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Chapter 1

Introduction to Continuous-Time Signals

1.1 Continuous-Time Signals: Introduction’
The Merrian-Webster dictionary defines a signal as:

A detectable physical quantity or impulse (as a voltage, current, or magnetic field strength) by
which messages or information can be transmitted.

These are the types of signals which will be of interest in this book. Indeed, signals are not only the means
by which we perceive the world around us, they also enable individuals to communicate with one another on
a massive scale. So while our primary emphasis in this book will be on the theoretical foundations of signal
processing, we will also try to give examples of the tremendous impact that signals and systems have on
society. We will focus on two broad classes of signals, discrete-time and continuous-time. We will consider
discrete-time signals later on in this book. For now, we will focus our attention on continuous-time signals.
Fortunately, continuous-time signals have a very convenient mathematical representation. We represent a
continuous-time signal as a function x (¢) of the real variable ¢t. Here, ¢t represents continuous time and we
can assign to ¢ any unit of time we deem appropriate (seconds, hours, years, etc.). We do not have to make
any particular assumptions about x (t) such as boundedness (a signal is bounded if it has a finite value).
Some of the signals we will work with are in fact, not bounded (i.e. they take on an infinite value). However
most of the continuous-time signals we will deal with in the real world are bounded.

LThis content is available online at <http://cnx.org/content/m32862/1.2/>.
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Figure 1.1: Temperature signal recorded in Dallas, Texas from Aug. 16 to Aug. 22, 2002.

We actually encounter signals every day. Suppose we sketch a graph of the temperature outside the
Jerry Junkins Electrical Engineering Building on the SMU campus as a function of time. The graph might
look something like in Figure 1.1. This is an example of a signal which represents the physical quantity
temperature as it changes with time during the course of a week. Figure 1.2 shows another common signal,
the speech signal. Human speech signals are often measured by converting sound (pressure) waves into an
electrical potential using a microphone. The speech signal therefore corresponds to the air pressure measured
at the point in space where the microphone was located when the speech was recorded. The large deviations
which the speech signal undergoes corresponds to vowel sounds such as “ahhh" or “eeeeh" (voiced sounds)
while the smaller portions correspond to sounds such as “th" or “sh" (unvoiced sounds). In Figure 1.3, we
see yet another signal called an electrocardiogram (EKG). The EKG is a voltage which is generated by the
heart and measured by subtracting the voltage recorded from two points on the human body as seen in
Figure 1.4. Since the heart generates very low-level voltages, the difference signal must be amplified by a
high-gain amplifier.
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Figure 1.3: Human electrocardiogram (EKG) signal.
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Figure 1.4: Measurement of the electrocardiogram (EKG).
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1.2 Signal Power, Energy, and Frequency”

Signals can be characterized in several different ways. Audio signals (music, speech, and really, any kind of
sound we can hear) are particularly useful because we can use our existing notion of “loudness" and “pitch"
which we normally associate with an audio signal to develop ways of characterizing any kind of signal. In
terms of audio signals, we use “power" to characterize the loudness of a sound. Audio signals which have
greater power sound “louder" than signals which have lower power (assuming the pitch of the sounds are
within the range of human hearing). Of course, power is related to the amplitude, or size of the signal. We
can develop a more precise definition of power. The signal power is defined as:

1 /772
pe = lim —/ x? (t) dt (1.1)

ey = /00 x? (t)dt (1.2)

We can see that power has units of energy per unit time. Strictly speaking, the units for energy depend on
the units assigned to the signal. If z (t) is a voltage, than the units for e, would be volts?-seconds. Notice
also that some signals may not have finite energy. As we will see shortly, periodic signals do not have finite

2This content is available online at <http://cnx.org/content/m32864/1.3/>.



energy. Signals having a finite energy are sometimes called energy signals. Some signals that have infinite
energy however can have finite power. Such signals are sometimes called power signals.

We use the concept of “frequency"” to characterize the pitch of audio signals. The frequency of a signal is
closely related to the variation of the signal with time. Signals which change rapidly with time have higher
frequencies than signals which are changing slowly with time as seen Figure 1.5. As we shall see, signals can
also be represented in terms of their frequencies, X (j€2), where Q is a frequency variable. Devices which
enable us to view the frequency content of a signal in real-time are called spectrum analyzers.
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Figure 1.5: The signal y () contains a greater amount of high frequencies than z ().

Something to keep in mind is that the signals shown in Figures Figure 1.1, Figure 1.2, and Figure 1.3
each have different units (degrees Fahrenheit, pressure, and voltage, respectively). So while we can compare
relative frequencies between these signals, it doesn’t make much sense to compare their power since each
signal has different units. We will take a more formal look at the frequency of signals starting in Chapter 2.

1.3 Basic Signal Operations’
We will be considering the following basic operations on signals:
e Time shifting:
y(t) = (t—7) (1.3)

The effect that a time shift has on the appearance of a signal is seen in Figure 1.6. If 7 is a positive
number, the time shifted signal, = (¢t — 7) gets shifted to the right, otherwise it gets shifted left.
e Time reversal:

y(t) = (~t) (14)

3This content is available online at <http://cnx.org/content,/m32866,/1.2/>.
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Time reversal flips the signal about ¢ = 0 as seen in Figure 1.6.
e Addition: any two signals can be added to form a third signal,

z2() =z () +y () (1.5)

e Time scaling:
y(t) = = () (1.6)

Time scaling “compresses" the signal if Q > 1 or “stretches" it if Q < 1 (see Figure 1.7).
e Multiplication by a constant, a:

y(t) = ax (t) (L.7)
e Multiplication of two signals, their product is also a signal.
z(t) =z (t)y(t) (1.8)

Multiplication of signals has many useful applications in wireless communications.
e Differentiation:

y(t) = dzgt) (1.9)
e Integration:
y(t):/x(t)dt (1.10)

There is another very important signal operation called convolution which we will look at in detail in Chapter
3. As we shall see, convolution is a combination of several of the above operations.
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Figure 1.6: (a) original signal, (b) time-shift, (c) time-reversal.
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(a) X(t)

v

Figure 1.7: (a) original signal, (b) Q2 > 1, (¢) 2 < 1.




1.4 Complex Numbers and Complex Arithmetic"

Before we begin studying signals, we need to review some basic aspects of complex numbers and complex
arithmetic. The rectangular coordinate representation of a complex number z is z has the form:

z=a+jb (1.11)

where a and b are real numbers and j = /—1. The real part of z is the number a, while the imaginary part
of z is the number b. We also note that jb (jb) = —b? (a real number) since j (j) = —1. Any number having
the form

z = jb (1.12)

where b is a real number is an imaginary number. A complex number can also be represented in polar
coordinates

z =rel? (1.13)
where
r=+a?+b2 (1.14)
is the magnitude and
0 = arctan (2) (1.15)

is the phase of the complex number z. The notation for the magnitude and phase of a complex number is
given by |z| and Zz, respectively. Using Euler’s Identity:

e = cos (0) + jsin (0) (1.16)

it follows that a = rcos (0) and b = rsin (0). Figure 1.8 illustrates how polar coordinates and rectangular
coordinates are related.

Im(z)

Figure 1.8: Relationship between rectangular and polar coordinates.

4This content is available online at <http://cnx.org/content/m32867/1.2/>.



10 CHAPTER 1. INTRODUCTION TO CONTINUOUS-TIME SIGNALS

Rectangular coordinates and polar coordinates are each useful depending on the type of mathematical
operation performed on the complex numbers. Often, complex numbers are easier to add in rectangular
coordinates, but multiplication and division is easier in polar coordinates. If z = a + jb is a complex number
then its complex conjugate is defined by

z"=a—jb (1.17)
in polar coordinates we have
2* =re Y (1.18)
note that zz* = |z|2 =72 and z+ 2z* = 2a. Also, if 21, 29, ..., 2y are complex numbers it can be easily shown
that
(z1+ 20+ +zy) =27 +25+ -+ 2N (1.19)

and

(2122 2N) = 2725 2N (1.20)

Table 1.1 indicates how two complex numbers combine in terms of addition, multiplication, and division
when expressed in rectangular and in polar coordinates.

operation | rectangular polar

21+ 22 (a1 + az) + 7 (b1 + b2)

2129 ajas — bibs +j (albg + (12[)1) 7’1T26j(91+02)
(a1aa+b1ba)+j(biaz—aibz) j(61—0

z1/22 S 2;§+b§1 — %6]( o)

Table 1.1: Operations on two complex numbers, z; = a; + jby = r1699 and z9 = as + jbo = roeif2. The
sum of two complex numbers is cumbersome to express in polar coordinates, and is not shown.

1.5 Periodic Signals’

Periodic signals have the following property:

x(t)=ax(t+kT) (1.21)

where k is an integer and T is called the fundamental period. Periodic have the property that they “repeat"
every T seconds. For periodic signals, the power can be defined as

1 to+T
Pe = — x? (t) dt (1.22)
T Jy,
Figure 1.9 shows an example of a periodic signal. We will study the frequency content of periodic signals
in some detail in Chapter 2.

5This content is available online at <http://cnx.org/content/m32869/1.2/>.
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Figure 1.9: General periodic signal.

1.6 Sinusoidal Signals®

Sinusoidal signals are perhaps the most important type of signal that we will encounter in signal processing.
There are two basic types of signals, the cosine:

x (t) = cos (§2t) (1.23)

and the sine:

x (t) = sin () (1.24)

Plots of the sine and cosine signals are shown in Figure 1.10. Sinusoidal signals are periodic signals. The
period of the cosine and sine signals shown above is given by T = 27/Q. The frequency of the signals is
Q) = 27 /T which has units of rad/sec . Equivalently, the frequency can be expressed as 1/T, which has
units of sec™!, cycles/sec, or Hz. The quantity Ot has units of radians and is often called the phase of the
sinusoid. Recalling the effect of a time shift on the appearance of a signal, we can observe from Figure 1.10
that the sine signal is obtained by shifting the cosine signal by T'/4 seconds, i.e.

6This content is available online at <http://cnx.org/content/m32870/1.4/>.
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Figure 1.10: Cosine and sine signals. Each signal is periodic with period T' = 27/Q.

sin (Qt) = cos (A (t — T/4)) (1.25)
and since T = 27 /Q), we have
sin () = cos (AU —7/2) (1.26)
Similarly, we have
cos (Qt) = sin (At +7/2) (1.27)
Using Euler’s Identity, we can also write:
1. ,
cos () = o (7 eI (1.28)
and
1 . 4
sin (Qt) = 27 (e-mt — e_JQt) (1.29)
J

The quantity e/* is called a complex sinusoid and can be expressed as

eI — cos () £ jsin () (1.30)

There are a number of trigonometric identities which are sometimes useful. These are shown in Table 1.2.
Table 1.3 shows some basic calculus operations on sine and cosine signals.
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[cos ( )
[sin (01 — 02) — sin (61 + 62)]
[cos (01 — 63) + cos (01 + 03)]
acos (6) + bsin (0) = Va2 + b2cos (0 — tan™ ( )

fOT sin (kQot) cos (nQt) dt = 0

fOT sin (kQot) sin (nQt) dt = 0,k #n
fOT cos (kQt) cos (nQot)dt = 0,k # n
fOT sin® (nQt) dt = T/2

fOT cos® (nQut) dt = T/2

Table 1.3: Derivatives and integrals of sinusoidal signals.

Now suppose that we have a sum of two sinusoids, say

x (t) = cos (t) + cos (Qat) (1.31)

It is of interest to know what the period T of the sum of 2 sinusoids is. We must have

z(t—=T) = cos(Q(t—T))+cos(Q(t—T))
= cos(Qt — U T) + cos (Qat — Q7)) (1.32)

It follows that T = 27k and Q2T = 27l, where k and [ are integers. Solving these two equations for T'
gives T = 27k /Qy = 27l/Q2. We wish to select the shortest possible period, since any integer multiple of
the period is also a period. To do this we note that since 2wk/Q; = 271/, we can write

Q0 k

L 1.33

QQ l ( )
so we seek the smallest integers k and [ that satisfy (1.33). This can be done by finding the greatest common
divisor between k and [. For example if ;3 = 10w and Q5 = 157, we have k = 2 and [ = 3, after dividing
out 5, the greatest common divisor between 10 and 15. So the period is T' = 27k/; = 0.4 sec. On the
other hand, if Q; = 10w and Q5 = 10.17, we find that £k = 100 and [ = 101 and the period increases to
T = 27k /Q; = 20 sec. Notice also that if the ratio of Q; and €25 is not a rational number, then z (¢) is not
periodic!
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If there are more than two sinusoids, it is probably easiest to find the period of one pair of sinusoids at
a time, using the two lowest frequencies (which will have a longer period). Once the frequency of the first
two sinusoids has been found, replace them with a single sinusoid at the composite frequency corresponding
to the first two sinusoids and compare it with the third sinusoid, and so on.

1.7 Introduction to Continuous-Time Signals: Exercises’

1.

© 0N o

Consider the signals shown in Figure 1.11. Sketch the following signals®:

a. T (t) + 229 (t)
—t) — T2 (t — 1).

S E® e B T
8
5
=
~
S

For each of the signals in Figure 1.12:

a. What is the period?
b. Sketch z (t — 0.25), and = (t + 1).
c. Find the power for each signal.

Suppose that z; = 3+ j2, 20 =4 + j5. Find:

|Zl|7 42:17 |22|a 4Z2

z1 + z2 in rectangular coordinates.

7122 in rectangular and polar coordinates.
21/22 in polar coordinates.

What is the period, frequency, and power of the sinusoidal signal x (t) = 2cos (5t).

Can you find a general formula for the power of the sinusoidal signal z (t) = Acos (£2t)?

Express 2cos (10t) 4+ 3sin (10t) as a single sinusoidal signal.

Sketch x (t) = sin (t — ) for 6 = 7/4,7/2, and 37 /4.

Sketch z (t) = sin (2t — 0) for § = 7 /4,7/2, and 37 /4.

Consider the motion of the second hand of a clock. Assume the length of the second hand is 1 meter.
(a) what is the angular frequency of the second hand. (b) find an expression for the horizontal and
vertical displacements of the tip of the second hand, assuming the origin is at the clock center and
t = 0 when the second hand is over the 3.

"This content is available online at <http://cnx.org/content/m32871/1.3/>.
8 Assume that for step discontinuities, the signal takes on the greater of the two values.
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Figure 1.11: Signals for problem 1.

x(t)

Figure 1.12: Signals for problem 2.

(1.34)
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Chapter 2

Fourier Series of Periodic Signals

2.1 Symmetry Properties of Periodic Signals'
A signal has even symmetry of it satisfies:

z(t) =z (—t) (2.1)
and odd symmetry if it satisfies

@ (t) = —a (—t) (2.2)

Figure 2.1 shows pictures of periodic even and odd symmetric signals. If z (¢) is an odd symmetric periodic
signal, then we must have:

to+T
/ 2 (t)dt =0 (2.3)

This is easy to see if we choose tg = —T'/2.

LThis content is available online at <http://cnx.org/content/m32875/1.2/>.

17
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(a) X(t)

VARV

X(t)
0 t

Figure 2.1: (a) Even-symmetric, and (b) odd-symmetric periodic signals. Note that the integral over
any period of an odd-symmetric periodic signal is zero.

We also note that the product of two even signals is also even while the product of an even signal and an
odd signal must be odd. Finally, the product of two odd signals must be even. For example, suppose z, (t) has
odd symmetry and z. (t) has even symmetry. Their product has odd symmetry because if y (t) = z, (t) z. (t),

then y (—t) = z, (—t) e (—t) = —y (¢).
2.2 Trigonometric Form of the Fourier Series’
A major goal of this book is to develop tools which will enable us to study the frequency content of signals.

An important first step is the Fourier Series. The Fourier Series enables us to completely characterize the
frequency content of a periodic signal®. A periodic signal x (t) can be expressed in terms of the Fourier

2This content is available online at <http://cnx.org/content/m32879/1.4/>.
3There are periodic signals for which a Fourier series doesn’t exist, conditions for existence of the Fourier series are given
below.
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Series, which is given by:

x(t) =ap+ Z ancos (nQot) + Z bpsin (nQot) (2.4)
n=1 n=1
where
27
Qo= — 2.5
=2 (25)
is the fundamental frequency of the periodic signal. Examination of (2.4) suggests that periodic signals can
be represented as a sum of suitably scaled cosine and sine waveforms at frequencies of €2y, 2, 3Q, .... The

cosine and sine terms at frequency n€)y are called the n'* harmonics. Evidently, periodic signals contain
only the fundamental frequency and its harmonics. A periodic signal cannot contain a frequency that is not
an integer multiple of its fundamental frequency.

In order to find the Fourier Series, we must compute the Fourier Series coefficients. These are given by

1 to+T
a0 = \ x(t)dt (2.6)
2 to+T
an = x (t) cos (nSdot) dt, n=1,2,.. (2.7)
to
2 to+T
b, = T x (t) sin (nQot)dt, n=1,2,.. (2.8)
to

From our discussion of even and odd symmetric signals, it is clear that if = (¢) is even, then x (¢) sin (nQot)

must be odd and so b, = 0. Also if, z (¢) has odd symmetry, then z (t) cos (n€2pt) also has odd symmetry
and hence a,, = 0 (see exercise ). Moreover, if a signal is even, since x (t) cos (nfot) is also even, if we use
the fact that for any even symmetric periodic signal v (),

T/2 T/2
/ v (t)dt =2 / or (2.9)
T2 0

then setting to = —7T/2 in (2.7) gives,

4 (772
an = T/ x (t) cos (nQot) dt, n=1,2,.. (2.10)
0

This can sometimes lead to a savings in the number of integrals that must be computed. Similarly, if x (¢)
has odd symmetry, we have

T

Example 2.1 Consider the signal in Figure 2.2. This signal has even symmetry, hence all of the b, = 0.
We compute aq using,

T/2
by, = —/ x (t) sin (nQot)dt, n=1,2,.. (2.11)
0

1 to+T
= = t)dt 2.12
w=g [ =0 (212

which we recognize as the area of one period, divided by the period. Hence, ag = 7/T. Next, using (2.7)
we get

2 /2
ap = — cos (nQpt) dt (2.13)
T —7/2
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Note how the limits of integration only go from —7/2 to 7/2 since x (t) is zero everywhere else. Evaluating
this integral leads to

_ 27 sin (nQ7/2)

T nQor/2 o

Figure 2.3 shows the first few Fourier Series coefficients for 7 = 1/2 and 7' = 1. If we attempt to reconstruct
z (t) based on only a limited number (say, N) of Fourier Series coefficients, we have

(2.14)

. N
z (t) =ap+ Z ancos (nfot) (2.15)

n=0

Figures Figure 2.4 and Figure 2.5 show z (t) for N = 10, and N = 50, respectively. The ringing characteristic
is known as Gibb’s phenomenon and disappears only as N approaches co.
The following example looks at the Fourier series of an odd-symmetric signal, a sawtooth signal.
Example 2.2 Now let’s compute the Fourier series for the signal in Figure 2.6. The signal is odd-
symmetric, so all of the a, are zero. The period is T = 3/2, hence Qy = 4n/3. Using (2.8), the b,
coefficients are found by computing the following integral,

g [1/2

by, = f/ tsin (dmnt/3) dt (2.16)
3/ 12

After integrating by parts, we get
s (2mn/3) cos (2mn/3)

b, =3 -2 =1,2,... 2.17
n (ﬂ'n)2 . y T )<y ( )

These are plotted in Figure 2.7 and approximations of z (¢) using N = 10 and N = 50 coefficients are shown
in Figures Figure 2.8 and Figure 2.9, respectively.

x(t)

-

T -2 0 12 T

Figure 2.2: Example "Trigonometric Form of the Fourier Series". This signal is sometimes called a
pulse train.
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Figure 2.3: Fourier Series coefficients for Example "Trigonometric Form of the Fourier Series".
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Figure 2.4: Approximation to z (t) based on the first 10 Fourier Series coefficients for Example "Trigono-
metric Form of the Fourier Series".
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Figure 2.5: Fourier Series coefficients for Example "Trigonometric Form of the Fourier Series".

=5 -1 -05 0 05 1 15
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Figure 2.6: Example "Trigonometric Form of the Fourier Series". Sawtooth signal.
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Figure 2.7: Fourier Series coefficients for Example "Trigonometric Form of the Fourier Series".

Figure 2.8: Approximation to z (t) based on the first 10 Fourier Series coefficients for Example "Trigono-
metric Form of the Fourier Series".
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5 -1 -05 ©0 05 1 15
t (sec)

Figure 2.9: Fourier Series coefficients for Example "Trigonometric Form of the Fourier Series".

References (Chapter 5)

2.3 Half-Wave Symmetry"’

2.3.1 Half-Wave Symmetry

Periodic signals having half-wave symmetry have the property
z(t) = —xz({t—-T/2)
x(t) = —ax(t+T/2)

It turns out that signals with this type of symmetry only have odd-numbered harmonics, the even harmonics
are zero. To see this, lets look at the formula for the coefficients a,,:

(2.18)

a, = 2 ttoo+T x (t) cos (nQot) dt

= 7 { tt;+T/2 z (t) cos (nQot) dt + j;?j_r;ﬂ x (t) cos (nQot) dt (2.19)

= %[11 + Io]

no

Making the substitution 7 =¢ — T/2 in I, gives

I, — to+T/2x(7—+T/2) coS (nQo (T+T/2)) dr

to

= = [FT2 0 () cos (nQ (7 + T/2)) dr (2.20)

to

The quantity cos (nQ (7 +T/2)) = cos (n21 + n7) can be simplified using the trigonometric identity

cos (u £ v) = cos (u) cos (v) F sin (u) sin (v) (2.21)

4This content is available online at <http://cnx.org/content/m32877/1.4/>.
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We have
cos (N +nw) = cos (nQ1) cos (nm) — sin (nQdr) sin (n) (2.22)
= (=1)"cos (nQ21) — 0 .
Therefore
t0+T/2
I = —(—1)"/ x (1) cos (nQ7) dT (2.23)
to
and we can write:
2 t()+T/2
an =7 (1— (—1)")/ x (t) cos (nSot) dt (2.24)
to
From this expression we find that a,, = 0 whenever n is even. In fact, we have
to+T/2
Qot) dt, , odd
o - 7 Jr ) cos (nQot) n (2.25)
07 n, even
A similar derivation leads to
to+T/2 .
) sin (nQot) dt, n, odd
b= 7o (n€2ot) (2.26)

n, even

)

A good choice of ty can lead to a considerable savings in time when calculating the Fourier Series of half-
wave symmetric signals. Note that half-wave symmetric signals need not have odd or even symmetry for
the above formulae to apply. If a signal has half-wave symmetry and in addition has odd or even symmetry,
then some additional simplification is possible. Consider the case when a half-wave symmetric signal also
has even symmetry. Then clearly b, = 0, and (2.25) applies. However since the integrand in (2.25) is the
product of two even signals, z (t) and cos (nfdot), it too has even symmetry. Therefore, instead of integrating
from, say, —T'/4 to T'/4, we need only integrate from 0 to 7'/4 and multiply the result by 2. Therefore the
formula for a,, for an even, half-wave symmetric signal becomes:

o - fT/4 ) cos (nQot) dt, n, odd (2.27)
0, n, even
by =0 (2.28)

For an odd half-wave symmetric signals, a similar argument leads to

an =0 (2.29)

x (t) sin (nQot) dt, n, odd

T Jo
by, = {
0, n, even

(2.30)
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2.4 Convergence of the Fourier Series’

Consider the trigonometric form of the Fourier series

o0 o0
x(t) =ap+ Z ancos (nQot) + Z bpsin (nQot) (2.31)
n=1 n=1
It is important to state under what conditions this series (the right-hand side of (2.31)) will actually converge
to z (t). The nature of the convergence also needs to be specified. There are several ways of defining the
convergence of a series.

1. Uniform convergence: define the finite sum:
N N
xn (1) =ao+ Z ancos (nQot) + Z bpsin (nQot) (2.32)
n=1 n=1

where N is finite. Then the series converges uniformly if the absolute value of x (t) — z () satisfies
|z (t) —zy ()| <e (2.33)

for all values of t and some small positive constant ¢.
2. Point-wise convergence: as with uniform convergence, we require that

‘x (t) — N (t)’ <e (2.34)

for all . The main difference between uniform and point-wise convergence is that for the latter, the
number of terms in the summation N (t) needed to get the error below ¢ may vary for different values
of t.

3. Mean-squared convergence: here, the series converges if for all ¢:

to+T

lim | () — engy (8)|°dt = 0 (2.35)

N—oo to
Gibb’s phenomenon, mentioned in some of the examples above, is an example of mean-squared con-
vergence of the series. The overshoot in Gibb’s phenomenon occurs only at abrupt discontinuities.
Moreover, the height of the overshoot stays the same independently of the number of terms in the
series, N. The overshoot merely becomes less noticeable because it becomes more and more narrow as
N increases.

Dirichlet has given a series of conditions which are necessary for a periodic signal to have a Fourier series.
If these conditions are met, then

e the Fourier series has point-wise convergence for all ¢ at which z (¢) is continuous.
e where z (¢) has a discontinuity, then the series converges to the midpoint between the two values on
either side of the discontinuity.

The Dirichlet Conditions are:
1. z (t) has to be absolutely integrable on any period:

to+T
/ I ()] dt < o0 (2.36)

to

2. z (t) can have only a finite number of discontinuities on any period.
3. x (t) can have only a finite number of extrema on any period.

Most periodic signals of practical interest satisfy these conditions.
References (Chapter 5)

5This content is available online at <http://cnx.org/content/m32880/1.4/>.
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2.5 Complex Form of the Fourier Series’

The trigonometric form of the Fourier Series, shown in (2.4) can be converted into a more convenient form
by doing the following substitutions:

6jnﬂgt + efj’nﬂot

cos (nQpt) = 5 (2.37)
~ ejnﬂot _ efjnﬂ()t
i [ T 2.
sin (nSot) I (2.38)
After some straight-forward rearranging, we obtain
_ - an_jb’ﬂ inQot = an+jb” —JnQot
x<t>_a0+;[2]6a °+n§_:1[2 ein (2.39)

Keeping in mind that a,, and b,, are only defined for positive values of n, lets sum over the negative integers
in the second summation:

- n - bn 1 — —n .b_n .
() =ap+ Y. {a;} ot 4 37 [“;J] ednStot (2.40)
n=1

n=-—1

Next, let’s assume that a,, and b,, are defined for both positive and negative n. In this case, we find that
an = a_, and b, = —b_,,, since

a—p = % ti°+Tx(t) cos (—npt) dt
2 [1%T 5 (t) cos (nQot) dt (2.41)
= an
and
bop = 2 :0°+Tx (t) sin (—nQot) dt
= =2 [T (t) sin (nQot) dt (2.42)
= —bn
Using this fact, we can rewrite (2.40) as
_ [ =300 ] gnaet . N~ [@n =300 ] jnao
z(t)=ag+» {2] et 4 N [2 eI (2.43)
n=1 n=—1
If we define’cy = ag, and
n bn
en=2 23 (2.44)
then we can rewrite (2.43) as
z(t)= D cpe" ! (2.45)

6This content is available online at <http://cnx.org/content/m32887/1.4/>.
"The notation “=" is often used instead of the “=" sign when defining a new variable.
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which is called the complex form of the Fourier Series. Note that since a_,, = a,, and b_,, = —b,,, we have
Cep =C (2.46)
This means that
|c—n| = len| (2.47)
and

Loy =—Ley (2.48)

Next, we must find formulas for finding the ¢,, given x (t). We first look at a property of complex exponentials:

tot+T T k=0
/ eIFotgr = { 77 (2.49)
to 0, otherwise
To see this, we note that
to+T to+T to+T
/ IRkt gy — / cos (kQot) + j/ sin (kQot) dt (2.50)
to to to

It’s easy to see that k£ also has period T', hence the integral is over k periods of cos (kQot) and sin (kQot).
Therefore, if k£ # 0, then

to+T
/ eHWotdt =0 (2.51)
to
otherwise
to+T to+T
/ eIkt g — / dt=T (2.52)
to to
We use (2.49) to derive an equation for ¢, as follows. Consider the integral
to+T )
/ 2 (1) et gy (2.53)
to

Substituting the complex form of the Fourier Series of x (¢) in (2.53), (using % as the index of summation)
we obtain

to+T oo ) )
/ Z cpe?Fhot | gmintot gy (2.54)
to

k=—o0

Rearranging the order of integration and summation, combining the exponents, and using (2.49) gives

S to+T )
> cn/ eI F=mot g — T, (2.55)
k=—oc0 to
Using this result, we find that
1 [to+T 4
Cp = —/ x (t) eIl gy (2.56)
T /i,
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Example 2.1 Let’s now find the complex form of the Fourier Series for the signal in Example p. 20. The
integral to be evaluated is

2 0.5 Cam,
Cn == 2te™7 73 0t (2.57)
3J-05
Integrating by parts yields
_J J3 .
¢ = ——cos (2mn/3) — 5 sin (2mn/3) (2.58)
nm (nm)

Figure 2.10 shows the magnitude of the coefficients, |c,|. Note that the complex Fourier Series coefficients
have even symmetry as was mentioned earlier.

0.35

0.3

0.25

0.2r

lc

0.15
0.1-

0.05

..r.,wawTﬂTrTTTTM I . I hhTITTT??T??T??TMw?n

-30 -20 -10 0 10 20 30

Figure 2.10: Fourier Series coefficients for Example "Complex Form of the Fourier Series".

Can the basic formula for computing the ¢, in (2.56) be simplified when xz (¢) has either even, odd, or
half-wave symmetry? The answer is yes. We simply use the fact that

(2.59)

and solve for a,, and b,, using the formulae given above for even, odd, or half-wave symmetric signals. This
avoids having to integrate complex quantities. This can also be seen by noting that (setting to, = 7/2 in
(2.56)):

T fTﬁz ) cos (nQot )dt — fTﬁQ t) sin (nQot) dt (2.60)
= Lo _ip
- 30n — 50n

Alternately, if x (t) has half-wave symmetry, we can use (2.60), (2.24), and (2.25) to get

I8 x(t) eI tdt, n odd
—{ T o (2.61)

O, n even
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Unlike the trigonometric form, we cannot simplify this further if z (¢) is even or odd symmetric since e ~/¢%?
has neither even nor odd symmetry.

Example 2.2 In this example we will look at the effect of adjusting the period of a pulse train signal.
Consider the signal depicted in Figure 2.11.

x(t)

-

T -2 0 12 T

Figure 2.11: Pulse train having period T used in Example "Complex Form of the Fourier Series".

The Fourier Series coefficients for this signal are given by

_ 1 (7/2 _—jnQot
Cn = T_];T/2€ dt

jn?i)T (efanO'r/Z _ eanOT/Q)

T 5in(nQo7/2) (262)
T nQot/2

= Zsinc (nf2o7/2)

Figure 2.12 shows the magnitude of |c,|, the amplitude spectrum, for T = 1 and 7 = 1/2 as well as the
Fourier Series for the signal based on the first 30 coefficients

N 30
z(t)= Y cpe"® (2.63)
n=-—30

Similar plots are shown in Figures Figure 2.13, and Figure 2.14, for T'= 4, and T = 8, respectively.



0.5
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=6.5 0 05

Figure 2.12: Example "Complex Form of the Fourier Series", T' = 1,7 = 1/2: (top) Fourier Series
coefficient magnitudes, (b) = (¢).
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0.12r

0.1

0.08~

o

0.06r

0.04-

0.02-

il H h TWTT rTanrym.

-40 -30 -2 0 40
n

x(t)

Figure 2.13: Example "Complex Form of the Fourier Series", T' = 4,7 = 1/2: (top) Fourier Series

coefficient magnitudes, (b) = (¢).
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"Ml L

-40 -30 -20 ~-10 0 10 20 3 40
n

x(t)

Figure 2.14: Example "Complex Form of the Fourier Series", T' = 8,7 = 1/2: (top) Fourier Series

coefficient magnitudes, (b) = (¢).

This example illustrates several important points about the Fourier Series: As the period T increases,
Qo decreases in magnitude (this is obvious since Qo = 27/T'). Therefore, as the period increases, successive
Fourier Series coefficients represent more closely spaced frequencies. The frequencies corresponding to each
n are given by the following table:

n Q

0 0

+1 | Qo
+2 | £2Q
+n | £ny

Table 2.1
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This table establishes a relation between n and the frequency variable 2. In particular, if T'= 1, we have
QQ =27 and

n Q

0 0

+1 | £27
+2 | +4n
£n | £2nm
Table 2.2

If T =T, then Qy = 7/2 and

n Q

0 0

+1 | +7/2

+2 | 7

+n | £nw/2
Table 2.3

and if T'= 8, we have Qy = 7/4 and

n Q

0 0

+1 | £n/4

+2 | +m/2

tn | £nn/4
Table 2.4

Note that in all three cases, the first zero coefficient corresponds to the value of n for which Q = 4.
Also, as T gets bigger, the ¢, appear to resemble more closely spaced samples of a continuous function of
frequency (since the n{Q) are more closely spaced). Can you determine what this function is?

As we shall see, by letting the period T get large (infinitely large), we will derive the Fourier Transform
in the next chapter.

References (Chapter 5)



2.6 Parseval’s Theorem for the Fourier Series®

Recall that in Chapter 1, we defined the power of a periodic signal as

1 to+T )
Dy = —/ x” (t) dt
T /i,

where T is the period. Using the complex form of the Fourier series, we can write

x(t)2 _ ( Z Cneanot> ( Z Cmejmﬂot>

n=—oo m=—0o0

35

(2.64)

(2.65)

where we have used the fact that 2(t)> = = (t) z(t)", i.e. since  (t) is real z (t) = x(t)*. Applying (1.19)

and (1.20) gives

() = (0l en€" ) (oo eI )
D> D DA

= 0 el Y, cach, e (I

Substituting this quantity into (2.64) gives

1 totT 00 2 i(n—m)Qot
Pz = T to Zn:—oo |C"| + Zn#m cncjnej(n ™) dt
) 2 1 ptotT j(n—m)Qot
= Zn:_oo |Cn| + T to Zn#m CnC;knej(n m) 0 dt

It is straight-forward to show that

T
LT S e el gy
, CnCp, € dt =0
to

n#EmM
This leads to Parseval’s Theorem for the Fourier series:

oo

Pz = Z |CTL|2

n=—oo

(2.66)

(2.67)

(2.68)

(2.69)

which states that the power of a periodic signal is the sum of the magnitude of the complex Fourier series

coefficients.

2.7 The Fourier Series: Exercises’

1. Show that an even-symmetric periodic signal has Fourier Series coefficients b, = 0 while an odd-

symmetric signal has a,, = 0.

2. Find the trigonometric form of the Fourier Series of the periodic signal shown in Figure 2.15.
Find the trigonometric form of the Fourier Series for the periodic signal shown in Figure 2.16.

@

4. Find the trigonometric form of the Fourier Series for the periodic signal shown in Figure 2.17 for 7 = 1,

T =10.
5. Suppose that x (t) = 5 + 3cos (5t) — 2sin (3t) + cos (45t).

a. Find the period of this periodic signal.
b. Find the trigonometric form of the Fourier Series.

6. Find the complex form of the Fourier Series of the periodic signal shown in Figure 2.15.

8This content is available online at <http://cnx.org/content/m32881/1.3/>.
9This content is available online at <http://cnx.org/content/m32884/1.3/>.



36 CHAPTER 2. FOURIER SERIES OF PERIODIC SIGNALS

7. Find the complex form of the Fourier Series of the periodic signal shown in Figure 2.16.
8. Find the complex form of the Fourier Series for the signal in Figure 2.17 using:
a. 7=1,T =10.
b. 7 =1, T = 100.
For each case plot the magnitude of the Fourier Series coefficients. You may use Matlab or some other
programming language to do this.

9. Show that
1 to+T )
= > encp el Tt = 0 (2.70)
T to n#m
x(t)
. 1
| | : ! ' :
2 -1 0 1 2 3
-1

Figure 2.15: Signal for problems list, p. 35 and list, p. 35.

Figure 2.16: Signal for problem list, p. 35 and list, p. 35.




X(t)

Figure 2.17: Pulse train signal for problems list, p. 35 and list, p. 35.

37
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Chapter 3

The Fourier Transform

3.1 Derivation of the Fourier Transform'

Let’s begin by writing down the formula for the complex form of the Fourier Series:

o0
z(t) = Z cpedSkot

n=—oo
as well as the corresponding Fourier Series coefficients:

1 to+T

== t) e Ity
tn =77 . z(t)e

(3.1)

(3.2)

As was mentioned in Chapter 2, as the period T gets large, the Fourier Series coefficients represent more
closely spaced frequencies. Lets take the limit as the period T goes to infinity. We first note that the

fundamental frequency approaches a differential

27
QO = ? — df)
consequently
1 Q dQ
—_ -0 _ ="
T 27 2w

The nth harmonic, n{)y, in the limit approaches the frequency variable €2

TZQO_>Q

From equation (3.2), we have

cn T — / x (t) e IMat

The right hand side of (3.6) is called the Fourier Transform of x (t):

X () = /jo x (t) e IMdt

LThis content is available online at <http://cnx.org/content/m32889/1.3/>.
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(3.3)
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Now, using (3.6), (3.4), and (3.5) in equation (3.1) gives

o (t) = % [ ~ X (j) a0 (3.8)

which corresponds to the inverse Fourier Transform. Equations (3.7) and (3.8) represent what is known as
a transform pair. The following notation is used to denote a Fourier Transform pair
z (t) « X (§Q) (3.9)
We say that « () is a time domain signal while X (jQ) is a frequency domain signal. Some additional
notation which is sometimes used is
X (j) = Pl (1)} (3.10)

and

z(t) = F7YX (j)} (3.11)
References (Chapter 5)

3.2 Properties of the Fourier Transform’
The Fourier Transform (FT) has several important properties which will be useful:
1. Linearity:
azxy (t) + Bxe (1) < aX1 (jQ) + X2 (jQ) (3.12)

where o and (8 are constants. This property is easy to verify by plugging the left side of (3.12) into
the definition of the FT.
2. Time shift:
z(t—7) e X (jQ) (3.13)

To derive this property we simply take the FT of x (¢t — 7)
/ x(t—7)e I HMdt (3.14)
using the variable substitution v =t — 7 leads to
t=~v+7 (3.15)
and
dy = dt (3.16)

We also note that if ¢ = too then 7 = too. Substituting (3.15), (3.16), and the limits of integration
into (3.14) gives
Jow (1) e R0 dy = eI [T a(y) eI N dy (3.17)
s )

which is the desired result.

2This content is available online at <http://cnx.org/content/m32892/1.3/>.
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3. Frequency shift: _
z (1) 7 X (5 (2 — Qo)) (3.18)

Deriving the frequency shift property is a bit easier than the time shift property. Again, using the
definition of FT we get:

X g (t)efteIMqE = [ g (t) e IR0t
10 [ ) 519)
= X (7 (22— Q))
4. Time reversal:
z(—t) « X (—jQ) (3.20)
To derive this property, we again begin with the definition of FT:
/ x(—t) e IMat (3.21)
—00

and make the substitution v = —¢. We observe that dt = —dy and that if the limits of integration for
t are 00, then the limits of integration for « are Fy. Making these substitutions into (3.21) gives

B I d~ny = > I g
Joo @ () ¥y Sz () oy (3.22)
= X (=)
Note that if 2 (¢) is real, then X (—jQ) = X(5Q)".
5. Convolution: The convolution integral is given by
y(t) = / z(r)h(t—7)dr (3.23)
The convolution property is given by

Y (jQ) < X (j9) H () (3.24)

To derive this important property, we again use the F'T definition:

Y (59)

Jooey () e 7% at
= [ S x ()t —T) e M drdt (3.25)
Joow () [T h e =) eiar] dr
Using the time shift property, the quantity in the brackets is e=7*7 H (), giving
Y () = X x(n)e VH (j0)dr
= H(jQ) [T x(r)e7dr (3.26)
= H (jQ) X (59)

Therefore, convolution in the time domain corresponds to multiplication in the frequency domain.
6. Multiplication (Modulation):

wt)=z({)y(t) % /_Oo X({G1—0))Y (j©)do (3.27)
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Notice that multiplication in the time domain corresponds to convolution in the frequency domain.
This property can be understood by applying the inverse Fourier Transform (3.8) to the right side of

(3.27)
w(t) = £ [ &[T X(G(Q-0))Y (j6)eH*dod 529
= A Y00 [E X (@) ean] do '

The quantity inside the brackets is the inverse Fourier Transform of a frequency shifted Fourier
Transform,

w(t) = % ffooo Y (50) [x (t) ej@t] do
z(t) 5% [7 Y (j©)ei®tde (3.29)
z(t)y (1)

The properties associated with the Fourier Transform are summarized in Table 3.1.

Property y (t) Y (5)

Linearity axy () + Bas (t) | aXy (JQ) + Xa ()

Time Shift x(t—T) X (jQ) eI

Frequency Shift | x (t) ¢! X (5 (2—Q0))

Time Reversal | x(—t X (—jQ)

Convolution x (t) «h(t) X () H ()

Modulation z (t)w(t) = [T X (Q—0)W(jO)de

Table 3.1: Fourier Transform properties.

3.3 Symmetry Properties of the Fourier Transform’

When z (t) is real, the Fourier transform has conjugate symmetry, X (—j€2) = X (5Q)". It is not hard to see
this:
X" = [ff"oo 0 e‘jmdt}
= [ [z@)e 7] at

= [T x(t)elMat
- X9

(3.30)

where the second equality uses the definition of a Riemann integral as the limiting case of a summation,

and the fact that the complex conjugate of a sum is equal to the sum of the complex conjugates. The third

equality used the fact that the complex conjugate of a product is equal to the product of complex conjugates.
Letting X (jQ) = a (jQ) + jb (§), it follows that

X (=92) = a(=jQ) +jb(—jQ) (3.31)

and

X" =a (i) - jb(5Q) (3.32)

3This content is available online at <http://cnx.org/content/m33894/1.1/>.
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Equating (3.31) and (3.32) gives a (j2) = a(—jQ) and b(—jQ) = —b(j?), which implies that the real
and imaginary parts of X (jQ) have even and odd symmetry, respectively. A consequence of this is that
X (jQ)| = |X(jQ)"| = |X (—j)|, that is, the magnitude of the Fourier transform has even symmetry. It
can similarly be shown that the phase of the Fourier transform has odd symmetry.

3.4 The Unit Impulse Function®

3.4.1 The Unit Impulse Function

The unit impulse is very useful in the analysis of signals, linear systems, and sampling. Consider the plot of
a rectangular pulse in Figure 3.1. Note the height of the pulse is 1/7 and the width of the pulse is 7. So we
can write

/mx“ﬂﬁzl (3.33)

— 00
As we let 7 get small, then the width of the pulse gets successively narrower and its height gets progressively

higher. In the limit as 7 approaches zero, we have a pulse which has infinite height, and zero width, yet its
area is still one. We define the unit impulse function as

0(t) = lin%a?p (t) (3.34)
Xp(t) 8
A
1/t
T—0
B — e
t t
w2 0 12 0

Figure 3.1: Rectangular pulse, x, (t) approaches the unit impulse function, § (¢), as 7 approaches zero.

The area under ¢ (¢) is one, and so we can write
/mau—ryu=1 (3.35)
If we multiply the unit impulse by a constant, K, its area is now equal to that constant, i.e.
/Oo Ké(t—7)dt=K (3.36)

The area of the unit impulse is usually indicated by the number shown next to the arrow as seen in Figure 3.2.

4This content is available online at <http://cnx.org/content,/m32896,/1.3/>.
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Figure 3.2: K¢ (t— 7).

Suppose we multiply the signal x (¢) with a time-shifted unit impulse, ¢ (¢ — 7). The product is a unit
impulse, having an area of (7). This is illustrated in Figure 3.3.



A
o(t - 1)
t
T
X
x(t)
t
1
A
x(7T)
t
T

Figure 3.3: Sifting property of unit impulse, the product of the two signals, = (t) and § (t — 7), is
z (1) 6 (t — 7). Consequently, the area under z (7) 6 (t — 7) is z (7).

45
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In other words,

/ T a6t —r)dt =z (r) (3.37)

—0o0

Equation (3.37) is called the sifting property of the unit impulse. As we will see, the sifting property of the
unit impulse will be very useful.

3.5 The Unit Step Function’

The unit step function is defined as

1, t>0
u(t) ={ (3.38)
0, t<O0

This function is useful for defining signals which we wish to start at ¢ = 0. In other words, often, we would
like for signals to be zero for negative values of t. We can force this situation by simply multiplying by u (¢).
3.6 Fourier Transform of Common Signals®

Next, we’ll derive the FT of some basic continuous-time signals. Table 3.2 summarizes these transform pairs.

3.6.1 Rectangular pulse

Let’s begin with the rectangular pulse

1, t<7/2
rect (£,7) = { <7/ (3.39)
0, t>71/2

The pulse function, rect (¢,7) is shown in Figure 3.4. Substituting x (¢) = rect (¢,7) into (3.7) gives

f132 eI dt
/2

— ;167]'5225
—7'/2

X ()

Fie)
eIT/2 _ e—jQT/z] (3.40)

sin(Q7/2)
Qr/2

= Tsinc (Q7/2m)

A plot of X (59) is shown in Figure 3.4.

5This content is available online at <http://cnx.org/content/m32898/1.2/>.
6This content is available online at <http://cnx.org/content/m32899/1.4/>.
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Figure 3.4: Fourier transform pair showing the rectangular pulse signal (left) and its Fourier Transform,
the sinc function (right).

Note that when 7 =0, X (jQ?) = 1. We now have the following transform pair:

sin (Q1/2)

rect (¢, 7) <> T 0 /2

(3.41)
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3.6.2 ITmpulse

The unit impulse function was described in Section 3.4. From the sifting property of the impulse function
we find that

X = [T 6(t—71)e Mt
G9) = JZo-r)e .12
_ e—JQT
or
§(t—7) < eI (3.43)
3.6.3 Complex Exponential
The complex exponential function, z (t) = e/%* has a Fourier Transform which is difficult to evalu-

ate directly. It is easier to start with the Fourier Transform itself and work backwards using the in-
verse Fourier Transform. Suppose we want to find the time-domain signal which has Fourier Transform
X (592) =6 (2 — Qp). We can begin by using the inverse Fourier Transform (3.8)

z(t) = i ffooo 5 (Q — Qq) 7HdQ (3.44)
_ %em )

This result follows from the sifting property of the impulse function. By linearity, we can then write

eI 276 (2 — Q) (3.45)

3.6.4 Cosine

The cosine signal can be expressed in terms of complex exponentials using Euler’s Identity

1, . ,
cos (Qot) = 3 (7Pt 4 g 7%0t) (3.46)

Applying linearity and the Fourier Transform of complex exponentials to the right side of (3.46), we quickly
get:

cos (Qot) « w0 (2 — Qo) + 75 (2 + Q) (3.47)

3.6.5 Real Exponential

The real exponential function is given by z (t) = Ke~*'u (t), where K and « are real constants. To find its
FT, we start with the definition

X(jQ) = K [Fe e %t
= Kfooo e*(a+j9)tdt
e (3.48)

a+j
—K
ama(0-1)
K
a+j5Q2
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therefore,
K
Ke *u(t !
() o s (3.49)
2 (1) X (j9)
rect (¢, 7) Twigm
o(t—1) e I
eI %0t 276 (2 — Qo)
cos (Qot) 8 (2 — Qo) + 75 (2 + Qo)
Ke %y (t) %gsz

Table 3.2: Some common Fourier Transform pairs.

When working problems involving finding the Fourier Transform, it is often preferable to use a table of
transform pairs rather than to recalculate the Fourier Transform from scratch. Often, transform pairs in can
be combined with known Fourier Transform properties to find new Fourier Transforms.

Example 3.1 Find the Fourier Transform of: y (t) = 2e%'u (—t). Clearly, we can write y (t) = = (—t)
where x (t) = 2e75%u (t). Therefore, we can combine the known transform of z (¢) from Table 3.2, namely,

2
X () = 3.50
09 = 5575 (350)
with the time reversal property found in Table 3.1:
z(—t) < X(Q)" (3.51)
to get the answer:
Y (jQ) = —2 (3.52)
PE5 50 ‘
3.7 Fourier Transform of Periodic Signals’
If the signal of interest is periodic with period T, then it has a Fourier Series:
z(t) = Z cpelttont (3.53)
Using the linearity of the Fourier Transform, we have
X3 = o ¢, F{eifont
(J92) 2 in=—oo Cnf{ } (3.5)

= 27y b (Q—nfy)

where F'{ } corresponds to the Fourier Transform of the signal within the brackets.

"This content is available online at <http://cnx.org/content/m32900,/1.2/>.
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3.8 Filters®

Filters are devices which are commonly found in electronic gadgets. When you adjust the bass (low frequency)
or treble (high frequency) settings on your MP3 player, you are adjusting the characteristics of a filter. A
more technical name for a filter is a linear system . A filter is represented by a box having a single input
(usually z (t)) and a single output (say, y (t)) as seen in Figure 3.5.

x(t) y(t)

—> L[] —>

Figure 3.5: Continuous-time filter.

We can denote the operation the filter has on the input using the following notation:

y(t) = L[z ()] (3.55)

The types of filters we will consider in this book are linear and time-invariant. A filter is time-invariant if
given that y (t) = L[z (¢)], then y (t — 7) = L [ (¢t — 7)]. In other words, if the input to the filter is delayed by
7, then the output is also delayed by 7. A filter is linear if given that y; (t) = L[z (t)] and y2 (t) = L [x2 (¢)]
then

ayi (t) + Byz (t) = L[ax; (t) + B2 (1)] (3.56)

Equation (3.56) is often referred to as the superposition principle. We can use linearity and time invariance
to derive the mathematical operation which the filter performs on the input, z (t). To do this we begin with
the assumption that

h(t) = L6 ()] (3.57)

The signal h (t) is called the impulse response of the filter. From time invariance, we have

h(t—7)=LI[§(t—71)] (3.58)
Now we can use linearity to find the filter output when the input is z (7) § (¢ — 7), where z (7) is a constant
x(r)h(t—7)=Lx(r)d(t—7)] (3.59)

We can extend the linearity property further by noting that
Zx(Tn) Aph(t—1,)=1L Zx(Tn) ALS(t—T) (3.60)
where we can assume that the constants 7,, are ordered so that 7; < 74,7 < k and A,, = 7, — 7,,—1. In (3.60),
we are simply multiplying each ¢ (t — 7,,) by the constant z (7,,) A, so once again linearity should prevail.

Now if we take the limit A,, — 0, we obtain

JZa(r)h(@t—7)dr =L [[2 x(r)d(t—7)dr] (3.61)

8This content is available online at <http://cnx.org/content/m32913/1.2/>.
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Using the sifting property of the unit impulse in the right side of (3.61) gives

/ T o () h(t— 1) dr = Lz (1) (3.62)

oo

So it follows that the filter performs the following operation on the input, x (¢):

y(t) = Lz (@®)]

= [Z x(r)h(t—r7)dr (3.63)

The integral in (3.63) is called the convolution integral. A change of variables can be used to show that

/OOh(T):E(th)dT:/OOx(T)h(th)dT (3.64)

— 00 — 00
which means that the order in which two signals are convolved is unimportant. A short-hand notation for
convolution is

/OO sV h(t—7)dr =2 (1) % h (1) (3.65)

— 00

3.9 Properties of Convolution Integrals’
We list several important properties and their proofs.
1. Commutative Property:
x(t)«h(t)=h(t)*z(t) (3.66)
Lets start with
z(t)xh(t) = [T z(r)h(t—T1)dr (3.67)

o0

and make the substitution v = ¢ — 7. It follows that

Hxh(t) = [T a@t—v)h(y)dyd
x (t) * h(t) St =) h(v) dydr (3.68)
= h(t)*x(t)
2. Associative Property:
[ (t) * hy (t)] * ha (t) = x (t) * [hy (£) * ha (2)] (3.69)
To prove this property we begin with an expression for the left-hand side of (3.69)
/ z (1) hy (t —7)dT * h (t) (3.70)
where we have expressed x (t) x hy (t) as a convolution integral. Expanding the second convolution
gives
/ [/ x(r)h(y—1) dr] he (t — ) dy (3.71)
—00 —00
Reversing the order of integration gives
[ e[ me-nae- ] (3.72)

9This content is available online at <http://cnx.org/content/m32904/1.2/>.
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Using the variable substitution ¢ = v — 7 and integrating over ¢ in the inner integral gives the final
result:
o0 o
/ z(7) [/ B (8) ha (t — 7 — B) dy | dr (3.73)
—00 —00
where the inner integral is recognized as hy (t) x ha (t) evaluated at ¢t = ¢t — 7, which is required for the
convolution with x ().
3. Distributive Property:

() % [l (t) + ha (8)] = @ (£) % by (£) + 2 (£) % by () (3.74)

This property is easily proven from the definition of the convolution integral.
4. Time-Shift Property: If y (t) = x (t)* h (t) then « (t — to) * h (t) = y (t — to) Again, the proof is trivial.

3.10 Evaluation of Convolution Integrals™

The key to evaluating a convolution integral such as

2 (t) *h(t) = /_OO 2 () h(t—7)dr (3.75)

is to realize that as far as the integral is concerned, the variable ¢ is a constant and the integral is over
the variable 7. Therefore, for each ¢, we are finding the area of the product x (7) h (¢t — 7). Let’s look at an
example that illustrates how this works.
Example 3.1 Find the convolution of z () = u (¢) and h (t) = e« (t). The convolution integral is given
by

)xax(t) = / u(t—7)dr (3.76)
Figure 3.6 shows the graph of e 7u (1), e 'u (t), and their product. From the graph of the product, it is
easy to see the the convolution integral becomes
t 1—e7t, t>0
/ e Tdr = { = (3.77)
0 0, t<0

10This content is available online at <http://cnx.org/content/m32909/1.2/>.
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e u(m)

9574737271 (% 1 2 3 45

(a)
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u(2-1)e "u()
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Y321 01 23 45
T
(©)

Figure 3.6: Graphs of signals used in Example .

Signals which can be expressed in functional form should be convolved as in the above example. Other
signals may not have an easy functional representation but rather may be piece-wise linear. In order to
convolve such signals, one must evaluate the convolution integral over different intervals on the t-axis so that
each distinct interval corresponds to a different expression for z (¢) * h (t). The following example illustrates
this:

Example 3.2 Suppose we attempt to convolve the unit step function x (¢) = u (t) with the trapezoidal
function

t, 0<t<1
ht)y={1, 1<t<?2 (3.78)
0, elsewhere

From Figure 3.7, it can be seen that on the interval 0 < ¢ < 1, the product = (¢t — 7) h (7) is an equilateral
triangle with area ¢ /2. On the interval 1 <t < 2, the area of z (t — 7) h (1) is t—1/2. This latter area results
by adding the area of an equilateral triangle having a base of 1, and the area of a rectangle having a base of
t—1 and a height of 1. For all values of ¢ greater than 2, the convolution is 1.5 since x (t — 7) h (1) = h (1) and
h (7) is a trapezoid having an area of 1.5. Finally, for ¢ < 0, the convolution is zero since x (t — 7) h (1) = 0.



54 CHAPTER 3. THE FOURIER TRANSFORM
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Figure 3.7: Graphs of signals used in Example .

3.11 Frequency Response’

Recall from Section 3.2 that the convolution integral

y () = /Oo 2 (F)h(t—7)dr (3.79)

— 00

has the Fourier Transform:

Y () = H (5Q) X (j©) (3.80)

where H (j) and X (jQ) are the Fourier Transforms of h (t) and z (t), respectively. Solving for H (j2)
gives the frequency response:

Y (59)
X ()

The frequency response, the Fourier Transform of the impulse response of a filter, is useful since it gives a
highly descriptive representation of the properties of the filter. The frequency response can be considered
to be the gain of the filter, expressed as a function of frequency. The magnitude of the frequency response
evaluated at Q = Qq, |H (jQ0) | gives the factor the frequency component of z (t) at Q = Qg would be scaled
by. The phase of the frequency response at Q = Qg, ZH (j€) gives the phase shift the component of z (¢)
at 0 = Qy would undergo. This idea will be discussed in greater detail in . A lowpass filter is a filter which
only passes low frequencies, while attenuating or filtering out higher frequencies. A highpass filter would do
just the opposite, it would filter out low frequencies and allow high frequencies to pass. Figure 3.8 shows
examples of these various filter types.

H(jQ) = (3.81)

" This content is available online at <http://cnx.org/content/m32921/1.3/>.
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HGQ)

(a)

< 0 > Q)
IHGC)|

®

< 0 > ()
[HGE)|

©

< 0 > ()

Figure 3.8: Different filter types: (a) lowpass, (b) bandpass, (c) highpass.

3.12 The Sinusoidal Steady State Response”

It is useful to see what the effect of the filter is on a sinusoidal signal, say x (t) = cos (Qot). If y (¢) is the
output of the filter, then we can write

Y () = / " cos (Q (t— 7)) b (r) dr (3.82)

— 00

12This content is available online at <http://cnx.org/content/m32916/1.2/>.
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Using the Euler formula for cos (Qot), right hand side of (3.82) can be written as:

s / T () 4 WD) b () dr (3.83)

This integral can be split into two separate integrals, and written as:

70t o8] . —7Q0t oo
c 5 / e I0Th (7) dr + < 5 / I0Th (1) dr (3.84)

—0 —00
The first of the two integrals can be recognizes as the Fourier Transform of the impulse response evaluated

at = Q. The second integral is just the complex conjugate of the first integral. Therefore (3.84) can be
written as:

7 Q0t —jQot
S H (79) +

Since the second term in (3.85) is the complex conjugate of the first term, we can express (3.85) as:

H* (jQ0) (3.85)

Re{e?™'H (jQ0)} (3.86)

or expressing H (j) in terms of polar coordinates:

Re{ejQ°t|H (90) |ej4H(on)} = Re{|H () |€j(90t+AH(jQO))} (3.87)
Therefore, we find that the filter output is given by

y (t) = [H (jS0) |cos (ot + £H (j$0)) (3.88)

This is called the sinusoidal steady state response. It tells us that when the input to a linear, time-invariant
filter is a cosine, the filter output is a cosine whose amplitude has been scaled by |H (j0) | and that has
been phase shifted by ZH (j€p). The same result applies to an input that is an arbitrarily phase shifted
cosine (e.g. a sine wave).

Example 3.1 Find the output of a filter whose impulse response is h (t) = e 5% (t) and whose input is
given by x (t) = cos (2t). It can be readily seen that the frequency response of the filter is

H Q) = 3.89
0% = s (3.89)

and therefore |H (j2)| = 0.1857 and £H (j2) = —0.3805. Therefore, using (3.88):
y (t) = 0.1857cos (2t — 0.3805) (3.90)

3.13 Parallel and Cascaded Filters”

In some applications, such as graphic equalizers, it is useful to place filters in parallel as shown in Figure 3.9.
Can the parallel combination of filters be characterized by a single equivalent filter h., (t)? The answer is
yes and results by noting that

y(t) = Sy @ (t) + hy (t)

= SN [ a(t—T) hi(r)dr (3.91)
= [oat-T)X hi(r)dr

13This content is available online at <http://cnx.org/content/m32919/1.3/>.
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Therefore, the last equation in (3.91) shows that

heg (£) =Y hi (t) (3.92)

MO, gt S

Figure 3.9: Parallel filter structure. We wish to find an equivalent filter with impulse response heq (t).

The equivalent transfer function for the parallel filter structure is given by

N
Heq () = H; (j©) (3.93)
=1

Next we wish to find an equivalent filter for the cascaded structure shown in Figure 3.10.
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x(t) y1(t) _y(t>)

—>» hi(t) —> hy(t)

x(t) -y

—>| heqg(t)

Figure 3.10: Cascaded filter structure. We wish to find an equivalent filter with impulse response

heq (t).

This can be done by finding an expression for the intermediate value y; (¢):

n (t) = /00 x(t—7)hy (7)dr (3.94)
The output of the cascaded structure is given byOo
v = [ nt-hma (3.95)
substituting (3.94) into (3.95) gives
vo = [ |[ sa-r-nmmar] e (3.96)
Reversing the order of integration and rearranging slightly gives

/ / 2 (t =~ =) Iy (7) ha (v) drydr (3.97)
Now let £ = v+ 7, solving for 7 gives 7 = £ — v and d€ = d7. Substituting these quantities into (3.97) leads

to
v = [ at-0|[ mie-pmea)d (3.98)

Notice that we can factor x (t — £) from the inner integral since x (¢t — ) does not depend on 7. The integral
in the brackets is recognized as hy (t)*hs (t) evaluated at £. Therefore for the cascaded system, the equivalent
impulse response is given by

heq (t) = /Oo ha (t =) ha () dy (3.99)

— 00
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This can be generalized to any number of cascaded filters giving

heq (£) = hy () hy (£) % -+ % hy (£) (3.100)

3.14 First Order Filters"

A first-order lowpass filter has the frequency response

1

Hp (390 = — e (3.101)
Qe

The frequency at which the frequency response magnitude has dropped to 1/ V2 is called the corner fre-
quency'®. The frequency response magnitude and phase are plotted in Figure 3.11. It is common to express
the frequency response magnitude in units of decibels (dB) using the formula

20log1o |H ()| (3.102)

At the corner frequency for a first order lowpass filter, the frequency response magnitude is 1/1/2 or roughly
-3 dB. From Table 3.2, it can easily be seen that the impulse response for the first-order lowpass filter is
given by

hrp (t) = Qce™ Pt (t) (3.103)
A first-order highpass filter is given by
. Jge
Hip () = 5 " jCQ% (3.104)
Notice that
Hup (j) =1- — (3.105)
I+ia:

This makes sense since a highpass filter can be constructed by taking the filter input z (¢) and subtracting
from it a lowpass filtered version of z (¢). The impulse response of the first-order highpass filter therefore
becomes:

hpp (t) =6 (t) — Qee™ %ty (t) (3.106)

14This content is available online at <http://cnx.org/content/m32925/1.3/>.
15This term most likely originates from it’s role in Bode plots, a shortcut method for sketching the graph of a frequency
response.
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Figure 3.11: Frequency response magnitude and phase for a first-order lowpass filter (2. = 1 rad/sec).
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IH(<)| (dB)

OH(Q) (rad)
Q

0
Q

Figure 3.12: Frequency response magnitude and phase for a first-order highpass filter (2. = 1 rad/sec).

First order filters can be easily implemented using linear circuit elements like resistors, capacitors, and
inductors. Figure 3.13 shows a first order filter based on a resistor and a capacitor. Since the impedance for
a resistor and capacitor are R and 1/jQC, respectively, voltage division leads to a frequency response of

1

H Q) = ————— 3.107

e U = or e (8.107)

Therefore the corner frequency for this filter is 2, = ﬁ. Similarly, a first-order highpass filter can be
implemented using a resistor and capacitor as shown in Figure 3.14. This filter has a frequency response of

. JOARC
H Q)=-—""-" 3.108
1r U = 750 R, (3.108)

The corner frequency for the highpass filter is seen to be (2, = ﬁ.
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vi(t)

Figure 3.13: Circuit implementation of a first-order lowpass filter having Q. = 1/R:1C1.

vi(t Ry o(t)

Figure 3.14: Circuit implementation of a first-order highpass filter having Q. = 1/R2C5.

Now one might be tempted to apply the results of Section 3.13 to build a bandpass filter by cascading the
lowhpass and highpass circuits in Figures Figure 3.13 and Figure 3.14, respectively. Theory would predict
that the equivalent frequency response of this circuit is given by

Heq (7€) = Hrp () Hup () (3.109)

Unfortunately, this is not possible since the circuit elements in the lowpass and highpass filters interact with
one another and therefore affect the overall behavior of the circuit. This interaction between the two circuits
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is called Ioading will be studied in greater detail in the exercises. To get theoretical behavior, it is necessary
to use a voltage follower circuit, between the lowpass filter from the highpass circuits. The voltage follower
circuit is usually an active circuit (requires external power supply) that has very high input impedance and
very low output impedance. This eliminates any loading effects which would normally occur between the
lowpass and highpass filter circuits.

3.15 Parseval’s Theorem for the Fourier Transform'

In Chapter 2, we looked at a version of Parseval’s theorem for the Fourier series. Here, we will look at a
similar version of this theorem for the Fourier transform. Recall that the energy of a signal is given by

e = /OO z(t)%dt (3.110)

—00

If the energy is finite then x (¢) is an energy signal, as described in Chapter 1. Suppose z (¢) is an energy
signal, then the autocorrelation function is defined as

ra (t) = x (t) *x x (=) (3.111)

It can be shown that r,, (¢) is an even function of ¢ and that r, (0) = e, (see Exercises). The Fourier transform
of r, (t) is given by X (jQ) X (jQ)* = | X (jQ)|>. If follows that

o = gz [To 1X (G M

. , =0 (3.112)
= o S o X (FQ)[7dD2

Which is Parseval’s theorem for the Fourier transform.

3.16 The Fourier Transform: Excercises'’

1. Find the Fourier Transform of the following signals, for each case sketch the magnitude of the Fourier
Transform:

a. o (t) = de 020y (t)
b. z(t) = 4e%%u (—t)
c. x(t) = 4e 02010y (t — 10)
d. z(t)=68(t—5)
e o(t) = 1,[t| <0.5
0,t] > 0.5

f. x(t) = 4702
g. x(t) = cos (107t)
h. z(t)=6
100t), |t| <05
i (r) = (000 i
0, It > 0.5

2. Find the convolution of the following pairs of signals:

16This content is available online at <http://cnx.org/content/m32922/1.3/>.
"This content is available online at <http://cnx.org/content/m32927/1.2/>.
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x(H) h(t)
A A
1 1
>» t >t
a. 0 1 0 0.5
Figure 3.15
x(t) h(t)
A A
1 1
> 1 >t
, 0 1 0 1
Figure 3.16

Find the output of the filter whose transfer function is

2

and whose input is x (¢t) = u (t). Hint, find the impulse response h (t) corresponding to H (j€2) and

convolve it with the input.
/ v(t)dt=1L [/ u (t) dt] (3.114)

Hint: Integrate both sides of v (t) = L[u (t)]. Then express the right hand integral as the limit of a
sum (as in a calculus textbook). Then by linearity, you can exchange the sum and the L [-].

Find an expression for the convolution of = (t) = u (t) and h (t) = sin (8t) u (t)

Find an expression for the convolution of z (t) = rect (t — 0.5,1) and h (t) = e~ tu ().

Find the Fourier transform of the periodic signal in problem 2, Chapter 2.

Consider a filter having the impulse response

. Show that if v (t) = L [u(¢)], then

h(t) = e 2 u(t) (3.115)

Sketch the frequency response (both magnitude and phase) of the filter and find the output of the
filter when the input is z () = cos (10t).
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Repeat the previous problem for the impulse response given by

1, 0<t<1
ht)={ o (3.116)
0, otherwise

Suppose that two filters having impulse responses h; (t) and hs (t) are cascaded (i.e. connected in
series). Find the impulse response of the equivalent filter assuming h; (t) = 10e1%u (¢) and hs (t) =
5e =5t (t).

Design a first-order lowpass filter having a corner frequency of 100 Hz. Use a 100k2 resistor. Plot
both the magnitude and phase of the filter’s frequency response.

Design a first-order highpass filter having a corner frequency of 1000 Hz. Use a 0.01uF capacitor. Plot
both the magnitude and phase of the filter’s frequency response.

The following problems are associated with the circuits in Figure 3.17:

@ 1 ® "
| | +

4
Vi(t) IuF —— Vo(t) Vi(t) 5kQ Vo(t)

1kQ

(¢) I
vi(t)

[
=
ny
I
N
~
®,
<
o
-
N}

Figure 3.17: Problem list, p. 65.

a. Find the frequency response of the circuit in Figure 3.17(a), and sketch its magnitude and phase.

b. Find the frequency response of the circuit in Figure 3.17(b) and sketch its magnitude and phase.
c. Find the frequency response of the filter in Figure 3.17(c), sketch its magnitude and phase and
show that it is not the product of the frequency responses for problems list, p. 65 and list, p. 65.
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Chapter 4

The Laplace Transform

4.1 The Laplace Transform: Introduction’

4.1.1 The Double-Sided Laplace Transform

You may have noticed that we avoided taking the Fourier transform of a number of signals. For example, we
did not try to compute the Fourier Transform of the unit step function, x (t) = u (¢), or the ramp function
2 (t) = tu (t). The reason for this is that these signals do not have a Fourier transform that converges to a
finite value for all 2. Recall that in order to deal with periodic signals such as cos (Qyt) we had to settle
for Fourier transforms having impulse functions in them. The Laplace transform gives us a mechanism for
dealing with signals that do not have finite-valued Fourier Transforms.

The double-sided Laplace Transform of x (¢) is defined as follows:

X (s) :/ x(t) e Sdt (4.1)
— 00
where we define
s=o0+jQ (4.2)

We observe that the Laplace transform is a generalization of the Fourier transform since

X (GQ) = X (9)]=jo (4.3)
Therefore, we can write

X (s) = F{e 7'z ()} (4.4)

The inverse Laplace transform can be derived using this idea. Applying the inverse Fourier transform to
F{e 7z (t)} gives

e tr(t) = QL / Fle %t (t)}e/dQ (4.5)
T — 00
Using (4.2) leads to
dQ = % (4.6)

LThis content is available online at <http://cnx.org/content/m32847,/1.3/>.
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Substituting s for Q and solving for z (¢) in (4.5) gives
1 o+jo0 .
t) = — X 5*d 4.
=55 [ Xt (4.7

Equation (4.7) is called the inverse Laplace transform. The integration is along a straight line in the complex
s-plane corresponding to a fixed value of . This is illustrated in Figure 4.1.

jQ

Figure 4.1: The inverse Laplace transform integrates along a line having a constant ¢ in the complex
s—plane.

It is important that this line exist in a region of the s-plane that corresponds to the region of convergence
for the Laplace transform. The region of convergence is defined as that region in the s-plane for which

/00 |x (t) e‘“! dt < oo (4.8)

— 00

Note that since s = o + j2 this is equivalent to

/00 |2 (t) e™ "] dt < o0 (4.9)

— 00

4.1.2 The Single-Sided Laplace Transform

We define the single-sided Laplace transform as

o0
X (s) = / x(t) e stdt (4.10)
where the lower limit of integration tacitly includes the point ¢ = 0. That is, 0~ represents a point just
to the negative side of ¢ = 0. This allows for the integral to take into account signal features that occur at
t = 0 such as a step or impulse function. The single-sided Laplace transform is motivated by the fact that
most signals are turned on at some point. If the region of convergence is not specified then different signals
can yield identical bilateral Laplace transforms, as the following example illustrates.
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Example 3.1 Consider the signal

xy (t) = e *u (t) (4.11)

The bilateral Laplace transform is given by

Xi(s) = J e temstdt

- S22 e lotergy
1 —(o+jQFa)t
s+a 0

s:,-ila (ef(aJra)ooeono _ 1)

oo

(4.12)

the magnitude of e~ (?t®) is zero only if ¢ > — a which establishes the region of convergence. Therefore
we have

1
e (t) sta’ > —« (4.13)
Now consider the Laplace transform of the signal
zo (t) = —e ' (—t) (4.14)
We have
X5 (s) = - fi)oo e~ estqt
_ j‘i) e—(s+a)tdt
0
_ —1 —(oc+3Q+a)t
= Sle(rwita) ’700 (4.15)
— s_t,l_a (1 _ e(a+o¢)ooejﬂoo)
Here, the quantity e(“t®> is zero only if ¢ < — « so we have
—e My (—t) « ,0< —a (4.16)

S+ «

which is identical to X; (s) except for the region of convergence.

To avoid scenarios where two different signals have the same bilateral Laplace transform, we restrict
our signals to those which are assumed to be zero for ¢ < 0, for which the single-sided Laplace transform
applies. Such signals are called causal signals. This sets the stage for the single-sided Laplace transform to
be discussed in the next section.

The region of convergence for the single-sided Laplace transform is a region in the s-plane satisfying
0 > Omin as shown in Figure 4.2.
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JjQ

Figure 4.2: The region of convergence of the single-sided Laplace transform in the complex s—plane.

To see this, we observe that if

/ ‘CE (t)e=7mint| dt < oo (4.17)

then it must be the case that

o0
/ |z (t) e~ "] dt < oo (4.18)
for o > 0nin, since et decreases faster than e~m=i»t. Finally, the inverse single-sided Laplace transform
is the same as the inverse double-sided Laplace transform (see (4.7)), since a single sided Laplace transform
can be interpreted as the double-sided Laplace transform of a signal satisfying « (¢) = 0,¢ < 0. From here on,
we will work exclusively with the single-sided Laplace transform. Unless we need to specifically differentiate
between the single or double-sided transforms, we will refer to the single-sided Laplace transform as simply
the “Laplace transform".

4.2 Properties of the Laplace Transform’

4.2.1 Properties of the Laplace Transform

The properties associated with the Laplace transform are similar to those of the Fourier transform. First, let’s
set define some notation, we will use the notation £{} to denote the Laplace transform operation. Therefore
we can write X (s) = £{z (t)} and x (t) = £71{X (s)} for the forward and inverse Laplace transforms,
respectively. We can also use the transform pair notation used earlier:

z (1) < X (5) (4.19)

With this notation defined, lets now look at some properties.

2This content is available online at <http://cnx.org/content/m32848/1.6/>.
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4.2.1.1 Linearity

Given that z; (t) < X7 (s) and 23 () <> X2 (s) then for any constants o and (3, we have

azy (t) + Bra (t) <« aXi1 (s) + 8X2 (s) (4.20)

The linearity property follows easily using the definition of the Laplace transform.

4.2.1.2 Time Delay

The reason we call this the time delay property rather than the time shift property is that the time shift
must be positive, i.e. if 7 > 0, then x (¢t — 7) corresponds to a delay. If 7 < 0 then we would not be able to
use the single-sided Laplace transform because we would have a lower integration limit of 7, which is less
than zero. To derive the property, lets evaluate the Laplace transform of the time-delayed signal

Lz(t—7)} = /000 x(t—7)e Sdt (4.21)

Letting v =t — 7 leads to t = v+ 7 and dt = d~y. Substituting these quantities into (4.21) gives

La(t—7)}

[ @ () ey

e [T a(v) e dy (4.22)
= e 57 fET x(y)e Vdy+e°T fooo x (y) e *Vdy

where we note that the first integral in the last line is zero since x (t) = 0,¢ < 0. Therefore the time delay

property is given by

ela(t—1)} = e 57X (5) (4.23)

4.2.1.3 s-Shift
This property is the Laplace transform corresponds to the frequency shift property of the Fourier transform.
In fact, the derivation of the s-shift property is virtually identical to that of the frequency shift property.

Lle Mz ()} = [ e w(t) e tdt

fooo x (t) e (@to)tqt
= [z e~ (atotit gy

= X (s+a)

(4.24)

The s-shift property also alters the region of convergence of the Laplace transform. If the region of conver-
gence for X (s) is 0 > 0yin, then the region of convergence for £{e~*x (t)} is 0 > oymin — Re (a).

4.2.1.4 Multiplication by ¢t

Let’s begin by taking the derivative of the Laplace transform:

d)ggs) = L[ Ta(t)etdt
= [ x(t) Ledt (4.25)

= — [ ta(t)e"tdt
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So we can write

Sita (1)} = — CUZSFS) (4.26)

This idea can be extended to multiplication by . Letting y (t) = tx (), if follows that

(4.27)

Proceeding in this manner, we find that

(4.28)

4.2.1.5 Time Scaling

The time scaling property for the Laplace transform is similar to that of the Fourier transform:

(o)} = [T x(at)edt
L)t (420

- X

where in the second equality, we made the substitution ¢ = 2 and dt = %.

4.2.1.6 Convolution

The derivation of the convolution property for the Laplace transform is virtually identical to that of the
Fourier transform. We begin with

[T a(m)h(t—7)dry = [ x(r)&{h(t—7)}dr (4.30)
Applying the time-delay property of the Laplace transform gives

[T w(r)e{h(t—7)}dr = H(s)[" x(r)e*"dr

x
e} 00

4.31
= H(s)X (s (451)

If h (¢) is the the impulse response of a linear time-invariant system, then we call H (s) the system function

of the system. The frequency response results by setting s = jQ in H (s). The system function provides
us with a very powerful means of determining the output of a linear time-invariant filter given the input
signal. It will also enable us to determine a means of establishing the stability® of a linear-time invariant
filter, something which was not possible with the frequency response.

4.2.1.7 Differentiation

The Laplace transform of the derivative of a signal will be used widely. Consider

o0

d ? —st
Sgr = [ a e (4.32)

3We will discuss stability shortly
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this can be integrated by parts:

— p—st ) t
7u e v =2z (t) (4.33)
u = —se 5t v=2z(t)
which gives
g{dz ()} = wlg? — [o5 wvdt
= e *tw(t)|gs + [i° sw(t)e stdt (4.34)
= —z(07) 4+ sX (s)
therefore we have,
d _
P (t) < sX(s)—z(07) (4.35)
4.2.1.8 Higher Order Derivatives
The previous derivation can be extended to higher order derivatives. Consider
dx (t
y(t) = Zi ) . sX (s)—x (07) (4.36)
it follows that
dy (t
ydi ) sY (s) —y (07) (4.37)
which leads to
d? 5 _y dx(07)
2% (t) = s°X (s) — sz (07) — o (4.38)
This process can be iterated to get the Laplace transform of arbitrary higher order derivatives, giving
"y B B n . d*=1z(0-
ddt,,(f) o "X (s)—s"lz(07) =Y s k# (4.39)

where it should be understood that

dhe(07) _dhe @) a1 (4.40)
dtm atm |,_o-
4.2.1.9 Integration
Let,
t
g(t)= / x (7)dr (4.41)
0-
it follows that
dg (t) =z (t) (4.42)
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and ¢ (07) = 0. Moreover, we have

X(s) =  g{dln
= sG(s)—g(07) (4.43)
= sG (s)
therefore
X
G(s) = s(s) (4.44)
but since
t
G(s)=&{] x(r)dr} (4.45)
0-
we have
t
X
/ x(r)dr < % (4.46)
Now suppose z (t) has a non-zero integral over negative values of t. We have
t 0~ t
/ x(r)dr = / x(r)dr + / x(r)dr (4.47)
The quantity fi);o x (1) dr is a constant for positive values of ¢, and can be expressed as
o
u(t)/ x (7)dr (4.48)
it follows that
t _x(r)dr X
2 (r)dr < J ooz (7) + X6) (4.49)
oo S S

where we have used the fact that u (¢) <

4.2.1.10 The Initial Value Theorem

The initial value theorem makes it possible to determine z (¢) at t = 0" from X (s). From the derivative

property of the Laplace transform, we can write

dx (t)
dt

£{ }=sX(s)—x(07) (4.50)

Taking the limit s — oo

lim [° d'z(tt)e_“dt = lim [sX (s) —z (07)]

v o §—00 (4.51)
Joo lim %e_“dt = lim [sX (s) —z (07)]

dx(t)

—st
g€ — 0

There are two cases, the first is when « (¢) is continuous at ¢t = 0. In this case it is clear that
as s — 00, so (4.51) can be written as

0= lim [sX (s)— 2 (07)] (4.52)

§—00



75

Since x (t) is continuous at t = 0, x (07) = z (0T), the Initial Value Theorem follows,

z (0%) = lim sX (s) (4.53)

§— 00

The second case is when z (t) is discontinuous at ¢ = 0. In this case, we use the fact that

dx (t)
dt

= [z(07) == (07)] 5 (®) (4.54)

t=0
For example, if we integrate the right-hand side of (4.54) with z (07) = 0 and z (0%) = 1, we get the unit
step function, u (t). Proceeding as before, we have

lim h dLEt)e*Stdt = lim [sX (s) — (07)] (4.55)

s—00 [ d 5§—00

The left-hand side of (4.55) can be written as

lim i [z (07) =z (0M)] 6 (t) e~*"dt + lim T Arl) gy (4.56)

s—00 Jo- s—00 Jo+ dt

From the sifting property of the unit impulse, the first term in (4.56) is

[#(07) —a (07)] (4.57)
while the second term is zero since in the limit, the real part of s goes to infinity. Substituting these results
into the left-hand side of (4.55) again leads to the initial value theorem, in (4.53).
4.2.1.11 The Final Value Theorem

The Final Value Theorem allows us to determine
tlim x (t) (4.58)
from X (s). Taking the limit as s approaches zero in the derivative property gives

lim dz(t) ®)
s—0 0— dt
The left-hand-side of (4.59) can be written as
o dx (t  dx (t
/07 i%%e‘“dt = /7 xdz(t )dt =z (00) —z (07) (4.60)
Substituting this result back into (4.59) leads to the Final Value Theorem

e Stdt = ézl% [sX (s) —x (07)] (4.59)

x (00) = limsX (s) (4.61)

s—0

which is only valid as long as the limit x (co) exists.
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Property y (1) Y (s)
Linearity axy (t) + Pz (t) | aXy (s) + BX2 ()
Time Delay z(t—rT) X (s)e*"
s-Shift x(t)e X (s+a)
Multiplication by ¢ tx (t) — d)égs)
Multiplication by ¢" tx (t) (-)" dnaf,fs)
Convolution x () * h(t) X () H ()
Differentiation d“;(tt) sX (s)—x(07)
diftgt) s2X (s) —sx (07) — dxg;i)
L X () 5" (07) — Yopy 5 )
Integration f; x(r)dr M @

Initial Value Theorem

z (0F) = lim sX (s)

Final Value Theorem

x (00) = i%SX (s)

Table 4.1: Laplace Transform properties.

4.3 Laplace Transforms of Common Signals®

We’ll next build up a collection of Laplace transform pairs which we will include in a table. It’s important to
keep in mind that once the transform pair has been derived, the focus should be on utilizing the transform
pair found in the table rather than in recalculating the transform.

4.3.1 Exponential Signal

Consider the Laplace transform of z () = e“u (¢):

where ¢ > — « defines the region of convergence.

o > — a. Therefore,

ety (t)) =

ey (t) «

fooo e~ te=stdt

fooo 67(a+s)tdt
=1 e—(a+o+jﬂ)t}°°
a+s 0

1
a+s’?

Notice also that if & < 0, X (s) still exists provided

(4.62)

o> —«

1
o+ s

(4.63)

4This content is available online at <http://cnx.org/content/m32849/1.5/>.
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4.3.2 Unit Step Function

Recall we did not attempt to compute the Fourier transform of u (¢) since the Fourier transform does not
converge for this signal. Fortunately, the Laplace transform easily converges. In fact, we find that since u (t)
is a special case of the exponential function with o = 0, the simply have

u(t) = - (4.64)

The region of convergence is o > 0.

4.3.3 Ramp Signal

This signal is given by x (t) = tu (t) and also does not have a Fourier transform. The Laplace transform is
given by

Stu(t)} = /0 T testat (4.65)

Setting u = t,u = 1,0 = et v = —Le7*! and integrating by parts gives
_ to—st|o 1 oo
Ltu(t)} = —Lte st 7+ 1 [T e "dt
RS

= -3 [e—(<7+jﬂ)oo 1] (4.66)

= s%,a>0

Here, the region of convergence is o > 0, and is referred to as the right-half plane.

4.3.4 Cosine Signal

Even though we computed the Fourier transform of the cosine signal, x (t) = cos (ot), the Fourier transform
technically does not converge for this signal. That is why X (j€2) involves impulse functions. The Laplace
transform produces quite a different result. First we use the fact that

eIS20ty (t) + e~ %0ty (¢)

cos (Qot)u (t) = 5 (4.67)
Since each of the two terms is an exponential function we have
Leos Qot)ut)} = o + i, (4.68)
= ﬁ

Here, the region of convergence corresponds to o > 0 or right-half plane.

4.3.5 More Transform Pairs

We can use the existing transform pairs along with the properties of the Laplace transform to derive many
new transform pairs. Consider the exponentially weighted cosine signal. This signal is given by

z(t) = e “cos (Qot) u (t) (4.69)
We can use the s—shift property of the Laplace transform along with the Laplace transform of the cosine
signal (4.68) to get
S+ «

e eos (Qot)u(t) & ——————
(Qot)u (?) (s +a)® + Q2

(4.70)
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Another common signal is

CHAPTER 4. THE LAPLACE TRANSFORM

x(t) = te M (t)

(4.71)

Here, we use the Laplace transform of the exponential signal "Exponential Signal" (Section 4.3.1: Expo-

nential Signal) and the multiplication by ¢ property to get

te”*u (t)

Extending this idea one step further, we have

So applies, giving

Example 3.1 Consider the signal = (t) = te~?!u (). Therefore, we get

<

1

(s + @)’

z(t) = t2e M (t)

t2e™ %y (1)

te™ 2t (t) «

2

(s+a)

1

(s+2)°
Example 3.2 Consider the signal = (t) = e %'cos (5t) u (t). As seen in Table 4.2,

e 2 cos (5t)u (t) « #
(s +2)° + 25

x (t) X (s)
e~y () S_il_a
u(t) L
5 (t) 1
tu () =
cos (Qot) u (t) ﬁ
sin (Qot) u (¢) Sﬁiﬂgg
e~ cos (Qot) u (t) 7(%2?4-93
e~ sin (Qot) u (t) (s—i—ogig-l-ﬂg
te= %y (t) m
t2e= %y (t) ﬁ
te %y (t) W

Table 4.2: Some common Laplace Transform pairs.

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)
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4.4 Finding the Inverse Laplace Transform’

4.4.1 Finding the Inverse Laplace Transform
4.4.1.1 Using Transform Tables

The inverse Laplace transform, given by

1 o+4joo

2(t) = - / X (s) e*ds (4.77)
27T] og—joo

can be found by directly evaluating the above integral. However since this requires a background in the

theory of complex variables, which is beyond the scope of this book, we will not be directly evaluating the

inverse Laplace transform. Instead, we will utilize the Laplace transform pairs (Table 4.2) and properties

(4.56). Consider the following examples:

Example 3.1 Find the inverse Laplace transform of

e—lOs
X (s) = 4.78
(5) = (478)
By looking at the table of Laplace transform properties (4.56) we find that multiplication by e~ cor-

responds to a time delay of 10 sec. Then from the table of Laplace transform pairs (Table 4.2), we see
that

1
4.79
545 ( )
corresponds to the Laplace transform of the exponential signal e=5tw (¢). Therefore we must have
z(t) = e 10y (£ — 10) (4.80)
Example 3.2 Find the inverse Laplace transform of
X (s) ! (4.81)
§)=—— .
(s +2)°
First we note that from the table of Laplace transform pairs (Table 4.2), the Laplace transform of tu (¢) is
1
o (4.82)
Then using the s-shift property in the table of Laplace transform properties (4.56) gives
z(t) = te 2 (t) (4.83)

Also, the same answer may be arrived at by combining the Laplace transform of e~2tv (t) with the multi-
plication by t property.
4.4.1.2 Partial Fraction Expansions

Partial fraction expansions are useful when we can express the Laplace transform in the form of a rational
function,

- bqsq+bq,15q_1+-~+b18+b0
X (8) T apsPHap_1sP~1+-tarstag (4 84)
_ B(s) '
 A(s)

5This content is available online at <http://cnx.org/content/m32850/1.8/>.
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A rational function is a ratio of two polynomials. The numerator polynomial B (s) has order g, i.e., the
largest power of s in this polynomial is g, while the denominator polynomial has order p. The partial fraction
expansion also requires that the Laplace transform be a proper rational function, which means that ¢ < p.
Since B (s) and A (s) can be factored, we can write

(s—=B1)(s=B=) (s —By)
(s —on) (s —az) - (s —ap)
The 3;,i = 1,2, ...,q are the roots of B (s), and are called the zeros of X (s). The roots of A (s), are a;,i =
1,...,p and are called the poles of X (s). If we evaluate X (s) at one of the zeros we get X (3;) =0,i =1, ...,q.
Similarly, evaluating X (s) at a pole gives®X (a;) = 400,i = 1,...,p. The partial fraction expansion of a
Laplace transform will usually involve relatively simple terms whose inverse Laplace transforms can be easily
determined from a table of Laplace transforms. We must consider several different cases which depend on
whether the poles are distinct.

X (s) = (4.85)

4.4.1.2.1 Distinct Poles:

When all of the poles are distinct (i.e. o; # o ,i # j) then we can use the following partial fraction
expansion:

A A A
X (S) — 1 + 2 —+ .- it (486)
s—ay;  S—aQp 5 —ayp
The coefficients, A;,7 =1, ..., p can then be found using the following formula
Ai=X(8)(s—i)ly—p,i=1,.p (4.87)

Equation (4.87) is easily derived by clearing fractions in (4.86). The inverse Fourier transform of X (s) can
then be easily found since each of the terms in the right-hand side of (4.86) is the Laplace transform of an
exponential signal. This method is called the cover up method.

Example 3.3 Find the inverse Laplace transform of

_ _25-10
X = e (4.88)
_ 25210
T (sH+D)(s42)
Since the poles are a; = —1 and as = —2 are distinct, we have the expansion
A1 AQ
X (s) = 4.89
(8) s+1 + s+2 ( )

Using (4.86) then gives:

Ar = X(s)(s+ 1]y

__ 2s—10
542 L:il (490)

=12

and

A2 =X (S) (S + 2)‘5:72

_ 2s5—10
=21 (4.91)

=14

6The actual sign would need to be evaluated at some value of s that is sufficiently close to the pole.
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Therefore, we get:

—12 14
X =

() s+1 + s+2
The inverse Laplace transform of X (s) can be found by looking up the inverse transform of each of the
terms in the right-hand side of (4.92) giving

(4.92)

x(t) = =12 u () + 14e 2 u (1) (4.93)

4.4.1.2.2 Repeated Poles:

Let’s consider the case when each pole is repeated,

B(s)
X (s) = 4.94
(s) (5s—a1)P (s — aa)P? - (s — a,)”" ( )
where p; + p2 + - - - + p, = p. In this case the partial fraction expansion goes like this:
A Ay, Aq,
X(s) = 5_1&11 + (57;?)2 4+ (s—;fipl
Az As o Az
toma T o T T G (4.95)
JF .o
A, A, Arp,
+sfozlr + (sfa2)2 + + (sfap)”’"

We'll look at two methods. In the first method, the coefficients can be found using the following formula

4 - Ld o 4.96
ipi—k = Ty gk (s) . (4.96)
where i =1,2,....,7, k=0,1,...,p; — 1 and
X;i(8) =X (8) (s —ay)"" (4.97)
Note that the computation of A; ,, does not require any differentiation, since k = 0.
Example 3.4 Find the inverse Laplace transform of
s—1
X(s)=—— (4.98)
(s+ 2)2
Here we have a single repeated pole at s = —2. The expansion is therefore given by
A A
X (s) = —2 L2 (4.99)
s+2  (s+2)
Using (4.96), we begin with k¥ = 0 which corresponds to
Ao = X (s)(s+2)° )
=
=s—1],__, (4.100)

=-3
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Next, we set k = 1 in (4.96)

s=—2
— d% [s — 1]‘52_2 (4.101)
=1
The partial fraction expansion is then given by
1 3
s) — _ 4.102
e R (4.102)
Therefore,

x (t) = e 2t (t) — 3te " u (1) (4.103)

In the second method, the coefficients A; ,,,7 = 1, ...,7 can be found via the cover up method. The remaining
coefficients, Ay p,,4 = 1,...,7,k = 1,...,p; — 1 can be found by substituting values of s that are not equal
to one of the poles in (4.95). This leads to a system of linear equations which can be used to solve for the
remaining coefficients. This method is generally preferable if the order of each repeated pole as well as the
number of poles is sufficiently small so that the number of unknown coefficients is at most two for hand
calculations.

Example 3.5 Find the inverse Laplace transform of:

X (s) = Gr

T (s+1)?
_ A1 4 A2 + Al s (4.104)
T os+1 (s+1)2 (s+1)°
Using the cover-up method we can find A; 3 as follows
Arg = ley = -1 (4.105)
So we are left with
e G (4.106)
_ A + Ai2 1 .
T osHL T (5417 (s41)°

Setting s = 0 in (4.106) leads to

A1 +42=1 (4.107)
and setting s = —2 in (4.106) gives

—Ain+A12=1 (4.108)

These choices of s were used to simplify the linear equations to the greatest extent possible. The solution
to (4.107) and (4.108) is easily found to be A;; = 0 and A; 2 = 1. The partial fraction expansion is given
by

1 1
s) = (4.109)

(s+1)2 (s+1)°
Using the corresponding Laplace transform pairs (Table 4.2) leads to

x(t) =te tu(t) — %th_tu (t) (4.110)
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4.4.1.2.3 Distinct and Repeated Poles:

If a Laplace transform contains both distinct and repeated poles, then we would combine the expansions in
(4.86) and (4.95). Perhaps the easiest way to indicate this is by way of an example:
Example 3.6 Find the inverse Laplace transform of

- s+2
X (s) - (s+1)(8+?2(8+5)2 N (4.111)
A A , ,
= tast si51 + (sj5§2

The coefficients corresponding to the distinct poles can be found using (4.87):

A =X (8)(s+1D|=

_ s+2
T (357 | 4= g (4.112)
_ 1
32
Ay = X (5) (s +3)|=3
_ s+2
- (S+1)(S+5)2 s—_3 (4.].].3)
_1
8

The coefficient A3 5 corresponding to the double pole at s = —5 can be found using (4.96) with k£ = 0:

Azp = X(s)(s+5)°|
_ s+2
= orie |, (4.114)

—_ =3
- 8

The remaining coefficient, As ;1 can be found using (4.96) with k = 1:

A371 = %X (8) (S + 5)2‘

- 4 [t
T ds | (s+1)(s+3)

s=—5
(s2+4s+3)7(s+2)(2s+4) (4115)
- (s2+45+3)°
s=—5
=%

Alternately, As 1 can be computed by substituting the values obtained for Ay, A; and Aj 5 back into (4.111)
and then substituting an arbitrary value for s that does not equal one of the poles as indicated earlier, like
s = 0. This leads to a simple equation whose only unknown is As ;. The partial fraction of X (s) is then
given by:

- s+2 @
X (s) ) - (s+11)(s+3)§s+5)2 . (4.116)
— 33 4 8 32 _ 8
s+1 T s+3 T s+5  (s+5)2

Applying the inverse Laplace transform to each of the individual terms in (4.116) and using linearity gives:

1 1 ) 3
z(t) = 3*2677511, )+ g@fStu (t) — 35° gte*‘r’tu (1) (4.117)

The following example looks at a case where X (s) is a rational function, but is not proper.

S (r) -



84 CHAPTER 4. THE LAPLACE TRANSFORM

Example 3.7 Find the inverse Laplace transform of

s2+6s+1
s2+5s+6
Here since ¢ = p = 2, we cannot perform a partial fraction expansion. First we must perform a long division,
this leads to:

X (s) = (4.118)

X (s =1+ 22—
( ) 62+53+6 (4119)

_ s—5
=1+ (s+2)(s+3)

where s — 5 is the remainder resulting from the long division. The quotient of 1 is called a direct term. In
general, the direct term corresponds to a polynomial in s. The partial fraction expansion is performed on
the quotient term, which is always proper:

s—5 A1 AQ

(3+2)(S+3):s+2+5+3 (4.120)

Using (4.86) gives

A =23
b Pl (4.121)
=7
A — 5—5‘
Pl (4.122)
=8
So we have
7 8
X - 4.12
() s+2 s+3 ( 3)
and
z(t) =0 (t) — Te 2 u (t) + 8e 3 (t) (4.124)

4.4.1.2.4 Complex Conjugate Poles:

Some poles occur in complex conjugate pairs as in the following example:

Example 3.8 Find the output of a filter whose impulse response is h (t) = e *'u (t) and whose input
is given by x (t) = cos (2t)u (t). Since the output is given by y (t) = « (¢) * h (¢), its Laplace transform is
Y (s) = X (s) H (s). Therefore using the table of Laplace transform pairs (Table 4.2) we have

S

X(s)=32 4.12
() s2+4 (4.125)
and
H(5)= - (4.126)
S) = )
$+5
which leads to
= GG (4.127)
A A A
- s+;'2 + 3—3‘2 + s+35
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The poles are at s = j2, —j2 and -5, all of which are distinct, so equation (4.86) applies:

A =Y (s)(s+42)|

s=—32
IR C ) (4.128)
__ —j2 '
= =672
_ 5442
58

The second coefficient is

Ay =Y (s)(s— j2)|3:]‘2
_ 5—j2

58

(4.129)

The calculations for As where omitted but it is easy to see that As will be the complex conjugate of A;
since all of the terms in A, are the complex conjugates of those in A;. Therefore, when there are a pair of
complex conjugate poles, we need only calculate one of the two coefficients and the other will be its complex
conjugate. The last coefficient corresponding to the pole at s = —5 is found using

Az =Y (s)(s+5)]—s5

= (52%4) - (4130)
- _5
29
This gives
5442 5—42 5
Vis)= 0o 4 25— 2 (4.131)

s+j2 s—32 s+5

We can now easily find the inverse Laplace transform of each individual term in the right-hand side of
(4.131):

S5+J2 o 5—J2 o 5
t — 2 eJ J _
y(t) gg € U (t) + 75 € U (t) 55°¢

At this point, we are technically done, however the first two terms in y (¢) are complex and also happen to
be complex conjugates of each other. So we can simplify further by noting that

Sty (t) (4.132)

—5§g26_j2tu (t) + Sggzeﬂtu (t) = 2Re (—5gg26j2tu (t))
= 2Re (0.0928¢10-3805¢i2ty, (1)) (4.133)
= 0.1857cos (2t — 0.3805) u ()

The simplified answer is given by

y (t) = 0.1857cos (2t — 0.3805) u (t) — 0.1724e % u (1) (4.134)

We note that the answer contains a transient term, —0.1724e~ 1'%y (t), and a steady-state term
0.1857cos (2t — 0.3805). The steady-state term corresponds to the sinusoidal steady-state response of the
filter (see Chapter 3). It can be readily seen that the frequency response of the filter is

H(jQ) = ¢ ey (4.135)

and therefore |H (j2)| = 0.1857 and ZH (j2) = —0.3805.
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While the above example provides some insight into the sinusoidal steady-state response, the number
of complex arithmetic calculations can be tedious. We repeat the example using an alternative expansion
involving complex conjugate poles:

1 Ais+ A
_ st (4.136)
s2+bs+c  s2+bs+e
where it has been assumed that b?> — 4c < 0 (otherwise, we have distinct or repeated real poles). As
mentioned above, the expansion in (4.136) can be combined with expansions for distinct or repeated poles.
Example 3.9

Y(s) = raem (4.137)
= AistAy | A;
(s244) s+5
Using the cover up method gives
5
Ag= —° -2 (4.138)

Clearing fractions in (4.137) gives:

s=(A1s+ Ag) (s +5) — 2% (s> +4) (4.139)

Setting s = 0 in (4.139) gives Ay = 5. Substituting this value back into (4.139) and setting s = 1 leads to

A = 25—9. The resulting Laplace transform is:
5 4 5
Y (s5) = 22 29 _ 29 4.140
(5) (s2+4) s+5 ( )

Using the table of Laplace transforms then leads to

y(t) = %cos (2t)u(t) + ;—gsm (2t)u(t) — 2396_5% (t) (4.141)

Comparing this answer with (4.134), we see that the sum of a cosine and a sine having the same frequency
is equal to a cosine at the same frequency having a certain phase shift and amplitude. In fact, it can be
shown that

acos (Qut) + bsin (Qot) = reos (Qut — @) (4.142)
with 7 = Va2 + b2 and ¢ = arctan®. The following example also involves complex conjugate poles and

a
illustrates some additional tricks to solving the partial fraction expansion.
Example 3.10 Find the output of a filter whose input has Laplace transform X (s) = 1 and whose

system function is given by

1
H = =" 4.143
(8)= 272,73 (4.143)
Multiplying X (s) and H (s) gives
_ 1
Y (S) - 8(52+25+3) (4 144)
— ALy AsstAy :
s s24+2s+3
Clearing fractions gives:
1 =A1 (s> +2s+3) +s(Aas + A3) (4.145)

= (Al —+ AQ) s2 —+ (2A1 + Ag) S + 3A1
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Setting s = 0 leads to a quick solution for A;, however two subsequent substitutions are needed to find A,
and As. A slightly faster way of solving for the coefficients in (4.145) is to rearrange the right hand side
in terms of different powers of s (see second line). Then equate the coefficients of like powers of s on both
sides of the equation to solve for the coefficients. For example equating the constant terms leads to 1 = 34,
which gives A; = % The coefficients of s on either side of the equation are related by 0 = 2A4; + A3 which
leads to A3 = —2. Similarly, equating the coefficients of s* gives 0 = A; + Ay which leads to Ay = —%. So
we have:

b e+l
Y (s) = s 12543 (4.146)

The second term in Y (s) does not appear in most Laplace transform tables, however, we can complete the
square of s? + 2s + 3 by taking one-half the coefficient of s, squaring it, then adding and subtracting it to
give:

P 4+254+3+1—-1=(s+1)>+2 (4.147)
After a bit more massaging we get
i Lis+1 i
Y(s)=2 — 5 5 ) - 2 (4.148)
5 (s+1)°+2 (s+1)"+2

whose inverse Laplace transform is readily found from the table of Laplace transforms as

y(t) = %u (t) — %e_tcos (\/§t> u(t) — e 'sin (\@t) u(t) (4.149)

1
3v2
4.5 Transfer Functions and Frequency Response’

We saw in Section 4.2.1.6 (Convolution) that the transfer function of a linear time-invariant system is given
by

Y (s)
H = 4.1
®= % (4150)
If we assume that H (s) is a rational function of s then we can write
() =) (5= B) (5= 5) sy

(s —a1) (s —a2)--- (s — o)

where (31, 02, ..., B4 are the zeros, and a1, as, ...,y are the poles of H (s). The poles and zeros are points in

the s-plane where the transfer function is either non-existent (for a pole) or zero (for a zero). These points
can be plotted in the s-plane with “x" representing the location of a pole and a “o" representing the location
of a zero. Since

[H ()] = H (s)|,-;0 (4.152)
we have

= - - 4.153
72— o] |J o] J— ) (4.153)

"This content is available online at <http://cnx.org/content/m32851/1.4/>.
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and

q P
ZH(§Q) =D 2% = Br) — Y £ (% — ) (4.154)
k=1 =1
Each of the quantities jQ — §; have the same magnitude and phase as a vector from the zero (i to the j
axis in the complex s-plane. Likewise, the quantities j€2 — oy have the same magnitude and phase as vectors
from the pole aj to the jQ axis.
Example 3.1 Consider a first-order lowpass filter with transfer function

1
H(s) = 41
(s) P (4.155)
Then
H ()| = — (4.156)
PIT a2 '

The quantity j2 4+ 2 has the same magnitude and phase as a vector from the pole at s = —2 to the 5
axis in the complex plane. The magnitude of the frequency response is the inverse of the magnitude of this
vector. The length of jQ + 2 increases as Q) increases thereby making |H (j2)| decrease as one would expect
of a lowpass filter.

Example 3.2 Consider a first-order highpass filter with transfer function

H(s) = 4.1
()= (4157)
Then
, FiY
H(jiQ)| = ———— 4.158
69 = gy (1158)

When Q =0, |H (§)| = 0, but as Q approaches infinity, the two vectors jQ and jQ + 2 have equal lengths,
so the magnitude of the frequency response approaches unity.
Example 3.3 Let’s now look at the transfer function corresponding to a second-order filter

s+1

B = T m s r1-9)

(4.159)

Or

. 7+ 1]
H Q)| = — — - 4.160
1 (542 Q414 55] 72+ 1 = j5| (4.160)
The pole-zero plot for this transfer function is shown in Figure 4.3. The corresponding magnitude and phase
of the frequency response are shown in Figure 4.4.




jQ
X 1j5
3/
-]5

Figure 4.3: Pole-zero diagram for Example .
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10° ¢ B TR ey
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Figure 4.4: Magnitude and phase of frequency response for Example .

The two poles are at s = —3 £ j5 and the zero is at s = —1. When the frequency gets close to either one
of the poles, the frequency response magnitude increases since the lengths of one of the vectors j 4 j5 is
small.

In the previous example we saw that as the poles get close to the jQ2 axis in the s-plane, the frequency
response magnitude increases at frequencies that are close to the poles. In fact, when a pole is located directly
on the jQ axis, the filter’s frequency response magnitude becomes infinite, and will begin to oscillate. If a
zero is located on the jQ axis, the filters frequency response magnitude will be zero.

Example 3.4 Suppose a filter has transfer function

s
H(s) = —— 4.161

(5) =255 (4.161)

The two poles are at s = 55 and there is a zero at s = 0. From Table 4.2, the impulse response of the

filter is h (t) = cos (5t) u (t). This impulse response doesn’t die out like most of the impulse responses we’ve
seen. Instead, it oscillates at a fixed frequency. The filter is called an oscillator. Oscillators are useful for

generating high-frequency sinusoids used in wireless communications.
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4.6 Stability”

4.6.1 Filter Stability

We define a filter as being stable if a bounded input produces a bounded output. This is called BIBO
stability. Consider the convolution integral

y(t) = /Oo h(r)z(t—7)dr (4.162)

We wish to find a condition that is necessary for the filter output y (¢) to be bounded whenever the input
x (t) is bounded. Let’s take the absolute value of both sides of (4.162)

@ =|[Zh@meE-rdr
< [T k(@) a(t—71)dr (4.163)
< Tz [ 75 Ih ()] dr < o0

where the first inequality is due to the triangle inequality and the second inequality results from replacing
|z (t — 7) | by its upper bound ,,4,. Therefore, the condition for BIBO stability is that the impulse response
the absolutely integrable.

/oo B (8) dt < o (4.164)

Example 3.1 The impulse response of a filter is h (t) = cos (5¢) u (¢). If the input to this filter is z (t) =
cos (5t) u (t), then the output is given by

y(t) = fooo cos (51)cos (5 (t —7))u(t —7)dr
= fot cos (57) cos (5(t — 7)) dr

. . (4.165)
= 1 [, cos (107 — 5t) d7 + cos (5t) [, dr
= %fg cos (107 — 5t) d7 + Ftcos (5t)
where in the third line, we have used the trigonometric identity
1
cos (01) cos (03) = B (cos (61 — 02) + cos (61 + 02)) (4.166)

As t approaches infinity, then it is clear that y (¢) also becomes unbounded. Therefore the filter is unstable.
Moreover, it is clear that h (¢) is not absolutely integrable.

If a transfer function is rational, it can be expressed as a sum of any direct term that may be present
plus a proper rational function (¢ < p).

bys? + bg—189"1 + -+ + bys + by

H(s)=cms™ +cm18™ 4 +ers+co+
(s) = cm m—1 ! O apsP +ap_1sP L+ -+ ars + ag

(4.167)

The direct terms can be shown to produce unbounded outputs when the input is a step function (which of
course, is bounded). The proper rational function produces output terms that depend on whether poles are
distinct or repeated and whether these are real or complex:

e Distinct real poles, s = o lead to an impulse response with terms:

Ke 'y (t) (4.168)

8This content is available online at <http://cnx.org/content/m32852/1.5/>.
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e Distinct complex conjugate poles s = oy £ jQ produce impulse response terms:

Ke ' cos (et + 0) u (t) (4.169)

e Repeated real poles s = g produce impulse response terms having the form:
Kty (t) (4.170)

The quantities K and 6 are constants while n is a positive integer. In all of these cases the filter impulse
response dies out with time if the poles have negative real parts, i.e. it is absolutely integrable and therefore
leads to a stable filter. If the poles have zero or positive real parts, then the impulse response terms either
oscillate or grow with time, and are not absolutely integrable. When this happens then one can always find
a bounded input that produces an unbounded output. Therefore, in order for a filter with a rational transfer
function to have BIBO stability, the transfer function should be proper and the poles of the transfer function
should have negative real parts.

4.7 Second-Order Filters’
4.7.1 Second-Order Lowpass Filters

The second-order lowpass filter has system function

QQ
H = o
() §2 4 2¢Q,s + Q2

where €, is the undamped natural frequency, and ( is the damping ratio. The undamped natural frequency
and damping ratio are properties of the physical devices used to implement the second-order filter (capacitors,
inductors, and resistors, in the case of an electrical circuit). It so happens that the damping ratio satisfies
¢ > 0. Using the formula for the roots of a quadratic polynomial, the two poles of H (s) are easily found to
be

(4.171)

s1 = 7§Qn +Q, V <2 -1
52 :_Cﬂn_Qn\/éQ_l

There are three possible sets of poles that are categorized as follows:

(4.172)

1. Overdamped: the poles are real and distinct. This occurs if ¢ > 1. In this case the impulse response

is given by: 0 0
h(t) = 7n651t’u t) — 7"6821% t 4.173
(0) = g )~ =) (4.173)

2. Critically damped: corresponds to ( = 1. The two poles are repeated with,
81 = 82 = 7<Qn = 7Qn (4174)
and the impulse response is given by

h(t) = Q2te Sty (1) (4.175)

9This content is available online at <http://cnx.org/content/m34269/1.4/>.
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3. Underdamped: corresponds to 0 < ¢ < 1, giving a pair of complex conjugate poles. In this case, the
impulse response is given by

h(t) = \/fzzicze_mntsin (ant) u(t) (4.176)

Note that in the underdamped case, the magnitude of the poles is |s1| = |s2]| = Q,,, and when ¢ = 0,
the two poles are on the imaginary axis which corresponds to an impulse response that is a pure
sinusoid and the system is unstable.

A root locus diagram shows the paths that the poles of H (s) would take as the damping ratio is decreased
from some number greater than 1 down to 0, and is shown in Figure 4.5.

0

R TN
(=04 y~ J
/
(=11
A a
(=11 :\ (=11
3\
C=04"X__ ‘
T 7.7971

Figure 4.5: Root locus of second-order lowpass filter having 2,, = 10.

The frequency response of the second-order lowpass filter can be found using the substitution
H (jQ) = H (s) |s:j£27 giving

Q2
02 — Q2 4+ 52¢Q,0Q
The frequency response magnitude is shown in Figure 4.6 for 2,, = 10 and several values of (. Note that for

the underdamped case, there is a resonance or peak that would be expected to maximize at the undamped
natural frequency €,,, when ¢ = 0.

H(j) = (4.177)
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[H({ <) (dB)

10 10 10 10

Figure 4.6: Frequency response of second-order lowpass filter with €2, = 10 and several values of (.

We also observe that for the critically damped case, since

Q3
H(s) = e (4.178)

setting s = jQ gives |H (Q,)| = 2. Moreover, it is clear that for Q < Q,, |H (€,)| > 1 and for Q > Q,,
|H ()| < 3. These ideas will be used later when we discuss Bode plots.

4.7.2 Second-Order Filter Implementation

+Vhp_ +‘/2p_

sL — +

| =+

Figure 4.7: Series RLC circuit.
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Second order filters can be implemented using either passive or active circuit elements. We will consider the
series RLC circuit shown in Figure 4.7. A lowpass filter results by taking the filter output to be the voltage
across the capacitor. Using voltage division, the system function is easily found to be

H s — le(s)
t (5) Vifs) (4.179)

— 2L R 1
s*tIstro

Comparing (4.179) with (4.171) we find that the undamped natural frequency is §2,, = \/%70, while 2(Q2,, = %,

giving the attenuation coefficient:

R
=, = — 4.180
a=(0 =57 (4180)
A second-order highpass filter is implemented by taking the output of the filter to be the inductor voltage
in the series RLC circuit. The resulting system function is

Hh S — Vip(s)

p(s) s (4.181)
So in terms of the undamped natural frequency and damping ratio, the second-order highpass filter is given
by

s2

H -
hp (S) 82+2CQnS+Q%
The graph of the frequency response magnitude of this filter is shown in Figure 4.8 for several damping
ratios and €2,, = 10.

(4.182)

20 ; .

_50 L n
10 10" 10° 10
Q

Figure 4.8: Frequency response of second-order highpass filter with €2, = 10 and several values of (.
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Not surprisingly, a second-order bandpass filter results by taking the output of the filter be the resistor

voltage in the series RLC circuit. The system function is then

This can be expressed in terms of ¢ and €2, as

2¢Q, s

H =
bp (S) 52 + QCQnS + Q%

4.7.3 Frequency Response of Second-Order Bandpass Filter
Setting s = jQ in (4.184) gives the frequency response of the second-order bandpass filter

72002,Q
02 — 02 + ;2000

The magnitude of this frequency response is shown in Figure 4.9 where 2,, = 10.

Hy, (]Q) =

(4.183)

(4.184)

(4.185)
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[H (j$2)|(dB)

-10F

20+

-30}

50

-60

(=04

¢=0.1

10

10 10 10

Figure 4.9: Frequency response of second-order bandpass filter with 2,, = 10 and several values of (.

Evidently, the frequency response peaks at 2 = €2,,. To prove this, we can divide the numerator and
denominator of (4.185) by j2¢,Q, giving

where

. _ 1
pr (]Q) - 02 -2
1=y 20, Q2

1
Q2-02

) et (4.186)

1
= 1HAQ)

(R

A = 2000

(4.187)

It is easy to check that |A(Q,)| = 0 and |A(Q)| > 0,Q # Q,. Therefore |Hp, (j2)| does in fact peak at

Q=Q,.
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The bandwidth of bandpass filters is typically measured as the difference between the two frequencies,
Qs and 1, at which the gain has dropped by 3 decibels from its peak of 0 dB. A diagram of this is shown
in Figure 4.10.

_12,

-14+

_16,

-20 S

Figure 4.10: Definition of bandpass filter bandwidth, BW = Qs — Q5.

Formulas for ©; and 5 can be found by solving

A(Q) = +1 (4.188)
since if A (Q) = £1, we get |H (jQ)| = % Solving the quadratic equation A (Q) = 1 gives two solutions:
Ql = (Qn + V1+ <2 (4189)
Qo = CQp — Qp/1+ 2 (4.190)
while solving A (2) = —1 gives two additional solutions
Q= —CQ — QU /1+2 (4.192)

Since Q,+/1 + (2 > (Q,,, we pick the two positive solutions as the “corner” frequencies:

M= _CQn +Q, V 1+ CQ (4193)

Qy = CQp + /14 (2 (4.194)
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The two negative frequencies are just the negatives of the two positive frequencies (recall that |H (j§2)]
has even symmetry). So the bandwidth is BW = Qo — Qy = 2¢Q,,. It can also be readily verified that
Q, = V/Q1Q, that is, the center frequency of the bandpass filter is the geometric mean of the two corner
frequencies. The qualify factor, @, is defined as

Q
Qo = -
BW
and is a measure of the narrowness of the filter bandwidth, with respect to its center frequency. It can be

seen that Q, = i

(4.195)

4.8 Bode Plots"”
4.8.1 Bode Plots

Plotting the magnitude and phase of the frequency response is most easily accomplished with a computer,
provided you have the right software (for example, the Matlab function “freqs”). However if there is no
computer handy, a classical method for quickly sketching the magnitude or phase response of a filter is using
a Bode plot. Consider a general system function given by

q _ Tk
H(s) = Kl—H’;Zl (s 6’“)% (4.196)
[Tz (s —ax)
where we assume the 7y, and ¢ are integers. The corresponding frequency response is therefore

(2 — )™
)"

q
H (jQ) = Ky H’fl

4.197
k=1 (jQ — Qg ( )

(4.197) can be written as

(4.198)

where

LY B
k=t 0y (=)

(4.199)

Since most frequency response plots are expressed in units of decibels, we have

Tk

i, (i)

o (i)™
= 20logq, | K|

+ 2 ko1 T620l0gyg ‘1 - Jg%‘ — k=1 0k20l0g3¢ ‘1 —Jar

where we have used basic properties of logarithms. The individual terms in the sums can be plotted, to
within a reasonable approximation, with relative ease. So the Bode magnitude plot involves summing the
graphs of each individual term in (4.200). Lets consider first a single positive term having the form

20logqo [ H (7] = 20logyo | K

(4.200)

M = ~v20log,

1- ;g’ (4.201)

10This content is available online at <http://cnx.org/content/m34302/1.3/>.
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It is clear that when Q < 8 then M =~ 0. On the other hand if Q > 3, M =~ +20log,, ’%‘ = 720log |9 —

~v20log,q |B]- If we plot this as a function of log,, |€?|, this represents a straight line having a slope of 720
that crosses the log;, |Q|-axis at logq, || = logy, |B]. These approximations are illustrated in Figure 4.11.

M (dB)
20y
1
0 | ‘ logy €2
logy ||
Figure 4.11: Straight-line approximations to y20log,, |1 — ]%)

Instead of plotting M as a function of log ||, it is more common to plot it as a function of 2 with the
frequency axis on a logarithmic scale. In this case the non-zero slope is 20y decibels per decade, where one
decade represents an increase in ) by a factor of 10. The modified graph is shown in Figure 4.12.

M (dB)

20y dB/decade

Q

log scale

Figure 4.12: Straight-line approximations to v20log,, ‘1 — j%) using logarithmic frequency axis.

We also note that when €2 = 3, the straight-line approximations are not valid, however the true value is
easily found to be v20log;, |1 — j| = 720l0g,ov/2 =~ 3y dB. Negative terms in (4.200) are approximated in a
similar manner, but the non-zero slope is now —20vy dB/decade. The resulting approximation is shown in
Figure 4.13.
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Q

—200 dB/decade

Figure 4.13: Straight-line approximations to —§20log,, |1 —-Jje ’

(4.200) did not take into account cases where the poles or zeros occur at s = 0. For example, if H (s) = 57,
then M = 20log,o |H (§€2)| = v20log, |€2|, which is a line having a slope of 20y dB/decade passing through
the Q-axis at Q = 1 (see Figure 4.14). When there is a single or repeated pole at the origin, the graph
appears just as in Figure 4.14 but with a negative slope.

M (dB)
20~ dB/decade

‘ Q

—_

Figure 4.14: Straight-line approximations to y20log,, |€2|.

Next we’ll look at approximations to the phase response. Here we’ll begin with H (jQ1) as shown in
(4.198). Taking the phase of both sides gives

ZH (5Q) — /K M
(i)™ (4.202)
= K+ s (1 —gm) —h o (1-52)
where we have used the fact £{Z12>} = £Z) + £Z5 and £{Z7} = v/Z. Lets now consider how we
approximate each of the terms in (4.202). Consider the single term

/ (1 —j?) = —arctan (g) (4.203)

The graph of this function is shown in Figure 4.15.
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Figure 4.15: Graph of —arctan (%), shown on a linear frequency scale.

Since the magnitude response plots are on a logarithmic frequency axis, it would be desirable to do the

same for the phase response plots. If we restrict 2 to positive values and plot —arctan (%) on a logarithmic
frequency scale, we get the graph shown in Figure 4.16.

_ -1(Q
tan |(ﬂ>
ISE

SE

Figure 4.16: Graph of —arctan (%), shown on a logarithmic frequency scale, for {2 > 0.

This graph can be approximated with straight lines as shown in Figure 4.17. The approximation is a
straight line having a slope of —7/4 rad/decade passing through a phase of —7/4 at Q@ = . The line then
levels off at 2 = 0.138 and 2 = 105. The resulting approximation is shown in Figure 4.17.
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—tan~?! (%)
|
INF

wl3

0.1 ﬁ 1083

Figure 4.17: Approximation (in red) to graph of —arctan (%) on a logarithmic frequency scale.

Constant terms in (4.202) have a phase of 0 or £, depending on their sign, while poles or zeros of H (s)
at the origin produce phase terms of y7/2 for zeros or order v or —ém/2 for poles of order §. Next we’ll
illustrate these techniques with a few examples.

Example 3.1 Sketch the Bode magnitude and phase response plot for the following filter:

H (s) 10° (4.204)
s) = - .
(s+10) (s +10°)
We begin by finding the corresponding frequency response by setting s = j€:
1
H(5Q) = ‘ ‘ (4.205)
(1+315) (1+J105)

Lets find the magnitude response first:

20logyo |H ()| = —20log,q |1 —|—jﬁ —20logq |1 —|—j1T)3 (4.206)

The resulting straight-line approximations to the two terms in (4.206) along with their sum are shown in
Figure 4.18.
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—201log)o |1+ j &

10 10? 10°
0 ‘ 1 1 Q
—20 dB/decade
+
—201og;, ‘1 +j]%3)
10 107 10°
0 1 1 1 Q
—20 dB/decade ™~
I
—201logo [H (j$2)] )
10 10? 10° 10*
0 ‘ ‘ ‘ 1 Q

—40 dB/decade

Figure 4.18: Bode magnitude response plot derivation for Example 1.

The phase is given by

ZH(jQ) =~/ (1 +j1%> Sy (1 +j1§3) (4.207)

The straight-line approximations to the two phase terms, along with their sum are shown in Figure 4.19.
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Figure 4.19: Bode phase response plot derivation for Example 1.

Next we’ll look at an example of a second-order highpass filter.
Example 3.2 Find the Bode magnitude and phase response of the following filter

2
H(s)=——
(s +10)
Substituting s = j€ in (4.208) gives
‘ —-107%0?
H () = T a2
(1+715)

The magnitude response, expressed in decibels becomes

20logyo [H (j)| = 20log, |1073| + 40log,, |2 — 40log,

i
1 pea,
* 10‘

(4.208)

(4.209)

(4.210)

The graphs of the straight-line approximations for the three terms in the right-hand side of (4.210) along

with their sum are shown in Figure 4.20.
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201ogy 1072 = —40 dB

| 1 10 102
—40 1 | | 9]

401og, |€2] +

40 dB/decade
—40 4

—401og;, ’1 + %
1

0 1 1 1 1 y)

40 dB/decade

—40 1

Figure 4.20: Bode magnitude response plot derivation for Example 3.2.

The phase of the frequency response is found to be

ZH (jQ) = 2(-107°Q2) — 4(1 + %)2

=72/ <1+%) (4.211)

The resulting Bode phase response plot is found in Figure 4.21.
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T —

0 1 | | | 0
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Figure 4.21: Bode phase response plot derivation for Example 3.2.

4.9 The Laplace Transform: Excercises"

4.9.1 Exercises

107

1. Find the Laplace Transform of the following signals, for each case indicate the Laplace transform

property that was used:

a. o (t) = de 020y (t)

b. z (t) = 4te=2tu (t)

c. (t) = 4e= 0210y (+ — 10)
d. z(t)=6(t—5)

e. = (t) = 10tu (t)

f. 2 (t) = sin (107t) u (t)

g. x(t) = e 3sin (107t) u (t)
h. = (t) =rect (t —0.5,1)

2. Suppose that two filters having impulse responses h; (t) and hs (t) are cascaded (i.e.

connected in

series). Find the transfer function of the equivalent filter assuming h; (t) = 10e~ 1% (t) and hq (t) =

5e =5ty ().
3. Find the inverse Laplace transforms of the following:
a. X (s)= %
b. X (s) = %5
d. X (s)=10
e. X(s)= %
f. X (s)= %
4. Use partial fraction expansions to find the inverse Laplace transforms of the following:
_ s+2
a. X(s)= EocRlesy
_ s+
b- X(s) = Grayterg
c. X(s)= TG

1 This content is available online at <http://cnx.org/content/m32853/1.7/>.
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10.

CHAPTER 4. THE LAPLACE TRANSFORM

s2—3s
d X (s) = oo

Consider a filter having impulse response h (t) = e~2'u (t). Use Laplace transforms to find the output
of the filter when the input is given by:

a. z(t) =u(t)
b. z(t) = tu (¢)
c. z(t) = e Hu(t)
d. z (t) = cos (10t) u ()
Indicate whether the following impulse responses correspond to stable or unstable filters:
a. h(t)=u(t)
b. h(t) = e 3tu(t)
c. h(t) = e 3tcos(4tu (t)
d. h(t) = cos(10t) u (t)

Use Laplace transform tables to find the impulse response of the second-order lowpass filter in terms
of ¢ and 2, for the overdamped, critically damped, and underdamped case.

Use a series RLC circuit to design a critically damped second-order lowpass filter with a corner fre-
quency of 100 rad/sec. Use a R = 6.8 k2 resistor in your design.

Using a 10 k{2 resistor, design a critically damped bandpass filter, having a center frequency of 100
rad/sec and indicate the resulting bandwidth of the filter. What is the quality factor of the filter?
Use bode plots to find the magnitude and phase response of the following filters

a.

H{(s) = . (4.212)

103s

(4.213)
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