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Chapter 1. Quantization

1.1. Quantizationi

* Given a continuous-time and continuous-amplitude signal x(t), processing and storage by modern digital hardware requires discretization in both time and amplitude, as accomplished by
an analog-to-digital converter (ADC).

* We will typically work with discrete-time quantities x(n) (indexed by “time” variable 77) which we assume were sampled ideally and without aliasing.

* Here we discuss various ways of discretizing the amplitude of x(n)so that it may be represented by a finite set of numbers. This is generally a lossy operation, and so we analyze the
performance of various quantization schemes and design quantizers that are optimal under certain assumptions. A good reference for much of this material is the textbook by Jayant and
Noll.

1.2. Memoryless Scalar Quantizationi

o Memoryless scalar quantization of continuous-amplitude variable xis the mapping of xto output yx when x lies within interval

Xy =lxp<x<xg o hk=1,2, - L 1.1)
The x« are called decision thresholds, and the number of quantization levels is L. The quantization operation is written y = Q(x).
e When O€ly,, - ,y;}, quantizer is called /midtread, else midrise.

o Quantization error defined q:=x - Q(x)
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Figure 1.1.

(2) (b)
Q=) Q(z)

4 alx) qlx)

(a) Uniform and (b) non-uniform quantization Q(x) and quantization error q(x)
* If xis a r.v. with pdf p,(-) and likewise for g, then quantization error variance is
w
2-Elg?} = 2 py(q)de a2
LA {q } f I Paladq

= o 3
/ (x - @ ( x ) px(x)dx

Tk+1

-
L

z r l,\-_vkizp\(,nd,\

k=1 J

Xk
* A special quantizer is the wniform quantizer.

(1.3)
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Yk41-Yk = 4, fork=1,2, - ,L-1,
Xp1-Xp = 4, forfinitexy, x; 4,

“X|=Xp4 = .

* Uniform Quantizer Performance for large L. For bounded input x € ( - xpy,x Xmax) , Uniform quantization with x,

=~ Xpay + 4 and x; = X, - 4, and withy, =x, -4 /2 and y, =x,+ 4/ 2 (for
k> 1), the quantization error is well approximated by a uniform distribution for large £:

1/ Algl<al 2, .
I’r/“l’={u/ \11\ <4/ 1.4)
else.

Why?
® As L—w, p,(x) is constant over Xifor any &. Since q = x- yl, e, it follows that p, (glx €X,) will have uniform distribution for any 4.

o With x€( - xpux Xmayx) and with xxand yx as specified, g € (-4 / 2,4 / 2] for all x(see Figure 1.2). Hence, for any &,

1/ A qe(-4] 2,4/ 2] 1.5
Pqlalx GX‘)={0 e, (1.5
Figure 1.2.

Tmax

In this case, from Equation 1.2 (upper equation),

(1.6)
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If we use R bits to represent each discrete output yand choose L = 2%, then

V1, (1.7)
6([ - ) =§‘ﬁm‘( 2 R
and
2 2 2 (1.8)
SNR[dB] = 101ng“,(”:): 1010gm(3 Ix :-R]:ﬁ.OQR- lO]Dg“{3 ""’;“]4
L p oy

Recall that the expression above is only valid for o small enough to ensure x € ( - x5 Xmy) - FOr larger o, the quantizer overloads and the SNR decreases rapidly.

Example 1.1. SNR for Uniform Quantization of Uniformly-Distributed Input

For uniformly distributed x, can show x.x/ ox=13, so that SNR = 6.02R.

Example 1.2. SNR for Uniform Quantization of Sinusoidal Input)

For a sinusoidal x, can show xmax/ ox=12, so that SNR = 6.02R + 1.76. (Interesting since sine waves are often used as test signals).

Example 1.3. SNR for Uniform Quantization of Gaussian Input

Though not truly bounded, Gaussian x might be considered as approximately bounded if we choose x,,,, = 40, and ignore residual clipping. In this case SNR = 6.02R - 7.27.

1.3. MSE-Optimal Memoryless Scalar Quantizationi

* Though uniform quantization is convenient for implementation and analysis, non-uniform quantization yeilds lower aqzwhenpx[-) is non-uniformly distributed. By decreasing |q(x)| for

frequently occuring x (at the expense of increasing |q(x)| for infrequently occuring x), the average error power can be reduced.
o [loyd-Max Quantizer: MSE-optimal thresholds {x,} and outputs {y,} can be determined given an input distribution p,(+),and the result is the Lloyd-Max quantizer. Necessary conditions
on {x;} and {y.} are

do2 i 1.9)
2% —0forke(2, - .L} and —L=0brke(l, - L.
o0xy 0\‘}\
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Using equation 2 from Memoryless Scalar Quantization (third equation), d / b ,’f(x)dx = f{(b),d / daf,’fix)dx = - fla), and above,

* *
5 Vi +V (1.10)
9 _ (2, -yr )2 2 o o M =t ttke2 L,
T\‘—(‘A“A,I’ Px(xp) - (X -yp) " px(xp)=0 = ) -'
\1 = '00‘,\L+]=00,
¢
< 5 Tk+1 /'H\p‘(,\ul\
%5 _,[ * _ Yk .
W=' (\*)‘“[)U;\)(l,\:(] = Vi —,,7J\€U - L}
3 x
k Xk f:‘+1p\(\l(1,\
Xk
It can be shown that above are sufficient for global MMSE when a%logp,(x) / dx* < 0, which holds for uniform, Gaussian, and Laplace pdfs, but not Gamma.Note:
o optimum decision thresholds are halfway between neighboring output values,
o optimum output values are centroids of the pdf within the appropriate interval, i.e., are given by the conditional means
* 1.11)
"k +1 (
xp (x)dx
g : (v xeXE J "
_\'I =E ‘.\|,\€XZ' = .\[)\(.\|.\€X; }1.\: 2 ,‘(‘ ! *A )u'\, =k X
e Pleexi) T b,
/ . Px(x)dx
J J it
Iterative Procedure to Find x} | analy} | :
A
1. Choose y, .
2. For k=1, - ,L-1, given \A v and f 1 » Solve Equation 1.10 (lower equation) for Q k41, given (\ v and Q « + 1 Solve Equation 1.10 (upper equation) for (\ (i1 -€Nd;

3. Compare (\ 1 to yi calculated from Equation 1.10 (lower equation) based on x 1 andx, ., =co. Adjust (\ | accordingly, and go to step 1.

* Lloyd-Max Performance for large L. As with the uniform quantizer, can analyze quantization error performance for large L. Here, we assume that

o the pdfp,(x) is constant overx €X, fork €{1,--,L},
o the pdfp,(x) is symmetric about x = 0,
o the input is bounded, i.e., x € ( - Xyux. Xuux) fOr some (potentially large) Xmax.

So with assumption
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px(x)=px(ypforx,y, Xy
and definition
A P =Xy Xp
we can write

Py =Prlx€Xy}=px(yp)Ag (where we  require 2 Py = l)

and thus, from equation 2 from Memoryless Scalar Quantization(lower equation), qu becomes

R L
K>

Tk+1

Ll»

{) f (x »7\'}\):(1\.
‘.

For MSE-optimal {y,}, know

2 Tk+1

do; P ¢
0= "=.J|. (x- yp)dx y; :l5+—,:ii—L
0y} A‘J 2
"

which is expected since the centroid of a flat pdf over Xiis simply the midpoint of X«. Plugging y, * into Equation 1.15,

Yk +1

2 _ i Py 5 13
o = A:IE[("‘A/ 2-x1] 2y

E%[(-‘Hl/ 2-xif 2P - (-‘k/ 2-xp 41/ 2)3]

k=1

Py o ofAk) _1_2 2
234"'(: ‘12‘=,P*A*'

Note that for uniform quantization (A = 4), the expression above reduces to the one derived earlier.Now we minimize 1742 w.r.t. |A}. The trick here is to define

wi=lnbi ey s o3 pibt W= 3 a2
=1

k=1

For p,(x) constant over Xi and yy €X,,
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(1.12)
(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)
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¥max

L L
Z a = Z 7:[)‘ (\Z‘ )“A = Jf ‘Tp\(\ )dx = C  (aknownconstant),

yp = Tkt J xmay
we have the following constrained optimization problem:
minz u’; sits Z a,=C,. (1.20)
lakl 7 3
This may be solved using Lagrange multipliers.
Optimization via Lagrange Multipliers
Consider the problem of minimizing N-dimensional real-valued cost function J(x), where x=(x,x,, - ,xy)", subject to M<N real-valued equality constraints,(x) = a,, m=1,--;M.
This may be converted into an unconstrained optimization of dimension N+M by introducing additional variablesi= (A, - ,4y)" known as Lagrange multipliers. The uncontrained
cost function is
Jy (%, 1) =J(x) + z Amlfm (X) = aph (1.21)
m
and necessary conditions for its minimization are
%J“(x.l):o o %J(x; +ZA,,,£:/,,,(x;:0 (1.22)
m
d—‘;/“ x,A)=0 © fn(xX)=apform=1, -~ M.

The typical procedure used to solve for optimal x is the following:
1. Eguations for x», n = 1,--,N, in terms of ‘A, are obtained from Equation 1.22 (upper equation).
2. These N equations are used in Equation 1.22(lower equation) to solve for the M optimal Am.

3. The optimal A, are plugged back into the Nequations for x,, yielding optimal {x,} .

Necessary conditions are

P : (1.23)
W’o(—;(; ap + A

M araZa-cos Ta-c
k k -

> o - C‘))zo > A=-3al>a,=\-4/ 3
k
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which can be combined to solve for A:

2 (1.24)
=C, = A= 1(%) %
Plugging A back into the expression for a, we find
(1; :Cr/ L, V2. (1.25)
Using the definition of a,, the optimal decision spacing is
[‘m:\x 3 . (1.26)
Vpx(x)d>
AZ’ :#zﬁx ] /)‘(\(\V

Upbi) o)

and the minimum quantization error variance is

3
Xmax -

Jf '?]7\(” d A\)
T 1

= PIL:(I‘"”‘ '?p‘m d \)

“Ymax

(1.27)

An interesting observation is that a ," 3, thet™ interval’s optimal contribution to qu, is constant over {.

1.4. Entropy Codingi

* Binary Scalar Encoding.: Previously we have focused on the memoryless scalar quantizer y = Q(x), where y takes a value from a set of £ reconstruction levels. By coding each quantizer
output in binary format, we transmit (store) the information at a rate (cost) of

R=rlog:L}sits/sumple. (1.28)

If, for example, L = 8, then we transmit at 3 bits/sample. Say we can tolerate a bit more quantization error, e.g., as results from L = 5. We hope that this reduction in fidelity reduces our
transmission requirements, but with this simple binary encoding scheme we still require R = 3 bits/sample!

o Idea—Block Coding: Let's assign a symbol to each block of 3 consecutive quantizer outputs. We need a symbol alphabet of size > 5% = 125, which is adequately represented by a 7-bit
word (27 = 128). Transmitting these words requires only 7 / 3 = 2.33 bits/sample!
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o Idea—Variable Length Coding: Assume some of the quantizer outputs occur more frequently than others. Could we come up with an alphabet consisting of short words for representing
frequent outputs and longer words for infrequent outputs that would have a lower average transmission rate?

Example 1.4. Variable Length Coding)
Consider the quantizer with L = 4 and output probabilities indicated in Table 1.1. Straightforward 2-bit encoding requires average bit rate of 2 bits/sample, while the variable length
code in Table 1.1 gives average R= Z‘Pk n, =0.6-1 40252+ 0.1-34+0.05-3=1.55 bits/sample.

output| A | code

)21 0.60|0

> |0.25]01

v |0.10]011

VZi 0.05/111

Table 1.1.

o (Just enough information about) Entropy:
Exercise 1.4.1.
Given an arbitrarily complex coding scheme, what is the minimum bits/sample required to transmit (store) the sequence{y(n)}?

Answer

L
When random process {y(n)} is i.i.d., the minimum average bit rate isR ,;, = H, + €, where H, is the entropy of random variable y(n) in bits: H, = - Z Pilog, Py, and €is an arbitrarily
’ k=1
small positive constant (see textbooks by Berger and by Cover & Thomas).
Notes:

« Entropy obeys0 < H, < log,L. The left inequality occurs when P, = 1 for some 4, while the right inequality occurs when P, =1/ L for every .

« The term entropy refers to the average information of a single random variable, while the term entropy rate refers to a sequence of random variables, i.e., a random process.

¢ When {y(n)} is not independent (the focus of later sections), a different expression for Rui» applies.
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* Though the minimum rate is well specified, the construction of a coding scheme which always achieves this rate is not.

Example 1.5. Entropy of Variable Length Code

Recalling the setup of Example 1.4, we find that H,=-(0.610g, 0.6 +0.25l0g,0.25+0.1l0g, 0.1+0.05log, 0.05) = 1.49 bits. Assuming i.i.d. {y(n)}, we have Ry, = 1.49

bits/sample. Compare to the variable length code on the right which gaver = 1.55 bits/sample.

output| A | code
yi 0.60|0
vz 0.25|01
)Z] 0.10 (011
Y 0.05|111
Table 1.2.

Page 10 of 25

* Huffman Encoding: Given quantizer outputs yx or fixed-length blocks of outputs (v i Vk y,) , the Huffman procedure constructs variable length codes that are optimal in certain respects

(see Cover & Thomas). For example, when the probabilities of (P, are powers of 1/2 (and {y(n)} is i.i.d.), the entropy rate of a Huffman encoded output attains Rpn.

Huffman Procedure (Binary Case)

1. Arrange ouput probabilities A in decreasing order and consider them as leaf nodes of a tree.

2. While there exists more than one node:

¢ Merge the two nodes with smallest probability to form a new node whose probability equals the sum of the two merged nodes.

o Arbitrarily assign 1 and 0 to the two branches of the merging pair.

3. The code assigned to each output is obtained by reading the branch bits sequentially from root note to leaf node.
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Figure 1.3.
0.60 « 0 —5 100
0 1
0.25 o %y
0o 1
0.10 o =97 ¢
0050 1
05¢ 0 —0 100
_ 0 1
025 L’—//O 08
0 1
0.125 Gﬁ“’ 0.25
0.1250° 1
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Example 1.6. Huffman Encoder Attaining Rmin

In Huffman Procedure (Binary Case), a Huffman code was constructed for the output probabilities listed below. Here
H,=-(0.5log;0.5+0.25log; 0.25+2-0.125log, 0.125) = 1.75 bits, so that R, = 1.75 bits/sample (with the i.i.d. assumption). Since the average bit rate for the Huffman code

isalsoR=0.5-1 + 0.25:2 + 0.125-3 + 0.125-3=1.75 bits/sample, Huffman encoding attains Rmi, for this output distribution.

file:///C:/cd3wd_master/master/students/cnx_maths monday pm /coll1121 1.2 An...
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v |05 |0

v |0.25 |01

V2] 0.125|011
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‘y4 0.125|111

Table 1.3.

1.5. Quantizer Design for Entropy Coded Sytemsf

* Say that we are designing a system with a memoryless quantizer followed by an entropy coder, and our goal is to minimize the average transmission rate for a given aqz (or vice versa).

Is it optimal to cascade a aqz—minimizing (Lloyd-Max) quantizer with a rate-minimizing code? In other words, what is the optimal memoryless quantizer if the quantized outputs are to be
entropy coded?

* A Compander Formulation: To determine the optimal quantizer,

1. consider a companding system: a memoryless nonlinearityc(x) followed by uniform quantizer,

2. find c(x) minimizing entropy A, for a fixed error variance aqz.

file:///C:/cd3wd_master/master/students/cnx_maths monday pm /coll1121 1.2 An... 26/04/2012



Chapter 1. Quantization Page 13 of 25

Figure 1.4.

Compander curve: nonuniform input regions mapped to uniform output regions (for subsequent uniform quantization)

o First we must express o,° and A in terms of c(x).Figure 1.4 suggests that, for large £, the slopec’(x) : = dc(x) / dx obeys

2%/ L (1.29)

("‘”\EXA A,

so that we may write
(1.30)
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Page 14 of 25

PS
A = “Xmax

Le (x)

xeXy

Assuming large £, the af-approximationeguation 9 from MSE-Optimal Memoryless Scalar Quantization (lower equation) can be transformed as follows.
(1.31)

Similarly,

file:///C:/cd3wd_master/master/students/cnx_maths monday pm /coll1121 1.2 An...

o =

q

%2”&42
k=1

Xmux P,
3% & ¢ (x)?

k=1 ¢ (x) reXxy
.\: ¥
iy MAA sinceP; = px(x) 4, forlargeL
3L7 k21 ¢ (0)°

xeXy xeXy

2 Ymax
""mf p:l;,\id\
T

(1.32)
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Hy = -

M~

Pylogy Py

-
Il

M:\

]1‘(,\)Aklogz(p\ (x) A,\)

k=1 xeXy
= I L
- Px(x)Alog, py(x)) - Z Px(x)A;logy, Ay
k=1 rex; k=1
xe Xy
= Ymax
Ymax 2x
f Px(x)]0gs pr(x)dx - Px(x)log, —Maxg
“Ymax - Lc(x)
h 2™ differentia Entropy” a
: | - ‘
= Tmax
2 Xmax Xmax .
/1\—log:T‘f px(x)dx + Prx(x)log, ¢ (x)dx
“Ymax—
= Ymax N
constant + / Px(x)log, ¢ (x)dx
“Ymax

Page 15 of 25

o Entropy-Minimizing Quantizer: Our goal is to choose c(x) which minimizes the entropy rate Hsubject to fixed error variance o,°. We employ a Lagrange technique again, minimizing the

: Xma
Xmax max

cost f px(x)log,c '(x)dx under the constraint that the quantity [ p\m((' (x ))-—l]_\ equals a constant C This yields the unconstrained cost function

“¥max x
max

Tmax

J,,((' (x) , /1): []1‘ (x) log, ) + 4 (px (x) (1' (,\))-: - C)]g/\,

J ofc .
“Tmax

with scalar 4, and the unconstrained optimization problem becomes

min J, (("(.\).A)

¢ (x),4

(1.33)

(1.34)

The following technique is common in variational calculus (see, e.g., Optimal Systems Control by Sage & White). Say a * (x) minimizes a (scalar) cost J(a ( x)). Then for any (well-

behaved) variation n(x) from this optimala * (x), we must have
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PR
=—Jla" (x) + € n (,\)1 =0
2 €=0

where €is a scalar. Applying this principle to our optimization problem, we search forc' (x) such that

Vn(.\).i_l @ + € n(x), A =0.
de” '\ 1{=0

From Equation 1.33 we find (using log,a = log,e - log.a)

ol r‘m:\x ( ) )
— - ——plc (x) + en (x), 4 | dx
L €e=0 J -\'mndf e=0

= Ymax

“Xmax

“Tmax
= Tmax

p\(,\h(t' (\l)‘I [log: (e - 24 ((‘ (,\b)-:]zy(,nd\

“Tmax

and to allow for any n(x) we require

]Ug:(t‘)-:ﬂ((“ L,\D)r_=0 e =}

aconstant!

Applying the boundary conditions,

(Xmax) = Xmax
) - dx)=x
(- Xmax) = - Xmax

[
J
Tmax 2
Jr [log: (e) px (x) ((‘ x) + €n (.\)) n(x) - 24 pxx) (('

%[p‘. (x) logy (e) log, ((" x) + en (\)) + A ( x (x) ((. (x) + €n (,\))-. - C)]

-3
x) + en (A\)) n (x)

Page 16 of 25

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

Thus, for large-L, the quantizer that minimizes entropy rate H, for a given quantization error variance oz is the uniform quantizerPlugging c(x) = x into Equation 1.32, the rightmost

integral disappears and we have

Hy|

uniform

and using the large-£ uniform quantizer error variance approximationequation 6 from Memoryless Scalar Quantization,

H,)| hy-F10g5(12 a3).

uniform
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It is interesting to compare this result to the information-theoretic minimal average rate for transmission of a continuous-amplitude memoryless source x of differential entropy Ay at
average distortionaqz(see Jayant & Noll or Berger):

R =he-dogsf2 7 ¢ o) (142)
Comparing the previous two equations, we find that (for a continous-amplitude memoryless source) uniform quantization prior to entropy coding requires

1

w]og:(”é")z().ESSbils/sump]e (1.43)

more than the theoretically optimum transmission scheme, regardless of the distribution of x. Thus, 0.255 bits/sample (or ~ 1.5 dB using the 6.02R relationship) is the price paid for
memoryless quantization.

1.6. Adaptive Quantizationi

* Previously have considered the case of stationary source processes, though in reality the source signal may be highly non-stationary. For example, the variance, pdf, and/or mean may
vary significantly with time.

* Here we concentrate on the problem of adapting uniform quantizer stepsize 4 to a signal with unknown variance. This is accomplished by estimating the input variance o «(n)and
setting the quantizer stepsize appropriately:

(1.44)
A(n) =

A
2. 0 (N)
-1

Here ¢y is a constant that depends on the distribution of the input signal x whose function is to prevent input values greater than o,(n) from being clipped by the quantizer (see

Figure 1.5); comparing to non-adaptive step size relation 4 = 2x,,., / L, we see that ¢, ;\r. (n) ~ Xmax -
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Figure 1.5.

£@

1 v
| | | | | - :I.
T T T T T -_—
_ 20,6,
A="F
pa(z)
/" ™
/ \
ra
/ -
— — T T
-

A
Adaptive quantization stepsize &(n)= 2 n‘/ L
¢ As long as the reconstruction levels {y,} are the same at encoder and decoder, the actual values chosen for quantizer design are arbitrary. Assuming integer values as in Figure 1.5, the

quantization rule becomes
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(1.45)

Xn) | L idd
4“”] 3 midrise,

x(n) 1 . ;
A = :] midtread.

yin)=

* AQF and AQB:Figure 1.6 shows two structures for stepsize adaptation: (a) adaptive quantization with forward estimation (AQF) and (b) adaptive quantization with backward estimation
(AQB). The advantage of AQF is that variance estimation may be accomplished more accurately, as it is operates directly on the source as opposed to a quantized (noisy) version of the
source. The advantage of AQB is that the variance estimates do not need to be transmitted as side information for decoding. In fact, practical AQF encoders transmit variance estimates

only occasionally, e.g., once per block.

Figure 1.6.

(b)

(a)
(n) win) y(n)

() yin) wir) 1 T(n) x(n)
Q channel —"Q - | channel
i [ i i
i i '
] | '
] i 1
] | '
! '

Varignge | e B Variance Wariance o
Estimator = channel Estimator " Estimator |
(a) AQF and (b) AQB
* Block Variance Estimation: When operating on finite blocks of data, the structures inFigure 1.6 perform variance estimation as follows:
Asy 1 N, (1.46)
BlockAQF:o3:(n) = N x“(n-1)
i=1
BluckAQB::/'\IElkn) = #2 lmn-i)-A(n-i P

i=1

Nis termed the /earning period and its choice may significantly impact quantizer SNR performance: choosing N too large prevents the quantizer from adapting to the local statistics of
the input, while choosing /Vtoo small results in overly noisy AQB variance estimates and excessive AQF side information.Figure 1.7 demonstrates these two schemes for two choices of

N.
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Figure 1.7.
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Block AQF and AQB estimates of ¢,(n) superimposed on |x(n)| for N = 128,32. SNR acheived: (a) 22.6 dB, (b) 28.8 dB, (c) 21.2 dB, and (d) 28.8 dB.

* Recursive Variance Estimation: The recursive method of estimating variance is as follows
As Ay N
RecursiveAQF:65:(n) = aoy(n-1)+(l-a)x=(n-1) (1.47)

RecursiveAQB:62(n) = ao2(n-D+(l-a)ly (n - 1) - A (n - 1 )2

where ais a forgetting factorin the range 0 < a < 1and typically near to 1. This leads to an exponential data window, as can be seen below. Plugging the expression for QE (n-1) into

that for (,;:x (n),

A2 Ay s 5
ox(n) = ala 63 (n-2) + (1-a) x* m-:;)+(l»m\'(n-1) (1.48)
= ,A, 5 5
11'6;(11—2)+(1—(11(\' (n-1) + a x~ ln—'.’))
L A2 .
Then plugging ox(n-2) into the above,
A2 of  Aa 5 ’ 5
ox(n) = a‘(u oy (n-3) + (l-a) x~ 1"*3i)+(1 —u)(,\‘ (n-1) + a x~ (,,,2,) (1.49)
= 34, s 2 s 2
11'0;(;11-314-11-(1!(.\' (n-1) + a x* (n-2) + a” x~ (n-3i)
Continuing this process NVtimes, we arrive at
i (1.50)
A2 5 r Ay .
ox(n) = (1 -u)z ad ' Pn-i)+aV oy(n-N).
i=1
Taking the limit as N — o, a < 1 ensures that
A2 N )
ox(n)=(1 —uhz at ' X2 (n-i). (1.51)

i=1
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Figure 1.8.
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Exponential AQF and AQB estimates of o,(n) superimposed on |x(n)| for 2 =0.9,0.99. (a) 20.5 dB, (b) 28.0 dB, (c) 22.2 dB, (d) 24.1 dB.
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Chapter 2. DPCM

2.1. Pulse Code Modulation-

¢ PCM is the “standard” sampling method taught in introductory DSP courses. The input signal is

1. filtered to prevent aliasing,
2. discretized in time by a sampler, and
3. quantized in amplitude by a quantizer

before transmission (or storage). Finally, the received samples are interpolated in time and amplitude to reconstruct an approximation of the input signal. Note that transmission may employ the use of
additional encoding and decoding, as with entropy codes. PCM is the most widespread and well-understood digital coding system for reasons of simplicity, though not efficiency (as we shall see).

Figure 2.1.
i K t=nT T ! L T !
an;cilljtzsas /\"—-— quantize = encode Htrasr;r::t/___: decode = interp
z(t) z(n) [ Jyln) Lo | il L - §(n) (1)

Standard PCM system

2.2. Differential Pulse Code Modulation= |

* Many information signals, including audio, exhibit significant redundancy between successive samples. In these situations, it is advantageous to transmit only the difference between predicted and true
versions of the signal: with a “good” predictions, the quantizer input will have variance less than the original signal, allowing a quantizer with smaller decision regions and hence higher SNR. (See
Figure 2.4 for an example of such a structure.)

o Linear Prediction.There are various methods of prediction, but we focus on forward linear prediction of order N, illustrated by Figure 2.2and described by the following equation, where Y(n) is a linear
estimate of x(n) based on N previous versions of x(n):
(2.1)

N
A
x(n) = ZI1,~.\'()I—I').

i=1
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It will be convenient to collect the prediction coefficientsinto the vector h=(h,hy, - ,hy) .
Figure 2.2.
z(n) —= =1 e e L e —————
h[ h-z h:\"
( + )_. &(n)
Linear Prediction
o [ossless Predictive Encoding.Consider first the system in Figure 2.3.
Figure 2.3.
z(n) e(n) e(n) y(n)
P | R -
N
predictor #(n) . predictor
h y h
Lossless Predictive Data Transmission System
The system equations are
e(n)=x(n) - .,\\'(n) (2.2)
y(n)=e(n)+ ,C(n )
In the zdomain (i.e., X(z)= an(m:'" and H(z) = Zi/zi:'i),
E(z) = X(2-X(2)=X()(1 - H(z)) (2:3)
Y(z) = E(2+Y()=E(z) +H(2)Y(2)
We call this transmission system lossless because, from above,
L _ Ex . (2.49)
Y&=1T"h@=X@
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Without quantization, however, the prediction error e(n) takes on a continuous range of values, and so this scheme is not applicable to digital transmission.

e Quantized Predictive Encoding-Quantizing the prediction error in Figure 2.3, we get the system of Figure 2.4.

Figure 2.4.

z(n) e(n) é(n) &(n) y(n)

_ _ pu
-t quantizer - -t} -

predictor

. . redictor
#(n) i(n) P

h h

Quantized Predictive Coding System

Here the equations are

g(n) = é(n)-e(n) (2.5)
e(n) = A\(n)—./\\'(nl
- A
yin) = e(n)+ y(n)
In the zdomain we find that
EZ = X1 - H(z)+00x (2.6)
E(2) 0(2)
YZ.) = — z =
( 1-H(z) X(“H'I-H(;)'

Thus the reconstructed output is corrupted by a filtered version of the quantization error where the filter (1 - H (z)) ! is expected to amplify the quantization error; recall thatY(z) = E(z)(1-H(z)) !

where the goal of prediction was to make o,% < 0,2 This problem results from the fact that the quantization noise appears at the decoder's predictor input but not at the encoder's predictor input. But
we can avoid this...

e DPCM:Including quantization in the encoder's prediction loop, we obtain the system in Figure 2.5, known as diifferential pulse code modulation .
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Figure 2.5.
z(n) e(n) , é(n) é(n) y(n)
—q—) = quantizer - - -
. predictor
;( ) predictor a
ln
h
A Typical Differential PCM System
System equations are
g(n) = e(n)-e(n) (2.7)
A
e(n) = x(n)-Xx(n)
A
xn) = eln)+ x(n)
yn) = Z'(n)+_C(n).
In the zdomain we find that
E) = X(z)-HX(:) + 0(z) (2.8)
X(2) = (Q(z) + E(2)+XE-E@)=X() +0:)
z E(:)
t = 1-H(z)
so that
Y() = X(z)- H(2)(X ( 1 -)HT-)Q( z ”+Q(:"=X(:;+Q(:,)=5((:). (2.9)

Thus, the reconstructed output is corrupted only by the quantization error. Another significant advantage to placing the quantizer inside the prediction loop is realized if the predictor made self-
adaptive (in the same spirit as the adaptive quantizers we studied). As illustrated in Figure 2.6, adaptation of the prediction coefficients can take place simulateously at the encoder and decoder with
no transmission of side-information (e.g. h(n))! This is a consequence of the fact that both algorithms have access to identical signals.
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Figure 2.6.

a(n) __e(n) ; én)  &n) y(n)
—=P quantizer J i +

v o (oo Lo
o 2 b

Adaptive DPCM System

2.3. Performance of DPCM=

Page 5 of 10

* As we noted earlier, the DPCM performance gain is a consequence of variance reduction obtained through prediction. Here we derive the optimal predictor coefficients, prediction error variance, and
bit rate for the system in figure 4 from Differential Pulse Code Modulation. This system is easier to analyze than DPCM systems with quantizer in loop (e.g., figure 5 from Differential Pulse

Code Modulation) and it is said that the difference in prediction-error behavior is negligible when R > 2(see page 267 of Jayant & Noll).
o Optimal Prediction Coefficients.First we find coefficients h minimizing prediction error variance:
mlin E {e:(n)}.
Throughout, we assume that x(n) is a zero-mean stationary random process with autocorrelation
re(k):=E{x(n)x(n-k)}=r.(-k).

A necessary condition for optimality is the following:

Vjefl, - .N, 0 = —(%E{E(m}

{( (n) de(n)}
E {

(] 5

= fe(n)x(n - j) « The"OrthogonalityPrinciple"
{(\ (n) 2 h; x (n-i)] x (n—j)}
i=1
= N
E{x(n)x(n-j) Z/IE{\ (n-i)x(n - j)}

N
re(i)- 5 hirxli-i)

i=1

where we have used equation 1 from Differential Pulse Code Modulation. We can rewrite this as a system of linear equations:

file:///C:/cd3wd master/master/students/cnx_maths monday pm /coll1121 1.2 An%?20Introduction%20t0%20Source-Coding%20Qua...
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ry(0) re(l)y = rye(N-1)
MY | 1)) @ - V-2
ry(2) _ hy
ry(N) : hy
T \rx(N-1) ry(N-2) - ry(0) JT
Ry
which yields an expression for the optimal prediction coefficients:
h, =Ry r,. (2.14)
e Error for Length-N PredictorThe definitionx(n): =(x (n ), x(n - 1), -+ , x(n - N )'andEguation 2.14 can be used to show that the minimum prediction error variance is
2 = Ele? 2.15
i min, N {( (m} ( )
) EA|Ix" (n) ( . )||:
-h,
= 1 [ 1 ] 1
(1 -h, )E x(n)x' (n)} h
*
= w(0) i) 1
1 -h! Ix X ( )
( * { Iy RN -h,
= r(0)-2hf re+hi Ryh,
= r(0)-riRy T,
e Error for Infinite-Length PredictorWe now characterize 0,2 |, v @ N — o0. Note that
re(0) ( I ) o2 (2.16)
: — min, N
ry R‘.\,' 'h* 0
(AT
Ry+1
Using Cramer's rule,
7 X (2.17)
min, N
0 Ry N 9 Ry
lz—R N =0, LS ol => = Sl
| N+l| min,N|RN+l| |RN|
min, N
Cramer's Rule
Given matrix equation Ay = b, where A=(a,a,, - ,ay)eRVN |y = Bl " 2 Bk Ill)xl’ By o . Ayl where | - | denotes determinant.
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A result from the theory of Toeplitz determinants (see Jayant & Noll) gives the final answer:

2 Ry . (2.18)
m,|mm=Nll_{nwﬁ=exp<—2% Jf_” In S, (('/ ) d w)
where S, ((_,; ") is the power spectral density of the WSS random process x(n):
= o 2.19
S‘—(e‘ﬂ ): = Z ry(n)e e ( )
n=-oo

(Note that, because r,(n) is conjugate symmetric for stationary x(n), Sx (c . ) will always be non-negative and real.)

o ARMA Source ModelIf the random process x(n) can be modelled as a general linear process , i.e., white noise v(n) driving a causal LTI system B(z):

x(n)=vin) + Ai byv(n-k) with Z |bk|: <00, (2:20)
(=1 k
then it can be shown that
ol = exp(ﬁ Jf: In S, (ij) d w)- (2:21)
Thus the MSE-optimal prediction error variance equals that of the driving noise v(n) when N = oo.
o Prediction Error Whiteness\We can also demonstrate that the MSE-optimal prediction error is white when N = c. This is a simple fact of the orthogonality principle seen earlier:
0=E {enxin-k}}, k=1,2, . (2.22)

The prediction error has autocorrelation

o 2.23
E {e(n)e(n-k)} = E{c' (n) (.\' (n-k) + Z h; x m-k-i))} ( )

i=1

o0
E {e(n)x(n-k)} + Z h; E{e(n)x(n-k-1)}

— Ofork>0 i=1 N

oZ| . 8(k).

min

o AR Source ModelWhen the input can be modelled as an autoregressive (AR) process of order M

X(z)= = L —V(2), (2.24)
l+a 27 +a,z77+ = +ayz”

then MSE-optimal results (i.e., 0,2 = 6,2|,;, and whitening) may be obtained with a forward predictor of order M. Specifically, the prediction coefficients A;can be chosen as h; = a; and so the prediction

error E(z) becomes

l+a;z +a, 2+ - +ayz™V (2.25)
E@=(0 - H (z )X(E)=—d — N= V() =V(2),
l+a 27" +a 2"+ - +ayz”
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o Efficiency Gain over PCM:Prediction reduces the variance at the quantizer input without changing the variance of the reconstructed signal.
¢ By keeping the number of quantization levels fixed, could reduce quantization step width and obtain lower quantization error than PCM at the same bit rate.
* By keeping the decision levels fixed, could reduce the number of quantization levels and obtain a lower bit rate than PCM at the same quantization error level.

Assuming that x(n) and e(n) are distributed similarly, use of the same style of quantizer on DPCM vs. PCM systems yields
SNR ppey = SNRpey + 10l0g 9 ZE,

e

(2.26)

2.4. Analysis of DPCM using Rate-Distortion Theoryi

» The rate-distortion functionR(D) specifies the minimum average rate R required to transmit the source process at a mean distortion of D, while the distortion-rate functionD(R) specifies the minimum

mean distortion D resulting from transmission of the source at average rate R. These bounds are theoretical in the sense that coding techniques which attain these minimum rates or distortions are in
general unknown and thought to be infinitely complex as well as require infinite memory. Still, these bounds form a reference against which any specific coding system can be compared. For a
continuous-amplitude white (i.e., “"memoryless”) Gaussian source x(n) (see Berger and Jayant & Noll),

(2.27)
R(D)

DR = 27Rs2

The sources we are interested in, however, are non-white. It turns out that when distortion Dis “small,” non-white Gaussianx(n) have the following distortion-rate function: (see page 644 of Jayant &
Noll)

(3]
t
=

n .
D(R) () a ,,,) (2.28)

Fewld [ s (")

n

exp(%ﬂ Jf_” In S, (ei{") d m)

31—” Jr :S . ((’ o )lw

S
spectra Hatnessmeasure

(9]
()
=

3

Note the ratio of geometric to arithmetic PSD means, called thespectral flatness measure. Thus optimal coding of x(n) yields

o3 (2.29)
D(R)
6.02R - 10log o (SFM,).

SNR(R) = IOIOgIO(

R

To summarize, Equation 2.29 (lower equation) gives the best possible SNR for any arbitrarily-complex coding system that transmits/stores information at an average rate of R bits/sample.

o Let's compare the SNR-versus-rate performance acheivable by DPCM to the optimal given by Equation 2.29 (lower equation). The structure we consider is shown in Figure 2.7, where quantized DPCM
outputs ¢(n) are coded into binary bits using an entropy coder. Assuming that e(n) is white (which is a good assumption for well-designed predictors), optimal entropy coding/decoding is able to
transmit and recover ¢(n) at R = H;bits/sample without any distortion. H; is the entropy of e(n), for which we derived the following expression assuming large-L uniform quantizer:
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Page 9 of 10

H; = /1(.—%log:(12 var (e (n) - € (n) )\ (2.30)
Since var(e(n) - é(n))=o7 in DPCM, H; can be rewritten:
H; = hl.-%mg:(l: a7} (2:31)
If e(n) is Gaussian, it can be shown that the differential entropy#/e takes on the value
h, = %mgﬁ(: e o), (2.32)
so that
H; = %10&(&"2@)_ (2.33)
\ 6oy
Using R=H; and rearranging the previous expression, we find
o? = /g_e:-zRGS‘ (2.34)

With the optimal infinite length predictor, oz’ equalso,?|,,i, given by equation 10 from Performance of DPCM. Plugging equation 10 from Performance of DPCM into the previous expression

and writing the result in terms of the spectral flatness measure,

5
oy

Translating into SNR, we obtain

SNR

R

lmogm("—i]

K22Ro2 SEM,. (2.35)

(2.36)

oy

6.02R - 1.53 - 10log o SFM,[dB].

To summarize, a DPCM system using a MSE-optimal infinite-length predictor and optimal entropy coding of e(n) could operate at an average of R bits/sample with the SNR in Equation 2.36 (lower

equation).
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Figure 2.7.
z(n) _ e(n) . entropy entropy | &(7) y(n)
_-{—P_—h quantizer "| encoder | 1 decoder [ =
N predictor
2 predictor §(n) h
Z(n) h

Entropy-Encoded DPCM System.

e Comparing Equation 2.29 (lower equation) and Equation 2.36 (lower equation), we see that DPCM incurs a 1.5 dB penalty in SNR when compared to the optimal. From our previous discussion on
optimal quantization, we recognize that this 1.5 dB penalty comes from the fact that the quantizer in the DPCM system is memoryless. (Note that the DPCM quantizer must be memoryless since the
predictor input must not be delayed.)

¢ Though we have identified a 1.5 dB DPCM penalty with respect to optimal, a key point to keep in mind is that the design of near-optimal coders for non-white signals is extremely difficult. When the
signal statistics are rapidly changing, such a design task becomes nearly impossible. Though still non-trivial to design, near-optimal entropy coders forwhite signals exist and are widely used in practice.
Thus, DPCM can be thought of as a way of pre-processing a colored signal that makes near-optimal coding possible. From this viewpoint, 1.5 dB might not be considered a high price to pay.
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Chapter 3. Transform Coding

3.1. Transform Coding: Background and Motivation™

¢ In transform coding (TC), blocks of /input samples are transformed to /N transform coefficients which are then quantized and transmitted. At the decoder, an inverse
transform is applied to the quantized coefficients, yielding a reconstruction of the original waveform. By designing individual quantizers in accordance with the statistics
of their inputs, it is possible to allocate bits in a more optimal manner, e.g., encoding the "more important” coefficients at a higher bit rate.

Figure 3.1.

Yo o o
—— ) - e
Y i i
L LN -1 - Q o — - - =
SRl NxN S Inverse Ly e ey TN
R .
Transform ) Transform
W YN N1
- ) - — -

N x N Transform Coder/Decoder with Scalar Quantization

e Orthogonal Transforms: From our perspective, an NxN “transform” will be any real-valued linear operation taking & input samples to / output samples, or transform
coefficients. This operation can always be written in matrix form

yim)=Tx(m), Te RNXN (3.1)

where x(m) and y(m) are vectors representing N x 1 blocks of input/output elements:
(3.2)
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Xm) = x(mN), x(mN - 1), ., x(mN - N + 1)
ym) =y (mN), y(mN - 1), « , y(mN - N + 1)
Intuition comes from considering the transform's basis vectorst;} defined by the rows of the matrix
—to— (3.3)
r=|—ti—
"t,{\"—l -

since the coefficient y, = t;‘x can be thought of as the result of a“comparison” between the k* basis vector and the input x. These comparisons are defined by the

inner product <t;,x> =t; xwhich has a geometrical interpretation involving the angle &k between vectors t, and x.

<t,\.,x> zcos(ﬁk) ” tk ”: ” X " 2 (3'4)

When the vectors {t;} are mutually orthogonal, i.e.,t,'t, = 0 for k = £, the transform coefficients represent separate, unrelated features of the input. This property is

convenient if the transform coefficients are independently quantized, as is typical in TC schemes.

Example 3.1. 22 Transform Coder
Say that stationary zero-mean Gaussian source x(m) has autocorrelation r,(0) = 1, ry(1) = p, and r(k) = 0 for k > 1. For a bit rate of R bits per sample, uniformly-

quantized PCM implies a mean-squared reconstruction error of
(3.5)

(8]

._.
ro
(98}

)

PCM A=2xmux/ L Yx
L=aR

r-(®)orf 1) (3.6)
t’] V2\1 -1

Setting x(m)=(x(2m) x(2m-1))" and y(m) = Tx(m), we find that the transformed coefficients have variance

For transform coding, say we choose linear transform

(3.7)
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~

0y, = E {Itf)x(m)lz} =%E {[.\'(_21)1)+.\‘(_2m- 1i|:}= -,];(2 ry (0) + 2 ry ())=1+p

Gi] =E {It'I x(m)I%) =%E {|_\'(2m)-_\‘(_2m -1 )|:}=‘Lh ry (0) - 2 ry ())=1-p (3.8)

"\«

and using uniformly-quantized PCM on each coefficient we get mean-squared reconstruction errors

" -2R
oG =+ plrx2 0 (39

) -2R _1
oq, =(-px2 (3.10)

We use the same quantizer performance factor y, as before since linear operations preserve Gaussianity. For orthogonal matrices T, i.e., T~! = T¢, we can show

that the mean-squared reconstruction error oequals the mean-squared quantization error:

) lN_l i (3.11)
or ‘=N E{(i‘ (Nm-k) - x (Nm-k))'} (hereN=2)
k=0
- #E{H X (m)-x(m) || 2}
B #E{H Ty (m)-x(m) | :}
- #E{Il T (y (m) 4+ q(m) -x(m| :}
- #E{H T!' Tx (m) + T q(m) - x(m) || :}
— 1 B -
VEI T qm |3}
LEdq m) (T"IT" (m)
N q q
|
T &E{lam (%}
- lN»l
NZ %y
k=0

Since our 22 matrix is indeed orthogonal, we have mean-squared reconstruction error

~n

2 -2R -2R
”?'Tc=%((1 +p) rx 270 4+ (1-p) yx 2 l) (3-12)
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Page 4 of 26
at bit rate of R, + R, bits per two samples. Comparing TC to PCM at equal bit rates (i.e. R, + R, = 2R),
or 5 2R0L 1 g ~2ER~Ra) 2(R-Rg)-1 2(Rp-R)-1 (3.13)
_IC :L(1+/))n- +il_:l§))}’\‘~ (14 pp R Rt p2Ro-R)-1
"lpem ¥x“

Figure 3.2 shows that (i) allocating a higher bit rate to the quantizer with stronger input signal can reduce the average reconstruction error relative to PCM, and (ii)

the gain over PCM is higher when the input signal exhibits stronger correlation p.Also note that when R, = R, = R, there is no gain over PCM—a verification of the
fact that 0,2 = 0, when T is orthogonal.

Figure 3.2.

I
|
| R=12

| \ '-II - _~:t-: , \ ".I ,u"

o [
\ /
P | . \ ,.
ISP R=1 N 4 5t \ ]
LY . ,.-"' R o1 H& / i /
Ao 1 e ]
il
a5 I 0.5
% 05 1 5 2 % 05 15 2
H n

Ratio of TC to PCM mean-squared reconstruction errors versus bit rate Ry for two values of p.
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3.2. Optimal Bit Allocation~

» Motivating Question: Assuming that T is an NxN orthogonal matrix, what is the MSE-optimal bitrate allocation strategy assuming independent uniform quantization of
the transform outputs? In other words, what {R,} minimize average reconstruction error for fixed average rate #Z R,?
12

~

e Say that the k™ element of the transformed output vectory(n) has variance {a; k}. With uniform quantization, example 1 from Background and Motivation

showed that thek™ quantizer error power is

2 2 2Ry .
4 =Yy 2 ; (3.14)

where Ry is the bit rate allocated to the k™ quantizer output and where y,, depends on the distribution of yx From this point on we make the simplifying assumption

that y,, is independent of 4. As shown in example 1 from Background and Motivation, orthogonal matrices imply that the mean squared reconstruction error

equals the mean squared quantization error, so that

N-] B .
(r% =L o2 =iz o2 2k (3:13)
qr = ) .
Nk:o .- Nk:o .
Thus we have the constrained optimization problem
N_] > N 3.16)
. 2 A-2Ry 1 (3.
1;111}2 oy, 2 s.t. R== R,
Rei=o " NSO
Using the Lagrange technique, we first set
_d 2 A 2R 1 _ (3.17)
dR{(; 63, 2 Pt ; Rk]_O ve.
2R},
2R Nk 2R In2
Since 2~ F = (e '“') =e K" , the zero derivative implies
. (3.18)
'-R s )
0=-212-2" “o},- & 5R,= -Llog,[—4—1ve.
’ < —2Na_;.{ In2

Hence

(3.19)
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ul—-

log, ( SN2 ) Z 100«6\/\

so that

| 1/ N (3.20)
-Elog:(jf-&lﬁ)z R - -.L_-logg (H a;k)

Rewriting Equation 3.18 and plugging in the expression above,

R, = -%mg:(_ _ (3.21)

e The optimal bitrate allocation expression Equation 3.21 (lower equation) is meaningful only when R, = 0, and practical only for integer numbers of quantization levels

2~ 2R (or practical values of R/for a particular coding scheme). Practical strategies typically
e set R, =0 to when Equation 3.21 (lower equation) suggests that the optimalRis negative,
e round positive Rto practical values, and

e iteratively re-optimize [R,} using these rules until all R,have practical values.

¢ Plugging Equation 3.21 (lower equation) into Equation 3.14, we find that optimal bit allocation implies
1/ N

N-1
2 -2R 2
04, = ry2 (AH a‘\,k) Ve,

(=0

(3.22)

which means that, with optimal bit allocation, each coefficient contributes equally to reconstruction error. (Recall a similar property of the Lloyd-Max quantizer.)
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3.3. Gain over PCM-

¢ With an orthogonal transform and the optimal bit allocationequation 8 from Optimal Bit Allocation (lower equation), the total reconstruction error equals

N N-1 5 (3.23)
2 _ 2 -2R 2
oy =N Z %4, =yy2 H h
£=0 k=0
F §

We can compare to uniformly quantized PCM, whereo,?/pcy = v,0,22 ~ 2R, Since an orthogonal transform implies

N-1 .
o:—LZ " (3.24)
TN oy
k=0
we have the following gain over PCM:
2 1§ N-1 2 (3.25)
lpem  yy N =0 Yk

GTC: 1/ N

—
r

Yy Vol
e (Mg o)
[Tio %

Note that the gain is proportional to the ratio between arithmetic and geometric means of the transform coefficient variances. (Note similarities to the spectral flatness
measure.) The factor y, / y, accounts for changes in distribution which affect uniform-quantizer efficiency. For example, if T caused uniformly distributed x to become
Gaussian distributed yx, v, / v» would contribute a 7 dB loss in TC-to-PCM performance. If, on the other hand, x was Gaussian, then yx would also be Gaussian and

Yy/]/le-

3.4. The Optimal Orthogonal Transform-

» Ignoring the effect of transform choice on uniform-quantizer efficiency y,, Gain Over PCM suggests that TC reconstruction error can be minimized by choosing the
orthogonal transform Tthat minimizes the product of coefficient variances. (Recall that orthogonal transforms preserve the arithmetic average of coefficient variances.)

Eigen-Analysis of Autocorrelation Matrices

Say that R is the N x N autocorrelation matrix of a real-valued, wide-sense stationary, discrete time stochastic process. The following properties are often useful:

1. Ris symmetric and Toeplitz. (A symmetric matrix obeysR = Rf, while a Toeplitz matrix has equal elements on all diagonals.)
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2. Riis positive semidefinite or PSD. (PSD means thatx'Rx = 0 for any real-valued x.)

3. R has an eigen-decomposition
R = VAV, (3.26)

where V is an orthogonal matrix (V'V =I) whose columns are eigenvectors {v;} of R:
V=(vov, = vy_1), (3.27)

and A is a diagonal matrix whose elements are the eigenvalues [1;} of R:

l\zdiﬂg(A()I{I l{‘\r_l). (3.28)

4. The eigenvectors {1} of R are real-valued and non-negative.

N-1 N-1
5. The product of the eigenvectors equals the determinant ( Hk ()Ak =|R|) and the sum of the eigenvalues equals the trace ( Zk ()Ak = Zk[R]k.k ).

e The KLT: Using the outer product,

v (m) yom)y,(m) - yo(m)yy_,(m) (3.29)
yom iy'(m) _| yi(m ):vo(mi ,\'ftm) e y(m )y:\;_ | (m)
V-1 mygm) yy_(m)y (m) - \:\ o (m)
Using [A], to denote the k™ diagonal element of a matrix A, matrix theory implies
(3.30)
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N-1 N-1
r

[E y (m) y (m) ]kk

fqg
|
—

k=0 k=0
2 ‘E y (m) y' (m) 1
IT E {x(nnx'mn} T'l

TLT E X(m)x'(m)} TLT| since |T'A|=|A|=|AT| forotthogonaT

I R, I

/-1
|J RS

N
k=0

thus minimization of ]‘[kozyk would occur if equality could be established above. Say that the eigen-decomposition of the autocorrelation matrix of x(n), which we now

denote by Ry, is
R:=V:A,V; (3.31)

for orthogonal eigenvector matrix Vx and diagonal eigenvalue matrix Ax. Then choosing T = V', otherwise known as the Karhunen-Loeve transform (KLT), results in
the desired property:

E {y(m)y' (m)}= E{Vix(m)x" (m)Vy}=V Ry Vy =ViV A ViV =A, (3.32)
To summarize:
1. the orthogonal transformation matrix T minimizing reconstruction error variance has rows equal to the eigenvectors of the input's NxN autocorrelation matrix,
2. the variances of the optimal-transform outputs {o; k} are equal to the eigenvalues of the input autocorrelation matrix, and
3. the optimal-transform outputs |y, (m), ---,yx_ (m)} are uncorrelated. (Why? Note the zero-valued off-diagonal elements of Ry=E y( m)y' (m ) J)
¢ Note that the presence of mutually uncorrelated transform coefficients supports our approach of quantizing each transform output independently of the others.
Example 3.2. 22 KLT Coder
Recall Example 1 from "Background and Motivation" with Gaussian input having R, = (/1, /1)) The eigenvalues of Rx can be determined from the characteristic
equation |R,-AI| =0:
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14 P |o(1-2)2-p220 & 1-d=1p o Ai=lip. (3.33)
p 1-4
V, v
The eigenvector vg corresponding to eigenvaluei, = 1 + p solves R,v, = A,v,. Using the notation v,= (‘,g?)and v = ("10),
11
voo+ pvor = (L +plvo o b=y (3.34)
Pwoo+Vvor = (1 +pvg L
Similarly, Ry, = ;v yields
vip+ vy = (L-plvyg (3.35)
i N , < Vi1 = - Vio
oty = (1-phyy
For orthonormality,
2 142 =1 = v:L(l) (3.36)
Yoo T Yol 0=73\
\’%O + l’%l =1 = v :\%('11) (3.37)
Thus the KLT is given by T=Vi=(v, v, )’=\%(} ll)' Using the KLT and optimal bit allocation, the error reduction relative to PCM is
2 , (3.38)
orlrc _y, V(1 + p)1 - p) =A\1- 2
o y"'J:‘((l +p)+ (1 -p)
since y, = y, for Gaussian x(n). This value equals 0.6 when p = 0.8, and 0.98 when p = 0.2(compare to Figure 2 from "Background and Motivation").
*
3.5. Performance-
Asymptotic Performance Analysis
26/04/2012
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e For an N x N transform coder, Equation 1 from "Gain over PCM" presented an expression for the reconstruction error variances,?|t¢ written in terms of the

quantizer input variances {0\ } Noting the A-dependence on o,%|r¢ inEquation 1 from "Gain over PCM" and rewriting it as o,%|1cy, @ reasonable question might be:

What is O'rlec,NaS N—ooo ?

e When using the KLT, we know that 02” = 1, whereA« denotes the k™ eigenvalue of R,. If we plug these oZYk into Equation 1 from "Gain over PCM", we get

o1 1/ N (3.39)
— Y\ ﬂ-“R(H /{A) .

k=0

~ro

TC\

1/ N

Writing (Hk,{ k)

= exp(%z kln,{ k) and using the Toeplitz Distribution Theorem (see Grenander & Szego)

,, . (3.40)

Forany (- ), 11m Z Fla, _] '(S_‘-(g"“))du)

with f{-) =1In( ), we find that

o A n " .
lim o = J/vE"ReXp(,L [ InsS, (e'}“) d a)) (3.41)
N-wo "lpc N : r | _,
= yyor 2R SEM,

where SFM, denotes the spectral flatness measure of x(n), redefined below for convenience:

exp(:L " s, (eﬁ“) d ) (3.42)

Thus, with optimal transform and optimal bit allocation, asymptotic gain over uniformly quantized PCM is
—PCM___ ___ 7xOx< =LgEM;!
oilre, N~ ©° - 7oz 22 RSFM, 1Y

GreN— o= (3.43)

¢ Recall that, for the optimal DPCM system,
(3.44)
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GDK‘I\/LN—* © = 2 =" ’
o,
DPCM, N — o ¢ Iimin

[

where we assumed that the signal applied to DPCM quantizer is distributed similarly to the signal applied to PCM quantizer and where ¢,%|,,;, denotes the prediction

error variance resulting from use of the optimal infinite-length linear predictor:

n

2 jar 3.45
‘7?|mm=‘3XP(21—” Jf_” In Sy (c"l ) d u))- ( )

Making this latter assumption for the transform coder (implyingy, = y,) and plugging in o.?|m Yields the following asymptotic result:
GTCN = 0o=GDRCM, N — 00 = SFMY, (3.46)

In other words, transform coding with infinite-dimensional optimal transformation and optimal bit allocation performs equivalently to DPCM with infinite-length optimal
linear prediction.

Finite-Dimensional Analysis: Comparison to DPCM

¢ The fact that optimal transform coding performs as well as DPCM in the limiting case does not tell us the relative performance of these methods at practical levels of
implementation, e.g., when transform dimension and predictor length are equal and « . Below we compare the reconstruction error variances of TC and DPCM when
the transform dimension eguals the predictor length. Recalling that

o2 (3.47)
GppeM,N-1 =57
Oe|
min,N -1
and
2 __[Ry| (3.48)
Oe Imm.N- 1= |R - |
where Ry denotes the N x N autocorrelation matrix of x(n), we find
2[Ry 4] 2[Ry 2 2[Ry 3 (3.49)
Gpeem, N-1=0% Ry| Gppcm, v-2=0% Ry | Gppcwm, N -3=0% Ry
N N-1 N-2
Recursively applying the equations above, we find
(3.50)
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N-1 B :N.l |R1| (o%)
kl:Il Gpeem, = (03) Ry~ Ry
(3.51)

which means that we can write

[N X

Ryl= (6;) H Gppem k| -
k=1

(3.52)

If in the previously derived TC reconstruction error variance expression
1/ N

2R
= yy2 A {]

1

(N -1
£=0

n
r

TC,N
(3.53)

2 ~-2R

we assume that y, = y, and apply the eigenvalue property[].A, = |[Ry|, the TC gain over PCM becomes
YxOx <
-1/ N

PCM

r
Gre N
C,N )
2 — 2R 2 (1N-1
TCN  p 270 -(n 4 GDPCM.I;)

N -1 ek
Gppem, k

k=1
< Gppcm,n-
The strict inequality follows from the fact that Gppy is monotonically increasing with & To summarize, DPCM with optimal length-/ prediction performs better than TC

with optimal NxN transformation and optimal bit allocation for any finite value of N. There is an intuitive explanation for this: the propagation of memory in the DPCM

prediction loop makes the effective memory of DPCM greater than A, while in TC the effective memory is exactly M.

- *
3.6. Sub-Optimum Orthogonal Transforms—
e Goal: Recall that the goal of the optimal orthogonal transform was to minimize the ratio of geometric to arithmetic output variances:
Gz AFE" (3.54)
(nl\:(l) ”ﬁ_’k)
26/04/2012
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The ratio Equation 3.54 attains its maximum value ( = 1) when ¢%, are equal for all kand takes on much smaller values when the difference between the ¢%,

(sometimes called the dynamic range of {n_ﬁk}) is large.

e Problem with KLT: The KLT, i.e., the orthogonal transform minimizing Equation 3.54, is a function of the input signal statistics. Specifically, the KLT equals the
eigenvector matrix of the input autocorrelation matrix. Unfortunately, realistic signals are non-stationary, requiring continual KLT redesign if optimality is to be
preserved, and eigenvector computation is computationally intensive, especially for large V. Thus, the question becomes: Are there fixed orthogonal transforms that do
a good job of minimizing the ratio Equation 3.54for “typical” input signals? As we will see, the answer is yes...

o DFT Intuitions: For the sake of intuition, lets first consider choosing T as an orthogonal DFT matrix. In this case, the coefficient variances {a; A } would be samples of

the power spectrum and the dynamic range of {o\ A} would be determined by the relative input power in different frequency bands. Recalling that asymptotic TC

(N — o) performance is determined by SFM,, which has the same geometric-to-arithmetic-average structure as Equation 3.54:

,, _ W/ N (3.55)
i ( jw \ N-1 jo g
_exp(:” ] In S, (¢ ) d @) (nkz() S (e’ )) |

= = lim

[
J
jo) N-— N - Jw
zl—ﬂjf Sy (t‘ F )/(:) = ;\%Z;ﬂl)S(e‘ /‘)
=5

mk=:/rk/ N»

we might intuit that the DFT is optimal as N —» «. The asymptotic optimality of the DFT can, in fact, be proven (see Jayant & Noll). Of course, we don't have much
reason to expect that the DFT would be optimal for finite transform dimension A. Still, for many signals, it performs well. (See Figure 3.3.)

o Other Transforms: The most commonly used orthogonal transform in speech, image, audio, and video coding is the discrete cosine transform (DCT). The excellent
performance of the DCT follows from the fact that it is especially suited to “lowpass” signals, a feature shared by most signals in the previously mentioned applications.
Note that there are plenty of signals for which the DCT performs poorly—it just so happens that such signals are not frequently encountered in speech, image, audio,
or video. We will describe the DCT and provide intuition regarding it's good"lowpass” performance shortly. Like the DFT, the DCT has fast algorithms which make it
extremely practical from an implementation standpoint. Another reasonably popular orthogonal transform, requiring even less in the way of computation, is the
discrete Hadamard transform (DHT), also described below.Figure 3.3 compares DFT, DCT, DHT, and KLT for various transform lengths A along with asymptotic TC
performance.Figure 3.3(a) shows gain over PCM when using a lowpass autoregressive (AR) source {x(n)} generated from white Gaussian noise {v(n)} via:

X(z) =—L—v(), (3.56)
1-0.82"
while Figure 3.3(b) shows the gain for highpass{x(n)}:
X(z)=—L—v(a). (3.57)
1 +0.82"

See Figure 3.4 for the power spectra of these two processes.
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Figure 3.3.

Grc,y for various transforms and various &V on an AR(1) lowpass (left) and highpass (right) sources.
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Figure 3.4.

/

-3 -2

Power spectra of AR(1) sources used in the transform matrix comparisons of Figure 3.3.

e The DHT: The NxN DHT is defined below for power-of-two M

Note that Hvis orthogonalm, i.e., HyH)' = 1. As an example

Page 16 of 26

(3.58)

(3.59)

Figure 3.5 illustrates DHT basis vectors for the case N = 8. The primary advantage of the DHT is that its implementation can be accomplished very efficiently.Figure 3.3

suggests that the DHT performs nearly as well as the KLT for N = 2 and 4, but its performance falls well short of optimal for larger N.
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Figure 3.5.

CHT

88 DHT basis vectors.

o The DFT: The normalized™® DFT from {x,} to {v} is defined below along with its inverse.

N-1 -y (3.60)
Yk “5\/2 “n".N ; k=0--N-1,

T jllfkn
Xn = Lz yie N n=0-- N-L
0

The normalized DFT can be represented by a symmetric unitary[g] matrix Wy:
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- /;\ﬁlkr: (3.61)

[‘Vx\']k.n =L, k,n=0-- N-1.

st
VN

By unitary, we mean that WyW, "= I, where( - ) *denotes complex conjugation. Note that a unitary matrix is the complex-valued equivalent of an orthogonal matrix. In

practice, the N x N DFT is implemented using the fast Fourier transform (FFT), which requires z@lo g, N complex multiply/adds when Nis a power of two.

e The Real-Valued DFT: Since we assume real-valued x, complex-valued DFT outputsy; might seem problematic since transmitting both real and imaginary components

would decrease our transmission efficiency. For a real-valued DFT input, however, the DFT outputs exhibit conjugate symmetry which allows us to represent the &/
complex valued outputs with only A real-valued numbers. More precisely, real-valued DFT input {x,} implies that DFT output {y,} has the property

Ye=YN.p k=12, - ,N[2 (3.62)
which implies
Re{\'k} = Re{‘\\"-k}’ k:l.:. N/ 2, (363)
Imly,} = -Im{yy_4} k=1,2, - N[ 2,

Im|y Im {\*N/ :} =0.

A good method by which to select non-redundant components of the DFT output is:

1. Compute complex-valued {y,} using the standard DFT.

2. Construct real-valued {\A} from {y,} as follows:

Yo = Yo(€ER) (3.64)
y, = V2Im{y,)
¥, = V2Re{y,}
‘\":\r -3 = V2 Im {4\‘;\"/ 2.1 }
_\"IN -2 = V2 Re{.\“,\;/ 2-1 }
_\"IN -1 T .VN/ 2 (eR).
The method above is convenient because (i) it preserves the frequency ordering of the DFT and (ii) it preserves the norm of the DFT output vector, i.e., ly =1yl .

Using the conjugate symmetry property of DFT outputs, we can write the transformation from {y,} from {v'k}as a matrix operation Uy:
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{ B 0o 0 0 0 0 Refyof (3.69)
0 -j| v 0 0 0 0 j| V2 Re{y,} + jim{y,}
0 1/ V2 0 0 0 0 1/ V2 Re{y,} + jIm{y,}
o0 -l 2o 0 J[ V2 0 fRetyy, 2.y +imlyy,  2.)
y=[o o 1/ v2 o 01/ v2 o0 Relyy,  of
: : Re{yy, 2.1t-jIm{yy, 2.4}
0 0 -j/ v20j[ V2 0 - 0 i
0 w0 1/ V201] V2 0 - 0 Relys} - jim{y,}
0 w 0 0 1 0 0 - A Rely,} - jim{y,]
. o y

The normalization feature guarantees that U, is unitary (which is easily checked by inspection). Then U,W,, the product of two unitary matrices, is also unitary. Since

U,W, is actually real-valued (since it takes any real-valued x to a real-valued y) it should be referred to as orthogonal rather than unitary. Henceforth we rename

UyWy the real-valued DFT matrixW y*

Wiy =Uy Wy, (3.66)

It is easily checked that the basis vectors of W,"are sampled sines and cosines at the uniformly spaced frequencies {2zk/ N;k=0, --- ,N/ 2} . Figure 3.6 gives an

illustration of the real-valued DFT basis vectors for the case N = 8.
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Figure 3.6.

DFT

88 Real-valued DFT basis vectors.

Example 3.3. [DFT and Real-valued DFT for N = 4]

1111 3 4 (3.67)
1 -j-1 B 1] 243/ 2
W = — —
453101 af XT|afp Ve 3
1 j -1 -j 2 ST N T
(3.68)
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Chapter 3. Transform Coding
I U I 3 . 4 "
Wi=3 *.02 -‘(-)2 -?2 02 =} Wix=|. 1// ‘~2

-1 1 -1 2 3

Recall that when NVis a power of 2, an MA-dimensional complex-valued FFT requires z@log:N complex multiply/adds. When the input is real, however, an A+

dimensional FFT may be computed using ~ Nlog,N real multiply/adds (see Sorensen & jones & Heideman & Burrus TASSP 87).

e The DCT: The DCT is defined below along with its inverse
Y = ".'1:\:7‘%;\20 Xn cosg'—’;—ﬁl)l‘l; k=0 - N-1, (3:69)
f01'(10; 1/ V2,ap 20=1,
Xp = ‘\%:Z;ak _vkcos‘?":%; n=0--N-1,
The DCT can be represented by an orthogonal matrixCy:
[CN]k.,, = \‘%akcos(‘?";\} )k”; k,n=0 - N-1. (3.70)
See Figure 3.7 for an illustration of DCT basis vectors when N = 8.
26/04/2012
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Figure 3.7.

CCT

88 DCT basis vectors.

e A Fast DCT: There are a number of fast algorithms to compute the DCT. The method presented below is based on the FFT and leads to intuition concerning the good
“lowpass” performance of the DCT.

1. Create a 2N-length mirrored version of AHlength {x,} (see Figure 3.8(c)):

- [xn n=0,1, --- ,N-1, (3.71)
*n = Xon-1-p P=N,N+1, - 2N-1.

2. Compute [v;}, the 2N-point DFT of [x,}:
(3.72)
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N 1 :\"2_] - "%,{7‘" {2 j—:%k"\" o (2n+ Dkxn
Vi = 2N ~ Xp € =1 Nc . Xn COST
n=0 n=0
3. Compute {y,}, the A-point DCT outputs, from [y,}:
Ak - (3.73)

Assuming a real-valued input, the scheme outlined above can be implemented using

~2N +2Nlog, :;’V =2N(1 + log, N)real-valuedmultiply/adds (3.74)

where we are assuming use of the real-FFT described previously.

e DCT vs. DFT Performance for Lowpass Signals:Figure 3.3 suggests that DCT and DFT performance both equal KLT performance asymptotically, i.e., as transform
dimensionN — co. Indeed, this can be proven (see Jayant & Noll). A more practical question is: How do DCT and DFT performances compare for finite A? To answer

this question, we will investigate the effects of input data block length on the DCT and DFT. To start, consider the DFT of an A+length input block {x,, -+ ,xy5_(}:
N-1 & fn (3.75)
: Z Xn€ N 5

k=0 - N-1.
n=0

It can be seen that the DFT outputs {X,, - ,X,_,| are samples of the discrete-time Fourier transform (DTFT) at frequencies {u) X =%\%1\-; k=0 - N-1 }:

N-1
X(w)= ‘L Z Xn (:.i“m, Vi = X(%\I]\) (3.76)

“Yn=0

Now lets consider a periodic extension of {xg, --- ,x_;} which repeats this Nlength sequence a total of L times:

1 NL / .
4y = {O_L my 7eEn< E77

else.

Above, (n), denotes " nmoduloN " and L is assumed even (see Figure 3.8(a)-(b)). Here is the interesting point: the DTFT of the NL-length periodic extension equals the
DTFT of the original N-length data block when sampled at the frequencies {w,} !
(3.78)
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NL| 2-1 20,
' _ 1 . -_[Tg'/\h
X(wyp = - - Xp€
{'ALn= NL/| 2
- 1 L/Z:'l Nzl . —,/':v\{,lkl‘m+/;\"|
e X re
\ m+ €N
'NL/= -L/2 m=0
= | L/Z:-l 1\"2-1 '/':‘\%k' m+£N)
TN Xme '
L"N/: -L/2 m=0
= N-1 20
Ly I
VN
'Am=()
X((uk)

This implies that the overall spectral shape of X' (w) will be inherited by the DFT outputs [X,, -+ ,X_,}. So what is the overall shape of X (w)?Say that {x,} isa
lowpass process. Being lowpass, we expect the time-domain sequence {x,} to look relatively “smooth."If the starting and ending points of the Ablock, are different,
however, the periodic extension {\,} will exhibit time-domain discontinuities (see Figure 3.8(b)) that are uncharacteristic of the process {x,} . These discontinuities
imply that X' (w) will contain high-frequency content not present in the power spectrum of the lowpass input process. Based on our previous findings, if artificial high-
frequency content exists at X (@ « , it must also exist at X(w,) =X, . In conclusion, the periodic extension {\,} provides an intuitive explanation of why short-block

DFT analysis of lowpass signals often seems corrupted by “artificial” high-frequency content. So why is this important? Recall that transform performance is
proportional to the dynamic range of transform output variances. If the DFT outputs corresponding to otherwise low spectral energy are artificially increased due to
short-window effects, the dynamic range of {()'\'A} will decrease, and DFT performance will fall short of optimal.
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Figure 3.8.
(a)
e
(b)
LA
()
-~ -
@ _
A ! VA
S S | 0 I

Illustration of periodic extensions inherent to DFT and DCT: (a) MAlength DFT input block, (b) periodic extension inherent to DFT, (c) equivalent 2N-length DFT-input-block for DCT, (d)
periodic extension inherent to DCT.

Now lets consider the DCT. From derivation of the fast algorithm, we know that the &/ DCT output magnitudes from length-Vinput {x, --- ,x5_;} are equal to the

first / DFT output magnitudes from length-2N input [x,,| —a mirrored version of {xg, - ,xy_,} . (See Figure 3.8(c).) Due to the mirroring effect, the periodic extension
of [x,/will not have the discontinuities present in the periodic extension of {x,}, and so a 2N-point DFT analysis of {x,} will not have “artificial” high frequency
enhancement. Assuming that the process from which {x,} was extracted is lowpass, the DCT outputs will exhibit large dynamic range, and an improvement over DFT

coding performance is expected. This is confirmed by Figure 3.3(a).

LI caution: outputs of the Matlab command hadamard must be scaled by 1/ VN to produce orthogona/ DHT matrices!

[2) pye to the norm-preserving scale factor 1 | VN, the DFT definitions above differ from those given in most digital signal processing textbooks.
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(31 Outputs of the Matlab command dftmtx must be scaled by 1/ VN to produce unitary DFT matrices.
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Chapter 4. Subband Coding

4.1. Introduction and Motivation=

¢ Sub-band coding is a popular compression tool used in, for example, MPEG-style audio coding schemes (see Figure 4.1).

Figure 4.1.
: | freq. data uant. data
NP sub-band o .| bit alloc & ’ ' : stream LRI
analysis quantization formatting
v A
™
( psycho-

acoustic
1 model
ey

Simplified MPEG-style audio coding system.

* Figure 4.2 illustrates a generic subband coder. In short, the input signal is passed through a parallel bank of analysis filters |H;(z)} and the outputs are “downsampled”by a factor of A.
Downsampling-by-/Vis a process which passes every N sample and ignores the rest, effectively decreasing the data rate by factor /. The downsampled outputs are quantized (using a

potentially different number of bits per branch—as in transform coding) for storage or transmission. Downsampling ensures that the number of data samples to store is not any larger than
the number of data samples entering the coder; in Figure 4.2, N sub-band outputs are generated for every Asystem inputs.
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Figure 4.2.
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Sub-band coder/decoder with scalar quantization.

o Relationship to Transform Coding.: Conceptually, sub-band coding (SC) is very similar to transform coding (TC). Like TC, SC analyzes a block of input data and produces a set of linearly
transformed outputs, now called “subband outputs.” Like TC, these transformed outputs are independently quantized in a way that yields coding gain over straightforward PCM. And like TC,
it is possible to derive an optimal bit allocation which minimizes reconstruction error variance for a specified average bit rate. In fact, an A-band SC system with length-/filters is equivalent

to a TC system with N x N transformation matrix T: the decimated convolution operation which defines the i®analysis branch of Figure 4.2 is identical to an inner product between an M

length input block and t?, the i*'row of T. (See Figure 4.3.)
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Figure 4.3.
(a)
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(b)
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Equivalence between (a) Mband sub-band coding with length-/filters and (b) N x N transform coding (shown for N = 4). Note: impulse response coefficients 1, correspond to filter H,(z).

So what kind of frequency responses characterize the most-commonly used transformation matrices? Lets look at the DFT first. For the i*" row, we have

N-1 2.
Z N jon
e (4

n=0

sin(%(m + 3(“)) (4.1)

s n(]:(a) - 2\“))

\Zl . - /(u' +3\—{[i)n

n=0

HHU))IZ

Figure 4.4 plots these magnitude responses. Note that the i DFT row acts as a bandpass filter with center frequency 2mi / N and stopband attenuation of ~ 6 dB.Figure 4.5 plots the
magnitude responses of DCT filters, where we see that they have even less stopband attenuation.
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Figure 4.4.
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Magnitude responses of DFT basis vectors for N = 8.
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Figure 4.5.

Page 5 of 37

I

1)
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Magnitude responses of DCT basis vectors for N = 8.

e Psycho-acoustic Motivations: We have seen that Mband SC with length- N filters is equivalent to N x N transform coding. But is transform coding the best technique to use in high quality
audio coders? It turns out that the key to preserving sonic quality under high levels of compression is to shape the reconstruction error so that the ear will not hear it. When we talk about
psychoacoustics later in the course, we'll see that the properties of noise tolerated by the ear/brain are most easily described in the frequency domain. Hence, bitrate allocation based on
psychoacoustic models is most conveniently performed when SC outputs represent signal components in isolated frequency bands. In other words, instead of allocating fewer bits to sub-
band outputs having a smaller effect on reconstruction error variance, we will allocate fewer bits to sub-band outputs having a smaller contribution to perceived reconstruction error. We
have seen that length-~/ DFT and DCT filters give a 2w / Nbandwidth with no better than 6 dB of stopband attenuation. The SC filters required for high-quality audio coding require much
better stopband performance, say > 90 dB. It turns out that filters with passband width 27 / N, narrow transition bands, and descent stopband attenuation require impulse response lengths

> N. In Mband SC there is no constraint on filter length, unlike/A-band TC. This is the advantage of SC over TC when it comes to audio coding

* To summarize, the key differences between transform and sub-band coding are the following.

41

1. SC outputs measure relative signal strength in different frequency bands, while TC outputs might not have a strict bandpass correspondence.

2. The TC input window length is equal to the number of TC outputs, while the SC input window length is usually much greater than number of SC outputs (16 x greater in MPEG).
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o At first glance SC implementation complexity is a valid concern. Recall that in TC, fast N x N transforms such as the DCT and DFT could be performed using ~ Nlog,N multiply/adds! Must we

give up this computational efficiency for better frequency resolution? Fortunately the answer is no; clever SC implementations are built around fast DFT or DCT transforms and are very
efficient as a result. Fast sub-band coding, in fact, lies at the heart of MPEG audio compression (see ISO/IEC 13818-3).

4.2. Fundamentals of Multirate Signal Processingi

The presence of upsamplers and downsamplers in the diagram of Figure 2 from "Introduction and Motivation"implies that a basic knowledge of multirate signal processing is
indispensible to an understanding of sub-band analysis/synthesis. This section provides the required background.

o Modulation:

Figure 4.6.

gj W Th
Modulation using "

Figure 4.6 illustrates modulation using a complex exponential of frequency w,. In the time domain,

y(n)=x(n)e” " (4.2)

In the ~domain,

2 2 -n .
Y(:):Z y(n)z™" :Z (.\‘ (n) o"””"):"’ :Z .\-m)(c’"“” :) :X(c"‘”“ :) (4-3)
n

n n
We can evaluate the result of modulation in the frequency domain by substituting z = &“.This yields

Y(w)= Z y)e ™" =Xlw - w,). (4.4)

n

Note that X(w - w,) represents a shift of X(w)up by w, radians, as in Figure 4.7.
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Figure 4.7.

!
Y(w)=X(w—wo)
T =
Wo
Frequency-domain effect of modulation by e/
o Upsampling:
Figure 4.8.
z(m) y(n)

Upsampling by V.

Figure 4.8 illustrates upsampling by factor A. In words, upsampling means the insertion of N-1 zeros between every sample of the input process. Formally, upsampling can be expressed in
the time domain as

) =1 .
e 10 else. (4.5)

In the zdomain, upsampling causes
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Y(z)= 2 y(n)z™" = Z x(m)z™N = X(:,N),
n

m
and in the frequency domain,

Y(w)= Z e ™ =X(N ).

n

As shown in Figure 4.9, upsampling shrinksX(w) by a factor of N along the w axis.

Figure 4.9.

X(w)

A

!
T

—27

'—}Qﬂ' 2m }
f(w) = X(Nw)
2: ]

m

Frequency-domain effects of upsampling by N=2.

e Downsampling:
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(4.6)

(4.7)

26/04/2012



Chapter 4. Subband Coding Page 9 of 37

Figure 4.10.

z(n) y(m)

Downsampling by N.

Figure 4.10 illustrates downsampling by factor A. In words, the process of downsampling keeps every N sample and discards the rest. Formally, downsampling can be written as

yim)=ximN ). (4.8)

In the zdomain,

Y(z)= Z y(m)z" = Z x(mN)z™ = Z Mnyz N, (4.9)
n

m m
where

- {_5( n) whenn=mNformeZ (4.10)
x(n)=

else.

The neat trick

L\zl p /'%\{"1’ _ {l whenn =mNformeZ (4.11)
NP=0 “ 1o else
(which is not difficult to prove) allows us to rewrite x(n) in terms of x(n):
Nol  px, ) (4.12)
Y(z) = Z x(n) # e N m]:,'"’ N
n p=0
= NS PRy "
NE Y xmfe N7 LY
P2
= L‘ X((-}-‘\{F Ry \)
Np =0
Translating to the frequency domain,
— . w - Lnp
Y(w)= ﬁpé() X(T) (413)
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As shown in Figure 4.11, downsampling expands each 2r-periodic repetition of X(w) by a factor of &/ along the w axis. Note the spectral overlap due to downsampling, called “aliasing.”

Figure 4.11.

X ()

—d —2T 2T 4

—d —2T 2T 4

—d4 —27 2 4
Frequency-domain effects of downsampling by N=2.

o Downsample-Upsample Cascade:
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Figure 4.12,

z(n) y(n)

MN-Downsampler followed by MA-upsampler.

Downsampling followed by upsampling (of equal factor A) is illustrated by Figure 4.12. This structure is useful in understanding analysis/synthesis filterbanks that lie at the heart of sub-
band coding schemes. This operation is equivalent to zeroing all but the mN® samples in the input sequence, i.e.,

W= g T (a.14)
Using trick Equation 4.11,
Y(2) = Z y(n)z™" (4.15)
n
— 1 I241
Z x(n) # p N np :»r:
n ,7:0

which implies

(4.16)

The downsampler-upsampler cascade causes the appearance of 27 / N-periodic copies of the baseband spectrum of X(w).As illustrated in Figure 4.13, aliasing may result.
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Figure 4.13.

X(w)
x

| | w
—27 27

Frequency-domain effects of downsampler-upsampler cascade for N = 2.

4.3. Uniformly-Modulated Filterbanks~

e Perfect Reconstruction Filterbanks. Recall that in our study of transform coding, we restricted our attention to orthogonal transformation matrices. Orthogonal matrices had the property
that, in the absence of quantization error, the reconstruction error was zero. For sub-band coding, “perfect reconstruction” (PR) filterbanks (FBs) are analogous to orthogonal matrices.
Specifically, a PR-FB is defined as an analysis/synthesis structure which gives zero reconstruction error when synthesis stage is fed exact (unquantized) copies of analysis outputs. Initially
we consider the design of /deal sub-band analysis and synthesis FBs and later the design of practical FBs. For the purpose of FB design we ignore the effects of quantization error. Our
rational is as follows: the absence of quantization error corresponds to the high bit-rate scenario, in which case we desire that the filtering operations inherent to sub-band coding introduce
little or no error of their own. Removing the quantizers from Figure 2 from "Introduction and Motivation", we obtain the analysis/synthesis FBs in Figure 4.14.
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Figure 4.14.
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M-band analysis and synthesis filterbanks.

o Uniform Modulation: The most conceptually straightforward FB is known as the“uniformly modulated” FB. Uniform modulation means that all branches isolate signal components in non-
overlapping frequency bands of equal width 27 / N. We will assume that the i" branch has its frequency band centered at w, = 2iw / N. (See Figure 4.15.)
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Figure 4.15.
21 /N w; = 2mi /N
Wo Wi W2 W3 'J
| | |
| | |
: = W
0 T 27

Frequency bands for the uniformly-modulated filterbank (N = 4).

o Analysis FB: The i frequency range may be isolated by modulating the input spectrum down by w; and lowpass filtering the result. (See the first two stages of the analysis bank in
Figure 4.17.) The ideal lowpass filter has linear phase and magnitude response that is unity for w € (- 7/ N,= / N) and zero elsewhere. (See Figure 4.16.)

Figure 4.16.

H(w)|
A

/ |
|
:..-———-—._ — I | B v

T —7/N /N T

Ideal (dashed) and typical (solid) prototype-filter magnitude responses for the uniformly modulated filterbank.
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With ideal lowpass filtering, the resulting signals have (double-sided) bandwidths that are A times smaller than the sampling rate. Nyquist's sampling theorem (see Oppenheim & Schafer)
says that it is possible to sample signals with this bandwidth at 1 / N times the filter output rate without loss of information. This sample rate change can implemented via downsampling-by
-/, resulting in the analysis FB of Figure 4.17. Note that the downsampling operation does not induce aliasing when the analysis filter is the ideal lowpass filter described above.

Synthesis FB: To reconstruct the input signal x(n), the synthesis FB must restore the downsampled signals to their original sampling rate, re-modulate them to their original spectral

locations, and combine them. Upsampling is the first stage of sampling-rate restoration. Recall from Equation 18 from "Fundamentals of Multirate Signal Processing" (and Figure 8

from "Fundamentals of Multirate Signal Processing") that a downsampler-upsampler cascade creates N-1 additional uniformly-spaced spectral copies of the original baseband
spectrum. Thus, to remove the unwanted spectral images, an “anti-imaging” lowpass filter is applied to each upsampler's output. Ideally, this lowpass filter is linear phase with magnitude
response that is unity for w € (- w / N,m / N) and zero elsewhere; the same specifications given for the ideal analysis filter. (See Figure 4.16.) As shown in Figure 4.17, re-modulation is
accomplished by shifting the i branch up by w. When the analysis and synthesis filters share a common phase response, the re-modulator outputs can be combined coherently by a simple
summation. Under all of these ideal conditions, the output signal u(n) is a potentially delayed (but otherwise perfect) copy of the input signalx(n):

uln)= x(n - 5)forsomedelay 5.

Figure 4.17.
P P
—=(x}—=  H(z) —={IN)— — (1IN}~ K@) |—=(x)—
h{_ "\ __.__/ M ____/' \[/ '.II
E—jh}[:.]"b ej;"’:[ﬂn’
£ g} o —
L (X} H(z) |—={IN} = — (1N}  K(z) |=(x
z(n) \T/ ) s
e_jwl n ej*"-’ 17
= I.'_f'-_ -l\‘-. .-'/_: _-H\‘. [ — I.'II
(X = H(z) —={ | N }— —»{ TN = K(z) -—H\%)(:'—'
{' R S i
e_jiﬁ"ﬁr'-- 1n eju.:,\;...ln

M-band modulated analysis/synthesis filterbanks.

(4.17)

e Fifect of Non-Ideal Filtering. In practice, the analysis and synthesis filters will not have ideal lowpass responses, and thus the reconstructed output u(n) will not necessarily equal a delayed
version of the input x(n). These shortcomings typically result from filter implementations based on a finite number of design parameters. (See Figure 4.16 for a typical lowpass filter
magnitude response.) It should be noted that, under certain conditions, it is possible to design sets of analysis filters |H;(z)} and synthesis filters |K;(z)} with finite parameterizations which
give the"“perfect reconstruction” (PR) property (see Vaidyanathan). Though such filters guarantee PR, they do not act as ideal bandpass filters and thus do not accomplish perfect frequency
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analysis. (Consider the length-~/ DFT and DCT filter responses: by the orthogonal matrix argument, these are perfectly reconstructing, but from Figure 4 from "Introduction and
Motivation" and Figure 5 from "Introduction and Motivation", they are far from perfect bandpass filters!) Due to their limited frequency-selectivity, none of the currently-known PR
filterbanks are appropriate for high-quality audio applications. As a result, we focus on the design of filterbanks with

1. near-perfect reconstruction and

2. good frequency selectivity.

As we will see, it is possible to design practical filters with excellent frequency selectivity and responses so close to PR that the smallest quantization errors swamp out errors caused by non
-PR filtering.

o Polyphase/DFT Implementation: When H(z) and K(z) are length-M FIR filters, the unique elements in Figure 4.17 are the A uniform-modulation coefficients {e j2an | N;n =0, - ,N -1} and
the 2M the lowpass filter coefficients #,} and k,}. It might not be surprising that each half of the uniformly-modulated FB has an implementation that requires only one A~dimensional DFT
andM multiplies to process an A+block of input samples.Figure 4.18 illustrates one such implementation, where the “polyphase” filters {H o '1:)} and {K e '(:.)} are related to the “prototype”
filters H(z) and K(z) through the impulse response relations:

@ . (4.18)

h = hyy
" "N+ for =0, o N-1.

km & = kmN+/

The term “polyphase” comes about because the magnitude responses of well-designed {H " 1;)} and {K i '(:.)} are nearly flat, while the slopes of the phase response of these filters differ

by small amounts. The equivalence of Figure 4.17 and Figure 4.18 will be established in the homework.

Figure 4.18.
x(n) (o) TN
\{_-"'-' fI'::.Z]I | o — — — - Iil'_-l_[zJ —-{‘TJ\;)—I‘—-
21
7 ! (TN
H\\l‘;-"':;.- - 'z} - - " = K'"(z) -\Ii\.lf'l
i Conjugate Conjugate
E DFT: DFT:
| VN W3 VNW3,
.
27! -
-"'--%:'\1 (A=1) =1 '/_--?"
_IZ...-c'_f'f'f H™(z) |_" I B _"{ K™7() }_"*I\/

Polyphase/DFT implementation of A~band uniformly modulated analysis/synthesis filterbanks.
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Recognize that the filter computations in Figure 4.18 occur on downsampled (i.e., low-rate) data, in contrast to those inFigure 4.17. To put it another way, all but one of every N filter
outputs inFigure 4.17 are thrown away by the downsampler, whereas none of the filter outputs in Figure 4.18 are thrown away. This reduces the number of required filter computations by
a factor of M. Additional computational reduction occurs when the DFT is implemented by a fast transform. Below we give a concrete example.

Example 4.1. Computational Savings of Polyphase/FFT Implementation)

Lets take a look at how many multiplications we save by using the polyphase/DFT analysis filterbank in Figure 4.18instead of the standard modulated filterbank in Figure 4.17. Here we
assume that NVis a power of 2 (see Sorensen, Jones, Heideman & Burrus TASSP 87), so that the DFT can be implemented with a radix-2 FFT. With the standard structure in Figure 4.17,
modulation requires 2N real multiplies, and filtering of the complex-valued modulator outputs requires 2 x N x M additional real multiplies, for each input point x(n). This gives a total of

2N{M + 1jreal multipliesperinput. (4.19)

In the polyphase/FFT structure of Figure 4.18, it is more convenient to count the number of multiplies required for each block of & inputs since each new A+block produces one new
sample at every filter input and one new A+vector at the DFT input. Since the polyphase filters are each length-M / N, filtering the block requires N x M / N = M real multiplies. Though

the standard radix-2 A~dimensional complex-valued FFT uses QloggN complex multiplies, a real-valued A-dimensional FFT can be accomplished in Nlog,N real multiplies when Nis a
power of 2. This gives a total of
M + Nlog, Nreal multipliesperNinputs,orM [ N + log, Nrealmultipliesperinput! (4.20)

Say we have N = 32 frequency bands and the prototype filter is length M =512 (which turn out to be the values used in the MPEG sub-band filter). Then using the formulas above, the
standard implementation requires 32832 multiplies per input, while the polyphase/DFT implementation requires only 21!

4.4. MPEG Layers 1-3: Cosine-Modulated Filterbanks~

e Though the uniformly modulated filterbank in Figure 4 from "Uniformly-Modulated Filterbanks"was shown to have the fast implementation in Figure 5 from "Uniformly-

Modulated Filterbanks", the sub-band outputs are complex-valued for real-valued input, hence inconvenient (at first glance[ﬁ]) for sub-band coding of real-valued data. In this section we
propose a closely related filterbank with the following properties.

1. Real-valued sub-band outputs (assuming real-valued inputs),
2. Near-perfect reconstruction,
3. Polyphase/fast-transform implementation.

This turns out to be the filterbank specified in the MPEG-1 and 2 (layers 1-3) audio compression standards (see ISO/IEC 13818-3).

Filter Design
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o Real-valued Sub-band Outputs: Recall the generic filterbank structure of Figure 1 from "Uniformly-Modulated Filterbanks". For the sub-band outputs to be real-valued (for real-
valued input), we require that the impulse responses of |H;(z)} and |K;(z)}are real-valued. We can insure this by allocating the &/ (symmetric) frequency band pairs shown in Figure 4.19.
_2i+ Dn

The positive and negative halves of each band pair are centered at w; =5N radians.

Figure 4.19.
"rr-‘lll'mr i . [(2idl)w
Wi = "N
e "l oo Wi W Wz Wi
Frequency band pairs for the polyphase quadrature filterbank (N = 4).
We can consider each filter H,(z) as some combination of symmetric positive-frequency and negative-frequency components
Hi(2) = a;Fi(z) + b;Gi(2) (4.21)
as shown in Figure 4.20.
Figure 4.20.
Hifw)
w/N w /N
' |
o
H Fi(w)
} I 4 | ' — W
—T i o
(2i4+1)m/N
Positive- and negative-frequency decomposition of H;(w). Note K;(w) will have a similar, if not identical, frequency response.
26/04/2012
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When b, = a;"and the pairs [F;(z),G;(z)} are modulated versions of the same prototype filter H(z), we can show that H;(z) must be real-valued:

yery ety
Hi(z) = a;Hle " z|+ a¥f Hle 7 z

F,‘(:.I Gi[:I
= 2i+1 . 20 4 1

./’f—.\\. n IR

2N -n " 2N -n

a; E hye z +af z hye z
n n

2i+l, . 2i+1 22041

. . 2i 41
JA=5yn -IT=53n i _ JA=5x7n A v ]
Re( ailz h,,:'"[c an + e 2N )+ jhntaibz hy z "(c 2 - e 2N
n n
P n 95 . - .. 2%
Re(a,-)z hyz™"- 2005(/1 ‘,’,'X,l n)+ j[mm,bz hyz™- 2]511(/[ ‘f,-]'\',l n)
n ~ n Z

= 2 2
T.Z [Re (a;) cos (/r “L';;,l n) - Im (a;) sin (/r “L‘X,l n)}'l,, "

n
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(4.22)

* Aliasing Cancellation. Recall again the generic filterbank in Figure 1 from "Uniformly-Modulated Filterbanks". Here we determine conditions on real-valued |H;(z)} and {K;(z)} which

lead to near-perfect reconstruction. It will be insightful to derive an expression for the input to the i*reconstruction filter, |y;(n)}. The downsample-upsample-cascade equation Equation

14 from "Fundamentals of Multirate Signal Processing" (fourth equation) implies that

€ <

N-1
% |
Y,‘(J — NZ X’-

R v -Fap .
N a; F; |e | + af G;
p=0
JNP
e

= N-J 28

Lia, F, * G, QX+ |a; F g + G

Nl I (2) + aj i (DR E) TN a; Iy | + aj i
) desired s =

v
undesiredmages

(4.23)

Thus the input to the i* reconstruction filter is corrupted by unwanted spectral images, and the reconstruction filter's job is the removal of these images. The reconstruction filterk,(z) will

have a bandpass frequency response similar (or identical) to that of H,(z) illustrated in Figure 4.20. Due to the practical design considerations, neither K;(z) norH,(z) will be perfect bandpass

filters, but we will assume that the only significant out-of-band energy passed by these filters will occur in the frequency range just outside of their passbands. (Note the limited “spillover”
in Figure 4.20.) Under these assumptions, the only undesired images in Y;(w) that will not be completely attenuated by K;(w) are the images adjacent to F;(w) and G;(w).Which indices pin

Equation 4.23 (third equation) are responsible for theseadjacentimages?Equation 4.23 (third equation) implies that index p = ¢ shifts the frequency response up by 27# / N radians. Since

_,':_’{
the passband centers of Fi(z) and G,(z) are (2i + 1)7 / N radians apart, the passband of G,|e N?
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21
\'

of Gje ‘NP :] will reside directly to the right of the passband of F,(z) when p =i+ 1. See Figure 4.21 for an illustration. Using the same reasoning, the passband of F,-(c NP :) will reside

directly to the right of the passband of G(z) when p = - i and directly to the left when p = - (i + 1). The only exceptions to this rule occur when i = 0, in which case the images to the right of

Gi(z) and to the left of F,(z) are desired, and when i = N - 1, in which case the images to the left ofG,(z) and to the right of F;(z) are desired.

Figure 4.21.

Spectral images of Y;(w) not completely attenuated by K;(w).

Based on the arguments above, we can write {u;(n)}, the output of the i# reconstruction filter, as follows:

Ui(z) = Ki(2)Y;(2) (4.24)

ﬁK,-(:.)[a,- Fi X @ + a G; (9 X (3]

dem'rcd
| A T A S
tyKi@la; File ™ 2| X e ™ zf + af G;jle 7 z| X [e 7 z
aliasingfromin nerunde siredima geswhenl <i<N-1
| G+ 1) A& + 1) - +1) PG +1)
tyKi(@|a; F; |e” | X |e” 2| + af G;le ’ z| X |e ’ z|f

[t

v
aliasingfromouterundesiredimageswhen) <i < N -2

The previous equation shows that U;(z) is corrupted by the portions of the undesired images not completely removed by the reconstruction filter K;(z). In the filterbank context, this
undesired behavior is referred to as aliasing. But notice that aliasing contributions to the signal U(z) = };U,(z)will vanish if the inner aliasing components in U;(z) cancel the outer aliasing

components in U;_4(z). This happens when
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FEi FAEi -2Ei -2 (4.25)
K;(@|a; F; le ™ z| X |e | + af Gile 7 z| X [e 7 z
it j<Ek 22 z;
=-K;_ @|a;_, F;_, (e " :) X (c N :) + a¥ | G;_, (¢ el X|e™ :)
which occurs under satisfaction of the two conditions below
P A (4.26)
a;K;(2)F |e | = -a; | K;_|(9F;_|e 7 =z
'i‘Tl i

a¥ K[(:)G,-(e
} and |K;(z)} are constructed using modulated versions of a lowpass prototype filter H(z). (This assumption is required for
(4.27)

|

We assume from this point on that the real-valued filters [H
the existence of a polyphase filterbank implementation.)
[ /ﬁ\t 2i+1)
) Fi;(z) = Hle z
Hi(z) = a;Fi(z)+a¥ G;(2)
) where <
Ki(z) = ¢;F;i(2)+cf Gi(2 J(2i+1)
Gi(z) = H|e "~ z
Then condition Equation 4.26 (upper equation) becomes
,r 2i+1) ,T i-1) FA2i+ 1) Fa=(2i-1) 4.28
a; ( H e N z|+a;cf Hle N :}H(t' A z ¢ )
\,u 1) , ~(2i +1) fag2i-1) 20+ 1)
=-a;_ ¢y Z : 1, ¢¥_ | Hle z|H|e z}
I—,\( 2i+1) AN2i-1) i i L
= z in the previous equation. As illustrated in Figure 4.22, these products equal zero when 1 <i< N/ 2 since their
(4.29)

a;ct =

Lets take a closer look at the products H (
passbands do not overlap. Setting these products to zero in Equation 4.28 (bottom equation) yields the condition
¥ o=-a;_cf forl <i<N- l’

which can also be shown to satisfy Equation 4.26 (bottom equation)

26/04/2012
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Figure 4.22,
H (e an 21 5) Hedan (2712) H (e ak Frt )
(] [ )
| | |
— ' L, 1 S W
%{Q'H-l:l — 2 —_r —%I:Qi—l:l J; £I+1) =
2AN=i)=1)=/N  (2i-Ux/N

Tllustration of vanishing terms in Equation 4.28 (lower equation).

Next we concern ourselves with the requirements on apand ¢y Assuming Equation 4.29 is satisfied, we know that inner aliasing in U;(z) cancels outer aliasing in U;_4(z) for 1<i<N-1.

Hence, from Equation 4.24 (fourth equation) and Equation 4.27 (lower equation),

e (4.30)
Uiz) = Z U;(2)

K 2)H;(2)X(2)

2I~

= FEQi+ 1 =i+ 1
Bl o

"W‘"' +1) JA2i+1)
+ a¥ H |e~ z|[X(2)

’A‘

1)
Noting that the passbands of H( ) and H( l_( " ) do not overlap forl <i< N -2, we have

- v 4.31
Uir) = %[({10(0 + aj (O)H( 2N ']H( "N :) ( )

/,—,\—(”N JHF@N-1)
+(a;\_1c\ L Hak o eno z|H|e z

5 [ AR+ 5 [ A5ei+n
+ Z a; ¢; H- |e = 2| + af ¢f H” |e” F4 (2).
i=0

The first two terms in Equation 4.31 (third equation) represent aliasing components that prevent flat overall response at w = 0 and w =, respectively. These aliasing terms vanish when

(4.32)
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agcly = -af ¢
an-1€§.1 = AN 16N-1
What remains is
& (20 +1) i+ 1) (4.33)
Ux) = %E (a,- ¢ H? (e' . | + a¥ ¥ H- |e 2N z|[[X(2).
i=0

o Phase Distortion: Perfect reconstruction requires that the analysis/synthesis system has no phase distortion. To guarantee the absence of phase distortion, we require that the composite
system

1 N -FE2i (2 4.34)
Utz S AR+ o Qi+ (
0@): = . )=—b2] a[('iH’(e — z|+a¥ f H|e . z

i=

X(z)

has a linear phase response. (Recall that a linear phase response is equivalent to a pure delay in the time domain.) This linear-phase constraint will provide the final condition used to
specify the constants {a;} and {c;} . We start by examining the impulse response of Q(z). Using a technique analogous to Equation 4.22 (fifth equation), we can write

=2 (N-1 . , \ (4.35)
Q(:):% t (\z Re (a;c;) cos (/r 25—;,1 n) - Im (a;c;) sin (/r 25;] n)IZ hy lzn_kJ:"’
k

n=0 \i=0

Above, we have used the property that multiplication in the zdomain implies convolution in the time domain. For Q(z) to be linear phase, it's impulse response must be symmetric. Let us
assume that the prototype filter H(z) is linear phase, so that #,} is symmetric. Thus ¥ h,h, _« is symmetric about n = M - 1, and thus for linear phase Q(z), we require that the quantity

N . : 4.36)
cos [ 201 ein(p 2041 (
i;) Re(a; c;)cos (Il' ’2_;\—, n)- Im(a;c ,-)sm(lr % n)
is symmetric about n=M-1, i.e.,
N . : (4.37)
llle(u,- ('i)cos(/r 22-&1 (M-1+ m)-lm(a,-t,-bsin(/r :,')fvl (M-1 +n))
L - '
= Re(u,-c,)cos(/t ZL;NI (M-1- Il))-[m(ai('ilsin(ll ?'L—X,l (M-1 —n))
i=0 < <
for n=0,--,M - 1. Using trigonometric identities, it can be shown that the condition above is equivalent to
Nl : , ; (4.38)
0= [:Zo sin(/r 351-/1 n)[Re (a;jc;) sin (,[ 35;1 (M-l)) + Im (a;¢;) cos (” 2";‘1\—/1 (M-l))].
which is satisfied when
Im(a;c;) Sin(/r -‘-"’-Lﬁ,',\, (M -1 )) , ( 2itl o 1)) (4.39)
= - oy =tan\- =& -1
Rela;c;) cos(n -{-‘\H- (M - 1)) 2N
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Restricting |a;| = |c;| = 1, the previous equation requires that

a;c;=e

It can be easily verified that the following {«;} and {c;} satisfy conditions Equation 4.29, Equation 4.32, andEquation 4.40:

Plugging these into the expression for H;(z) we find that

Repeating this procedure for K;(z) yields

HI'(:"

—j/r‘wt:‘\\‘,"luli+l|
a; = e :

-i/r“l'_‘:::,'luli+1|
¢ = :

- 2i+1 - 2i41

-r 2N . d 2N
a;Hle =" z|+a¥f Hle 7 z

iy

M-1

. " B
2cos(n -‘ﬂ‘\',' (,1 - MN 1))’1,1 ™"
n=0\ = 2 y

o "
impulse responseofH ;(z)

M-1 )
K;j(2) = Z ?_cos(/r ":‘T;, (n oA 1))h,, ™
n=0\ ~ = J
impulseresponseofK; (z)
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(4.40)

(4.41)

(4.42)

(4.43)

At this point we make a few comments on the design of the lowpass prototype H(z). The perfect H(z) would be an ideal linear-phase lowpass filter with cutoff at w = = / 2N, as illustrated in
Figure 4.23. Such a filter would perfectly separate the subbands as well as yield flat composite magnitude response, as per Equation 4.34. Unfortunately, however, this perfect filter is not
realizable with a finite number of filter coefficients. So, what we really want is a finite-length FIR filter having good frequency selectivity, nearly-flat composite response, and linear phase.
The length-512 prototype filter specified in the MPEG standards is such a filter, as evidenced by the responses in Figure 4.24. Unfortunately, the standards do not describe how this filter
was designed, and a thorough discussion of multirate filter design is outside the scope of this course. For more on prototype filter design, we point the interested reader to page 358 of

Vaidyanathan or Crochiere & Rabiner.
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Figure 4.23.
| H (w)
h
I
o= : ! — 4 w
T —a /2N m /2N T

Ideal (dashed) and typical (solid) prototype-filter magnitude responses for the cosine-modulated filterbank. Note bandwidth relative to 2?2?.

Figure 4.24.
prototype filker
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A
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=
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radians

Magnitude response of |H(w)| of MPEG prototype filter and the resulting composite response |Q(w)|, where N=32 and M = 16N = 512.
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To conclude, Equation 4.42 (fourth equation) and Equation 4.43 give impulse response expressions for a set of real-valued filters that comprise a near-perfectly reconstructing filterbank

(under suitable selection of {i;}). This is commonly referred to'® as a “cosine-modulated filterbank” because all filters are based on cosine modulations of a real-valued linear-phase lowpass
prototype H(z). The near-perfect reconstruction property follows from the frequency-domain cancellation of adjacent-spectrum aliasing and the lack of phase distortion. It should be noted

that our derivation of the cosine modulated filterbank is similar to that in Rothweiler ICASSP 83 except for the treatments of phase distortion. See Chapter 8 of Vaidyanathan for a more
comprehensive view of cosine-modulated filterbanks.

e Polyphase Implementations. Recall the uniformly modulated filterbank inFigure 4 from "Uniformly-Modulated Filterbanks", whose combined modulator-filter coefficients can be

constructed using products of the terms h, and e N" .Figure 5 from "Uniformly-Modulated Filterbanks" shows a computationally-efficient polyphase/DFT implementation of the
analysis filter which requires only M multiplies and one A+~dimensional DFT computation for calculation of A/ subband outputs. We might wonder: Is there a similar polyphase/fast-transform
implementation of the cosine-modulated filterbank derived in this section? From Equation 4.42 (fourth equation), we see that the impulse responses of {H;(z)} are products of the terms A,

and Cos(/z z'f 1 (,, . M%&L))for n=0,-M - 1. Note that the inverse-DCT matrix G’ can be specified via components with form similar to the cosine term in Equation 4.42 (fourth

equation):
(4.44)

t — 12 2i+1)
[C;\"]i.n = ‘1'ﬁ”n COS(” N

- — vV
foray= 1/ V2, a

n); i,n=0-- N-1.
n;&o=1-

Thus it may not be surprising that there exist polyphase/DCT implementations of the cosine-modulated filterbank. Indeed, one such implementation is specified in the MPEG-2 audio
compression standard (see ISO/IEC 13818-3). This particular implementation is the focus of the next section.

MPEG Filterbank Implementation

e Since MPEG audio compression standards are so well-known and widespread, a detailed look at the MPEG filterbank implementation is warranted. The cosine-modulated, or polyphase-
quadrature filterbank described in the previous section is used in MPEG Layers 1-3. (The MPEG hierarchy will be described in a later chapter.) This section discusses the specific
implementation suggested by the MPEG-2 standard (see ISO/IEC 13818-3).

* The MPEG standard specifies 512 prototype filter coefficients, the first of which is zero. To adapt the MPEG filter to our cosine-modulated-filterbank framework, we append a zero-valued

513" coefficient so that the resulting MPEG prototype filter becomes symmetric and hence linear phase. Since the standard specifies N = 32 frequency bands, we have

M=513=16N +1. (4.45)

Plugging this value of Minto the filter expressionsEquation 4.42 (fourth equation) and Equation 4.43, the 2m-periodicity of the cosine implies that they may be rewritten as follows.

16N -1
Hi(z) = 2 Zcos(/r :’;“;,l (n . ‘;X))h,, z" (446)
n =0 L8 = o J

b4 .
impulseresponseofH; (z)

(n + ‘gi)yl,,:_".

v
impulsere sponseofK; (z)

16N -1
N Yne 2i+1

n=0 \

file:///C:/cd3wd master/master/students/cnx_maths monday pm /coll1121 1.2 An%?20Introduction%20t0%20Source-Coding%20Qua... 26/04/2012



Chapter 4. Subband Coding Page 27 of 37

e FEncoding: Here we derive the encoder filterbank implementation suggested in the MPEG-2 standard (see ISO/IEC 13818-3). Using x;(n) to denote the output of the i*" analysis filter, we

have
1681 _ (4.47)
xi(n)= E [ZCOS(Jr % ( k - é'-))hkjl\'m—k).
k=0 - -
The relationship between x;(n) and its downsampled version s;(m) is given by
si(m) = x,(mN), (4.48)
so that the downsampled analysis output s;(m) can be written as
16N -1 - (4.49)
sim) = Z [Zcos(lt %‘{—l ( n - *}’-))h,,}\tmN-ni.
n=0 - -
Using the substitution n=kN + ¢ for 0 </ <N-1,
1S N-1 _ (4.50)
sim) = 2 Z cos(/r -’,“;,' (k N + ¢ - éi))hm“ xX(m - k)N - 0
k=0¢=0\ = . 27
0 0 repeateveryhncrementofk
signchange every2incrementsofk
= 15 N-1 ) -
kz()/ ()-COS(” -’:—+\' ((k): N + ¢ - %1)12(—1)[/']/1,\.‘\,+[_\1( m - k)N - 0

repeatevery2incrementsofk analysiswindow

Figure 4.25 illustrates this process.
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Figure 4.25.
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i=1

COSINE MATRIX TRANSFORMATION!
e [ 28kl i N
cos (w43 (5 - 7))

i=N-1

—= ol

—= &1 ()

== gn—10mm)
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MPEG encoder filterbank implementation suggested in ISO/IEC 13818-3.
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o Decoding: Here we derive the dencoder filterbank implementation suggested in the MPEG-2 standard (see ISO/IEC 13818-3). Using y,;(n) to denote the output of the i upsampler,

16N -1
uij(n) = Z [2005( i"— (A + é—))llk]\ (n-k).
k=0 - -
The input to the upsampler s;(m) is related to the output y;(n) by

{s,»(n/ N) whenn/ NeZ
y;(n)=
else,

so that

0l = ) [2COS( _,+| (,\ + AL A]A’(n k
{k:%ﬁez}

Lets write n=mN + £ for 0<Z <N-1 andk=pN + q for 0<g <N-1. Then due to the restricted ranges of /and g,

T":m p+—(£€Z > (=q.

Using these substitutions in the previous equation for u;(n),
15

u;(mN+7¢) = Z ( 4 (p N + ¢ + )y,,v+, i(m-p).
p=0

Summing u(mN + £) over /to create u(mN + £),

N-1 15
3 B B o 8 + 0+ s

repeatsev; CI‘\4IHL rementsofp

u(mN + ¢)

slmuhanzer\el yal 2inc 1emenlsmp

|5
Z ;( plel 2y, \+/Z LOS( -‘+‘ ((p) N + ¢ + J:L))) ((m-p)

p=0

ﬁ\mhesn\wndov. ms( _:+| (/ :_ A.)) peven
B cos(lr ":+l (/ + ; + %—)) podd
If we define
vj(m):?g; cos(/r 221’,' (j + ‘gi))x,-(m) for 0<j<2N-1,

(note the range of j !) then we can rewrite
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(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)
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u(mN +70) = Z (-1 )LN 2 hpn ¢ Velm-p)+ z (- IDLF/ 2 hpnyeVesn(m=-p).
p=0,2, -, 14 p=1,3, 15

Figure 4.26 illustrates the construction of u(mN + £) using the notation

vim)=(vg(m) - vopn_|(m)). (4.59)
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Figure 4.26.
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gnlmm] —=

afm) — §

an—i(m] —+

=10

COSINE MATRIX TRANSFORMATION:

cos (1355 (7 + 7))

j=2N-=1
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MPEG decoder filterbank implementation suggested in ISO/IEC 13818-3.

Page 32 of 37

26/04/2012



Page 33 of 37

Chapter 4. Subband Coding

e DCT Implementation of Cosine Matrixing. As seen in Figure 4.25 and Figure 4.26, the filterbank implementations suggested by the MPEG standard require a cosine matrix operation that, if
implemented using straightforward arithmetic, requires 32 x 64 = 2048 multiply/adds at both the encoder and decoder. Note, however, that the cosine transformations in Figure 4.25and
(4.60)

Figure 4.26 do bear a great deal of similarity to the DCT:
L) N - .
Ve = \Far X _\',,cos(/r “‘,—\tL k); k=0-- N-1,
n=0 -

foray= 1/ V2ap 4 0=1,

N-1 R
Y ay _\'kcos(/z g k); n=0-- N-1,
k=0 -
which we know has a fast algorithm: Lee's 32 x 32 fast-DCT, for example, requires only 80 multiplications and 209 additions (see B.G.Lee TASSP Dec 84). So how do we implement the
(4.61)

matrix operation using the fast-DCT? A technique has been described clearly in Konstantinides SPL 1994, the results of which are summarized below. At the encoder, the matrix operation

a2
o = \=
Xn \'N

(, . *‘E'-))wj(m) for i=0, ---,N-1,

s 2i+1
(4.62)

> oos(/r N

can be written
,Won - (m) is created from{x(m),--x(m - 16N + 1)} by windowing, shifting, and adding. (See Figure 4.25.) We can write

j)ﬁj(‘m); i=0, - ,N-1,

where {wg(m), -
N-1 _
sim) = Y cos(;r 2L
j=0 '
where, for N =32, {F,wm)} is the following manipulation of {n‘j{m)}:
wg(m) j=0 (4.63)
W/’("”: ={Wig4 jm) +wie_;(m) j=1,2, -, 16
W64 j(m)-wgqg_ ;j(m) j=17,18, - ,31.
(4.64)

vim) = 3 COS(II :Nl
i=0
(4.65)

Compare Equation 4.62 to the inverse DCT in Equation 4.60 (lower equation). At the decoder, the matrix operation can be written
N-1 S )
2L (i + A)sim) for j=0, - ,2N-1,
,van -1 (m)} are windowed, shifted, and added to compute {u(m)}. (See Figure 4.26.) It is shown in Konstantinides SPL 1994 that, for N =32, {v ,~(m)} can be calculated by

where {vy(m), -
first computing {7 ;(m)}:

_ N-1 .

vilm) = Y Cos(lr "ﬁ'{‘.l j)s',-(m); j=0, - ,N-1

i=0 -
and rearranging the outputs according to
(4.66)
26/04/2012
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Vigie(m) j=0,1, - 15,
0 j=16,

"i(*”” =

Compare Equation 4.65 to the DCT in Equation 4.60 (upper equation).

4.5. MP3 and AAC: MDCT Processing-

-Vag - j(m) j=17,18, --- 47,
-F.I'__m(nll ]:48,49, ,63

Page 34 of 37

MDCT Filterbanks

e Hybrid Filter Banks: In more advanced audio coders such as MPEG “Layer-3" or MPEG"Advanced Audio Coding” (the details of which will be discussed later), the 32-band polyphase
quadrature filterbank (PQF) is thought to not give adequate frequency resolution, and so an additional stage of frequency division is cascaded onto the output of the PQF. This additional

frequency division is accomplished using the so-called “Modified DCT” (MDCT) filterbank. (See Figure 4.27.)

Figure 4.27.

MDCT

MDCT

N-band
— Polyphase Quadrature
Filterbank

MDCT

—

Hybrid filterbank scheme used in MPEG Layer-3 (where N =32 and @ switches bewteen 6 and 18) and MPEG AAC (where N = 4 and @ switches between 128 and 1024).

} (J-bands

(J-bands

} (}-bands

e [apped Transforms: The MDCT is a so-called “lapped transform.”At the encoder, blocks of length 2Q which overlap by @ samples are windowed and transformed, generating Q subband

samples each. At the decoder, the Q subband samples are inverse-transformed and windowed. The windowed output samples are overlapped with and added to the previous Q windowed

outputs to form the output stream.Figure 4.28 gives an intuitive view of the coding/decoding operation, while Figure 4.29 and Figure 4.30 specify the specific coder/decoder

implementations used in the MPEG schemes.
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Figure 4.28.
overlapping input windows windowed and overlapped cutputs
AREER R
aneh inverse
transform transfarm

A lapped transform.

Figure 4.29.

i=0 j=1 j=2) 1= i=0p

COSINE MATRIX TRANSFORMATION:

i+l [z 1
cos (:r prapl --n,,,)

- 1=0] 1

MDCT filterbank: encoder implementation.
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Figure 4.30.

COSINE MATRIX TRANSFORMATION:
cos [:r-:gli . i+ n:_.';)

.

MDCT filterbank: decoder implementation.

e Perfect Reconstruction: Based on the cancellation of time-domain aliasing components, Princen, Johnson, & Bradley show (in ICASSP 87 and TASSP 86 papers) that the MDCT acheives
perfect-reconstruction when window {w,} is chosen so that overlapped squared copies sum to one, i.e.,

1=n',::+Q+w£ for 0<n<Q-1. (4.67)

The “sine” window

W) =sin(% n) for 0<n<20-1 (4.68)

is one example of a window satisfying this requirement, and it turns out to be the one used in MPEG Layer-3.

e Frequency Resolution.: With a window length that is only twice the number of transform outputs, we cannot expect very good frequency selectivity. But, it turns out that this is not a
problem. In MPEG Layer-3, sine-window MDCTs appear at the outputs of a 32-band PQF where frequency selectivity is not a critical issue due to the limited frequency resolution of the
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human ear. In MPEG AAC, a 4-band PQF in conjunction with an optimized MDCT window function gives frequency selectivity just above that which current psychoacoustic models deem
necessary (see M. Bosi et al., "ISO/IEC MPEG-2 Advanced Audio Coding" in JAES Oct 1997).

o Window Switching: Larger values of @ lead to increased frequency resolution but decreased time resolution. Time resolution is linked to the following: error due to the quantization of one
MDCT output is spread out over ~ 2QN time-domain output samples. For signals of a transient nature, choosing QN too high leads to audible “pre-echoes.”For less transient signals, on the
other hand, the same value of QNmight not be perceptible (and the increased frequency resolution might be very beneficial). Hence, most advanced coding schemes have a provision to
switch between different time/frequency resolutions depending on local signal behavior. In MPEG Layer-3, for example, Q switches between 6 and 18. This is accomplished using a sine
window of length 36, a sine window of length 12, and intermediate windows which are used to switch between the long and short windows while retaining the perfect reconstruction
property.Figure 4.31 shows an example window sequence.

Figure 4.31.

7,

P O O & 6 O G

v oy -

Example MDCT window sequence for MPEG Layer-3.

41 A similar conclusion resulted from our comparison of DPCM and TC of equal dimension A it was reasoned that the longer “effective” input length of DPCM with A+length prediction filtering
gave performance improvement relative to TC.

211n the structure in Figure 4 from "Uniformly-Modulated Filterbanks", it would be reasonable to replace the standard DFT with a real-valued DFT (defined in the notes on transform
coding), requiring ~ Nlog,N real-multiplies when Nis a power of 2. Though it is not clear to the author why such a structure was not adopted in the MPEG standards, the cosine modulated

filterbank derived in this section has equivalent performance and, with its polyphase/DCT implementation, equivalent implementation cost.

81 The MPEG standards refer to this filterbank as a “polyphase quadrature” filterbank (PQF), the name given to the technique by an early technical paper: Rothweiler ICASSP 83
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