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Chapter 1

Oscillations in Mechanical Systems

1.1 Simple Harmonic Oscillator’

1.1.1 The Simple Harmonic Oscillator
1.1.1.1 Simple Harmonic Motion

For SHM to occur we require stable equilibrium, about a point. For example, at the origin we could have:

S F(0)=0,

which would describe a system in equilibrium. This however is not necessarily stable equilibrium.

Slabla

t\_._,./; Equiliorium

l

Instakbla
Equiliorium

Figure 1.1: A simple cartoon of stable and unstable equilibrium. The lower part of the figure shows
the case of unstable equilibrium. The upper part shows the case of stable equilibrium. These situations
often occur in mechanical systems.

LThis content is available online at <http://cnx.org/content/m12774/1.6/>.



2 CHAPTER 1. OSCILLATIONS IN MECHANICAL SYSTEMS

The lower part of the figure shows the case of unstable equilibrium. The upper part shows the case of
stable equilibrium. These situations often occur in mechanical systems.
For example, consider a mass attached to a spring;:

F(0) =0

Block of
Mass M

Fix) = -kx

Bilock of
Mass M

Figure 1.2

In general, in a case of stable equilibrium we can write the force as a polynomial expansion:
F(z)=— (k1z + koa® + ksa® +...)

where the k; are positive constants. There is always a region of x small enough that we can write:

F=—kx
F=—kx
ma = —kx
mi = —kx



This is satisfied by an equation of the form
x = Asin (wt + ¢p)

where A and ¢ are constants that are determined by the initial conditions. Draw a diagram of a sinusoid
and mark on it the period T and Amplitude A

=

£ .

5 Amplitude

]

v}

=3

] L i

-

Time
- Period -
Figure 1.3

¢o Is an arbitrary phase which shifts the sinusoid.This is also satisfied by an equation of the form

x = Asin (wt) + Bcos (wt)
Lets show this:
x = Asin (wt) + Bcos (wt)
i = w (Acos (wt) — Bsin (wt))
# = —w? (Asin (wt) + Beos (wt))
¥ = —w?x
Again there are two constants determined by the initial conditions A and B The equation can be rewritten
F+wir=0
Thus if
. k
w=—
then the equation is identical to the SHM equation.

So another way to write the equation of Simple Harmonic Motion is

F+w?z=0



CHAPTER 1. OSCILLATIONS IN MECHANICAL SYSTEMS

or

= —wlx

It is also important to remember the relationships between freqency, angular frequency and period:

w = 21v
— 27
T_w
-1
V=1

Another solution to the SHM equation is

Z = Acos (wt + ¢p) + i Asin (wt + ¢g)

Recall Taylor’s expansions of sine and cosine

63  6°
sinf = 0 — ——&—a
02 o*
cos@zl—a—i—ﬂ...
Then
2 3 4
COSH—i—ZSln@—l—I-zH——,— 3""?1!"'

=140 4 GO 4 GO° | GO

— 61,0

(an alternative way to show this is the following)

z = cosf) + isinfé
dz = (—sinf + icosf) df = izdf
[ = fias
Inz =0

z=e'

Thus we can write
T = Acos (wt + ¢p) + tAsin (wt + ¢g)
as
_ Aei(wt—i—d)o)

IS}

i‘ = Aei(Wt+¢0)
& = iwAelWttdo)
i = (iw)? Aeiwiteo) — 25

NOTE: We will use the complex representation a lot, so you need to become familiar with it. It is

used a lot in Optics, Classical and Quantum Mechanics and Electrical Engineering so it is a good
thing to know.



Now for physical systems we are interested in just the real part so
x = Re [Aei(w““d’o)}

This will be implicitly understood. In physics we just write

r = Aetlwitdo)

One thing that will seem to be confusing is that there are all these different solutions. They are all just
different forms of the same thing. Which form is used in a particular circumstance is simply a matter of
convenience. Some forms lend themselves to to solutions of certain problems more easily than others. Also
the most convenient form can depend upon the initial conditions. For example if x is at its maximum
displacement at time ¢ = 0 then a cos form may be the most convenient. As a general rule I like using the
complex representation because natural logarithms are so easy to work with. For example

de” -
e
x
deaa:
d — aeaz
x

which is all pretty simple to remember



6 CHAPTER 1. OSCILLATIONS IN MECHANICAL SYSTEMS

1.2 Simple and Compound Pendula’

1.2.1 The Simple Pendulum

mg

X Axis

Figure 1.4: A simple pendulum.

Shown is a simple pendulum which has a mass m that is displaced by an angle 6. There is tension (?) in

the string which acts from the mass to the anchor point. The weight of the mass is m ¢ and the tension
in the string is 7' = mgcosf. There is a tangential restoring force = —mgsinf. If we approximate that 6 is
small (we have to make this approximation or else we can not solve the problem analytically) then sinf ~ 6
and x = 6. (note that sinf is only approximately equal to ¥ because x is the distance along the x axis) so

2This content is available online at <http://cnx.org/content/m12778/1.2/>.



that we can write:
F=ma=mi
= —mgsinf
~ —mgl
~ —mg%
or

i+%x:0

(Note that We should immediately recongnize that this is the equation for simple harmonic motion (SHM)
with
g

w = -

R
We could take another approach and use angular momentum to solve the problem. Recall that:

L=1Iw=10

I =mi?
Also recall that the torque is the time derivative of the angular momentum so that:

—

~>_~> _@
T=r X = at

—Ilmgl = 16

é+%9=0

Again we would recognize that this is simple harmonic motion with

w=4/2
] .
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1.2.2 The Compound Pendulum

Pivot Point

Center of
Mass

T ——
-

Figure 1.5: A compound pendulum.

The compound pendulum is another interesting example of a pendulum that undergoes simple harmonic
motion. For an extended body then one uses the center of mass and the moment of inertia. Use the center

of mass, the moment of inertia and the Torque (angular force) T=7 x F

T=rxF

10 = —Ilmgsinf ~ —Img0
0+ =0
So again we get SHM now with
2 lmg
w=—
I

One sees that this formalism can be applied to the simple pendulum (ignore the string and one can consider
the ball a point mass). The moment of inertia is mi?. So we get

mi2 1
which is just what we got before for the simple pendulum. We could write the equation of motion for a
simple pendulum as:

l
w? = mg g

0 = Aei(WtJr%)



where ¢ is determined by initial conditions.
A discussion of the Pendulum and Simple Harmonic Oscillator can be found at
http://monet.physik.unibas.ch /~elmer/pendulum /index.htmil?

1.3 Adding Harmonic Motions"

1.3.1 Same Frequency, different phase

One of the most important concepts we encounter in vibrations and waves is the principle of superposition.
Lets look at a couple of cases starting with adding two motions with the same frequency but different phases.
It is easiest to calculate this if you use complex notation

T, = Alei(wt+a1)

Tg = Agei(Wt+a2)

T =21 + To = Ale’i(wt"r()t]) _|_ A2ei(wt+o<2)
T = ei(wt+a1) [Al + A2ei(a2—a1)]
This comes up all the time in real life: For example noise canceling headphones use this technique. In
headphones there is a membrane vibrating with the frequency of the sound you are listening two. In a noise
canceling headphone there is also a microphone "listening" to the noice coming from outside the headphone.

This oscillation is inverted and then added to membrane producing the sound you listen to. The net result
is a signal that contains the desired sound and subtracts the noise resulting in quieter operation.

1.3.2 Different Frequency

One can also consider the case of two oscillations with the same phase but different frequencies:

xr] = Alei(wlt)

Tro = A2 ei(“’ﬁ)

T =1 + 39 = Ajet@1t) 4 A,ei(w2t)

T = ei(wlt) [Al + A2€i(w2—w1)t}

In an acoustical system, this gives beats, which is more easily seen if we take the case where A7 = Ay = A,
then:
T =21 + x9 = Aet@1t) 4 Aeilw2t)
_ Aei(WI:wQ +w1;w2 )t n Aei(ul;ruz _LUI;LLIQ )t
_ Ael(¥)t |:€i(w1;w2 )t i 6_,(w1;w2 )t:|

i witwa —wo
= 2Ae’( 2 )tcos [(“’IT) ﬂ

Where the last step used
¢l 4 =0

2
So in an acoustical system we will get a dominant sound that has the average of the two frequencies and and
envelope of amplitude that slowly oscillates. This will be looked at more closes in the context of mechanical
waves.

cost =

3http://monet.physik.unibas.ch/~elmer/pendulum/index.html
4This content is available online at <http://cnx.org/content/m12779/1.1/>.
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1.4 Energy in the Simple Harmonic Oscillator’

1.4.1 Energy in SHO
Recall that the total energy of a system is:

EFE=KE+PE=K+U
We also know that the kinetic energy is

1
K = -—mv?
2
But what is U? For a conservative Force (§ F d Z=0) - eg. gravity, electrical... (no friction) we know that
the work done by an external force is stored as U. For the case of a mass on a spring, the external force is
opposite the spring Force (That is it has the opposite sign from the spring force).:

Fewt = kx

(i.e. This is the force you use to pull the mass and stretch the spring before letting go and making it oscillate.)
Thus

x 1
U :/ kxdr = ka?
O 2

This gives:
E = 3mv? + ka?

m()° + b

1
2
It is important to realize that any system that is represented by either of these two equations below represents
oscillating system

2z
1 dz\? 1 9
- il - - B
Qm(dt> +2kzx

To calculate the energy in the system it is helpful to take advantage of the fact that we can calculate the
energy at any point in x. For example in the case of the simple harmonic oscillator we have that:

T = Aei(thra)

We can choose t such that
rz=A

Now remember that when I write
T = Aei(thra)

I "really" (pun intended) mean
x = Re [Aei(““a)}

Likewise then .
T = Re {iwAeZ(“’t"’a)]

At the point in time where x = A this gives us

& = ReliwA] =0

5This content is available online at <http://cnx.org/content/m12780/1.3/>.
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Thus at that point in time we have © = 0. We can now substitute that and x = A into
1 (de\® 1

E=-m|l— —ka?

2m(dt> o

we obtain 1
E = 51<A2

This is an important point. The energy in the oscillator is proportional to the amplitude squared!

1.5 Damped Oscillations’

1.5.1 Damped Oscillations

Consider a simple harmonic oscillator that has friction, then the equations of motion must be changed with
the addition of a friction term. So we write

d*x dx

where b% is the friction term. Rearranging we obtain:

2

mcclin + bz—f +kr=0
or

d*x dz 9

Tz + Vg Twor = 0
Where v = £ and w? = £ Assume a solution of form

z = Ae'Ptte)

substitute into equation and get ‘
(=p? +ipy + wi) Ae'PH) =
SO
—p? +ipy+wl=0
p must have real and imaginary parts, so rewrite: p = w + is

p? = w? + 2iws — 52
So the equation

—p2+ip'y+w(2) =0
becomes upon substitution:

—w? —2iws+82+iw7—sw+w§ =0
This equation implies that the real and imaginary parts are each zero.Separate the real and imaginary
partsImaginary parts give:
—2ws+wy=0

_
§=13

From Real parts get
—w?+ s —sy+ws =0

6This content is available online at <http://cnx.org/content/m12781/1.1/>.



12 CHAPTER 1. OSCILLATIONS IN MECHANICAL SYSTEMS

or )
g g
—w2+Z—§7+w8:O
2
2 7 2
- -0
w 1 + wp
Which rearranges to
2
2_ 2_"
Wi =wy —

Thus the solution becomes
T = Ae—'yt/Qei(wt+a)

where
2
5

w=ywo -

Note that this has assumed a frictional damping force. For a more complicated damping force, the result
would be different.

1.6 The Driven Oscillator’

1.6.1

Lets consider a case with a driven or forced oscillator. We now have

mi + kx = Fye™?

or r

i+ wic = Vet

m
Try
T = Aei(wt+a)
then
i = iwAet @)

and

i = —w?AelWtte),
So now get

_w2Aei(wt+a) + ngei(thra) _ &eiwt
m

(W(Q) _ w2) Aei(wt+a) _ %eiwt

(wg — w2) A= @e_m
(wg —w?) A= &cosa - i@sina
m m

Next you spearate the Real and Imaginary parts. The Imaginary part gives

Fy .
0 = ——sina
m

"This content is available online at <http://cnx.org/content/m12783/1.1/>.
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so a =0,7... implies cosce = £1 The Real part gives

E
(w% — w2) A= iao
+fo

A= @ ?)

So a solution is
Fy
m ei(wt+o¢)

TR -

where o =0, 7. ..

This is an extremely important result, this is the phenomenum of resonance. When you drive an oscillator
at its resonant frequency then the amplitude of the oscillation will become huge. In the equation above, it
becomes infinite, but in practice there will be some damping that prevents that. You have known this since
your childhood, this is how you swing on a swing. If you live in a snowy climate, you know (or at least should
know) that a trick to get your car out of a snow bank is is to rock it back and forth - if you get the frequency
right you will make the car oscillate with a large amplitude and dislodge it. The electrical analogue is used
to tune a radio.

A driven damped oscillator will be given as a homework problem.
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CHAPTER 1.

OSCILLATIONS IN MECHANICAL SYSTEMS



Chapter 2

Partial Derivatives'

2.1 Partial Derivatives
A Partial derivative is defined as the derivative of the function w.r.t. one of the variables while holding the

others constant

Ox  Az—0 Az
ar — A, At

Some examples:
f(x,t) = 322 + xt?

of 2

9 =6+t
of _
ot
°f _
Ox?
%f
ot?

0% f B 0% f B
drdt  Otdxr

2xt

=2z

2t

LThis content is available online at <http://cnx.org/content/m12784/1.2/>.

15



16
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Chapter 3

Mechanical Waves

3.1 Vibrations on a String’

3.1.1 Vibrations on a String

B+ Ab

X X+ AX

Figure 3.1

I This content is available online at <http://cnx.org/content/m12785,/1.1/>.
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Consider the forces on a short fragment of string

F, =Tsin (0 + Af) — T'sinf

F, =Tcos (0 + Af) — T'cost

Assume that the displacement in y is small and T is a constant along the stringthus 6 and 6 + Af are
smallthen F, ~ 0 we can see this by expanding the trig functions

2 2
F,~T 1—w—1+9f—&-...
2 2
or
F, ~TOAO

which is very small.On the other hand
Fy~T[0+A0—-0+...]
or
F, = TA0

which is not nearly as small. So we will consider the y component of motion, but approximate there is no x
component

F, =Tsin (0 + Af) — T'sinf
~ Ttan (6 + Af) — Ttand
T (6y(m+Am) - @)

ox ox
= T%AI
Also we can write:
Fy = ma,
m = pAx where y is the mass density
_ 0%y
AT
now have o2 52
Y _ Y
Py _n oy
0x2 T o2
Note dimensions, get a velocity
T 2
i
1
0%y 1 0%y
02 v2 Ot2

The second space derivative of a function is equal to the second time derivative of a function multiplied by
a constant.
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3.1.2 Normal Modes on a String

Before considering traveling waves, we are going to look at a special case solution to the wave equation. This
is the case of stationary vibrations of a string.

For example here, lets consider the case where both ends of the string are fixed at y = 0. Now we vibrate
the string. Every point along the string acts like a little driven oscillator. So lets assume that every point on
string has a time dependence of the form coswt and that the amplitude is a function of distance Assume

y(x,t) = f (x) coswt

then o2
Wg = —w?f () coswt
Oy = a2fcoswt
0x?  dx?
Substitute into wave equation
Py _10%
0x2  v2 Ot2
an w2
@coswt = fﬁf (z) coswt
Then every f (z) that satisfies:
32f B w2
prees)

is a solution of the wave equation
A solution is (requiring f (0) = 0 since ends fixed)

wr

f(x) = Asin (7>

Another boundary condition is f (L) = 0 so get

Asin <WL> =0
v

Thus
wlL
— =n7
v
_nmv
L

Be careful with the equations above: v is the letter vee and is for velocity. now we introduce the frequency

v which is the Greek letter nu.
1
_nwv_n (TN?
=5 T on\

recall v = w/27 so
This is a very important feature of wave phenomena. Things can be quantized. This is why a musical
instrument will play specific notes. Note, that we must have an integral number of half sine waves

)
_n

fn () = Apsin (T)

An

end up with
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leading to
2
Yn (x,t) = Apsin (;mc) coswpt
3
where w,, = ”—L” (%) = "—L’rv = nwi wi is the fundamental frequency
3.2 Waves’

3.2.1 Waves
3.2.1.1 The Wave Equation

In deriving the motion of a string under tension we came up with an equation:
2 2
% = V%% which is known as the wave equation. We will show that this leads to waves below, but
first, let us note the fact that solutions of this equation can be added to give additional solutions.

3.2.1.2 Waves Add

Say you have two waves governed by two equations Since they are traveling in the same medium, v is the
same

Ffh_ 1Pf
or2  v2 o2
Pfa 1 0f
0x2 ~ v2 o2

add these
OPf | 0fa 1 0%f1 1 0%fs

ox2 | ox2  v2 92 ' v2 o2

0? 1 02
922 (fi+ fo) = 2oe (f1+ fa)
Thus f; + fo is a solution to the wave equation
Lets say we have two functions, fi (z — vt) and f2 (z + vt). Each of these functions individually satisfy
the wave equation. note that
y=f1(x—vt)+ fo(x+vt)

will also satisfy the wave equation. In fact any number of functions of the form f (z —vt) or f (z + vt)
can be added together and will satisfy the wave equation. This is a very profound property of waves. For
example it will allow us to describe a very complex wave form, as the summation of simpler wave forms.
The fact that waves add is a consequence of the fact that the wave equation

0%f 10°f

0x2 V2 o2

is linear, that is f and its derivatives only appear to first order. Thus any linear combination of solutions of
the equation is itself a solution to the equation.

2This content is available online at <http://cnx.org/content/m12787/1.4/>.



22 CHAPTER 3. MECHANICAL WAVES

3.2.1.3 General Form
Any well behaved (ie. no discontinuities, differentiable) function of the form

y=[(z—vi)

is a solution to the wave equation. Lets define

daf
/ _ Y
frw="
and 2
f'a)=—5.
Then using the chain rule
dy af O(z—vt)

X I(xz—vt) Oz
of = f/ (‘T - Vt) ’

= O(x—vt)

and o
Yy 1"
Also
Oy __ af d(xz—vt)
ot — dla—vi) Ot
9
= Va(zfvt)
=—vf' (z — vi)

We see that this satisfies the wave equation.
Lets take the example of a Gaussian pulse.

flz—vt)= Ae~(@—vt)*/20°

Then of 2 ( N
— r —V 2 2
22 Ty —(z—vt)* /20
oz 202 €
and of  —2(x—vt)(-v)
o) _ T2 = VUTV) 4 —(z—vt)?/20°
ot 202 Ae
or
0% f (x — vt) 7v282f(x—vt)
ot? o Ox?

That is it satisfies the wave equation.
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3.2.1.4 The velocity of a Wave

A= -

SR

- Wavelangth -

Figure 3.2

To find the velocity of a wave, consider the wave:

y(z,t) = f(z—vi)

Then can see that if you increase time and x by At and Az for a point on the traveling wave of constant
amplitude

flx—vt)=f((x+ Azx) —v(t+ At)).
Which is true if

Az —vAt =10

or
Az
At
Thus f (z — vt) describes a wave that is moving in the positive z direction. Likewise f (z + vt) describes a
wave moving in the negative x direction.

v

NOTE: Lots of students get this backwards so watch out!
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Another way to picture this is to consider a one dimensional wave pulse of arbitrary shape, described by
y' = f (), fixed to a coordinate system O’ (z',y")

Figure 3.3

Now let the O’ system, together with the pulse, move to the right along the x-axis at uniform speed v
relative to a fixed coordinate system O (z,y).

y y
|
|
| y'=f(x')
|
|
|

A Tl
P o X X

I—V‘t%

Figure 3.4

As it moves, the pulse is assumed to maintain its shape. Any point P on the pulse can be described by
either of two coordinates x or 2/, where 2’ = x — vt. The y coordinate is identical in either system. In the



stationary coordinate system’s frame of reference, the moving pulse has the mathematical form

y=y =f@)=f(z—vit)
If the pulse moves to the left, the sign of v must be reversed, so that we may write

y=f(zEvt)

as the general form of a traveling wave. Notice that we have assumed x = 2" at ¢t = 0.

AWAWAWA

? -

VAVAVAVAN

Figure 3.5

NOTE: Waves carry momentum, energy (possibly angular momentum) but not matter

3.2.1.5 Wavelength, Wavenumber etc.

We will often use a sinusoidal form for the wave. However we can’t use
y = Asin (z — vt)
since the part in brackets has dimensions of length. Instead we use
Yy = Asin% (x —vt).

Notice that
y(x=0,t)=y(@=A\1t)

25
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which gives us the definition of the wavelength A.
Also note that the frequency is

LY
=
The angular frequency is defined to be
w =21y = QE
= LTV = )\ -
Finally the wave number is
k = 27
=

So we could have written our wave as
y = Asin (kz — wt)

Note that some books say k = ;

3.2.1.6 Normal Modes on a String as an Example of Wave Addition

Lets go back to our solution for normal modes on a string:

2
Yn (x,t) = Apsin (;r;v) coswpt

n

2 2
Yn (2,t) = Apsin (;r:) cos ()\th> .

Now lets do the following: make use of sin (6 + ¢) + sin (0 — ¢) = 2sinfcos¢ Also lets just take the first
normal mode and drop the n’s Finally, define A = A;/2 Then

. 2mx 2
y (x,t) = 2A4sin (A) cos ()\vt>

y(@,1) = Asin [2; (- vt)} + Asin [2; (z + vt)}

becomes

These are two waves of equal amplitude and speed traveling in opposite directions. We can plot what happens
when we do this. The following animation was made with Mathematica using the command

Do[Plot.[{5in[x - 0.5t] + Sin[x +0.5t]), {x, 0, 3Pi}, PlotRange -~ {-2, 2}]1, {t, 0, 471, 0.2}]

Figure 3.6
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Figure 3.7

3.3 Superposition of Mechanical Waves’

3.3.1 Superposition

Suppose we have two waves, with the same amplitude but different wavelengths and velocities and we add
them
2m
y1 = Asin [ (z — vlt)]
A1

2
Y2 = Asin [ﬂ- (x — vzt)] .
A2

Then ) )
y1+y2 = A sin —W(x—vlt) + sin —W(a:—th) .
A A2

1
Lets rewrite using wave number and angular frequency

y1+y2 =y = A(sin[(k1z — wit)] + sin [(kex — wat)]).
Now we will use sin (6 + ¢) + sin (0 — ¢) = 2sinfcos¢ and set

04’(;5:]4311’7(4)115

3This content is available online at <http://cnx.org/content/m12786/1.3/>.
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0—¢=k2$—b&2t.

We can rearrange to get
20 = (kl +k2)(E— (w1 —|—w2)t

2¢ = (kl — kg)a?— (wl —WQ)t.

By substituting we can then see that

. k1 — ko w1 — Wa . ki + ko )
y2A(c0s{ 5 %~ 5 t}xsm{ 5 %~ 3 t})

Now set
Ak =ki — ko

Aw:wlfu&

k14 ko

k= —-=
2

- w1 + w2
2

and we can rewrite the wave as
Ak A
y = 2Acos <x2 - t;)) sin (kx — wt) .

The above equation shows beats. For example you can set t = 0 and see that you get
Ak
y = 2Acos (w2> sin (kx) .
Likewise you could pick x = 0 and get the same figure, but now the horizontal axis is time

A
y = 2Acos (—t;) sin (—wt)

or A
y = 2Acos (t;) sin (—wt) .

You get a traveling wave that has an oscillating amplitude.
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| i |

Figure 3.8: Adding two waves of similar frequency together, gives rise to beats.

-z L

3.3.2 Phase and Group Velocities

When we look at AE A
y = 2Acos <x2 - t;) sin (kz — wt)

we see that there are two velocities. One, referred to as the phase velocity, is the speed of the individual
wave crests:

Vp = = VA
The group velocity is the velocity of the envelope
Aw dw
Vg = —— — —
9 Ak dk

Energy and momentum normally move with the group velocity.
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3.4 Energy in a mechanical wave'

3.4.1 Energy Transport

= = S S W mmm

Figure 3.9

Lets calculate the energy in a wave of a string:

Consider a fragment of string so small it can be considered straight, as is shown in the figure

The the kinetic energy is K = %va for the string fragment m = udx

NOTE: Why is this dr and not ds? Lets consider that the string is not perturbed, then it is
horizontal and has mass as given. When the string is perturbed it stretches a little bit - but the
mass does not increase.

So we have )
1 Jy
K= —pdx| =
Pl ( ot )
and using this we can define the energy per unit length, ie. the kinetic energy density:
dK _ 1 (99’
dr 2"\ o

4This content is available online at <http://cnx.org/content/m12793/1.2/>.
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When the string segment is stretched from the length dz to the length ds an amount of work = T' (ds — dx)
is done. This is equal to the potential energy stored in the stretched string segment. So the potential energy
in this case is:

U=T(ds—dx)

Now
ds = (dz? + dy?)"”

971/2
= dz {1 +(2) }
Recall the binomial expansion

n—1)A4%2 n(n—1)(n-2)43
o 3] *

1 /0y 2
ds~dr+ | =] d
S $+2<8x) T

(1A =14+na+ ™

SO

1 2
U=T(ds—dx) = 2T(8y> dx

2
v _1.,.(%
dx 2 ox

To get the kinetic energy in a wavelength, lets start with

y = Asin (27;33 — wt)

oy 2mx
% —wAcos <)\ — wt)

oy 2mx
Erifie —wAcos (/\>

dK 1 2
= 5/1(,<12A2cos2 <7rw)

or the potential energy density

Lets evaluate it at time 0.

SO

dz A

now integrate

A
K= [; Gde
= 1puw?A? fo)\ cos? (232) dx

In order to do this integral we use the following trig identity:

cos2A+1
2

cos?A =

so we get

K= %uwQAz [% + %Sinth] ;\:0
= TpuIw?A?

In similar fashion the potential energy can be found to be

1
U= Z,u)\wQAQ.
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Deriving this will be assigned as a homework problem

So )
E=K+U-= 5u/\uﬂAZ’
Power T
AE _ 3mw
P=3=""—
= %pszQV

Where I have used 7 = 1/v and Av =v thus 7 = \/v

3.5 Reflection and Transmission of Mechanical Waves’

3.5.1 Reflection and Transmission

i G

- Rigid
q_\\.//

Wall

AN AN Frictionless

loop

—_—
o

T e~ S

Figure 3.10: Four possible cases for the reflection and transmission of a wave on a string.

5This content is available online at <http://cnx.org/content/m12794/1.2/>.
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The first figure shows the 4 possible cases for reflection and transmission at an interface. Lets solve the
problem, which is shown in the next figure

M, U,

Driving
Force
Junction

Figure 3.11

since pq # pe it must be that vi #vs.
NOTE: Note that we are assuming that Young’s Modulus is constant across the boundary.
So we get
Yine = Acos (k1z — wt)

Yref = Beos (k1 + wt)

Ytrans = Ccos (kax — wt)

(note the reflected wave goes the other direction).
On the left side of the junction we have

Y = Yinc T Yref
= Acos (k12 — wt) + Bceos (k1x + wt)
and on the right side of the junction we have
Yr = Ytrans = Ccos (kax — wt).

At the boundary x = 0 the wave must continuous, that is there are no kinks in it. Thus we must have

Yi (Oa t) = Yr (07 t)

oy (z, 1) | _ Ay (x,t)
or  'z=0 or  z=0
So from the first equation

Acos (wt) + Beos (wt) = Ccos (wt)
A+B=C

Ay (x,t) | _ Ay (x,t)
or 'z=0 ox =0
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—Akysin (—wt) — k1 Bsin (wt) = —kyCsin (—wt)

(A — B) kysinwt = Ckaosinwt

A—B=-=-C
k1
now solve for B and C
A+B=C
ko
A—-—B=-=C
k1
24 = (1 + ’“) c
k1
Thus we can define the transmission coefficient
2k1
t,=C/A=
/ ki + ko
and the refection coefficient o ) )
=B/A=— —1="1""2
r=B/A=7 k1 + ko

note how the amplitudes can change at the boundary
If po < pithen we must have ko < k; since

v=w/k=+T/u

and w andT must be fixed. We see that k oc \/iz In this case we see that the amplitude of the wave gets
bigger when it moves into a less dense medium. We have probably all experienced this in real life. As waves
come ashore they become bigger. This is because shallower water is effectively less dense. A tsumami in
open ocean may have an imperceptable amplitude but when it comes ashore it can be tremendous. This
seems almost counter intuitive, but in any closed system the energy and power are conserved but there is no
rule saying amplitude has to be conserved.

Lets look at the reflected and transmitted power. Recall Power:

1
P= §MW2A2V

For the incident and reflected waves p and v are the same so the reflected power coefficient (reflected power

/ incident power)
Pp = (B/A)* = (kl — k2)2
e k1t ke

To do transmitted power lets first rewrite the power equation. Recall

Also



SO
p=1=%
(%)
_ TK?
=L
SO now L
P = - pw?A?
D land
becomes )
1Tk w
P=-""0%4=
2 w? w k
or .
P= 5TlmAz.

NOTE: Watch out, in the above lines A was used to denote amplitude in general and in the following

line it specifically refers to the incoming wave.

The transmission power coefficient is thus:

%TkngZ

Pr= 227"
T IThwA?

Note that w and T are the same for both waves

koC?

Py = 2
T § A2

earlier we showed
2k

k1 + ko

2k \’k
()
k1 + ko k1
4k1ko
(k1 + k2)2
Note that Pr + Pr = 1 which means that energy is conserved.
Now lets look at the 4 specific cases we have:
Rigid wall
W — 00 80 kg — 00

C/A =

SO

T =

Also Pr — +1 Py — 0 So wave is reflected and inverted, but has same power
Free end
uw—0s0 ke —0

_ ki—ko
k1+ko

k1
r— +1

35
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Also Pr — +1 Pr — 0 So wave is reflected and has same power

Moving to higher density

Mo > [ [U+F57Alky > k1 sor<0t, >0

Moving to lower density

o < pp [U+F57Alky < k1 so r > 0 t, > 1 Note the transmitted wave’s amplitude is larger than the
original.

3.6 Fourier Series’

3.6.1 Fourier Analysis
3.6.1.1 Fourier Series

Lets go back to the case of a string fixed at 0 and L, its n** harmonic is
Yn (x,t) = Apsin (?) cos (wpt — d0y)
In fact all the modes could be permitted, and so any possible motion of the string can be completely specified
by: .
y(x,t) = ,;1 Apsin (?) cos (wpt — d0y) .

This has been rigorously shown by mathematicians but the complete proof is beyond our scope in this course.
Lets accept the mathematicians word on this. We could take a snapshot of this function at a time t = .

Then we could write -
. /nTX
y(z) = 321 By sin (T)

where
B, = A, cos (wpto — ) -

Likewise we could look at one point at space and look at the oscillations as a function of time. In that case
we would get.

y(t) = Z Cpecos (wpt — dy)
n=1

Lets work with the time snapshot,

o0

. [(nTX
y(x) = Z B, sin (T)

n=1
We need to figure out what the B,, factors are and this is what Fourier figured out. We can multiply both
sides by the sin of a particular harmonic

o0

y () sin (nirx> Z B;,sin (%) sin (nfx)

n=1

and now we can integrate both sides

Recall
cos (0 — ¢) = cosfcosep + sinfsing

6This content is available online at <http://cnx.org/content/m12795/1.2/>.
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cos (0 + ¢) = cosfcosp — sinfsing
So )
sinfsing = 3 [cos (0 — ¢) — cos (6 + ¢)]

Thus

This is equal to zero at the limits 0, L except for the particular case when n = n;. In that case

/Sin (?) sin (nlgx) dr = /sin2 (%ﬂ) dx

So you get
After all that we should see that for

each term in the sum is zero, except the case where n; = n. Thus we can simplify the equation:

L
. (nTX L
/o y (x) sin (T) dzx = §Bn.

2 (L . (NnTX
Bn:z/O y(m)sm(T)da&

The above is a very specific form of the Fourier Series for a function spanning an interval from 0 to L and
passing through zero at z = 0.

or

3.6.1.1.1 More General Case

One could write a more general case for the Fourier Series which applies to an interval spanning —L to L
and not constrained to pass through zero. In that case one can write

y(z) = % + ,i {ancos (n—zx) + bysin (?)}
where .
An:—/ y(m)cos(?)dm n=20,1,23,...
and

1 L
B”:f/_ y(m)sin(?)dm n=12.3,...

You can then look at the symmetry of the problem and see if just sin or cos can be used. For example if
y(—x) = y () then use cosines. If y (—x) = —y (=) use the sines.
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3.6.1.2 Fourier Integral Theorem

In fact Fourier’s theorem can be taken to a next step. This is Fourier’s integral theorem. That is any function
(even if it is not periodic) can be represented by

f(x)= % /OOO [A (k) cos (kz) + B (k) sin (kx)] dk

where

A(k) = /:)o f () cos (kx) dx

B (k) = /jo f (z) sin (kx) dzx

A and B are called the Fourier transforms of f (z) Lets look at an example.

f(x) = E, |x|<L/2
0 |x|sL/2

—h
—
p
o T—
Il

Figure 3.12



right away you can set

from symmetry arguments

f(z)=E,
f@)=0

|z| < L/2
|z| > L/2

B(x)=0

= [ f(z)cos (kz) dx
= ffﬁQ Eqgcos (kz) dx
= Legin (k) |5/L2/2
o) ()
~ 2Fgn (4)
in(

kL)
*EL —

kL
2

PN

T—21  3r; kL/2

Figure 3.13
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3.6.1.3 Closing word

Up until now in the course we have been dealing with very simple waves. It turns out that any complicated
wave that can possibly exist can be constructed from simple harmonic waves. So while it may seem that an
harmonic wave is an over simplification, it can be used in even the most complex cases.



Chapter 4

Div, Grad, Curl

4.1 Scalar Field'

4.1.1 Scalar Fields

One of the more difficult concepts we encounter in physics is the notion of a field. However it is an extremely
useful concept. A scalar field is a map over some space of scalar values. That is it is a map of values with
no direction. A simple example of a scalar field is a map of the temperature distribution in a room. In
this course the most important example is the electromagnetic potential field. Below are a few examples of
graphical representations of one particular scalar field.

Figure 4.1

4.2 Vector Fields’

4.2.1 Vector Fields

A vector field can be considered a map of vectors over some space. . For example if one were to show wind
vectors on a weather map; that would be a vector field. The electric field surrounding a charge is a vector
field (were is the potential around the charge is a scalar field).

The flux of a vector field through a closed surface is the average outward normal component of the vector
times the area of the surfaceflux = (average normal component )-(surface area)

I This content is available online at <http://cnx.org/content/m12854,/1.1/>.
2This content is available online at <http://cnx.org/content/m12855/1.2/>.
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Three vector fields are shown below. Which represents the electric field eminating from a positive point
charge in the middle? (Note that vectors of similar magnitude are colored similarly in these plots)

LU UL B B O N A A AVLVL RLRLU T B O A N SR LT T O A
L S N LN AN N B B A LT T I B P
WY N K LRI A A CUENL T UL U T T S A S E A P
L P RN TR N VL T B A A
v s A AN e - Pl s
- R "H—u"\-\.‘ﬂ\."\-\\\\ f/ A - g o
- - e - - | / -
4 4 -+ A / \*\M‘H‘“—-“-r—b - \ i
o a e ‘—‘-—"“-"‘r"f/f \\\“‘\"‘1“"—-"‘—-\ A . e
o ™ e e ""/.{"f’/,j,{ ‘h\\\\\‘g“‘\‘\ Py " e, S e
P oW I A A N T U T N - e A
S TR N e A A S B R A o BRI
SAE R A T T TN Y MALS S e
P R R TR A N I TR N FEE A e
Figure 4.2

3 Vector Multiplication Reminder’

It is presumed that you are familiar with vector multiplication.

This is the scalar triple product which is the volume of a parallelopiped whose edges are given by A,

Here are some questions to ask yourself as a refresher:

— — .
A - B. Is it a vector or a scalar?
Answer: scalar

A-B=A,B, + AyB, + A.B,

— — .
A x B. Is it a vector or a scalar?
Answer: Vector

(Z x E)z = A,B, — A.B,
(2 X E) = AzBm AmBz
y
(Z X E)Z = A,B, — A,B,
What is A x A
Answer: 0
What is A - (Z X E)
Answer: 0
Another useful thing to remember
A-(BxC)=(4AxB)-C

— (0% 4)

—

B

3This content is available online at <http://cnx.org/content/m12856,/1.1/>.
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4.4 Divergence, Gradient, and Curl’

4.4.1 Divergence, Gradient and Curl

Assume we have measured the temperature in a room along an axis z. If we wanted to find the temperature
change as we move to postion (z + Az) then from the fundamental definition of a derivative we know that

is:
T

dzx
We can easily extend this concept to 3 dimensions At position (z,y, z) there is a temperature T (z, y, 2).
Suppose we then want to find the temperature at R +A R= (v + Ax,y + Ay, z + Az). Then we can use:

AT = Az

oT oT oT
AT = —A —A —A
Ox T oy vt 0z N
We could define a vector
or or or
Ox’ Oy’ Oz

and then say

or or or -

= (200
-\ 0z’ 9y’ 0z

AT=VT-AR

so let’s define an operator

Then we can write

6 is a vector operator that can be used in other situations involving scalars and vectors. It is often named
"del" or "nabla". Operating on a scalar field with this operator is called taking the "gradient" of the field.

We could also operate on a vector field with del. There are two different ways to do this, by taking the
dot and the cross products. To operate on a vector field by taking its dot product with del is referred to as
taking the divergence. ie.

f=V-h

where E is some vector field and f is the resulting scalar field.

Similarly one could take the cross product:

9=V % h
where ¢ is the resulting vector field.

— —
Oh. _ Ohy
\ h)z— dy ~ 0=
— —
— __ Ohy Oh,
gy—(VX h)y— 9: ~ Oz
h

) _ Ohy _ Oh,
z

- Oz oy

This is referred to as taking the curl of a field.
These operations, Gradient, Divergence and Curl are of fundamental importance. They have been pre-
sented above as operations using some newly defined operator but they in fact have deep physical significance.

4This content is available online at <http://cnx.org/content/m12857/1.1/>.
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When using these operators to express Maxwell’s equations in differential form, the meaning of these oper-
ations will hopefully become more clear. Gradient is the easiest to understand, it can be thought of as a

three dimensional slope.
Having defined these operations we can go on to second derivative type things

6 . (6 T) = V2T = a scalar field

Note that V2 occurs so often that is has its own name, Laplacian

6 X (% T) =0
6 (6 : z) = a vector field

§ (5 x7) -0

¥ % (Fx7) =% (3-7) -7

- ——

V Vh=V? ﬁ: a vector field

Here is an example of taking a divergence that will be extremely useful. If
=B + yj+ 2k

and

and

=iE etk % (kpx + kyy + k22) + . ..
= ik Epe'h T ik B etk T + ik B etk T

4.5 Gauss’ Theorem’

4.5.1 Gauss’ Theorem

Consider the following volume enclosed by a surface we will call S.

5This content is available online at <http://cnx.org/content/m12858/1.4/>.



Now we will embed S in a vector field:
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Figure 4.4

We will cut the the object into two volumes that are enclosed by surfaces we will call S; and Ss.
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Figure 4.6

It is clear that flux through S; + S5 is equal to flux through S.This is because the flux through one side
of the plane is exactly opposite to the flux through the other side of the plane:
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Figure 4.7

So we see that

We could subdivide the surface as much as we want and so for n subdivisions the integral becomes:

Feda= fﬁ-da.

What is ¢ s, E -d a;.? We can subdivide the volume into a bunch of little cubes:



30 CHAPTER 4. DIV, GRAD, CURL

Figure 4.8

To first order (which is all that matters since we will take the limit of a small volume) the field at a point
at the bottom of the box is
Ax OF, % OF,

F,+ —
+28x 2 Oy

where we have assumed the middle of the bottom of the box is the point (r + %, Y+ %, z) Through the

top of the box (x + %,y + %,z + Az)you get

Az OF, Ay dF, oF,
o= =29
= 2 Ox 2 Oy +Aaz 0z

Through the top and bottom surfaces you get Flux Top - Flux bottom

Which is

OF, oF,
=AV

0z 0z

Likewise you get the same result in the other dimensionsHence

AxAyAz

OF, OF, OF.
Or y 0z

f F-da=AV
Si
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or

So in the limit that AV; — 0 and n — oo

}{ ﬁdﬁ:f V-FdV
S 1%

This result is intimately connected to the fundamental definition of the divergence which is

where the integral is taken over the surface enclosing the volume V. The divergence is the flux out of a
volume, per unit volume, in the limit of an infinitely small volume. By our proof of Gauss’ theorem, we have
shown that the del operator acting on a vector field captures this definition.

4.6 Stokes’ Theorem’

4.6.1 Stokes’ theorem

This is derived in a similar fashion to Gauss’ theorem, except now, instead of considering a volume and
taking a surface integral, we consider a surface and take a line integral around the edge of the surface. In
this case the surface does not enclose a volume. A good picture that describes what is being done is figure
2.23 in Berkeley Physics Course Volume 2. (Unfortunately it is copyrighted, and so it can not be shown on
the web - If somebody reading this can provide some suitable drawings I would incorporate them with an
acknowledgment). The following figures are not as good as in the book, but will have to do for now. We
have some surface with a vector field passing through it:

6This content is available online at <http://cnx.org/content/m12866,/1.1/>.
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Jpasey
3 f’f#?ll

i
1:._:;_

R
s

Figure 4.9

We can take the line integral around the edge of the surface and evaluate that. We can also slice the
surface into two parts
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Figure 4.10

The line integral along the common edge will have opposite signs for each half and so the sum of the two
individual line integrals will equal the line integral of the complete surface. We can subdivide as much as
we want and we will always have:

. N .
Fds= f F-ds;.
Since we can subdivide as much as we want we can break the surface down into a collection of tiny squares,
each of which lies in the {z,y}, {y, 2} or {z, z} planes.
Consider asquare in the x y plane and lets find the line integral Let us find the line integral of F . First
consider the x component at the center of the bottom of the square

Ax OF,
Fy = F (a,y) + 22 9L

2 Ox

and then at the center of the top

F
F, = F, (z,y) + 2295

OF,
A x

2 Or + Ay
gives

oy
So multiplying by Az and subtracting the top and bottom to get the F, contribution to the line integral

—AzAy OF,

dy

Minus sign comes about from the integration direction (if at the top F, is more positive this results in a
negative contribution)Similarly in y we get the contribution

F
AxAy%
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because F}, is more positive in the right you get a positive contribution
So for this simple example

ds=AzAy | Sy e
fciF o y{ax ay}

which is just (6 X E) or if we define A Z such that it has the area AxAy and a direction perpendicular
§ Fas-ad(3<F)
C;

We have shown the above is true for a square in the {z,y} plane. Similarly we would look at the other
possible planes and in {xz} plane would get

to the xy plane it is

0F, OF,
AzAz [ 5 ax}
which is (6 X 1?) . In the {yz} plane we get
y
OF, OF,
AyA =Y
ves [ ay 02 }

which is (6 X 1?
So in the 3d caaée we see that

Now
becomes

which in the infinitesimal limit is
f Fds=[ dA-VxF.
c s

This is the fundamental definition of curl. We have shown that the del operator "crossed" into the vector
field captures the definition of the operation.

As a side note, Physicists uniformly refer to the above as Stoke’s theorem but in fact that is a more
general theorem and the above can correctly be called the "curl theorem". This is a physics course though,
so we will call it Stoke’s theorem.
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Electromagnetism Review

5.1 Gauss’ Law'

5.1.1 Gauss’ Law

Now recall that flux is the scalar product of a vector field and a bit of surface
Flux :E -a

where E is some vector field and @ is a surface with the direction defined by the normal to the surface.
For a series of connected surfaces Ej the total flux through the combined surface would be the sum of the

individual elements. For a vector field E passing through the surface this leads to

— —
or when we go to infinitesimal areas

@:/ Eda
surface

Now lets consider a charge ¢ in the middle of a sphere

d=¢E-da=§E-da

=E¢da

= E (4m?)
but &
q
E:ﬁ

then

® = 4Ankq

1

fﬁ-dﬁ:i
€0

I This content is available online at <http://cnx.org/content/m12867,/1.1/>.

So for this case we get
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We can generalize this to any closed surface. It is clear that for an arbitrary closed source, we can draw a
sphere around the source within the arbitrary surface.. Think of bullets being fired from a gun, it is clear
that the bullets originating in the inner sphere all pass through the outer surface and so one would expect

that the flux would be the same. For example consider a tobea patch on the inner sphere and A to be its
projection onto the outer arbitrary surface (with its normal making an angle 6 with respect to the normal

to a .
On the inner patch

P, = EW a= FE,a
and at the outer patch
dr = ER' Z
= ErAcost
= [Be(5)°] [a(2)* k5] cost
=F,a
=,

So the two have equivalent fluxes.
Any electric field is the sum of fields of its individual sources so we can write

O=¢E-da=¢§>,Eda
:%Zi%‘

or for charge distributed throughout the volume

The equation

— — 1
/V~EdV:—/pdV
€0

must be true for any volume of any size, shape or location. The only way that can be true is if:

Initially one may think that this is a much less clear way of posing Gauss’ Law. In practice it is much more
useful than the integral form. Given an arbitrary distribution of charge we can calculate the electric field
anywhere in space.

5.1.2 Gauss’ Law for Magnetism

We can consider the same arguments for magnetic fields however there is one major difference! There are
no isolated source of magnetism. That is there are no magnetic monopoles. This is an experimental fact. In
fact people continue to search for them but they have never been found. (Finding one would almost certainly
be a discovery worthy of a Nobel Prize). So we have

]{EdE:O

V- B=0.

or
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5.2 Faraday’s Law’

5.2.1 Faraday’s Law
The magnetic flux is
By = / B-dA
A device that can maintain a potential difference, despite the flow of current is a source of electromotive
force. (EMF) The definition is mathematically

sz?fﬁd?

Faraday’s law states that

This is simply an experimental fact.
Faraday’s law could also be written

I will leave it as a problem to show that this can also be written

- - 0B
VX E= -

5.3 Ampere’s Law’

5.3.1 Ampere’s Law (with displacement current)

For a steady current flowing through a straight wire, the magnetic field at a point at a perpendicular distance

r from the wire, has a value
1
5 kol
27y

If we integrate around the wire in a circle, then clearly we get

—

ol ¢ q)

27r

§Bdl
ol

= m?ﬂ"’"

= pol

This is true for irregular paths around the wire

but for small dl dicos® = rd¢p

2This content is available online at <http://cnx.org/content/m12869/1.1/>.
3This content is available online at <http://cnx.org/content/m12883/1.1/>.
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In fact instead of current we use the surface integral of the current density J, which is the current per unit
area
%Bdl:,uo/ JdA
s

Maxwell’s great insight was to realize that this was incomplete. He reasoned that d?:% gives a F field so we

should expect that df;% gives a E field.

Surface 1

Take line integral here

Figure 5.1

Surface 2

Figure 5.2
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Surface 3

Figure 5.3

Think of a capacitor in a simple circuit. We can draw a surface such as shown in the figure, with "surface
1" and take the line integral around the edge of the surface. Now look at surface 2, this will have the
same line integral, but now the surface integral will be different. Clearly there is something incomplete with
Ampere’s law as formulated above. Maxwell re wrote Ampere’s law

s ot
which solves the problem.

Again it is left as an exercise to show that

5.3.2 Maxwell’s equations

Lets recall Maxwell’s equations (in free space) in differential form

— —>_ 9
V x E=—%¢ B
V X B= o (J +60%7?)
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Chapter 6

Electromagnetic Waves

6.1 The Electromagnetic Wave Equation’
6.1.1 The E&M Wave Equation

Lets recall Maxwell’s equations in differential form

V x B= 1o (J +eo%—f)
V- -B=0

— ~>_ a"
VX BE=—57
V x B= poeo %
V- -E=0
V-B=0
Lets take the time derivative of .
X = ———
V X E 5

but recall

so using that and §H7 . E: 0 we get
= 0* B
2 p_
V= B= o€ BID

LThis content is available online at <http://cnx.org/content/m12884/1.1/>.
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This is the 3d wave equation! Note that is a second time derivative on one side and a second space derivative
on the other side It is left as an exercise to show that

—

= O FE
V? E= €05
E= poco 2
we also see from this equation that the speed of light in vacuum is

1
v Ho€o

CcC =

6.2 Plane Waves®

6.2.1 Plane Waves

We want to find the expression for a plane that is perpendicular to k, where k is a vector in the direction of

propagation of the wave.The plane is the set of points that has the same projection onto the vector ¢ That
is any point 7 that satisfies

- —
k - r= constant

is a point on the planeNow consider the function
() (7> = AetkT

we see that the magnitude of ¥ (?) is the same over every plane that is defined by £ - 7= constant we want

to construct harmonic waves, ie. they should repeat every wavelength along the direction of propagation so

they should satisfy
. ~ Ak
v(r)=v ( w)

where )\ is the wavelengththen we must have

This is true if

or
Nk =27
2
k=—
A

This should have a familiar look to it! Finally we want these waves to propagate in time so you should be
able to guess the answer from our work on mechanical waves

¢ (7‘) _ Aei(z~?¥wt>

2This content is available online at <http://cnx.org/content/m12885/1.1/>.
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6.3 Spherical Waves®

6.3.1 Spherical Waves

To find spherical solutions to the wave equation it is natural to use spherical coordinates.

x = rsinfcos¢p

y = rsinfsing

z = rcosf

There is a very nice discussion of Spherical Coordinates at:

http: //mathworld.wolfram.com /Spherical Coordinates.html*

There is also a nice discussion of Cylindrical coordinates at the same site

http://mathworld.wolfram.com /Cylindrical Coordinates.html®

Beware the confusion about 8 and ¢. We are calling the polar angle #. All other mathematical disciplines
get it wrong and call it ¢.

The Laplacian can be written in spherical coordinates, but where does that come from?looking at just
the x term

0 _oro 9o 0o
dr Oz or 0xd  Ox 0
Then you take the second derivative to get 53—; which as you can imagine is a tremendously boring and tedious

thing to do.Since this isn’t a vector calculus course lets just accept the solution.In the case of spherical waves
it is not so difficult since the 6 and ¢ derivative terms all go to 0.

Vi) = g (0 5)

Thus for spherical waves, we can write the wave equation:

12(rg) 1 0%

roor2  v2 o2

Now we can multiply both sides by r and since r does not depend upon t write

02 (ry 1 62
A = 5 )

This is just the one dimensional wave equation with a harmonic solution
rip (r,t) = AetkrFv)

or A
,(/} (7,,7 t) _ 76ik(rqivt)
r

3This content is available online at <http://cnx.org/content/m12886,/1.2/>.
4http://mathworld.wolfram.com/Spherical Coordinates.html
Shttp://mathworld.wolfram.com/CylindricalCoordinates.html
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6.4 Transverse Waves’

6.4.1 Transverse Waves

A plane wave solution to the electromagnetic wave equation for the E field is
B () (57

In vacuum with no currents present we know that: 6 . E: 0. Recall that earlier we showed
. B=ik. E; ei(?-?wt)

So

i(E?—m)

V- E=ik Epe -0

implies that the E associated with our plane wave is perpendicular to its direction of motion.

Likewise 6 . 13: 0 implies that the E field is also perpendicular to the direction of motion Lets pick a
specific simple case:

E: jEy (xv t)

Then Faraday’s law

-~ -~ 0B

VXE= T
tells us that (since aéi” =0)

OE, o 0B, -

or ot
That is the E field is at Right angles to the E field.Also

OE,
B, =— | Ztdt

_ 7I%Eoei(k17wt)dt
_ _I%Eoeikzefiwtdt
— _%Eoeikx fe—iwtdt

= —ikEpe’t® [e~idt
—iwt

= —ikEpethr "
—lw

— %Eoezkxefzwt

_1Ey

T ¢

I leave as an exercise showing g = %

A movie demonstrating a plane wave can be seen at
http://www.cs.brown.edu/stc/outrea/greenhouse /nursery /physics/gfx /emwave.mov’
An applet can be viewed at

http://www.phy.ntnu.edu.tw/java/emWave /emWave.html &

6This content is available online at <http://cnx.org/content/m12887/1.1/>.
“http://www.cs.brown.edu/stc/outrea/greenhouse/nursery/physics/gfx /emwave.mov
8http://www.phy.ntnu.edu.tw/java/emWave/emWave.html
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6.5 Energy Density of an Electromagnetic Wave’

6.5.1 Energy Density
The electric and magnetic fields have energy and hence have an energy density. We can see this for a
capacitor:The energy stored in a capacitor is

_]‘ 2
= eV

where C is the capacitance and V the potential drop (voltage) across the capacitor. For a parallel plate
capacitor C' = 6(&‘4 and V = Ed where A is the area of the plates d the distance between them and E the
electric field strength.note that Ad is the volumeThus

1€0A 1 2
-—(F —egAdE
U= 54 ( d) 5 €0 d

So we can write the energy density (Energy per Unit volume) of the field as

_U_]‘ 2
UEiAidiie()E

Likewise by calculating the energy stored by a B-field in a current carrying solenoid one can derive:

B2
up = —
240

Since we know E = cB
_1 2
Ugp = §€0E
— % 00232

B2

1

260 60#0

=11p2
2 Ho

In an EM wave u = ug + up which is u = ¢y E? or equivalently u = Bz/uo

6.6 Electromagnetic Wave Review"”

6.6.1 Review

Lets take some time to review what we have learned so far. We have derived Maxwell’s equations in
differential form.

V x B=—2B
< B-to (i )
V-E=£
V-B=0

These, in general are much more useful than the integral form you learned in Freshman Physics. These allow
one to understand the relationship between fields, charges and currents as a function of position. This point
by point understanding of what is happening is not obvious in the integral form of the equations.

9This content is available online at <http://cnx.org/content/m12888/1.1/>.
10This content is available online at <http://cnx.org/content/m12889/1.1/>.
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Another interesting point is that if everything is static, that is nothing is changing with time, then they
become

§><_>:O
€><B:u()j
. p— £
VoET G
V-B=0

Notice that for static fields, there is no interplay between electricity and magnetism. If there was just
electrostatics, then we would have separate electric and magnetic fields. Maxwell was able to show that the
electricity and magnetism are intimately related, and the theory is unified in that you need both. (To this
day the unification of forces is one of the driving principles of a lot of physics research - I would say the only
interesting physics research but that is perhaps because I do it for a living.)

In free space Maxwell’s equations become:

We then showed that one can take time derivatives and end up with

—

2

ot?
which is the 3d wave equation! Note that is a second time derivative on one side and a second space derivative
on the other side, the hallmarks of a wave equation.

It was left as an exercise to show that

V? B= woeo

— 2 e
V? E=
E= po€o pID
We also see from this equation that the speed of light in vacuum is
1

v/ Ho€o

A plane wave solution to the electromagnetic wave equation for the F field is
E’ (?,t) :E;) ez’(k~r—wt)
In vacuum with no currents present we know that: ¥V - E= 0. Recall that earlier we showed
S E=ik. EO 6i(k~r—wt>
So

— —

V-E=ik-FEp ei(k‘r_“’t) =0
implies that the F associated with our plane wave is perpendicular to its direction of motion.

Likewise 6 . E: 0 implies that the E field is also perpendicular to the direction of motion

The electric and magnetic fields have energy and hence have an energy density. In an EM wave u =
ug + up which is u = g E? or equivalently u = B?/ju0.This is all very amazing when you think about it.
Maxwell’s equations tell us that we can have waves in the electric and magnetic fields. These waves carry
energy. That is they are a mechanism to transport energy through free space (or a medium). This is why
the sun warms us, which is pretty important.
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6.7 Poynting Vector"

6.7.1 Poynting Vector

Now we want to calculate the power crossing a given area A. During a time At an EM wave will pass an
amount of energy through A of ucAtA where u is the energy density of the wave. If we want the power/m?
then we must divide by AtA. Thus we get

__ ucAtA
S = AtA

= uc
=-LpB2%
Ho
— 1 pBE
Mo c

= LBE
Ho

Now we make the reasonable assumption that the energy flows in the direction of the wave, ie. perpendicular

to E and B so we can define a vector that has the power per unit area:

— ]_~> —
S=—FEXB
Ho
or _

This is the Poynting vector. Thus for a plane EM wave we have three useful things

—

z (?,t) _ Eoei(ﬁrwt)

and

—

2 - 42
S=cegEo X Boe

6.8 Irradiance and Radiation Pressure®

6.8.1 Irradiance

The frequency of optical light is ~ 10'°Hz and so the Poynting vector varies extremely quickly. So it is useful
to determine an time averaged quantity. So lets define the irradiance as

I=<8>p

where the symbol < >7 means find the average over a time 7". For T we want to use an integer multiple of
periods (such as 1). (What would you end up with otherwise? It wouldn’t really make sense to me) This is
a case where it is easier to use a trig function for the wave. Let’s consider the wave

E (7,1&) = Eocos (; T —wt) .

Then -
S = Zeg EyBycos? (k - —wt)

1 This content is available online at <http://cnx.org/content,/m12890/1.1/>.
12This content is available online at <http://cnx.org/content/m12891/1.1/>.
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Now we need to find .
<S>r= c2eOE0BO< cos? (k; - —wt) >T

—

1t -
<S>r= CQEOE()BO?/ cos? (k -r fwt) dt
0

. . - —
we make a coordinate transformation x =% - r —wt. Then

—

<S>r= CQGOE()B()% fOT cos? (k . ? —wt) dt

9 1 E-?'fwT 2 dt
= c*eoEoBo f;.? cos®zdx 4t
1 (k- T—wT
= czegEoBoﬁ f;? “* cos?xdr
1 k- T—wT .
=cPeEoBooy [ [H2t ] dr

-
_ 2 —1 |z sin2x E-77wT
=C 60E0B0/[2+ 1 |?H
T

= CQEOE(]B()% [;MT]
= 0260E0.Bo/2

Note that above I assume that I can pick T to be an integer multiple of the period.

Now we have just gone through a rather involved derivation of something that should of been intuitively
obvious to us. The time average of a harmonic function is zero. The time average of its square is 1/2. Small
digression. For a harmonic function, a useful quantity is the Root Mean Square: RMS. For example look at
the power rating on a stereo, they have to specify whether it is peak, or RMS power that they are referring
to.

6.8.2 Momentum and Radiation Pressure

Remember that < .S > is the average power per unit area in the wave. So the Power in the wave is < S > A
where A is the area crossed. The force of the wave when it hits something is Power /velocity or

<S> A

c

F

So the electromagnetic wave can exert a pressure (on a black object)

F <S>

ressure = — =

p A c

If it hits a reflective surface then it is
<S>
pressure = 2
c
Also we can write:

P dp  power 1dFE

T dt ¢ edt

(here E is the energy). So the momentum in a unit volume of the EM field is the Energy in unit volume of
the EM field/c. The direction of the momentum is the direction of propagation of the wave. That is:

B2 EB S
vy=——= = —
Ho  cho €
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and

momentum /unit volume =9= —k =
c

6.8.3 Radiation

A stationary charge or a uniformly moving charge can not produce an EM wave (or radiation). This is
obvious when you consider a stationary charge. You would see a time independent F field around it but no
B field. Thus there would not be a Poynting vector and no photons would be emitted.

What if you were driving by the charge at a constant speed. Then you would measure an E and E field
but the irradience would integrate to zero. If you stopped moving with respect to the charge this can’t make
photons appear or disappear. The photons don’t know what you are doing! If a charge moves nonuniformly
though it will radiate.

Suppose you have an oscillating dipole 5: Bocoswt When you get far from the dipole you get a wave
with a fixed wavelength

£ ©ok?sind cos (kr — wt)
T dmeg T
Here E is the electric field intensity, 6 is with respect to the dipole moment (see figure 3.33 in Hecht Fourth

Edition or figure 3.31 in the Third edition).The irradiance from this is given by

2, .4 2
_ _ pow” sin70
<O =10) =5 e,

one can integrate over the angle (at any radius) and get the total energy radiated

2. 4
/<S>TdQ: llad

127c3eg
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Chapter 7

Optics

7.1 The Huygens-Fresnel Principle’

7.1.1 The Huygens-Fresnel Principle

In order to proceed with the discussion we have to define two terms. A wave front is the surface of constant
phase. In a plane wave these are planes and in a spherical wave these are spheres. A ray travels perpendicular
to the fronts.

Huygens postulated that as a wave propagates through a medium each point on the advancing wavefront
acts as a new point source of the wave. This is correct physics for the water waves but not for light
waves. However the Helmholtz equation for diffraction of EM waves gives a solution identical to that give
by Huygens’ principle.

Look at the figure which shows a wavefront AB coming to a surface and is reflected creating the front
CD. The point A hits the surface first. The point B hits a time vt later. During that time a spherical wave
is emitted from A and travels a distance vt. In fact this happens for every point along the wavefront. The
next figure attempts to show how a number of waves line up along the line DC and that this is perpendicular
to the line AD.

Figure 7.1

LThis content is available online at <http://cnx.org/content/m12892/1.1/>.
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Figure 7.2
From this we see that
- vt
siv; = ——
tTAC
and

0 vt
sinf, = —
TAC

so#;, =40,

For refraction a similar thing happens. See figure (geometric optics / Huygens refraction.vsd )



In this case the velocities are different in the two media and so one obtains:

and

which then can be rearranged

or rearranging some more

or

finally

Figure

sin9i =

sinf; =

sind; siné,

Uit

sin@i

sind,

Sin@i
sinf;

7.3

Uit

AC

'Utt

AC

’Utt

’Uit

’Utt

ny

n;

ngsinf; = n;sind;
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which is Snell’s law. Now note that normally one uses rays, in which case the angles are measured w.r.t. the

normal to the surface.
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7.2 Fermat’s Principle of Least Time’

7.2.1 Fermat’s principle of least time

Fermat postulated that rays of light follow the path that takes the least time. This is a very profound
idea! There is something very deep in it. It also gives the experimentally observed results! Lets apply it to
reflection and see what results:

Figure 7.4

2This content is available online at <http://cnx.org/content/m12895/1.2/>.
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We want to find the length (which is the same as time times the speed) AEB. To do this we construct a
fake point B’ which is on the other side of the surface the same perpendicular distance from the surface such
that the line BB’ is a perpendicular to the surface. Then clearly the length AEB equals the length AEB’.
So which point on the surface gives the shortest path to B, the one that gives the shortest path to B’ and
that clearly lies on the straight line AB’. I have labeled this point C.

Now clearly 6, = /. and also 0]. = 6; so we get 0, = 0;

Now lets apply Fermat’s principle to refraction. Look at the next figure:
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A
i 1
h
Bl
1
- X -
b O,
‘* B
- a -
Figure 7.5

We want the shortest time from A to B. Clearly that is

VI P a—a)

Vs Ut

t:
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To find the minimum we want to solve for x such that j—; =0 Thus

dt x n —(a—x) —0
o~ VIR e ()

which is obviously
sinf;  sinf

Vs Ut
or Snell’s law
ngsinf; = n;siné;

If light travels via many different media then the time is

d d d dm
U1 V2 U3 Um,

+

or we can rewrite this as
m
1
t=— E nzdl
c 4
=1

The quantity Y ;" n;d; is the optical path length (OPL). For a continuously varying medium then the
summation becomes (for light traveling from S to P)

P
OPL :/ n(s)ds
s

Fermat’s principle could be restated that we minimize the OPL In fact this is inadequate, for example one
can construct an example where the optical path length is not the minimum.(See for example figure 4.37 in
the book "Optics" by Hecht (Fourth Edition).The correct statement of Fermat’s principle is that there is a
stationary point in the optical path length. (Ie. its derivative is zero).

7.3 Electromagnetism at an Interface’

7.3.1 EM at an interface

We want to understand with Electromagnetism what happens at a surface. From Maxwell’s equations we
can understand what happens to the components of the FF and B fields: First lets look at the E field using

Gauss’ law. Recall
f cE-ds= / pdV

3This content is available online at <http://cnx.org/content/m12901/1.2/>.




78 CHAPTER 7. OPTICS

ds
e "
I"'II E | ] ¥ E r
E1
My
ds
Figure 7.6

Consider the diagram, the field on the incident side is F; + E,.. On the transmission side, the field is Ej.
We can collapse the cylinder down so that it is a pancake with an infinitely small height. When we do this
there are no field lines through the side of the cylinder. Thus there is only a flux through the top and the
bottom of the cylinder and we have;

fe E-ds= % l&; (BiL + Byi) — By | ds = 0.

I have set [ pdV = 0 since we will only consider cases without free charges. So we have
€l + By =€kl
if u,, is a unit vector normal to the surface this can be written
€l - Ei + €ty - Er = €Ty, - Et

Similarly Gauss’ law of Magnetism

gives
Biy +B,1 =By

or

—

N d N N d
Up - Bi + Up - By = Un * Bt

Amperes law can also be applied to an interface.Then
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Figure 7.7

B — - — d - —
/E-dl:/jds—k—/eE-ds
I dt

(note that in this case d s is perpendicular to the page)
Now we will not consider cases with surface currents. Also we can shrink the vertical ends of the loop so

that the area of the box is 0 so that [ e E -d s=0. Thus we get at a surface

B+ By _ By
Hi Mt
or — — —

i Hr Mt

— — d — —
/E l dt/B s

and play the same game with the edges to get

Similarly we can use Faraday’s law

E; + Ey = Ey

or
Up X By + Uy X By = Uy X By
(notice € does not appear)

In summary we have derived what happens to the E and E fields at the interface between two media:

N d N — N Ed
€iln * Bi + €Up - By = €Uy - By
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— — —
Up + Bi +Up - Br = Up - Bt

— — —
uani+uanT_uant

i Hi Mt

N — R — R —
Up X Bi +Up X B = Uy X B}

7.4 Snell’s Law’

7.4.1 Snell’s Law

Consider an electromagnetic wave impinging upon an interface:

ei(;i-?ﬂm) i ;,ﬂ?-i-wrt-s-ér)

N e ~ — (
Un X Foj + Up X Eore

. = (ke T twitts
= Up X EOteZ( ¢ “e t)

Where <ki,wi) describes the incoming wave, (kT,wr, 5T> the reflected wave, and (kt, Wy, 5t> the transmit-

ted wave. At the interface (ie. at points where the vector T points to the plane of the interface), all the
waves must be in phase with each other. This means that the frequencies must all be equal and there can be
no arbitrary phase between the waves. The net result of this is that we must have (for an interface passing
through the origin):

— — _ —
ki-r=kq r=Fk¢er

from which we get
kisinHi = kTSiner.

It is important to note now that we are doing this at the interface. We have chosen a coordinate system
so that the interface is at y = 0 and contains the origin. This implies that the vector T is lying in the plane
of the interface at the point where we say that the above is true.

Finally, since the incident and reflected waves are in the same medium we must have k; = k, and thus

0; =0,

—

Also, we get that Ei, ;,«, @ all line in a plane (because (;z — k,) - 7= 0 defines a plane). We also have
U X (;Z - ;t> =0
and following the same arguments find that ;i, ;r, ;h 4 all line in a plane and that
kisin@ = ktsinﬁt.

Now we know that w; = w; so we can multiply both sides by ¢/w; and get

n;sind; = n;sind;

4This content is available online at <http://cnx.org/content/m12903/1.2/>.
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7.4.1.1 Digression, further justifying the above

At the interface, which we will set to y = 0 for convenience (you can always switch back to any coordinate
system afterwards. It is good practice to choose the coordinate system that makes your problem easy)

[m r +wit} | = [1“. T +wrt+5r} \
y=0 y=0

= [;t T dwt + (5,5} |

now this must be true for all 7 on the surface and for all ¢ so we must have
Wi = Wy = Wy
So now we have

[Zz T -H%‘t] \ = {;r T twit + (54 |
y=0 y=0

= |:k7t' s +wit+5t] |
y=0

which can be written

[Zi' ?} |y=0 = |:Z7‘ T +6r:| |y=0 = |:Zt T +5t} |

(k=) 7] =0

Since the interface passes through the origin, one of the allowed values of 7 is 0. So this is only true if
0, = 0. (If the interface does not include the origin then you can not make this simplification, but clearly
we can always choose a coordinate system such that this is true and thereby simplify our lives) likewise we

could have written o _
[(kz_kr> t}| :6t
y=0

and applied the same argument to get d; = 0. Lets just use this henceforth and thus write:

(ke 71,y = [ 7] = [Re 7]

So now we can write

y=0 y=0

7.5 The Fresnel Equations’

7.5.1 The Fresnel Equations

Snell’s law, and the law of reflection are very useful for describing what happens to a ray of light at an
interface. However we want to acheive a deeper understanding of what is happening to the electric field at

the interface. We want to derive the relationships between the E’s and §’s. Hence we derive the Fresnel
equations.

At an interface Any polarization of the fields can be broken down into simple components (which we will
see later). Thus there are just two cases that we have to treat. Both of these cases are drawn at the science-
world description of the Fresnel Equations http://scienceworld.wolfram.com /physics/Fresnel Equations.htm]1®

. We will first treat the case where the E field is perpendicular to the plane of incidence. This corresponds
to figure 20.1 in the book "Introduction to Optics" by Pedrotti and Pedrotti (second edition) and to figure
4.39 in the book "Optics" by Hecht (fourth edition). It is the second figure on the scienceworld web page.

5This content is available online at <http://cnx.org/content/m12904/1.2/>.
Shttp://scienceworld.wolfram.com/physics/FresnelEquations.html
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(It is important to note that while these three sources use similar conventions there are others, for example
in this case we could have chosen to have the incoming B field pointing upwards in the drawing. This would
lead to different signs in the resulting equations.). We have in this case (E perpendicular):

ix E=v B
- E=0
Also we know that
By + B = Ey

(as was shown earlier) but since in this case the F field is parallel to the interface we can write;
Eoi + Eor = Eot-

Also we showed before that
B+ By _ By

Hi Ht

(where the || is w.r.t. the surface). Note in the figure how the E field changes direction and that the positive
x direction is to the right in the figure. It is important to point out here, that we are evaluating things at
the interface. At the interface the vector r points to the plane of the interface. We have chosen a coordinate
system so that the interface that lies at z = 0 and contains the origin.

Then we rewrite the equation as
Ecosﬁi - &COSQT = %cosﬁt

Hi Hi H

You may ask, why cosine for a cross product? The cross product uses the complements of #; and 6; which
why it ends up being a cosine and not a sine. Using the law of reflection to subsitute for 6,

B; B B
—Lcosl; — —Lcosl; = —tcosﬂt
i 2% 1243
use B=FE/v
B
 cost; — ——cosb); = ¢ cosb;
Vilbs Vi lbi Vi bt
use v; = v,
1 1
(E; — E,) cost; = E\cosb,
HiVi HtVi

Now at the interface (using the arguments we have used before) we can write

1
(Eo; — Eoy) cost; =
HiVi MtV

FEqycosb;

ni: (Eoi — Eoy) cost); = ﬂEoltcosé)t

Hi Ht

now we can substitute in Ey; + Eo,. = Eo:
2 (Eo; — Eor) cost; = o (Eoi + Eo,) cosb,

,Ufz Nlt

Then rearrange
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or

(EOr) %cos&i — %cos@t
Ey ) | - %cos&i + %cos@t
For the transmission we again start with
n; n
— (Eo; — Eor) cost; = — Borcosty
1223 Mt
and eliminate Fy, using Fy; + Eo. = Eo or Ey,. = Ey: — Ey;
n; n
= (2E()i — EOt) COSQZ' = lE{)tCOSGt
i Ht

QEEQiCOSQi = (nicosﬁi + ntcos9t> FEo;
i Hi M

ng 3
(EOt ) 2 0 cost;
) ng . ne
Ey ) | o cosb; + ™ cost;

Now usually we only consider materials where p; = s = po so these equations simplify to:

Ey, n;cost; — nycosb,
ry = =
1

FEy; " n,cos; + nycost;
b= FEo: _ 2n;cosb;
+= Eoi) | " n;cosh; + npcosh,

If the E field is in the plane of incidence (the first figure on the scienceworld web page, figure 4.40 in Hecht,
figure 20.2 in Pedrotti and Pedrotti) then the same sort of procedure can be followed (Pedrotti and Pedrott
pages 409,410). It is left as a homework problem to show that in this case:

= Eo,\  mgcost; — n;costy
= =
I

Eioi nscost; + n;cosb,
b= Ey; B 2n;cosl;
= Ey; I ngcost; + n;cosl;

7.6 Some Consequences of the Fresnel Equations’

7.6.1 The Fresnel Equations

Ey, n;cost; — nycost,
r, = =
+ Eoi )| mnycost; + ngcosby
o= FEo: _ 2n;cosb;
L= Eoi) | micosb; + nycosbty
Eo, ngcost; — n;cosb,
T = =
I FEy; I ngcost; + n;cosb;
b= Eot\ 2n;cosb;
= Ey; I " ngcosb; + n;cosh,

"This content is available online at <http://cnx.org/content/m12905/1.1/>.
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7.6.2 Why Polaroid sunglasses work

Lets put these equations to work and figure out something practical. Consider light reflecting off a surface,
such as the road in front of you when you are driving a car. The light hitting the road surface can have any

polarization but that will be some addition of light that has E L and || to the plane of incidence. From

= Eo,\  nycost; — n;costy
= Ey; I ncosb; + n;cosd

and

Eo, n;cost; — nycosb,
A _— =
Eoi /)| mycost; + nycost;

we see there is an angle where there is no || and only L light, namely
nycost; — n;coshy =0

or
nicosh; = n;cosb,.

Now we can use Snell’s law rewritten as . )
sinf;  sinf,

¢ n;
and multiply both sides to get
nicosh; = n;cosb;

sind; sinf;
ngcost; = n;cosd;
ny n;

cost;sinf; = cosf;sinf;

which can only be true if
0t = ’/T/2 — 91

In this case Snell’s law can be written
ng __ sinf;
n;  sinf;
_ sinf;
— sin(w/2-0;)

= tanb;

The angle that gives this effect is known as Brewster’s angle

n

— _ -1
01’ = oBrewster = tan

n;

At this angle light is completely polarized, it only has E) L to the plane of incidence (or parallel to the
surface). Thus the glare you get from reflected light tends to be polarized in this way. In 1929 Edwin
Land invented a method for making celluoid filters to filter out light with given polarizations. He then
manufactured sunglasses with these polarizers lined up to filter out the | light and thereby reduce glare.
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7.6.3 Other cases

Look at the Fresnel equations again and examine what happens when 6; approaches 90 degrees. The reflection
approaches 1 (ignore the signs) Thus at Glancing incidence you get lots of reflection. In fact X-ray telescopes
use this to focus the x-rays onto their detector.
Another effect, if n; > n; then there is an angle of incidence beyond which light is only reflected. That
is the angle where 8, = 90 degrees.
ngsinf; = n;sind;

Oy — /2

Sin@t —1

. n
sinf; — —t
i
The critical angle at which this occurs is
1T
0, =sin""—
T

7.7 Evanescent Wave®

We saw that when the index of refraction of the incident material is greater than the transmitting material
we can get total internal reflection at the critical angle. An interesting question is "what happens at larger
angles of incidence?" This actually is somewhat subtle. From simple trigonometry we know that

costy =1/1— sin?6,.

sinf; = —sind;
Tt

We also know from Snell’s law that

so we have
2
n? .
cost; = 4|1 — —12511129%-.
ny

So we see that if n; > n; cosf; can become an imaginary number! For convenience we will write this as

n2
cost; =1 —;sin29i -1
U

Now lets write down the expression for the transmitted wave:

z’(f?}?—wt)
Et = EOte

For simplicity we will assume that the interface lies in the y = 0 plane and thus the y direction is normal to
the interface. Also, we assume the z = 0 plane defines then plane of incidence. Then we can write

Kt: (Ktxv Ktya 0)

or
Kt: (Ktsin9t, KtCOSGt, O) .

8This content is available online at <http://cnx.org/content/m13075/1.1/>.



86 CHAPTER 7. OPTICS

Also

—

r=(z,y,0).

So now we can write that the wave as

i([?t-77wt>
Et = E()te

Et — EOtethsmeta:ethCOSQtye—zwt

2
iKysinfix |/ %Sintzeiily —iwt
E; = Ege e i e .

It is interesting to note the effect of the term

/" sin20, 1
—4/ —5sin“0; —1y
e "

in that expression. This is an exponential decay. The amplitude of the wave drops rapidly to zero.
So there is a transmitted wave but its amplitude drops precipitously. This is referred to as the evanescent

wave.

or

7.8 Phase Changes’

Ey, n;cosf; — nycosb,
r, = =
+ Eoi )| mycost; + ngcosty
= Eo: B 2n;cosb;
L= Eoi )| " n,cos; + ngcosd;
Ey, ngcost; — n;cosb,
= =
I FEy; I ngcost; + n;cosb,
b= Eot\ 2n;cosb;
= Ey; I ~ nycosb; + nicosby

We can rewrite these equations using Snell’s Law to eliminate the cosf; term. From simple trigonometry we
know that
cosf; = 1/1 — sin?6;.

We also know from Snell’s law that "
sinf, = —siné;
Uz
so we have
2
n; .
cost; = 4|1 — —1251n29i.
n
&

We can substitute this into

n#% |
nicosl; —ne 4 [ 1— —%sin20;
n

ry =

2
n?
n;cosf; +n; \/17—53111291-
n
t
n;Cc0860; — /n%—n?sinQGi

nicosf; +\/nf —n2sin26;

i

712 .
cosf; — | —& —sin26;

3
~- 1o}

cosf; + —sin26;

9This content is available online at <http://cnx.org/content/m13076,/1.1/>.



Similarly we can derive that

2 2
ny . " Gin2p.
n? cost; — 4/ ny —sin 0;

T = 2
ni ) " Gin2p.
w2 cosf; + e~ sin 0;
2cosb;
t, = >
cost; + 1/ %t — sin“0;
22 cosb;
t n
= 5
—Ltcost; + 1/ %t — sin“0;
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This form allows us to easily plot the coefficients for different values of 6;. For example,here are the

coefficients for the case where =+ = 1.5.

=]
[
o
[=]
o
=]
-1
on
=
=
[
on
=
o

-0.75

_1 [
Figure 7.8: The transmmission and reflection coefficients for the case where the ratio of transmitted

to incident indices of refraction is 1.5. The top two curves are transmission. The lower two are reflection,
with red being for the E field transverse to the plane of incidence.

It is interesting to note that the sign of the coefficient can change on reflection.
l?r = —_|T|l; = eiﬂ|r|l;0€i(}('r-_“¢) = |T|l§06i<l(.r__wt+qr)

This corresponds to a phase change by 7 upon reflection.
We can also look at what happens to the reflection coefficients when % = 1.5.
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-0.75 |-

-3 L

Figure 7.9: The reflection coefficients for the case where the ratio of the incident to the transmitted
incidence of reflection is 1.5.

That is going from a high index of refraction material to a lesser. In this case we see at the critical angle
we get total internal reflection. What happens to the phase here is complicated.
When we have 7 > 1 (or =t <1 it is convenient to write

2
ny

cosb; — i4/sin%0; — %
7

L= 2 n?
cost; + iy /sin"f; — —%
7

Now to understand what this implies we need to digress a little. Recall that
' = cosa + isina.

We could have written this as _
e =a-+1ib

then we see that b
a=tan"'=.
a

Now consider ]
cosa — isina e *®

— = —=¢
cosa + 181na el

—2ix

Now looking back at r; we see that

r, =e
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where
2 nj
; ¢ Sin (91' - niiz
an——=————-
2 cosb;

We could go through a similar excersize for rjand get the same result with

2
. n
sin%0; — %
tan— = -

2
2 24 cost;

Figure 20-8 in Pedrotti and Pedrotti summarizes all the possible phase changes.

7.9 Reflectance and Transmittance®

7.9.1 Reflectance and Transmittance
Lets remember what Irradiance is: We have the Poynting vector

—

= = (kT —wt
S= C2€0E0 X Boe ( )

But the problem is that this varies rapidly in time. So we define the Irradiance

I=<S>r

which has units Watts per meter squared and can also be called the radiant flux density. We showed in
lecture that this is (where I drop the T because it is tiresome to write)

<S> = 0260EoBo/2

which can also be written
<S> =cepE}/2

We need to make one minor modification though, the above presumes we are in free space. So we modify the
irradiance to take into account that different media have different speeds of light. (Now we write v instead
of ¢ because we are not assuming free space)

I=<S> :%Eg

The reflectance is the ratio of the reflected power to the incident power is

I, Acost),

r= I; Acost,;

A is the area illuminated by the electomagnetic radiation and 6,.,6; are the reflected and incident angles.

But we know that 6, = 6; so

Vy€p E2
2 Or
i€ 2

V26 Eol

EO’I' 2 2
R=(=2) =2
( Eo; ) !

10This content is available online at <http://cnx.org/content/m12906/1.2/>.

R =

and the media are the same so
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Likewise the transmittance (using po = p = p;) is

T = I Acosfy
IiACOSQi
_ Iicosb;
= Ticosf;
- Vt;" Egtcoset
- %Egzcosei
o uovtetEgtcosat
- ;Lgv,;e,;Eg,icosg,; .

Now note
JQEV = eV

:/,661

5
Al
m
Q= oo

=
(=)
a
(=}

Il
o3

So now we can write
T — /L()Vf,etEgtCOSQt
- p,ovieiE'gicosGi
_ ntEgtcosﬂt

ng Egicosﬁi

2
_ nycosb; ( Eqg
- nicosﬁi EOi
__ ngcosby 42

n;cosb;

This is a more complicated expression than R becausel)The speed of energy transmission is affected by the
medium?2) 0; # 6, so the projected areas normal to the propagation direction are different.

7.10 Polarization"

7.10.1 Polarization

Recall that we can add waves so lets take a plane wave traveling in the z direction and break it into
components.

Eq = Eogcos (kz —wt) B
Ey = Eyycos (kz —wt +9) ]
Where 4 is some arbitrary phase between the two components. The electric field for the wave is
E=FE:+ Ey
Now there are a number of different cases that arise.

If § =0, 2m, 4m,... Then we can write the field as

E: (EOmB + Eoyj) cos (kz — wt)

1 This content is available online at <http://cnx.org/content/m12908/1.1/>.
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L J

X-Pxis

i

Figure 7.10

Polarization of light for the case E: (EOmB + Eoy j) cos (kz — wt)

The field is linearly polarized, that is the E field lies along a straight line.
Likewise If § = 7w, 3w, 57,... Then again it is linearly polarized, but is now "flipped"

E= (E()z% - Eoyj') cos (kz — wt)
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Y-Axis

L J

X-Axis '
Emy
- Eﬂx -—

Figure 7.11

Polarization of light for the case E= (EOzB — Ey, j) cos (kz — wt)
Circularly polarized light is a particularly interest example. Let § = —7/2 and Ey, = Eo, = Ep

Then _
E. = Eycos (kz —wt) B

Ey = Fycos (kz —wt —7/2) j
Ey = Epsin (kz — wt) j

or
E=Ey [cos (kz — wt) B+ sin (kz — wt) j}
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The direction of E: is changing with time. For example consider the case at z = 0. Then

—

E=E, [cos (—wt) B + sin (—wt) j]

E= E, {cos (wt) B — sin (wt) j}

In this case the electric field undergoes uniform circular rotation. For light coming out of the page, it
will have the motion shown in the figure

L 2

X-Axis

Figure 7.12

Polarization of light for the case E= Ey [cos (wt) B — sin (wt) j} . I, and most physicists would call the
Left Hand Circular polarization (LHC). The thumb points in the direction of the light ray and the fingers
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curve in the direction of rotation. (This is known as the Angular momentum convention, optical scientists
will use the "Optical" convention which is opposite - we will stick to the angular momentum convention.)

Suppose § = 7/2 then you get
E= Ey [cos (kz — wt) B —sin (kz — wt) j}

This now has the opposite rotation, it is Right Handed.
The most general case of polarization has ¢ arbitrary and Eo, # Ep, and is elliptically polarized.

F

Y -Axis

L J

X-Pois

Figure 7.13

Elliptical polarization
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7.10.1.1 Natural light

Natural light is emitted with the E field in a mixture of random directions. This in unpolarized light. At

any particular instant E has a particular direction, but that direction changes rapidly and randomly.

7.10.1.2 Malus’ Law

A polarizer is a device that takes incident natural light and transmits polarized light. For example a linear
polarizer will take incident light and select only that component of the light that has its F field lined up
along the transmission axis. Suppose there is a linear polarizer that transmits light along a particular axis.
This is followed by a second linear polarizer that has its transmission axis at a different angle with 6 being
the angle between the transmission axes. Since I ~ E? then at the second polarizer

I(0) =1(0)cos?0

where I (0) is the Irradiance of the light hitting the second polarizer.

Lets consider unpolarized light hitting a linear polarizer. Then half the Irradiance will get through. If
this is followed by a second polarizer at 90° then no light will pass through the second polarizer. Now what
happens if a third polarizer is placed between them?
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Chapter 8

Geometric Optics

8.1 Refraction at a Spherical Interface'

Figure 8.1: Refraction at a spherical interface. Click on image for larger version.

LThis content is available online at <http://cnx.org/content/m13083/1.1/>.
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Look at the figure showing refraction at a sphere.In this figure:

C is the center of curvature of the spherical surface

R is the radius of curvature

O is the position of the Object

I is the position of the Image

S, is the distance of the object from the surface along the optical axis
S, is the distance from the surface to the Image

ny < n2

There is a ray that strikes the surface at height h. In general rays hitting the surface at different points will
be bent to different points along the optical axis. However for small angles we will show they all converge
at the same point.So lets use the small angle approximation

tanoe = — =R «
So
h
tanf = — =~ 8
84
; h
any = — &
Y R Y
Now from trigonometry we can see that:
0; =+~
Y=0:+7
or
bp=~-0

now Snell’s law says
n1sinf; = nosinb;

or
ni Hi ~ N9 Qt

ny (a+7v) =na(y—0)

v (n2 — n1) = noff +nia

h h h
R (n2 —m1) = na + e
K3 o
Now all the h’s cancel so there is no dependence on point on surface. That is:
Ng — N1 - U») ny

R S; So

Now lets consider the case of a concave surface. The picture is
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Nn:

Si

A
b

Figure 8.2: Click to get larger image.

Again we use the small angle approximation and thus we have

N6y = n2bs

In this case we also see that
a=6+~

and
B=0s+7y

SO we can write

or
h h . h h
ml———=|= — = =
! s R 2 s; R

or
ni UP) ny —n2
So S; R
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However we can make the equation identical to the previous one if we adopt the following sign convention:

e s, is positive to the left of the interface
e s; is positive to the right of the interface
e R is positive when the center of the sphere is to the right of the interface

Then the equation becomes as before
Nng—nyp N2 N1
R Y So
In this case note that the image is imaginary (whereas in the first case it was real). Note that the actual
rays pass through a real image.

The focal point is the object point which causes the image to occur at infinity.

Figure 8.3

That is all the rays end up traveling parallel to each other. In this case s; goes toco so

ni n2 N2 — Ny

So Si R
becomes
ni ng — Ny
fo R
or
an
fo = -
N2 — M

Now we can find a focal point to the right of the of the surface by considering parallel rays coming in
from the left.
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Figure 8.4
Then we get
TLQR
i =
nz —ni

But we do have to expand our sign conventionfor light incident from the left

S, 18 positive to the left of the interface

s; is positive to the right of the interface

R is positive when the center of the sphere is to the right of the interface
fo is positive to the left of the interface

fi is positive to the right of the interface

With the definition of focal points, we also have a natural way to graphically solve optical problems. Any
ray drawn horizontally from the left side of the interface will pass through the focal point on the right. Any
ray going through the focal point on the left will go horizontally on the right. The following figure illustrates
this.



Figure 8.5

The magnification of the image is the ratio of the heights h, to h;.

Figure 8.6

Since we are using the small angle approximation, we have Snell’s law

ni161 = nabs

n|—|)=na2{ — |-
So S

which can be rewritten

103
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So we write that the magnification is
h; n1s;
m=-——=— .
ho Nn2So
The negative sign is introduced to capture the fact that the image is inverted. It is worth pointing out that

in our diagram above, the image is real, because the actual light rays pass through it.

8.2 Thin Lens’

Now we can turn to the case of lenses. A lens can be considered the combination of two spherical interfaces.
To solve an optical problem using multiple interfaces or lenses, one considers each one by one. For example
one finds the image created by the first surface and then uses it as the object of the second surface.

- 802 o

ol

Figure 8.7

Consider a lens of thickness d as shown in the drawing. At interface 1 (coloured red in the drawing) we
have

n1 n2 N2 — Ny
_|_ [ —
801 sil Rl
For surface 2 (coloured blue) the image of the the first surface becomes the object of the second. Note the

sign of s,, is negative so that
Sop = d — Siy

2This content is available online at <http://cnx.org/content/m13084/1.2/>.



Thus
no ns ng — N9
—_—— = ——
802 87;2 R2
becomes
N2 ns ng —n2
d— Siq Sig RQ
Now add the equations
n N2 N2 n3 ng — N n3 — N2
— + — + + — = +
Soq Siy d— Siq Siq R1 R2

Now we take the thin lens case,that is d — 0

ni ns
7+7

ng — Ny n3g — N2
+

S0 8 Ry Ry

That equation would work for making prescription swim goggles for example, however most of the time
ny = ng (namely air for eyeglasses). So making that the case we get

n1 n1 - 1 1
5o T 2T {Rl RJ
which in the case of air (n=1) is
[ R
So S; =\ R1 R2 ’
That is The lensmaker’s formula(where n; is the index of refraction of the lens material)Now we can find
the foci
fi= lim
S;—00
fo= lim

and

which is the Gaussian Lens Formula

A convex lens will have a positive focal length f.

105
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Convex Lens

So

ho

Si

v

Figure 8.8

We can use the same equation as before for the magnification,

h; n15s;
m=-—=— .
ho n2So
but now note that n; = ny so the equation becomes
hi S;
m=-— =

ho s
You can examine the figure above to verify that this is true.

We can also consider a concave lens which has a negative focal length. Notice that in this case the image
is upright and virtual. Notice that in this case s; is negative.
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Concave Lens

ho -

\
Y

=g
—+

Si

A

Figure 8.9
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8.3 Mirrors’

o

Figure 8.10

Notice that in Mirrors we get a virtual image to the right of the surface. Thus for mirrors we say that s;
is positive to the left of the mirror. This allows to retain correspondence between s; being negative and an
image being virtual.

Again we use the small angle approximation. By inspection of the figure we see that

20, =a+0
and
0, =a+n.
Now we multiply the second equation by two and subtract the first equation from it and we get:
204+2y—a—-F3=0
3This content is available online at <http://cnx.org/content/m13087/1.2/>.
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or
a—fF=-2.
Using the small angle approximation we see that this is
h ~h  —2h
So S T

where I have used the fact that s; is negative to the right of the mirror. So I can write the mirror equation
as

11 -2

se S R
or

1 1 1

So Si f
where for a mirror 1/f = —2/R

8.4 Eyeglasses’

First a little nomenclature. Optometrists (and opthamologists) use the dioptric power measured in diopters.
A diopter is 1/f where f is measured in meters. The focal length of lenses in contact is

1 1 n 1

I hnof
or using dioptric power

D =D+ D,y

A "normal" eye will focus an object at infinity onto the retina with the lens relaxed. As objects come closer
the lens of the eye is made to bulge to keep the object in focus. A nearsighted person (such as certain Phys
201 prof’s) has an eye that focuses the object at infinity in front of the retina. This person has a far point
beyond which things are focused incorrectly. By using a lens that casts the object at infinity onto the far
point this problem can be corrected. Say someone’s far point is at 2m. In this case we want

11 . 1
f So Sq
111
f oo =2
a corrective lens with f = —2m or D = —%Diopters. Notice that the desired focal length is the far point

(with the correct choice of sign)Of course in practice we need to take into account the distance between the
glasses and the eye, but the above is valid for a contact lens. In the case of eyeglasses you need to subtract
off the distance between the lense and the eye. For example if the distance between the eye and the glasses

is 2cm then the above becomes ) 1 1

- 4+
f oo —1.98

A far sighted person focuses objects at infinity behind the retina. Their eye can accommodate the object
at infinity but they have trouble with nearby points. A normal eye should be able to focus objects as close
as 25cm. A far sighted person can focus to a near point that is greater than 25cm and so we need to take
the 25cm point and make it look like it is at the near point. Say some one has a near point of 125cm then

1 1 1

F- i s

4This content is available online at <http://cnx.org/content/m13088/1.1/>.
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which is +3.2Diopters. Of course again we should correct for the distance between the glasses and the eye,
which if that is 2cm makes the equation:

1 1 1

7T T2 o3

Finally their are old guys like me who need bifocals. As one ages, the eye lens becomes more rigid and it is
harder and harder for it to deform and focus on close in objects. Then if you are also nearsighted, then you
have to resort to bifocals.



Chapter 9

Interference

9.1 Two Source Interference'

9.1.1 Interference
9.1.1.1 Waves on a pond:

Think of when you drop a pebble into a pond, you will see circular waves eminate from the point where you
dropped the pebble.

LThis content is available online at <http://cnx.org/content/m12909/1.5/>.
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Figure 9.1

When you drop two pebbles side by side you will see a much more complicated pattern:
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Likewise with electromagnetic waves, you can get interesting interference phenomena when waves eminate
from two point sources.

9.1.1.2 Two Point Sources

Lets take a particular example of two point sources separated by a distance d. The waves emitted by point
source are spherical and thus can be written

—

E= @cos (kr — wt)
”
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To make the problem easier we will make the k’s the same for the two sources. Also lets set the Ey’s to be
the same as well.

T T T T T T T
E0
a0 f I
20 F
|:| 5
-20
-ap f {8
o
{L"{} ‘__{‘..-H.-
{il—lilr'.l'
. E.‘.—'-:_.}
—-&0 }
L L L L L L L
—-€0 =40 -20 i} =0 an €0
Figure 9.3

The the only difference in the waves will be the r’s, that is

E1= @cos (kry — wt)
1

—
—

Ex= @cos (kro — wt)
T2
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Now there is a slightly subtle point here that is important to understand. In the denominator it is sufficient
to say that 1 ~ ro and just call it . We assume that we are far enough away that the differences between rq
and 79 are too small to matter. However this is not true in the argument of the harmonic function. There,
very small differences between r; and ro can have a big effect. So lets define r; =1, = R
I o < (Bocos (kry — wt) + £ocos (krs — wt))2 >
=< %‘30032 (kry —wt) >, + < g—écos2 (krg — wt) >,
+< sz—(zcos (kr1 — wt) cos (krg — wt) >,
_ 1B 15
, 2R TaR
+< 2%005 (kry — wt) cos (kry — wt) >,

Now to evaluate the final term we use
cos (0 — ¢) = cosfcosd + sinfsing

and write

So we have ) )
%% +sg T 2%%0051@Ar
= 77 (E§ + E3coskAr)

= 7z E§ (1 + coskAr)

1E]

I x

Clearly I will be a maximum when the cosine is = +1

kAr =2nm n=0,1,2...

2
%Ar =2nmw

Ar =n\

There will be a minimum when the cosine is = -1

kAr = nmw n=135...

Ar:%A n=1,3,5...

So you get light and dark bands which are called interference fringes.To reiterate; we have two rays of light
eminating from two point sources. We have looked at the combined wave at some point, a distance ry
from the first source and a distance from the second source. In that case we find that the intensity is
proportional to %Eg (1 + coskAr). To make things easier we can redefine Ey to be the amplitude of the
waves at the point under consideration, that is I = eycEZ (1 + coskAr). Or we can say Iy = ecE3/2 and
write I = 21 (1 + coskAr).
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Say we place a screen a distance S away from the two sources:
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Figure 9.5

In this case we see that
Ar = dsinf

So we have maxima at
Ar = n\ = dsinf.

The angle between two maxima is given by

>

sinf,, 1 — sind,, =

or for small 6 A\
Al = —
0 d

Notice how when the sources are moved far apart the effect maxima become very close together so the screen
appears to be uniformly illuminated. If a screen is placed a distance S away the maxima on the screen will

occur such that
dsinf = nA

but in the small angle limit
. Yy
0 = tanf = =
sin an 5
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which implies

_nAS
V=TT
likewise minima will occur at
nAS
Yy = W n = ]., 37 5

using cosf = 2COS2% — 1 we can rewrite
I = 2I, (1 + coskAr)

* kA
I = 4Iycos> TT

9.1.1.3 Young’s Double Slit

Young’s double slit.is an excellent example of two source interference. The equations for this are what we
worked out for two sources above. Interference is an excellent way to measure fine position changes. Small
changes in Ar make big observable changes in the interference fringes.

9.1.1.4 Michelson Interferometer

A particularly useful example of using interference is the Michelson interferometer. This can be used to
measure the speed of light in a medium, measure the fine position of something, and was used to show that
the speed of light is a constant in all directions.
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When Ar, the path length difference in the two arms is Ar = n then the rays of light in the traveling
down the center of the apparatus will interfere constructively. As you move off axis the light travels slightly
different lengths and so you get rings of interference patterns. If you have set up the apparatus so that
Ar = n\ and then move one of the mirrors a quarter wavelength then Ar = nA+ %/\ and you get destructive
interference of the central rays. Thus you can easily position things to a fraction of a micron with such a set
up.

What really matters is the change in the optical pathlength. For example you could introduce a medium
in one of the paths that has a different index of refraction, or different velocity of light. This will change the
optical pathlength and change the interference at the observer. Thus you can measure the velocity of the
light in the introduced medium.

Michelson and Morely used this technique to try to determine if the speed of light is different in different
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directions. They put the whole apparatus on a rotating table and then looked for changes in the interference
fringes as it rotated. They saw no changes. In fact they went so far as to wait to see what happened as
the earth rotated and orbited and saw no changes. They thus concluded that the speed of light was the
same in all directions (which nobody at the time believed, even though that is the conclusion you draw from
Maxwell’s equations.)

9.1.1.5 Ring Gyroscope

Another application of interference is a a gyroscope, ie. as device to measure rotations.

Light
Source

Beam Splitter
ie. half silvered
mirrar)

T

¥y
Observer

Figure 9.7

If the apparatus is rotating, then the pathlengths are different in different directions and so you can use
the changes in the interference patterns to measure rotations. This is in fact how gyroscopes are implemented
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in modern aircraft.

9.2 Thin Film Interference’

9.2.1 Interference
9.2.1.1 Thin Films

Suppose there is a very thin film of dielectric and light is incident on it normally. Lets consider single
reflections. (We make the small angle of incidence approximation)

n,

Figure 9.8

We will assume ng > ngo > n;. The physical path length difference of the reflected light is Ar = 2d. We
will get maxima in the interference when:

Ar =2d =mh m=1,23...

2This content is available online at <http://cnx.org/content/m12910/1.2/>.
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where ) is the wavelength in the film. Now
)\il/i = c/ni.

In our example we have v; = vy = v3, that is the frequency does not change moving between the media. So
we have
)\1711 = )\2%2 = )\3n3.

Thus constructive interference will happen when

Ao = /\12—;
2d=mAy m=1,2,3..
2d = mA1%
2d = mAqir :f{i;:n

2d = m>\1 L

Nfilm

(2d) Nfilm = MAgir Mm=1,2,3...

where 7 fi1m = m2. Destructive interference will happen when
(2d) nfitm = mAgir/2 m=1,3,5...

When destructive interference occurs then that value of A is not reflected. Note that this is a function
of both d and A\. The next effect is that different colours of light get reflected at different thicknesses of the
film. This is why soap films or oil films on water give rainbow effects.

Note I have assumed that ng > nyfim > Nair in the above, where ng is the material that the film sits
upon.

Consider an interface between two materials with indices of refraction njand ns. If ny > n;. Then lets
examine what happens to the phase of an electromagnetic wave upon reflection. For a transverse electric
field, there is a phase change of 7. For the transverse magnetic field (or £ ) there is not, if the light ray is
close to the normal. However if n; > no then and the situation is reversed and the transverse electric field
does not undergo a phase change and the transverse magnetic field does. In the example above, their will
be no relative phase change between the rays in either case. Either both will change by 7 or neither will
change, depending on the orientation of the E field.
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9.3 Double Plate Interference®

9.3.1 Double Plate Interference

Figure 9.9

Assume that the normally incident light bounces off the bottom of the top glass and the top of the bottom
glass. In this case there is a phase change between the two cases and the conditions of constructive and
destructive interference flip.

So constructive interference occurs when

2d =nA/2 n=1,3,5...

2z =n\/2
or the position of the maxima are
n\
Tmaz = — N =13,5...
4o
Destructive interference will occur at
2d=nA n=1,2,3,...

A
xminzi n=12,3...
2a

3This content is available online at <http://cnx.org/content/m12911/1.1/>.



124 CHAPTER 9. INTERFERENCE

9.4 Newton’s Rings’

9.4.1 Newton’s Rings

Consider a flat surface in contact with a spherical surface.

R

Figure 9.10

a? +1° = R?
d=R-1

d>=R?>+1?> - 2RI
=R?>+ R? — 22 - 2RI
—2R? — 4% —2R(R — d)
=2R? — 2?2 —2R%>+ 2Rd

4This content is available online at <http://cnx.org/content/m12912/1.1/>.
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or
22 = 2Rd — d?

For small d we have d? — 0 so
2% ~ 2Rd
In this case there is no phase change at the spherical surface but there is at the flat surface. So again
there is an offset in the phase and the condition of constructive interference is
2d = n)\/2 n=135,...
or
2d=2*/R=n)\/2 n=1,305,...

For a spherical interface one observes rings of light and dark. This in fact is used to check the sphericity
of the lenses.

9.5 Multi Source Inteference’

9.5.1 N-Source Interference

Lets look back at two source interference again, this time using exponential notation: We will consider both
sources to be in phase with the same amplitude. Also, just like before we define Fy to be at the point where
the interference is occurring, and approximate that it is the same for both waves. We have

—_ =

E1=E, ei(krl —wt)

—  —

E2 :EO ei(krg 7(4}75)

or

—  —

E2:E0 6i(k(r1 +Ar)—wt)

where
Ar = dsinf

5This content is available online at <http://cnx.org/content/m12914/1.2/>.
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. S .

Figure 9.11

So I could write
-5225‘0 ei(krl—wt)eikAr

or if § = kAr = kdsind o
E2:E0 ei(krl—wt)ei(s
E2:E1 (616)
So when we add the E fields together we get
E=Ey + E;
:Eo gilkri=wt) (1 4 o)

Now if I consider the case of not 2 but N sources, all separated by a distance d, then this simply extends

— =

El :EO ei(kh —wt)

- =

E2 :EO ei(k:’l‘g 7wt)

5325;) ei(krg—wt)
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EV:E‘O ei(kTN—wt)

then ro = r1 + dsinf
rg = r1 + 2dsinf
and so on,
or ro =11 + Ar
r3 =11 + 2Ar
So now when we add the E fields up we get

E:EO pilkr—wt) (1 Lo g 200 | G3i8 y y 6(N71)¢5)

or rewriting

Now following is a general property of geometric series:

N-1
S o=t
xr =
¢ 1—2z
n—
So now we get
- = ) . 1— eitSN
E:EO e*%ﬂfellﬂ‘l =
1—e
or
iSN
E:EO efiwteikrl € i 1
e —1
or i6N/2 (,i6N/2 i6N/2
2 A 1
E:E e—iwteikrl € (6 € )
0 i6/2 (ei5/2 _ 6—15/2)
or

— g . . _ 1 5N/2)
—F iwt_i(kri+(N—1)5§/2) sin (
E=Roe e sin (3/2)
Now we can define kR = kry + (N — 1) §/2, which makes sense, this rephrases the equation in terms of the
distance from the middle of the array of sources. So the equation becomes

i(kR—wt) S (ON/2)

E=Epe sin (6/2)
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Interference pattern from three point sources
To find the irradiance, lets simplify things by taking the real part of this

- = sin (0N /2)
:E — _—
E=E, cos (kR — wt) sin (6/2)
Then ) o
I —ec < E2 > = Gcﬂw
2 sin” (6/2)
or

B sin? (§N/2)
~ % sin? (6/2)
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sin?(810)
Plot of 2 (572)
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sin?(810)
Plot of sin?(5/2) i
Look at the plots, which show what the function sin ON/2) 1ooks like for N = 100 and N = 20. The

sin2(5/2)
height of the first principle maximum is equal to N2. This is because as
6 — 0 then 6 — 0 (recall § = kdsinf) Then

o sin® (ON/2) (ON/2)*
=0 sin® (6/2)  (6/2)°

orat 8 =0
I=N?I,

It is also interesting to note that the first maxima become narrower as N becomes larger.



132 CHAPTER 9. INTERFERENCE

e P N ;r\'\.-/"'\..fm.-ﬁ:
-10 -3 0 5 10

Figure 9.16

in?(54)
Plot of :1112(5/2)

Principle maxima occur when

0/2=nm
or
kdsin®,,q.. = 2n7 n=20,1,2,3
or 5
Tﬂ-dsinﬁmw =2nm
or

nA
d
Minima occur when the numerator vanishes but the denominator does not:

sinf,0r =

Nb§/2 =nm n=1273... %#integer
kdsing = 2nm /N

2
%dsin@ =2nn/N

or minima occur at \
sin@:% n=1,23... %#integer

There are secondary maxima between the minima that are away from a principle maximum.
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This gives us an insight into phase array radar and interferometric radio telescopes. Suppose you have a
series or radar antennas in a row. Then you introduce a phase shift ¢ between each oscillator, then you get

6 = kdsinf + €

and principle maxima will occur at
dsind . = nA — €/k

Concentrating on the principal maximum we see that we can adjust the direction of the principle maximum
simple by adjusting €. In a modern phase array radar in fact a dome of antennas are used and the situation
is a bit more complicated but certainly a tractable problem with the help of a computer. So these radars
have computers adjusting the phases of the various antennas to point the radar beam where desired - which
can be much more rapidly scanned than a rotating parabolic antenna for example. We can see that if you
increase the number of antennas, then you will get a more narrowly collimated beam.
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Figure 9.17

Get a bigger version of this animation.5

6http://phys201.rice.edu/phys201/images/sweep.gif
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Chapter 10

Diffraction

10.1 Single Slit Diffraction’

10.1.1 Diffraction

Diffraction is an important characteristic of waves. It can be said to one of the defining characteristics of
a wave. It occurs when part of a wavefront is obstructed. The parts of the wavefronts that propagate past
the the obstacle interfere and create a diffraction pattern. Diffraction and interference are essentially the
same physical process, resulting from the vector addition of fields from different sources. By convention
interference refers to only a few sources and diffraction refers to many sources or a continuous source.

Figure 10.1

I This content is available online at <http://cnx.org/content/m12915/1.1/>.
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When a plane wave hits an aperture, Huygens principle says that each point in the aperture acts as a
source of spherical wavelets. The maximum path length difference of all these sources is between the top

and the bottom.
AT ez = asing

The waves start out in phase. If a < < X then the slit acts as a point source and you get a spherical wave
coming out. If @ > > X then the aperture simply casts a bright spot the size of the aperture shadow. But if
A = a then an interference pattern is set up.When the resulting pattern is viewed close to the aperture, the
pattern can be very complex, and this is call Fresnel diffraction. As the the pattern is viewed from further
and further away, it eventually stops changing shape and only grows in size. This is Fraunhoffer diffraction.
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10.1.1.1 Single Slit Diffraction

Point P

Figure 10.2

Consider the contribution to the field E at a P due to a small element of the slit dy at y. It is a distance r
from P. R is the distance from the center of the slit to P.
lets define €, which is the source strength per unit length, which is a constant.
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then c _
dE = idyei(krfwt)
r

Now from the drawing
r2 = (R — ysind)® + (ycosh)®
= R? + y%sin?0 — 2Rysinf + y>cos0
= R? + y% — 2Rysind
=R? [1 — 2ﬁysine + %22}

Now assume that y < < R (which gives us the Franhaufer condition) and
AL
Y .
=R|1— —=sind
r { 7 in ]
now expand the square root

r:R[l—%sinH—k...}
and neglect higher terms so that
r = R — ysinf
thus _ ‘
dE = Eez(k(R—ysme)—wt)dy

where now we have used R in the denominator since it is much bigger than y

dE = %ei(k:R—wt)e—ik:ysinﬁdy

now integrate assuming that 6 is a constant over the slit

E = %ei(kR—wt) ffc/jz e—ikysing g,

_ gei(kR—wt)e*ik'yS‘“e a/2
~ R —iksinf l—a/2

ik2ging  iklging

_ EiLei(kawt)e_l 2 e'’2
~ R —iksin®
o EiLei(kawt) 72251n(7“sm9)
~ R —tksin®
. ka .:
— L i(kR—wi) 29n(F5n0)
~ R ksin®
s ka s
— cLai(kR-wt) Sln(Tst)
R kagsing

now we define

8= %sine

and see that we can rewrite our expression as

E— €La sinf3 pi(kR—wt)
R g

or equivalently

€La . i(kR—wt)
E = —— (
7 sincfe

The intensity will go like the square of this so

I = Iysinc®B

DIFFRACTION
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Figure 10.3

Plot of @
The Intensity has a maximum at § =0 or § = 0. there are minima when sing = 0 or

k
0= gsiné =nw

ma o
A 25111 = nm
sinf = na
a
in the case of small 6 we see that N
Af = —
a

is the distance between adjacent minima.

As a becomes large, we see that the minima will merge together. This is consistent with what we said at
the beginning, that if

a> > A

then you just get shadowing but not diffraction.

Finding the secondary maxima is more difficult. (Take the derivative of T and then look for zeros.) This
can not be done analytically.

Note that wee have been considering only one dimension. If the length of the slit is L then we have only
considered the case that L > > X and so diffraction occurs only in the other dimension.
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10.2 Double Slit Diffraction’
10.2.1 Two Slit Diffraction

Now we consider the case of two slit diffraction.

¥ i
T
d
&
? H
¥

Motice that x ags goes
throwgh the lower siit

Figure 10.4

Notice that the x axis has been drawn through the lower slit. Then the field at the distant point is just
the sum of the field from the two slits. Thus we can use our solution to single slit diffraction for each slit
and add them together

€era . ; _ €era ;i o —
E = 2 ginefe!Fi—wt) 4 227 gipcBet (FRa—wt)
Rl R2

Now we we will define R = R; and use Ry = R — dsinf

€era . . _ e€ra ) _ o
E = fSzncﬁez(kR wt) + i(kR—kdsin0—wt)

L .

Now we can ignore the dsiné in the denominator, as it will not have a significant effect on that. However
in the exponent, we can not ignore it, since it could significantly affect the phase of the harmonic function.

2This content is available online at <http://cnx.org/content/m12916/1.1/>.
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Lets define « = (kdsinf) /2 so now we can write:
F= %Sincﬁei(kR—ut) + %smcﬁei(m—m—m)

and start rearranging:

E= %sincﬂ [2cosa] e?(Fli—a—wt)

This is very similar to the case of single slit diffraction except that you now get a factor 2cosa included and
a phase shift in the harmonic function.
So we can see immediately the intensity is

I = 4Iycos’asinc®

recall
o = (kdsind) /2

and

08 = (kasind) /2

If d goes to 0 then expression just becomes the expression for single slit diffraction. If a goes to 0 then the
expression just becomes that for Youngs double slit. The double slit diffraction is just the product of these
two results. (Hey cool!)

10.3 Diffraction Grating®

10.3.1 Diffraction Grating

Consider the case of N glit diffraction, We have

erasing ;op _ot
B = =~ i(kR1—wt)
1 R 5 €

€Lasing up, wi)
E, = 2
"R B ¢

€Lasing iry—wi)
Ey = 2227 pilkRy
N R B ¢

3This content is available online at <http://cnx.org/content/m12917/1.1/>.
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So we can just follow the steps of the two slit case and extend them and get (using Ry = R— (N — 1) dsind)

N

E=3_,Enx
_ N inB _i(kR—2(n—1)a—wt
=3 %%ez( (n—la—wt)
— eL?% Zﬁ;l ei(kR—Q(n—l)a—wt)

R
_ epasing _i(kR—wt) N —i2(n—1)a
R B ¢ Don=1€

_ epasinB _i(kR—wt) \N—-1 —i2ja
TR B Y=o €

This is the same geometric series we dealt with before

N-1 N

Z o= 11_—mx

n=0

SO

— erasing i(kR—wt) $NN-1 —i2ja
E= R B € Zj:o €
_ erasing i(kR—wt) l—e” 2N
= 25T
era sing i(kR—wt) e N gV 1o 12N
e—ta  gia  ]_e—i2a

1—e—i2a
~ R
— erasing ji(kR—wt) e N eIV e TN
-~ R B e—ia cio _g—io
— erasing i(kR—(N—1)a—wt) sinNo
= e :

R ﬁ sSino

@

Notice that this just ends up being multisource interference multiplied by single slit diffraction.
Squaring it we see that:

.2 )

sin“ sin“ N«

10)=1———

6) = 1o (% sina

an f

s }

o -

RRE

Figure 10.5



Interference with diffraction for 6 slits with d = 4a
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Interference with diffraction for 6 slits with d = 4a
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Figure 10.7

Interference with diffraction forl0 slits with d = 4a
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Figure 10.8

Interference with diffraction forl0 slits with d = 4a

Principal maxima occur when

in/N
sinVor _

sina
or since a = kd (sinf) /2
kdsinf = 2nm n=20,1,2,3

or 5
Idsin@ =2nm
or

nA
1 0 = —
sin p

and just like in multisource interference minima occur at

A
SiHQZ% n=1,23... %#int@ger
A diffraction grating is a repetitive array of diffracting elements such as slits or reflectors. Typically with
N very large (100’s). Notice how all but the first maximum depend on A. So you can use a grating for
spectroscopy.
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10.4 Diffraction from a Rectangular Aperture’

10.4.1

We consider diffraction from apertures other than a slit. For example consider a rectangular aperture as
shown below. If €4 is the source strength per unit area (assumed to be constant over the entire area in this
example) and dS = dydz is an infinitesmal area at a point in the aperture then we have:

Figure 10.9

d E= A=) dydz

We see from the figure that
r=[ 4y -y (Z -2

4This content is available online at <http://cnx.org/content/m13096/1.2/>.



and that
R*=a2?4+Y?+ 72
Thus we use
.’E2:R2—Y2—Z2
to write s
r=[R2—Y? = 224 Y2 4 y? —2yY + 22 + 22 — 2:2]"
or Lo
r=[R*—2Yy—2Zz+y* + 7% /

r=R[1-2Yy/R:—2Z2/R* + (2 + 2%) /R?]"/".
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We are only considering Fraunhofer diffraction so R, Z,Y are much larger than y and z and we can rewrite

r~R[1-2(Yy+ 22) /R)]?

and then finally expanding using the binomial theorem and taking only the most significant terms
r~R[1— (Yy+Z2)/R?].

So we have
=
_

d F= €A ei(kT7Wt)dde
E r
or using the fact that R is large

d E= %ei(krfwt)dydz

which we integrate to get the field

E: f+b/2 +a/2 %ei(kT7Wt)dZdy

—b/2 J—a/2
= Ji(kR—wb) ha/2 - +b/2
_ €ae ikyY /R ikzZ/R
= = f—a/2 e dyf_b/2 e dz
_ GheikB—wt) [ —ikyY/R 1q/2 [ o—ikzZ/R 1b/2
= R —ikY/R |—a/2 —ikZ/R |—b/2
_ ghei(RR-wt) [ —ikaY/2R_ ikaY/2R] [ ,—ikbZ/2R_ ,ikbZ/2R
= R —ikY/R —ikZ/R

Now lets define o = kaY /2R 3 = kbZ /2R and 8 = kbZ/2R and we see that

Ei 5)4 ei(k:wat) eia _ efika eiﬁ _ efiﬁ
N R ikY/R ikZ/R

or rearranging

E— 5_;4 ez‘(kR—wt) [em _ e—z’a] [eiﬁ _ e—zﬂ}

R 2ia/a 2i5/b
E)i 5’4 ei(kawt)ab eia _ efia ei,@ o efiﬁ
B R iy 2i3
T e elBR=wqp Tsina] [sing
B R Q I}

So finally we can write the intensity as
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N
sma} {sm[f}

I(Y,Z)_I(0,0){ - 5

1 sing 2 sina 2
Below is a plot of [T] [sina ]

Figure 10.10

Below is a plot of [Sigﬁ} [3he]
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Figure 10.11

10.5 Babinet’s Principle’

10.5.1 Babinet’s Principle

Say you have a slit with light passing through it. You will get a diffraction pattern, lets call it ES. If you
cover the slit with a piece of material that fits just inside the slit, then there is no E field in the Fraunhofer
limit. The is means that the E field of the blocker, lets call it vecF}, must exactly cancel Es. The only way
this can happen is if

—

Eb = _Es
. Now if you take the slit away the E field of the blocker must still remain and then irradiance must be

I, =(-E)* =1,

5This content is available online at <http://cnx.org/content/m13100/1.1/>.
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The interference pattern looks the same. You can verify this yourself by taking a strand of your hair and a
laser pointer. Shine the laser pointer at a wall and then put a strand of your hair in front of the light beam.
The resulting interference pattern is the exact same as one would obtain from a slit with the same width as
your hair.

We can use Babinet’s Principle to solve complex problems. For example, say you have square aperture
with sides of length L. The the diffraction pattern for light passing through it is

sinﬂL} {sinaL}

Br ar,

N 2
= E’Aei(krfwt) Lf |:

R

where (assuming the aperture lies in the y — 2 plane)

8., = kLY/2R

o =kLZ/2R.

Now put an opaque square of length d in the middle of the aperture. Now the resulting }j«“ field is

E: iei(kr—wt) |:L2 sinf3, sinay, - sinfq Sinad]
Br  oar Ba g
or
I=1, {Lz sinf, sinay, 2 sinfy Sinad} 2
BrL  or Ba g
By = kLY/2R
ap =kLZ/2R.
Ba = kdY /2R
aq = kdZ/2R.

10.6 Diffraction from a Circular Aperture’

10.6.1 Circular Aperture

The circular aperture is particularly important because it is used a lot in optics. A telescope typically has

a circular aperture for example.
We can use the same expression for the E field that we had for the rectangular aperture for any possible

aperture, as long as the limits of integration are appropriate. So we can write

E’: Qei(k}z—wt)// e—z’K(Yy+Zz)/Rdde
R aperture

For a circular aperture this integration is most easily done with cylindrical coordinates. Look at the
figure

6This content is available online at <http://cnx.org/content/m13097/1.1/>.
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/
)

Figure 10.12

Then we have

z = pcoseo
y = psing
Z = qcos®
Y = gsin®

Then
Yy + Zz = pgcosgcos® + pgsingsin®

or
Yy + Zz = pgcos (¢ — D)
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and the integral becomes

= a 27
Ev: Eei(kawt) / / efiqucos(d)f(I))/depdd)
R 0 0

In order to do this integral we need to learn a little about Bessel functions.

1 27 .
J — tucosv g
o (u) o /0 e v
Is the definition of a Bessel function of the first kind order 0.
1 27 .
Im (u) = 5— / e (mvtucosv) gy,
2T 0

Is the definition of a Bessel function of the first kind order m.
They have a number of interesting properties such as the recurrence relations

% [ T () = u™ T -1 (u)

so that for example when m =1
/ u'Jo (W) du’ = uJy (u).
0
In order to numerically calculate the value of a Bessel function one uses the expansion
> (_1)5 x\ m+2s
=3 )
(2) ;} sl(m+s)I\2
Now we want to evaluate the integral

= a 27
E:: Qei(kawt) / / e*iqucos(qbf@)/dede/)
R 0 0

which we can do at any value of @ since the problem is symmetric about ®. So we can simplify things greatly
if we do the integral at & =0

- 27
E: €A ei(kR—wt) /a / e—iqucos(d))/depqu
R 0 0

which becomes

E= fe’(’“R “’“27r/ Jo (=K pq/R) pdp
0
Now Jj is an even function so we can drop the minus sign and rewrite the expression as

—
—

€4 @
E= fcl(’“’“’“% /O Jo (Kpq/R) pdp

To do this integral we change variables

w = kpq/R
_wh

"=k

dpzﬁdw
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so that )
Iy Jo (Kpa/ R) pdp = [ () Jo (1) ww
- (8) () s

(ki) J1 (kaq/R)

2 Ji(kaq/R)
kaq/R

kq
=a

IS

So finally we have the result
N i(kR—wt) J (k /R)
e 1 (kag
— 2ra?
e

Or recognizing that ma? is the area of the aperture A and squaring to get the intensity we write

2
I—1, 2.J; (kag/R)
kaq/R
If you want to write this in terms of the angle 6 then one uses the fact that ¢/R = sinf

2.J; (kasin®)|”
kasinf

1(9)1(0){

Figure 10.13

Above is a plot of the function J; (z) /x. Notice how it peaks at 1/2 which is why there is the factor
of two in the expression for the irradiance. Below is a 3D plot of the same thing (ie. J; (r) /r). Notice the
rings.
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Figure 10.15

Above is a plot of (J1 (r) /r)* which corresponds to the irradiance one sees. The central peak out to the
first ring of zero is called the Airy disk. This occurs at J; () /r = 0 which can be numerically evaluated to
give r = 3.83 for the first ring.

For our circular aperture above this means the first zero occurs at

kaq1 /R = 3.83

—— =3.83
AR

1.22R\
2a
In our case a is the radius of the aperture and we can rewrite the expression using the diameter D

q1 =

@1 = 1.22AR/D

Light passing through any circular aperture is going to be diffracted in this manner and this sets the
limit of resolution on an optical device such as a telescope. Say one is trying resolve two sources, we can say
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the limit of resolution is when the central spot of one Airy disk is on the zero of the other Airy disk. This is
known as the Raleigh critereon. While it is possible to define other crtieria, this is the most commenly used.
See for example the plots below

“{\‘\\w

i
@
B

Figure 10.16

In the above plot, the two sources can clearly be resolved. In the plot below, the two sources are going
to be difficult to resolve.
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Figure 10.17

So we say that the limit of our resolution occurs when the distance Ag between two sources is
Ag=1.22R\/D

or in the small angle limit A9 = Ag/R
Af = 1.22)\/D

10.7 Diffraction from an Array of Apertures’

10.7.1 An array of rectangular apertures

Say we have an array of rectangular apertures sitting in the = — y plane and light hits this aperture traveling
in the positive z direction. There are N apertures arranged vertically (in the y direction). Each aperture
has a width in the z direction of a and a height in the y direction of b. For convenience, the apertures are
aligned with their centers at x = 0. The apertures are equally spaced by a distance d.

"This content is available online at <http://cnx.org/content/m13111/1.3/>.
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The electric field at some point P away from the array is

N
E= Y E,, (a,b)

ny=1

where E, (a,b) is the field from the n, slit at that point. The y position of the center of the aperture is
(ny —1)d so we write y = (n, —1)d + 3’ and (x,y’) is the position of a point in the aperture with respect
to the center of the aperture. We can write

b/2 a/2 ]
K, CL b / dy/ / d$8i€_z(kr"'y _Wt)
! b2 a2 R

If the point of observation is (xp,yp, zp) then
1/2
ra, = [(@p =2 + (yp — )" + (2p — 2)°]
but we take z to be zero at the aperture so

1/2
Tn, = {(xp —2)’ 4 (yp —y)* + 212:}

= [mP—Zxa:p+x +yP—2ny+y + 22 ]1/2
= R[1-2zzp/R* - 2yyp/R* + (2% +y )/RQ]U2
where R? = 2% + y} + 23, the distance from the origin. In the far field approximation (z* +y?) /R? =0

and we can write: 1/2
Tn, ~ R[1 —2z2p/R* — 2yyp/R*| """

We use the first two terms in the binomial expansion and get

Tn, = R [1 —rxp/R?* — yyp/RQ}
=R—zxp/R—yyp/R
=R—-zxp/R—[(ny—1)d+y]yp/R
=R—zxp/R— (ny —1)dyp/R—y'yp/R

so now we have
b/2
ny (l b / dy / dl’ €A 72 (fozp/Rf(ny71)dyp/Rfy'yp/R)7wt)‘
b/2 —a/2
We rearrange to get
€A b/2 o, a/2 )
Eny (a b) 7z(kR wt) zk(nyfl)dyp/R/ dylezkry yp/R/ dIekazp/R.
R —b/2 —a/2
We define kxp/R = k, and kyp/R = k, so that
€a ] ] b/2 ) , a/2 ) ,
Eny (a7 b) — 7e—z(kR—wt)ezky(ny—l)d/ dy/ezkyy / dx’ etk
R b/2 —a/2

N b/2

F— %efi(kawt) Z eiky(nyfl)d/i

ny=1
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We see that each piece of this is something we did before

€A _i(kR—wt) i _ sin (Nk,d/2) . . )
E =2 i(kR—wt) jiky (N—1)d/2 y 9 9
i e “Sin (kydj2) bsinc (kyb/2) asinc (kya/2)

or if we define
kR.=kR— (N —1)dk,/2

_ caab p—i(kRe—wt) sin (N'kyd/2)

E R sin (kyd/2)

sinc (kyb/2) sinc (kya/2)
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Fourier Optics

11.1 Fourier Optics'

11.1.1 Fourier Transforms

The Fourier Transform can be used to represent any well behaved function f (z).

f(x)= 1 /000 [A (k) cos (kz) + B (k) sin (kx)] dk

™

where

A(k) = /_Oo f (z) cos (kx) dz

B (k) = / f (z)sin (kx) dzx
I can now substitute for A and B in the original expression and write:

f(z)= %fooo coskz ffooo f (') coska'dx’ dk+
+ L [ 7 sinka [T f (2/) sinka’da’dk

1
™
and then use

cos (¥’ — x) = coskzcoskx’ + sinkxsinkz’

f(z)= 71T/0Oo /_O;f(x')cos(k[x’ — x]) dz'dk

Since the inner integral is an even function we can write

@ =g [ raeosthi - ol aar

Now consider the fact that

i/ / f(z')sin (k [/ — 2]) do’dk = 0
Qﬂ- — 00 — 00
because sin is an odd function, ie.

/00 sin (k2" — z])dk =0

— 00

LThis content is available online at <http://cnx.org/content/m13101/1.2/>.
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CHAPTER 11
So we could have written
= o [ f (@) cos (k2" — x]) da’dk+
+ 5= [ foooo 2')sin (k [2 — x]) d2'dk
or L e e
- ! ik(mlfm) /
f(z) o 7oof(x)e dx'dk
or .
f@) =5 [ gy
where -
k) = / f(x)e*®da
is the Fourier transform of f (z).
Symbolically we write
g (k) =r{f (@)}
Fl@)=F " Ha(k)} = F"Hr{f (2)}}

Now these concepts are easily extended to two dimensions:

271' / /
/ / f 7 y z(a:k +yky)d$dy

f(z,y) (ks ky) e~ Rtk gk e,

where

g (ky, k)

. FOURIER OPTICS

This tells us is that any nonperiodic function of two variables f (z,y) can be synthesized from a distri-

bution of plane waves each with amplitude g (k, k)

Lets consider Fraunhofer diffraction through an aperture again

For example consider a rectangular

aperture as show in the figure. If g4 is the source strength per unit area (assumed to be constant over the
entire area in this example) and dS = dxdz is an infinitesmal area at a point in the aperture then we have

Image not finished

Figure 11.1

We can define a source strength per unit area

—

d E= %ei(wtfkr)

Notice that I flipped the sign in the exponential from what I used in the earlier lectures on diffraction.
This does not change the physics content of what we are doing in any way, however it allows our notation

to follow standard convention.

E: fprertu're R Z(Wt kr)dZdy

— i(wt—kR)
__ eae ikyY/R tkzZ/R
- R f prertuT'e € dye dz
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If we define k, = kY/R and k., = Z/R and we see that

— = i(wt—kR) ) .
__ eae iyky pizk.
E= R f prerture erve dde
— = i(wt—kR) .
__ eae i(yky+2zk.)
E= R f prerture € v dde

That is, it is equal to the Fourier transform. In fact one can define an "Aperture Function" A (y, z) .Such
that

—_— oo oo .
E= / / Ay, z) e Whyt2k2) gy >
—oo J—o0

For a rectangular aperture A (y,z) = £ae’ ™" GhGide the aperture and zero outside it. The aperture

function can be much more complex (literally) allowing for changes in source strength and phase through
the aperture. The resulting E field is the Fourier transform of the aperture function.

11.2 Dirac Delta Function’

11.2.1

The above allows us to relate the Fourier transform of an Aperture and the resulting E field from diffraction
through that aperture. To extend this to an array of apertures, requires that one introduce a new concept,
the Dirac delta function.

The fundamental definition of the Dirac delta function is

0(x)=0 if ©#0
FQ0) = [ f(2)d(x)dx

/Zé(x)d:z:l

This function has some important properties:

As a special case if f(x) =1

s = [ r@se -

which follows direction from the definition ie. define a new coordinate

a=x—2a
, then

r=a+a
and

da = dx.
Then

[ @)@ —a')de = [ f(a+1")é(a) da
= (@)
We also note that 6 () =0 (—zx).

2This content is available online at <http://cnx.org/content/m13102/1.2/>.
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It gets even more interesting. Recall
flx) = Lrrr £ (@) =) da! d
27T — 00 — 00
which we rearrange suggestively

J@) = g [ 75 T ) M) dat
_ ffooo [% fix;o eik(z'fz)dk} f(ac') da’

we also have

f@= [ 1656 -

so we must have

I _ 1 /OO ik(a:/fa:)
0(z' —z) = ) e dk
or

0(z) =9(-x) L /OO e~ ke

:% .

FOURIER OPTICS

That is the Dirac delta function is the inverse Fourier transform of 1. This is a very useful property that

allows us to do problems like Young’s double slit. Consider the aperture function:
A=Ey(6(y—a/2)+0(y+a/2))
where we have represented the slits by Dirac delta functions. Then we obtain
E= fix;c Eod (y —a/2) ek + f_oooo Eoyd (y+a/2) ety
=FE, (eiaky/Q +e—iaky/2)
= FEy2cos (kya/2)

= FEy2cos (7’““3“‘9)

which is exactly what we obtained before. Well that was a lot easier than what we did earlier in the course!

11.3 The Convolution Theorem and Diffraction’

To handle more complex cases of diffraction using Fourier transforms we need to know the convolution

theorem. Say ¢ (x)is the convolution of two other functions f and h. Then

g =fen= [ fE)he-a)a

It is probably best to illustrate convolution with some examples. In each example, the blue line represents
the function h (x — '), the red line the function f (x) and the green line is the convolution. In the animation;
follow the vertical green line that is the point where the convolution is being evaluated. Its value is the area

under the product of the two curves at that point.

3This content is available online at <http://cnx.org/content/m13106,/1.2/>.
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Figure 11.2

It might be easier to picture what is going on if we capture a couple of frames.
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Figure 11.3
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J =R

Figure 11.4

Here is a slightly more complicated example
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e

Figure 11.5

Finally it is interesting to note what happens when we spread out a few functions, that is in this case, f
is a step function in a couple of places.
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Figure 11.6

The convolution theorem states that if

G (k) = F{g(2)}
(k) = F{f ()}
and
H (k) = F{h(x)}
and if
(@) =f&h
then

We can easily show this

G (k)= [T g () e da’

= [ eth’ f f(z)h (2’ — x)dedz’
= [ [ h(2 —x) e da' f () da

now set w =z’ — x then 2’ = w+ 2z
G (k) = [ 72 b () e dweiheda
_ foooo 1kwdwf f 1kmdm
:H@)(@

ki =

169
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Now say we want to consider the case of two long slits with width a. This can be described by the
convolution of one slit with two delta functions. Unfortunately it is not possible to animate this since the
delta function is infinitely narrow. However an extremely narrow Gaussian is a good approximation to the
Dirac delta function and I have used that for the animation below.

Figure 11.7

So two slits of a finite width can be described by the convolution of two delta functions and rectangular
aperture function. Then the Fraunhofer diffraction pattern is just the product of the two Fourier transforms.

To sumarize: Fraunhofer diffraction patterns are the Fourier transform of the aperture function. The
Fourier transform of the convolution of functions is the product of the Fourier transforms of the individual
functions. each of our complex diffraction cases could be considered the convolution of simpler cases, hence
the resulting patterns were the products of those simpler cases.

11.4 An Array of Apertures’

Consider an array of rectangular slits of widths a and b with spacing d in the y direction, illuminated by
a plane wave. We want to derive the Fraunhofer diffracted field E (k;, k). The simplest way to do this
problem is to use Fourier optics: The array is a convolution of a single rectangular slit with an array of Dirac
delta functions.

That is the aperture function can be written

A=Ay (f®h)

4This content is available online at <http://cnx.org/content/m13107/1.2/>.
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where the symbol ® represents convolution and

f=1 when |z| <a/2 and |y| <b/2

=0 otherwise
N-1

h=Y 6(y—nyd)
ny=0

We now have that . .
E= e {1} {n}

where R is the distance from the origin to the point of measurement. and F'{} represents a Fourier transform.

Now we have
b/2 a/2 , ,
F{f} = / / ez(kmx +kyy )da:’dy’
b/2J—a/2

or rearranging,
b/2 ) , a/2 ) ,
F{f}= / dy etFuy / da’ et
—b/2 —a/2

These are integrals we have done a number of times already:
F{f} = bsinc (k,b/2) asinc (kya/2)

Next we transform the sums of the delta functions

Nl oo
Finy =3 / M5 (y — nyd) dy,

ny,=0""
which upon integration becomes
N—1
F{h} = Z ethvmud,
n,=0
We have also performed this sum before and it gives
F{h} = eihu(N-1d/2 sin (N'kyd/2)
sin (k,d/2) ~
So we have

. ) in (Nk,d/2
E— 5};\e—z(kR—wt)emy(N_nd/zWbsmc (kyb/2) asine (kya/2)
or if we define
kR. = kR — (N —1)dk,/2

€aad _;up —onSin(Nk,d/2) )
E= —e (kR. t)msmc (kyb/2) sinc (kza/2) .
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INDEX

Keywords are listed by the section with that keyword (page numbers are in parentheses). Keywords
do not necessarily appear in the text of the page. They are merely associated with that section. Ex.
apples, § 1.1 (1) Terms are referenced by the page they appear on. Ex. apples, 1

Ampere, § 5.3(57)

aperture, § 10.4(146), § 10.6(150), § 11.4(170)
apertures, § 10.7(157)

array, § 10.7(157)

Babinet, § 10.5(149)
beats, § 3.3(27)
Brewster’s angle, § 7.6(83)

cicular polarization, § 7.10(90)
circular, § 10.6(150)
compound pendulum, § 1.2(6)
concave, § 8.2(104)

convex, § 8.2(104)
convolution, § 11.3(164)
critical angle, § 7.6(83)

Curl, § 4.4(43), § 4.6(51)

Curl Theorem, § 4.6(51)
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