
x
f
=
⊥⊥⊥

(a
nd

th
e
co
nv

er
se

is
al
so

tr
ue

).
If

yo
u'
ve

re
ad

th
e
de

no
ta
tio

na
ls

em
an

tic
s

ar
tic

le
,y

ou
w
ill

re
co
gn

ise
th
is

as
th
e
cr
ite

rio
n
fo
r
a
st
ri
ct

fu
nc

tio
n:

fi
x

f
di
ve
rg
es

if
an

d
on

ly
if
f
is

st
ric

t.

2
ht

tp
:/

/e
n.

wi
ki

pe
di

a.
or

g/
wi

ki
/P

ar
ti

al
_o

rd
er

3
C
ha

pt
er

55
on

pa
ge

93
9

http://en.wikipedia.org/wiki/Partial_order
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R
ec
ur
si
on

If
yo
u'
ve

co
m
ea

cr
os
se

xa
m
pl
es

of
fi
x
on

th
ei
nt
er
ne
t,
or

on
th
e
#
ha

sk
el
l

IR
C

ch
an

ne
l4
,t

he
ch
an

ce
s
ar
e
th
at

yo
u'
ve

se
en

ex
am

pl
es

in
vo
lv
in
g
fi
x

an
d
re
cu

rs
io
n.

H
er
e'
s
a
cl
as
sic

ex
am

pl
e:

E
xa

m
pl
e:

En
co
di
ng

re
cu

rs
io
n
w
ith

fi
x

Pr
el

ud
e>

le
t
fa

ct
n
=
if

n
==

0
th

en
1
el

se
n

*
fa

ct
(n

-1
)
in

fa
ct

5
12

0
Pr

el
ud

e>
fi

x
(\

re
c
n
->

if
n
==

0
th

en
1
el

se
n

*
re

c
(n

-1
))

5
12

0

H
er
e
w
e
ha

ve
us
ed

fi
x
to

"e
nc

od
e"

th
e
fa
ct
or
ia
lf
un

ct
io
n:

no
te

th
at

(if
w
e
re
ga

rd
fi
x
as

a
la
ng

ua
ge

pr
im

iti
ve
)
ou

r
se
co
nd

de
fin

iti
on

of
fa
ct

4
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/h
as

ke
ll

wi
ki

/I
RC

_c
ha

nn
el

http://www.haskell.org/haskellwiki/IRC_channel


do
es
n'
t
in
vo
lv
e
re
cu

rs
io
n
at

al
l.

In
a
la
ng

ua
ge

lik
e
th
e
ty
pe

d
la
m
bd

a
ca
lc
ul
us

th
at

do
es
n'
tf

ea
tu
re

re
cu
rs
io
n,

we
ca
n
in
tr
od

uc
e
fi
x
in

to
w
rit

e
re
cu

rs
iv
e
fu
nc

tio
ns

in
th
is

w
ay
.
H
er
e
ar
e
so
m
e
m
or
e
ex
am

pl
es
:

E
xa

m
pl
e:

M
or
e
fi
x
ex
am

pl
es

Pr
el

ud
e>

fi
x
(\

re
c
f
l
->

if
nu

ll
l
th

en
[]

el
se

f
(h

ea
d
l)

:
re
c
f

(t
ai

l
l)

)
(+

1)
[1

..
3]

[2
,3

,4
]

Pr
el

ud
e>

ma
p
(f

ix
(\

re
c
n
->

if
n
==

1
||

n
==

2
th

en
1
el

se
re
c

(n
-1

)
+
re

c
(n

-2
))

)
[1

..
10

]
[1

,1
,2

,3
,5

,8
,1

3,
21

,3
4,

55
]

So
ho

w
do

es
th
is

w
or
k?

Le
t's

fir
st

ap
pr
oa

ch
it

fr
om

a
de

no
ta
tio

na
l

po
in
t
of

vi
ew

w
ith

ou
r
fa
ct

fu
nc

tio
n.

Fo
r
br
ev
ity

le
t's

de
fin

e:



fa
ct
'
re

c
n
=

if
n
==

0
th

en
1
el

se
n
*
re

c
(n

-1
)

So
th
at

w
e'
re

co
m
pu

tin
g
fi
x
fa
ct

'
5.

fi
x
w
ill

fin
d
a
fix

ed
po

in
t
of

fa
ct

',
i.e

.
th
e
fu
nc

tio
n
f
su
ch

th
at

f
==

fa
ct

'
f.

B
ut

le
t's

ex
pa

nd
w
ha

t
th
is

m
ea
ns
:

f
=
fa

ct
'
f

=
\n

->
if

n
==

0
th

en
1
el

se
n

*
f
(n

-1
)

A
ll
we

di
d
wa

s
su
bs
tit

ut
e
re
c
fo
r
f
in

th
e
de

fin
iti
on

of
fa
ct

'.
B
ut

th
is

lo
ok

s
ex
ac
tly

lik
e
a
re
cu
rs
iv
e
de
fin

iti
on

of
a
fa
ct
or
ia
lf
un

ct
io
n!

fi
x
fe
ed
s

fa
ct

'
its

el
fa

s
its

fir
st

pa
ra
m
et
er

in
or
de
r
to

cr
ea
te

a
re
cu
rs
iv
e
fu
nc
tio

n
ou

t
of

a
hi
gh

er
-o
rd
er

fu
nc

tio
n.

W
e
ca
n
al
so

co
ns
id
er

th
in
gs

fr
om

a
m
or
e
op

er
at
io
na

l
po

in
t
of

vi
ew

.
Le

t's
ac
tu
al
ly

ex
pa

nd
th
e
de

fin
iti
on

of
fi
x
fa
ct

':



fi
x
fa

ct
'

=
fa

ct
'
(f

ix
fa

ct
')

=
(\

re
c
n
->

if
n
==

0
th

en
1

el
se

n
*
re

c
(n

-1
))

(f
ix

fa
ct
')

=
\n

->
if

n
==

0
th

en
1

el
se

n
*
fi

x
fa

ct
'
(n

-1
)

=
\n

->
if

n
==

0
th

en
1

el
se

n
*
fa

ct
'
(f

ix
fa

ct
')

(n
-1

)
=
\n

->
if

n
==

0
th

en
1

el
se

n
*

(\
re

c
n'

->
if

n'
==

0
th

en
1

el
se

n'
*
re

c
(n

'-
1)
)

(f
ix

fa
ct
')

(n
-1

)
=
\n

->
if

n
==

0
th

en
1

el
se

n
*

(i
f

n-
1
==

0
th

en
1
el

se
(n

-1
)
*

fi
x

fa
ct
'
(n
-2
))

=
\n

->
if

n
==

0
th

en
1

el
se

n
*

(i
f

n-
1
==

0
th

en
1

el
se

(n
-1

)
*
(i

f
n-

2
==

0
th

en
1

el
se

(n
-2

)
*
fi

x
fa

ct
'
(n

-3
))
)

=
..

.

N
ot
ic
e
th
at

th
e
us
e
of

fi
x
al
lo
w
s
us

to
ke
ep

"u
nr
av
el
lin

g"
th
e
de
fin

iti
on

of
fa
ct

':
ev
er
y
tim

e
we

hi
tt

he
el
se

cl
au

se
,w

e
pr
od

uc
ta

no
th
er

co
py

of
fa
ct

'
vi
a
th
e
ev
al
ua

tio
n
ru
le
fi
x
fa
ct

'
=
fa
ct

'
(f
ix

fa
ct

')
,w

hi
ch

fu
nc
tio

ns
as

th
e
ne
xt

ca
ll
in

th
e
re
cu
rs
io
n
ch
ai
n.

Ev
en
tu
al
ly

w
e
hi
t
th
e

th
en

cl
au

se
an

d
bo

tt
om

ou
t
of

th
is

ch
ai
n.



E
xe
rc
is
es
:

1.
E
xp

an
d
th
e
ot
he

r
tw

o
ex
am

pl
es

w
e
ga
ve

ab
ov
e
in

th
is

se
ns
e.

Yo
u
m
ay

ne
ed

a
lo
t
of

pa
pe

r
fo
r
th
e
Fi
bo

na
cc
ie

xa
m
pl
e!

2.
W
rit

e
no

n-
re
cu

rs
iv
e
ve
rs
io
ns

of
fi
lt
er

an
d
fo
ld
r.
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T
he

ty
pe

d
la
m
bd

a
ca
lc
ul
us

In
th
is

se
ct
io
n

w
e'
ll

ex
pa

nd
up

on
a

po
in
t
m
en
tio

ne
d

a
fe
w

tim
es

in
th
e
pr
ev
io
us

se
ct
io
n:

ho
w

fi
x
al
lo
w
s
us

to
en

co
de

re
cu

rs
io
n

in
th
e

ty
pe

d
la
m
bd

a
ca
lc
ul
us
.

It
pr
es
um

es
yo

u'
ve
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n-
ma

tc
hi

ng
--

ag
ai

ns
t
it

.
le

t
(x

,
y)

=
un

de
fi

ne
d
in

x
--

Er
ro

r,
be

ca
us

e
we

fo
rc

e
un

de
fi
ne
d.

le
t
(x

,
y)

=
id

un
de

fi
ne

d
in

x
--

Er
ro

r,
be

ca
us

e
we

fo
rc

e
un
de
fi
ne
d.

id
do

es
n'
t
"s
to
p"

th
e
fo
rc
in
g,

so
it
is

st
ric

t.
C
on

tr
as
t
th
is
to

a
cl
ea
rly

la
zy

fu
nc

tio
n,

co
ns
t
(3
,
4)

:



le
t
(x

,
y)

=
un

de
fi

ne
d
in

x
--

Er
ro

r,
be

ca
us

e
we

fo
rc

e
un

de
fi
ne
d.

le
t
(x

,
y)

=
co

ns
t

(3
,
4)

un
de

fi
ne
d

--
No

er
ro

r,
be

ca
us

e
co
ns
t
(3
,

4)
is

la
zy

.
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T
he

de
no

ta
ti
on

al
vi
ew

on
th
in
gs

If
yo

u'
re

fa
m
ili
ar

w
ith

de
no

ta
tio

na
l
se
m
an

tic
s
(p
er
ha

ps
yo

u'
ve

re
ad

th
e
w
ik
ib
oo

k
ch
ap

te
r1

on
it?

),
th
en

th
e
st
ric

tn
es
s
of

a
fu
nc
tio

n
ca
n
be

su
m
m
ed

up
ve
ry

su
cc
in
ct
ly
:

f⊥⊥⊥
=
⊥⊥⊥
⇔⇔⇔

fi
s
st
ric

t

A
ss
um

in
g
th
at

yo
u
sa
y
th
at

ev
er
yt
hi
ng

w
ith

ty
pe

fo
ra
ll

a.
a,

in
cl
ud

-
in
g
un
de
fi
ne
d,

er
ro
r
"a
ny

st
ri
ng
",

th
ro
w
an

d
so

on
,h

as
de
no

ta
tio

n
⊥
.

1
C
ha

pt
er

55
on

pa
ge

93
9
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La
zy

pa
tt
er
n
m
at
ch
in
g

Yo
u

m
ig
ht

ha
ve

se
en

pa
tt
er
n

m
at
ch
es

lik
e
th
e
fo
llo

w
in
g
in

H
as
ke
ll

so
ur
ce
s.

E
xa

m
pl
e:

A
la
zy

pa
tt
er
n
m
at
ch

--
Fr

om
Co

nt
ro

l.
Ar

ro
w

(*
**

)
f
g
˜(

x,
y)

=
(f

x,
g
y)

T
he

qu
es
tio

n
is:

w
ha

t
do

es
th
e
til
de

sig
n
(˜
)
m
ea
n
in

th
e
ab

ov
e
pa

tt
er
n

m
at
ch
?
˜
m
ak

es
a
la
zy

pa
tte

rn
or

ir
re
fu
ta
bl
e
pa
tte

rn
.
N
or
m
al
ly
,i
fy

ou
pa

tt
er
n
m
at
ch

us
in
g
a
co
ns
tr
uc

to
r
as

pa
rt

of
th
e
pa

tt
er
n,

yo
u
ha

ve
to

ev
al
ua

te
an

y
ar
gu

m
en
t
pa

ss
ed

in
to

th
at

fu
nc

tio
n
to

m
ak
e
su
re

it
m
at
ch
es

th
e
pa

tt
er
n.

Fo
r
ex
am

pl
e,

if
yo
u
ha

d
a
fu
nc

tio
n
lik

e
th
e
ab

ov
e,

th
e
th
ird

ar
gu

m
en
t
w
ou

ld
be

ev
al
ua

te
d
w
he

n
yo

u
ca
ll
th
e
fu
nc

tio
n
to



m
ak

e
su
re

th
e
va
lu
e
m
at
ch
es

th
e
pa

tt
er
n.

(N
ot
e
th
at

th
e
fir
st

an
d

se
co
nd

ar
gu

m
en
ts

w
on
't

be
ev
al
ua

te
d,

be
ca
us
e
th
e
pa

tt
er
ns

f
an

d
g

m
at
ch

an
yt
hi
ng

.
A
lso

it'
sw

or
th

no
tin

g
th
at

th
e
co
m
po
ne

nt
s
of

th
e
tu
pl
e

w
on
't
be

ev
al
ua

te
d:

ju
st

th
e
'to

p
le
ve
l'.

Tr
y
le
t
f
(J
us
t
x)

=
1
in

f
(J
us
t
un
de
fi
ne
d)

to
se
e
th
e
th
is.
)

H
ow

ev
er
,p

re
pe

nd
in
g
a
pa

tt
er
n
w
ith

a
til
de

sig
n
de

la
ys

th
e
ev
al
ua

tio
n

of
th
e
va
lu
e
un

til
th
e
co
m
po

ne
nt

pa
rt
s
ar
e
ac
tu
al
ly

us
ed
.
B
ut

yo
u
ru
n

th
e
ris

k
th
at

th
e
va
lu
e
m
ig
ht

no
t
m
at
ch

th
e
pa

tt
er
n
—

yo
u'
re

te
lli
ng

th
e
co
m
pi
le
r
'T
ru
st

m
e,

Ik
no

w
it'
ll
wo

rk
ou

t'.
(I
fi
t
tu
rn
s
ou

t
it
do

es
n'
t

m
at
ch

th
e
pa

tt
er
n,

yo
u
ge
ta

ru
nt
im

e
er
ro
r.)

To
ill
us
tr
at
e
th
e
di
ffe

re
nc
e:

E
xa

m
pl
e:

H
ow

˜
m
ak
es

a
di
ffe

re
nc

e

Pr
el

ud
e>

le
t
f
(x

,y
)
=
1

Pr
el

ud
e>

f
un

de
fi

ne
d

**
*
Ex

ce
pt

io
n:

Pr
el

ud
e.
un

de
fi

ne
d



Pr
el

ud
e>

le
t
f
˜(

x,
y)

=
1

Pr
el

ud
e>

f
un

de
fi

ne
d

1

In
th
e
fir
st

ex
am

pl
e,

th
e
va
lu
e
is

ev
al
ua

te
d
be

ca
us
e
it

ha
s
to

m
at
ch

th
e

tu
pl
e
pa

tt
er
n.

Yo
u
ev
al
ua

te
un

de
fin

ed
an

d
ge
t
un

de
fin

ed
,w

hi
ch

st
op

s
th
e
pr
oc
ee
di
ng

s.
In

th
e
la
tt
er

ex
am

pl
e,

yo
u
do

n'
t
bo

th
er

ev
al
ua

tin
g
th
e

pa
ra
m
et
er

un
til

it'
s
ne

ed
ed

,w
hi
ch

tu
rn
s
ou

t
to

be
ne

ve
r,
so

it
do

es
n'
t

m
at
te
r
yo

u
pa

ss
ed

it
un
de
fi
ne
d.

To
br
in
g
th
e
di
sc
us
sio

n
ar
ou

nd
in

a
ci
rc
le

ba
ck

to
(*
**
):

E
xa

m
pl
e:

H
ow

˜
m
ak
es

a
di
ffe

re
nc

e
w
ith

(*
**
))

Pr
el

ud
e>

(c
on

st
1
**

*
co

ns
t
2)

un
de

fi
ne

d



(1
,2

)

If
th
e
pa

tt
er
n
w
er
en
't
irr

ef
ut
ab

le
,t

he
ex
am

pl
e
w
ou

ld
ha

ve
fa
ile
d.
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W
he

n
do

es
it
m
ak
e
se
ns
e
to

us
e
la
zy

pa
tt
er
ns
?

Es
se
nt
ia
lly
,w

he
n
yo
u
on

ly
ha

ve
th
e
sin

gl
e
co
ns
tr
uc

to
r
fo
r
th
e
ty
pe

,e
.g
.

tu
pl
es
.
M
ul
tip

le
eq
ua

tio
ns

w
on
't
w
or
k
ni
ce
ly

w
ith

irr
ef
ut
ab

le
pa

tt
er
ns
.

To
se
e
th
is,

le
t's

ex
am

in
e
w
ha

t
w
ou

ld
ha

pp
en

w
er
e
w
e
to

m
ak

e
he
ad

ha
ve

an
irr

ef
ut
ab

le
pa

tt
er
n:

E
xa

m
pl
e:

La
zi
er

he
ad

he
ad
'
::

[a
]
->

a
he

ad
'
˜[

]
=
un

de
fi

ne
d



he
ad
'
˜(

x:
xs

)
=
x

T
he

fa
ct

w
e'
re

us
in
g
on

e
of

th
es
e
pa

tt
er
ns

te
lls

us
no

t
to

ev
al
ua

te
ev
en

th
et

op
le
ve
lo

ft
he

ar
gu

m
en
tu

nt
il
ab

so
lu
te
ly

ne
ce
ss
ar
y,
so

we
do

n'
tk

no
w

w
he

th
er

it'
s
an

em
pt
y
lis
t
or

a
co
ns

ce
ll.

A
s
w
e'
re

us
in
g
an

ir
re
fu
ta
bl
e

pa
tt
er
n
fo
r
th
e
fir
st

eq
ua

tio
n,

th
is

w
ill

m
at
ch
,
an

d
th
e
fu
nc

tio
n
w
ill

al
w
ay
s
re
tu
rn

un
de

fin
ed

.

E
xe
rc
is
es
:

•
W

hy
w
on
't

ch
an

gi
ng

th
e
or
de

r
of

th
e
eq
ua

tio
ns

to
he
ad

'
he

lp
he

re
?

•
If
th
efi

rs
te

qu
at
io
n
is
ch
an

ge
d
to

us
ea

n
or
di
na

ry
re
fu
ta
bl
ep

at
te
rn
,

w
ill

th
e
be

ha
vi
or

of
he
ad

'
st
ill

be
di
ffe

re
nt

fro
m

th
at

of
he
ad

?
If

so
,h

ow
?



•
M
or
e
to

co
m
e.
..
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B
en

efi
ts

of
no

ns
tr
ic
t
se
m
an

ti
cs

W
e'
ve

be
en

ex
pl
ai
ni
ng

la
zy

ev
al
ua

tio
n
so

fa
r,

ho
w

no
ns
tr
ic
t
se
m
an

tic
s

ar
e
ac
tu
al
ly

im
pl
em

en
te
d
in

te
rm

s
of

th
un

ks
.
B
ut

w
hy

is
H
as
ke
ll
a

no
ns
tr
ic
t
la
ng

ua
ge

in
th
e
fir
st

pl
ac
e?

W
ha

t
ad

va
nt
ag

es
ar
e
th
er
e?

In
th
is

se
ct
io
n,

w
e
gi
ve

so
m
e
of

th
e
be

ne
fit
s
of

no
ns
tr
ic
tn
es
s.
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Se
pa

ra
ti
on

of
co
nc
er
ns

w
it
ho

ut
ti
m
e
pe

na
lit
y

La
zy

ev
al
ua

tio
n
en

co
ur
ag

es
a
ki
nd

of
"w

ha
t
yo
u
se
e
is

w
ha

t
yo

u
ge
t"

m
en
ta
lit
y
w
he
n
it
co
m
es

to
co
di
ng

.
Fo

re
xa

m
pl
e,

le
t's

sa
y
yo
u
wa

nt
ed

to
fin

d
th
e
lo
w
es
t
th
re
e
nu

m
be

rs
in

a
lo
ng

lis
t.

In
H
as
ke
ll
th
is

is
ac
hi
ev
ed



ex
tr
em

el
y
na

tu
ra
lly

:
ta
ke

3
(s
or
t
xs
).

H
ow

ev
er

a
na

ïv
e
tr
an

sla
tio

n
of

th
at

co
de

in
a
st
ric

t
la
ng

ua
ge

w
ou

ld
be

a
ve
ry

ba
d
id
ea
!
It

w
ou

ld
in
vo
lv
e
co
m
pu

tin
g
th
e
en
tir

e
so
rt
ed

lis
t,
th
en

ch
op

pi
ng

off
al
lb

ut
th
e

fir
st

th
re
e
el
em

en
ts
.
H
ow

ev
er
,w

ith
la
zy

ev
al
ua

tio
n
w
e
st
op

on
ce

w
e'
ve

so
rt
ed

th
e
lis
t
up

to
th
e
th
ird

el
em

en
t,
so

th
is

na
tu
ra
ld

efi
ni
tio

n
tu
rn
s

ou
t
to

be
effi

ci
en
t,
to
o
(d
ep

en
di
ng

on
th
e
im

pl
em

en
ta
tio

n
of

so
rt
).

To
gi
ve

a
se
co
nd

ex
am

pl
e,

th
e
fu
nc

tio
n

is
In
fi
xO
f2

fr
om

D
at
a.
Li
st

al
lo
w
s
yo
u
to

se
e
if
on

e
st
rin

g
is
a
su
bs
tr
in
g
of

an
ot
he
r
st
rin

g.
It
's
ea
sil
y

de
fin

ab
le

as
:

is
In

fi
xO

f
::

Eq
a
=>

[a
]

->
[a

]
->

Bo
ol

is
In

fi
xO

f
x
y
=
an

y
(i
sP

re
fi

xO
f
x)

(t
ai

ls
y)

A
ga
in
,t
hi
s
w
ou

ld
be

su
ic
id
e
in

a
st
ric

t
la
ng

ua
ge

as
to

co
m
pu

te
al
lt
he

ta
ils

of
a
lis
t
w
ou

ld
be

ve
ry

tim
e-
co
ns
um

in
g.

H
ow

ev
er

he
re

w
e
on

ly

2
ht
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:/
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co
m
pu

te
as

m
an

y
as

is
ne
ce
ss
ar
y:

on
ce

we
'v
e
fo
un

d
on

e
th
at

x
is
a
pr
efi
x

of
we

ca
n
st
op

an
d
re
tu
rn

Tr
ue

on
ce

aw
ay
,"
sh
or
tc
ut
tin

g"
th
e
re
st

of
th
e

w
or
k.

In
fa
ct

th
er
e
is

a
fu
rt
he

r
ad

va
nt
ag

e:
w
e
ca
n
us
e
an

in
fin

ite
lis
t

fo
r
y.

So
,f
or

ex
am

pl
e,

fin
di
ng

ou
t
w
he

th
er

a
gi
ve
n
lis
t
is

a
se
qu

en
ce

of
co
ns
ec
ut
iv
e
na

tu
ra
ln

um
be

rs
is

ea
sy
:
is
In
fi
xO
f
xs

[1
..
].

FI
X
M
E:

th
is
do

es
n'
tw

or
k
be

ca
us
e
if
xs

is
N
O
T

a
se
qu

en
ce

of
co
ns
ec
ut
iv
e
na

tu
ra
l

nu
m
be

rs
,t

he
fu
nc

tio
n
isI

nfi
xO

fw
ill

ru
n
en

dl
es
sly

.
EN

D
FI

X
M
E

T
he

re
ar
e
m
an

y
m
or
e
ex
am

pl
es

al
on

g
th
es
e
lin

es
.3

So
w
e
ca
n
w
rit

e
co
de

th
at

lo
ok

s
an

d
fe
el
s
na

tu
ra
lb

ut
do

es
n'
t
ac
tu
al
ly

in
cu

r
an

y
tim

e
pe

na
lty

.
A
s
on

e
of

th
e
hi
gh

es
t
ai
m
s
of

pr
og

ra
m
m
in
g
is

to
w
rit

e
co
de

th
at

is
m
ai
nt
ai
na

bl
e
an

d
cl
ea
r,

th
is

is
a
bi
g
bo

nu
s!

H
ow

ev
er
,a

s
al
w
ay
s
in

C
om

pu
te
r
Sc

ie
nc

e
(a
nd

in
lif
e)
,a

tr
ad

eo
ff
ex
ist

s
(in

pa
rt
ic
ul
ar
,a

sp
ac
e-
tim

e
tr
ad

eo
ff)
.
U
sin

g
a
th
un

k
in
st
ea
d
of

a
pl
ai
n

3
In

ge
ne

ra
le

xp
re
ss
io
ns

lik
e

pr
un

e
.

ge
ne

ra
te

,w
he

re
ge

ne
ra

te
pr
od

uc
es

a
lis
t

of
ite

m
s
an

d
pr

un
e
cu

ts
th
em

do
w
n,

w
ill

be
m
uc
h
m
or
e
effi

ci
en
t
in

a
no

ns
tr
ic
t

la
ng

ua
ge
.



In
t,

fo
ra

tr
iv
ia
lc
al
cu
la
tio

n
lik

e
2+
2,

ca
n
be

a
wa

st
e.

Fo
rm

or
e
ex
am

pl
es
,

se
e
th
e
pa

ge
on

../
St
ric

tn
es
s4
.
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Im
pr
ov
ed

co
de

re
us
e

T
O
D
O
:i
nt
eg
ra
te

in
.

M
ay
be

th
e
ab
ov
e
T
O
D
O

ta
lk
s
ab
ou

t
th
e
ab
ov
e
se
ct
io
n,

do
es
n'
t
it?

O
ft
en

co
de

re
us
e
is

fa
r
be

tt
er
.

To
sh
ow

an
ex
am

pl
e,

w
e
ta
ke

ag
ai
n
(b
ut

in
m
or
e
de
ta
il)

is
In
fi
xO
f5

fr
om

D
at
a.
Li
st
.
Le

t's
lo
ok

at
th
e
fu
ll
de

fin
iti
on

4
C
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E
xa

m
pl
e:

La
zi
ne

ss
he

lp
s
co
de

re
us
e

--
Fr

om
th

e
Pr

el
ud

e
or

=
fo

ld
r
(|

|)
Fa

ls
e

an
y
p
=

or
.
ma

p
p

--
Fr

om
Da

ta
.L

is
t

is
Pr

ef
ix

Of
[]

_
=

Tr
ue

is
Pr

ef
ix

Of
_

[]
=

Fa
ls
e

is
Pr

ef
ix

Of
(x

:x
s)

(y
:y

s)
=
x
==

y
&&

is
Pr
ef

ix
Of

xs
ys

ta
il

s
[]

=
[[

]]
ta

il
s
xs

s@
(_

:x
s)

=
xs

s
:
ta

il
s
xs

--
Ou

r
fu

nc
ti

on
is

In
fi

xO
f
::

Eq
a
=>

[a
]

->
[a

]
->

Bo
ol

is
In

fi
xO

f
x
y
=
an

y
(i
sP

re
fi

xO
f
x)

(t
ai

ls
y)



W
he

re
an
y,

is
Pr
ef
ix
Of

an
d
ta
il
s
ar
e
th
e
fu
nc

tio
ns

ta
ke
n
fr
om

th
e

Da
ta
.L
is
t
lib

ra
ry
.
T
hi
s
fu
nc

tio
n
de

te
rm

in
es

if
its

fir
st

pa
ra
m
et
er
,x

oc
cu

rs
as

a
su
bs
eq
ue

nc
e
of

its
se
co
nd

,
y;

w
he

n
ap

pl
ie
d
on

St
ri
ng
's

(i.
e.

[C
ha
r]

),
it
ch
ec
ks

if
x
is

a
su
bs
tr
in
g
of

y.
R
ea
d
in

a
st
ric

t
w
ay
,i
t

fo
rm

s
th
e
lis
t
of

al
lt
he

ta
ils

of
y,

th
en

ch
ec
ks

th
em

al
lt
o
se
e
if
an

y
of

th
em

ha
ve

x
as

a
pr
efi
x.

In
a
st
ric

t
la
ng

ua
ge
,w

rit
in
g
th
is

fu
nc
tio

n
th
is

w
ay

(r
el
yi
ng

on
th
e
al
re
ad

y-
w
rit

te
n
pr
og

ra
m
s
an
y,

is
Pr
ef
ix
Of

,
an

d
ta
il
s)

w
ou

ld
be

sil
ly
,b

ec
au

se
it

w
ou

ld
be

fa
r
slo

w
er

th
an

it
ne

ed
ed

to
be

.
Yo

u'
d
en
d
up

do
in
g
di
re
ct

re
cu
rs
io
n
ag
ai
n,

or
in

an
im

pe
ra
tiv

e
la
ng

ua
ge
,a

co
up

le
of

ne
st
ed

lo
op

s.
Yo

u
m
ig
ht

be
ab

le
to

ge
t
so
m
e
us
e

ou
t
of

is
Pr
ef
ix
Of

,b
ut

yo
u
ce
rt
ai
nl
y
w
ou

ld
n'
t
us
e
ta
il
s.

Yo
u
m
ig
ht

be
ab

le
to

w
rit

e
a
us
ab

le
sh
or
tc
ut
tin

g
an
y,

bu
t
it

w
ou

ld
be

m
or
e
w
or
k,

sin
ce

yo
u
w
ou

ld
n'
t
w
an

t
to

us
e
fo
ld
r
to

do
it.

N
ow

,i
n
a
la
zy

la
ng

ua
ge
,a

ll
th
e
sh
or
tc
ut
tin

g
is

do
ne

fo
r
yo
u.

Yo
u
do

n'
t

en
d
up

re
w
rit

in
g
fo
ld
rt

o
sh
or
tc
ut

w
he
n
yo
u
fin

d
a
so
lu
tio

n,
or

re
w
rit

in
g

th
e
re
cu
rs
io
n
do

ne
in

ta
ils

so
th
at

it
w
ill

st
op

ea
rly

ag
ai
n.

Yo
u
ca
n
re
us
e

st
an

da
rd

lib
ra
ry

co
de

be
tt
er
.
La

zi
ne
ss

isn
't

ju
st

a
co
ns
ta
nt
-fa

ct
or

sp
ee
d



th
in
g,

it
m
ak
es

a
qu

al
ita

tiv
e
im

pa
ct

on
th
e
co
de

w
hi
ch

is
re
as
on

ab
le

to
w
rit

e.
In

fa
ct
,i
t's

co
m
m
on

pl
ac
e
to

de
fin

e
in
fin

ite
st
ru
ct
ur
es
,a

nd
th
en

on
ly

us
e
as

m
uc
h
as

is
ne

ed
ed

,r
at
he

r
th
an

ha
vi
ng

to
m
ix

up
th
e
lo
gi
c

of
co
ns
tr
uc
tin

g
th
e
da

ta
st
ru
ct
ur
e
w
ith

co
de

th
at

de
te
rm

in
es

w
he
th
er

an
y
pa

rt
is

ne
ed
ed
.
C
od

e
m
od

ul
ar
ity

is
in
cr
ea
se
d,

as
la
zi
ne
ss

gi
ve
s
yo
u

m
or
e
wa

ys
to

ch
op

up
yo
ur

co
de

in
to

sm
al
lp

ie
ce
s,

ea
ch

of
w
hi
ch

do
es

a
sim

pl
e
ta
sk

of
ge
ne

ra
tin

g,
fil
te
rin

g,
or

ot
he

rw
ise

m
an

ip
ul
at
in
g
da

ta
.

W
hy

Fu
nc

tio
na

l
P
ro
gr
am

m
in
g
M
at
te
rs

6
—

la
rg
el
y
fo
cu

se
s
on

ex
am

-
pl
es

w
he

re
la
zi
ne

ss
is

cr
uc

ia
l,
an

d
pr
ov

id
es

a
st
ro
ng

ar
gu

m
en
t
fo
r
la
zy

ev
al
ua

tio
n
be

in
g
th
e
de

fa
ul
t.

63
.5
.3

In
fin

it
e
da

ta
st
ru
ct
ur
es

Ex
am

pl
es
:

6
ht

tp
:/

/w
ww

.m
d.

ch
al

me
rs

.s
e/

~r
jm

h/
Pa

pe
rs

/w
hy

fp
.h

tm
l

http://www.md.chalmers.se/~rjmh/Papers/whyfp.html


fi
bs

=
1:
1:
zi
pW
it
h
(+
)
fi
bs

(t
ai
l
fi
bs
)

"r
oc
k-
sc
is
so
rs
-p
ap
er
"
ex
am
pl
e
fr
om

Bi
rd
&W
ad
le
r

pr
un
e
.
ge
ne
ra
te

In
fin

ite
da

ta
st
ru
ct
ur
es

us
ua

lly
tie

a
kn

ot
,t
oo
,b

ut
th
e
Sc

i-F
i-E

xp
la
na

tio
n

of
th
at

is
be
tte

r
le
ft
to

th
e
ne

xt
se
ct
io
n.

O
ne

co
ul
d
m
ov
e
th
e
ne

xt
se
ct
io
n

be
fo
re

th
is

on
e
bu
tI

th
in
k
th
at

in
fin

ite
da

ta
st
ru
ct
ur
es

ar
e
si
m
pl
er

th
an

ty
in
g
ge
ne

ra
lk

no
ts

63
.6

C
om

m
on

no
ns
tr
ic
t
id
io
m
s

63
.6
.1

T
yi
ng

th
e
kn

ot

M
or
e
pr
ac
tic

al
ex
am

pl
es
?



re
pM
in

Sc
i-F

i-E
xp
la
na

tio
n:

"Y
ou

ca
n
bo
rr
ow

th
in
gs

fro
m

th
e
fu
tu
re

as
lo
ng

as
yo
u
do

n'
t
tr
y
to

ch
an

ge
th
em

".
A
dv
an

ce
d:

th
e
"B

lu
ep
ri
nt
"-
te
ch
ni
qu
e.

Ex
am

pl
es
:
th
e
on

e
fro

m
th
e
ha

sk
el
lw
ik
i,
th
e
on

e
fro

m
th
e
m
ai
lin

g
lis
t.

A
t
fir
st

a
pu

re
fu
nc

tio
na

l
la
ng

ua
ge

se
em

s
to

ha
ve

a
pr
ob

le
m

w
ith

ci
rc
ul
ar

da
ta

st
ru
ct
ur
es
.
Su

pp
os
e
I
ha

ve
a
da

ta
ty
pe

lik
e
th
is:

da
ta

Fo
o
a
=
Fo

o
{v

al
ue

::
a,

ne
xt

::
Fo

o
a}

If
Iw

an
tt

o
cr
ea
te

tw
o
ob

je
ct
s"

x"
an

d
"y
"w

he
re

"x
"c

on
ta
in
sa

re
fe
re
nc
e

to
"y
"a

nd
"y
"c

on
ta
in
sa

re
fe
re
nc
e
to

"x
"t

he
n
in

a
co
nv

en
tio

na
ll
an

gu
ag
e

th
is

is
st
ra
ig
ht
fo
rw

ar
d:

cr
ea
te

th
e
ob

je
ct
s
an

d
th
en

se
t
th
e
re
le
va
nt

fie
ld
s
to

po
in
t
to

ea
ch

ot
he

r:



--
No

t
Ha

sk
el

l
co

de
x
:=

ne
w
Fo

o;
y
:=

ne
w
Fo

o;
x.

va
lu

e
:=

1;
x.

ne
xt

:=
y;

y.
va

lu
e
:=

2
y.

ne
xt

:=
x;

In
H
as
ke
ll

th
is

ki
nd

of
m
od

ifi
ca
tio

n
is

no
t
al
lo
w
ed

.
So

in
st
ea
d

w
e

de
pe

nd
on

la
zy

ev
al
ua

tio
n:

ci
rc

ul
ar

Fo
o
::

Fo
o
In

t
ci

rc
ul

ar
Fo

o
=
x

wh
er

e x
=
Fo

o
1
y

y
=
Fo

o
2
x



T
hi
s
de
pe

nd
s
on

th
e
fa
ct

th
at

th
e
"F
oo

"
co
ns
tr
uc
to
r
is

a
fu
nc
tio

n,
an

d
lik

e
m
os
t
fu
nc
tio

ns
it

ge
ts

ev
al
ua

te
d
la
zi
ly
.
O
nl
y
w
he
n
on

e
of

th
e
fie
ld
s

is
re
qu

ire
d
do

es
it
ge
t
ev
al
ua

te
d.

It
m
ay

he
lp

to
un

de
rs
ta
nd

w
ha

t
ha

pp
en
s
be

hi
nd

th
e
sc
en
es

he
re
.
W

he
n

a
la
zy

va
lu
e
is

cr
ea
te
d,

fo
r
ex
am

pl
e
by

a
ca
ll
to

"F
oo

",
th
e
co
m
pi
le
r

ge
ne

ra
te
s
an

in
te
rn
al

da
ta

st
ru
ct
ur
e
ca
lle

d
a
"t
hu

nk
"
co
nt
ai
ni
ng

th
e

fu
nc
tio

n
ca
ll
an

d
ar
gu

m
en
ts
.W

he
n
th
ev

al
ue

of
th
ef
un

ct
io
n
is
de
m
an

de
d

th
e
fu
nc

tio
n
is

ca
lle

d,
as

yo
u
w
ou

ld
ex
pe

ct
.
B
ut

th
en

th
e
th
un

k
da

ta
st
ru
ct
ur
e
is

re
pl
ac
ed

w
ith

th
e
re
tu
rn

va
lu
e.

T
hu

s
an

yt
hi
ng

el
se

th
at

re
fe
rs

to
th
at

va
lu
e
ge
ts

it
st
ra
ig
ht

aw
ay

w
ith

ou
t
th
e
ne

ed
to

ca
ll
th
e

fu
nc

tio
n.

(N
ot
e
th
at

th
e
H
as
ke
ll
la
ng

ua
ge

st
an

da
rd

m
ak

es
no

m
en
tio

n
of

th
un

ks
:

th
ey

ar
e
an

im
pl
em

en
ta
tio

n
m
ec
ha

ni
sm

.
Fr
om

th
e
m
at
he

m
at
ic
al

po
in
t

of
vi
ew

th
is

is
a
st
ra
ig
ht
fo
rw

ar
d
ex
am

pl
e
of

m
ut
ua

lr
ec
ur
sio

n)

So
w
he
n
I
ca
ll
"c
irc

ul
ar
Fo

o"
th
e
re
su
lt
"x
"
is

ac
tu
al
ly

a
th
un

k.
O
ne

of
th
e
ar
gu

m
en
ts

is
a
re
fe
re
nc
e
to

a
se
co
nd

th
un

k
re
pr
es
en
tin

g
"y
".

T
hi
s



in
tu
rn

ha
s
a
re
fe
re
nc

e
ba

ck
to

th
e
th
un

k
re
pr
es
en
tin

g
"x
".

If
I
th
en

us
e
th
e
va
lu
e
"n
ex
t
x"

th
is

fo
rc
es

th
e
"x
"
th
un

k
to

be
ev
al
ua

te
d
an

d
re
tu
rn
s
m
e
a
re
fe
re
nc
e
to

th
e
"y
"
th
un

k.
If

I
us
e
th
e
va
lu
e
"n
ex
t
$
ne
xt

x"
th
en

If
or
ce

th
e
ev
al
ua

tio
n
of

bo
th

th
un

ks
.
So

no
w

bo
th

th
un

ks
ha

ve
be

en
re
pl
ac
ed

w
ith

th
e
ac
tu
al

"F
oo

"
st
ru
ct
ur
es
,r

ef
er
rin

g
to

ea
ch

ot
he

r.
W

hi
ch

is
w
ha

t
w
e
w
an

te
d.

T
hi
s
is

m
os
t
of
te
n

ap
pl
ie
d

w
ith

co
ns
tr
uc

to
r
fu
nc

tio
ns
,
bu

t
it

isn
't

lim
ite

d
ju
st

to
co
ns
tr
uc

to
rs
.
Yo

u
ca
n
ju
st

as
re
ad

ily
w
rit

e:

x
=
f

y
y
=
g

x

T
he

sa
m
e
lo
gi
c
ap

pl
ie
s.



63
.6
.2

M
em

oi
za
ti
on

,S
ha

ri
ng

an
d
D
yn

am
ic

P
ro
gr
am

m
in
g

D
yn

am
ic

pr
og
ra
m
m
in
g
wi
th

im
m
ut
ab
le

ar
ra
ys
.
D
P

wi
th

ot
he
r
fin

ite
m
ap

s,
H
in
ze

's
pa
pe
r
"T

ro
ub
le

sh
ar
ed

is
Tr
ou

bl
e
ha

lv
ed
".

Le
t-
flo

at
in
g

\x
->

le
t
z
=
fo
o
x
in

\y
->

..
.

.

63
.7

C
on

cl
us
io
ns

ab
ou

t
la
zi
ne

ss

M
ov
e
co
nc

lu
si
on

s
to

th
e
in
tr
od
uc
tio

n?

•
C
an

m
ak

e
qu

al
ita

tiv
e
im

pr
ov
em

en
ts

to
pe

rf
or
m
an

ce
!

•
C
an

hu
rt

pe
rf
or
m
an

ce
in

so
m
e
ot
he

r
ca
se
s.

•
M
ak
es

co
de

sim
pl
er
.

•
M
ak
es

ha
rd

pr
ob

le
m
s
co
nc

ei
va
bl
e.

•
A
llo

w
s
fo
r
se
pa

ra
tio

n
of

co
nc

er
ns

w
ith

re
ga

rd
to

ge
ne

ra
tin

g
an

d
pr
oc
es
sin

g
da

ta
.



63
.8

R
ef
er
en

ce
s

•
La

zi
ne

ss
on

th
e
H
as
ke
ll
w
ik
i7

•
La

zy
ev
al
ua

tio
n
tu
to
ria

lo
n
th
e
H
as
ke
ll
w
ik
i8

7
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/h
as

ke
ll

wi
ki

/P
er

fo
rm

an
ce

/L
az

in
es

s
8

ht
tp

:/
/w

ww
.h

as
ke

ll
.o

rg
/h

as
ke

ll
wi

ki
/H

as
ke

ll
/L

az
y_

Ev
al

ua
ti

on

http://www.haskell.org/haskellwiki/Performance/Laziness
http://www.haskell.org/haskellwiki/Haskell/Lazy_Evaluation




64
St
ri
ct
ne

ss

64
.1

D
iff
er
en

ce
be

tw
ee
n
st
ri
ct

an
d
la
zy

ev
al
ua

ti
on

St
ric

t
ev
al
ua

tio
n,

or
ea
ge
r
ev
al
ua

tio
n,

is
an

ev
al
ua

tio
n
st
ra
te
gy

w
he
re

ex
pr
es
sio

ns
ar
e
ev
al
ua

te
d

as
so
on

as
th
ey

ar
e
bo

un
d

to
a
va
ria

bl
e.

Fo
r
ex
am

pl
e,

w
ith

st
ric

t
ev
al
ua

tio
n,

w
he

n
x
=
3
*
7
is

re
ad

,3
*
7
is

im
m
ed

ia
te
ly

co
m
pu

te
d
an

d
21

is
bo

un
d
to

x.
C
on

ve
rs
el
y,

w
ith

la
zy

ev
al
ua

tio
n1

va
lu
es

ar
e
on

ly
co
m
pu

te
d
w
he

n
th
ey

ar
e
ne

ed
ed

.
In

th
e

1
C
ha

pt
er

63
on

pa
ge

11
67

1205



ex
am

pl
e
x
=
3
*
7,

3
*
7
isn

't
ev
al
ua

te
d
un

til
it'
s
ne

ed
ed

,l
ik
e
if
yo

u
ne

ed
ed

to
ou

tp
ut

th
e
va
lu
e
of

x.

64
.2

W
hy

la
zi
ne

ss
ca
n
be

pr
ob

le
m
at
ic

La
zy

ev
al
ua

tio
n
of
te
n
in
vo
lv
es

ob
je
ct
s
ca
lle

d
th
un

ks
.

A
th
un

k
is

a
pl
ac
eh

ol
de

r
ob

je
ct
,
sp
ec
ify

in
g
no

t
th
e
da

ta
its

el
f,

bu
t
ra
th
er

ho
w

to
co
m
pu

te
th
at

da
ta
.
A
n
en
tit

y
ca
n
be

re
pl
ac
ed

w
ith

a
th
un

k
to

co
m
pu

te
th
at

en
tit

y.
W

he
n
an

en
tit

y
is

co
pi
ed

,
w
he

th
er

or
no

t
it

is
a
th
un

k
do

es
n'
t
m
at
te
r
-i
t's

co
pi
ed

as
is
(o
n
m
os
t
im

pl
em

en
ta
tio

ns
,a

po
in
te
r
to

th
e
da

ta
is

cr
ea
te
d)
.
W

he
n
an

en
tit

y
is

ev
al
ua

te
d,

it
is

fir
st

ch
ec
ke
d
if
it

is
th
un

k;
if
it'
s
a
th
un

k,
th
en

it
is
ex
ec
ut
ed
,o

th
er
w
ise

th
e
ac
tu
al

da
ta

is
re
tu
rn
ed
.
It

is
by

th
e
m
ag
ic

of
th
un

ks
th
at

la
zi
ne
ss

ca
n
be

im
pl
em

en
te
d.

G
en

er
al
ly
,i
n
th
e
im

pl
em

en
ta
tio

n
th
e
th
un

k
is

re
al
ly

ju
st

a
po

in
te
r
to

a
pi
ec
e
of

(u
su
al
ly

st
at
ic
)
co
de
,p

lu
s
an

ot
he
r
po

in
te
r
to

th
e
da

ta
th
e
co
de

sh
ou

ld
wo

rk
on

.
If

th
e
en
tit

y
co
m
pu

te
d
by

th
e
th
un

k
is

la
rg
er

th
an

th
e



po
in
te
r
to

th
e
co
de

an
d
th
e
as
so
ci
at
ed

da
ta
,t
he

n
a
th
un

k
w
in
s
ou

t
in

m
em

or
y
us
ag

e.
B
ut

if
th
e
en
tit

y
co
m
pu

te
d
by

th
e
th
un

k
is

sm
al
le
r,

th
e

th
un

k
en

ds
up

us
in
g
m
or
e
m
em

or
y.

A
s
an

ex
am

pl
e,

co
ns
id
er

an
in
fin

ite
le
ng

th
lis
t
ge
ne

ra
te
d

us
in
g
th
e

ex
pr
es
sio

n
it
er
at
e
(+

1)
0.

T
he

siz
e
of

th
e
lis
t
is

in
fin

ite
,b

ut
th
e

co
de

is
ju
st

an
ad

d
in
st
ru
ct
io
n,

an
d
th
e
tw

o
pi
ec
es

of
da

ta
,1

an
d
0,

ar
e
ju
st

tw
o
In
te
ge
rs
.
In

th
is

ca
se
,
th
e
th
un

k
re
pr
es
en
tin

g
th
at

lis
t

ta
ke
s
m
uc
h
le
ss

m
em

or
y
th
an

th
e
ac
tu
al

lis
t,

w
hi
ch

w
ou

ld
ta
ke

in
fin

ite
m
em

or
y.

H
ow

ev
er
,a

s
an

ot
he
r
ex
am

pl
e
co
ns
id
er

th
e
nu

m
be

r
ge
ne
ra
te
d
us
in
g
th
e

ex
pr
es
sio

n
4
*
13

+
2.

T
he

va
lu
e
of

th
at

nu
m
be

r
is

54
,b

ut
in

th
un

k
fo
rm

it
is

a
m
ul
tip

ly
,a

n
ad

d,
an

d
th
re
e
nu

m
be

rs
.
In

su
ch

a
ca
se
,t

he
th
un

k
lo
se
s
in

te
rm

s
of

m
em

or
y.

O
fte

n,
th
e
se
co
nd

ca
se

ab
ov
e
w
ill

co
ns
um

e
so

m
uc
h
m
em

or
y
th
at

it
w
ill

co
ns
um

e
th
e
en
tir

e
he

ap
an

d
fo
rc
e
th
e
ga

rb
ag

e
co
lle

ct
or
.
T
hi
s
ca
n
slo

w



do
w
n
th
e
ex
ec
ut
io
n
of

th
e
pr
og

ra
m

sig
ni
fic

an
tly

.
A
nd

th
at
,i
n
fa
ct
,i
s

th
e
m
ai
n
re
as
on

w
hy

la
zi
ne

ss
ca
n
be

pr
ob

le
m
at
ic
.

A
dd

iti
on

al
ly
,
if
th
e
re
su
lti
ng

va
lu
e
is

us
ed

,
no

co
m
pu

ta
tio

n
is

sa
ve
d;

in
st
ea
d,

a
sli
gh

to
ve
rh
ea
d
(o
fa

co
ns
ta
nt

fa
ct
or
)f
or

bu
ild

in
g
th
e
th
un

k
is

pa
id
.
H
ow

ev
er
,t

hi
s
ov
er
he

ad
is

no
t
so
m
et
hi
ng

th
e
pr
og

ra
m
m
er

sh
ou

ld
de
al

w
ith

m
os
t
of

th
e
tim

es
;m

or
e
im

po
rt
an

t
fa
ct
or
s
m
us
t
be

co
ns
id
er
ed

an
d
m
ay

gi
ve

a
m
uc
h
bi
gg

er
im

pr
ov
em

en
ts
;
ad

di
tio

na
lly

,
op

tim
iz
in
g

H
as
ke
ll
co
m
pi
le
rs

lik
e
G
H
C

ca
n
pe

rfo
rm

'st
ric

tn
es
sa

na
ly
sis
'a

nd
re
m
ov
e

th
at

sli
gh

t
ov
er
he

ad
.



64
.3

St
ri
ct
ne

ss
an

no
ta
ti
on

s

64
.4

se
q

64
.4
.1

D
ee
pS

eq

64
.5

R
ef
er
en

ce
s

•
St
ric

tn
es
s
on

th
e
H
as
ke
ll
w
ik
i2

2
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/h
as

ke
ll

wi
ki

/P
er

fo
rm

an
ce

/S
tr

ic
tn

es
s

http://www.haskell.org/haskellwiki/Performance/Strictness




65
A
lg
or
it
hm

co
m
pl
ex
it
y

C
om

pl
ex
ity

T
he
or
y
is

th
e
st
ud

y
of

ho
w

lo
ng

a
pr
og
ra
m

w
ill

ta
ke

to
ru
n,

de
pe

nd
in
g
on

th
e
siz

e
of

its
in
pu

t.
T
he

re
ar
e
m
an

y
go

od
in
tr
od

uc
to
ry

bo
ok

s
to

co
m
pl
ex
ity

th
eo
ry

an
d
th
e
ba

sic
s
ar
e
ex
pl
ai
ne

d
in

an
y
go

od
al
go

rit
hm

s
bo

ok
.
I'l
lk

ee
p
th
e
di
sc
us
sio

n
he

re
to

a
m
in
im

um
.

T
he

id
ea

is
to

sa
y
ho

w
w
el
la

pr
og

ra
m

sc
al
es

w
ith

m
or
e
da

ta
.
If

yo
u

ha
ve

a
pr
og

ra
m

th
at

ru
ns

qu
ic
kl
y
on

ve
ry

sm
al
la

m
ou

nt
s
of

da
ta

bu
t

ch
ok

es
on

hu
ge

am
ou

nt
s
of

da
ta
,i
t's

no
t
ve
ry

us
ef
ul

(u
nl
es
s
yo
u
kn

ow
yo
u'
ll
on

ly
be

wo
rk
in
g
w
ith

sm
al
la

m
ou

nt
s
of

da
ta
,o

fc
ou

rs
e)
.
C
on

sid
er

th
e
fo
llo

w
in
g
H
as
ke
ll
fu
nc

tio
n
to

re
tu
rn

th
e
su
m

of
th
e
el
em

en
ts

in
a

lis
t:

1211



su
m
[]

=
0

su
m
(x

:x
s)

=
x

+
su

m
xs

H
ow

lo
ng

do
es

it
ta
ke

th
is

fu
nc
tio

n
to

co
m
pl
et
e?

T
ha

t's
a
ve
ry

di
ffi
cu
lt

qu
es
tio

n;
it
w
ou

ld
de

pe
nd

on
al
ls

or
ts

of
th
in
gs
:
yo

ur
pr
oc
es
so
r
sp
ee
d,

yo
ur

am
ou

nt
of

m
em

or
y,

th
e
ex
ac
t
wa

y
in

w
hi
ch

th
e
ad

di
tio

n
is

ca
rr
ie
d

ou
t,

th
e
le
ng

th
of

th
e
lis
t,

ho
w

m
an

y
ot
he

r
pr
og

ra
m
s
ar
e
ru
nn

in
g
on

yo
ur

co
m
pu

te
r,
an

d
so

on
.
T
hi
s
is
fa
rt

oo
m
uc
h
to

de
al

w
ith

,s
o
we

ne
ed

to
in
ve
nt

a
sim

pl
er

m
od

el
.
T
he

m
od

el
w
e
us
e
is

so
rt

of
an

ar
bi
tr
ar
y

"m
ac
hi
ne

st
ep
."
So

th
e
qu

es
tio

n
is

"h
ow

m
an

y
m
ac
hi
ne

st
ep
s
w
ill

it
ta
ke

fo
r
th
is

pr
og

ra
m

to
co
m
pl
et
e?
"
In

th
is

ca
se
,
it

on
ly

de
pe

nd
s
on

th
e

le
ng

th
of

th
e
in
pu

t
lis
t.

If
th
e
in
pu

t
lis
t
is

of
le
ng

th
0,

th
e
fu
nc
tio

n
w
ill

ta
ke

ei
th
er

0
or

1
or

2
or

so
m
e
ve
ry

sm
al
ln

um
be

r
of

m
ac
hi
ne

st
ep
s,

de
pe

nd
in
g
ex
ac
tly

on
ho

w
yo
u
co
un

t
th
em

(p
er
ha

ps
1
st
ep

to
do

th
e
pa

tt
er
n
m
at
ch
in
g
an

d
1
m
or
e

to
re
tu
rn

th
e
va
lu
e

0)
.
W

ha
t
if
th
e
lis
t
is

of
le
ng

th
1?

W
el
l,
it

w
ou

ld



ta
ke

ho
we

ve
r
m
uc
h
tim

e
th
e
lis
t
of

le
ng

th
0
wo

ul
d
ta
ke
,p

lu
s
a
fe
w

m
or
e

st
ep

s
fo
r
do

in
g
th
e
fir
st

(a
nd

on
ly

el
em

en
t)
.

If
th
e
in
pu

t
lis
t
is
of

le
ng

th
n
,i
t
w
ill

ta
ke

ho
we

ve
r
m
an

y
st
ep
s
an

em
pt
y

lis
t
w
ou

ld
ta
ke

(c
al
lt
hi
s
va
lu
e
y
)
an

d
th
en

,f
or

ea
ch

el
em

en
t
it
w
ou

ld
ta
ke

a
ce
rt
ai
n
nu

m
be

r
of

st
ep

s
to

do
th
e
ad

di
tio

n
an

d
th
e
re
cu

rs
iv
e

ca
ll
(c
al
lt

hi
s
nu

m
be

r
x
).

T
he

n,
th
e
to
ta
lt

im
e
th
is

fu
nc

tio
n
w
ill

ta
ke

is
n
x

+
y
sin

ce
it

ne
ed

s
to

do
th
os
e
ad

di
tio

ns
n
m
an

y
tim

es
.
T
he

se
x

an
d
y
va
lu
es

ar
e
ca
lle

d
co
ns
ta
nt

va
lu
es
,s

in
ce

th
ey

ar
e
in
de
pe
nd

en
to

fn
,

an
d
ac
tu
al
ly

de
pe
nd

en
to

nl
y
on

ex
ac
tly

ho
w

w
e
de

fin
e
a
m
ac
hi
ne

st
ep

,
so

we
re
al
ly

do
n'
t
wa

nt
to

co
ns
id
er

th
em

al
lt

ha
t
im

po
rt
an

t.
T
he

re
fo
re
,

w
e
sa
y
th
at

th
e
co
m
pl
ex
ity

of
th
is

su
m
fu
nc

tio
n
is
O

(n
)
(r
ea
d
"o
rd
er

n
")
.
B
as
ic
al
ly

sa
yi
ng

so
m
et
hi
ng

is
O

(n
)
m
ea
ns

th
at

fo
r
so
m
e
co
ns
ta
nt

fa
ct
or
s
x
an

d
y
,t
he

fu
nc

tio
n
ta
ke
s
n
x

+
y
m
ac
hi
ne

st
ep

s
to

co
m
pl
et
e.

C
on

sid
er

th
e
fo
llo

w
in
g
so
rt
in
g
al
go

rit
hm

fo
r
lis
ts

(c
om

m
on

ly
ca
lle

d
"in

se
rt
io
n
so
rt
")
:

so
rt

[]
=
[]



so
rt

[x
]
=
[x

]
so

rt
(x

:x
s)

=
in

se
rt

(s
or

t
xs

)
wh

er
e
in

se
rt

[]
=
[x

]
in

se
rt

(y
:y

s)
|
x
<=

y
=

x
:
y
:
ys

|
ot

he
rw

is
e
=
y
:

in
se
rt

ys

T
he

wa
y
th
is

al
go
rit

hm
wo

rk
s
is

as
fo
llo

w
:
if
we

wa
nt

to
so
rt

an
em

pt
y

lis
t
or

a
lis
t
of

ju
st

on
e
el
em

en
t,

w
e
re
tu
rn

th
em

as
th
ey

ar
e,

as
th
ey

ar
e
al
re
ad

y
so
rt
ed

.
O
th
er
w
ise

,w
e
ha

ve
a
lis
t
of

th
e
fo
rm

x:
xs

.
In

th
is

ca
se
,w

e
so
rt

xs
an

d
th
en

w
an

t
to

in
se
rt

x
in

th
e
ap

pr
op

ria
te

lo
ca
tio

n.
T
ha

t's
w
ha

t
th
e
in
se
rt

fu
nc

tio
n
do

es
.
It

tr
av
er
se
s
th
e
no

w
-s
or
te
d
ta
il

an
d
in
se
rt
s
x
w
he

re
ve
r
it

na
tu
ra
lly

fit
s.

Le
t's

an
al
yz
e
ho

w
lo
ng

th
is
fu
nc
tio

n
ta
ke
st

o
co
m
pl
et
e.

Su
pp

os
e
it
ta
ke
s

f
(n

)
st
ep

ts
to

so
rt

a
lis
t
of

le
ng

th
n
.
T
he

n,
in

or
de

r
to

so
rt

a
lis
t
of

n
-m

an
y
el
em

en
ts
,w

e
fir
st

ha
ve

to
so
rt

th
e
ta
il
of

th
e
lis
t
fir
st
,w

hi
ch

ta
ke
s
f

(n
−

1)
tim

e.
T
he

n,
w
e
ha

ve
to

in
se
rt

x
in
to

th
is

ne
w

lis
t.

If
x

ha
s
to

go
at

th
e
en

d,
th
is

w
ill

ta
ke
O

(n
−

1)
=
O

(n
)
st
ep

s.
Pu

tt
in
g
al
l

of
th
is

to
ge
th
er
,w

e
se
e
th
at

w
e
ha

ve
to

do
O

(n
)
am

ou
nt

of
w
or
k
O

(n
)



m
an

y
tim

es
,
w
hi
ch

m
ea
ns

th
at

th
e
en
tir

e
co
m
pl
ex
ity

of
th
is

so
rt
in
g

al
go

rit
hm

is
O

(n
2 )
.
H
er
e,

th
e
sq
ua

re
d
is

no
t
a
co
ns
ta
nt

va
lu
e,

so
w
e

ca
nn

ot
th
ro
w

it
ou

t.

W
ha

td
oe
st

hi
sm

ea
n?

Si
m
pl
y
th
at

fo
rr

ea
lly

lo
ng

lis
ts
,t
he

su
m
fu
nc
tio

n
w
on
't
ta
ke

ve
ry

lo
ng

,b
ut

th
at

th
e
so
rt

fu
nc

tio
n
w
ill

ta
ke

qu
ite

so
m
e

tim
e.

O
fc

ou
rs
e
th
er
e
ar
e
al
go

rit
hm

s
th
at

ru
n
m
uc
h
m
or
e
slo

w
ly

th
an

sim
pl
y
O

(n
2 )

an
d
th
er
e
ar
e
on

es
th
at

ru
n
m
or
e
qu

ick
ly

th
an
O

(n
).

(A
lso

no
te

th
at

a
O

(n
2 )

al
go
rit

hm
m
ay

ac
tu
al
ly

be
m
uc
h
fa
st
er

th
an

a
O

(n
)

al
go
rit

hm
in

pr
ac
tic

e,
if
it
ta
ke
s
m
uc
h
le
ss

tim
e
to

pe
rfo

rm
a
sin

gl
e
st
ep

of
th
e
O

(n
2 )

al
go

rit
hm

.)

C
on

sid
er

th
e
ra
nd

om
ac
ce
ss

fu
nc
tio

ns
fo
r
lis
ts

an
d
ar
ra
ys
.
In

th
e
wo

rs
t

ca
se
,a

cc
es
sin

g
an

ar
bi
tr
ar
y
el
em

en
t
in

a
lis
t
of

le
ng

th
n
w
ill

ta
ke
O

(n
)

tim
e
(t
hi
nk

ab
ou

t
ac
ce
ss
in
g
th
e
la
st

el
em

en
t)
.
H
ow

ev
er

w
ith

ar
ra
ys
,

yo
u
ca
n
ac
ce
ss

an
y
el
em

en
t
im

m
ed
ia
te
ly
,w

hi
ch

is
sa
id

to
be

in
co
ns
ta
nt

tim
e,

or
O

(1
),
w
hi
ch

is
ba

sic
al
ly

as
fa
st

an
an

y
al
go

rit
hm

ca
n
go

.



T
he

re
's

m
uc
h
m
or
e
in

co
m
pl
ex
ity

th
eo
ry

th
an

th
is,

bu
t
th
is

sh
ou

ld
be

en
ou

gh
to

al
lo
w

yo
u
to

un
de

rs
ta
nd

al
lt
he

di
sc
us
sio

ns
in

th
is

tu
to
ria

l.
Ju

st
ke
ep

in
m
in
d
th
at
O

(1
)
is

fa
st
er

th
an
O

(n
)
is

fa
st
er

th
an
O

(n
2 )
,

et
c. 65
.1

O
pt
im

is
in
g

65
.1
.1

P
ro
fil
in
g



66
Li
br
ar
ie
s
R
ef
er
en

ce

1217





67
T
he

H
ie
ra
rc
hi
ca
lL

ib
ra
ri
es

H
as
ke
ll
ha

s
a
ric

h
an

d
gr
ow

in
g
se
t
of

fu
nc

tio
n
lib

ra
rie

s.
T
he

y
fa
ll
in
to

se
ve
ra
lg

ro
up

s:

•
T
he

St
an

da
rd

P
re
lu
de

(o
ft
en

re
fe
rr
ed

to
as

ju
st

"t
he

P
re
lu
de

")
is

de
fin

ed
in

th
e
H
as
ke
ll
98

st
an

da
rd

an
d
im

po
rt
ed

au
to
m
at
ic
al
ly

to
ev
er
y
m
od

ul
e
yo
u
w
rit

e.
T
hi
s
de

fin
es

st
an

da
rd

ty
pe

s
su
ch

as
st
rin

gs
,

lis
ts

an
d
nu

m
be

rs
an

d
th
e
ba

sic
fu
nc
tio

ns
on

th
em

,s
uc
h
as

ar
ith

m
et
ic
,

ma
p
an

d
fo
ld
r

1219



•
T
he

St
an

da
rd

Li
br
ar
ie
s
ar
e
al
so

de
fin

ed
in

th
e
H
as
ke
ll
98

st
an

da
rd
,

bu
ty

ou
ha

ve
to

im
po

rt
th
em

w
he
n
yo
u
ne
ed

th
em

.T
he

re
fe
re
nc
em

an
-

ua
ls

fo
r
th
es
e
lib

ra
rie

s
ar
e
at

ht
tp
:/
/w

w
w
.h
as
ke
ll.
or
g/

on
lin

er
ep

or
t/

•
Si
nc
e
19
98

th
e
St
an

da
rd

Li
br
ar
ie
sh

av
e
be

en
gr
ad

ua
lly

ex
te
nd

ed
,a

nd
th
e
re
su
lti
ng

de
-fa

ct
o
st
an

da
rd

is
kn

ow
n
as

th
e
B
as
e
lib

ra
rie

s.
T
he

sa
m
e
se
t
is

av
ai
la
bl
e
fo
r
bo

th
H
U
G
S
an

d
G
H
C
.

•
O
th
er

lib
ra
rie

sm
ay

be
in
cl
ud

ed
w
ith

yo
ur

co
m
pi
le
r,
or

ca
n
be

in
st
al
le
d

us
in
g
th
e
C
ab

al
m
ec
ha

ni
sm

.

W
he
n
H
as
ke
ll
98

wa
s
st
an

da
rd
ise

d
m
od

ul
es

we
re

gi
ve
n
a
fla

tn
am

es
pa

ce
.

T
hi
s
ha

s
pr
ov
ed

in
ad

eq
ua

te
an

d
a
hi
er
ar
ch
ic
al

na
m
es
pa

ce
ha

s
be

en
ad

de
d
by

al
lo
w
in
g
do

ts
in

m
od

ul
e
na

m
es
.
Fo

r
ba

ck
w
ar
d
co
m
pa

tib
ili
ty

th
e
st
an

da
rd

lib
ra
rie

s
ca
n
st
ill

be
ac
ce
ss
ed

by
th
ei
r
no

n-
hi
er
ar
ch
ic
al

na
m
es
,s

o
th
e
m
od

ul
es

Li
st

an
d
Da
ta
.L
is
t
bo

th
re
fe
r
to

th
e
st
an

da
rd

lis
t
lib

ra
ry
.



Fo
r
de
ta
ils

of
ho

w
to

im
po

rt
lib

ra
rie

s
in
to

yo
ur

pr
og
ra
m
,s

ee
M
od

ul
es

an
d
lib

ra
rie

s1
.
Fo

r
an

ex
pl
an

at
io
n
of

th
e
C
ab

al
sy
st
em

fo
r
pa

ck
ag

in
g

H
as
ke
ll
so
ftw

ar
e
se
e
../

Pa
ck
ag

in
g2
.

67
.1

H
ad

do
ck

D
oc
um

en
ta
ti
on

Li
br
ar
y

re
fe
re
nc

e
do

cu
m
en
ta
tio

n
is

ge
ne

ra
lly

pr
od

uc
ed

us
in
g

th
e

H
ad

do
ck

to
ol
.

T
he

lib
ra
rie

s
sh
ip
pe

d
w
ith

G
H
C

ar
e

do
cu

-
m
en
te
d

us
in
g

th
is

m
ec
ha

ni
sm

.
Yo

u
ca
n

vi
ew

th
e
do

cu
m
en
ta
tio

n
at

ht
tp
:/
/w

w
w
.h
as
ke
ll.
or
g/

gh
c/
do

cs
/l
at
es
t/
ht
m
l/
lib

ra
rie

s/
in
de

x.
ht
m
l,3

an
d
if
yo
u
ha

ve
in
st
al
le
d
G
H
C

th
en

th
er
e
sh
ou

ld
al
so

be
a
lo
ca
lc

op
y.

H
ad

do
ck

pr
od

uc
es

hy
pe

rli
nk

ed
do

cu
m
en
ta
tio

n,
so

ev
er
y
tim

e
yo
u
se
e
a

fu
nc

tio
n,

ty
pe

or
cl
as
s
na

m
e
yo
u
ca
n
cl
ick

on
it

to
ge
t
to

th
e
de

fin
iti
on

.

1
C
ha

pt
er

22
on

pa
ge

39
1

2
C
ha

pt
er

78
on

pa
ge

13
51

3
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
li

br
ar

ie
s/

in
de

x.
ht

ml
,

http://www.haskell.org/ghc/docs/latest/html/libraries/index.html,


T
he

sh
ee
r
w
ea
lth

of
lib

ra
rie

s
av
ai
la
bl
e
ca
n

be
in
tim

id
at
in
g,

so
th
is

tu
to
ria

lw
ill

po
in
t
ou

t
th
e
hi
gh

lig
ht
s.

O
ne

th
in
g
w
or
th

no
tin

g
w
ith

H
ad

do
ck

is
th
at

ty
pe

s
an

d
cl
as
se
s
ar
e

cr
os
s-
re
fe
re
nc

ed
by

in
st
an

ce
.

So
fo
r
ex
am

pl
e
in

th
e

Da
ta
.M
ay
be

4

lib
ra
ry

th
e
Ma
yb
e
da

ta
ty
pe

is
lis
te
d
as

an
in
st
an

ce
of

Or
d:

Or
d
a
=>

Or
d

(M
ay
be

a)

T
hi
s
m
ea
ns

th
at

if
yo

u
de

cl
ar
e
a
ty
pe

Fo
o
is

an
in
st
an

ce
of

Or
d
th
en

th
e
ty
pe

Ma
yb
e
Fo
o
w
ill

au
to
m
at
ic
al
ly

be
an

in
st
an

ce
of

Or
d
as

we
ll.

If
yo

u
cl
ic
k
on

th
e
w
or
d
Or
d
in

th
e
do

cu
m
en
t
th
en

yo
u
w
ill

be
ta
ke
n
to

th
e
de
fin

ito
n
of

th
e
Or
d
cl
as
s
an

d
its

(v
er
y
lo
ng

)
lis
t
of

in
st
an

ce
s.

T
he

in
st
an

ce
fo
r
Ma
yb
e
w
ill

be
do

w
n
th
er
e
as

w
el
l.

4
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
li

br
ar

ie
s/

ba
se

/
Da

ta
-M

ay
be

.h
tm

l

http://www.haskell.org/ghc/docs/latest/html/libraries/base/Data-Maybe.html
http://www.haskell.org/ghc/docs/latest/html/libraries/base/Data-Maybe.html


68
Li
st
s

T
he

L
is
t
da

ta
ty
pe

(s
ee

D
at
a.
Li
st

1 )
is

th
e
fu
nd

am
en
ta
ld

at
a
st
ru
ct
ur
e

in
H
as
ke
ll
—

th
is

is
th
e
ba

sic
bu

ild
in
g-
bl
oc
k
of

da
ta

st
or
ag

e
an

d
m
a-

ni
pu

la
tio

n.
In

co
m
pu

te
r
sc
ie
nc

e
te
rm

s
it
is

a
sin

gl
y-
lin

ke
d
lis
t.

In
th
e

hi
er
ar
ch
ic
al

lib
ra
ry

sy
st
em

th
e
Li
st

m
od

ul
e
is

st
or
ed

in
Da
ta
.L
is
t;

bu
t

th
is

m
od

ul
e
on

ly
co
nt
ai
ns

ut
ili
ty

fu
nc
tio

ns
.
T
he

de
fin

iti
on

of
lis
t
its

el
f

is
in
te
gr
al

to
th
e
H
as
ke
ll
la
ng

ua
ge
.

1
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
li

br
ar

ie
s/

ba
se

/
Da

ta
-L

is
t.

ht
ml

1223

http://www.haskell.org/ghc/docs/latest/html/libraries/base/Data-List.html
http://www.haskell.org/ghc/docs/latest/html/libraries/base/Data-List.html


68
.1

T
he

or
y

A
sin

gl
y-
lin

ke
d
lis
t
is

a
se
t
of

va
lu
es

in
a
de

fin
ed

or
de

r.
T
he

lis
t
ca
n

on
ly

be
tr
av
er
se
d
in

on
e
di
re
ct
io
n
(i.
e.
,y

ou
ca
nn

ot
m
ov
e
ba

ck
an

d
fo
rt
h

th
ro
ug

h
th
e
lis
t
lik

e
ta
pe

in
a
ca
ss
et
te

m
ac
hi
ne

).

T
he

lis
t
of

th
e
fir
st

5
po

sit
iv
e
in
te
ge
rs

is
w
rit

te
n
as

[
1,

2,
3,

4,
5
]

W
e
ca
n
m
ov
e
th
ro
ug

h
th
is

lis
t,

ex
am

in
in
g
an

d
ch
an

gi
ng

va
lu
es
,f
ro
m

le
ft

to
rig

ht
,b

ut
no

t
in

th
e
ot
he

r
di
re
ct
io
n.

T
hi
s
m
ea
ns

th
at

th
e
lis
t

[
5,

4,
3,

2,
1
]

is
no

t
ju
st

a
tr
iv
ia
lc

ha
ng

e
in

pe
rs
pe

ct
iv
e
fro

m
th
e
pr
ev
io
us

lis
t,
bu

t
th
e

re
su
lt
of

sig
ni
fic

an
t
co
m
pu

ta
tio

n
(O

(n
)
in

th
e
le
ng

th
of

th
e
lis
t)
.



68
.2

D
efi

ni
ti
on

T
he

po
ly
m
or
ph

ic
lis
t
da

ta
ty
pe

ca
n

be
de

fin
ed

w
ith

th
e

fo
llo

w
in
g

re
cu

rs
iv
e
de

fin
iti
on

:

da
ta

[a
]
=
[]

|
a
:

[a
]

T
he

"b
as
e
ca
se
"
fo
r
th
is

de
fin

iti
on

is
[]

,t
he

em
pt
y
lis
t.

In
or
de

r
to

pu
t

so
m
et
hi
ng

in
to

th
is

lis
t,

w
e
us
e
th
e
(:
)
co
ns
tr
uc

to
r

em
pt

yL
is

t
=
[]

on
eE

le
m
=
1:

[]

T
he

(:
)

(p
ro
no

un
ce
d

co
ns
)
is

rig
ht
-a
ss
oc
ia
tiv

e,
so

th
at

cr
ea
tin

g
m
ul
ti-

el
em

en
t
lis
ts

ca
n
be

do
ne

lik
e



ma
ny

El
em

s
=
1:

2:
3:

4:
5:

[]

or
ev
en

ju
st

ma
ny

El
em

s'
=
[1

,2
,3

,4
,5

]

68
.3

B
as
ic

lis
t
us
ag
e

68
.3
.1

P
re
pe

nd
in
g

It
's

ea
sy

to
ha

rd
-c
od

e
lis
ts

w
ith

ou
t
co
ns
,b

ut
ru
n-
tim

e
lis
t
cr
ea
tio

n
w
ill

us
e
co
ns
.
Fo

r
ex
am

pl
e,

to
pu

sh
an

ar
gu

m
en
t
on

to
a
sim

ul
at
ed

st
ac
k,

we
w
ou

ld
us
e:



pu
sh

::
Ar

g
->

[A
rg

]
->

[A
rg
]

pu
sh

ar
g
st

ac
k
=
ar

g:
st

ac
k

68
.3
.2

P
at
te
rn
-m

at
ch
in
g

If
w
e
w
an

t
to

ex
am

in
e
th
e
to
p
of

th
e
st
ac
k,

w
e
w
ou

ld
ty
pi
ca
lly

us
e
a

pe
ek

fu
nc

tio
n.

W
e
ca
n
tr
y
pa

tt
er
n-
m
at
ch
in
g
fo
r
th
is.

pe
ek

::
[A

rg
]
->

Ma
yb

e
Ar

g
pe

ek
[]

=
No

th
in

g
pe

ek
(a

:a
s)

=
Ju

st
a

T
he

a
be

fo
re

th
e
co
ns

in
th
e
pa

tt
er
n
m
at
ch
es

th
e
he

ad
of

th
e
lis
t.

T
he

as
m
at
ch
es

th
e
ta
il
of

th
e
lis
t.

Si
nc

e
w
e
do

n'
t
ac
tu
al
ly

w
an

t
th
e
ta
il

(a
nd

it'
s
no

t
re
fe
re
nc

ed
an

yw
he

re
el
se

in
th
e
co
de

),
w
e
ca
n
te
ll
th
e

co
m
pi
le
r
th
is

ex
pl
ic
itl
y,

by
us
in
g
a
w
ild

-c
ar
d
m
at
ch
,i
n
th
e
fo
rm

of
an



un
de

rs
co
re
:

pe
ek

(a
:_

)
=
Ju

st
a

68
.4

Li
st

ut
ili
ti
es

FI
X
M
E:

is
th
is

no
t
co
ve
re
d
in

th
e
ch
ap

te
r
on

lis
t
m
an

ip
ul
at
io
n2
?

2
C
ha

pt
er

14
on

pa
ge

26
7



68
.4
.1

M
ap

s

68
.4
.2

Fo
ld
s,

un
fo
ld
s
an

d
sc
an

s

68
.4
.3

Le
ng

th
,h

ea
d,

ta
il
et
c.





69
A
rr
ay
s

H
as
ke
ll'
98

su
pp

or
ts

ju
st

on
e
ar
ra
y
co
ns
tr
uc

to
r
ty
pe

,n
am

el
y

A
rr
ay

1 ,
w
hi
ch

gi
ve
sy

ou
im

m
ut
ab

le
bo

xe
d
ar
ra
ys
.
"I
m
m
ut
ab

le
"m

ea
ns

th
at

th
es
e

ar
ra
ys
,l
ik
e
an

y
ot
he
rp

ur
e
fu
nc
tio

na
ld

at
a
st
ru
ct
ur
e,

ha
ve

co
nt
en
ts

fix
ed

at
co
ns
tr
uc

tio
n
tim

e.
Yo

u
ca
n'
t
m
od

ify
th
em

,o
nl
y
qu

er
y.

T
he

re
ar
e

"m
od

ifi
ca
tio

n"
op

er
at
io
ns
,b

ut
th
ey

ju
st

re
tu
rn

ne
w

ar
ra
ys

an
d
do

n'
t

m
od

ify
th
e
or
ig
in
al

on
e.

T
hi
s
m
ak

es
it
po

ss
ib
le

to
us
e
A
rr
ay

s
in

pu
re

fu
nc

tio
na

lc
od

e
al
on

g
w
ith

lis
ts
.
"B

ox
ed

"
m
ea
ns

th
at

ar
ra
y
el
em

en
ts

ar
e
ju
st

or
di
na

ry
H
as
ke
ll
(la

zy
)
va
lu
es
,w

hi
ch

ar
e
ev
al
ua

te
d
on

de
m
an

d,
an

d
ca
n
ev
en

co
nt
ai
n
bo

tt
om

(u
nd

efi
ne

d)
va
lu
e.

Yo
u
ca
n
le
ar
n
ho

w

1
ht

tp
:/

/h
as

ke
ll

.o
rg

/o
nl

in
er

ep
or

t/
ar

ra
y.

ht
ml

1231

http://haskell.org/onlinereport/array.html


to
us
e
th
es
e
ar
ra
ys

at
ht
tp
:/
/h

as
ke
ll.
or
g/
tu
to
ria

l/
ar
ra
ys
.h
tm

l2
an

d
I'd

re
co
m
m
en
d
th
at

yo
u
re
ad

th
is
be

fo
re

pr
oc
ee
di
ng

to
th
e
re
st

of
th
is
pa

ge

N
ow

ad
ay
s
th
e
m
ai
n
H
as
ke
ll
co
m
pi
le
rs
,G

H
C

an
d
H
ug

s,
sh
ip

w
ith

th
e

sa
m
e
se
to

f
H
ie
ra
rc
hi
ca
lL

ib
ra
rie

s3
,a

nd
th
es
e
lib

ra
rie

sc
on

ta
in

a
ne
w

im
-

pl
em

en
ta
tio

n
of

ar
ra
ys

w
hi
ch

is
ba

ck
wa

rd
co
m
pa

tib
le
w
ith

th
e
H
as
ke
ll'
98

on
e,

bu
tw

hi
ch

ha
sf
ar

m
or
e
fe
at
ur
es
.
Su

ffi
ce

it
to

sa
y
th
at

th
es
e
lib

ra
rie

s
su
pp

or
t
9
ty
pe

s
of

ar
ra
y
co
ns
tr
uc

to
rs
:
A
rr
ay
,U

A
rr
ay
,I
O
A
rr
ay
,I
O
U
A
r-

ra
y,

ST
A
rr
ay
,S

T
U
A
rr
ay
,D

iff
A
rr
ay
,D

iff
U
A
rr
ay

an
d
St
or
ab

le
A
rr
ay
.
It

is
no

wo
nd

er
th
at

th
e
ar
ra
y
lib

ra
rie

s
ar
e
a
so
ur
ce

of
so

m
uc
h
co
nf
us
io
n
fo
r

ne
w

H
as
ke
lle

rs
.
H
ow

ev
er
,t

he
y
ar
e
ac
tu
al
ly

ve
ry

sim
pl
e
-e

ac
h
pr
ov
id
es

ju
st

on
e
of

tw
o
in
te
rf
ac
es
,a

nd
on

e
of

th
es
e
yo
u
al
re
ad

y
kn

ow
.

69
.1

Q
ui
ck

re
fe
re
nc

e

2
ht

tp
:/

/h
as

ke
ll

.o
rg

/t
ut

or
ia

l/
ar

ra
ys

.h
tm

l
3

ht
tp

:/
/w

ww
.h

as
ke

ll
.o

rg
/g

hc
/d

oc
s/

la
te

st
/h

tm
l/

li
br

ar
ie

s/
in

de
x.

ht
ml

http://haskell.org/tutorial/arrays.html
http://www.haskell.org/ghc/docs/latest/html/libraries/index.html


Im
m
ut
ab

le
in

st
an

ce
IA

rr
ay

a
e

IO
m
on

ad
in

st
an

ce
MA

rr
ay

a
e

IO

ST
m
on

ad
in

st
an

ce
MA

rr
ay

a
e

ST
St
an

da
rd

Ar
ra
y

Di
ff
Ar
ra
y

IO
Ar
ra
y

ST
Ar
ra
y

U
nb

ox
ed

UA
rr
ay

Di
ff
UA
rr
ay

IO
UA
rr
ay

St
or
ab
le
Ar
ra
y

ST
UA
rr
ay

69
.2

Im
m
ut
ab

le
ar
ra
ys

T
he

fir
st

in
te
rf
ac
e
pr
ov

id
ed

by
th
e
ne
w

ar
ra
y
lib

ra
ry
,i
s
de
fin

ed
by

th
e

ty
pe

cl
as
s
IA

rr
ay

(w
hi
ch

st
an

ds
fo
r
"im

m
ut
ab

le
ar
ra
y"

an
d
de

fin
ed

in
th
e
m
od

ul
e

D
at
a.
A
rr
ay
.IA

rr
ay

4 )
an

d
de

fin
es

th
e
sa
m
e
op

er
at
io
ns

th
at

4
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
ar

ra
y/

la
te

st
/d

oc
/h

tm
l/

Da
ta

-A
rr

ay
-I

Ar
ra

y.
ht

ml

http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-IArray.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-IArray.html


we
re

de
fin

ed
fo
r
A
rr
ay

in
H
as
ke
ll
'9
8.

H
er
e'
s
a
sim

pl
e
ex
am

pl
e
of

its
us
e

th
at

pr
in
ts

(3
7,
64
):

im
po

rt
Da

ta
.A

rr
ay

bu
il

dP
ai

r
::

(I
nt

,
In

t)
bu

il
dP

ai
r
=
le

t
ar

r
=
li

st
Ar
ra

y
(1
,1

0)
(r

ep
ea

t
37

)
::

Ar
ra
y

In
t
In
t

ar
r'

=
ar

r
//

[(
1,

64
)]

in
(a

rr
!
1,

ar
r'

!
1)

ma
in

=
pr

in
t
bu

il
dP

ai
r

T
he

bi
g
di
ffe

re
nc

e
is

th
at

it
is

no
w

a
ty
pe

cl
as
s
an

d
th
er
e
ar
e
4
ar
ra
y

ty
pe

co
ns
tr
uc

to
rs
,
ea
ch

of
w
hi
ch

im
pl
em

en
ts

th
is

in
te
rf
ac
e:

A
rr
ay
,

U
A
rr
ay
,D

iff
A
rr
ay
,a

nd
D
iff
U
A
rr
ay
.W

ew
ill

la
te
rd

es
cr
ib
et

he
di
ffe

re
nc
es

be
tw

ee
n
th
em

an
d
th
e
ca
se
s
w
he

n
th
es
e
ot
he

r
ty
pe

s
ar
e
pr
ef
er
ab

le
to

us
e
in
st
ea
d
of

th
e
go

od
ol
d
A
rr
ay
.
A
lso

no
te

th
at

to
us
e
A
rr
ay

ty
pe

co
ns
tr
uc

to
r
to
ge
th
er

w
ith

ot
he

r
ne

w
ar
ra
y
ty
pe

s,
yo

u
ne

ed
to

im
po

rt
D
at
a.
A
rr
ay
.IA

rr
ay

m
od

ul
e
in
st
ea
d
of

D
at
a.
A
rr
ay
.



69
.3

M
ut
ab

le
IO

ar
ra
ys

T
he

se
co
nd

in
te
rfa

ce
is

de
fin

ed
by

th
e
ty
pe

cl
as
s
M
A
rr
ay

(w
hi
ch

st
an

ds
fo
r
"m

ut
ab

le
ar
ra
y"

an
d
is

de
fin

ed
in

th
e
m
od

ul
e

D
at
a.
A
rr
ay
.M

A
rr
ay

5 )
an

d
co
nt
ai
ns

op
er
at
io
ns

to
up

da
te

ar
ra
y
el
em

en
ts

in
-p
la
ce
.
M
ut
ab

le
ar
ra
ys

ar
e
ve
ry

sim
ila

r
to

IO
R
ef
s,

on
ly

th
ey

co
nt
ai
n
m
ul
tip

le
va
lu
es
.

T
yp

e
co
ns
tr
uc

to
rs

fo
r
m
ut
ab

le
ar
ra
ys

ar
e
IO

A
rr
ay

an
d
IO

U
A
rr
ay

(in
D
at
a.
A
rr
ay
.IO

6 )
an

d
op

er
at
io
ns

w
hi
ch

cr
ea
te
,u

pd
at
e
an

d
qu

er
y
th
es
e

ar
ra
ys

al
lb

el
on

g
to

th
e
IO

m
on

ad
:

im
po

rt
Da

ta
.A

rr
ay

.I
O

ma
in

=
do

ar
r

<-
ne

wA
rr
ay

(1
,1

0)
37

::
IO

(I
OA

rr
ay

In
t
In

t)
a
<-

re
ad

Ar
ra

y
ar

r
1

wr
it

eA
rr

ay
ar

r
1
64

b
<-

re
ad

Ar
ra

y
ar

r
1

5
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
ar

ra
y/

la
te

st
/d

oc
/h

tm
l/

Da
ta

-A
rr

ay
-M

Ar
ra

y.
ht

ml
6

ht
tp

:/
/h

ac
ka

ge
.h

as
ke

ll
.o

rg
/p

ac
ka

ge
s/

ar
ch

iv
e/

ar
ra

y/
la

te
st

/d
oc

/h
tm

l/
Da

ta
-A

rr
ay

-I
O.

ht
ml

http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-MArray.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-MArray.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-IO.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-IO.html


pr
in

t
(a

,b
)

T
hi
s
pr
og

ra
m

cr
ea
te
s
an

ar
ra
y
of

10
el
em

en
ts

w
ith

al
lv

al
ue

s
in
iti
al
ly

se
t
to

37
.

T
he

n
it

re
ad

s
th
e
fir
st

el
em

en
t
of

th
e
ar
ra
y.

A
ft
er

th
at
,

th
e
pr
og

ra
m

m
od

ifi
es

th
e
fir
st

el
em

en
t
of

th
e
ar
ra
y
an

d
th
en

re
ad

s
it

ag
ai
n.

T
he

ty
pe

de
cl
ar
at
io
n
in

th
e
se
co
nd

lin
e
is

ne
ce
ss
ar
y
be

ca
us
e
ou

r
lit
tle

pr
og

ra
m

do
es
n'
t
pr
ov
id
e
en

ou
gh

co
nt
ex
t
to

al
lo
w

th
e
co
m
pi
le
r
to

de
te
rm

in
e
th
e
co
nc

re
te

ty
pe

of
ar
r.

69
.4

M
ut
ab

le
ar
ra
ys

in
ST

m
on

ad

In
th
e
sa
m
e
wa

y
th
at

IO
R
ef

ha
si
ts

m
or
e
ge
ne
ra
lc

ou
sin

ST
R
ef
,I
O
A
rr
ay

ha
sa

m
or
eg

en
er
al

ve
rs
io
n
ST

A
rr
ay

(a
nd

sim
ila

rly
,I
O
U
A
rr
ay

is
pa

ro
di
ed



by
ST

U
A
rr
ay

;
bo

th
de

fin
ed

in
D
at
a.
A
rr
ay
.S
T

7 )
.
T
he

se
ar
ra
y
ty
pe

s
al
lo
w

on
e
to

w
or
k
w
ith

m
ut
ab

le
ar
ra
ys

in
th
e
ST

m
on

ad
:

im
po

rt
Co

nt
ro

l.
Mo

na
d.

ST
im

po
rt

Da
ta

.A
rr

ay
.S
T

bu
il

dP
ai

r
=
do

ar
r
<-

ne
wA

rr
ay

(1
,1

0)
37

::
ST

s
(S

TA
rr

ay
s
In

t
In
t)

a
<-

re
ad

Ar
ra

y
ar

r
1

wr
it

eA
rr

ay
ar

r
1
64

b
<-

re
ad

Ar
ra

y
ar

r
1

re
tu

rn
(a

,b
)

ma
in

=
pr

in
t
$

ru
nS

T
bu
il

dP
ai

r

B
el
ie
ve

it
or

no
t,
no

w
yo
u
kn

ow
al
lt
ha

t
is
ne
ed
ed

to
us
e
an

y
ar
ra
y
ty
pe

.
U
nl
es
s
yo

u
ar
e
in
te
re
st
ed

in
sp
ee
d
iss

ue
s,

ju
st

us
e
A
rr
ay
,I
O
A
rr
ay

an
d

ST
A
rr
ay

w
he
re

ap
pr
op

ria
te
.
T
he

fo
llo

w
in
g
to
pi
cs

ar
e
al
m
os
t
ex
cl
us
iv
el
y

ab
ou

t
se
le
ct
in
g
th
e
pr
op

er
ar
ra
y
ty
pe

to
m
ak
e
pr
og

ra
m
s
ru
n
fa
st
er
.

7
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
ar

ra
y/

la
te

st
/d

oc
/h

tm
l/

Da
ta

-A
rr

ay
-S

T.
ht

ml

http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-ST.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-ST.html


69
.5

Fr
ee
zi
ng

an
d
th
aw

in
g

H
as
ke
ll
al
lo
w
s
co
nv

er
sio

n
be

tw
ee
n
im

m
ut
ab

le
an

d
m
ut
ab

le
ar
ra
ys

w
ith

th
e
fr
ee
ze

an
d
th
aw

fu
nc

tio
ns
:

fr
ee

ze
::

(I
x
i,

MA
rr

ay
a

e
m,

IA
rr

ay
b
e)

=>
a

i
e
->

m
(b

i
e)

th
aw

::
(I

x
i,

IA
rr

ay
a
e,

MA
rr

ay
b
e

m)
=>

a
i
e

->
m
(b

i
e)

Fo
r
in
st
an

ce
,t

he
fo
llo

w
in
g
co
nv

er
ts

an
A
rr
ay

in
to

an
ST

A
rr
ay
,a

lte
rs

it,
an

d
th
en

co
nv

er
ts

it
ba

ck
:

im
po

rt
Da

ta
.A

rr
ay

im
po

rt
Co

nt
ro

l.
Mo

na
d.

ST
im

po
rt

Da
ta

.A
rr

ay
.S
T

bu
il

dP
ai

r
::

(I
nt

,
In

t)
bu

il
dP

ai
r
=
le

t
ar

r
=
li

st
Ar
ra

y
(1
,1

0)
(r

ep
ea

t
37

)
::

Ar
ra
y

In
t
In
t

ar
r'

=
mo

di
fy

As
ST

ar
r

in
(a

rr
!
1,

ar
r'

!
1)



mo
di

fy
As

ST
::

Ar
ra

y
In

t
In

t
->

Ar
ra

y
In

t
In

t
mo

di
fy

As
ST

ar
r
=
ru

nS
T
$
do

st
ar

r
<-

th
aw

ar
r

co
mp

ut
e
st

ar
r

ne
wa

rr
<-

fr
ee

ze
st

ar
r

re
tu

rn
ne

wa
rr

co
mp

ut
e
::

ST
Ar

ra
y
s
In

t
In

t
->

ST
s
()

co
mp

ut
e
ar

r
=
do

wr
it

eA
rr

ay
ar

r
1
64

ma
in

=
pr

in
t
bu

il
dP

ai
r

Fr
ee
zi
ng

an
d
th
aw

in
g
bo

th
co
py

th
e
en
tir

e
ar
ra
y.

If
yo
u
wa

nt
to

us
e
th
e

sa
m
e
m
em

or
y
lo
ca
tio

ns
be

fo
re

an
d
af
te
r
fr
ee
zi
ng

or
th
aw

in
g
bu

t
ca
n

al
lo
w

so
m
e
ac
ce
ss

re
st
ric

tio
ns
,s

ee
th
e
se
ct
io
n
U
ns
af
e
op

er
at
io
ns

an
d

ru
nn

in
g
ov
er

ar
ra
y
el
em

en
ts

8 .

8
C
ha

pt
er

69
.1
1
on

pa
ge

12
52



69
.6

D
iff
A
rr
ay

A
sw

ea
lre

ad
y
st
at
ed
,t
he

up
da

te
op

er
at
io
n
on

im
m
ut
ab

le
ar
ra
ys

(I
A
rr
ay
)

ju
st

cr
ea
te
s
a
ne
w

co
py

of
th
e
ar
ra
y,

w
hi
ch

is
ve
ry

in
effi

ci
en
t,

bu
t
it

is
a

pu
re

op
er
at
io
n
w
hi
ch

ca
n
be

us
ed

in
pu

re
fu
nc
tio

ns
.
O
n
th
e
ot
he
r
ha

nd
,

up
da

te
s
on

m
ut
ab

le
ar
ra
ys

(M
A
rr
ay
)
ar
e
effi

ci
en
t
bu

t
ca
n
be

do
ne

on
ly

in
m
on

ad
ic

co
de
.
D
iff
A
rr
ay

(d
efi
ne
d
in

D
at
a.
A
rr
ay
.D

iff
9 )

co
m
bi
ne
s
th
e

be
st

of
bo

th
wo

rld
s
-i
t
su
pp

or
ts

th
e
IA

rr
ay

in
te
rfa

ce
an

d
th
er
ef
or
e
ca
n

be
us
ed

in
a
pu

re
ly

fu
nc

tio
na

lw
ay
,b

ut
in
te
rn
al
ly

it
us
es

th
e
effi

ci
en
t

up
da

te
of

M
A
rr
ay
s.

H
ow

do
es

th
is

tr
ic
k
w
or
k?

D
iff
A
rr
ay

ha
s
a
pu

re
ex
te
rn
al

in
te
rf
ac
e,

bu
t

in
te
rn
al
ly

it
is

re
pr
es
en
te
d
as

a
re
fe
re
nc

e
to

an
IO

A
rr
ay
.

W
he

n
th
e
'/
/'

op
er
at
or

is
ap

pl
ie
d
to

a
di
ff
ar
ra
y,

its
co
nt
en
ts

ar
e
ph

ys
i-

ca
lly

up
da

te
d
in

pl
ac
e.

T
he

ol
d
ar
ra
y
sil
en
tly

ch
an

ge
s
its

re
pr
es
en
ta
tio

n

9
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
ar

ra
y/

la
te

st
/d

oc
/h

tm
l/

Da
ta

-A
rr

ay
-D

if
f.

ht
ml

http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-Diff.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-Diff.html


w
ith

ou
tc

ha
ng

in
g
th
e
vi
sib

le
be

ha
vi
or
:
it
st
or
es

a
lin

k
to

th
e
ne
w

cu
rr
en
t

ar
ra
y
al
on

g
w
ith

th
e
di
ffe

re
nc

e
to

be
ap

pl
ie
d
to

ge
t
th
e
ol
d
co
nt
en
ts
.

So
if
a
di
ff
ar
ra
y
is

us
ed

in
a
sin

gl
e-
th
re
ad

ed
st
yl
e,

th
at

is,
af
te
r
'/
/'

ap
pl
ic
at
io
n
th
e
ol
d
ve
rs
io
n
is

no
lo
ng

er
us
ed

,t
he

n
a
!

i
ta
ke
s
O
(1
)

tim
e
an

d
a
//

d
ta
ke
s
O
(n
)
tim

e.
A
cc
es
sin

g
el
em

en
ts

of
ol
de

r
ve
rs
io
ns

gr
ad

ua
lly

be
co
m
es

slo
w
er
.

U
pd

at
in
g
an

ar
ra
y
w
hi
ch

is
no

t
cu

rr
en
t
m
ak
es

a
ph

ys
ic
al

co
py
.
T
he

re
su
lti
ng

ar
ra
y
is

un
lin

ke
d
fr
om

th
e
ol
d
fa
m
ily

.
So

yo
u
ca
n
ob

ta
in

a
ve
rs
io
n
w
hi
ch

is
gu

ar
an

te
ed

to
be

cu
rr
en
t
an

d
th
us

ha
s
fa
st

el
em

en
t

ac
ce
ss

by
pe

rf
or
m
in
g
th
e
"id

en
tit

y
up

da
te
",
ol
d
//

[]
.

T
he

lib
ra
ry

pr
ov

id
es

tw
o
"d
iff
er
en
tia

l"
ar
ra
y
co
ns
tr
uc

to
rs

-
D
iff
A
rr
ay
,

m
ad

e
in
te
rn
al
ly

fr
om

IO
A
rr
ay
,
an

d
D
iff
U
A
rr
ay
,
ba

se
d
on

IO
U
A
rr
ay
.

If
yo
u
re
al
ly

ne
ed

to
,y

ou
ca
n
co
ns
tr
uc

t
ne

w
"d
iff
er
en
tia

l"
ar
ra
y
ty
pe

s



fr
om

an
y
'M

A
rr
ay
't

yp
es

liv
in
g
in

th
e
'IO

'm
on

ad
.
Se

e
th
e

m
od

ul
e

do
cu

m
en
ta
tio

n1
0
fo
r
fu
rt
he

r
de

ta
ils
.

U
sa
ge

of
D
iff
A
rr
ay

do
es
n'
t
di
ffe

r
fro

m
th
at

of
A
rr
ay
,t

he
on

ly
di
ffe

re
nc
e

is
m
em

or
y
co
ns
um

pt
io
n
an

d
sp
ee
d:

im
po

rt
Da

ta
.A

rr
ay

.D
if

f

ma
in

=
do le

t
ar

r
=
li

st
Ar

ra
y
(1

,1
00

0)
[1

..
10

00
]
::

Di
ff

Ar
ra

y
In

t
In
t

a
=
ar

r
!

1
ar

r2
=
ar

r
//

[(
1,

37
)]

b
=
ar

r2
!

1
pr

in
t
(a

,b
)

Yo
u
ca
n
us
e
'se

q'
to

fo
rc
e
ev
al
ua

tio
n
of

ar
ra
y
el
em

en
ts

pr
io
rt

o
up

da
tin

g
an

ar
ra
y:

10
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
li

br
ar

ie
s/

ba
se

/
Da

ta
-A

rr
ay

-D
if

f.
ht

ml

http://www.haskell.org/ghc/docs/latest/html/libraries/base/Data-Array-Diff.html
http://www.haskell.org/ghc/docs/latest/html/libraries/base/Data-Array-Diff.html


im
po

rt
Da

ta
.A

rr
ay

.D
if

f

ma
in

=
do le

t
ar

r
=
li

st
Ar

ra
y
(1

,1
00

0)
[1

..
10

00
]
::

Di
ff

Ar
ra

y
In

t
In
t

a
=
ar

r
!

1
b
=
ar

r
!

2
ar

r2
=
a
‘s

eq
‘
b

‘s
eq
‘

(a
rr

//
[(

1,
37

),
(2

,6
4)

])
c
=
ar

r2
!

1
pr

in
t
(a

,b
,c

)

69
.7

U
nb

ox
ed

ar
ra
ys

In
m
os
t
im

pl
em

en
ta
tio

ns
of

la
zy

ev
al
ua

tio
n,

va
lu
es

ar
e
re
pr
es
en
te
d
at

ru
nt
im

e
as

po
in
te
rs

to
ei
th
er

th
ei
r
va
lu
e,

or
co
de

fo
r
co
m
pu

tin
g
th
ei
r

va
lu
e.

T
hi
s
ex
tr
a
le
ve
l
of

in
di
re
ct
io
n,

to
ge
th
er

w
ith

an
y
ex
tr
a
ta
gs

ne
ed
ed

by
th
e
ru
nt
im

e,
is

kn
ow

n
as

a
bo

x.
T
he

de
fa
ul
t
"b
ox
ed
"
ar
ra
ys

co
ns
ist

of
m
an

y
of

th
es
e
bo

xe
s,

ea
ch

of
w
hi
ch

m
ay

co
m
pu

te
its

va
lu
e



se
pa

ra
te
ly
.
T
hi
s
al
lo
w
s
fo
r
m
an

y
ne
at

tr
ick

s,
lik

e
re
cu
rs
iv
el
y
de
fin

in
g
an

ar
ra
y'
s
el
em

en
ts

in
te
rm

s
of

on
e
an

ot
he
r,

or
on

ly
co
m
pu

tin
g
th
e
sp
ec
ifi
c

el
em

en
ts

of
th
e
ar
ra
y
w
hi
ch

ar
e
ev
er

ne
ed
ed
.
H
ow

ev
er
,f
or

la
rg
e
ar
ra
ys
,

it
co
st
s
a
lo
t
in

te
rm

s
of

ov
er
he

ad
,
an

d
if
th
e
en
tir

e
ar
ra
y
is

al
w
ay
s

ne
ed

ed
,i
t
ca
n
be

a
w
as
te
.

U
nb

ox
ed

ar
ra
ys

(d
efi
ne
d
in

D
at
a.
A
rr
ay
.U

nb
ox
ed

11
)a

re
m
or
e
lik

e
ar
ra
ys

in
C

-
th
ey

co
nt
ai
n
ju
st

th
e
pl
ai
n
va
lu
es

w
ith

ou
t
th
is

ex
tr
a
le
ve
l
of

in
di
re
ct
io
n,

so
th
at
,f
or

ex
am

pl
e,

an
ar
ra
y
of

10
24

va
lu
es

of
ty
pe

In
t3
2

w
ill

us
e
on

ly
4
kb

of
m
em

or
y.

M
or
eo
ve
r,

in
de
xi
ng

of
su
ch

ar
ra
ys

ca
n
be

sig
ni
fic

an
tly

fa
st
er
.

O
fc

ou
rs
e,

un
bo

xe
d
ar
ra
ys

ha
ve

th
ei
ro

w
n
di
sa
dv

an
ta
ge
s.

Fi
rs
t,
un

bo
xe
d

ar
ra
ys

ca
n

be
m
ad

e
on

ly
of

pl
ai
n

va
lu
es

ha
vi
ng

a
fix

ed
siz

e
--

In
t,

W
or
d,

C
ha

r,
B
oo

l,
Pt

r,
D
ou

bl
e
an

d
ot
he
rs

(li
st
ed

in
th
e

U
A
rr
ay

cl
as
s

11
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
ar

ra
y/

la
te

st
/d

oc
/h

tm
l/

Da
ta

-A
rr

ay
-U

nb
ox

ed
.h

tm
l

http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-Unboxed.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-Unboxed.html


de
fin

iti
on

12
).

Yo
u
ca
n
ev
en

im
pl
em

en
tu

nb
ox
ed

ar
ra
ys

yo
ur
se
lf
fo
ro

th
er

sim
pl
e
ty
pe

s,
in
cl
ud

in
g
en
um

er
at
io
ns
.
B
ut

In
te
ge
r,
St
rin

g
an

d
an

y
ot
he
r

ty
pe

s
de
fin

ed
w
ith

va
ria

bl
e
siz

e
ca
nn

ot
be

el
em

en
ts

of
un

bo
xe
d
ar
ra
ys
.

Se
co
nd

,w
ith

ou
t
th
at

ex
tr
a
le
ve
lo

fi
nd

ire
ct
io
n,

al
lo

ft
he

el
em

en
ts

in
an

un
bo

xe
d
ar
ra
y
m
us
t
be

ev
al
ua

te
d
w
he

n
th
e
ar
ra
y
is

ev
al
ua

te
d,

so
yo
u
lo
se

th
e
be

ne
fit
s
of

la
zy

ev
al
ua

tio
n.

In
de

xi
ng

th
e
ar
ra
y
to

re
ad

ju
st

on
e
el
em

en
t
w
ill

co
ns
tr
uc
t
th
e
en
tir

e
ar
ra
y.

T
hi
s
is

no
t
m
uc
h
of

a
lo
ss

if
yo
u
w
ill

ev
en
tu
al
ly

ne
ed

th
e
w
ho

le
ar
ra
y,

bu
t
it
do

es
pr
ev
en
t
re
cu
rs
iv
el
y

de
fin

in
g
th
e
ar
ra
y
el
em

en
ts

in
te
rm

s
of

ea
ch

ot
he

r,
an

d
m
ay

be
to
o

ex
pe

ns
iv
e
if
yo

u
on

ly
ev
er

ne
ed

sp
ec
ifi
c
va
lu
es
.
N
ev
er
th
el
es
s,

un
bo

xe
d

ar
ra
ys

ar
e
a
ve
ry

us
ef
ul

op
tim

iz
at
io
n
in
st
ru
m
en
t,

an
d
I
re
co
m
m
en

d
us
in
g
th
em

as
m
uc
h
as

po
ss
ib
le
.

A
ll
m
ai
n
ar
ra
y
ty
pe

s
in

th
e
lib

ra
ry

ha
ve

un
bo

xe
d
co
un

te
rp
ar
ts
:

12
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
li

br
ar

ie
s/

ar
ra

y/
Da

ta
-A

rr
ay

-U
nb

ox
ed

.h
tm

l#
t%

3A
UA

rr
ay

http://www.haskell.org/ghc/docs/latest/html/libraries/array/Data-Array-Unboxed.html#t%3AUArray
http://www.haskell.org/ghc/docs/latest/html/libraries/array/Data-Array-Unboxed.html#t%3AUArray


Ar
ra

y
-
UA

rr
ay

(m
od

ul
e
Da

ta
.A

rr
ay

.U
nb

ox
ed
)

IO
Ar

ra
y
-
IO

UA
rr

ay
(m

od
ul

e
Da

ta
.A

rr
ay

.I
O)

ST
Ar

ra
y
-
ST

UA
rr

ay
(m

od
ul

e
Da

ta
.A

rr
ay

.S
T)

Di
ff

Ar
ra

y
-
Di

ff
UA

rr
ay

(m
od

ul
e
Da

ta
.A

rr
ay
.D

if
f)

So
,
ba

sic
al
ly

re
pl
ac
in
g
bo

xe
d
ar
ra
ys

in
yo

ur
pr
og

ra
m

w
ith

un
bo

xe
d

on
es

is
ve
ry

sim
pl
e
-j
us
t
ad

d
'U
't
o
th
e
ty
pe

sig
na

tu
re
s,

an
d
yo

u
ar
e

do
ne

!
O
fc

ou
rs
e,

if
yo

u
ch
an

ge
A
rr
ay

to
U
A
rr
ay
,y

ou
al
so

ne
ed

to
ad

d
"D

at
a.
A
rr
ay
.U

nb
ox
ed

"
to

yo
ur

im
po

rt
s
lis
t.

69
.8

St
or
ab

le
A
rr
ay

A
st
or
ab

le
ar
ra
y
(
D
at
a.
A
rr
ay
.S
to
ra
bl
e1

3 )
is

an
IO

-m
ut
ab

le
ar
ra
y
w
hi
ch

st
or
es

its
co
nt
en
ts

in
a
co
nt
ig
uo

us
m
em

or
y
bl
oc
k
liv

in
g
in

th
e
C

he
ap

.

13
ht

tp
:/

/h
ac

ka
ge

.h
as

ke
ll

.o
rg

/p
ac

ka
ge

s/
ar

ch
iv

e/
ar

ra
y/

la
te

st
/d

oc
/h

tm
l/

Da
ta

-A
rr

ay
-S

to
ra

bl
e.

ht
ml

http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-Storable.html
http://hackage.haskell.org/packages/archive/array/latest/doc/html/Data-Array-Storable.html


E
le
m
en
ts

ar
e
st
or
ed

ac
co
rd
in
g
to

th
e
cl
as
s
'S
to
ra
bl
e'
.
Yo

u
ca
n
ob

ta
in

th
e
po

in
te
rt

o
th
e
ar
ra
y
co
nt
en
ts

to
m
an

ip
ul
at
e
el
em

en
ts

fro
m

la
ng

ua
ge
s

lik
e
C
.

It
is
sim

ila
rt

o
'IO

U
A
rr
ay
'(
in

pa
rt
ic
ul
ar
,i
ti
m
pl
em

en
ts

th
es

am
eM

A
rr
ay

in
te
rf
ac
e)

bu
t
slo

w
er
.
T
he

ad
va
nt
ag

e
is

th
at

it'
s
co
m
pa

tib
le

w
ith

C
th
ro
ug

h
th
ef

or
ei
gn

fu
nc
tio

n
in
te
rfa

ce
.T

he
m
em

or
y
ad

dr
es
se
so

fs
to
ra
bl
e

ar
ra
ys

ar
e
fix

ed
,s

o
yo
u
ca
n
pa

ss
th
em

to
C

ro
ut
in
es
.

T
he

po
in
te
r
to

th
e
ar
ra
y
co
nt
en
ts

is
ob

ta
in
ed

by
'w
ith

St
or
ab

le
A
rr
ay
'.

T
he

id
ea

is
sim

ila
r
to

'F
or
ei
gn

Pt
r'
(u
se
d
in
te
rn
al
ly

he
re
).

T
he

po
in
te
r

sh
ou

ld
be

us
ed

on
ly

du
rin

g
ex
ec
ut
io
n
of

th
e
'IO

'a
ct
io
n
re
tu
rn
ed

by
th
e

fu
nc

tio
n
pa

ss
ed

as
ar
gu

m
en
t
to

'w
ith

St
or
ab

le
A
rr
ay
'.

{-
#
OP

TI
ON

S_
GH

C
-f

gl
as

go
w-

ex
ts

#-
}

im
po

rt
Da

ta
.A

rr
ay

.S
to

ra
bl

e
im

po
rt

Fo
re

ig
n.

Pt
r

im
po

rt
Fo

re
ig

n.
C.

Ty
pe

s



ma
in

=
do

ar
r

<-
ne

wA
rr
ay

(1
,1

0)
37

::
IO

(S
to

ra
bl

eA
rr

ay
In
t

In
t)

a
<-

re
ad

Ar
ra

y
ar

r
1

wi
th

St
or

ab
le

Ar
ra

y
ar

r
(\

pt
r
->

me
ms

et
pt

r
0
40

)
b
<-

re
ad

Ar
ra

y
ar

r
1

pr
in

t
(a

,b
)

fo
re

ig
n
im

po
rt

cc
al

l
un

sa
fe

"s
tr

in
g.
h"

me
ms

et
::

Pt
r
a

->
CI

nt
->

CS
iz

e
->

IO
()

If
yo
u
w
an

t
to

us
e
th
is

po
in
te
r
af
te
rw

ar
ds
,e

ns
ur
e
th
at

yo
u
ca
ll
'to

uc
h-

St
or
ab

le
A
rr
ay
'A

FT
E
R

th
e
la
st

us
e
of

th
e
po

in
te
r,

so
th
at

th
e
ar
ra
y

w
ill

be
no

t
fr
ee
d
to
o
ea
rly

.

A
dd

iti
on

al
co
m
m
en
ts
:
G
H
C

6.
6
sh
ou

ld
m
ak
e
ac
ce
ss

to
a
'S
to
ra
bl
eA

rr
ay
'

as
fa
st

as
to

an
y
ot
he

r
un

bo
xe
d
ar
ra
y.

T
he

on
ly

di
ffe

re
nc

e
be

tw
ee
n

'S
to
ra
bl
eA

rr
ay
'a

nd
'U

A
rr
ay
'w

ill
be

th
at

U
A
rr
ay

lie
s
in

re
lo
ca
ta
bl
e

pa
rt

of
G
H
C

he
ap

w
hi
le
'S
to
ra
bl
eA

rr
ay
'l
ie
s
in

no
n-
re
lo
ca
ta
bl
e
pa

rt
an

d
th
er
ef
or
e
ke
ep

th
e
fix

ed
ad

dr
es
s,

w
ha

t
al
lo
w

to
pa

ss
th
is

ad
dr
es
s
to

th
e

C
ro
ut
in
es

an
d
sa
ve

it
in

th
e
C

da
ta

st
ru
ct
ur
es
.



G
H
C

6.
6
al
so

ad
ds

'u
ns
af
eF

or
ei
gn

P
tr
To

St
or
ab

le
A
rr
ay
'o

pe
ra
tio

n
th
at

al
lo
w
s
to

us
e
an

y
P
tr

as
ad

dr
es
s
of

'S
to
ra
bl
eA

rr
ay
'a

nd
in

pa
rt
ic
ul
ar

w
or
k

w
ith

ar
ra
ys

re
tu
rn
ed

by
C

ro
ut
in
es
.

E
xa

m
pl
e
of

us
in
g

th
is

op
er
at
io
n:

im
po

rt
Da

ta
.A

rr
ay

.S
to

ra
bl

e
im

po
rt

Fo
re

ig
n.

Ma
rs
ha

l.
Al

lo
c

im
po

rt
Fo

re
ig

n.
Ma

rs
ha

l.
Ar

ra
y

im
po

rt
Fo

re
ig

n.
Fo

re
ig

nP
tr

ma
in

=
do

pt
r

<-
ma

ll
oc
Ar

ra
y
10

fp
tr

<-
ne

wF
or

ei
gn

Pt
r_

pt
r

ar
r
<-

un
sa

fe
Fo

re
ig

nP
tr
To

St
or

ab
le

Ar
ra

y
(1

,1
0)

fp
tr

::
IO

(S
to

ra
bl

eA
rr
ay

In
t
In

t)
wr

it
eA

rr
ay

ar
r
1
64

a
<-

re
ad

Ar
ra

y
ar

r
1

pr
in

t
a

fr
ee

pt
r

T
hi
s
ex
am

pl
e
al
lo
cs

m
em

or
y
fo
r
10

In
ts

(w
hi
ch

em
ul
at
es

ar
ra
y
re
tu
rn
ed

by
so
m
e
C

fu
nc

tio
n)
,t

he
n
co
nv

er
ts

re
tu
rn
ed

'P
tr

In
t'

to
'F
or
ei
gn

P
tr



In
t'

an
d
'F
or
ei
gn

P
tr

In
t'

to
'S
to
ra
bl
eA

rr
ay

In
t
In
t'.

It
th
en

w
rit

es
an

d
re
ad

s
fir
st

el
em

en
t
of

ar
ra
y.

A
t
th
e
en

d,
m
em

or
y
us
ed

by
ar
ra
y
is

de
al
lo
ca
te
d
by

'fr
ee
'w

hi
ch

ag
ai
n
em

ul
at
es

de
al
lo
ca
tio

n
by

C
ro
ut
in
es
.

W
e
ca
n
al
so

en
ab

le
au

to
m
at
ic

fr
ee
in
g
of

al
lo
ca
te
d
bl
oc
k
by

re
pl
ac
in
g

"n
ew

Fo
re
ig
nP

tr
_
pt
r"

w
ith

"n
ew

Fo
re
ig
nP

tr
fin

al
iz
er
Fr
ee

pt
r"
.
In

th
is

ca
se

m
em

or
y
w
ill

be
au

to
m
at
ic
al
ly

fr
ee
d
af
te
r
la
st

ar
ra
y
us
ag

e,
as

fo
r

an
y
ot
he

r
H
as
ke
ll
ob

je
ct
s.

69
.9

T
he

H
as
ke
ll
A
rr
ay

P
re
pr
oc
es
so
r
(S
T
P
P
)

U
sin

g
m
ut
ab

le
ar
ra
ys

in
H
as
ke
ll
(I
O

an
d
ST

on
es
)
is

no
t
ve
ry

ha
nd

y.
B
ut

th
er
e
is

on
e
to
ol

w
hi
ch

ad
ds

sy
nt
ax

su
ga

r
an

d
m
ak
es

us
in
g
of

su
ch

ar
ra
ys

ve
ry

cl
os
e
to

th
at

in
im

pe
ra
tiv

e
la
ng

ua
ge
s.

It
is

w
rit

te
n
by

H
al

D
au

m
e
II
Ia

nd
yo
u
ca
n
ge
t
it

as
ht
tp
:/
/h

al
3.
na

m
e/
ST

PP
/s
tp
p.
ta
r.g

z1
4

14
ht

tp
:/

/h
al

3.
na

me
/S

TP
P/

st
pp

.t
ar

.g
z

http://hal3.name/STPP/stpp.tar.gz


U
sin

g
th
is

to
ol
,
yo

u
ca
n
in
de

x
ar
ra
y
el
em

en
ts

in
ar
bi
tr
ar
y
co
m
pl
ex

ex
pr
es
sio

ns
w
ith

ju
st

"a
rr
[|i
|]"

no
ta
tio

n
an

d
th
is

pr
ep

ro
ce
ss
or

w
ill

au
-

to
m
at
ic
al
ly

co
nv

er
t
su
ch

sy
nt
ax

fo
rm

s
to

ap
pr
op

ria
te

ca
lls

to
're

ad
A
r-

ra
y'

an
d
'w
rit

eA
rr
ay
'.

M
ul
ti-

di
m
en

sio
na

l
ar
ra
ys

ar
e
al
so

su
pp

or
te
d,

w
ith

in
de

xi
ng

in
th
e
fo
rm

"a
rr
[|i
|][
|j|
]".

Se
e
fu
rt
he

r
de

sc
rip

tio
ns

at
ht
tp
:/
/h

al
3.
na

m
e/
ST

PP
/

69
.1
0

A
rr
ay
R
ef

lib
ra
ry

T
he

A
rr
ay
R
ef

lib
ra
ry

15
re
im

pl
em

en
ts

ar
ra
y
lib

ra
rie

s
w
ith

th
e
fo
llo

w
in
g

ex
te
ns
io
ns
:

•
dy

na
m
ic

(r
es
iz
ab

le
)
ar
ra
ys

•
po

ly
m
or
ph

ic
un

bo
xe
d
ar
ra
ys

15
ht

tp
:/

/h
as

ke
ll

.o
rg

/h
as

ke
ll

wi
ki

/L
ib

ra
ry

/A
rr

ay
Re

f#
Re

im
pl

em
en

te
d_

Ar
ra

ys
_l

ib
ra

ry

http://haskell.org/haskellwiki/Library/ArrayRef#Reimplemented_Arrays_library
http://haskell.org/haskellwiki/Library/ArrayRef#Reimplemented_Arrays_library


It
al
so

ad
ds

sy
nt
ax

su
ga
r1

6
w
ha

t
sim

pl
ifi
es

ar
ra
ys

us
ag
e.

A
lth

ou
gh

no
t

so
el
eg
an

t
as

w
ith

ST
PP

,i
t's

on
ot
he
r
ha

nd
im

pl
em

en
te
d
en
tir

el
y
in
sid

e
H
as
ke
ll
la
ng

ua
ge
,w

ith
ou

t
an

y
pr
ep

ro
ce
ss
or
s.

69
.1
1

U
ns
af
e
op

er
at
io
ns

an
d
ru
nn

in
g
ov
er

ar
ra
y
el
em

en
ts

A
sm

en
tio

ne
d
ab

ov
e,

th
er
e
ar
e
op

er
at
io
ns

th
at

co
nv

er
ts

be
tw

ee
n
m
ut
ab

le
an

d
im

m
ut
ab

le
ar
ra
ys

of
th
e
sa
m
e
ty
pe

,n
am

el
y
'fr
ee
ze
'(

m
ut
ab

le
→

im
m
ut
ab

le
)
an

d
'th

aw
'(

im
m
ut
ab

le
→

m
ut
ab

le
).

T
he

se
co
py

th
e
en
tir

e
ar
ra
y.

If
yo
u
ar
e
su
re

th
at

a
m
ut
ab

le
ar
ra
y
w
ill

no
t
be

m
od

ifi
ed

or
th
at

an
im

m
ut
ab

le
ar
ra
y
w
ill

no
t
be

us
ed

af
te
r
th
e
co
nv

er
sio

n,
yo

u
ca
n
us
e

un
sa
fe
Fr
ee
ze
/u

ns
af
eT

ha
w

in
st
ea
d
-t

he
se

op
er
at
io
ns

co
nv

er
t
ar
ra
y
in
-

pl
ac
e
if
in
pu

ta
nd

re
su
lti
ng

ar
ra
ys

ha
ve

th
e
sa
m
e
m
em

or
y
re
pr
es
en
ta
tio

n

16
ht

tp
:/

/h
as

ke
ll

.o
rg

/h
as

ke
ll

wi
ki

/L
ib

ra
ry

/A
rr

ay
Re

f#
Sy

nt
ax

_s
ug

ar
_f

or
_

mu
ta

bl
e_

ty
pe

s

http://haskell.org/haskellwiki/Library/ArrayRef#Syntax_sugar_for_mutable_types
http://haskell.org/haskellwiki/Library/ArrayRef#Syntax_sugar_for_mutable_types


(i.
e.

th
e
sa
m
e
ty
pe

an
d
bo

xi
ng

).
Pl
ea
se

no
te

th
at

"u
ns
af
e*
"
op

er
at
io
ns

m
od

ifi
es

m
em

or
y
-
th
ey

se
ts
/c
le
ar
s
fla

g
in

ar
ra
y
he

ad
er

w
hi
ch

te
lls

ab
ou

t
ar
ra
y
m
ut
ab

ili
ty
.

So
th
es
e
op

er
at
io
ns

ca
n'
t
be

us
ed

to
ge
th
er

w
ith

m
ul
ti-

th
re
ad

ed
ac
ce
ss

to
ar
ra
y
(u
sin

g
th
re
ad

s
or

so
m
e
fo
rm

of
co
ro
ut
in
es
).

T
he
re

ar
e
al
so

op
er
at
io
ns

th
at

co
nv

er
ts

un
bo

xe
d
ar
ra
ys

to
an

ot
he
r
el
e-

m
en
t
ty
pe

,n
am

el
y
ca
st
IO

U
A
rr
ay

an
d
ca
st
ST

U
A
rr
ay
.
T
he
se

op
er
at
io
ns

re
ly

on
ac
tu
al

ty
pe

re
pr
es
en
ta
tio

n
in

m
em

or
y
an

d
th
er
ef
or
e
th
er
e
is

no
an

y
gu

ar
an

te
es

on
th
ei
r
re
su
lts

.
In

pa
rt
ic
ul
ar
,t
he
se

op
er
at
io
ns

ca
n

be
us
ed

to
co
nv

er
t
an

y
un

bo
xa

bl
e
va
lu
e
to

th
e
se
qu

en
ce

of
by

te
s
an

d
vi
ce

ve
rs
a,

f.e
.
it'
s
us
ed

in
A
ltB

in
ar
y
lib

ra
ry

to
se
ria

liz
e
flo

at
in
g-
po

in
t

va
lu
es
.
Pl
ea
se

no
te

th
at

th
es
e
op

er
at
io
ns

do
n'
t
re
co
m
pu

te
ar
ra
y
bo

un
ds

ac
co
rd
in
g
to

ch
an

ge
d
siz

e
of

el
em

en
ts
.
Yo

u
sh
ou

ld
do

it
yo
ur
se
lf
us
in
g

'si
ze
O
f'
op

er
at
io
n!

W
hi
le

ar
ra
ys

ca
n
ha

ve
an

y
ty
pe

of
in
de

xe
s,

in
te
rn
al
ly

an
y
in
de

x
af
te
r

bo
un

ds
ch
ec
ki
ng

is
co
nv

er
te
d
to

pl
ai
n
In
t
va
lu
e
(p
os
iti
on

)
an

d
th
en

on
e

of
lo
w
-le

ve
lo

pe
ra
tio

ns
,u

ns
af
eA

t,
un

sa
fe
R
ea
d,

un
sa
fe
W
rit

e,
is
us
ed
.
Yo

u



ca
n
us
e
th
es
e
op

er
at
io
ns

yo
ur
se
lf
in

or
de

r
to

ou
tp
as
s
bo

un
ds

ch
ec
ki
ng

an
d
m
ak
e
yo
ur

pr
og
ra
m

fa
st
er
.
T
he
se

op
er
at
io
ns

ar
e
es
pe

ci
al
ly

us
ef
ul

if
yo
u
ne

ed
to

w
al
k
th
ro
ug

h
en
tir

e
ar
ra
y:

--
|
Re

tu
rn

s
a
li

st
of

al
l
th

e
el

em
en

ts
of

an
ar

ra
y,

in
th

e
sa

me
or

de
r

--
as

th
ei

r
in

di
ce

s.
el

em
s
ar

r
=
[

un
sa

fe
At

ar
r

i
|
i
<-

[0
..

ra
ng

eS
iz

e
(b

ou
nd

s
ar

r)
-1
]
]

"u
ns
af
e*
"
op

er
at
io
ns

in
su
ch

lo
op

s
ar
e
re
al
ly

sa
fe

be
ca
us
e
'i'

lo
op

s
on

ly
th
ro
ug

h
po

sit
io
ns

of
ex
ist

in
g
ar
ra
y
el
em

en
ts
.



69
.1
2

G
H
C
-s
pe

ci
fic

to
pi
cs

69
.1
2.
1

P
ar
al
le
la

rr
ay
s
(m

od
ul
e
G
H
C
.P
A
rr
)

A
s
w
e
al
re
ad

y
m
en
tio

ne
d,

ar
ra
y
lib

ra
ry

su
pp

or
ts

tw
o
ar
ra
y
va
rie

tie
s
-

la
zy

bo
xe
d
ar
ra
ys

an
d
st
ric

t
un

bo
xe
d
on

es
.
Pa

ra
lle

la
rr
ay

im
pl
em

en
ts

so
m
et
hi
ng

in
te
rv
en

in
g
-
it'
s
a
st
ric

t
bo

xe
d

im
m
ut
ab

le
ar
ra
y.

T
hi
s

ke
ep

s
fle

xi
bi
lit
y
of

us
in
g
an

y
da

ta
ty
pe

as
ar
ra
y
el
em

en
t
w
hi
le

m
ak

es
bo

th
cr
ea
tio

n
an

d
ac
ce
ss

to
su
ch

ar
ra
ys

m
uc
h
fa
st
er
.
A
rr
ay

cr
ea
tio

n
im

pl
em

en
te
d
as

on
e
im

pe
ra
tiv

e
lo
op

th
at

fil
ls

al
la

rr
ay

el
em

en
ts
,w

hi
le

ac
ce
ss

to
ar
ra
y
el
em

en
ts

do
n'
tn

ee
d
to

ch
ec
k
"b
ox
".

It
sh
ou

ld
be

ob
vi
ou

s
th
at

pa
ra
lle

la
rr
ay
s
ar
e
no

t
effi

ci
en
t
in

ca
se
s
w
he

re
ca
lc
ul
at
io
n
of

ar
ra
y

el
em

en
ts

ar
e
ra
th
er

co
m
pl
ex

an
d
yo
u
w
ill

no
tu

se
m
os
to

fa
rr
ay

el
em

en
ts
.

O
ne

m
or
e
dr
aw

ba
ck

of
pr
ac
tic

al
us
ag

e
is

th
at

pa
ra
lle

l
ar
ra
ys

do
n'
t

su
pp

or
t
IA

rr
ay

in
te
rf
ac
e
w
hi
ch

m
ea
ns

th
at

yo
u

ca
n'
t
w
rit

e
ge
ne

ric
al
go

rit
hm

s
w
hi
ch

w
or
k
bo

th
w
ith

A
rr
ay

an
d
pa

ra
lle

la
rr
ay

co
ns
tr
uc

to
r.



Li
ke

m
an

y
G
H
C

ex
te
ns
io
ns
,t
hi
s
is

de
sc
rib

ed
in

a
pa

pe
r:

A
n
A
pp

ro
ac
h

to
Fa

st
A
rr
ay
s
in

H
as
ke
ll1

7 ,
by

M
an

ue
lM

.T
.C

ha
kr
av
ar
ty

an
d
G
ab

rie
le

K
el
le
r.

Yo
u
ca
n
al
so

lo
ok

at
so
ur
ce
s
of

G
H
C
.P
A
rr

18
m
od

ul
e,

w
hi
ch

co
nt
ai
ns

a
lo
t
of

co
m
m
en
ts
.

Sp
ec
ia
ls

yn
ta
x
fo
r
pa

ra
lle

la
rr
ay
s
is

en
ab

le
d
by

"g
hc

-fp
ar
r"

or
"g
hc

i
-fp

ar
r"

w
hi
ch

is
un

do
cu

m
en
te
d
in

us
er

m
an

ua
lo

fG
H
C

6.
4.
1.

69
.1
2.
2

W
el
co
m
e
to

th
e
m
ac
hi
ne

A
rr
ay
#
,M

ut
ab

le
A
rr
ay
#
,B

yt
eA

rr
ay
#
,M

ut
ab

le
B
yt
eA

rr
ay
#
,

pi
nn

ed
an

d
m
ov
ea
bl
e
by

te
ar
ra
ys

17
ht

tp
:/

/w
ww

.c
se

.u
ns

w.
ed

u.
au

/~
ch

ak
/p

ap
er

s/
CK

03
.h

tm
l

18
ht

tp
:/

/d
ar

cs
.h

as
ke

ll
.o

rg
/p

ac
ka

ge
s/

ba
se

/G
HC

/P
Ar

r.
hs

http://www.cse.unsw.edu.au/~chak/papers/CK03.html
http://darcs.haskell.org/packages/base/GHC/PArr.hs


G
H
C

he
ap

co
nt
ai
ns

tw
o
ki
nd

s
of

ob
je
ct
s
-s

om
e
ar
e
ju
st

by
te

se
qu

en
ce
s,

ot
he

r
co
nt
ai
ns

po
in
te
rs

to
ot
he

r
ob

je
ct
s
(s
o
ca
lle

d
"b
ox

es
")
.

T
he

se
se
gr
eg
at
io
n
al
lo
w
s
to

fin
d
ch
ai
ns

of
re
fe
re
nc
es

w
he
n
pe

rfo
rm

in
g
ga
rb
ag
e

co
lle

ct
io
n
an

d
up

da
te

th
es
e
po

in
te
rs

w
he

n
m
em

or
y
us
ed

by
he

ap
is

co
m
pa

ct
ed

an
d
ob

je
ct
s
ar
e
m
ov
ed

to
ne

w
pl
ac
es
.
In
te
rn
al

(r
aw

)
G
H
C
's

ty
pe

A
rr
ay
#

re
pr
es
en
ts

a
se
qu

en
ce

of
ob

je
ct

po
in
te
rs

(b
ox
es
).

T
he

re
is

lo
w
-le

ve
lo

pe
ra
tio

n
in

ST
m
on

ad
w
hi
ch

al
lo
ca
te
s
ar
ra
y
of

sp
ec
ifi
ed

siz
e

in
he

ap
,i
ts

ty
pe

is
so
m
et
hi
ng

lik
e
(I
nt

->
ST

s
A
rr
ay
#
).

T
he

A
rr
ay
#

ty
pe

is
us
ed

in
sid

e
A
rr
ay

ty
pe

w
hi
ch

re
pr
es
en
ts

bo
xe
d
im

m
ut
ab

le
ar
ra
ys
.

T
he
re

is
a
di
ffe

re
nt

ty
pe

fo
r
m
ut
ab

le
bo

xe
d
ar
ra
ys

(I
O
A
rr
ay
/S

TA
rr
ay
),

na
m
el
y
M
ut
ab

le
A
rr
ay

#
.
Se

pa
ra
te

ty
pe

fo
r
m
ut
ab

le
ar
ra
ys

re
qu

ire
d

be
ca
us
eo

f2
-s
ta
ge

ga
rb
ag
ec

ol
le
ct
io
n
m
ec
ha

ni
sm

.I
nt
er
na

lr
ep
re
se
nt
at
io
n

of
A
rr
ay

#
an

d
M
ut
ab

le
A
rr
ay

#
ar
e
th
e
sa
m
e
ex
cl
ud

in
g
fo
r
so
m
e
fla

gs
in

he
ad

er
an

d
th
is
m
ak
e
po

ss
ib
le

to
on

-p
la
ce

co
nv

er
t
M
ut
ab

le
A
rr
ay
#

to
A
rr
ay

#
an

d
vi
ce

ve
rs
a
(t
hi
s
is

th
at

un
sa
fe
Fr
ee
ze

an
d
un

sa
fe
T
ha

w
op

er
at
io
ns

do
).



U
nb

ox
ed

ar
ra
ys

ar
e
re
pr
es
en
te
d
by

th
e
B
yt
eA

rr
ay
#

ty
pe

.
It
's

ju
st

a
pl
ai
n
m
em

or
y
ar
ea

in
th
e
he

ap
,
lik

e
th
e
C
's

ar
ra
y.

T
he

re
ar
e
tw

o
pr
im

iti
ve

op
er
at
io
ns

th
at

cr
ea
te
s
a
B
yt
eA

rr
ay
#

of
sp
ec
ifi
ed

siz
e
-o

ne
al
lo
ca
te
s
m
em

or
y
in

no
rm

al
he

ap
an

d
so

th
is

by
te

ar
ra
y
ca
n
be

m
ov
ed

ea
ch

tim
e
w
he
n
ga
rb
ag
e
co
lle

ct
io
n
oc
cu
rs
.
T
hi
s
pr
ev
en
ts

co
nv

er
tin

g
of

B
yt
eA

rr
ay
#

to
pl
ai
n
m
em

or
y
po

in
te
r
th
at

ca
n
be

us
ed

in
C

pr
oc
ed
ur
es

(a
lth

ou
gh

it'
ss

til
lp

os
sib

le
to

pa
ss

cu
rr
en
tB

yt
eA

rr
ay
#

po
in
te
rt

o
"u
ns
af
e

fo
re
ig
n"

pr
oc
ed

ur
e
if
it

do
n'
t
tr
y
to

st
or
e
th
is

po
in
te
r
so
m
ew

he
re
).

T
he

se
co
nd

pr
im

iti
ve

al
lo
ca
te
sB

yt
eA

rr
ay
#

of
sp
ec
ifi
ed

siz
e
in

"p
in
ne
d"

he
ap

ar
ea
,
w
hi
ch

co
nt
ai
ns

ob
je
ct
s
w
ith

fix
ed

pl
ac
e.

Su
ch

by
te

ar
ra
y
w
ill

ne
ve
r
be

m
ov
ed

by
G
C

so
it'
s
ad

dr
es
s
ca
n
be

us
ed

as
pl
ai
n
P
tr

an
d

sh
ar
ed

w
ith

C
w
or
ld
.

Fi
rs
t
w
ay

to
cr
ea
te

B
yt
eA

rr
ay
#

us
ed

in
sid

e
im

pl
em

en
ta
tio

n
of

al
lU

A
rr
ay

ty
pe

s,
se
co
nd

w
ay

us
ed

in
St
or
ab

le
A
rr
ay

(a
lth

ou
gh

St
or
ab

le
A
rr
ay

ca
n
al
so

po
in
t
to

da
ta
,a

llo
ca
te
d
by

C
m
al
lo
c)
.

T
he

re
is

al
so

M
ut
ab

le
B
yt
eA

rr
ay
#

ty
pe

w
ha

t
do

n'
t
ha

d
m
uc
h
di
ffe

r-
en

ce
w
ith

B
yt
eA

rr
ay
#
,b

ut
G
H
C
's

pr
im

iti
ve
s
su
pp

or
t
on

ly
m
on

ad
ic

re
ad

/w
rit

e
op

er
at
io
ns

fo
r
M
ut
ab

le
B
yt
eA

rr
ay
#
,a

nd
on

ly
pu

re
re
ad

s
fo
r



B
yt
eA

rr
ay

#
,p

lu
s
un

sa
fe
Fr
ee
ze
/u

ns
af
eT

ha
w

op
er
at
io
ns

th
at

ch
an

ge
s

ap
pr
op

ria
te

fie
ld
s
in

he
ad

er
s
of

th
is

ar
ra
ys
.
T
hi
s
di
ffe

re
nt
ia
tio

n
do

n'
t

m
ak
e
m
uc
h
se
ns
e
ex
ce
pt

fo
r
ad

di
tio

na
ls

af
et
y
ch
ec
ks
.

So
,
pi
nn

ed
M
ut
ab

le
B
yt
eA

rr
ay
#

or
C

m
al
lo
ce
d
m
em

or
y
us
ed

in
sid

e
St
or
ab

le
A
rr
ay
,u

np
in
ne

d
M
ut
ab

le
B
yt
eA

rr
ay

#
us
ed

in
sid

e
IO

U
A
rr
ay

an
d
ST

U
A
rr
ay
,a

nd
un

pi
nn

ed
B
yt
eA

rr
ay

#
ar
e
us
ed

in
sid

e
U
A
rr
ay
.

B
ot
h
bo

xe
d
an

d
un

bo
xe
d
ar
ra
ys

A
PI

ar
e
al
m
os
t
th
e
sa
m
e:

ma
rr

<-
al

lo
c
n

-
al

lo
ca

te
s
mu

ta
bl

e
ar

ra
y
wi

th
gi
ve
n
si
ze

ar
r

<-
un
sa

fe
Fr

ee
ze

ma
rr

-
co

nv
er
ts

mu
ta

bl
e
ar

ra
y
to

im
mu
ta
bl
e
on
e

ma
rr

<-
un

sa
fe

Th
aw

ar
r

-
co

nv
er

ts
im

mu
ta

bl
e
ar

ra
y
to

mu
ta
bl
e
on
e

x
<-

un
sa

fe
Re

ad
ma

rr
i

-
mo

na
di

c
re
ad

in
g
of

va
lu

e
wi
th

gi
ve
n

in
de

x
fr

om
mu

ta
bl

e
ar

ra
y

un
sa

fe
Wr

it
e
ma

rr
i
x

-
mo

na
di

c
wr

it
in

g
of

va
lu

e
wi

th
gi
ve
n

in
de

x
fr

om
mu

ta
bl

e
ar

ra
y

le
t
x
=

un
sa

fe
At

ar
r

i
-
pu

re
re

ad
in

g
of

va
lu

e
wi

th
gi

ve
n
in
de
x

fr
om

im
mu

ta
bl

e
ar

ra
y

(a
ll

in
de

xe
s
ar

e
co

un
te

d
fr

om
0)



B
as
ed

on
th
es
e
pr
im

iti
ve

op
er
at
io
ns
,
th
e
ar
ra
ys

lib
ra
ry

im
pl
em

en
ts

in
de

xi
ng

w
ith

an
y
ty
pe

an
d
w
ith

an
y
lo
w
er

bo
un

d,
bo

un
ds

ch
ec
ki
ng

an
d
al
lo

th
er

hi
gh

-le
ve
lo

pe
ra
tio

ns
.
O
pe

ra
tio

ns
th
at

cr
ea
te
s/
up

da
te
s

im
m
ut
ab

le
ar
ra
ys

ju
st

cr
ea
te
s
th
em

as
m
ut
ab

le
ar
ra
ys

in
ST

m
on

ad
,

m
ak
e
al
lr
eq
ui
re
d
up

da
te
so

n
th
is
ar
ra
y
an

d
th
en

us
e
un

sa
fe
Fr
ee
ze

be
fo
re

re
tu
rn
in
g
ar
ra
y
fr
om

ru
nS

T
.O

pe
ra
tio

ns
on

IO
ar
ra
ys

ar
e
im

pl
em

en
te
d

vi
a
op

er
at
io
ns

on
ST

ar
ra
ys

us
in
g
st
To

IO
op

er
at
io
n.

69
.1
2.
3

M
ut
ab

le
ar
ra
ys

an
d
G
C

G
H
C

im
pl
em

en
ts

2-
st
ag

e
G
C

w
hi
ch

is
ve
ry

fa
st

-
m
in
or

G
C

oc
cu

rs
af
te
r
ea
ch

25
6
kb

al
lo
ca
te
d
an

d
sc
an

s
on

ly
th
is

ar
ea

(p
lu
s
re
ce
nt

st
ac
k

fr
am

es
)
w
he

n
se
ar
ch
in
g
fo
r
a
"li
ve
"
da

ta
.
T
hi
s
so
lu
tio

n
us
es

th
e
fa
ct

th
at

us
ua

lH
as
ke
ll
da

ta
ar
e
im

m
ut
ab

le
an

d
th
er
ef
or
e
an

y
da

ta
st
ru
ct
ur
es

th
at

w
as

cr
ea
te
d
be

fo
re

pr
ev
io
us

m
in
or

G
C

ca
n'
t
po

in
t
to

th
e
da

ta
st
ru
ct
ur
es

cr
ea
te
d
af
te
r
th
is

G
C

(d
ue

to
im

m
ut
ab

ili
ty

da
ta

ca
n
co
nt
ai
n

on
ly

"b
ac
kw

ar
d"

re
fe
re
nc

es
).



B
ut

th
is

sim
pl
ic
ity

br
ea
ks

w
he

n
we

ad
d
to

th
e
la
ng

ua
ge

m
ut
ab

le
bo

xe
d

re
fe
re
nc
es

(I
O
R
ef
/S

T
R
ef
)
an

d
ar
ra
ys

(I
O
A
rr
ay
/S

TA
rr
ay
).

O
n
ea
ch

G
C
,

in
cl
ud

in
g
m
in
or

on
es
,e

ac
h
el
em

en
t
in

m
ut
ab

le
da

ta
st
ru
ct
ur
es

sh
ou

ld
be

sc
an

ne
d
be

ca
us
e
it

m
ay

be
up

da
te
d
sin

ce
la
st

G
C

an
d
no

w
po

in
t
to

th
e
da

ta
al
lo
ca
te
d
sin

ce
la
st

G
C
.

Fo
r
pr
og
ra
m
s
th
at

co
nt
ai
ns

a
lo
t
of

da
ta

in
m
ut
ab

le
bo

xe
d
ar
ra
ys
/r
ef
er
-

en
ce
sG

C
tim

es
m
ay

ea
sil
y
ou

tw
ei
gh

us
ef
ul

co
m
pu

ta
tio

n
tim

e.
Ir
on

ic
al
ly
,

on
e
of

su
ch

pr
og

ra
m
s
is

G
H
C

its
el
f.

So
lu
tio

n
fo
r
su
ch

pr
og

ra
m
s
is

to
ad

d
to

cm
dl
in
e
op

tio
n
lik

e
"+

RT
S
-A

10
m
"
w
hi
ch

in
cr
ea
se
s
siz

e
of

m
in
or

G
C

ch
un

ks
fr
om

25
6
kb

to
10

m
b,

i.e
.
m
ak

es
m
in
or

G
C

40
tim

es
le
ss

fre
qu

en
t.

Yo
u
ca
n
se
e
eff

ec
to

ft
hi
s
ch
an

ge
us
in
g
"+

RT
S
-s
st
de
rr
"o

pt
io
n

-"
%
G
C

tim
e"

sh
ou

ld
sig

ni
fic

an
tly

de
cr
ea
se
.

T
he

re
is

a
w
ay

to
in
cl
ud

e
th
is

op
tio

n
in
to

yo
ur

ex
ec
ut
ab

le
so

it
w
ill

be
us
ed

au
to
m
at
ic
al
ly

on
ea
ch

ex
ec
ut
io
n
-
yo

u
sh
ou

ld
ju
st

ad
d
to

yo
ur

pr
oj
ec
t
C

so
ur
ce

fil
e
th
at

co
nt
ai
ns

th
e
fo
llo

w
in
g
lin

e:



ch
ar

*g
hc

_r
ts

_o
pt

s
=
"-

A1
0m

";

O
f
co
ur
se
,
yo

u
ca
n
in
cr
ea
se

or
de

cr
ea
se

th
is

va
lu
e
ac
co
rd
in
g
to

yo
ur

ne
ed

s.

In
cr
ea
sin

g
"-
A
"v

al
ue

do
n'
tc

om
es

fo
rf
re
e
-a

sid
e
fro

m
ob

vi
ou

si
nc
re
as
in
g

of
m
em

or
y
us
ag
e,

ex
ec
ut
io
n
tim

es
(o
fu

se
fu
lc
od

e)
w
ill

al
so

gr
ow

.
D
ef
au

lt
"-
A
"
va
lu
e
tu
ne

d
to

be
cl
os
e
to

m
od

er
n
C
P
U

ca
ch
e
siz

es
th
at

m
ea
ns

th
at

m
os
t
of

m
em

or
y
re
fe
re
nc

es
ar
e
fa
ll
in
sid

e
th
e
ca
ch
e.

W
he

n
10

m
b

of
m
em

or
y
ar
e
al
lo
ca
te
d
be

fo
re

do
in
g
G
C
,t

hi
s
da

ta
lo
ca
lit
y
is

no
m
or
e

ho
ld
s.

So
,i
nc
re
as
in
g
"-
A
"c

an
ei
th
er

in
cr
ea
se

or
de
cr
ea
se

pr
og
ra
m

sp
ee
d,

de
pe

nd
in
g
on

its
na

tu
re
.
Tr

y
va
rio

us
se
tt
in
gs

be
tw

ee
n
64

kb
an

d
16

m
b

w
hi
le

ru
nn

in
g
pr
og

ra
m

w
ith

"t
yp

ic
al
"
pa

ra
m
et
er
s
an

d
tr
y
to

se
le
ct

a
be

st
se
tt
in
g
fo
r
yo
ur

co
nc

re
te

pr
og

ra
m

an
d
cp

u
co
m
bi
na

tio
n.

T
he

re
is

al
so

an
ot
he

r
w
ay

to
av
oi
d
in
cr
ea
sin

g
G
C

tim
es

-
us
e
ei
th
er

un
bo

xe
d
or

im
m
ut
ab

le
ar
ra
ys
.
A
lso

no
te

th
at

im
m
ut
ab

le
ar
ra
ys

ar
e



bu
ild

as
m
ut
ab

le
on

es
an

d
th
en

"f
re
ez
ed

",
so

du
rin

g
th
e
co
ns
tr
uc

tio
n

tim
e
G
C

w
ill

al
so

sc
an

th
ei
r
co
nt
en
ts
.

H
op

ef
ul
ly
,G

H
C
6.
6
fix

ed
th
e
pr
ob

le
m

-i
tr

em
em

be
rs

w
ha

tr
ef
er
en
ce
s/
ar
-

ra
ys

w
as

up
da

te
d
sin

ce
la
st

G
C

an
d
sc
an

s
on

ly
th
em

.
Yo

u
ca
n
su
ffe

r
fr
om

th
e
ol
d
pr
ob

le
m
s
on

ly
in

th
e
ca
se

w
he

n
yo
u
us
e
ve
ry

la
rg
e
ar
ra
ys
.

Fu
rt
he

r
in
fo
rm

at
io
n:

•
RT

S
op

tio
ns

to
co
nt
ro
lt
he

ga
rb
ag

e
co
lle

ct
or

19

•
P
ro
bl
em

de
sc
rip

tio
n
by

Si
m
on

M
ar
lo
w

an
d
re
po

rt
ab

ou
t
G
H
C

6.
6

im
pr
ov
em

en
ts

in
th
is

ar
ea

20

•
N
ot
es

ab
ou

t
G
H
C

ga
rb
ag

e
co
lle

ct
or

21

•
Pa

pe
rs

ab
ou

t
G
H
C

ga
rb
ag

e
co
lle

ct
or

22

19
ht

tp
:/

/w
ww

.h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
us

er
s_

gu
id

e/
ru

nt
im

e-
co

nt
ro

l.
ht

ml
20

ht
tp

:/
/h

ac
ka

ge
.h

as
ke

ll
.o

rg
/t

ra
c/

gh
c/

ti
ck

et
/6

50
21

ht
tp

:/
/h

ac
ka

ge
.h

as
ke

ll
.o

rg
/t

ra
c/

gh
c/

wi
ki

/G
ar

ba
ge

Co
ll

ec
to

rN
ot

es
22

ht
tp

:/
/r

es
ea

rc
h.

mi
cr

os
of

t.
co

m/
~s

im
on

pj
/P

ap
er

s/
pa

pe
rs

.h
tm

l#
gc

http://www.haskell.org/ghc/docs/latest/html/users_guide/runtime-control.html
http://www.haskell.org/ghc/docs/latest/html/users_guide/runtime-control.html
http://hackage.haskell.org/trac/ghc/ticket/650
http://hackage.haskell.org/trac/ghc/wiki/GarbageCollectorNotes
http://research.microsoft.com/~simonpj/Papers/papers.html#gc




70
M
ay
be

T
he

M
ay
be

da
ta

ty
pe

is
a
m
ea
ns

of
be

in
g
ex
pl
ic
it

th
at

yo
u
ar
e
no

t
su
re

th
at

a
fu
nc

tio
n
w
ill

be
su
cc
es
sf
ul

w
he

n
it
is

ex
ec
ut
ed

.

70
.1

M
ot
iv
at
io
n

M
an

y
la
ng

ua
ge
s
re
qu

ire
yo

u
to

gu
es
s
w
ha

t
th
ey

w
ill

do
w
he

n
a

ca
lc
ul
at
io
n

di
d

no
t
fin

ish
pr
op

er
ly
.

Fo
r
ex
am

pl
e,

an
ar
ra
y

lo
ok

up
sig

na
tu
re

m
ay

lo
ok

lik
e
th
is

in
ps
eu

do
co
de

:

1265



ge
tP

os
it

io
n(
Ar

ra
y
a,

Va
lu
e

v)
re

tu
rn
s

In
te
ge

r

B
ut

w
ha

th
ap

pe
ns

if
it
do
es
n'
tfi

nd
th
ei
te
m
?
It
co
ul
d
re
tu
rn

a
nu
ll

va
lu
e,

or
th
e
in
te
ge
r
'-1
'w

hi
ch

w
ou

ld
al
so

be
an

ob
vi
ou

s
sig

n
th
at

so
m
et
hi
ng

w
en
t
w
ro
ng

.
B
ut

th
er
e'
s
no

w
ay

of
kn

ow
in
g
w
ha

t
w
ill

ha
pp

en
w
ith

ou
t

ex
am

in
in
g
th
e
co
de

fo
r
th
is

pr
oc
ed

ur
e
to

se
e
w
ha

t
th
e
pr
og

ra
m
m
er

ch
os
e
to

do
.
In

a
lib

ra
ry

w
ith

ou
t
av
ai
la
bl
e
co
de

th
is

m
ig
ht

no
t
ev
en

be
po

ss
ib
le
.

T
he

al
te
rn
at
iv
e
is

to
ex
pl
ic
itl
y
st
at
e
w
ha

t
th
e
fu
nc

tio
n
sh
ou

ld
re
tu
rn

(in
th
is

ca
se
,I
nt
eg
er
),

bu
t
al
so

th
at

it
m
ig
ht

no
t
w
or
k
as

in
te
nd

ed
—

M
ay

be
In
te
ge
r.

T
hi
s
is

th
e
in
te
nt
io
n
of

th
e
M
ay
be

da
ta
ty
pe

.
So

in
H
as
ke
ll,

w
e
co
ul
d
w
rit

e
th
e
ab

ov
e
sig

na
tu
re

as
:



ge
tP

os
it

io
n
::

Ar
ra

y
->

Va
lu

e
->

Ma
yb

e
In

te
ge

r

If
th
e
fu
nc
tio

n
is
su
cc
es
sfu

ly
ou

wa
nt

to
re
tu
rn

th
e
re
su
lt;

ot
he
rw

ise
,y

ou
wa

nt
to

re
tu
rn

an
ex
pl
ic
it

fa
ilu

re
.
T
hi
s
co
ul
d
be

sim
ul
at
ed

as
a
tu
pl
e
of

ty
pe

(B
oo
l,

a)
w
he
re

a
is
th
e
"a
ct
ua

l"
re
tu
rn

ty
pe

of
th
e
fu
nc
tio

n.
B
ut

w
ha

t
wo

ul
d
yo
u
pu

t
in

th
e
a
slo

t
if
it
fa
ile
d?

T
he
re
's

no
ob

vi
ou

s
an

sw
er
.

B
es
id
es

w
hi
ch
,t

he
M
ay

be
ty
pe

is
ea
sie

r
to

us
e
an

d
ha

s
a
se
le
ct
io
n
of

lib
ra
ry

fu
nc

tio
ns

fo
r
de

al
in
g
w
ith

va
lu
es

w
hi
ch

m
ay

fa
il
to

re
tu
rn

an
ex
pl
ic
it
an

sw
er
.

70
.2

D
efi

ni
ti
on

T
he

St
an

da
rd

P
re
lu
de

de
fin

es
th
e
M
ay

be
ty
pe

as
fo
llo

w
s,

an
d
m
or
e

ut
ili
ty

fu
nc

tio
ns

ex
ist

in
th
e
D
at
a.
M
ay
be

lib
ra
ry
.



da
ta

Ma
yb

e
a
=

No
th

in
g
|

Ju
st

a

T
he

ty
pe

a
is
po

ly
m
or
ph

ic
an

d
ca
n
co
nt
ai
n
co
m
pl
ex

ty
pe

s
or

ev
en

ot
he
r

m
on

ad
s
(s
uc
h
as

IO
()

ty
pe

s)
.

70
.3

Li
br
ar
y
fu
nc

ti
on

s

T
he

m
od

ul
eD

at
a.
Ma
yb
e,

in
th
es

ta
nd

ar
d
hi
er
ar
ch
ic
al

lib
ra
rie

s1
,c
on

ta
in
s

a
w
ea
lth

of
fu
nc

tio
ns

fo
r
w
or
ki
ng

w
ith

M
ay
be

va
lu
es
.

1
C
ha

pt
er

67
on

pa
ge

12
19



70
.3
.1

Q
ue

ry
in
g

T
he
re

ar
e
tw

o
ob

vi
ou

s
fu
nc
tio

ns
to

gi
ve

yo
u
in
fo
rm

at
io
n
ab

ou
t
a
M
ay
be

va
lu
e.

is
Ju

st

T
hi
s
re
tu
rn
s
Tr

ue
if
th
e
ar
gu

m
en
t
is

in
th
e
fo
rm

Ju
st

_.

is
Ju

st
::

Ma
yb

e
a
->

Bo
ol

is
Ju

st
(J

us
t
_)

=
Tr

ue
is

Ju
st

No
th

in
g

=
Fa

ls
e



is
No

th
in

g

T
he

du
al

of
is
Ju
st

:
re
tu
rn
s
Tr

ue
if
its

ar
gu

m
en
t
is
No
th
in
g.

is
No

th
in

g
::

Ma
yb

e
a
->

Bo
ol

is
No

th
in

g
(J

us
t
_)

=
Fa

ls
e

is
No

th
in

g
No

th
in

g
=
Tr

ue

70
.3
.2

G
et
ti
ng

ou
t

T
he

re
ar
e
a
ha

nd
fu
lo

ff
un

ct
io
ns

fo
r
co
nv

er
tin

g
M
ay

be
va
lu
es

to
no

n-
M
ay
be

va
lu
es
.



ma
yb

e

ma
yb
e
is

a
fu
nc

tio
n
th
at

ta
ke
s
a
de

fa
ul
t
va
lu
e
to

us
e
if
its

ar
gu

m
en
t
is

No
th
in
g,

a
fu
nc
tio

n
to

ap
pl
y
if
its

ar
gu

m
en
t
is
in

th
e
fo
rm

Ju
st

_,
an

d
a
M
ay

be
va
lu
e.

ma
yb

e
::

b
->

(a
->

b)
->

Ma
yb

e
a
->

b
ma

yb
e
_
f
(J

us
t
x)

=
f
x

ma
yb

e
z
_
No

th
in

g
=
z

fr
om

Ma
yb

e

A
fr
eq
ue

nt
pa

tt
er
n

is
to

us
e
th
e
ma
yb
e

fu
nc

tio
n,

bu
t
no

t
w
an

t
to

ch
an

ge
th
e
va
lu
e
if
it
w
as

a
Ju
st

.
T
ha

t
is,

ca
ll
ma
yb
e
w
ith

th
e
se
co
nd

pa
ra
m
et
er

be
in
g
id

.
T
hi
s
is

pr
ec
ise

ly
fr
om
Ma
yb
e.



fr
om

Ma
yb

e
::

a
->

Ma
yb

e
a

->
a

fr
om

Ma
yb

e
z
=
ma

yb
e
z
id

fr
om

Ju
st

T
he

re
ar
e
ce
rt
ai
n
oc
ca
sio

ns
w
he

n
yo

u
kn

ow
a
fu
nc

tio
n
th
at

en
ds

in
a
M
ay
be

va
lu
e
w
ill

pr
od

uc
e
a
Ju
st

.
In

th
es
e
ca
se
s,

yo
u
ca
n
us
e
th
e

fr
om
Ju
st

fu
nc

tio
n,

w
hi
ch

ju
st

st
rip

s
off

a
Ju
st

co
ns
tr
uc

to
r.

fr
om

Ju
st

::
Ma

yb
e
a
->

a
fr

om
Ju

st
(J

us
t
x)

=
x

fr
om

Ju
st

No
th

in
g

=
er

ro
r
"f

ro
mJ

us
t:

No
th

in
g"



70
.3
.3

Li
st
s
an

d
M
ay
be

Li
st
s
ar
e,

in
so
m
e
w
ay

s,
sim

ila
r
to

th
e
M
ay

be
da

ta
ty
pe

(in
de

ed
,t

hi
s

re
la
tio

ns
hi
p
w
ill

be
fu
rt
he
r
ex
pl
or
ed

w
he
n
yo
u
le
ar
n
ab

ou
t
m
on

ad
s)
.
A
s

su
ch
,t
he
re

ar
e
a
co
up

le
of

fu
nc
tio

ns
fo
r
co
nv

er
tin

g
be

tw
ee
n
on

e
an

d
th
e

ot
he

r.

li
st

To
Ma

yb
e

T
hi
s
fu
nc

tio
n,

an
d
th
e
fo
llo

w
in
g
on

e,
m
ak

es
a
lo
t
of

se
ns
e
w
he

n
yo

u
th
in
k
ab

ou
t
M
ay
be

an
d
lis
t
va
lu
es

in
te
rm

s
of

co
m
pu

ta
tio

ns
(w

hi
ch

w
ill

be
m
or
e
fu
lly

ex
pl
ai
ne

d
in

th
e
se
ct
io
n
on

A
dv

an
ce
d
m
on

ad
s2
).

W
ith

lis
ts
,

[]
re
pr
es
en
ts

a
fa
ile

d
co
m
pu

ta
tio

n.
W

ith
M
ay

be
,

No
th
in
g

do
es
.

li
st
To
Ma
yb
e

co
nv

er
ts

be
tw

ee
n

th
e
lis
t
an

d
M
ay
be

m
on

ad
.
W

he
n
th
e
pa

ra
m
et
er

(in
th
e
lis
t
m
on

ad
)
in
di
ca
te
d
a
su
cc
es
sf
ul

2
ht

tp
:/

/e
n.

wi
ki

bo
ok

s.
or

g/
wi

ki
/.

.%
2F

..
%2

FA
dv

an
ce

d%
20

mo
na

ds

http://en.wikibooks.org/wiki/..%2F..%2FAdvanced%20monads


co
m
pu

ta
tio

n,
on

ly
th
e
fir
st

so
lu
tio

n
is
ta
ke
n
to

pl
ac
e
in

th
e
M
ay
be

va
lu
e.

li
st

To
Ma

yb
e
::

[a
]
->

Ma
yb

e
a

li
st

To
Ma

yb
e
[]

=
No

th
in

g
li

st
To

Ma
yb

e
(x

:_
)
=
Ju

st
x

ma
yb

eT
oL

is
t

T
he

ob
vi
ou

s
op

po
sit

e
of

li
st
To
Ma
yb
e.

ma
yb

eT
oL

is
t
::

Ma
yb

e
a
->

[a
]

ma
yb

eT
oL

is
t
No

th
in
g

=
[]

ma
yb

eT
oL

is
t
(J

us
t
x)

=
[x

]



70
.3
.4

Li
st
s
m
an

ip
ul
at
io
n

Fi
na

lly
,t
he
re

ar
e
a
co
up

le
of

fu
nc
tio

ns
w
hi
ch

ar
e
an

al
og
ue
so

ft
he

no
rm

al
Pr

el
ud

e
lis
t
m
an

ip
ul
at
io
n
fu
nc

tio
ns
,b

ut
sp
ec
ia
lis
ed

to
M
ay

be
va
lu
es
.

C
on

ti
nu

e
on

so
m
e
fa
ilu

re
s
(l
ik
e

'o
r'
)

ca
tM

ay
be

s
G
iv
en

a
lis
t
of

M
ay
be

va
lu
es
,c

at
Ma
yb
es

ex
tr
ac
ts

al
lt

he
va
lu
es

in
th
e

fo
rm

Ju
st

_,
an

d
st
rip

so
ff
th
e
Ju
st

co
ns
tr
uc
to
rs
.
T
hi
si
se

as
ily

de
fin

ed
w
ith

a
lis
t
co
m
pr
eh

en
sio

n,
as

w
e
sh
ow

ed
in

th
e
pa

tt
er
n

m
at
ch
in
g

ch
ap

te
r3
:

ca
tM

ay
be

s
::

[M
ay

be
a]

->
[a

]
ca

tM
ay

be
s
ms

=
[
x

|
Ju

st
x
<-

ms
]

3
C
ha

pt
er

16
on

pa
ge

30
9



ma
pM

ay
be

ma
pM
ay
be

ap
pl
ie
s
a
fu
nc
tio

n
to

a
lis
t,

an
d
co
lle
ct
s
th
e
su
cc
es
se
s.

It
ca
n

be
un

de
rs
to
od

as
a
co
m
po

sit
io
n
of

fu
nc

tio
ns

yo
u
al
re
ad

y
kn

ow
:

ma
pM

ay
be

::
(a

->
Ma

yb
e
b)

->
[a

]
->

[b
]

ma
pM

ay
be

f
xs

=
ca

tM
ay

be
s
(m

ap
f

xs
)

B
ut

th
e
ac
tu
al

de
fin

iti
on

m
ay

be
m
or
e
effi

ci
en
ta

nd
tr
av
er
se

th
e
lis
to

nc
e:

ma
pM

ay
be

::
(a

->
Ma

yb
e
b)

->
[a

]
->

[b
]

ma
pM

ay
be

_
[]

=
[]

ma
pM

ay
be

f
(x

:x
s)

=
ca

se
f
x
of

Ju
st

y
->

y
:
ma

pM
ay

be
f
xs

No
th

in
g
->

ma
pM

ay
be

f
xs



St
op

on
fa
ilu

re

se
qu

en
ce

So
m
et
im

es
yo

u
w
an

t
to

co
lle

ct
th
e
va
lu
es

if
an

d
on

ly
if
al
ls

uc
ce
ed

ed
:

se
qu

en
ce

::
[M

ay
be

a]
->

Ma
yb

e
[a

]
se

qu
en

ce
[]

=
Ju

st
[]

se
qu

en
ce

(N
ot

hi
ng

:x
s)

=
No

th
in
g

se
qu

en
ce

(J
us

t
x:

xs
)

=
ca

se
se

qu
en

ce
xs

of
Ju

st
xs
'
->

Ju
st

(x
:x

s'
)

_
->

No
th

in
g





71
M
ap

s

T
he

m
od

ul
e
D
at
a.
M
ap

pr
ov

id
es

th
e
Ma
p
da

ta
ty
pe

,
w
hi
ch

al
lo
w
s
yo
u

to
st
or
e
va
lu
es

at
ta
ch
ed

to
sp
ec
ifi
c
ke
ys
.
T
hi
s
is

ca
lle

d
a
lo
ok

up
ta
bl
e,

di
ct
io
na

ry
or

as
so
ci
at
iv
e
ar
ra
y
in

ot
he

r
la
ng

ua
ge
s.

71
.1

M
ot
iv
at
io
n

Ve
ry

of
te
n
it
w
ou

ld
be

us
ef
ul

to
ha

ve
so
m
e
ki
nd

of
da

ta
st
ru
ct
ur
e
th
at

re
la
te
s
a
va
lu
e
or

lis
t
of

va
lu
es

to
a
sp
ec
ifi
c
ke
y.

T
hi
s
is

of
te
n
ca
lle

d
a

di
ct
io
na

ry
af
te
r
th
e
re
al
-w

or
ld

ex
am

pl
e:

a
re
al
-li
fe

di
ct
io
na

ry
as
so
ci
at
es
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a
de
fin

iti
on

(t
he

va
lu
e)

to
ea
ch

wo
rd

(t
he

ke
y)
;w

e
sa
y
th
e
di
ct
io
na

ry
is

a
m
ap

fro
m

wo
rd
s
to

de
fin

iti
on

s.
A

fil
es
ys
te
m

dr
iv
er

m
ig
ht

ke
ep

a
m
ap

fro
m

fil
en
am

es
to

fil
e
in
fo
rm

at
io
n.

A
ph

on
eb

oo
k
ap

pl
ic
at
io
n
m
ig
ht

ke
ep

a
m
ap

fro
m

co
nt
ac
t
na

m
es

to
ph

on
e
nu

m
be

rs
.
M
ap

s
ar
e
a
ve
ry

ve
rs
at
ile

an
d
us
ef
ul

da
ta
ty
pe

.

71
.1
.1

W
hy

no
t
ju
st

[(
a,

b)
]?

Yo
u
m
ay

ha
ve

se
en

in
ot
he

r
ch
ap

te
rs

th
at

a
lis
t
of

pa
irs

(o
r
'lo

ok
up

ta
bl
e'
)
is

of
te
n
us
ed

as
a
ki
nd

of
m
ap

,a
lo
ng

w
ith

th
e
fu
nc
tio

n
lo
ok
up

::
[(
a,

b)
]
->

a
->

Ma
yb
e
b.

So
w
hy

no
t
ju
st

us
e
a
lo
ok

up
ta
bl
e

al
lt
he

tim
e?

H
er
e
ar
e
a
fe
w

re
as
on

s:

•
W
or
ki
ng

w
ith

m
ap

s
gi
ve
s
yo

u
ac
ce
ss

to
a
w
ho

le
lo
ad

m
or
e
us
ef
ul

fu
nc

tio
ns

fo
r
w
or
ki
ng

w
ith

lo
ok

up
ta
bl
es
.

•
M
ap

s
ar
e
im

pl
em

en
te
d
fa
r
m
or
e
effi

ci
en
tly

th
an

a
lo
ok

up
ta
bl
e
wo

ul
d

be
,b

ot
h
in

te
rm

s
of

sp
ee
d
an

d
th
e
am

ou
nt

of
m
em

or
y
it
ta
ke
s
up

.



71
.2

D
efi

ni
ti
on

In
te
rn
al
ly
,
m
ap

s
ar
e
de

fin
ed

us
in
g
a
co
m
pl
ic
at
ed

da
ta
ty
pe

ca
lle

d
a

ba
la
nc
ed

tr
ee

fo
r
effi

ci
en

cy
re
as
on

s,
so

w
e
do

n'
t
gi
ve

th
e
de

ta
ils

he
re
.

71
.3

Li
br
ar
y
fu
nc

ti
on

s

T
he

m
od

ul
e
D
at
a.
M
ap

pr
ov
id
es

an
ab

so
lu
te

we
al
th

of
fu
nc
tio

ns
fo
rd

ea
l-

in
g
w
ith

M
ap

s,
in
cl
ud

in
g
se
tli
ke

op
er
at
io
ns

lik
e
un

io
ns

an
d
in
te
rs
ec
tio

ns
.

T
he

re
ar
e
so

m
an

y
w
e
do

n'
t
in
cl
ud

e
a
lis
t
he

re
;i
ns
te
ad

th
e
re
ad

er
is

de
fe
rr
ed

to
th
e

hi
er
ar
ch
ic
al

lib
ra
rie

s
do

cu
m
en
ta
tio

n1
fo
r
D
at
a.
M
ap

.

1
ht

tp
:/

/h
as

ke
ll

.o
rg

/g
hc

/d
oc

s/
la

te
st

/h
tm

l/
li

br
ar

ie
s/

co
nt

ai
ne

rs
/

Da
ta

-M
ap

.h
tm

l

http://haskell.org/ghc/docs/latest/html/libraries/containers/Data-Map.html
http://haskell.org/ghc/docs/latest/html/libraries/containers/Data-Map.html


71
.4

E
xa

m
pl
e

T
he

fo
llo

w
in
g
ex
am

pl
e
im

pl
em

en
ts

a
pa

ss
w
or
d
da

ta
ba

se
.
T
he

us
er

is
as
su
m
ed

to
be

tr
us
te
d,

so
is

no
t
au

th
en
tic

at
ed

an
d
ha

s
ac
ce
ss

to
vi
ew

or
ch
an

ge
pa

ss
w
or
ds
.

{-
A
qu
ic
k
no
te

fo
r
th
e
ov
er
-e
ag
er

re
fa
ct
or
er
s
ou
t
th
er
e:

Th
is

is
(s
om
ew
ha
t)

in
te
nt
io
na
ll
y
ug
ly
.
It

do
es
n'

t
us
e
th
e
St
at
e
mo
na
d
to

ho
ld

th
e
DB

be
ca
us
e
it

ha
sn

't
be
en

in
tr
od
uc
ed

ye
t.

Pe
rh
ap
s
we

co
ul
d
us
e
th
is

as
an

ex
am
pl
e
of

Ho
w

Mo
na
ds

Im
pr
ov
e
Th
in
gs
?
-}

mo
du

le
Pa

ss
DB

wh
er

e

im
po

rt
qu

al
if

ie
d
Da

ta
.M

ap
as

M
im

po
rt

Sy
st

em
.E

xi
t

ty
pe

Us
er

Na
me

=
St

ri
ng

ty
pe

Pa
ss

wo
rd

=
St

ri
ng

ty
pe

Pa
ss

DB
=
M.

Ma
p
Us

er
Na

me
Pa

ss
wo

rd



--
Pa
ss
BD

is
a
ma
p
fr
om

us
er
na
me
s
to

pa
ss
wo
rd
s

--
|
As
k
th
e
us
er

fo
r
a
us
er
na
me

an
d
ne
w
pa
ss
wo
rd
,
an
d
re
tu
rn

th
e

ne
w
Pa

ss
DB

ch
an

ge
Pa

ss
::

Pa
ss

DB
->

IO
Pa

ss
DB

ch
an

ge
Pa

ss
db

=
do

pu
tS

tr
Ln

"E
nt

er
a
us

er
na

me
an

d
ne

w
pa

ss
wo

rd
to

ch
an

ge
."

pu
tS

tr
"U

se
rn

am
e:

"
un

<-
ge

tL
in

e
pu

tS
tr

Ln
"N

ew
pa

ss
wo

rd
:

"
pw

<-
ge

tL
in

e
if

un
‘M

.m
em

be
r‘

db
--

if
un

is
on
e
of

th
e
ke
ys

of
th

e
ma

p
th

en
re

tu
rn

$
M.

in
se

rt
un

pw
db

--
th
en

up
da
te

th
e
va
lu
e
wi
th

th
e
ne

w
pa

ss
wo

rd
el

se
do

pu
tS

tr
Ln

$
"C

an
't

fi
nd

us
er

na
me

'"
++

un
++

"'
in

th
e

da
ta

ba
se

."
re

tu
rn

db

--
|
As
k
th
e
us
er

fo
r
a
us
er
na
me
,
wh
os
e
pa
ss
wo
rd

wi
ll

be
di
sp
la
ye
d.

vi
ew

Pa
ss

::
Pa

ss
DB

->
IO

()
vi

ew
Pa

ss
db

=
do

pu
tS

tr
Ln

"E
nt

er
a
us

er
na

me
,
wh

os
e
pa

ss
wo
rd

wi
ll

be
di

sp
la

ye
d.
"

pu
tS

tr
"U

se
rn

am
e:

"
un

<-
ge

tL
in

e



pu
tS

tr
Ln

$
ca

se
M.

lo
ok

up
un

db
of

No
th

in
g
->

"C
an
't

fi
nd

us
er

na
me

'"
++

un
++

"'
in

th
e

da
ta

ba
se

."
Ju

st
pw

->
pw

--
|
Th
e
ma
in

lo
op

fo
r
in
te
ra
ct
in
g
wi
th

th
e
us
er
.

ma
in

Lo
op

::
Pa

ss
DB

->
IO

Pa
ss

DB
ma

in
Lo

op
db

=
do

pu
tS

tr
"C

om
ma

nd
[c

vq
]:

"
c
<-

ge
tC

ha
r

pu
tS

tr
"\

n"
--

Se
e
wh
at

th
ey

wa
nt

us
to

do
.
If

th
ey

ch
os
e
a
co
mm
an
d
ot
he
r
th
an

'q
',

th
en

--
re
cu
rs
e
(i
.e
.
as
k
th
e
us
er

fo
r
th
e
ne
xt

co
mm
an
d)
.
We

us
e
th
e

Ma
yb

e
da

ta
ty

pe
--

to
in
di
ca
te

wh
et
he
r
to

re
cu
rs
e
or

no
t:

'J
us
t
db

'
me
an
s
do

re
cu

rs
e,

an
d

in
--

ru
nn
in
g
th
e
co
mm
an
d,

th
e
ol
d
da
tb
as
e
ch
an
ge
d
to

db
.

'N
ot
hi
ng

'
me

an
s
do

n'
t

--
re
cu
rs
e.

db
'
<-

ca
se

c
of

'c
'
->

fm
ap

Ju
st

$
ch

an
ge

Pa
ss

db
'v
'
->

do
vi

ew
Pa

ss
db

;
re

tu
rn

(J
us

t
db

)
'q
'
->

re
tu

rn
No

th
in

g
_

->
do

pu
tS

tr
Ln

$
"N

ot
a
re

co
gn

is
ed

co
mm

an
d,

'"
++

[c
]



++
"'
."

re
tu

rn
(J

us
t
db

)
ma

yb
e
(r

et
ur

n
db

)
ma

in
Lo

op
db
'

--
|
Pa
rs
e
th
e
fi
le

we
'v

e
ju
st

re
ad

in
,
by

co
nv
er
ti
ng

it
to

a
li
st

of
li

ne
s,

--
th
en

fo
ld
in
g
do
wn

th
is

li
st
,
st
ar
ti
ng

wi
th

an
em
pt
y
ma
p
an
d

ad
di

ng
th

e
--

us
er
na
me

an
d
pa
ss
wo
rd

fo
r
ea
ch

li
ne

at
ea
ch

st
ag
e.

pa
rs

eM
ap

::
St

ri
ng

->
Pa

ss
DB

pa
rs

eM
ap

=
fo

ld
r
pa

rs
eL

in
e
M.

em
pt

y
.
li

ne
s

wh
er

e
pa

rs
eL

in
e
ln

ma
p
=

le
t
[u

n,
pw

]
=
wo

rd
s
ln

in
M.

in
se

rt
un

pw
ma

p

--
|
Co
nv
er
t
ou
r
da
ta
ba
se

to
th
e
fo
rm
at

we
st
or
e
in

th
e
fi
le

by
fi

rs
t
co

nv
er

ti
ng

--
it

to
a
li
st

of
pa
ir
s,

th
en

ma
pp
in
g
ov
er

th
is

li
st

to
pu
t
a

sp
ac

e
be

tw
ee

n
--

th
e
us
er
na
me

an
d
pa
ss
wo
rd

sh
ow

Ma
p
::

Pa
ss

DB
->

St
ri

ng
sh

ow
Ma

p
=
un

li
ne

s
.
ma

p
(\

(u
n,

pw
)
->

un
++

"
"
++

pw
)
.

M.
to
As
cL
is
t

ma
in

::
IO

()
ma

in
=

do



pu
tS

tr
Ln

$
"W

el
co

me
to

Pa
ss

DB
.
En

te
r
a
co

mm
an

d:
(c

)h
an

ge
a

pa
ss

wo
rd

,
"
++ "(

v)
ie

w
a
pa

ss
wo

rd
or

(q
)u

it
."

db
Fi

le
<-

re
ad

Fi
le

"/
et

c/
pa

ss
db

"
db
'

<-
ma

in
Lo

op
(p

ar
se

Ma
p
db

Fi
le
)

wr
it

eF
il

e
"/

et
c/
pa

ss
db

"
(s

ho
wM

ap
db

')

E
xe
rc
is
es
:

FI
X
M
E:

wr
ite

so
m
e
ex
er
ci
se
s



72
IO

72
.1

T
he

IO
Li
br
ar
y

T
he

IO
Li
br
ar
y
(a
va
ila

bl
eb

y
im

po
rt

in
g
th
eS

ys
te
m.
IO

m
od

ul
e)

co
nt
ai
ns

m
an

y
de

fin
iti
on

s,
th
e
m
os
t
co
m
m
on

ly
us
ed

of
w
hi
ch

ar
e
lis
te
d
be

lo
w
:

da
ta

IO
Mo

de
=

Re
ad

Mo
de

|
Wr

it
eM

od
e

|
Ap

pe
nd

Mo
de

|
Re

ad
Wr

it
eM

od
e

op
en

Fi
le

::
Fi

le
Pa

th
->

IO
Mo

de
->

IO
Ha

nd
le

hC
lo

se
::

Ha
nd
le

->
IO

()
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hI
sE

OF
::

Ha
nd
le

->
IO

Bo
ol

hG
et

Ch
ar

::
Ha

nd
le

->
IO

Ch
ar

hG
et

Li
ne

::
Ha

nd
le

->
IO

St
ri

ng
hG

et
Co

nt
en

ts
::

Ha
nd

le
->

IO
St

ri
ng

ge
tC

ha
r

::
IO

Ch
ar

ge
tL

in
e

::
IO

St
ri

ng
ge

tC
on

te
nt

s
::

IO
St

ri
ng

hP
ut

Ch
ar

::
Ha

nd
le

->
Ch

ar
->

IO
()

hP
ut

St
r

::
Ha

nd
le

->
St

ri
ng

->
IO

()
hP

ut
St

rL
n

::
Ha

nd
le

->
St

ri
ng

->
IO

()

pu
tC

ha
r

::
Ch

ar
->

IO
()

pu
tS

tr
::

St
ri
ng

->
IO

()
pu

tS
tr

Ln
::

St
ri

ng
->

IO
()

re
ad

Fi
le

::
Fi

le
Pa

th
->

IO
St

ri
ng

wr
it

eF
il

e
::

Fi
le
Pa

th
->

St
ri
ng

->
IO

()

{-
br

ac
ke

t
mu

st
be

im
po

rt
ed

fr
om

Co
nt

ro
l.

Ex
ce

pt
io

n
-}

br
ac

ke
t

::
IO

a
->

(a
->

IO
b)

->
(a

->
IO

c)
->

IO
c



N
ot
e:

T
he

ty
pe

Fi
le
Pa
th

is
a
ty
pe

sy
no

ny
m

fo
r
St
ri
ng

.
T
ha

t
is,

th
er
e
is

no
di
ffe

re
nc

e
be

tw
ee
n
Fi
le
Pa
th

an
d
St
ri
ng

.
So

,f
or

in
st
an

ce
,t

he
re
ad
Fi
le

fu
nc

tio
n
ta
ke
s
a
St
ri
ng

(t
he

fil
e
to

re
ad

)
an

d
re
tu
rn
s
an

ac
tio

n
th
at
,w

he
n
ru
n,

pr
od

uc
es

th
e
co
nt
en
ts

of
th
at

fil
e.

Se
e
th
e

se
ct
io
n
../

../
T
yp

e
de

cl
ar
at
io
ns
/1

fo
r
m
or
e
ab

ou
t
ty
pe

sy
no

ny
m
s.

M
os
to

ft
he
se

fu
nc
tio

ns
ar
e
se
lf-
ex
pl
an

at
or
y.

T
he

op
en
Fi
le

an
d
hC
lo
se

fu
nc

tio
ns

op
en

an
d
cl
os
e
a
fil
e,

re
sp
ec
tiv

el
y,

us
in
g
th
e
IO
Mo
de

ar
gu

-
m
en
t
as

th
e
m
od

e
fo
r
op

en
in
g
th
e
fil
e.

hI
sE
OF

te
st
s
fo
r
en

d-
of

fil
e.

hG
et
Ch
ar

an
d
hG
et
Li
ne

re
ad

a
ch
ar
ac
te
r
or

lin
e
(r
es
pe

ct
iv
el
y)

fr
om

a
fil
e.

hG
et
Co
nt
en
ts

re
ad

s
th
e
en
tir

e
fil
e.

T
he

ge
tC
ha
r,

ge
tL
in
e

an
d
ge
tC
on
te
nt
s
va
ria

nt
s
re
ad

fr
om

st
an

da
rd

in
pu

t.
hP
ut
Ch
ar

pr
in
ts

a
ch
ar
ac
te
r
to

a
fil
e;

hP
ut
St
r
pr
in
ts

a
st
rin

g;
an

d
hP
ut
St
rL
n
pr
in
ts

a
st
rin

g
w
ith

a
ne

w
lin

e
ch
ar
ac
te
r
at

th
e
en

d.
T
he

va
ria

nt
s
w
ith

ou
t



th
e
h
pr
efi

x
w
or
k
on

st
an

da
rd

ou
tp
ut
.
T
he

re
ad
Fi
le

an
d
wr
it
eF
il
e

fu
nc

tio
ns

re
ad

an
d
w
rit

e
an

en
tir

e
fil
e
w
ith

ou
t
ha

vi
ng

to
op

en
it
fir
st
.

T
he

br
ac
ke
t
fu
nc

tio
n
is

us
ed

to
pe

rf
or
m

ac
tio

ns
sa
fe
ly
.
C
on

sid
er

a
fu
nc
tio

n
th
at

op
en
s
a
fil
e,

w
rit

es
a
ch
ar
ac
te
r
to

it,
an

d
th
en

cl
os
es

th
e

fil
e.

W
he

n
w
rit

in
g
su
ch

a
fu
nc

tio
n,

on
e
ne

ed
s
to

be
ca
re
fu
lt

o
en

su
re

th
at
,i
ft

he
re

w
er
e
an

er
ro
r
at

so
m
e
po

in
t,

th
e
fil
e
is

st
ill

su
cc
es
sf
ul
ly

cl
os
ed
.
T
he

br
ac
ke
t
fu
nc
tio

n
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e
IO

m
on

ad
,b

ut
it

w
ou

ld
be

be
tt
er

if
ra
nd

om
nu

m
be

rs
ha

d
th
ei
r
ow

n
lit
tle

m
on

ad
th
at

sp
ec
ia
lis
ed

in
ra
nd

om
co
m
pu

ta
tio

ns
.
A
nd

it
ju
st

so
ha

pp
en
s
th
at

su
ch

a
m
on

ad
ex
ist

s.
It

liv
es

in
th
e
Te

st
.Q

ui
ck
C
he
ck

lib
ra
ry
,a

nd
it'
s
ca
lle

d
"G

en
".

A
nd

it
do

es
lo
ts

of
ve
ry

us
ef
ul

th
in
gs

w
ith

ra
nd

om
nu

m
be

rs
.

T
he

re
as
on

th
at

"G
en

"
liv

es
in

Te
st
.Q

ui
ck
C
he

ck
is

hi
st
or
ic
al
:
th
at

is
w
he

re
it

w
as

in
ve
nt
ed

.
T
he

pu
rp
os
e
of

Q
ui
ck
C
he

ck
is

to
ge
ne

ra
te

ra
nd

om
un

it
te
st
s
to

ve
rif
y
pr
op

er
tie

s
of

yo
ur

co
de

.
(I
nc

id
en
ta
lly

its
ve
ry

go
od

at
th
is,

an
d
m
os
t
H
as
ke
ll
de

ve
lo
pe

rs
us
e
it
fo
r
te
st
in
g)
.
Se

e
th
e

Q
ui
ck
C
he

ck
1
on

H
as
ke
llW

ik
if
or

m
or
e
de

ta
ils
.
T
hi
s
tu
to
ria

lw
ill

co
nc

en
tr
at
e
on

us
in
g
th
e
"G

en
"
m
on

ad
fo
r
ge
ne

ra
tin

g
ra
nd

om
da
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.

1
ht
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:/

/w
ww

.h
as

ke
ll

.o
rg

/h
as

ke
ll

wi
ki

/I
nt

ro
du

ct
io
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_Q
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ck
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ec
k

http://www.haskell.org/haskellwiki/Introduction_to_QuickCheck


M
os
t
H
as
ke
ll
co
m
pi
le
rs

(in
cl
ud

in
g
G
H
C
)
bu

nd
le

Q
ui
ck
C
he

ck
in

w
ith

th
ei
r
st
an

da
rd

lib
ra
rie

s,
so

yo
u

pr
ob

ab
ly

w
on
't

ne
ed

to
in
st
al
l
it

se
pa

ra
te
ly
.
Ju

st
sa
y

im
po

rt
Te

st
.Q

ui
ck

Ch
ec

k

in
yo

ur
so
ur
ce

fil
e.

T
he

"G
en
"m

on
ad

ca
n
be

th
ou

gh
to

fa
sa

m
on

ad
of

ra
nd

om
co
m
pu

ta
tio

ns
.

A
s
we

ll
as

ge
ne
ra
tin

g
ra
nd

om
nu

m
be

rs
it
pr
ov
id
es

a
lib

ra
ry
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fu
nc
tio

ns
th
at
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ild

up
co
m
pl
ic
at
ed

va
lu
es

ou
t
of

sim
pl
e
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es
.

So
le
ts

st
ar
t
w
ith

a
ro
ut
in
e
to

re
tu
rn

th
re
e
ra
nd

om
in
te
ge
rs

be
tw

ee
n
0

an
d
99

9:

ra
nd

om
Tr

ip
le

::
Ge

n
(I

nt
eg

er
,
In

te
ge
r,

In
te
ge

r)
ra

nd
om

Tr
ip

le
=
do

x1
<-

ch
oo

se
(0

,9
99
)



x2
<-

ch
oo

se
(0

,9
99
)

x3
<-

ch
oo

se
(0

,9
99
)

re
tu

rn
(x

1,
x2

,
x3

)

"c
ho

os
e"

is
on

e
of

th
e
fu
nc
tio

ns
fr
om

Q
ui
ck
C
he
ck
.
It
s
th
e
eq
ui
va
le
nt

to
ra
nd

om
R
.T

he
ty
pe

of
"c
ho

os
e"

is

ch
oo

se
::

Ra
nd

om
a
=>

(a
,

a)
->

Ge
n
a

In
ot
he
r
w
or
ds
,f
or

an
y
ty
pe

"a
"
w
hi
ch

is
an

in
st
an

ce
of

"R
an

do
m
"
(s
ee
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ov
e)
,"
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oo

se
"
w
ill

m
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a
ra
ng

e
in
to

a
ge
ne

ra
to
r.

O
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e
yo

u
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a
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en
"
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tio

n
yo
u
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to

ex
ec
ut
e
it.

T
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"g
en

er
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tio

n
ex
ec
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ac
tio

n
an

d
re
tu
rn
s
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e
ra
nd

om
re
su
lt.

T
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ty
pe

is:



ge
ne

ra
te

::
In

t
->

St
dG

en
->

Ge
n

a
->

a

T
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th
re
e
ar
gu

m
en
ts

ar
e:

1.
T
he

"s
iz
e"

of
th
e
re
su
lt.

T
hi
s
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't
us
ed
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th
e
ex
am

pl
e
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ov
e,

bu
t

if
yo
u
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re
ge
ne
ra
tin

g
a
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ru
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ur
e
w
ith

a
va
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bl
e
nu

m
be

r
of

el
em

en
ts

(li
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a
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t)

th
en

th
is
pa

ra
m
et
er

le
ts

yo
u
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ss
so
m
e
no

tio
n
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th
e
ex
pe

ct
ed

siz
e
in
to

th
e
ge
ne
ra
to
r.

W
e'
ll
se
e
an

ex
am

pl
e
la
te
r.

2.
A
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nd

om
nu

m
be

r
ge
ne
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to
r.

3.
T
he

ge
ne

ra
to
r
ac
tio

n.

So
fo
r
ex
am

pl
e:

le
t tr

ip
le

=
ge

ne
ra

te
1
(m

kS
td

Ge
n
1)

ra
nd

om
Tr

ip
le



w
ill

ge
ne
ra
te

th
re
e
ar
bi
tr
ar
y
nu

m
be

rs
.
B
ut

no
te

th
at

be
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us
e
th
e
sa
m
e

se
ed

va
lu
e
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us
ed

th
e
nu

m
be

rs
w
ill

al
wa

ys
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th
e
sa
m
e
(w

hi
ch
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w
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I
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id

"a
rb
itr

ar
y"
,n

ot
"r
an

do
m
")
.
If
yo
u
wa

nt
di
ffe

re
nt

nu
m
be

rs
th
en

yo
u

ha
ve

to
us
e
a
di
ffe

re
nt

St
dG

en
ar
gu

m
en
t.

A
co
m
m
on

pa
tt
er
n
in

m
os
t
pr
og
ra
m
m
in
g
la
ng

ua
ge
s
is

to
us
e
a
ra
nd

om
nu

m
be

r
ge
ne

ra
to
r
to

ch
oo

se
be

tw
ee
n
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o
co
ur
se
s
of

ac
tio

n:

--
No

t
Ha

sk
el

l
co

de
r
:=

ra
nd

om
(0

,1
)

if
r
==

1
th

en
fo

o
el

se
ba

r

Q
ui
ck
C
he
ck

pr
ov
id
es

a
m
or
e
de
cl
ar
at
iv
e
w
ay

of
do

in
g
th
e
sa
m
e
th
in
g.

If
"fo

o"
an

d
"b
ar
"
ar
e
bo

th
ge
ne
ra
to
rs

re
tu
rn
in
g
th
e
sa
m
e
ty
pe

th
en

yo
u

ca
n
sa
y:

on
eo

f
[f

oo
,
ba

r]



T
hi
s
ha

s
an

eq
ua

l
ch
an
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of
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tu
rn
in
g
ei
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er

"f
oo

"
or

"b
ar
".
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yo

u
w
an

te
d
di
ffe
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nt
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,s
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th
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th
er
e
w
as

a
30

%
ch
an

ce
of

"fo
o"

an
d
a

70
%

ch
an

ce
of

"b
ar
"
th
en

yo
u
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ul
d
sa
y

fr
eq

ue
nc

y
[
(3

0,
fo

o)
,
(7

0,
ba

r)
]

"o
ne

of
"
ta
ke
s
a
sim

pl
e
lis
t
of

G
en

ac
tio

ns
an

d
se
le
ct
s
on

e
of

th
em

at
ra
nd

om
.
"f
re
qu

en
cy
"
do

es
so
m
et
hi
ng

sim
ila

r,
bu

t
th
e
pr
ob

ab
ili
ty

of
ea
ch

ite
m

is
gi
ve
n
by

th
e
as
so
ci
at
ed

w
ei
gh

tin
g.

on
eo

f
::

[G
en

a]
->

Ge
n

a
fr

eq
ue

nc
y
::

[(
In

t,
Ge

n
a)

]
->

Ge
n
a
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u
w
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t
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e
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e
of
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an

da
lo
ne
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ar
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.1

T
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M
ai
n
m
od
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e

T
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re
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m
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t
be

hi
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ve

a
m
od
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e
M
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n
w
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a
m
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n
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n
m
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n
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--
th
in
ga
mi
e.
hs

mo
du
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Ma

in
wh

er
e
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in

=
do

pu
tS

tr
Ln

"B
on

jo
ur
,

wo
rl
d!

"

U
sin

g
G
H
C
,y

ou
m
ay

co
m
pi
le

an
d
ru
n
th
is

fil
e
as

fo
llo

w
s:

$
gh

c
--

ma
ke

-o
bo

nj
ou

rW
or

ld
th

in
ga

mi
e.

hs
$
./

bo
nj

ou
rW

or
ld

Bo
nj

ou
r,

wo
rl

d!

Vo
ilà

!
Yo

u
no

w
ha

ve
a
st
an

da
lo
ne

ap
pl
ic
at
io
n
bu

ilt
in

H
as
ke
ll.
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.2

O
th
er

m
od

ul
es
?

In
va
ria

bl
y
yo
ur

pr
og

ra
m

w
ill

gr
ow

to
be

co
m
pl
ic
at
ed

en
ou

gh
th
at

yo
u

wa
nt

to
sp
lit

it
ac
ro
ss

di
ffe

re
nt

fil
es
.
H
er
e
is
an

ex
am

pl
e
of

an
ap

pl
ic
at
io
n

w
hi
ch

us
es

tw
o
m
od

ul
es
.

--
he
ll
o.
hs

mo
du

le
He

ll
o

wh
er

e

he
ll

o
=
"B

on
jo

ur
,
wo

rl
d!

"

--
th
in
ga
mi
e.
hs

mo
du

le
Ma

in
wh

er
e

im
po

rt
He

ll
o

ma
in

=
pu

tS
tr

Ln
he

ll
o

W
e
ca
n
co
m
pi
le

th
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y
ne
w

pr
og
ra
m

in
th
e
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m
e
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y.
N
ot
e
th
at

th
e

--m
ak
e
fla

g
to

gh
c
is

ra
th
er
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nd

y
be

ca
us
e
it

te
lls

gh
c
to

au
to
m
at
ic
al
ly



de
te
ct

de
pe

nd
en

ci
es

in
th
e
fil
es

yo
u

ar
e
co
m
pi
lin

g.
T
ha

t
is,

sin
ce

th
in
ga

m
ie
.h
s
im

po
rt
s
a
m
od

ul
e
'H

el
lo
',
gh

c
w
ill

se
ar
ch

th
e
ha

sk
el
lfi

le
s

in
th
e
cu

rr
en
t
di
re
ct
or
y
fo
r
fil
es

th
at

im
pl
em

en
t
H
el
lo

an
d
al
so

co
m
pi
le

th
at
.
If

H
el
lo

de
pe

nd
s
on

ye
t
ot
he

r
m
od

ul
es
,
gh

c
w
ill

au
to
m
at
ic
al
ly

de
te
ct

th
os
e
de

pe
nd

en
ci
es

as
w
el
l.

$
gh

c
--

ma
ke

-o
bo

nj
ou

rW
or

ld
th

in
ga
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e.

hs
$
./

bo
nj

ou
rW

or
ld

Bo
nj

ou
r,
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d!

If
yo
u
wa

nt
to

se
ar
ch

in
ot
he

r
pl
ac
es

fo
r
so
ur
ce

fil
es
,i
nc

lu
di
ng

a
ne

st
ed

st
ru
ct
ur
e
of

fil
es

an
d
di
re
ct
or
ie
s,

yo
u
ca
n
ad

d
th
e
st
ar
tin

g
po

in
t
fo
r

th
e
de

pe
nd

en
cy

se
ar
ch

w
ith

th
e
-i
fla

g.
T
hi
s
fla

g
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ke
s
m
ul
tip

le
,c

ol
on

-
se
pa

ra
te
d
di
re
ct
or
y
na

m
es
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its

ar
gu

m
en
t.

A
s
a
co
nt
riv

ed
ex
am

pl
e,

th
e
fo
llo

w
in
g
pr
og

ra
m

ha
s
th
re
e
fil
es

al
ls

to
re
d

in
a
sr
c/

di
re
ct
or
y.

T
he

di
re
ct
or
y
st
ru
ct
ur
e
lo
ok

s
lik

e:

Ha
sk

el
lP

ro
gr
am

/
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on

s/
Ma

th
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at
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T
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M
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n
m
od
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ei
m
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rt
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es
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ar
ch
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g
a
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th
an
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og
ou

s
to

th
e
m
od
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e
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m
e
—

so
th
at

im
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rt
G
U
I.
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te
rf
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e
w
ou

ld
se
ar
ch
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r
G
U
I/
In
te
rf
ac
e
(w

ith
th
e
ap

pr
op
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te

fil
e
ex
te
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io
n)
.

To
co
m
pi
le

th
is

pr
og

ra
m

fr
om

w
ith

in
th
e
H
as
ke
llP

ro
gr
am

di
re
ct
or
y,

in
vo

ke
gh

c
w
ith

:

$
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c
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c
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ro
g
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D
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gi
ng
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.1

D
eb

ug
pr
in
ts

w
it
h

De
bu

g.
Tr

ac
e

O
ne

co
m
m
on

wa
y
to

de
bu

g
pr
og
ra
m
si
n
ge
ne
ra
li
st

o
us
ed

eb
ug

pr
in
ts
.
In

im
pe

ra
tiv

e
la
ng

ua
ge
sw

e
ca
n
ju
st

sp
rin

kl
e
th
e
co
de

w
ith

pr
in
ts

ta
te
m
en
ts

th
at

ou
tp
ut

de
bu

g
in
fo
rm

at
io
n
(e
.g
.
va
lu
e
of

a
pa

rt
ic
ul
ar

va
ria

bl
e,

or
so
m
e
hu

m
an

-r
ea
da

bl
e
m
es
sa
ge
)
to

st
an

da
rd

ou
tp
ut

or
so
m
e
as

lo
g
fil
e.

In
H
as
ke
ll,

ho
w
ev
er
,i
t
is

no
t
po

ss
ib
le

to
ou

tp
ut

an
y
in
fo
rm

at
io
n
if
w
e

ar
e
no

t
in

IO
m
on
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;a

nd
th
er
ef
or
e
th
is
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ld
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ug
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t
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e
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ca
n'
t
be

us
ed

w
ith

pu
re

fu
nc
tio

ns
w
ith

ou
t
re
w
rit

in
g
th
em

to
us
e
th
e
IO

m
on

ad
.

To
de

al
w
ith

th
is

pr
ob

le
m
,
th
e
st
an

da
rd

lib
ra
ry

pr
ov

id
es

th
e

D
e-

bu
g.
Tr

ac
e1
.
O
ne

of
th
e
fu
nc

tio
ns

th
is
m
od

ul
e
ex
po

rt
s
is
ca
lle

d
tr
ac
e,

w
hi
ch

pr
ov
id
es

a
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nv

en
ie
nt

wa
y
to

at
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ch

de
bu

g
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in
t
st
at
em
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w
he

re
in

a
pr
og
ra
m
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Fo

r
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st
an
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s
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og
ra
m
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ev
er
y
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gu

m
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t
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fi
b
th
at
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t
eq
ua

lt
o
0
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1:
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du

le
Ma

in
wh

er
e

im
po

rt
De

bu
g.

Tr
ac

e

fi
b
::

In
t

->
In

t
fi

b
0
=

0
fi

b
1
=

1
fi

b
n
=

tr
ac

e
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n:

"
++

sh
ow

n)
$
fi

b
(n

-
1)

+
fi

b
(n

-
2)
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=
pu

tS
tr

Ln
$
"f

ib
4:

"
++

sh
ow
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1
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:/

/h
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/p
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/

De
bu
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Tr
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ml

http://hackage.haskell.org/packages/archive/base/latest/doc/html/Debug-Trace.html
http://hackage.haskell.org/packages/archive/base/latest/doc/html/Debug-Trace.html


B
el
ow

is
th
e
re
su
lti
ng

ou
tp
ut
:

n:
4

n:
3

n:
2

n:
2

fi
b
4:

3

A
lso

tr
ac
e
m
ak
es

po
ss
ib
le

to
tr
ac
e
ex
ec
ut
io
n
st
ep
s
of

pr
og

ra
m
;t

ha
t
is,

w
hi
ch

fu
nc
tio

n
is

ca
lle

d
fir
st
,s

ec
on

d,
et
c.

To
do

so
,w

e
an

no
ta
te

pa
rt
s

of
fu
nc

tio
ns

w
e
ar
e
in
te
re
st
ed

in
,l
ik
e
th
is:

mo
du

le
Ma

in
wh

er
e

im
po

rt
De

bu
g.

Tr
ac

e

fa
ct

or
ia

l
::

In
t
->

In
t

fa
ct

or
ia

l
n
|
n
==

0
=
tr

ac
e
("

br
an
ch

1"
)
1

|
ot

he
rw

is
e
=
tr

ac
e
("

br
an

ch
2"

)
$
n

*
(f

ac
to
ri

al
$
n
-

1)



ma
in

=
do

pu
tS

tr
Ln

$
"f

ac
to

ri
al

6:
"
++

sh
ow

(f
ac

to
ri

al
6)

W
he
n
a
pr
og
ra
m

an
no

ta
te
d
in

su
ch

w
ay

is
ru
n,

it
w
ill

pr
in
t
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an
d
to

m
od

-
if
y

th
e
w
or
k,

in
cl
ud

in
g

sc
ri
pt
s
to

co
nt
ro
l
th
os
e

ac
ti
vi
ti
es
.

H
ow

ev
er
,

it
do

es
no

t
in
cl
ud

e
th
e

w
or
k’
s
Sy

st
em

L
ib
ra
ri
es
,

or
ge
ne
ra
l-
pu

rp
os
e
to
ol
s

or
ge
ne
ra
lly

av
ai
la
bl
e

fr
ee

pr
og
ra
m
s

w
hi
ch

ar
e
us
ed

un
m
od

ifi
ed

in
pe

rf
or
m
in
g

th
os
e
ac
ti
v-



it
ie
s
bu

t
w
hi
ch

ar
e
no

t
pa

rt
of

th
e
w
or
k.

Fo
r

ex
am

pl
e,

C
or
re
sp
on

d-
in
g

So
ur
ce

in
cl
ud

es
in
te
rf
ac
e
de
fin

it
io
n
fil
es

as
so
ci
at
ed

w
it
h

so
ur
ce

fil
es

fo
r
th
e
w
or
k,

an
d

th
e

so
ur
ce

co
de

fo
r

sh
ar
ed

lib
ra
ri
es

an
d

dy
na

m
ic
al
ly

lin
ke
d
su
b-

pr
og
ra
m
s
th
at

th
e
w
or
k

is
sp
ec
ifi
ca
lly

de
si
gn

ed
to

re
qu

ir
e,

su
ch

as
by

in
ti
m
at
e

da
ta

co
m
m
u-

ni
ca
ti
on

or
co
nt
ro
l
flo

w
be

tw
ee
n

th
os
e

su
bp

ro
-

gr
am

s
an

d
ot
he
r
pa

rt
s

of
th
e
w
or
k.

T
he

C
or
re
sp
on

di
ng

So
ur
ce

ne
ed

no
t
in
cl
ud

e
an

yt
hi
ng

th
at

us
er
s
ca
n

re
ge
ne
ra
te

au
to
m
at
i-

ca
lly

fr
om

ot
he
r

pa
rt
s

of
th
e

C
or
re
sp
on

di
ng

So
ur
ce
.

T
he

C
or
re
sp
on

di
ng

So
ur
ce

fo
r

a
w
or
k

in
so
ur
ce

co
de

fo
rm

is
th
at

sa
m
e

w
or
k.

2.
B
as
ic

P
er
m
is
si
on

s.

A
ll
ri
gh

ts
gr
an

te
d
un

de
r

th
is

L
ic
en
se

ar
e
gr
an

te
d

fo
r

th
e

te
rm

of
co
py

-
ri
gh

t
on

th
e

P
ro
gr
am

,
an

d
ar
e

ir
re
vo

ca
bl
e

pr
ov

id
ed

th
e
st
at
ed

co
n-

di
ti
on

s
ar
e

m
et
.

T
hi
s

L
ic
en
se

ex
pl
ic
it
ly

af
-

fir
m
s

yo
ur

un
lim

it
ed

pe
rm

is
si
on

to
ru
n

th
e

un
m
od

ifi
ed

P
ro
gr
am

.
T
he

ou
tp
ut

fr
om

ru
n-

ni
ng

a
co
ve
re
d

w
or
k

is
co
ve
re
d
by

th
is

L
ic
en
se

on
ly

if
th
e
ou

tp
ut
,g

iv
en

it
s
co
nt
en
t,

co
ns
ti
tu
te
s

a
co
ve
re
d

w
or
k.

T
hi
s

L
ic
en
se

ac
kn

ow
le
dg

es
yo

ur
ri
gh

ts
of

fa
ir

us
e

or
ot
he
r
eq
ui
va
le
nt
,
as

pr
ov

id
ed

by
co
py

ri
gh

t
la
w
.

Y
ou

m
ay

m
ak
e,

ru
n

an
d

pr
op

ag
at
e

co
ve
re
d

w
or
ks

th
at

yo
u

do
no

t
co
nv

ey
,

w
it
ho

ut
co
nd

i-
ti
on

s
so

lo
ng

as
yo
ur

li-
ce
ns
e
ot
he
rw

is
e
re
m
ai
ns

in
fo
rc
e.

Y
ou

m
ay

co
n-

ve
y

co
ve
re
d

w
or
ks

to
ot
he
rs

fo
r
th
e
so
le

pu
r-

po
se

of
ha

vi
ng

th
em

m
ak

e
m
od

ifi
ca
ti
on

s
ex
-

cl
us
iv
el
y

fo
r

yo
u,

or
pr
ov

id
e

yo
u

w
it
h

fa
ci
l-

it
ie
s
fo
r
ru
nn

in
g

th
os
e

w
or
ks
,

pr
ov
id
ed

th
at

yo
u

co
m
pl
y

w
it
h

th
e

te
rm

s
of

th
is

L
ic
en
se

in
co
nv

ey
in
g

al
l

m
a-

te
ri
al

fo
r

w
hi
ch

yo
u

do
no

t
co
nt
ro
l

co
py

-
ri
gh

t.
T
ho

se
th
us

m
ak

-
in
g
or

ru
nn

in
g
th
e
co
v-

er
ed

w
or
ks

fo
r
yo
u
m
us
t

do
so

ex
cl
us
iv
el
y

on
yo

ur
be

ha
lf
,
un

de
r
yo

ur
di
re
ct
io
n

an
d

co
nt
ro
l,

on
te
rm

s
th
at

pr
oh

ib
it

th
em

fr
om

m
ak

in
g

an
y

co
pi
es

of
yo
ur

co
py

-
ri
gh

te
d
m
at
er
ia
l
ou

ts
id
e

th
ei
r

re
la
ti
on

sh
ip

w
it
h

yo
u.

C
on

ve
yi
ng

un
de
r

an
y

ot
he
r

ci
rc
um

st
an

ce
s

is
pe

rm
it
te
d

so
le
ly

un
de
r

th
e
co
nd

it
io
ns

st
at
ed

be
-

lo
w
.

Su
bl
ic
en
si
ng

is
no

t
al
lo
w
ed
;
se
ct
io
n

10
m
ak

es
it

un
ne
ce
ss
ar
y.

3.
P
ro
te
ct
in
g
U
se
rs
’
L
e-

ga
l
R
ig
ht
s

Fr
om

A
nt
i-

C
ir
cu
m
ve
nt
io
n
L
aw

.

N
o

co
ve
re
d

w
or
k

sh
al
l

be
de
em

ed
pa

rt
of

an
eff

ec
ti
ve

te
ch
no

-
lo
gi
ca
l

m
ea
su
re

un
de
r

an
y

ap
pl
ic
ab

le
la
w

fu
lfi
lli
ng

ob
lig

at
io
ns

un
de
r
ar
ti
cl
e
11

of
th
e

W
IP

O
co
py

ri
gh

t
tr
ea
ty

ad
op

te
d

on
20

D
ec
em

-
be

r
19
96

,
or

si
m
ila

r
la
w
s

pr
oh

ib
it
in
g

or
re
-

st
ri
ct
in
g

ci
rc
um

ve
nt
io
n

of
su
ch

m
ea
su
re
s.

W
he
n
yo
u
co
nv

ey
a
co
v-

er
ed

w
or
k,

yo
u

w
ai
ve

an
y

le
ga
l
po

w
er

to
fo
r-

bi
d

ci
rc
um

ve
nt
io
n

of
te
ch
no

lo
gi
ca
l

m
ea
su
re
s

to
th
e

ex
te
nt

su
ch

ci
r-

cu
m
ve
nt
io
n

is
eff

ec
te
d

by
ex
er
ci
si
ng

ri
gh

ts
un

-
de
r

th
is

L
ic
en
se

w
it
h

re
sp
ec
t

to
th
e

co
ve
re
d

w
or
k,

an
d

yo
u

di
sc
la
im

an
y

in
te
nt
io
n

to
lim

it
op

er
at
io
n

or
m
od

ifi
-

ca
ti
on

of
th
e

w
or
k

as
a

m
ea
ns

of
en
fo
rc
in
g,

ag
ai
ns
t
th
e
w
or
k’
s
us
er
s,

yo
ur

or
th
ir
d
pa

rt
ie
s’

le
-

ga
l

ri
gh

ts
to

fo
rb
id

ci
rc
um

ve
nt
io
n

of
te
ch
-

no
lo
gi
ca
l
m
ea
su
re
s.

4.



C
on

ve
yi
ng

V
er
ba

ti
m

C
op

ie
s.

Y
ou

m
ay

co
nv

ey
ve
r-

ba
ti
m

co
pi
es

of
th
e

P
ro
gr
am

’s
so
ur
ce

co
de

as
yo

u
re
ce
iv
e

it
,

in
an

y
m
ed
iu
m
,

pr
ov
id
ed

th
at

yo
u

co
ns
pi
cu
ou

sl
y

an
d

ap
pr
op

ri
at
el
y

pu
b-

lis
h
on

ea
ch

co
py

an
ap

-
pr
op

ri
at
e

co
py

ri
gh

t
no

-
ti
ce
;
ke
ep

in
ta
ct

al
l
no

-
ti
ce
s

st
at
in
g

th
at

th
is

L
ic
en
se

an
d

an
y

no
n-

pe
rm

is
si
ve

te
rm

s
ad

de
d

in
ac
co
rd

w
it
h
se
ct
io
n
7

ap
pl
y
to

th
e
co
de
;
ke
ep

in
ta
ct

al
l
no

ti
ce
s
of

th
e

ab
se
nc
e
of

an
y
w
ar
ra
nt
y;

an
d

gi
ve

al
l
re
ci
pi
en
ts

a
co
py

of
th
is

L
ic
en
se

al
on

g
w
it
h
th
e
P
ro
gr
am

.

Y
ou

m
ay

ch
ar
ge

an
y

pr
ic
e

or
no

pr
ic
e

fo
r

ea
ch

co
py

th
at

yo
u
co
n-

ve
y,

an
d

yo
u

m
ay

of
-

fe
r
su
pp

or
t
or

w
ar
ra
nt
y

pr
ot
ec
ti
on

fo
r

a
fe
e.

5.
C
on

ve
yi
ng

M
od

ifi
ed

So
ur
ce

V
er
si
on

s.

Y
ou

m
ay

co
nv

ey
a
w
or
k

ba
se
d

on
th
e

P
ro
gr
am

,
or

th
e
m
od

ifi
ca
ti
on

s
to

pr
od

uc
e
it
fr
om

th
e
P
ro
-

gr
am

,
in

th
e

fo
rm

of
so
ur
ce

co
de

un
de
r

th
e

te
rm

s
of

se
ct
io
n
4,

pr
o-

vi
de
d
th
at

yo
u
al
so

m
ee
t

al
l
of

th
es
e
co
nd

it
io
ns
:

*
a)

T
he

w
or
k

m
us
t

ca
rr
y
pr
om

in
en
t
no

ti
ce
s

st
at
in
g

th
at

yo
u

m
od

-
ifi
ed

it
,

an
d

gi
vi
ng

a
re
le
va
nt

da
te
.

*
b)

T
he

w
or
k

m
us
t

ca
rr
y

pr
om

in
en
t
no

ti
ce
s
st
at
-

in
g
th
at

it
is
re
le
as
ed

un
-

de
r
th
is
L
ic
en
se

an
d
an

y
co
nd

it
io
ns

ad
de
d

un
de
r

se
ct
io
n
7.

T
hi
s
re
qu

ir
e-

m
en
t

m
od

ifi
es

th
e

re
-

qu
ir
em

en
t
in

se
ct
io
n

4
to

“k
ee
p

in
ta
ct

al
l
no

-
ti
ce
s”
.

*
c)

Y
ou

m
us
t

lic
en
se

th
e
en
ti
re

w
or
k,

as
a

w
ho

le
,
un

de
r
th
is

L
ic
en
se

to
an

yo
ne

w
ho

co
m
es

in
to

po
ss
es
si
on

of
a

co
py
.

T
hi
s

L
i-

ce
ns
e
w
ill

th
er
ef
or
e
ap

-
pl
y,

al
on

g
w
it
h

an
y
ap

-
pl
ic
ab

le
se
ct
io
n

7
ad

-
di
ti
on

al
te
rm

s,
to

th
e

w
ho

le
of

th
e
w
or
k,

an
d

al
l
it
s
pa

rt
s,

re
ga
rd
le
ss

of
ho

w
th
ey

ar
e

pa
ck
-

ag
ed
.
T
hi
s
L
ic
en
se

gi
ve
s

no
pe

rm
is
si
on

to
lic

en
se

th
e

w
or
k

in
an

y
ot
he
r

w
ay
,

bu
t

it
do

es
no

t
in
va
lid

at
e

su
ch

pe
rm

is
-

si
on

if
yo
u

ha
ve

se
pa

-
ra
te
ly

re
ce
iv
ed

it
.

*
d)

If
th
e

w
or
k

ha
s
in
-

te
ra
ct
iv
e
us
er

in
te
rf
ac
es
,

ea
ch

m
us
t

di
sp
la
y

A
p-

pr
op

ri
at
e
L
eg
al

N
ot
ic
es
;

ho
w
ev
er
,

if
th
e

P
ro
-

gr
am

ha
s
in
te
ra
ct
iv
e
in
-

te
rf
ac
es

th
at

do
no

t
di
s-

pl
ay

A
pp

ro
pr
ia
te

L
eg
al

N
ot
ic
es
,
yo

ur
w
or
k
ne
ed

no
t
m
ak
e
th
em

do
so
.

A
co
m
pi
la
ti
on

of
a
co
v-

er
ed

w
or
k

w
it
h

ot
he
r

se
pa

ra
te

an
d

in
de
pe

n-
de
nt

w
or
ks
,
w
hi
ch

ar
e

no
t
by

th
ei
r
na

tu
re

ex
-

te
ns
io
ns

of
th
e
co
ve
re
d

w
or
k,

an
d
w
hi
ch

ar
e
no

t
co
m
bi
ne
d

w
it
h

it
su
ch

as
to

fo
rm

a
la
rg
er

pr
o-

gr
am

,
in

or
on

a
vo

l-
um

e
of

a
st
or
ag
e

or
di
st
ri
bu

ti
on

m
ed
iu
m
,
is

ca
lle

d
an

“a
gg
re
ga
te
”
if

th
e
co
m
pi
la
ti
on

an
d
it
s

re
su
lt
in
g

co
py

ri
gh

t
ar
e

no
t
us
ed

to
lim

it
th
e
ac
-

ce
ss

or
le
ga
l
ri
gh

ts
of

th
e
co
m
pi
la
ti
on

’s
us
er
s

be
yo

nd
w
ha

t
th
e

in
-

di
vi
du

al
w
or
ks

pe
rm

it
.

In
cl
us
io
n

of
a

co
ve
re
d

w
or
k

in
an

ag
gr
eg
at
e

do
es

no
t
ca
us
e
th
is

L
i-

ce
ns
e

to
ap

pl
y

to
th
e

ot
he
r

pa
rt
s

of
th
e

ag
-

gr
eg
at
e.

6.
C
on

ve
yi
ng

N
on

-S
ou

rc
e
Fo

rm
s.

Y
ou

m
ay

co
nv

ey
a
co
v-

er
ed

w
or
k
in

ob
je
ct

co
de

fo
rm

un
de
r

th
e

te
rm

s
of

se
ct
io
ns

4
an

d
5,

pr
ov

id
ed

th
at

yo
u

al
so

co
nv

ey
th
e

m
ac
hi
ne
-

re
ad

ab
le

C
or
re
sp
on

di
ng

So
ur
ce

un
de
r
th
e
te
rm

s
of

th
is

L
ic
en
se
,
in

on
e

of
th
es
e
w
ay

s:

*
a)

C
on

ve
y

th
e
ob

je
ct

co
de

in
,

or
em

bo
di
ed

in
,
a

ph
ys
ic
al

pr
od

uc
t

(i
nc
lu
di
ng

a
ph

ys
ic
al

di
st
ri
bu

ti
on

m
ed
iu
m
),

ac
co
m
pa

ni
ed

by
th
e

C
or
re
sp
on

di
ng

So
ur
ce

fix
ed

on
a
du

ra
bl
e
ph

ys
i-



ca
l
m
ed
iu
m

cu
st
om

ar
ily

us
ed

fo
r
so
ft
w
ar
e
in
te
r-

ch
an

ge
.

*
b)

C
on

ve
y

th
e

ob
je
ct

co
de

in
,
or

em
bo

di
ed

in
,
a
ph

ys
ic
al

pr
od

uc
t

(i
nc
lu
di
ng

a
ph

ys
ic
al

di
st
ri
bu

ti
on

m
ed
iu
m
),

ac
co
m
pa

ni
ed

by
a
w
ri
tt
en

off
er
,
va
lid

fo
r
at

le
as
t
th
re
e
ye
ar
s

an
d
va
lid

fo
r
as

lo
ng

as
yo

u
off

er
sp
ar
e
pa

rt
s
or

cu
st
om

er
su
pp

or
t

fo
r

th
at

pr
od

uc
t
m
od

el
,
to

gi
ve

an
yo
ne

w
ho

po
s-

se
ss
es

th
e

ob
je
ct

co
de

ei
th
er

(1
)
a
co
py

of
th
e

C
or
re
sp
on

di
ng

So
ur
ce

fo
r
al
l
th
e

so
ft
w
ar
e

in
th
e
pr
od

uc
t
th
at

is
co
v-

er
ed

by
th
is

L
ic
en
se
,

on
a

du
ra
bl
e

ph
ys
ic
al

m
ed
iu
m

cu
st
om

ar
ily

us
ed

fo
r
so
ft
w
ar
e
in
te
r-

ch
an

ge
,
fo
r
a

pr
ic
e

no
m
or
e
th
an

yo
ur

re
as
on

-
ab

le
co
st

of
ph

ys
ic
al
ly

pe
rf
or
m
in
g

th
is

co
n-

ve
yi
ng

of
so
ur
ce
,

or
(2
)
ac
ce
ss

to
co
py

th
e

C
or
re
sp
on

di
ng

So
ur
ce

fr
om

a
ne
tw

or
k

se
rv
er

at
no

ch
ar
ge
.
*
c)

C
on

-
ve
y
in
di
vi
du

al
co
pi
es

of

th
e
ob

je
ct

co
de

w
it
h

a
co
py

of
th
e
w
ri
tt
en

off
er

to
pr
ov

id
e

th
e

C
or
re
-

sp
on

di
ng

So
ur
ce
.

T
hi
s

al
te
rn
at
iv
e

is
al
lo
w
ed

on
ly

oc
ca
si
on

al
ly

an
d

no
nc
om

m
er
ci
al
ly
,

an
d

on
ly

if
yo

u
re
ce
iv
ed

th
e

ob
je
ct

co
de

w
it
h

su
ch

an
off

er
,
in

ac
co
rd

w
it
h

su
bs
ec
ti
on

6b
.
*
d)

C
on

-
ve
y

th
e
ob

je
ct

co
de

by
off

er
in
g

ac
ce
ss

fr
om

a
de
si
gn

at
ed

pl
ac
e
(g
ra
ti
s

or
fo
r

a
ch
ar
ge
),

an
d

off
er

eq
ui
va
le
nt

ac
ce
ss

to
th
e

C
or
re
sp
on

di
ng

So
ur
ce

in
th
e
sa
m
e
w
ay

th
ro
ug

h
th
e
sa
m
e
pl
ac
e

at
no

fu
rt
he
r

ch
ar
ge
.

Y
ou

ne
ed

no
t

re
qu

ir
e
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gr
an

te
d

un
de
r

th
e
th
ir
d

pa
ra
gr
ap

h
of

se
ct
io
n
11
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H
ow

ev
er
,

if
yo

u
ce
as
e

al
l
vi
ol
at
io
n

of
th
is

L
i-

ce
ns
e,

th
en

yo
ur

li-
ce
ns
e
fr
om

a
pa

rt
ic
ul
ar

co
py

ri
gh

t
ho

ld
er

is
re
-

in
st
at
ed

(a
)

pr
ov

is
io
n-

al
ly
,u

nl
es
s
an

d
un

ti
lt
he

co
py

ri
gh

t
ho

ld
er

ex
pl
ic
-

it
ly

an
d

fin
al
ly

te
rm

i-
na

te
s
yo

ur
lic

en
se
,
an

d
(b
)
pe

rm
an

en
tl
y,

if
th
e

co
py

ri
gh

t
ho

ld
er

fa
ils

to
no

ti
fy

yo
u

of
th
e
vi
ol
a-

ti
on

by
so
m
e
re
as
on

ab
le



m
ea
ns

pr
io
r
to

60
da

ys
af
te
r
th
e
ce
ss
at
io
n.

M
or
eo
ve
r,

yo
ur

lic
en
se

fr
om

a
pa

rt
ic
ul
ar

co
py

-
ri
gh

t
ho

ld
er

is
re
in
-

st
at
ed

pe
rm

an
en
tl
y

if
th
e

co
py

ri
gh

t
ho

ld
er

no
ti
fie

s
yo
u
of

th
e
vi
ol
a-

ti
on

by
so
m
e
re
as
on

ab
le

m
ea
ns
,
th
is

is
th
e
fir
st

ti
m
e
yo

u
ha

ve
re
ce
iv
ed

no
ti
ce

of
vi
ol
at
io
n

of
th
is

L
ic
en
se

(f
or

an
y

w
or
k)

fr
om

th
at

co
py

-
ri
gh

t
ho

ld
er
,

an
d

yo
u

cu
re

th
e
vi
ol
at
io
n
pr
io
r

to
30

da
ys

af
te
r

yo
ur

re
ce
ip
t
of

th
e
no

ti
ce
.

T
er
m
in
at
io
n

of
yo
ur

ri
gh

ts
un

de
r

th
is

se
c-

ti
on

do
es

no
t
te
rm

in
at
e

th
e

lic
en
se
s

of
pa

r-
ti
es

w
ho

ha
ve

re
ce
iv
ed

co
pi
es

or
ri
gh

ts
fr
om

yo
u

un
de
r
th
is

L
ic
en
se
.

If
yo

ur
ri
gh

ts
ha

ve
be

en
te
rm

in
at
ed

an
d

no
t

pe
rm

an
en
tl
y

re
in
st
at
ed
,

yo
u

do
no

t
qu

al
if
y

to
re
ce
iv
e
ne
w

lic
en
se
s
fo
r

th
e
sa
m
e
m
at
er
ia
lu

nd
er

se
ct
io
n
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.

9.
A
cc
ep
-

ta
nc
e
N
ot

R
eq
ui
re
d

fo
r

H
av

in
g
C
op

ie
s.

Y
ou

ar
e

no
t

re
qu

ir
ed

to
ac
ce
pt

th
is

L
ic
en
se

in
or
de
r

to
re
ce
iv
e

or
ru
n

a
co
py

of
th
e

P
ro
gr
am

.
A
nc
ill
ar
y

pr
op

ag
at
io
n

of
a

co
v-

er
ed

w
or
k

oc
cu
rr
in
g

so
le
ly

as
a
co
ns
eq
ue
nc
e

of
us
in
g

pe
er
-t
o-
pe

er
tr
an

sm
is
si
on

to
re
ce
iv
e

a
co
py

lik
ew

is
e

do
es

no
t
re
qu

ir
e

ac
ce
pt
an

ce
.

H
ow

ev
er
,
no

th
in
g
ot
he
r

th
an

th
is
L
ic
en
se

gr
an

ts
yo

u
pe

rm
is
si
on

to
pr
op

-
ag
at
e

or
m
od

if
y

an
y

co
ve
re
d

w
or
k.

T
he
se

ac
ti
on

s
in
fr
in
ge

co
py

-
ri
gh

t
if

yo
u

do
no

t
ac
ce
pt

th
is

L
ic
en
se
.

T
he
re
fo
re
,

by
m
od

if
y-

in
g

or
pr
op

ag
at
in
g

a
co
ve
re
d

w
or
k,

yo
u

in
-

di
ca
te

yo
ur

ac
ce
pt
an

ce
of

th
is

L
ic
en
se

to
do

so
.
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.

A
ut
om

at
ic

L
i-

ce
ns
in
g

of
D
ow

ns
tr
ea
m

R
ec
ip
ie
nt
s.

E
ac
h

ti
m
e

yo
u

co
nv

ey
a
co
ve
re
d

w
or
k,

th
e
re
-

ci
pi
en
t
au

to
m
at
ic
al
ly

re
-

ce
iv
es

a
lic

en
se

fr
om

th
e
or
ig
in
al

lic
en
so
rs
,
to

ru
n,

m
od

if
y
an

d
pr
op

a-
ga
te

th
at

w
or
k,

su
bj
ec
t

to
th
is

L
ic
en
se
.

Y
ou

ar
e
no

t
re
sp
on

si
bl
e
fo
r

en
fo
rc
in
g
co
m
pl
ia
nc
e
by

th
ir
d

pa
rt
ie
s
w
it
h

th
is

L
ic
en
se
.

A
n

“e
nt
it
y

tr
an

sa
ct
io
n”

is
a

tr
an

sa
ct
io
n

tr
an

s-
fe
rr
in
g
co
nt
ro
l
of

an
or
-

ga
ni
za
ti
on

,
or

su
bs
ta
n-

ti
al
ly

al
l
as
se
ts

of
on

e,
or

su
bd

iv
id
in
g
an

or
ga
-

ni
za
ti
on

,
or

m
er
gi
ng

or
-

ga
ni
za
ti
on

s.
If

pr
op

-
ag
at
io
n

of
a

co
ve
re
d

w
or
k

re
su
lt
s

fr
om

an
en
ti
ty

tr
an

sa
ct
io
n,

ea
ch

pa
rt
y

to
th
at

tr
an

sa
c-

ti
on

w
ho

re
ce
iv
es

a
co
py

of
th
e

w
or
k

al
so

re
-

ce
iv
es

w
ha

te
ve
r
lic

en
se
s

to
th
e
w
or
k
th
e
pa

rt
y’
s

pr
ed
ec
es
so
r

in
in
te
re
st

ha
d
or

co
ul
d
gi
ve

un
de
r

th
e
pr
ev
io
us

pa
ra
gr
ap

h,
pl
us

a
ri
gh

t
to

po
ss
es
-

si
on

of
th
e
C
or
re
sp
on

d-
in
g
So

ur
ce

of
th
e
w
or
k

fr
om

th
e
pr
ed
ec
es
so
r
in

in
te
re
st
,
if
th
e
pr
ed
ec
es
-

so
r
ha

s
it

or
ca
n
ge
t
it

w
it
h
re
as
on

ab
le

eff
or
ts
.

Y
ou

m
ay

no
t

im
po

se
an

y
fu
rt
he
r
re
st
ri
ct
io
ns

on
th
e

ex
er
ci
se

of
th
e

ri
gh

ts
gr
an

te
d

or
af
-

fir
m
ed

un
de
r

th
is

L
i-

ce
ns
e.

Fo
r
ex
am

pl
e,

yo
u

m
ay

no
t

im
po

se
a

li-
ce
ns
e

fe
e,

ro
ya
lt
y,

or
ot
he
r
ch
ar
ge

fo
r
ex
er
ci
se

of
ri
gh

ts
gr
an

te
d

un
de
r

th
is

L
ic
en
se
,

an
d

yo
u

m
ay

no
t
in
it
ia
te

lit
ig
a-

ti
on

(i
nc
lu
di
ng

a
cr
os
s-

cl
ai
m

or
co
un

te
rc
la
im

in
a
la
w
su
it
)
al
le
gi
ng

th
at

an
y

pa
te
nt

cl
ai
m

is
in
-

fr
in
ge
d

by
m
ak

in
g,

us
-

in
g,

se
lli
ng

,
off

er
in
g
fo
r

sa
le
,
or

im
po

rt
in
g

th
e

P
ro
gr
am

or
an

y
po

rt
io
n

of
it
.
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P
at
en
ts
.

A
“c
on

tr
ib
ut
or
”

is
a

co
py

ri
gh

t
ho

ld
er

w
ho

au
th
or
iz
es

us
e

un
de
r

th
is

L
ic
en
se

of
th
e
P
ro
-

gr
am

or
a

w
or
k

on
w
hi
ch

th
e

P
ro
gr
am

is
ba

se
d.

T
he

w
or
k

th
us

lic
en
se
d

is
ca
lle

d
th
e



co
nt
ri
bu

to
r’
s
“c
on

tr
ib
u-

to
r
ve
rs
io
n”
.

A
co
nt
ri
bu

to
r’
s

“e
ss
en
-

ti
al

pa
te
nt

cl
ai
m
s”

ar
e

al
l
pa

te
nt

cl
ai
m
s
ow

ne
d

or
co
nt
ro
lle

d
by

th
e

co
nt
ri
bu

to
r,

w
he
th
er

al
re
ad

y
ac
qu

ir
ed

or
he
re
af
te
r
ac
qu

ir
ed
,
th
at

w
ou

ld
be

in
fr
in
ge
d

by
so
m
e

m
an

ne
r,

pe
rm

it
-

te
d

by
th
is

L
ic
en
se
,

of
m
ak

in
g,

us
in
g,

or
se
lli
ng

it
s

co
nt
ri
bu

to
r

ve
rs
io
n,

bu
t
do

no
t
in
-

cl
ud

e
cl
ai
m
s
th
at

w
ou

ld
be

in
fr
in
ge
d

on
ly

as
a

co
ns
eq
ue
nc
e

of
fu
r-

th
er

m
od

ifi
ca
ti
on

of
th
e
co
nt
ri
bu

to
r
ve
rs
io
n.

Fo
r

pu
rp
os
es

of
th
is

de
fin

it
io
n,

“c
on

tr
ol
”
in
-

cl
ud

es
th
e
ri
gh

t
to

gr
an

t
pa

te
nt

su
bl
ic
en
se
s
in

a
m
an

ne
r
co
ns
is
te
nt

w
it
h

th
e
re
qu

ir
em

en
ts

of
th
is

L
ic
en
se
.

E
ac
h
co
nt
ri
bu

to
r
gr
an

ts
yo

u
a

no
n-
ex
cl
us
iv
e,

w
or
ld
w
id
e,

ro
ya

lt
y-
fr
ee

pa
te
nt

lic
en
se

un
de
r
th
e

co
nt
ri
bu

to
r’
s

es
se
nt
ia
l

pa
te
nt

cl
ai
m
s,

to
m
ak

e,
us
e,

se
ll,

off
er

fo
r
sa
le
,

im
po

rt
an

d
ot
he
rw

is
e

ru
n,

m
od

if
y
an

d
pr
op

a-
ga
te

th
e
co
nt
en
ts

of
it
s

co
nt
ri
bu

to
r
ve
rs
io
n.

In
th
e

fo
llo

w
in
g

th
re
e

pa
ra
gr
ap

hs
,

a
“p

at
en
t

lic
en
se
”

is
an

y
ex
pr
es
s

ag
re
em

en
t

or
co
m
m
it
-

m
en
t,

ho
w
ev
er

de
no

m
-

in
at
ed
,

no
t

to
en
fo
rc
e

a
pa

te
nt

(s
uc
h

as
an

ex
pr
es
s

pe
rm

is
si
on

to
pr
ac
ti
ce

a
pa

te
nt

or
co
ve
na

nt
no

t
to

su
e

fo
r

pa
te
nt

in
fr
in
ge
-

m
en
t)
.
T
o
“g
ra
nt
”
su
ch

a
pa

te
nt

lic
en
se

to
a

pa
rt
y

m
ea
ns

to
m
ak

e
su
ch

an
ag
re
em

en
t

or
co
m
m
it
m
en
t
no

t
to

en
-

fo
rc
e

a
pa

te
nt

ag
ai
ns
t

th
e
pa

rt
y.

If
yo

u
co
nv

ey
a
co
ve
re
d

w
or
k,

kn
ow

in
gl
y

re
ly
-

in
g
on

a
pa

te
nt

lic
en
se
,

an
d

th
e

C
or
re
sp
on

di
ng

So
ur
ce

of
th
e

w
or
k

is
no

t
av
ai
la
bl
e

fo
r

an
y-

on
e

to
co
py
,

fr
ee

of
ch
ar
ge

an
d

un
de
r

th
e

te
rm

s
of

th
is

L
ic
en
se
,

th
ro
ug

h
a
pu

bl
ic
ly

av
ai
l-

ab
le

ne
tw

or
k

se
rv
er

or
ot
he
r
re
ad

ily
ac
ce
ss
ib
le

m
ea
ns
,
th
en

yo
u

m
us
t

ei
th
er

(1
)

ca
us
e

th
e

C
or
re
sp
on

di
ng

So
ur
ce

to
be

so
av
ai
la
bl
e,

or
(2
)

ar
ra
ng

e
to

de
pr
iv
e

yo
ur
se
lf

of
th
e

be
ne
fit

of
th
e

pa
te
nt

lic
en
se

fo
r
th
is

pa
rt
ic
ul
ar

w
or
k,

or
(3
)

ar
ra
ng

e,
in

a
m
an

ne
r
co
ns
is
te
nt

w
it
h

th
e

re
qu

ir
em

en
ts

of
th
is

L
ic
en
se
,
to

ex
te
nd

th
e

pa
te
nt

lic
en
se

to
do

w
ns
tr
ea
m

re
ci
pi
en
ts
.

“K
no

w
in
gl
y

re
ly
in
g”

m
ea
ns

yo
u

ha
ve

ac
tu
al

kn
ow

le
dg

e
th
at
,
bu

t
fo
r

th
e
pa

te
nt

lic
en
se
,
yo

ur
co
nv

ey
in
g

th
e

co
ve
re
d

w
or
k

in
a

co
un

tr
y,

or
yo

ur
re
ci
pi
en
t’
s

us
e

of
th
e

co
ve
re
d

w
or
k

in
a

co
un

tr
y,

w
ou

ld
in
fr
in
ge

on
e
or

m
or
e
id
en
ti
fia

bl
e

pa
te
nt
s
in

th
at

co
un

tr
y

th
at

yo
u
ha

ve
re
as
on

to
be

lie
ve

ar
e
va
lid

.

If
,

pu
rs
ua

nt
to

or
in

co
nn

ec
ti
on

w
it
h

a
si
n-

gl
e

tr
an

sa
ct
io
n

or
ar
-

ra
ng

em
en
t,

yo
u

co
nv

ey
,

or
pr
op

ag
at
e
by

pr
oc
ur
-

in
g
co
nv

ey
an

ce
of
,a

co
v-

er
ed

w
or
k,

an
d

gr
an

t
a

pa
te
nt

lic
en
se

to
so
m
e

of
th
e
pa

rt
ie
s
re
ce
iv
in
g

th
e
co
ve
re
d
w
or
k
au

th
o-

ri
zi
ng

th
em

to
us
e,

pr
op

-
ag
at
e,

m
od

if
y

or
co
n-

ve
y

a
sp
ec
ifi
c

co
py

of
th
e
co
ve
re
d

w
or
k,

th
en

th
e

pa
te
nt

lic
en
se

yo
u

gr
an

t
is

au
to
m
at
ic
al
ly

ex
te
nd

ed
to

al
l
re
ci
pi
-

en
ts

of
th
e
co
ve
re
d
w
or
k

an
d
w
or
ks

ba
se
d
on

it
.

A
pa

te
nt

lic
en
se

is
“d

is
-

cr
im

in
at
or
y”

if
it

do
es

no
t
in
cl
ud

e
w
it
hi
n

th
e

sc
op

e
of

it
s

co
ve
ra
ge
,

pr
oh

ib
it
s
th
e
ex
er
ci
se

of
,

or
is

co
nd

it
io
ne
d
on

th
e

no
n-
ex
er
ci
se

of
on

e
or

m
or
e
of

th
e
ri
gh

ts
th
at

ar
e
sp
ec
ifi
ca
lly

gr
an

te
d

un
de
r
th
is

L
ic
en
se
.
Y
ou

m
ay

no
t
co
nv

ey
a

co
v-

er
ed

w
or
k

if
yo

u
ar
e

a
pa

rt
y

to
an

ar
ra
ng

e-
m
en
t
w
it
h
a
th
ir
d
pa

rt
y

th
at

is
in

th
e

bu
si
-

ne
ss

of
di
st
ri
bu

ti
ng

so
ft
-



w
ar
e,

un
de
r
w
hi
ch

yo
u

m
ak

e
pa

ym
en
t

to
th
e

th
ir
d

pa
rt
y

ba
se
d

on
th
e

ex
te
nt

of
yo

ur
ac
-

ti
vi
ty

of
co
nv

ey
in
g

th
e

w
or
k,

an
d

un
de
r
w
hi
ch

th
e

th
ir
d

pa
rt
y

gr
an

ts
,

to
an

y
of

th
e

pa
rt
ie
s

w
ho

w
ou

ld
re
ce
iv
e

th
e

co
ve
re
d

w
or
k
fr
om

yo
u,

a
di
sc
ri
m
in
at
or
y
pa

te
nt

lic
en
se

(a
)

in
co
nn

ec
-

ti
on

w
it
h

co
pi
es

of
th
e

co
ve
re
d

w
or
k

co
nv

ey
ed

by
yo
u
(o
r
co
pi
es

m
ad

e
fr
om

th
os
e

co
pi
es
),

or
(b
)

pr
im

ar
ily

fo
r

an
d

in
co
nn

ec
ti
on

w
it
h

sp
e-

ci
fic

pr
od

uc
ts

or
co
m
-

pi
la
ti
on

s
th
at

co
nt
ai
n

th
e

co
ve
re
d

w
or
k,

un
-

le
ss

yo
u

en
te
re
d

in
to

th
at

ar
ra
ng

em
en
t,

or
th
at

pa
te
nt

lic
en
se

w
as

gr
an

te
d,

pr
io
r

to
28

M
ar
ch

20
07
.

N
ot
hi
ng

in
th
is

L
ic
en
se

sh
al
lb

e
co
ns
tr
ue
d
as

ex
-

cl
ud

in
g
or

lim
it
in
g
an

y
im

pl
ie
d
lic

en
se

or
ot
he
r

de
fe
ns
es

to
in
fr
in
ge
m
en
t

th
at

m
ay

ot
he
rw

is
e

be
av
ai
la
bl
e

to
yo

u
un

de
r

ap
pl
ic
ab

le
pa

te
nt

la
w
.
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.

N
o

Su
rr
en
de
r

of
O
th
er
s’

Fr
ee
do

m
.

If
co
nd

it
io
ns

ar
e

im
-

po
se
d

on
yo
u

(w
he
th
er

by
co
ur
t

or
de
r,

ag
re
e-

m
en
t
or

ot
he
rw

is
e)

th
at

co
nt
ra
di
ct

th
e

co
nd

i-
ti
on

s
of

th
is

L
ic
en
se
,

th
ey

do
no

t
ex
cu
se

yo
u

fr
om

th
e
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is

L
ic
en
se
.

T
he

Fr
ee

So
ft
w
ar
e
Fo

un
-

da
ti
on

m
ay

pu
bl
is
h

re
-

vi
se
d

an
d/
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th
e
pr
es
en
t

ve
rs
io
n,

bu
t
m
ay

di
ff
er

in
de
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e
Fr
ee

So
ft
-

w
ar
e

Fo
un

da
ti
on

.
If

th
e

P
ro
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rs
io
n
ev
er

pu
bl
is
he
d

by
th
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pr
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P
ro
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at
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P
R
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P
R
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P
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P
P
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R
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P
Y
R
IG

H
T

H
O
L
D
E
R
,

O
R

A
N
Y

O
T
H
E
R

P
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P
R
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P
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R
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C
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T
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P
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ra
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e

pu
bl
ic
,
th
e
be

st
w
ay

to
ac
hi
ev
e
th
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ca
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ra
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ra
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ra
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w
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w
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e

L
ic
en
se
,

or
(a
t

yo
ur

op
ti
on

)
an

y
la
te
r

ve
rs
io
n.
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ra
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or
>

T
hi
s
pr
og
ra
m

co
m
es

w
it
h

A
B
SO

-
L
U
T
E
LY

N
O

W
A
R
-

R
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of
th
e

co
pi
es

yo
u
m
ak

e
or

di
s-

tr
ib
ut
e.

H
ow

ev
er
,
yo
u

m
ay

ac
ce
pt

co
m
pe

ns
a-

ti
on

in
ex
ch
an

ge
fo
r

co
pi
es
.
If
yo
u
di
st
ri
bu

te
a
la
rg
e
en
ou

gh
nu

m
be

r
of

co
pi
es

yo
u
m
us
t
al
so

fo
llo

w
th
e
co
nd

it
io
ns

in
se
ct
io
n
3.

Y
ou

m
ay

al
so

le
nd

co
pi
es
,
un

de
r
th
e
sa
m
e

co
nd

it
io
ns

st
at
ed

ab
ov
e,

an
d

yo
u

m
ay

pu
b-

lic
ly

di
sp
la
y

co
pi
es
.

3.

C
O
P
Y
IN

G
IN

Q
U
A
N
-

T
IT

Y

If
yo

u
pu

bl
is
h

pr
in
te
d

co
pi
es

(o
r
co
pi
es

in
m
e-

di
a
th
at

co
m
m
on

ly
ha

ve
pr
in
te
d

co
ve
rs
)

of
th
e

D
oc
um

en
t,

nu
m
be

ri
ng

m
or
e

th
an

10
0,

an
d

th
e
D
oc
um

en
t’
s
lic

en
se

no
ti
ce

re
qu

ir
es

C
ov
er

T
ex
ts
,

yo
u

m
us
t

en
-

cl
os
e
th
e
co
pi
es

in
co
v-

er
s

th
at

ca
rr
y,

cl
ea
rl
y

an
d

le
gi
bl
y,

al
l

th
es
e

C
ov
er

T
ex
ts
:

Fr
on

t-
C
ov
er

T
ex
ts

on
th
e
fr
on

t
co
ve
r,

an
d

B
ac
k-
C
ov
er

T
ex
ts

on
th
e
ba

ck
co
ve
r.

B
ot
h

co
ve
rs

m
us
t

al
so

cl
ea
rl
y
an

d
le
gi
bl
y
id
en
-

ti
fy

yo
u

as
th
e

pu
b-

lis
he
r

of
th
es
e

co
pi
es
.

T
he

fr
on

t
co
ve
r

m
us
t

pr
es
en
t

th
e

fu
ll

ti
tl
e

w
it
h

al
l
w
or
ds

of
th
e

ti
tl
e
eq
ua

lly
pr
om

in
en
t

an
d

vi
si
bl
e.

Y
ou

m
ay

ad
d

ot
he
r

m
at
er
ia
l
on

th
e

co
ve
rs

in
ad

di
ti
on

.
C
op

yi
ng

w
it
h

ch
an

ge
s

lim
it
ed

to
th
e

co
ve
rs
,

as
lo
ng

as
th
ey

pr
e-

se
rv
e

th
e

ti
tl
e

of
th
e

D
oc
um

en
t

an
d

sa
ti
sf
y

th
es
e

co
nd

it
io
ns
,

ca
n

be
tr
ea
te
d

as
ve
rb
a-

ti
m

co
py

in
g
in

ot
he
r
re
-

sp
ec
ts
.

If
th
e
re
qu

ir
ed

te
xt
s
fo
r

ei
th
er

co
ve
r
ar
e
to
o
vo
-

lu
m
in
ou

s
to

fit
le
gi
bl
y,

yo
u
sh
ou

ld
pu

t
th
e
fir
st

on
es

lis
te
d
(a
s
m
an

y
as

fit
re
as
on

ab
ly
)

on
th
e

ac
tu
al

co
ve
r,

an
d

co
n-

ti
nu

e
th
e
re
st

on
to

ad
ja
-

ce
nt

pa
ge
s.

If
yo
u

pu
bl
is
h

or
di
s-

tr
ib
ut
e

O
pa

qu
e

co
pi
es

of
th
e

D
oc
um

en
t
nu

m
-

be
ri
ng

m
or
e

th
an

10
0,

yo
u
m
us
t
ei
th
er

in
cl
ud

e
a

m
ac
hi
ne
-r
ea
da

bl
e

T
ra
ns
pa

re
nt

co
py

al
on

g
w
it
h
ea
ch

O
pa

qu
e
co
py
,

or
st
at
e

in
or

w
it
h

ea
ch

O
pa

qu
e

co
py

a
co
m
pu

te
r-
ne
tw

or
k

lo
-

ca
ti
on

fr
om

w
hi
ch

th
e

ge
ne
ra
l

ne
tw

or
k-
us
in
g

pu
bl
ic

ha
s

ac
ce
ss

to
do

w
nl
oa
d

us
in
g

pu
bl
ic
-

st
an

da
rd

ne
tw

or
k
pr
ot
o-

co
ls

a
co
m
pl
et
e

T
ra
ns
-

pa
re
nt

co
py

of
th
e
D
oc
-



um
en
t,

fr
ee

of
ad

de
d

m
at
er
ia
l.

If
yo
u
us
e
th
e

la
tt
er

op
ti
on

,
yo
u
m
us
t

ta
ke

re
as
on

ab
ly

pr
ud

en
t

st
ep
s,

w
he
n

yo
u

be
gi
n

di
st
ri
bu

ti
on

of
O
pa

qu
e

co
pi
es

in
qu

an
ti
ty
,

to
en
su
re

th
at

th
is

T
ra
ns
-

pa
re
nt

co
py

w
ill

re
m
ai
n

th
us

ac
ce
ss
ib
le

at
th
e

st
at
ed

lo
ca
ti
on

un
ti
l

at
le
as
t
on

e
ye
ar

af
te
r

th
e

la
st

ti
m
e

yo
u

di
s-

tr
ib
ut
e
an

O
pa

qu
e
co
py

(d
ir
ec
tl
y

or
th
ro
ug

h
yo

ur
ag
en
ts

or
re
ta
ile

rs
)

of
th
at

ed
it
io
n

to
th
e

pu
bl
ic
.

It
is

re
qu

es
te
d,

bu
t
no

t
re
qu

ir
ed
,
th
at

yo
u

co
n-

ta
ct

th
e
au

th
or
s
of

th
e

D
oc
um

en
t

w
el
l

be
fo
re

re
di
st
ri
bu

ti
ng

an
y
la
rg
e

nu
m
be

r
of

co
pi
es
,

to
gi
ve

th
em

a
ch
an

ce
to

pr
ov

id
e

yo
u

w
it
h

an
up

da
te
d

ve
rs
io
n

of
th
e

D
oc
um

en
t.

4.
M
O
D
IF

I-
C
A
T
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S

Y
ou

m
ay

co
py

an
d

di
s-

tr
ib
ut
e
a
M
od

ifi
ed

V
er
-

si
on

of
th
e

D
oc
um

en
t

un
de
r
th
e
co
nd

it
io
ns

of
se
ct
io
ns

2
an

d
3
ab

ov
e,

pr
ov

id
ed

th
at

yo
u

re
-

le
as
e
th
e
M
od

ifi
ed

V
er
-

si
on

un
de
r
pr
ec
is
el
y
th
is

L
ic
en
se
,
w
it
h

th
e
M
od

-
ifi
ed

V
er
si
on

fil
lin

g
th
e

ro
le

of
th
e

D
oc
um

en
t,

th
us

lic
en
si
ng

di
st
ri
bu

-
ti
on

an
d

m
od

ifi
ca
ti
on

of
th
e
M
od

ifi
ed

V
er
si
on

to
w
ho

ev
er

po
ss
es
se
s
a

co
py

of
it
.

In
ad

di
-

ti
on

,
yo

u
m
us
t
do

th
es
e

th
in
gs

in
th
e

M
od

ifi
ed

V
er
si
on

:

*
A
.

U
se

in
th
e

T
i-

tl
e

P
ag
e

(a
nd

on
th
e

co
ve
rs
,

if
an

y)
a

ti
-

tl
e

di
st
in
ct

fr
om

th
at

of
th
e

D
oc
um

en
t,

an
d

fr
om

th
os
e

of
pr
ev
io
us

ve
rs
io
ns

(w
hi
ch

sh
ou

ld
,

if
th
er
e

w
er
e

an
y,

be
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te
d
in

th
e
H
is
to
ry

se
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ti
on

of
th
e
D
oc
um

en
t)
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Y
ou

m
ay
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e
th
e
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m
e
ti
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tl
e
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a
pr
ev
io
us
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io
n

if
th
e
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ig
in
al

pu
bl
is
he
r

of
th
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ve
rs
io
n
gi
ve
s
pe
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m
is
si
on

.
*

B
.
L
is
t
on

th
e

T
it
le

P
ag
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au

-
th
or
s,

on
e
or

m
or
e
pe

r-

so
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or
en
ti
ti
es

re
sp
on

-
si
bl
e

fo
r
au

th
or
sh
ip

of
th
e
m
od

ifi
ca
ti
on

s
in

th
e

M
od

ifi
ed

V
er
si
on

,
to
-

ge
th
er

w
it
h
at

le
as
t
fiv

e
of

th
e
pr
in
ci
pa

l
au

th
or
s

of
th
e
D
oc
um

en
t
(a
ll
of

it
s
pr
in
ci
pa

l
au

th
or
s,

if
it
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s
fe
w
er

th
an

fiv
e)
,

un
le
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th
ey

re
le
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e
yo
u

fr
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th
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qu

ir
em

en
t.

*
C
.
St
at
e

on
th
e

T
it
le

pa
ge

th
e

na
m
e

of
th
e

pu
bl
is
he
r
of

th
e

M
od

i-
fie

d
V
er
si
on

,
as

th
e
pu

b-
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he
r.

*
D
.
P
re
se
rv
e

al
l

th
e

co
py

ri
gh

t
no
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ti
ce
s
of

th
e

D
oc
um

en
t.

*
E
.
A
dd

an
ap

pr
op

ri
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at
e
co
py

ri
gh

t
no

ti
ce

fo
r
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ur
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od

ifi
ca
ti
on
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ja
-
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th
e
ot
he
r
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py
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gh

t
no

ti
ce
s.

*
F
.
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-
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ud
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im

m
ed
ia
te
ly
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te
r

th
e
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py
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gh

t
no

ti
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s,
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lic

en
se

no
ti
ce

gi
vi
ng

th
e

pu
bl
ic

pe
rm

is
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on

to
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e
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e
M
od

ifi
ed

V
er
si
on

un
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e
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s
of
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L
ic
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,

in
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rm

sh
ow

n
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e
A
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en
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lo
w
.
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G
.
P
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se
rv
e

in
th
at

lic
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no
ti
ce
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e
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ll
lis
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of
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va
ri
an

t

Se
ct
io
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an
d
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ir
ed

C
ov
er

T
ex
ts

gi
ve
n
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th
e

D
oc
um

en
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ti
ce
.
*
H
.I
nc
lu
de

an
un

-
al
te
re
d

co
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of
th
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L
i-

ce
ns
e.

*
I.

P
re
se
rv
e
th
e

se
ct
io
n

E
nt
it
le
d

"H
is
-

to
ry
",
P
re
se
rv
e
it
s
T
it
le
,

an
d
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d

to
it

an
it
em

st
at
in
g
at

le
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t
th
e
ti
tl
e,

ye
ar
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ne
w

au
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or
s,

an
d

pu
bl
is
he
r
of

th
e

M
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i-
fie

d
V
er
si
on

as
gi
ve
n
on

th
e
T
it
le

P
ag
e.

If
th
er
e

is
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se
ct
io
n

E
nt
it
le
d
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is
to
ry
"

in
th
e

D
oc
u-

m
en
t,
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te
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e

st
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-

in
g

th
e
ti
tl
e,

ye
ar
,
au

-
th
or
s,

an
d

pu
bl
is
he
r
of

th
e
D
oc
um

en
t
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gi
ve
n
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it
s
T
it
le

P
ag
e,

th
en

ad
d

an
it
em

de
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ri
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ng

th
e
M
od

ifi
ed

V
er
si
on
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st
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ed

in
th
e

pr
ev
io
us

se
nt
en
ce
.
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P
re
se
rv
e

th
e
ne
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k
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on

,
if

an
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ve
n

in
th
e

D
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um
en
t
fo
r
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to
a
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ra
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nt
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py
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e
D
oc
um
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an
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e
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ne
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t
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r
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.



T
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be
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ed
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th
e
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ou
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ay
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it
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or
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r
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th
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at
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t
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e
D
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e
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ig
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pu
bl
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he
r
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e
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io
n
it
re
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rs
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ve
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pe
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is
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on
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K
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r
an

y
se
ct
io
n
E
nt
it
le
d

"A
ck
no

w
le
dg

em
en
ts
"
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"D

ed
ic
at
io
ns
",

P
re
se
rv
e

th
e
T
it
le

of
th
e
se
ct
io
n,

an
d
pr
es
er
ve

in
th
e
se
c-

ti
on

al
l
th
e

su
bs
ta
nc
e

an
d

to
ne

of
ea
ch

of
th
e
co
nt
ri
bu

to
r
ac
kn

ow
l-

ed
ge
m
en
ts

an
d/

or
de
di
-

ca
ti
on

s
gi
ve
n
th
er
ei
n.

*
L
.
P
re
se
rv
e

al
l
th
e

In
-

va
ri
an

t
Se
ct
io
ns

of
th
e

D
oc
um

en
t,

un
al
te
re
d
in

th
ei
r
te
xt

an
d

in
th
ei
r

ti
tl
es
.

Se
ct
io
n

nu
m
-

be
rs

or
th
e

eq
ui
va
le
nt

ar
e
no

t
co
ns
id
er
ed

pa
rt

of
th
e

se
ct
io
n

ti
tl
es
.

*
M
.

D
el
et
e

an
y

se
c-

ti
on

E
nt
it
le
d

"E
nd

or
se
-

m
en
ts
".

Su
ch

a
se
ct
io
n

m
ay

no
t
be

in
cl
ud

ed
in

th
e
M
od

ifi
ed

V
er
si
on

.
*

N
.D

o
no

t
re
ti
tl
e
an

y
ex
-

is
ti
ng

se
ct
io
n
to

be
E
nt
i-

tl
ed

"E
nd

or
se
m
en
ts
"
or

to
co
nfl

ic
t
in

ti
tl
e
w
it
h

an
y
In
va
ri
an

t
Se
ct
io
n.

*
O
.

P
re
se
rv
e

an
y

W
ar
-

ra
nt
y
D
is
cl
ai
m
er
s.

If
th
e

M
od

ifi
ed

V
er
-

si
on

in
cl
ud

es
ne
w

fr
on

t-
m
at
te
r

se
ct
io
ns

or
ap

-
pe

nd
ic
es

th
at

qu
al
if
y
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Se
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nd

ar
y

Se
ct
io
ns

an
d
co
nt
ai
n
no

m
at
er
ia
l

co
pi
ed

fr
om

th
e

D
oc
u-

m
en
t,

yo
u
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ay

at
yo

ur
op

ti
on

de
si
gn

at
e

so
m
e

or
al
l
of

th
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e
se
ct
io
ns
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in
va
ri
an

t.
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o

do
th
is
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ad

d
th
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r
ti
tl
es

to
th
e
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t
of

In
va
ri
an

t
Se
c-

ti
on

s
in

th
e

M
od

ifi
ed

V
er
si
on
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lic

en
se

no
ti
ce
.

T
he
se

ti
tl
es

m
us
t
be

di
s-

ti
nc
t
fr
om

an
y
ot
he
r
se
c-

ti
on

ti
tl
es
.

Y
ou

m
ay

ad
d

a
se
c-

ti
on

E
nt
it
le
d

"E
nd

or
se
-

m
en
ts
",

pr
ov

id
ed

it
co
nt
ai
ns

no
th
in
g

bu
t

en
do

rs
em

en
ts

of
yo

ur
M
od

ifi
ed

V
er
si
on

by
va
ri
ou

s
pa

rt
ie
s—

fo
r
ex
-

am
pl
e,

st
at
em

en
ts

of

pe
er

re
vi
ew

or
th
at

th
e

te
xt

ha
s
be

en
ap

pr
ov
ed

by
an

or
ga
ni
za
ti
on

as
th
e
au

th
or
it
at
iv
e
de
fin

i-
ti
on

of
a
st
an

da
rd
.

Y
ou

m
ay

ad
d
a
pa

ss
ag
e

of
up

to
fiv

e
w
or
ds
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a

Fr
on

t-
C
ov
er

T
ex
t,

an
d

a
pa

ss
ag
e

of
up

to
25

w
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ds
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a

B
ac
k-
C
ov
er

T
ex
t,

to
th
e
en
d
of

th
e

lis
t

of
C
ov
er

T
ex
ts

in
th
e

M
od

ifi
ed

V
er
si
on

.
O
nl
y

on
e

pa
ss
ag
e

of
Fr
on

t-
C
ov
er

T
ex
t

an
d

on
e
of

B
ac
k-
C
ov
er

T
ex
t

m
ay

be
ad

de
d

by
(o
r

th
ro
ug

h
ar
ra
ng

em
en
ts
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e
by

)
an

y
on

e
en
-

ti
ty
.

If
th
e

D
oc
um

en
t
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re
ad

y
in
cl
ud

es
a
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ve
r
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xt

fo
r
th
e
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m
e
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ve
r,

pr
ev
io
us
ly

ad
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d

by
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u
or

by
ar
ra
ng

em
en
t

m
ad

e
by

th
e
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m
e
en
ti
ty

yo
u
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e
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ng

on
be
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lf

of
,

yo
u

m
ay

no
t

ad
d

an
ot
he
r;

bu
t

yo
u

m
ay
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pl
ac
e
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e
ol
d

on
e,
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ex
pl
ic
it
pe

rm
is
si
on

fr
om

th
e
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ev
io
us

pu
bl
is
he
r

th
at

ad
de
d
th
e
ol
d
on

e.

T
he

au
th
or
(s
)
an

d
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b-
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he
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s)

of
th
e

D
oc
u-

m
en
t

do
no

t
by

th
is

L
ic
en
se

gi
ve

pe
rm

is
si
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