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1 Foundations of HOL

theory Higher-Order-Logic imports Pure begin

The following theory development demonstrates Higher-Order Logic itself,
represented directly within the Pure framework of Isabelle. The “HOL” logic
given here is essentially that of Gordon [1], although we prefer to present
basic concepts in a slightly more conventional manner oriented towards plain
Natural Deduction.

1.1 Pure Logic

classes type
defaultsort type

typedecl o
arities
o :: lype
fun = (type, type) type

1.1.1 Basic logical connectives

judgment
Trueprop :: 0 = prop (- )

axiomatization
imp 0= 0= o0 (infixr — 25) and
All =2 ('a = 0) = o (binder V 10)

where
impl [intro]: (A = B) = A — B and
impE [dest, trans]: A — B — A — B and
alll [intro]: (Nz. Px) = V. Pz and
allE [dest]: Vz. Pz = P a

1.1.2 Extensional equality

axiomatization
equal :: 'a = 'a = o (infixl = 50)
where

refl [intro]: z = z and
subst: t =y =— Px =— Py

axiomatization where
ext [intro]: (Az. fz =gz) = f = g and



iff [intro]: (A = B) = (B= A) = A =18

theorem sym [sym]: 2 =y = y =z

(proof)

lemma [trans]: x =y = Py = Pz
{proof)

lemma [trans]: Pz = 2=y = Py

(proof )

theorem trans [trans]: c =y = y =2 = 2 = 2
{proof)

theorem iff! [elim]: A= B = A= B
(proof)

theorem iff2 [elim]: A= B = B = A
{proof)

1.1.3 Derived connectives

definition
false :: o (L) where
1l=vA A

definition
true :: o (T) where
T=1—1

definition
not :: 0 = o (= - [40] 40) where
not = AA. A — L

definition
conj :: 0 = o = o (infixr A 35) where
conj =AA B.VC.(A— B — (C) — C

definition
disj :: 0 = 0 = o (infixr V 30) where
disf = A B.VC.(A— C) — (B— (C)— C

definition
Ez :: (la = 0) = o (binder 3 10) where
dz. Pz =vVC. Vz. Pz — C) — C

abbreviation
not-equal :: 'a = 'a = o (infixl # 50) where
z#y=-(r=y)



theorem falseE [elim]: L = A

(proof )
theorem truel [intro]: T
(proof )
theorem notl [intro]: (A = L) = - A
(proof )
theorem notE [elim]: - A = A = B
(proof )
lemma notE: A — - A = B
(proof)
lemmas contradiction = notE notE’ — proof by contradiction in any order

theorem conjl [intro]: A=— B =— A A B

(proof)

theorem conjE [elim]: AN B = (A= B = C) = C
(proof)

theorem disjl1 [intro]: A= AV B
(proof)

theorem disjl2 [intro]: B = AV B
(proof)

theorem disjE [elim]: AV B —= (A= (C) = (B= () = C
(proof)

theorem ezl [intro]: P o = Jz. Pz

(proof)

theorem ezFE [elim]: 3z. Pz — (A\z. P2 = C) = C

(proof)

1.2 Classical logic

locale classical =
assumes classical: (- A = A) = A

theorem (in classical)
Peirce’s-Law: (A — B) — A) — A
(proof )

theorem (in classical)



double-negation: - =~ A = A
(proof )

theorem (in classical)
tertium-non-datur: AV - A

(proof)

theorem (in classical)
classical-cases: (A = C) = (- A= C) = C

(proof)

lemma (in classical) (- A = A) = A
(proof)

end

2 Abstract Natural Numbers primitive recursion

theory Abstract-NAT
imports Main
begin

Axiomatic Natural Numbers (Peano) — a monomorphic theory.

locale NAT =
fixes zero :: 'n
and succ :: 'n = 'n
assumes succ-inject [simp]: (succ m = suce n) = (m = n)
and succ-neg-zero [simp]: succ m # zero
and induct [case-names zero succ, induct type: 'n]:
P zero = (An. Pn = P (succ n)) = Pn

begin

lemma zero-neg-succ [simp]: zero # succ m
{proof)

Primitive recursion as a (functional) relation — polymorphic!

inductive
Rec ::'a = ('n = 'a = 'a) = 'n = 'a = bool
fore:’cand r::'n="'a="a
where
Rec-zero: Rec e r zero e
| Rec-succ: Rec e r m n = Rec e r (succ m) (r m n)

lemma Rec-functional:
fixes z :: 'n

shows Jly::’a. Recerxy
(proof)



The recursion operator — polymorphic!
definition
rec :: 'a = ('n = 'a = 'a) = 'n = 'a where
rec er v = (THE y. Rec e r z y)

lemma rec-eval:
assumes Rec: Recerzy
shows recerx =y

(proof)

lemma rec-zero [simp]: rec e r zero = e

{proof)

lemma rec-succ [simp]: rec e v (succ m) = r m (rec e r m)

(proof)

Example: addition (monomorphic)

definition
add :: 'n = 'n = 'n where
add m n = rec n (A- k. succ k) m

lemma add-zero [simp]: add zero n = n
and add-succ [simp]: add (succ m) n = succ (add m n)

{proof)

lemma add-assoc: add (add k m) n = add k (add m n)
{proof)

lemma add-zero-right: add m zero = m
(proof)

lemma add-succ-right: add m (suce n) = succ (add m n)
{proof)

lemma add (succ (succ (succ zero))) (suce (succ zero)) =
suce (suce (suce (suce (suce zero))))

(proof )

Example: replication (polymorphic)

definition
repl :: 'n = 'a = ’'a list where
repln z = rec [| (M- zs. z # zs) n

lemma repl-zero [simp]: repl zero x = |]
and repl-succ [simp]: repl (succ n) © = x # repl n x

(proof)

lemma repl (suce (succ (succ zero))) True = [True, True, True]

10



{proof)

end

Just see that our abstract specification makes sense . ..
interpretation NAT [0 Suc]
{proof)

end

3 Proof by guessing

theory Guess
imports Main
begin

lemma True

(proof)

end

4 Simple and efficient binary numerals

theory Binary
imports Main
begin

4.1 Binary representation of natural numbers

definition
bit :: nat = bool = nat where
bit nb = (if b then 2 x n + 1 else 2 * n)

lemma bit-simps:
bit n False = 2 x n
bitn True = 2 x n + 1
(proof)

(ML)

4.2 Direct operations — plain normalization

lemma binary-norm:
bit 0 False = 0
bit 0 True = 1

{proof)
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lemma binary-add:
n+0=n
0+n=n
1+ 1 = bit1 False
bit n False + 1 = bit n True
bit n True + 1 = bit (n + 1) False
1 + bit n False = bit n True
1 + bit n True = bit (n + 1) False
bit m False + bit n False = bit (m + n) False
bit m False + bit n True = bit (m + n) True
bit m True + bit n False = bit (m + n) True
bit m True + bit n True = bit ((m + n) + 1) False

{proof)

lemma binary-mult:

n*x0 =20

0xn=20

n*l=mn

1 *xn=mn

bit m True * n = bit (m = n) False + n
bit m False x n = bit (m = n) False
n *x bit m True = bit (m * n) False + n
n * bit m False = bit (m % n) False

{proof)

lemmas binary-simps = binary-norm binary-add binary-mult

4.3 Indirect operations — ML will produce witnesses

lemma binary-less-eq:
fixes n :: nat
shows n=m + k= (m < n)
and m=n+k+ 1 = (m < n) = False
(proof )

lemma binary-less:
fixes n :: nat
shows m = n + k = (m < n) = False
andn=m+k+ 1= (m < n)= True
(proof)

lemma binary-diff:
fixes n :: nat
shows m=n+k=— m —n=k
andn=m+k=—m-—-n=20
(proof)

lemma binary-divmod:

12



fixes n :: nat

assumes m=n*xk +land 0 <nand ! <n
shows m divn = k

and m mod n = 1

(proof)
(ML)

4.4 Concrete syntax

syntax
-Binary :: num-const = 'a  ($-)

(ML)

4.5 Examples

lemma $6 = 6

(proof )

lemma bit (bit (bit 0 False) False) True = 1
{proof)

lemma bit (bit (bit 0 False) False) True = bit 0 True
(proof)

lemma $5 + $3 = $8
(proof)

lemma $5 * $3 = $15
(proof)

lemma $5 — $3 = $2
(proof )

lemma $3 — $5 = 0
(proof)

lemma $123/56789 — $123 = $123456666
{proof)

lemma $1111111111222222222233333333334444444444 — $99887766554332211

$1111111111222222222232334455668900112233
{proof)

lemma (1111111111222222222233333333334444444444 :nat) — 9988776655/4332211

1111111111222222222232354455668900112233
{proof)

13



lemma (1111111111222222222235333333334444444444 int) — 9988776655/4332211

1111111111222222222232334455668900112233
(proof)

lemma $1111111111222222222233333333334444444444 * $99887766554332211

$110986407293802219729380221972938022197238309016086918568/
(proof)

lemma $1111111111222222222233333333334444444444 * $9988776655/4332211

$555555555566666666667777771777T78888888888 =
$1109864072938022191738246664062713555294605312581980296796

(proof)

lemma $/2 < $4 = False
(proof )

lemma $/ < $42 = True
(proof)

lemma $/2 <= $4
(proof)

False

lemma $/ <= $/2 = True
(proof )

lemma $1111111111222222222233333333334444444444 < $998877665544332211
= Fualse

(proof)

lemma $998877665544332211 < $1111111111222222222233333333334444444444
= True

{proof)

lemma $1111111111222222222233333333334444444444 <= $998877665544332211
= Fualse

{proof)

lemma $998877665544332211 <= $1111111111222222222233333333334444444444
= True

{proof)

lemma $123/ div $23 = $53
(proof )

lemma $123/ mod $23 = $15

14



{proof)

lemma $1111111111222222222233333333354444444444 div $9988776655/4332211

$1112859550673033707875
{proof)

lemma $1111111111222222222233333333334444444444 mod $99887766554332211

$4224517/317582819
(proof)

lemma (1111111111222222222233333333334444444444 int) div 9988776655/4332211

1112359550673033707875
(proof)

lemma (1111111111222222222233333333334444444444 int) mod 9988776655/4332211

42245174317582819
(proof)

end

5 Examples of recdef definitions

theory Recdefs imports Main begin

consts fact :: nat => nat
recdef fact less-than
fact x = (if £ = 0 then 1 else z * fact (x — 1))

consts Fact :: nat => nat
recdef Fact less-than

Fact 0 = 1

Fact (Suc x) = Fact x * Suc x

consts fib :: int => int
recdef fib measure nat
eqn: fibn = (if n < 1 then 0
else if n=1 then 1
else fib(n — 2) + fib(n — 1))

lemma fib 7 = 13
(proof)

consts map2 :: (Ya => b => 'c) x 'a list * 'b list => 'c list

15



recdef map2 measure(A(f, 11, 12). size 1)
map2 (£, ), ) = [
map? (f, b # 1, ) =
map2 (f, h1 # t1, h2 # t2) = fh1 h2 # map2 (f, t1, t2)

consts finiteRchain :: ('a => 'a => bool) * 'a list => bool
recdef finiteRchain measure (A(R, 1). size [)
finiteRchain(R, []) = True
finiteRchain(R, [z]) = True
finiteRchain(R, © # y # rst) = (R z y A finiteRchain (R, y # rst))

Not handled automatically: too complicated.

consts variant :: nat * nat list => nat
recdef (permissive) variant measure (A(n,ns). size (filter (Ay. n < y) ns))
variant (z, L) = (if £ mem L then variant (Suc =, L) else )

consts gcd :: nat x nat => nat
recdef ged measure (A(z, y). z + y)

ged (0, y) =y
ged (Suc x, 0) = Suc x
ged (Suc x, Suc y) =
(if y < x then ged (x — y, Suc y) else ged (Suc z, y — x))

The silly g function: example of nested recursion. Not handled automati-
cally. In fact, g is the zero constant function.

consts g :: nat => nat

recdef (permissive) g less-than
g0 =20
g (Sucz) =g (g7

lemma g-terminates: g x < Suc x
{proof)

lemma g-zero: gz = 0
(proof)

consts Diwv :: nat ¥ nat => nat * nat
recdef Div measure fst
Div (0, z) = (0, 0)
Div (Suc z, y) =
(let (q, r) = Div (z, y)
in if y < Suc r then (Suc q, 0) else (g, Suc 1))

Not handled automatically. Should be the predecessor function, but there
is an unnecessary ”looping” recursive call in & 1.

consts k :: nat => nat

16



recdef (permissive) k less-than
kO =20
k (Suc n) =
(letz =k 1
in if False then k (Suc 1) else n)

consts part :: (‘a => bool) x 'a list x 'a list x 'a list => 'a list * 'a list
recdef part measure (A\(P, 1, 11, 12). size l)
part (P, [], i1, 12) = (i1, 12)
part (P, h # rst, 11, 12) =
(if P h then part (P, rst, h # 11, 12)
else part (P, rst, l1, h # 12))

consts fgsort 2 (‘a => 'a => bool) * 'a list => 'a list
recdef (permissive) fgsort measure (size o snd)

fasort (ord, []) =[]

fasort (ord, x # rst) =

(let (less, more) = part ((Ay. ord y x), rst, ([], []))
in fgsort (ord, less) Q [z] @Q fgsort (ord, more))

Silly example which demonstrates the occasional need for additional con-
gruence rules (here: map-cong). If the congruence rule is removed, an un-
provable termination condition is generated! Termination not proved auto-
matically. TFL requires Az. mapf x instead of mapf.

consts mapf :: nat => nat list
recdef (permissive) mapf measure (Am. m)

mapf 0 = ||
mapf (Suc n) = concat (map (Az. mapf z) (replicate n n))
(hints cong: map-cong)

recdef-tc mapf-tc: mapf
(proof )

Removing the termination condition from the generated thms:

lemma mapf (Suc n) = concat (map mapf (replicate n n))
{proof)

lemmas mapf-induct = mapf.induct [OF mapf-tc]

end

6 Examples of function definitions

theory Fundefs
imports Main
begin

17



6.1 Very basic

fun fib :: nat = nat

where
fivo =1
| fib (Suc 0) = 1

| fib (Suc (Suc n)) = fib n + fib (Suc n)

partial simp and induction rules:

thm fib.psimps

thm fib.pinduct

There is also a cases rule to distinguish cases along the definition

thm fib.cases

total simp and induction rules:

thm fib.simps
thm fib.induct

6.2 Currying

fun add
where
add 0y =y
| add (Suc z) y = Suc (add z y)

thm add.simps
thm add.induct — Note the curried induction predicate

6.3 Nested recursion

function nz

where
nz0 =10
| nz (Suc z) = nz (nz x)
(proof)
lemma nz-is-zero: — A lemma we need to prove termination

assumes trm: nz-dom x
shows nzz = 0

(proof)

termination nz

(proof )

thm nz.simps
thm nz.induct

Here comes McCarthy’s 91-function

18



function f91 :: nat => nat
where
f91 n = (if 100 < n then n — 10 else f91 (f91 (n + 11)))

(proof)

lemma f91-estimate:
assumes trm: f91-dom n
shows n < f91 n + 11

(proof)

termination
(proof)

6.4 More general patterns

6.4.1 Overlapping patterns

Currently, patterns must always be compatible with each other, since no
automatic splitting takes place. But the following definition of gcd is ok,
although patterns overlap:

fun gcd2 :: nat = nat = nat

where
ged2 x 0 = x
| ged2 0y =y
| ged2 (Suc z) (Suc y) = (if ¢ < y then ged2 (Suc z) (y — x)

else gcd2 (z — y) (Suc y))

thm gcd?2.simps
thm gcd?2.induct

6.4.2 Guards

We can reformulate the above example using guarded patterns

function gcd3 :: nat = nat = nat

where
ged3 x 0 = x
| ged3 0y =y

| 2 < y = gcd3 (Suc z) (Suc y) = ged3 (Suc z) (y — x)
| =~z < y = gcd3 (Suc x) (Suc y) = ged3 (z — y) (Suc y)

{proof)
termination (proof)

thm gcd3.simps
thm gcd3.induct

General patterns allow even strange definitions:

function ev :: nat = bool
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where

ev (2 x n) = True
| ev (2 x n + 1) = False
(proof)

termination (proof)

thm ev.simps
thm ev.induct
thm ev.cases

6.5 Mutual Recursion

fun evn od :: nat = bool

where
evn 0 = True
| od 0 = False

| evn (Suc n) = od n
| od (Suc n) = evn n

thm evn.simps
thm od.simps

thm evn-od.induct
thm evn-od.termination

6.6 Definitions in local contexts

locale my-monoid =

fixes opr :: 'a = 'a = 'a
and un :: 'a

assumes assoc: opr (opr z y) z = opr z (opr y z)
and lunit: opr un x = x
and runit: opr x un = x

begin

fun foldR :: 'a list = 'a
where
foldR || = un
| foldR (z#zs) = opr z (foldR zs)

fun foldL :: 'a list = 'a

where
foldL [] = un
| foldL [z] = z

| foldL (x#y#ys) = foldL (opr x y # ys)
thm foldL.simps

lemma foldR-foldL: foldR xs = foldL xs
(proof)
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thm foldR-foldL
end

thm my-monoid.foldL.simps
thm my-monoid.foldR-foldL

6.7 Regression tests

The following examples mainly serve as tests for the function package

fun listlen :: 'a list = nat
where

listlen [| = 0
| listlen (z#txs) = Suc (listlen xs)

fun f :: nat = nat
where
zero: f0 =0
| suce: f (Suc n) = (if fn = 0 then 0 else f n)

function h :: nat = nat

where
ho=20

| b (Suc n) = (if hn = 0 then h (h n) else h n)
(proof )

fun i :: nat = nat
where
10=20
| i (Suc n) = (if n = 0 then 0 else i n)

fun fa :: nat = nat = nat
where
faO0y=20
| fa (Suc n) y = (if fa ny = 0 then 0 else fa n y)

fun j :: nat = nat
where
jo=20
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| 7 (Sucn) = (let w=mn in Suc (j u))

function £k :: nat = nat

where
kx=(leta=1z;b=2zinkuz)
(proof )

function f2 :: (nat x nat) = (nat x nat)
where

f2p = (let (z,y) = pin f2 (y,z))
(proof)

fun f3 :: 'a set = bool
where

f8 x = finite x

datatype ‘a tree =
Leaf 'a
| Branch 'a tree list

lemma lem:z € set | = size © < Suc (list-size size 1)

{(proof)

function treemap :: (Ya = 'a) = 'a tree = 'a tree
where

treemap fn (Leaf n) = (Leaf (fn n))
| treemap fn (Branch 1) = (Branch (map (treemap fn) 1))
(proof)

termination (proof)

declare lem[simp]

fun tinc :: nat tree = nat tree
where

tinc (Leaf n) = Leaf (Suc n)
| tinc (Branch 1) = Branch (map tinc )

record point =
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Xcoord :: int
Ycoord :: int

function swp :: point = point
where

swp (| Xeoord = z, Yeoord = y |) = (| Xcoord =y, Ycoord = x |
(proof)

termination (proof)

fun diag :: bool = bool = bool = nat
where
diag © True False = 1
| diag False y True = 2
| diag True False z = 3
| diag True True True = 4
| diag False False False = 5

datatype DT =
A|B|C|D|E|F|G|H|I|J|K|L|M|N|P
[ QIRIS|T|IU[V

fun big :: DT = nat
where

big A =10
| big B =0
| big C
| big D
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fun
4 nat = nat = bool

where

f4 00 = True
| f4 - - = False
end

7 Examples of automatically derived induction rules

theory Induction-Scheme
imports Main
begin

7.1 Some simple induction principles on nat

lemma nat-standard-induct:
[PO; An. Pn = P (Sucn)] = Pz
(proof)

lemma nat-induct2:
[ P0O; P (Suc 0); Nk. Pk ==> P (Suc (Suck)) |
= Pn

(proof)

lemma minus-one-induct:
[An:nat. (n #0 = P (n — 1)) = Pn] = Pz
(proof)

theorem diff-induct:
(Nz. Pz 0) ==> (Ny. P 0 (Suc y)) ==>
Nz y. Pz y ==> P (Sucz) (Suc y)) ==> P mn
(proof )

lemma list-induct2":

[P

Nz zs. P (z#zs) [];

Ny ys. P[] (y#ys);

Nz zs y ys. Pasys = P (z#as) (y#ys) ]
= Pusys

(proof)

theorem ecven-odd-induct:
assumes R 0
assumes @ 0
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assumes An. @ n = R (Suc n)
assumes An. R n = @ (Suc n)
shows Rn @ n

{proof)

end

8 Some of the results in Inductive Invariants for
Nested Recursion

theory Inductivelnvariant imports Main begin

A formalization of some of the results in Inductive Invariants for Nested
Recursion, by Sava Krsti¢ and John Matthews. Appears in the proceedings
of TPHOLSs 2003, LNCS vol. 2758, pp. 253-269.

S is an inductive invariant of the functional F with respect to the wellfounded
relation r.

definition

indinv :: (a x 'a) set => (Ya => 'b => bool) => (('a => 'b) => (a => D))
=> bool where

indinvr SF = Nfz. Vy. (y,2) :r —> Sy (fy) —> Sz (Ffz))

S is an inductive invariant of the functional F on set D with respect to the
wellfounded relation r.

definition

indinv-on = (a * 'a) set => 'a set => (‘a => "b => bool) => (('a => 'b) =>
('a => 'b)) => bool where

indinv-on r D S F = (Vf.VzeD. VyeD. (yz) er ——> Sy (fy)) ——> Sz
(F fz))

The key theorem, corresponding to theorem 1 of the paper. All other results
in this theory are proved using instances of this theorem, and theorems
derived from this theorem.

theorem indinv-wfrec:
assumes wf: wfr and
inv: indinv r S F
shows S x (wfrec r F x)

(proof )

theorem indinv-on-wfrec:
assumes WF: wfr and
INV: indinv-on v D S F and
D: zeD
shows S x (wfrec r F )

(proof)
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theorem ind-fixpoint-on-lemma:
assumes WF: wfr and
INV:Vf.VYzeD. VyeD. (y,z) € r ——> Sy (wfrecr F y) & fy = wfrec

r Fy)
——> Sz (wfrecr Fz) & F fz = wfrec r F z and
D: zeD
shows F (wfrec r F) © = wfrec r F z & S x (wfrec r F z)
(proof )

theorem ind-fixpoint-lemma:
assumes WF: wfr and
INV:Vfz. Vy. (y,2) € r ——> Sy (wfrecr Fy) & fy = wfrecr F y)
——> Sz (wfrecr Fa) & F fz = wfrecr Fz
shows F (wfrec r ') © = wfrec r F x & S © (wfrec r F z)
(proof)

theorem tfl-indinv-wfrec:

[| f == wfrec r F; wf r; indinv r S F ||

==> Sz (fz)

(proof)

theorem tfl-indinv-on-wfrec:

[| f == wfrec r F; wf r; indinv-on r D S F; z€D ||
==> Sz (fz)

(proof)

end

9 Example use if an inductive invariant to solve
termination conditions

theory Inductivelnvariant-examples imports Inductivelnvariant begin

A simple example showing how to use an inductive invariant to solve ter-
mination conditions generated by recdef on nested recursive function defini-
tions.

consts g :: nat => nat
recdef (permissive) g less-than

g0 =20
g (Sucn) =g (gn)

We can prove the unsolved termination condition for g by showing it is an
inductive invariant.

recdef-tc g-tc[simp]: ¢
(proof)
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This declaration invokes Isabelle’s simplifier to remove any termination con-
ditions before adding g’s rules to the simpset.

declare g.simps [simplified, simp]

This is an example where the termination condition generated by recdef is
not itself an inductive invariant.
consts ¢’ :: nat => nat
recdef (permissive) g’ less-than
g ' 0=20
9" (Sucn) =g"n+ g’ (g'n)

thm g¢’.simps

The strengthened inductive invariant is as follows (this invariant also works
for the first example above):

lemma g'-inv: ¢’ n = 0

thm tfl-indinv-wfrec [OF g'-def]

(proof)

recdef-tc g’-tc[simp]: g’
(proof)

Now we can remove the termination condition from the rules for g’ .

thm g'.simps [simplified]

Sometimes a recursive definition is partial, that is, it is only meant to be
invoked on "good” inputs. As a contrived example, we will define a new
version of g that is only well defined for even inputs greater than zero.

consts g-even :: nat => nat

recdef (permissive) g-even less-than
g-even (Suc (Suc 0)) = 3
g-even n = g-even (g-even (n — 2) — 1)

We can prove a conditional version of the unsolved termination condition
for g-even by proving a stronger inductive invariant.
lemma g-even-indinv: 3k. n = Suc (Suc (2xk)) ==> g-even n = 3

(proof)

Now we can prove that the second recursion equation for g-even holds, pro-
vided that n is an even number greater than two.

theorem g-even-n: k. n = 2%k + 4 ==> g-even n = g-even (g-even (n — 2)
_ ])
(proof)

McCarthy’s ninety-one function. This function requires a non-standard mea-
sure to prove termination.
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consts ninety-one :: nat => nat
recdef (permissive) ninety-one measure (%on. 101 — n)
ninety-one x = (if 100 < z
then x — 10
else (ninety-one (ninety-one (x+11))))

To discharge the termination condition, we will prove a strengthened induc-
tive invariant: Sxy ==xjy + 11

lemma ninety-one-inv: n < minety-one n + 11

{(proof)

Proving the termination condition using the strengthened inductive invari-
ant.

recdef-tc ninety-one-te[rule-format]: ninety-one

{(proof)

Now we can remove the termination condition from the simplification rule
for minety-one.

theorem def-ninety-one:
ninety-one x = (if 100 < x
then x — 10
else ninety-one (ninety-one (z+11)))

(proof)

end

10 Using locales in Isabelle/Isar — outdated ver-
sion!

theory Locales imports Main begin

10.1 Overview

Locales provide a mechanism for encapsulating local contexts. The original
version due to Florian Kammiiller [2] refers directly to Isabelle’s meta-logic
[7], which is minimal higher-order logic with connectives /\ (universal quan-
tification), = (implication), and = (equality).

From this perspective, a locale is essentially a meta-level predicate, together
with some infrastructure to manage the abstracted parameters (/\), assump-
tions (=), and definitions for (=) in a reasonable way during the proof
process. This simple predicate view also provides a solid semantical basis
for our specification concepts to be developed later.

The present version of locales for Isabelle/Isar builds on top of the rich in-
frastructure of proof contexts [9, 11, 10], which in turn is based on the same
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meta-logic. Thus we achieve a tight integration with Isar proof texts, and a
slightly more abstract view of the underlying logical concepts. An Isar proof
context encapsulates certain language elements that correspond to /= /=
at the level of structure proof texts. Moreover, there are extra-logical con-
cepts like term abbreviations or local theorem attributes (declarations of
simplification rules etc.) that are useful in applications (e.g. consider stan-
dard simplification rules declared in a group context).

Locales also support concrete syntax, i.e. a localized version of the exist-
ing concept of mixfix annotations of Isabelle [8]. Furthermore, there is a
separate concept of “implicit structures” that admits to refer to particular
locale parameters in a casual manner (basically a simplified version of the
idea of “anti-quotations”, or generalized de-Bruijn indexes as demonstrated
elsewhere [12, §13-14]).

Implicit structures work particular well together with extensible records in
HOL [5] (without the “object-oriented” features discussed there as well).
Thus we achieve a specification technique where record type schemes repre-
sent polymorphic signatures of mathematical structures, and actual locales
describe the corresponding logical properties. Semantically speaking, such
abstract mathematical structures are just predicates over record types. Due
to type inference of simply-typed records (which subsumes structural sub-
typing) we arrive at succinct specification texts — “signature morphisms”
degenerate to implicit type-instantiations. Additional eye-candy is provided
by the separate concept of “indexed concrete syntax” used for record selec-
tors, so we get close to informal mathematical notation.

Operations for building up locale contexts from existing ones include merge
(disjoint union) and rename (of term parameters only, types are inferred
automatically). Here we draw from existing traditions of algebraic spec-
ification languages. A structured specification corresponds to a directed
acyclic graph of potentially renamed nodes (due to distributivity renames
may pushed inside of merges). The result is a “flattened” list of primitive
context elements in canonical order (corresponding to left-to-right reading
of merges, while suppressing duplicates).

The present version of Isabelle/Isar locales still lacks some important spec-
ification concepts.

e Separate language elements for instantiation of locales.

Currently users may simulate this to some extend by having primitive
Isabelle/Isar operations (of for substitution and OF for composition,
[11]) act on the automatically exported results stemming from different
contexts.

e Interpretation of locales (think of “views”, “functors” etc.).
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In principle one could directly work with functions over structures (ex-
tensible records), and predicates being derived from locale definitions.

Subsequently, we demonstrate some readily available concepts of Isabelle /Isar
locales by some simple examples of abstract algebraic reasoning.

10.2 Local contexts as mathematical structures

The following definitions of group-context and abelian-group-context merely
encapsulate local parameters (with private syntax) and assumptions; local
definitions of derived concepts could be given, too, but are unused below.

locale group-context =
fixes prod :: 'a = 'a = 'a  (infixl - 70)
and inv :: ‘a = 'a  ((-71) [1000] 999)
and one :: 'a (1)
assumes assoc: (¢ - y) + 2
and left-inv: 271 -2 =1
and left-one: 1 -z =z

=z (y-2)

locale abelian-group-context = group-context +
assumes commute: T -y =Yy + T

We may now prove theorems within a local context, just by including a
directive “(in name)” in the goal specification. The final result will be
stored within the named locale, still holding the context; a second copy is
exported to the enclosing theory context (with qualified name).

theorem (in group-context)
right-inv: z - 71 =1

(proof)

theorem (in group-context)
right-one: x - 1 =«

(proof)

Facts like right-one are available group-context as stated above. The ex-
ported version looses the additional infrastructure of Isar proof contexts
(syntax etc.) retaining only the pure logical content: group-context.right-one
becomes group-context ?prod ?inv fone = ?prod ?x Yone = ?z (in Isabelle
outermost /\ quantification is replaced by schematic variables).

Apart from a named locale we may also refer to further context elements
(parameters, assumptions, etc.) in an ad-hoc fashion, just for this partic-
ular statement. In the result (local or global), any additional elements are
discharged as usual.

theorem (in group-context)
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assumes eq: ¢ -+ T = &
shows one-equality: 1 = e
(proof)

theorem (in group-context)

assumes eq: ' -z =1
1 /

shows inv-equality: x= = x
(proof)
theorem (in group-context)
inv-prod: (z - y)~! =y~ 1. g7}
(proof)

Established results are automatically propagated through the hierarchy of
locales. Below we establish a trivial fact in commutative groups, while refer-
ring both to theorems of group and the additional assumption of abelian-group.
theorem (in abelian-group-context)

inv-prod”: (x - y)~t =271yt
(proof)

We see that the initial import of group within the definition of abelian-group
is actually evaluated dynamically. Thus any results in group are made avail-
able to the derived context of abelian-group as well. Note that the alternative
context element includes would import existing locales in a static fashion,
without participating in further facts emerging later on.

Some more properties of inversion in general group theory follow.

theorem (in group-context)
inv-inv: (z71) "t =1
(proof)

theorem (in group-context)
assumes eq: 7l = y‘l
shows inv-inject: © = y
(proof )

We see that this representation of structures as local contexts is rather light-
weight and convenient to use for abstract reasoning. Here the “components”
(the group operations) have been exhibited directly as context parameters;
logically this corresponds to a curried predicate definition:

group-context prod inv one =
(Vz y z. prod (prod z y) z = prod x (prod y z)) A
(Vz. prod (inv z) z = one) A (V. prod one x = 1)

The corresponding introduction rule is as follows:
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(Az y 2. prod (prod x y) z = prod x (prod y z)) =
(Az. prod (inv z) z = one) =
(Az. prod one x = z) = group-context prod inv one

Occasionally, this “externalized” version of the informal idea of classes of tu-
ple structures may cause some inconveniences, especially in meta-theoretical
studies (involving functors from groups to groups, for example).

Another minor drawback of the naive approach above is that concrete syntax
will get lost on any kind of operation on the locale itself (such as renaming,
copying, or instantiation). Whenever the particular terminology of local
parameters is affected the associated syntax would have to be changed as
well, which is hard to achieve formally.

10.3 Explicit structures referenced implicitly

We introduce the same hierarchy of basic group structures as above, this time
using extensible record types for the signature part, together with concrete
syntax for selector functions.

record 'a semigroup =
prod :: 'a = 'a = 'a  (infix] 1 70)

record ‘a group = 'a semigroup +

inv ::'a = "a  ((-1) [1000] 999)

one :x 'a (11
The mixfix annotations above include a special “structure index indicator”
1 that makes grammar productions dependent on certain parameters that
have been declared as “structure” in a locale context later on. Thus we
achieve casual notation as encountered in informal mathematics, e.g. = - y

for prod G z y.

The following locale definitions introduce operate on a single parameter
declared as “structure”. Type inference takes care to fill in the appropriate
record type schemes internally.

locale semigroup =

fixes S (structure)
assumes assoc: (z - y) - z=1z - (y - 2)

locale group = semigroup G +
assumes left-inv: 271 -z =1
and left-one: 1 -z =z

declare semigroup.intro [intro?]
group.intro [intro?] group-axioms.intro [intro?)

Note that we prefer to call the group record structure G rather than S in-
herited from semigroup. This does not affect our concrete syntax, which
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is only dependent on the positional arrangements of currently active struc-
tures (actually only one above), rather than names. In fact, these parameter
names rarely occur in the term language at all (due to the “indexed syn-
tax” facility of Isabelle). On the other hand, names of locale facts will get
qualified accordingly, e.g. S.assoc versus G.assoc.

We may now proceed to prove results within group just as before for group.
The subsequent proof texts are exactly the same as despite the more ad-
vanced internal arrangement.

theorem (in group)
right-inv: z - ¢~ =1
(proof )

theorem (in group)
right-one: x - 1 =z

(proof)

Several implicit structures may be active at the same time. The concrete
syntax facility for locales actually maintains indexed structures that may be
references implicitly — via mixfix annotations that have been decorated by
an “index argument” (1).

The following synthetic example demonstrates how to refer to several struc-
tures of type group succinctly. We work with two versions of the group locale
above.

lemma
includes group G
includes group H
shows z - y - 1 = prod G (prod G z y) (one G)
and z 2 y -9 1o = prod H (prod H xz y) (one H)
and z - 15 = prod G x (one H)
(proof )

Note that the trivial statements above need to be given as a simultaneous
goal in order to have type-inference make the implicit typing of structures
G and H agree.

10.4 Simple meta-theory of structures

The packaging of the logical specification as a predicate and the syntactic
structure as a record type provides a reasonable starting point for simple
meta-theoretic studies of mathematical structures. This includes operations
on structures (also known as “functors”), and statements about such con-
structions.

For example, the direct product of semigroups works as follows.

constdefs
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semigroup-product :: 'a semigroup = 'b semigroup = ('a x 'b) semigroup
semigroup-product S T =
(prod = Ap q. (prod S (fst p) (fst q), prod T (snd p) (snd q)))

lemma semigroup-product [intro]:
assumes S: semigroup S
and T: semigroup T
shows semigroup (semigroup-product S T)

(proof)

The above proof is fairly easy, but obscured by the lack of concrete syntax.
In fact, we didn’t make use of the infrastructure of locales, apart from the
raw predicate definition of semigroup.

The alternative version below uses local context expressions to achieve a
succinct proof body. The resulting statement is exactly the same as before,
even though its specification is a bit more complex.

lemma
includes semigroup S + semigroup T
fixes U (structure)
defines U = semigroup-product S T
shows semigroup U

(proof)

Direct products of group structures may be defined in a similar manner,
taking two further operations into account. Subsequently, we use high-level
record operations to convert between different signature types explicitly; see
also [6, §8.3].

constdefs
group-product :: 'a group = 'b group = (‘a x 'b) group
group-product G H =
semigroup.extend
(semigroup-product (semigroup.truncate G) (semigroup.truncate H))

(group.fields (Ap. (inv G (fst p), inv H (snd p))) (one G, one H))

lemma group-product-aux:
includes group G + group H
fixes I (structure)
defines I = group-product G H
shows group [

(proof)

theorem group-product: group G = group H = group (group-product G H)
(proof)

end
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11 Test of Locale Interpretation

theory LocaleTest2
imports Main GCD
begin

12 Interpretation of Defined Concepts

Naming convention for global objects: prefixes D and d

12.1 Lattices

Much of the lattice proofs are from HOL/Lattice.

12.1.1 Definitions

locale dpo =
fixes le :: ['a, 'a] => bool (infix]l T 50)
assumes refl [intro, simp]: © C z

and anti-sym [intro]: |2 Cy; yCz || ==>z =y
and trans [trans): [z Cy; y C 2z || ==>2 C 2
begin
theorem circular:
lzEyyCzzCell=>2=y&y=2z
{proof)
definition

less :: ['a, 'a] => bool (infixl C 50)
where (z C y) = (z Cy &z ~=y)

theorem abs-test:
opC = (%zy zCy)
(proof )

definition

is-inf :: ['a, 'a, 'a] => bool

where is-infzyi=G(CzANiCyANVz.2Ez2AzCy — 2z LC 1))
definition

is-sup :: ['a, 'a, 'a] => bool

where is-supzys=(zCsANyCsANVz.z2CzAyLCz— sC 2))

end

locale dlat = dpo +
assumes ex-inf: EX inf. dpo.is-inf le z y inf
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and ex-sup: EX sup. dpo.is-sup le  y sup
begin

definition
meet :: ['a, ‘a] => 'a (infixl N 70)
where z My = (THE inf. is-inf z y inf)

definition
join :: ['a, 'a] => 'a (infix]l U 65)
where z U y = (THE sup. is-sup x y sup)

lemma is-infl [intro?]: iC o — i C y =
(N2. 2C2 = 2Cy = 2L i) = is-infayi

(proof )

lemma is-inf-lower [elim?]:
issinfryi —= (1C2e—=iCy—=— C)= C
{proof)

lemma is-inf-greatest [elim?]:
s-infryi —=z2Cr=—= 2z2Cy=— 2LC1
{proof )

theorem is-inf-uniq: is-infx y i1 = is-infxyi' = i =1’

(proof)

theorem is-inf-related [elim?]: © C y = is-infr yx
(proof)

lemma meet-equality [elim?]: is-infexyi = x My =1

(proof)

lemma meetl [intro?]:
iCz—=iCy= (N\2.2C02=—=2Cy=—=2LC4i) =zNy=1
(proof )

lemma is-inf-meet [intro?]: is-inf x y (z M y)

(proof)

lemma meet-left [intro?]:
rMNyCx
{proof)

lemma meet-right [intro?]:
rMyCy

(proof)

lemma meet-le [intro?]:
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|zCaz;2Cy||==>2CzNy
{proof)

lemma is-supl [intro?]: t C s = y C s =
Ne. 28 2=yLz=sCz) = issupzys
{proof)

lemma is-sup-least [elim?]:
s-suprys—zcrCz=—yLCz=— sCz
(proof )

lemma is-sup-upper [elim?]:
issuprys —= (zCs—=yLCs= C)= C
(proof)

theorem is-sup-uniq: is-sup ty § = is-supry s’ — s = s’

{proof)

theorem is-sup-related [elim?]: 2 C y = is-sup 2 y y

(proof)

lemma join-equality [elim?]: is-sup xy s = z Uy = s

{proof)

lemma joinl [intro?]: 2 C s = y C s =
Ne.2C2z2=yLz=sCz)=—=zUy=s
(proof )

lemma is-sup-join [intro?]: is-sup ¢ y (z U y)
(proof)

lemma join-left [intro?]:
rCzUy
{proof )

lemma join-right [intro?]:
yEazUy
(proof )

lemma join-le [intro?):
[zC 2 yCz|l==>2UyLC2
{proof)

theorem meet-assoc: (x My) Mz =2z M (y N z)

{proof)

theorem meet-commute: ¢ My

(proof)

y Mz
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X

theorem meet-join-absorb: x M (z U y)

{proof)

theorem join-assoc: (z U y) Uz =z U (y U 2)

(proof)

theorem join-commute: x Uy =y U x
(proof )

theorem join-meet-absorb: z U (x M y) = x

(proof)

theorem meet-idem: x Mz =
(proof)

theorem meet-related [elim?]: 2 Cy =z Ny ==z

(proof)

theorem meet-related? [elim?]: yCz = z My =y
(proof)

theorem join-related [elim?]: t Cy =z Uy =1y

{proof)

theorem join-related2 [elim?]: yC o —= x Uy =z
(proof )

Additional theorems

theorem meet-connection: (z C y) = (z My = z)

(proof)

theorem meet-connection2: (z C y) = (y Nz = x)

{proof)

theorem join-connection: (x C y) = (z U y = y)

{proof)

theorem join-connection2: (z C y) = (z U y = y)
{proof)

Naming according to Jacobson I, p. 459.

lemmas L1 = join-commute meet-commute
lemmas L2 = join-assoc meet-assoc

lemmas L4 = join-meet-absorb meet-join-absorb
end

locale ddlat = dlat +
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assumes meet-distr:
dlat.meet le x (dlat.join le y z) =
dlat.join le (dlat.meet le z y) (dlat.meet le x z)

begin

lemma join-distr:
zU(yMz)=(zUy)N(zU 2z){proof)

end

locale dlo = dpo +
assumes total: t Ty |y C z

begin

lemma less-total: s Cy |z =y |yC
{proof)

end

interpretation dlo < dlat

(proof)

interpretation dlo < ddlat

(proof)

12.1.2 Total order <= on int

interpretation int: dpo [op <= :: [int, int] => bool]
where (dpo.less (op <=) (z::int) y) = (z < y)(proof)

thm int.circular

lemma [ (zuint) < y; y < z;z2<z]=2z=yAy=z2
(proof )

thm int.abs-test

lemma (op < :: [int, int] => bool) = op <
(proof )

interpretation int: diat [op <= :: [int, int] => bool]
where meet-eq: dlat.meet (op <=) (z::int) y = min z y

and join-eq: dlat.join (op <=) (z::int) y = maz z y
(proof)

interpretation int: dlo [op <= :: [int, int] => bool]
{proof)

Interpreted theorems from the locales, involving defined terms.
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thm int.less-def

from dpo

thm int.meet-left

from dlat

thm int.meet-distr

from ddlat

thm int.less-total

from dlo

12.1.3 Total order <= on nat

interpretation nat: dpo [op <= :: [nat, nat] => bool]
where dpo.less (op <=) (z:nat) y = (z < y){proof)

interpretation nat: dlat [op <= :: [nat, nat] => bool]
where dlat.meet (op <=) (z::nat) y = min z y
and dlat.join (op <=) (z:nat) y = maz z y
(proof)

interpretation nat: dlo [op <= :: [nat, nat] => bool]
{proof)

Interpreted theorems from the locales, involving defined terms.

thm nat.less-def

from dpo

thm nat.meet-left

from dlat

thm nat.meet-distr

from ddlat

thm nat.less-total

from ldo

12.1.4 Lattice dvd on nat

interpretation nat-dvd: dpo [op dvd :: [nat, nat] => bool]
where dpo.less (op dvd) (z:nat) y = (z dvd y & x ~= y)(proof)

interpretation nat-dvd: dlat [op dvd :: [nat, nat] => bool]
where dlat.meet (op dvd) (z:nat) y = ged (z, y)
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and dlat.join (op dvd) (z::nat) y = lem (z, y)
(proof )
Interpreted theorems from the locales, involving defined terms.

thm nat-dvd.less-def

from dpo

lemma ((z::nat) dvd y & x “=y) = (z dvd y & © ~= y)

(proof )
thm nat-dvd.meet-left

from dlat

lemma ged (z, y) dvd
{proof)

print-interps dpo
print-interps dlat

12.2 Group example with defined operations inv and unit
12.2.1 Locale declarations and lemmas

locale Dsemi =
fixes prod (infixl *x 65)
assumes assoc: (T #* y) *x 2 = T *% (Y ** 2)

locale Dmonoid = Dsemi +
fixes one
assumes l-one [simp]: one *x T = T
and 7-one [simp]: T ** one = x

begin
definition

inv where invx = (THE y. z *x y = one & y *x £ = one)
definition

unit where unit t = (EX y. z #x y = one & y **x © = one)

lemma inv-unique:

assumes eq: y *x T = one T **x y' = one
shows y = ¢’
(proof )

lemma unit-one [intro, simp):
unit one
(proof )

lemma unit-l-inv-ex:
unit x ==> Jy. y xx x = one
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{proof)

lemma unit-r-inv-ex:
unit x ==> Jy. T *xx y = one
(proof)

lemma unit-l-inv:
unit x ==> MV T ** T = one
(proof)

lemma unit-r-inv:

unit x ==> T ** NV T = one
{proof )
lemma unit-inv-unit [intro, simp]:
unit £ ==> unit (inv x)
(proof )
lemma unit-l-cancel [simp]:
unit v ==> (z *x y = x *x 2) = (y = 2)
(proof)
lemma unit-inv-inv [simp]:
unit © ==> inv (inv x) =
(proof )

lemma inv-inj-on-unit:
inj-on inv {x. unit }
(proof )

lemma unit-inv-comm:
assumes inv: T ¥* Yy = one
and G: unit © unit y
shows y *x © = one

(proof)
end
locale Dgrp = Dmonoid +

assumes unit [intro, simp|: Dmonoid.unit (op **) one x
begin
lemma l-inv-ex [simp]:

dy. y xx z = one

(proof )

lemma r-inv-ex [simp]:
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Jy. z *x y = one
{proof )

lemma [l-inv [simp]:
MU T % T = one
(proof )

lemma [-cancel [simp]:
(z*xy =1 xx2) = (y = 2)
{proof)

lemma r-inv [simp]:
T k% 1NV T = one
(proof)

lemma r-cancel [simp]:
(yxxxz=2zxxx)=(y = 2)

{proof)

lemma inv-one [simp]:
MY one = one

(proof)

lemma inv-inv [simp):
inv (inv z) = x
{proof)

lemma inv-inj:
ing-on inv UNIV
(proof )

lemma inv-mult-group:
inv (z % y) = v y **x inv

(proof)

lemma inv-comm:
T Rk Y = one ==> Y *x T = One
(proof)

lemma inv-equality:
Y xk T = one ==> NV T =Y
(proof )

end

locale Dhom = Dgrp prod (infix]l *x 65) one + Dgrp sum (infixl +4++ 60) zero
_|_
fixes hom
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assumes hom-mult [simp]: hom (z *x y) = hom x +++ hom y
begin

lemma hom-one [simp]:
hom one = zero

(proof)
end

12.2.2 Interpretation of Functions

interpretation Dfun: Dmonoid [op o id :: 'a => 'a]
where Dmonoid.unit (op o) id f = bij (f::'a => 'a)

(proof)

thm Dmonoid.unit-def Dfun.unit-def
thm Dmonoid.inv-inj-on-unit Dfun.inv-inj-on-unit
lemma unit-id:

(f = unit => unit) = id

(proof )

interpretation Dfun: Dgrp [op o id :: unit => unit]
where Dmonoid.inv (op o) id f = inv (f == unit => unit)
(proof)

thm Dfun.unit-l-inv Dfun.l-inv

thm Dfun.inv-equality
thm Dfun.inv-equality

end

13 Monoids and Groups as predicates over record
schemes

theory MonoidGroup imports Main begin

record ‘a monoid-sig =
times :: 'a => 'a => 'a
one :: 'a

record 'a group-sig = 'a monoid-sig +
mnv : 'a =>'a
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definition
monoid :: (| times :: 'a => 'a => 'a, one :: 'a, ... = 'b |) => bool where
monoid M = Vz y z.
times M (times M z y) z = times M = (times M y z) A
times M (one M) x = x A times M x (one M) = z)

definition
group :: (] times :: 'a => 'a => 'a, one :: 'a, inv : 'a => 'a, ... ;1 'b |) => bool
where

group G = (monoid G N (Vz. times G (inv G x) z = one G))

definition
reverse :: (| times :: 'a => 'a => 'a, one :: 'a, ... = b |) =>
(| times :: 'a => 'a => 'a, one :: 'a, ... = 'b |) where

reverse M = M (| times := Az y. times M y z |)

end

14 Binary arithmetic examples

theory BinEz imports Main begin

14.1 Regression Testing for Cancellation Simprocs

lemmal+ 2+ 24+ 2+ (I + 2)+ (00 + 2) = (uuint)
(proof)

lemma 2xu = (u::int)

(proof)

lemma (i + j + 12 + (kzint)) — 15 =y
(proof)

lemma (i + 5 + 12 + (kuint)) — 5 =y
(proof)

lemma y — b < (b::int)

(proof)

lemma y — (3xb + ¢) < (b::int) — 2%c
(proof)

lemma (2xz — (uxv) + y) — v¥3*u = (w:int)

(proof)

lemma (2xz*xuxv + (uxv)x4d + y) — vkuxd = (w:int)
(proof)
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lemma (2xz*xuxv + (uxv)x4d + y) — vku = (w:int)
(proof)

lemma uxv — (zxuxv + (uxv)x4 + y) = (w:int)

(proof)

lemma (i +j + 12 + (kuint)) = u + 15 + y
(proof)

lemma (i + j*2 + 12 + (kzint)) =5+ 5+ y
(proof)

lemma 2xy + 3%z + 6xw + 2%y + 3%z + 2%u = 2%y’ + 3%z’ + 6xw’ + 2%y’
+ 3%z’ 4+ u + (vvuint)
(proof)

lemma a + —(b+c¢) + b = (d::int)
(proof)

lemma a + —(b+c¢) — b = (d::int)
(proof)

lemma (i +j + —2 + (kzint)) — (v + 5 + y) = 22
(proof)

lemma (i + 5 + —3 + (kzint)) <u+ 5+ vy
(proof)

lemma (i + 5+ 3 + (kuint)) <u+ —6 +y
(proof)

lemma (i + 5 + —12 + (kint)) — 15 =y
(proof)

lemma (i + j + 12 + (k:zint)) — —15 =y
(proof)

lemma (i +j + —12 + (kuint)) — —15 =y
(proof)

lemma — (2xi) + & + (2xi + 4) = (0::int)
(proof)

14.2 Arithmetic Method Tests

lemma !la:int. [| a <= b; ¢ <= d; z+y<z || ==> a+c <= b+d
(proof)
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lemma !'a:

(proof)

lemma !!a:

(proof)

lemma !'a:

(proof)

lemma !!a:

(proof)

lemma !'a:

{(proof)

lemma !'a

(proof)

lemma la::int. [| a+b+c+d <= i+j+k+1;

k<=l1]

nt

nt

nt

nt

nt

Jla<bye<d]|] ==>a—d+ 2 <= b+(—c)

Jla<bye<d]|] ==>atct+ I < b+d

e <=b; 0+b <=c¢ || ==> ata <= ¢

|l atb <= itj; a<=b; i<=j || ==> ata <= j+j

Al atb < itg; a<byi<g |l ==> ata — — —1 < j+j — 3

wint. a+b+c <= i+j+k & a<=b & b<=c & i<=j & j<=k ——>
a+ata <= k+k+k

==>a<=1

(proof)

lemma la::int. [| a+b+ct+d <= i+j+k+I;

k<=l]

==> a+at+ata <= [+I+I1+]

{proof)

lemma "a::int. [| a+b+c+d <= i+j+k+1;

k<=l]

==> a+atat+ata <= I+I+I1+1+17

{proof)

lemma "a::int. [| a+b+c+d <= i+j+k+1;

k<=l]

a<=b;

a<=b;

a<=b;

a<=b;

==> a+atatatata <= I+I+I4+1+i+]

{proof)

lemma la::int. [| a+b+ct+d <= i+j+k+I; a<=b;

k<=l]

==> b6xa <= 5*l+1i

(proof)

14.3 The Integers

Addition

lemma (13::int) + 19 = 32
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{proof)

lemma (1234 ::int) + 5678 = 6912
{proof)

lemma (1359::int) + —2468 = —1109
{proof)

lemma (937/6::int) + —46375 = 471371
(proof)

Negation

lemma — (65745::int) = —65745
(proof)

lemma — (—54321::int) = 54321
{proof)

Multiplication

lemma (13::int) *« 19 = 247
{proof)

lemma (—84::int) * 51 = —428/
(proof )

lemma (255::int) x 255 = 65025
{proof)

lemma (1359::int)  —2468 = — 3354012
(proof)

lemma (89::int) * 10 # 889
{proof)

lemma (13::int) < 18 — 4
{proof)

lemma (—345:int) < —242 + —100
{proof)

lemma (13557456::int) < 1867865
(proof)

lemma (999999::int) < (1000001 + 1) — 2
{proof)

lemma (1234567 :int) < 1234567
(proof)
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No integer overflow!

lemma 1234567 x (1234567:int) < 1234567%1234567%1234567
{proof)

Quotient and Remainder
lemma (10::int) div 3 = 3
(proof )

lemma (10::int) mod 3 = 1
{proof)

A negative divisor

lemma (10::int) div —8 = —4
{proof)

lemma (10::int) mod —8 = —2
{proof)

A negative dividend!

lemma (—10:int) div 8 = —4
{proof)

lemma (—10::int) mod 8 = 2
{proof)

A negative dividend and divisor

lemma (—10:int) div —3 = 3
{proof )

lemma (—10::int) mod —3 = —1
{proof)

A few bigger examples

lemma (8452::int) mod 3 = 1
{proof)

lemma (59485::int) div 434 = 137
(proof )

lemma (1000006::int) mod 10 = 6
{proof)

Division by shifting
lemma 10000000 div 2 = (5000000::int)

!The definition agrees with mathematical convention and with ML, but not with the
hardware of most computers
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{proof)

lemma 10000001 mod 2 = (1::int)
{proof)

lemma 10000055 div 32 = (812501 ::int)
(proof )

lemma 10000055 mod 32 = (23::int)
{proof)

lemma 100094 div 144 = (695::int)
(proof )

lemma 100094 mod 144 = (14::int)
(proof)

Powers

lemma 2 " 10 = (1024 ::int)
{proof)

lemma —3 "~ 7 = (—2187::int)
{proof)

lemma 13 * 7 = (62748517::int)
{proof)

lemma 3 " 15 = (14348907 ::int)
(proof)

lemma —5 " 11 = (—48828125::int)
{proof)

14.4 The Natural Numbers

Successor

lemma Suc 99999 = 100000
(proof)

Addition

lemma (13::nat) + 19 = 32
{proof)

lemma (1234::nat) + 5678 = 6912
(proof)

lemma (973646::nat) + 6475 = 980121
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{proof)

Subtraction

lemma (32::nat) — 14 = 18

{proof)

I
S

lemma (14::nat) — 15
{proof)

lemma (14::nat) — 1576644 = 0
{proof)

lemma (48273776::nat) — 3873737 = 44400039
{proof)

Multiplication
lemma (12::nat) * 11 = 132
(proof)

lemma (647::nat) x 3643 = 2357021
(proof )

Quotient and Remainder

lemma (10::nat) div 3 = 3
{proof)

lemma (10::nat) mod 3 = 1
(proof)

lemma (10000::nat) div 9 = 1111
(proof)

lemma (10000::nat) mod 9 = 1
{proof)

lemma (10000::nat) div 16 = 625
(proof)

lemma (10000::nat) mod 16 = 0
{proof)

Powers

lemma 2 " 12 = (4096::nat)
{proof)

lemma 3 * 10 = (59049::nat)
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{proof)

lemma 12 * 7 = (35831808::nat)
{proof)

lemma 3 " 1/ = (4782969::nat)
(proof)

lemma 5 * 11 = (/8828125::nat)
{proof)

Testing the cancellation of complementary terms

lemma y + (z + —z) = (0::int) + y
(proof)

lemma y + (—z + (— y + z)) = (0::int)
(proof )

lemma —z + (y + (— y + z)) = (0::int)
{proof)

lemmaz + (z 4+ (—z+ (—2+ (—y+—2)) =(0:int) —y — 2
(proof)

lemmaz +z —2—2—y—2z=(0zint) —y — z
{proof)

lemma z +y + 2z — (z 4+ 2) =y — (0::int)
(proof)

lemmaz + (y + (y + (y + (-2 + —2)))) = (0zint) + y —z +y +y
(proof )

lemma z + (y + (y + (y + (-y + —2)))) =y + (0uint) + y
(proof )

lemmaz +y—z+2z—2—y—2z+z<(Il:int)

(proof)

end

15 Examples for hexadecimal and binary numerals

theory Hez-Bin-Fxamples imports Main
begin

Hex and bin numerals can be used like normal decimal numerals in input
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lemma 0zFF = 255 (proof)
lemma 0zF = 0b1111 (proof)

Just like decimal numeral they are polymorphic, for arithmetic they need to
be constrained

lemma 0z0A 4+ 0x10 = (0x1A :: nat) {proof)

The number of leading zeros is irrelevant

lemma 00600010000 = 0x10 {proof)

Unary minus works as for decimal numerals

lemma — 0204 = — 10 (proof)

Hex and bin numerals are printed as decimal: 2::'a

term 0010
term 0z0A

The numerals 0 and 1 are syntactically different from the constants 0 and
1. For the usual numeric types, their values are the same, though.

lemma 0z01 = 1 {proof)
lemma 0200 = 0 (proof)

lemma 0z01 = (1::nat) (proof)
lemma 000000 = (0::int) (proof)

end

16 Antiquotations
theory Antiquote imports Main begin

A simple example on quote / antiquote in higher-order abstract syntax.

syntax
-Expr :: 'la =>'a (EXPR - [1000] 999)
constdefs
var :: 'a => ('a => nat) => nat (VAR - [1000] 999)
var T env == env

Ezpr :: (('a => nat) => nat) => (‘a => nat) => nat
Ezpr exp env == exp env

(ML)
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term EXPR (a + b + ¢)
term EXPR (e + b+ c+ VARz + VAR y + 1)
term EXPR (VAR (f w) + VAR z)

term Ezpr (Aenv. env 1)

term Ezxpr (Aenv. f env)

term Ezxpr (Aenv. fenv + env )

term Ezxzpr (Aenv. fenv y 2)

term FEzpr (Aenv. fenv + g y env)

term Ezpr (Aenv. fenv + genvy + h a env 2)

end

17 Multiple nested quotations and anti-quotations
theory Multiquote imports Main begin

Multiple nested quotations and anti-quotations — basically a generalized
version of de-Bruijn representation.

syntax
-quote :: 'b => (‘a =>'b) (<-> [0] 1000)
-antiquote :: ('a => 'b) =>'b ("- [1000] 1000)
(ML)

basic examples

term <a + b + c>

term<a +b+c+ ‘z+ y+ I>
term <'(fw) + “x>

term <f ‘z “y z>»

advanced examples

term <<z 4+ “y>>
term «<<" "z + “y» 0o “f>
term <'(fo "g)>

term << "(fo "g)>>

end

18 Partial equivalence relations
theory PER imports Main begin

Higher-order quotients are defined over partial equivalence relations (PERs)
instead of total ones. We provide axiomatic type classes equiv < partial-equiv
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and a type constructor 'a quot with basic operations. This development is
based on:

Oscar Slotosch: Higher Order Quotients and their Implementation in Is-
abelle HOL. Elsa L. Gunter and Amy Felty, editors, Theorem Proving in
Higher Order Logics: TPHOLs 97, Springer LNCS 1275, 1997.

18.1 Partial equivalence

Type class partial-equiv models partial equivalence relations (PERs) using
the polymorphic ~ :: ‘/a => ’‘a => bool relation, which is required to be
symmetric and transitive, but not necessarily reflexive.

consts
equ :: 'a => 'a => bool (infixl ~ 50)

axclass partial-equiv < type
partial-equiv-sym [elim?]: © ~ y ==> y ~ x
partial-equiv-trans [trans]: © ~ y ==> y ~ 2 ==> T ~ 2z

The domain of a partial equivalence relation is the set of reflexive elements.
Due to symmetry and transitivity this characterizes exactly those elements
that are connected with any other one.

definition
domain :: 'a::partial-equiv set where
domain = {z. z ~ z}

lemma domainl [intro]: x ~ & ==> z € domain
(proof)

lemma domainD [dest]: © € domain ==> z ~ x
{proof)

theorem domainl’ [elim?]: © ~ y ==> z € domain

(proof)

18.2 Equivalence on function spaces

The ~ relation is lifted to function spaces. It is important to note that
this is not the direct product, but a structural one corresponding to the
congruence property.

defs (overloaded)
equ-fun-def: f ~ g == Vz € domain. Vy € domain. x ~y ——> fr ~ gy

lemma partial-equiv-funl [intro?]:

Nz y. x € domain ==> y € domain ==>z ~y==>fr~gy)==>f~g

(proof)
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lemma partial-equiv-funD [dest?]:
f~g==>1z € domain ==> y € domain ==>z ~y ==> fr ~gy
(proof )

The class of partial equivalence relations is closed under function spaces (in
both argument positions).

instance fun :: (partial-equiv, partial-equiv) partial-equiv
(proof)

18.3 Total equivalence

The class of total equivalence relations on top of PERs. It coincides with
the standard notion of equivalence, i.e. ~ :: ‘a => 'a => bool is required
to be reflexive, transitive and symmetric.

axclass equiv < partial-equiv
equ-refl [intro]:  ~ x
On total equivalences all elements are reflexive, and congruence holds un-
conditionally.
theorem equiv-domain [intro]: (z::'a::equiv) € domain

{(proof)

theorem equiv-cong [dest?]: f ~ g ==> 2 ~ y ==> fz ~ g (y::'a:equiv)
(proof )

18.4 Quotient types
The quotient type 'a quot consists of all equivalence classes over elements
of the base type a.
typedef ‘a quot = {{z. a ~ z}| a::'a. True}
(proof )

lemma quotl [intro]: {z. a ~ 2} € quot
{proof)

lemma quotE [elim]: R € quot ==> (la. R = {z. a ~ 2} ==> C) ==> C
{proof)

Abstracted equivalence classes are the canonical representation of elements
of a quotient type.

definition
equ-class :: ('a::partial-equiv) => 'a quot  (|-]) where
la| = Abs-quot {z. a ~ z}

theorem quot-rep: 3a. A = |a]
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(proof)

lemma quot-cases [cases type: quot]:
obtains (rep) a where A = |a]

(proof)

18.5 Equality on quotients

Equality of canonical quotient elements corresponds to the original relation
as follows.

theorem equ-class-eql [introl: a ~ b ==> |a| = | b]

(proof)

theorem equ-class-eqgD’ [dest?]: |a] = |b] ==> a € domain ==> a ~ b

(proof)

theorem equ-class-eqD [dest?]: |a| = |b] ==> a ~ (b:'a::equiv)

{(proof)

lemma equ-class-eq’ [simp]: a € domain ==> (|a| = |b]) = (a ~ b)
{proof)

lemma equ-class-eq [simp]: (la] = |b]) = (a ~ (b::'a:equiv))
(proof )

18.6 Picking representing elements

definition
pick :: 'a:partial-equiv quot => 'a where
pick A = (SOME a. A = |a])

theorem pick-equ’ [intro?, simpl: a € domain ==> pick |a]| ~ a

(proof)

theorem pick-equ [intro, simp|: pick |a] ~ (a::'a::equiv)
(proof)

theorem pick-inverse: |pick A] = (A::'a::equiv quot)

(proof)

end

19 Summing natural numbers
theory NatSum imports Main Parity begin

Summing natural numbers, squares, cubes, etc.
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Thanks to Sloane’s On-Line Encyclopedia of Integer Sequences, http://
www.research.att.com/~njas/sequences/.
lemmas [simp] =

ring-distribs

diff-mult-distrib diff-mult-distrib2 — for type nat

The sum of the first » odd numbers equals n squared.

lemma sum-of-odds: (3 i=0..<n. Suc (i + i)) =n *n

(proof )

The sum of the first n odd squares.

lemma sum-of-odd-squares:
3% (D i=0..<n. Suc(2xi) * Suc(2%i)) =n*x (4 *xn*xn — 1)
(proof)

The sum of the first n odd cubes

lemma sum-of-odd-cubes:
(3" i=0..<n. Suc (2xi) * Suc (2xi) x Suc (2xi)) =
nxkn*x(2*«nxn—1)

{proof)

The sum of the first n positive integers equals n (n + 1) / 2.

lemma sum-of-naturals:
2% (3 i=0.n.14) =n* Sucn
(proof )

lemma sum-of-squares:
6 % (> i=0.n.1%1i) =nx* Sucn * Suc (2 * n)
{proof)

lemma sum-of-cubes:
4% (O i=0.n.ixixi)=mn=xnx*Sucn * Sucn
(proof)

A cute identity:

lemma sum-squared: (> i=0..n. i)"2 = (> i=0..n:nat. 1"3)
(proof)

Sum of fourth powers: three versions.

lemma sum-of-fourth-powers:
30 x (O i=0.mn. 4 %1 %x1ix1i)=
n*SucnxSuc(2xn)*x(xn*xn+3xn—1)
(proof)
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Two alternative proofs, with a change of variables and much more subtrac-
tion, performed using the integers.

lemma int-sum-of-fourth-powers:

30 * int (3 i=0..<m. i % i xi% 1) =
intm x (intm — 1) % (int(2 x m) — 1) =
(int(3 * m * m) — int(3 *x m) — 1)

(proof )

lemma of-nat-sum-of-fourth-powers:
30 * of-nat (> i=0..<m. i % i % i % i) =
of-nat m x (of-nat m — 1) x (of-nat (2 x m) — 1) %
(of-nat (3 * m *x m) — of-nat (8 x m) — (1::int))
{proof)

Sums of geometric series: 2, 3 and the general case.

lemma sum-of-2-powers: (> i=0..<n. 271) = 2°n — (1::nat)
(proof)

lemma sum-of-3-powers: 2 x (> i=0..<n. 8%) = 8"n — (1:nat)
(proof)

lemma sum-of-powers: 0 < k ==> (k — 1) x (>_i=0..<n. k") =k™n — (1::nat)
{proof)

end

20 Three Divides Theorem

theory ThreeDivides
imports Main LaTeXsugar
begin

20.1 Abstract

The following document presents a proof of the Three Divides N theorem
formalised in the Isabelle/Isar theorem proving system.

Theorem: 3 divides n if and only if 3 divides the sum of all digits in n.

Informal Proof: Take n =) n; 107 where n; is the j’th least significant
digit of the decimal denotation of the number n and the sum ranges over all

digits. Then
(n=> nj)=> nyjx (107 - 1)
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We know V7 3|(107 — 1) and hence 3|LHS, therefore
Vn 3|n < 3| Z nj

O

20.2 Formal proof

20.2.1 Miscellaneous summation lemmas

If a divides A z for all x then a divides any sum over terms of the form (A
x)x(P x) for arbitrary P.

lemma div-sum:
fixes a::nat and n::nat
shows Vz. a dvd A * = a dvd (D z<n. A z % D )

(proof)

20.2.2 Generalised Three Divides

This section solves a generalised form of the three divides problem. Here
we show that for any sequence of numbers the theorem holds. In the next
section we specialise this theorem to apply directly to the decimal expansion
of the natural numbers.

Here we show that the first statement in the informal proof is true for all
natural numbers. Note we are using D 7 to denote the i’th element in a
sequence of numbers.
lemma digit-diff-split:

fixes n::nat and nd::nat and z::nat

shows n = (> xze{..<nd}. (D z)*((10::nat) "z)) =

(n — O_z<nd. (Dx))) = z<nd. (D z)x(10"x — 1))

(proof)

Now we prove that 3 always divides numbers of the form 10% — 1.

lemma three-divs-0:
shows (3::nat) dvd (10" — 1)
(proof)

Expanding on the previous lemma and lemma div-sum.

lemma three-divs-1:
fixes D :: nat = nat
shows 3 dvd (3" z<nd. Dz % (10°z — 1))

{proof)

Using lemmas digit-diff-split and three-divs-1 we now prove the following
lemma.
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lemma three-divs-2:
fixes nd::nat and D::nat=nat
shows & dvd (> z<nd. (D z)x(10°z)) — (O z<nd. (D z)))

(proof)

We now present the final theorem of this section. For any sequence of
numbers (defined by a function D), we show that 3 divides the expansive
sum Y (D x) % 10” over z if and only if 3 divides the sum of the individual
numbers »_ D z.

lemma three-div-general:

fixes D :: nat = nat
shows (3 dvd (D z<nd. Dz x 10°z)) = (3 dvd (>_z<nd. D z))

(proof)

20.2.3 Three Divides Natural

This section shows that for all natural numbers we can generate a sequence
of digits less than ten that represent the decimal expansion of the number.
We then use the lemma three-div-general to prove our final theorem.

Definitions of length and digit sum.

This section introduces some functions to calculate the required properties
of natural numbers. We then proceed to prove some properties of these
functions.

The function nlen returns the number of digits in a natural number n.

consts nlen :: nat = nat
recdef nlen measure id

nlen 0 = 0

nlen ¢ = 1 + nlen (x div 10)

The function sumdig returns the sum of all digits in some number n.

definition
sumdig :: nat = nat where
sumdig n = (3. < nlen n. n div 10"z mod 10)

Some properties of these functions follow.
lemma nlen-zero:

0=nlenz = x =10

(proof)

lemma nlen-suc:
Suc m = nlen n = m = nlen (n div 10)

{proof)

The following lemma is the principle lemma required to prove our theorem.
It states that an expansion of some natural number n into a sequence of its
individual digits is always possible.
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lemma exp-exists:
m = (O z<nlen m. (m div (10::nat) "z mod 10) * 10°x)
(proof)

Final theorem.

We now combine the general theorem three-div-general and existence result
of exp-exists to prove our final theorem.

theorem three-divides-nat:
shows (3 dvd n) = (3 dvd sumdig n)

(proof)

end

21 Higher-Order Logic: Intuitionistic predicate cal-
culus problems

theory Intuitionistic imports Main begin

lemma (~~(P&Q)) = (("~P) & (T~Q))
(proof)

lemma ~~ (("P —=> Q) ——> ("P ——>~Q) ——> P)
(proof)

lemma (~~(P-—>Q)) = ("~P ——> ~7Q)
(proof )

lemma (~“~~P) = (~P)
{proof)

lemma ~~((P ——> Q | R) ——> (P——>Q) | (P——>R))
(proof)

lemma (P=Q) = (Q=P)
{proof)

lemma ((P ——> (Q | (Q——>R))) ——> R) ——> R
(proof)

lemma ((G——>A) ——>J)——>D ——>E) —> ((H——>B)——>1)——>C——>)
——>(A-—>H)——>F ——> G ——> (((C—=—>B)——>I)——>D)——>(4——>()
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——> (F——>A)——>B) ——> 1) ——> FE
(proof)

lemma P ——> ~~P
(proof )

lemma ~~(~¥~P ——> P)
(proof )

lemma ~~P & ~“~(P ——> Q) —> "7~ Q
{proof)

lemma ((P=Q) ——> P&Q&R) &
((Q=R) ——> P&Q&R) &
((R=P) ——> P&Q&R) ——> P& Q&R
(proof)

lemma ((P=Q) ——> P&Q&R&S&T) &
((Q=R) ——> P&Q&R&S&T) &
((R=8) ——> P&Q&R&S&T) &
(S=T) ——> P&Q&R&S&T) &
((T=P) ——> P&Q&R&S&T) ——> P&Q&R&S& T
(proof )

lemma (ALL z. EX y. ALL z. p(z) & q(y) & r(2)) =
(ALL z. EX y. ALL z. p(z) & q(y) & r(2))

{proof)

lemma ~ (EX z. ALLy.pyxz = (" pzx))
(proof)
lemma ~~((P——>Q) = (YQ ——> ~P))
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{proof)

lemma ~~(~“~P = P)
(proof)

lemma ~(P——>Q) ——> (Q——>P)
(proof)

lemma ~~(("P-—>Q) = ("Q ——> P))
(proof)

lemma ~~((P|Q——>P|R) ——> P|(Q——>R))
(proof)

lemma ~~(P | ~P)
{proof)

lemma ~~(P | ¥~~~ P)
{proof)

lemma ~~(((P——>Q) ——> P) ——> P)
{proof )

lemma ((P|Q) & (VP|Q) & (P| ~Q)) ——>~ ("P | ~Q)
(proof )

lemma (Q——>R) ——> (R——>P&Q) ——> (P——>(Q|R)) ——> (P=Q)
(proof)

lemma P=P
(proof)

lemma ~~(((P = Q) = R) = (P =(Q = R)))
(proof)

lemma (P = @) = R) ——> ~~(P = (Q = R))
(proof)
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lemma (P | (Q & R)) = ((P | Q) & (P | R))
{proof )

lemma ~~((P = Q) = ((Q | “P) & (T Q|P)))
(proof)

lemma ~~((P ——> Q) = (P | Q))
(proof)

lemma ~~((P——>Q) | (@——>P))
{(proof)

lezfnm%“(((P & (Q=—>R))——>8) = (("P [ Q| S) & (“P|~R|5S)))
proo,

lemma (P& Q) = (P = (Q = (P|Q)))
{proof)

lemma (EX z. P(z)——>Q) ——> (ALL z. P(z)) ——> @
(proof )

lemma ((ALL z. P(z))——>Q) ——> "~ (ALL z. P(z) & ~ Q)
{proof )

lemma ((ALL z. “P(z))——>Q) ——> ~ (ALL z.~ (P(z)|Q))
(proof)

lemma (ALL z. P(z)) | Q ——> (ALL z. P(z) | Q)
(proof)

lemma (EX z. P ——> Q(z)) ——> (P ——> (EX z. Q(x)))
{proof)
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lemma ~~(EX z. ALL y z. (P(y)——>Q(z)) ——> (P(z)——>Q(z)))
{proof)

lemma (ALL z y. EX z. ALL w. (P(2)&Q(y)——>R(2)&S(w)))
< fff>> (EXzy. P(z) & Q(y)) —> (EX z. R(2))
Proo

1e<mma>(EX z. P——>Q(z)) & (EX z. Q(z)——>P) ——> ~"~(EX z. P=Q(z))
proof

lemma (ALL z. P = Q(z)) ——> (P = (ALL z. Q(x)))
(proof)

lemma ~~ ((ALL z. P | Q(z)) = (P | (ALL z. Q(x))))
{proof)

lemma (EX z. P(z)) &
(ALL z. L(z) —> ~ (M(z) & R(z))) &
(ALL z. P(z) ——> (M(z) & L(z)))
((ALL z. P(z)——>Q(z)) | (EX z. P(z)&R(z)))
——> (EX z. Q(z)&P(x))
(procf)

lemma (EX z. P(z) & ~Q(z)) &
(ALL z. P(z) ——> R(x)) &
(ALL z. M(z) & L(z) ——> P(z)) &
(EXz. R(z) &~ Q(z)) —> (ALL z. L(z) ——> ~ R(x)))
——> (ALL z. M(z) ——> ~L(x))
{proof)

lemma (ALL z. P(z) ——> (ALL z. Q(z))) &
(" (ALL z. Q(z)|R(z)) ——> (EX z. Q(2)&S(x))) &
("~ (EX z. S(z)) ——> (ALL z. L(z) ——> M(z)))
——> (ALL z. P(z) & L(z) ——> M(x))
(proof)

lemma (((EX z. P(z)) & (EX y. Q(y))) ——>
(((ALL z. (P(z) ——> R(z))) & (ALL y. (Q(y) ——> S(y)))) =
< (ALfL> zy. (P(z) & Q(y)) ——> (R(z) & S(y))))))
proo
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lemma (ALL z. (P(z) | Q(z)) ——> "~ R(z)) &
(ALL z. (Q(z) ——> ~ S(z)) ——> P(z) & R(z))
——> (ALL z. ~~S(x))
{proof )

lemma ~(EX z. P(z) & (Q(z) | R(z))) &
(EX z. L(z) & P(z)) &
(ALL z. ™~ R(z) ——> M(z))
——> (EX z. L(z) & M(x))
(proof)

lemma (ALL z. P(z) & (Q(z)|R(z))——>S(x)) &
(ALL z. S(z) & R(z) ——> L(z)) &
(ALL z. M(z) —> R(z))
——> (ALL z. P(z) & M(z) ——> L(z))
(proof)

lemma (ALL z. ¥~ (P(a) & (P(z)——>P(b))——>P(c))) =
< (}4>LL z. (" P(a) | P(z) | P(c)) & (“P(a) [ 7P(b) | P(c))))
Proo

lemma
(ALL z. EX y. Jz y) &
(ALLz. EX y. Gz y) &
(ALLzy. Jzy | Gezy ——> (ALL z. Jyz | Gyz ——> Hzx2))
——> (ALL x. EX y. Hz y)
(proof)

lemma ~ (EX z. ALLy. Fyz = ("Fuyy))
(proof)

lemma (EXy. ALLz. Fzy=Fuzz)——>
~“(ALL x. EX y. ALL z. Fzy = (~ F z z))

(proof)

lemma (ALL z. f(z) ——>
(EXy. gy) &hoy& (EXy. g(y) &~ hzy))) &
(EX z. j(z) & (ALL y. g(y) ——> hzy))
——> (EX z. j(z) & ~f(z))
(proof )
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lemma (a=b | ¢c=d) & (a=c | b=d) ——> a=d | b=c¢
{proof)

lemma ((EX zw. (ALLzy. (Pzy = ((z =2) & (y = w))))) ——>
(EX z. (ALL z. (EX w. (ALLy. (Pzy = (y = =
(proof )

lemma ((EX zw. (ALLzy. (Pzy = ((z = 2) & (y = w))))) ——>
<(EXf1;) (ALL y. (EX z. ((ALLz. (Pzy = (z = 2))) = (y = w))))))
Proo

lemma (ALL z. (EX y. P(y) & z=f(y)) ——> P(z)) = (ALL z. P(z) ——>

P(f(x)))
{proof )

lemma P (fabd) (fbec)& P (fbe) (fac) &
(ALLzyz. Pxy& Pyz ——> Pxz) —> P (fad) (fac)

{proof)

lemma ALLz. Pz (fz) = (EXy. (ALL2. Pzy ——> Pz (fz)) & Pz y)
{proof)

end

22 CTL formulae

theory CTL imports Main begin

We formalize basic concepts of Computational Tree Logic (CTL) [4, 3] within
the simply-typed set theory of HOL.

By using the common technique of “shallow embedding”, a CTL formula is
identified with the corresponding set of states where it holds. Consequently,
CTL operations such as negation, conjunction, disjunction simply become
complement, intersection, union of sets. We only require a separate oper-
ation for implication, as point-wise inclusion is usually not encountered in
plain set-theory.

lemmas [intro!] = Int-greatest Un-upper?2 Un-upper! Int-lower! Int-lower2

types ‘a ctl = 'a set
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definition
imp :: ‘a ctl = 'a ctl = 'a ctl  (infixr — 75) where
p—q=-—-pUg

lemma [intro!]: p N p — q C ¢ {proof)
lemma [intro!]: p C (¢ — p) (proof)

The CTL path operators are more interesting; they are based on an arbi-
trary, but fixed model M, which is simply a transition relation over states

‘a.

axiomatization M :: (‘a x ‘a) set

The operators EX, EF, EG are taken as primitives, while AX, AF, AG are
defined as derived ones. The formula EX p holds in a state s, iff there is a
successor state s’ (with respect to the model M), such that p holds in s”.
The formula EF p holds in a state s, iff there is a path in M, starting from
s, such that there exists a state s’ on the path, such that p holds in s’. The
formula EG p holds in a state s, iff there is a path, starting from s, such
that for all states s’ on the path, p holds in s’. It is easy to see that EF p
and EG p may be expressed using least and greatest fixed points [4].

definition

EX (EX -[80] 90) where EX p = {s. 3s’. (s, s)) € M A s’ € p}
definition

EF (EF - [80] 90) where EF p = ifp (As. p U EX s)
definition

EG (EG - [80] 90) where EG p = gfp (As. p N EX s)

AX, AF and AG are now defined dually in terms of EX, EF and EG.

definition

AX (AX -[80] 90) where AX p = —EX — p
definition

AF (AF - [80] 90) where AF p = — EG — p
definition

AG (AG - [80] 90) where AG p = — EF — p
lemmas [simp] = EX-def EG-def AX-def EF-def AF-def AG-def

22.1 Basic fixed point properties

First of all, we use the de-Morgan property of fixed points

lemma Ifp-gfp: Ifp f = — gfp (As:i'a set. — (f (— s)))
{(proof)

lemma Ifp-gfp": — lfp f = gfp (\s:'a set. — (f (= s)))
(proof )
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lemma gfp-lifp": — gfp f = lfp (\s:'a set. — (f (= 5)))
(proof )

in order to give dual fixed point representations of AF p and AG p:

lemma AF-lfp: AF p = Ifp (As. p U AX s) (proof)
lemma AG-gfp: AG p = gfp (As. p N AX s) (proof)

lemma EF-fp: EF p = p U EX EF p

(proof)
lemma AF-fp: AF p=p U AX AF p
{proof )
lemma EG-fp: EG p = p N EX EG p
(proof)

From the greatest fixed point definition of AG p, we derive as a consequence
of the Knaster-Tarski theorem on the one hand that AG p is a fixed point
of the monotonic function As. p N AX s.

lemma AG-fp: AGp=p N AX AG p
{proof )

This fact may be split up into two inequalities (merely using transitivity of
C, which is an instance of the overloaded < in Isabelle/HOL).

lemma AG-fp-1: AGp Cp
(proof)

lemma AG-fp-2: AG p C AX AG p
(proof)

On the other hand, we have from the Knaster-Tarski fixed point theorem
that any other post-fixed point of As. p N AX s is smaller than AG p. A
post-fixed point is a set of states ¢ such that ¢ C p N AX ¢. This leads to
the following co-induction principle for AG p.

lemma AG-I: ¢ CpNAX g= ¢ C AG p
(proof)

22.2 The tree induction principle

With the most basic facts available, we are now able to establish a few
more interesting results, leading to the tree induction principle for AG (see
below). We will use some elementary monotonicity and distributivity rules.

lemma AX-int: AX (p N q) = AX p N AX ¢ (proof)
lemma AX-mono: p C ¢ = AX p C AX ¢ (proof)
lemma AG-mono: p C ¢ = AG p C AG ¢

(proof )
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The formula AG p implies AX p (we use substitution of C with monotonic-
ity).

lemma AG-AX: AGp C AX p

(proof)

Furthermore we show idempotency of the AG operator. The proof is a good
example of how accumulated facts may get used to feed a single rule step.

lemma AG-AG: AG AG p = AG p
(proof)

We now give an alternative characterization of the AG operator, which de-
scribes the AG operator in an “operational” way by tree induction: In a
state holds AG p iff in that state holds p, and in all reachable states s fol-
lows from the fact that p holds in s, that p also holds in all successor states
of s. We use the co-induction principle AG-I to establish this in a purely
algebraic manner.

theorem AG-induct: p N AG (p — AX p) = AG p
(proof)

22.3 An application of tree induction

Further interesting properties of CTL expressions may be demonstrated with
the help of tree induction; here we show that AX and AG commute.

theorem AG-AX-commute: AG AX p = AX AG p
(proof)

end

23 Arithmetic

theory Arith-Examples imports Main begin

The arith method is used frequently throughout the Isabelle distribution.
This file merely contains some additional tests and special corner cases.
Some rather technical remarks:

fast_arith_tac is a very basic version of the tactic. It performs no meta-to-
object-logic conversion, and only some splitting of operators. simple_arith_tac
performs meta-to-object-logic conversion, full splitting of operators, and
NNF normalization of the goal. The arith method combines them both,
and tries other methods (e.g. presburger) as well. This is the one that you
should use in your proofs!

An arith-based simproc is available as well (see LinArith.lin_arith_simproc),
which—for performance reasons—however does even less splitting than fast_arith_tac
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at the moment (namely inequalities only). (On the other hand, it does take
apart conjunctions, which fast_arith_tac currently does not do.)

23.1 Splitting of Operators: max, min, abs, op —, nat, op mod,

op diwv

lemma (i::nat) <= mazx ij
(proof)

lemma (i::int) <= maz i j
{proof )

lemma min i j <= (i:nat)
{proof)

lemma min i j <= (i::int)
{proof )

lemma min (i::nat) j <= mazij
(proof)

lemma min (i::int) j <= maz ij
{proof )

lemma min (i:nat) j + maxij =i+ j
{proof)

lemma min (i::int) 7 + mazij =i + j
{proof )

lemma (i::nat) < j ==> min i j < max i j
(proof )

lemma (i:int) < j ==> min i j < mazij
(proof)

lemma (0::int) <= abs i
(proof)

lemma (i::int) <= abs i

(proof )

lemma abs (abs (i::int)) = abs i
{proof)

Also testing subgoals with bound variables.

lemma !lz. (z:nat) <=y ==>2 —y =10
{proof)
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lemma !lz. (zinat) —y =0 ==> 1z <=y
{proof)

lemma llz. ((z::nat) <=y) = (¢ — y = 0)
(proof )

lemma || (z:nat) < y; d < 1 |] ==>
{proof)

8
\
<
I
=N

lemma [| (zinat) < y;d< 1||==>z—-—y—az=d—=z
{proof)

lemma (z:int) < y ==>z —y < 0
{proof)

lemma nat (i + j) <= nat i + nat j
(proof )

lemma i < j ==> nat (1 —j) =0
{proof)

lemma (i::nat) mod 0 = i
{proof )

lemma (i::nat) mod 1 = 0
{proof )

lemma (i::nat) mod 42 <= 41

(proof)

lemma (i:int) mod 0 = i
{proof )

lemma (i::int) mod 1 = 0
{proof )

lemma (i::int) mod 42 <= 41

{proof)

lemma —(izint) « 1 = 0 ==> 1 =0
{proof)

lemma [| (0:int) < abs i; abs i x 1 < absi*j|]==>1 < absi *j
{proof)
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23.2 Meta-Logic

lemma z < Sucy ==z <=y
{proof)

lemma ((z:nat) ==z ==>z "=y)==>z "=y |z "=y
{proof )

23.3 Various Other Examples

lemma (z < Suc y) = (z <= y)
(proof)

lemma || (zi:nat) < y; y < 2z |] ==>z < 2
(proof )

lemma (z:nat) < y & y<z==>z<z2
(proof )

This example involves no arithmetic at all, but is solved by preprocessing
(i.e. NNF normalization) alone.

lemma (P::bool) = Q ==> Q = P

{proof)

lemma [| P=(z = 0); (Y“P) = (y = 0) |] ==> min (z:nat) y = 0
{proof )

lemma [| P = (z = 0); ("P) = (y = 0) || ==> maz (zznat) y =z + y
{proof)

lemma [| (z:nat) "= y;a+ 2 =b;a<y;y <bya<uz x<b|] ==> False
{proof )

lemma [| (z::nat) > y; y > 2z; 2 > x || ==> False
{proof)

lemma (z:nat) — 5 > y==>y <z
{proof )

lemma (z::nat) V= 0 ==> 0 <z
(proof)

lemma || (z:nat) "= y;r <=y || ==>2z <y
{proof )

lemma || (z::nat) < y; P (z — y) || ==> P 0
{proof )

lemma (z — y) — (zunat) = (x —z) — y
(proof )
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lemma || (a:nat) < b; e < d|] ==>(a — b) = (¢ — d)

{proof)

lemma ((a::nat) — (b — (¢ — (d — €)))) =
{proof)

(a = (b—(c—(d=e))

lemma (n <m&m<n)|(n<m&m=n)|(n<n &n’<m)|

(n=n"&n’"<m)|(n=m&m<n')]|
n'<m&m<n)|(n'<m&m=n)|
n'<n&n<m)

m=n&n<n)|(m=n"&n’ <n)|
I

n’=m & m = (n:nat))

(proof)

lemma 2 x (z:nat) = 1

(proof)

Constants.
lemma (0:nat) < 1

{proof)

lemma (0::int) < 1
(proof)

lemma (47::nat) + 11 < 08 % 15
{proof)

lemma (47::int) + 11 < 08 * 15
{proof)

Splitting of inequalities of different type.

(

( [ (n"=n&n<m)|(n =mé&m<n)
m<n&n<n)|(m<n&n =n)|(m<n &n’<n)
( | (
(

lemma [| (a::nat) ~= b; (izint) “=j;a < 2; b < 2 |] ==>

a + b <= nat (mazx (abs i) (abs j))
(proof)

Again, but different order.

lemma || (i:int) ~= j; (a:nat) "= b;a < 2; b < 2 || ==>

a + b <= nat (maz (abs i) (abs j))
{proof)
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end

24 Binary trees

theory BT imports Main begin

datatype ’a bt =

Lf
| Br 'a 'a bt 'a bt

consts
n-nodes :: 'a bt => nat
n-leaves :: 'a bt => nat
depth  :: 'a bt => nat

reflect :: 'a bt => 'a bt
bt-map  :: ('a => 'b) => ("a bt => 'b bt)
preorder :: 'a bt => 'a list

wmorder :: 'a bt => 'a list

postorder :: 'a bt => a list

append  :: 'a bt => 'a bt => 'a bt
primrec

n-nodes Lf = 0

n-nodes (Br a t1 t2) = Suc (n-nodes t1 + n-nodes t2)

primrec
n-leaves Lf = Suc 0
n-leaves (Br a t1 t2) = n-leaves t1 + n-leaves t2

primrec
depth Lf = 0
depth (Br a t1 t2) = Suc (maz (depth t1) (depth t2))

primrec
reflect Lf = Lf
reflect (Br a t1 t2) = Br a (reflect t2) (reflect t1)

primrec
bt-map f Lf = Lf
bt-map f (Bra t1 t2) = Br (f a) (bt-map ft1) (bt-map ft2)

primrec

preorder Lf = |]
preorder (Br a t1 t2) = [a] @ (preorder t1) Q (preorder t2)
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primrec
inorder Lf = ]
inorder (Br a t1 t2) = (inorder t1) @ [a] @ (inorder t2)

primrec
postorder Lf = ||
postorder (Br a t1 t2) = (postorder t1) @Q (postorder t2) Q [a]

primrec
append Lft =t
append (Br a t1 t2) t = Br a (append t1 t) (append t2 t)

BT simplification
lemma n-leaves-reflect: n-leaves (reflect t) = n-leaves t

{proof)

lemma n-nodes-reflect: n-nodes (reflect t) = n-nodes t

(proof)

lemma depth-reflect: depth (reflect t) = depth t
(proof )

The famous relationship between the numbers of leaves and nodes.

lemma n-leaves-nodes: n-leaves t = Suc (n-nodes t)

{proof)

lemma reflect-reflect-ident: reflect (reflect t) = t
(proof )

lemma bt-map-reflect: bt-map f (reflect t) = reflect (bt-map f t)
(proof )

lemma preorder-bt-map: preorder (bt-map ft) = map f (preorder t)
(proof )

lemma inorder-bt-map: inorder (bt-map ft) = map f (inorder t)
(proof )

lemma postorder-bt-map: postorder (bt-map ft) = map f (postorder t)
(proof )

lemma depth-bt-map [simp]: depth (bt-map ft) = depth t
(proof )

lemma n-leaves-bt-map [simp]: n-leaves (bt-map ft) = n-leaves ¢
(proof )

lemma preorder-reflect: preorder (reflect t) = rev (postorder t)
(proof )
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lemma inorder-reflect: inorder (reflect t) = rev (inorder t)
{proof)

lemma postorder-reflect: postorder (reflect t) = rev (preorder t)
(proof )

Analogues of the standard properties of the append function for lists.

lemma append-assoc [simp]:
append (append t1 t2) t3 = append t1 (append t2 t3)

(proof)

lemma append-Lf2 [simp]: append t Lf =t
(proof )

lemma depth-append [simp]: depth (append t1 t2) = depth t1 + depth t2
(proof)

lemma n-leaves-append [simp]:
n-leaves (append t1 t2) = n-leaves t1 * n-leaves t2

(proof )

lemma bt-map-append:
bt-map [ (append t1 t2) = append (bt-map f t1) (bt-map f t2)
(proof )

end

25 Sorting: Basic Theory

theory Sorting
imports Main Multiset
begin

consts
sortedl:: ('a = 'a = bool) = 'a list = bool
sorted :: ('a = 'a = bool) = 'a list = bool

primrec
sorted! le [| = True
sortedl le (z#xs) = ((case xs of [| => True | y#ys => lez y) &
sortedl le xs)

primrec

sorted le || = True
sorted le (z#zs) = (Vy € set xs. le x y) & sorted le xs)
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definition
total :: ('a = 'a = bool) => bool where
totalr = Ve y. rzy | ryz)

definition
transf = ('a = 'a = bool) => bool where

transf f = Vaeyz. fey & fyz ——> fz2)

lemma sortedi-is-sorted: transf(le) ==> sortedl le xs = sorted le s
(proof)

lemma sorted-append [simp]:
sorted le (zsQys) =
(sorted le xs & sorted le ys & (Vx € set xs. Yy € set ys. le x y))

{proof)

end

26 Merge Sort

theory MergeSort
imports Sorting
begin

consts merge :: (‘a::linorder)list « 'a list = 'a list

recdef merge measure(%(xs,ys). size xs + size ys)
merge(xxs, y#Hys) =
(if ¢ < y then x # merge(xs, y#ys) else y # merge(x#as, ys))

merge(zs,[]) = xs
merge([],ys) = ys

lemma multiset-of-merge[simp]:
multiset-of (merge(zs,ys)) = multiset-of xs + multiset-of ys

(proof)

lemma set-merge[simp]: set(merge(zs,ys)) = set s U set ys
(proof)

lemma sorted-merge[simp]:

sorted (op <) (merge(zs,ys)) = (sorted (op <) zs & sorted (op <) ys)
(proof )
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consts msort :: (‘a::linorder) list = 'a list
recdef msort measure size
msort [| = ||
msort [z] = [x]
msort zs = merge(msort(take (size zs div 2) xs),
msort(drop (size xs div 2) xs))

theorem sorted-msort: sorted (op <) (msort zs)

(proof)

theorem multiset-of-msort: multiset-of (msort xs) = multiset-of zs
(proof)

end

27 A question from “Bundeswettbewerb Mathe-
matik”

theory Puzzle imports Main begin
consts f :: nat => nat
specification (f)

fraz [introl]: f(f(n)) < f(Suc(n))
(proof)

lemma lemma0 [rule-format]: ¥V n. k=f(n) ——> n <= f(n)

(proof)

lemma lemmal: n <= f(n)
(proof)

lemma f-mono [rule-format (no-asm)]: m <=n ——> f(m) <= f(n)

(proof)

lemma f-id: f(n) = n
(proof)

end

28 A lemma for Lagrange’s theorem

theory Lagrange imports Main begin
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This theory only contains a single theorem, which is a lemma in Lagrange’s
proof that every natural number is the sum of 4 squares. Its sole purpose is
to demonstrate ordered rewriting for commutative rings.

The enterprising reader might consider proving all of Lagrange’s theorem.

definition sq :: 'a::times => ’‘a where sq x == zx*z

The following lemma essentially shows that every natural number is the sum
of four squares, provided all prime numbers are. However, this is an abstract
theorem about commutative rings. It has, a priori, nothing to do with nat.

(ML)

lemma Lagrange-lemma: fixes z1 :: 'a::comm-ring shows
(sqx1 + sqz2 + sq a8 + sqx4) * (sqyl + sqy2 + sqyd + sqy4) =
sq (xlxyl — x2xy2 — x8%y3 — x4*y4) +
sq (x1xy2 + x2xyl + x8xyl — x4*xy3) +
sq (z1xy3 — x2xy4 + x3xyl + x4xy2) +
sq (z1xyf + x2xy3 — x3xy2 + x4*yl)
(proof)

A challenge by John Harrison. Takes about 12s on a 1.6GHz machine.

lemma fixes p! :: 'a::comm-ring shows
(sq p1 4+ sq ql + sqrl + sqsl + sqtl + squl + sqvl + sqwl) *
(sq p2 + sq q2 + sq 12 + sq s2 + sq t2 + sq u2 + sqv2 + sq w2)
= sq (p1*p2 — ql%q2 — r1x12 — s1%s2 — t1%t2 — ul*u?2 — vi*v2 — wlxw2)

" sq (p1%q2 + ql*p2 + r1xs2 — s1xr2 + t1*xul2 — ul*t2 — vixw2 + wl*v2)
! sq (p1*1r2 — q1%82 4+ r1%p2 + s1%q2 + t1*xv2 + ul*w?2 — vi*t2 — wl*u2)
" sq (p1xs2 + ql*r2 — rixq2 + s1xp2 + t1xw2 — ul*v2 + vi*u2 — wixt2)
! sq (p1%t2 — ql*u2 — rixv2 — sl*xw2 + t1*p2 + ul*q2 + vixr2 + wl*s2)
! sq (p1*u2 + ql*t2 — rixw2 + sl*xv2 — t1%q2 + ul*p2 — vixs2 + wl*r2)
' sq (p1*v2 + ql*xw2 + r1*t2 — sl*u2 — t1*xr2 + ul*s2 + vi*p2 — wl*q2)
+

sq (p1*w2 — ql*v2 4+ r1*xul + sIxt2 — t1%xs2 — ul*r2 + vi*q2 + wl*p2)
(proof)

end

29 Groebner Basis Examples
theory Groebner-Examples

imports Groebner-Basis
begin
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29.1 Basic examples

lemma 3 * 8 == (?X:: a:{number-ring,recpower})
{proof)

lemma (z — (—2)) "5 == ?X::int
{proof)

lemma (z — (=2))"5 * (y — 78) ~ 8 == ?X::int
(proof)

lemma ((—38) " (Suc (Suc (Suc 0)))) == (X:'a::{number-ring,recpower})
{proof)

lemma ((z:int) +y) 8 —1=(x—2)"2-10—=z=2+83=02=—y
{proof)

lemma (4:nat) + 4 =3+ 5
{proof)

lemma (4:int) + 0 = 4
(proof)

lemma
assumes a *x 2 + bxz + c=(0zint) and d x2°2 + exz + f =0
shows d"2xc"2 — 2xdxcxaxf + a 2%f"2 — exdxbkxc — exbxaxf + axe 2%xc +

Frdxb™2 = 0
(proof )

lemma (z::int) "8 — 22 — %z —3=0«— (z=3Vae=—-1)
{proof)

theorem zx (z2 — 2 — 5) — 8 = (0zint) «— (z =3 Vo =—1)
{proof )

lemma
fixes z::'a::{idom,recpower,number-ring }
shows 7 2xy = 272 & zxy"2 = y 2 «—— z=1 & y=1 | 2=0 & y=0
(proof)

29.2 Lemmas for Lagrange’s theorem

definition
sq :: 'a:times => 'a where
8q T == T*I
lemma
fixes z1 :: 'a::{idom,recpower ,number-ring}
shows

(sqzl + sqx2 4+ sqx3 + sqxf) * (sqyl + sqy2 + sqy3 + sqy4) =
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sq (x1*xyl — x2%xy2 — x3*y3 — xi*xy4) +
sq (x1*y2 + x2xyl + x3*y4 — x4*y3) +
sq (z1*xy3 — x2xy4 + x3*xyl + z4*xy2) +
sq (z1xy4 + x2xy8 — x8*y2 + x4*yl)
(proof )
lemma
fixes p! :: ‘a::{idom,recpower ,number-ring}
shows

(sqpl + sq ql + sqrl + sqsl + sqtl + squl + squl + sqwl) x
(sq p2 + sq q2 + sq 12 + sq s2 + sq t2 + squ2 + sq v2 + sq w2)
= sq (p1*p2 — ql*q2 — r1x12 — s1%s2 — t1*xt2 — ulxu2 — vl*v2 — wlxw2)

! sq (p1%q2 + ql*p2 + r1%xs2 — slxr2 + t1*xul — ul*t2 — vixw2 + wl*v2)
' sq (p1*1r2 — ql%82 + r1%p2 + s1%q2 + t1*xv2 + ul*w?2 — vi*t2 — wl*u2)
! sq (p1%s2 + qlx12 — r1%q2 + s1xp2 + t1xw2 — ul*v2 + vi*ul2 — wl*t2)
’ sq (p1*t2 — ql%u2 — rixv2 — sl*xw2 + t1+%p2 + ul*q2 + vi*r2 + wil*s2)
! sq (p1*u2 + ql*t2 — rixw2 + s1*xv2 — t1%xq2 + ul*p2 — vIix82 + wil*r2)
! sq (p1*v2 + ql*xw2 + r1%t2 — sl*u2 — t1*r2 + ul*s2 + vi*p2 — wl*q2)
+

sq (p1*w2 — ql*v2 + r1*xul + sl*t2 — t1%x82 — ul*r2 + vi*q2 + wil*p2)
(proof)

29.3 Colinearity is invariant by rotation

types point = int X int

definition collinear ::point = point = point = bool where
collinear = A(Az,Ay) (Bz,By) (Cz,Cy).
((Az — Ba) % (By — Cy) = (Ay — By) * (Bx — Cn))

lemma collinear-inv-rotation:
assumes collinear (Az, Ay) (Bz, By) (Cz, Cy) and ¢* + s? = 1
shows collinear (Az * ¢ — Ay x s, Ay * ¢ + Az * s)
(Br « ¢ — By s, Byxc+ Brxs) (Crxc— Cyxs, Cyxc+ Czxs)
(proof )

lemma EX (d::int). axy — axz = nxd = EX uv. axu + nxv = 1 = EX e.
Yy — x = nxe

(proof )

end
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30 Milner-Tofte:
mantics

theory MT

imports Main

begin

typedecl Const

typedecl EzVar
typedecl Ex

typedecl TyConst
typedecl Ty

typedecl Clos
typedecl Val

typedecl ValEnv
typedecl TyFEnv

consts

Co-induction in Relational Se-

c-app :: [Const, Const] => Const

e-const :: Const => Ex
e-var :: BxVar => FEx

e-fn i [ExVar, Ex] => Ez (fn - => - [0,51] 1000)

e-fix :: [ExVar, ExVar, Ez] =

> Bx (fiv- (-) = - [0,51,51] 1000)

e-app :: [Ex, Ex] => FEz (- QQ - [51,51] 1000)

e-const-fst :: Ex => Const

t-const :: TyConst => Ty

t-fun :: [Ty, Ty) => Ty (- —> - [51,51] 1000)

v-const :: Const => Val
v-clos :: Clos => Val

ve-emp :: ValEnv

ve-owr :: [ValEnv, ExVar, Val] => ValEnv (- + { - |-> -} [36,0,0] 50)
ve-dom :: ValEnv => ExVar set
ve-app :: [ValEnv, ExVar] => Val

clos-mk :: [ExVar, Exz, ValEnv] => Clos (<] -, -, - |> [0,0,0] 1000)

te-emp :: TyFEnv

te-owr :: [TyEnv, ExVar, Ty] => TyEnv (- + { - |=> - } [36,0,0] 50)
te-app :: [TyEnv, ExVar] => Ty
te-dom :: TyEnv => ExVar set
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eval-fun :: ((ValEnv x Ex) = Val) set => ((ValEnv x Ex) * Val) set
eval-rel :: ((ValEnv x Ex) x Val) set
eval :: [ValEnv, Ex, Val] => bool (- |— - ———=> - [36,0,36] 50)

elab-fun :: ((TyEnv * Ex) * Ty) set => ((TyEnv * Ex) x Ty) set
elab-rel :: ((TyEnv * Ex) x Ty) set
elab :: [TyEnv, Ex, Ty] => bool (- |— - ===> - [36,0,36] 50)

isof :: [Const, Ty] => bool (- isof - [36,36] 50)
isof-env :: [ValEnv, TyEnv] => bool (- isofenv -)

hasty-fun :: (Val * Ty) set => (Val * Ty) set

hasty-rel :: (Val « Ty) set

hasty :: [Val, Ty] => bool (- hasty - [36,36] 50)

hasty-env :: [ValEnv, TyEnv] => bool (- hastyenv - [36,36] 35)

axioms
e-const-inj: e-const(cl) = e-const(c2) ==> ¢l = ¢2
e-var-ing: e-var(evl) = e-var(ev?) ==> evl = ev?

e-fn-inj: fn evl => el = fn ev? => e2 ==> evl = ev2 & el = €2
e-fiz-ing:

fiz evile(vi2) = el = fix ev2l(ev22) = €2 ==>

evll = ev2l & evi2 = ev22 & el = e2

e-app-inj: ell QQ el2 = e21 QQ e22 ==> ell = e21 & el2 = e22

e-disj-const-var: ~e-const(c) = e-var(ev)
e-disj-const-fn: ~e-const(c) = fn ev => e
e-disj-const-fix: ~e-const(c) = fix evl(ev2) = e
e-disj-const-app: ~ e-const(c) = el QQ e2
e-disj-var-fn: ~e-var(evl) = fn ev2 => e
e-disj-var-fiz: ~e-var(ev) = fix evl (ev2) = e
e-disj-var-app: ~ e-var(ev) = el QQ e2
e-disj-fn-fix: ~fn evl => el = fix ev2l(ev22) = €2
e-disj-fn-app: ~fn evl => el = e21 QQ e22
e-disj-fiz-app: ~fix evil(evi2) = el = e21 QQ e22

e-ind:
[| Nev. P(e-var(ev));
le. P(e-const(c));
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lev e. P(e) ==> P(fn ev => e);

lev! ev2 e. P(e) ==> P(fix evl(ev2) = e);

lel e2. P(el) ==> P(e2) ==> P(el QQ ¢2)
) ==>
P(e)

t-const-inj: t-const(cl) = t-const(c2) ==> ¢l = c2
tfun-ing: t11 —> t12 = 121 —> 122 ==> t11 = 21 & t12 = 122

t-ind:
[| "p. P(t-const p); N1 t2. P(t1) ==> P(t2) ==> P(t-fun t1 t2) |]
==> P(t)

v-const-ing: v-const(cl) = v-const(c2) ==> ¢l = ¢2

v-clos-ing:

v-clos(<|evl el vel|>) = v-clos(<|ev2,e2,ve2|>) ==>
evl = ev2 & el = e2 & vel = ve2

v-disj-const-clos: ~v-const(c) = v-clos(cl)

ve-dom-owr: ve-dom(ve + {ev |—> v}) = ve-dom(ve) Un {ev}

ve-app-owrl: ve-app (ve + {ev |—> v}) ev=v
ve-app-owr2: ~evl=ev2 ==> ve-app (ve+{evl |—> v}) ev2=ve-app ve ev2
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te-dom-owr: te-dom(te + {ev |=> t}) = te-dom(te) Un {ev}

te-app-owrl: te-app (te + {ev |=> t}) ev=t
te-app-owr2: ~evl=ev2 ==> te-app (te+{evl |=> t}) ev2=te-app te ev?

defs
eval-fun-def
eval-fun(s) ==
{ pp.
(2 ve c. pp=((ve,e-const(c)),v-const(c))) |
(2 ve z. pp=((ve,e-var(z)),ve-app ve z) & z:ve-dom(ve)) |
(2 ve e z. pp=((ve,fn x => e),v-clos(<|z,e,ve|>)))]
(2veexfedl.
pp=((ve,fix f(x) = e),v-clos(cl)) &
c=<|z, e, ve+{f |—> v-clos(cl)} |>
)|
( ?veele2clc2.
pp=((ve,el QQ e2),v-const(c-app cl c2)) &
((ve,el),v-const(cl)):s & ((ve,e2),v-const(c2)):s
) |

( 2 ve vem el e2 em xm v V2.
pp=((ve,el QQ e2),v) &
((ve,el),v-clos(<|zm,em,vem|>)):s &
((ve,e2),v2):s &

((vem~+{xm |—> v2},em),v):s

)
}
eval-rel-def : eval-rel == Ifp(eval-fun)
eval-def: ve |- e ———> v == ((ve,e),v):eval-rel

elab-fun-def:
elab-fun(s) ==
{ pp.
(7 te ¢ t. pp=((te,e-const(c)),t) & c isof t) |
(2 te z. pp=((te,e-var(z)),te-app te ©) & x:te-dom(te)) |
(? texetl t2. pp=((te.,fn x => e),t1—>t2) & ((te+{z |=> t1},e),t2):s) |
(?tefxetlt2.
pp=((te,fix f(zx)=e),t1 —>12) & ((te+{f |=> t1—>t2}+{z |=> t1},e),t2):s
) |
(2 te el e2tl t2.
pp=((te,el QQ e2),t2) & ((te,el),t1—>t2):s & ((te,e2),t1):s
)
}
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elab-rel-def: elab-rel == Ifp(elab-fun)
elab-def: te |— e ===> t == ((te,e),t):elab-rel

isof-env-def:
ve isofenv te ==
ve-dom(ve) = te-dom(te) &

(!
z:ve-dom(ve) ——>
(2 c. ve-app ve x = v-const(c) & c isof te-app te x)
)
axioms
isof-app: [| cl isof t1—>12; c2isof t1 || ==> c-app cl c2 isof t2
defs

hasty-fun-def:
hasty-fun(r) ==
{p
(?ct. p=(v-const(c),t) & c isof t) |
( 2evewette.
p = (v-clos(<|ev,e,ve|>),t) &
te |— fnev=>e===>1t&
ve-dom(ve) = te-dom(te) &
(I evl. evl:ve-dom(ve) ——> (ve-app ve evl,te-app te evl) : r)
)
}

hasty-rel-def: hasty-rel == gfp(hasty-fun)
hasty-def: v hasty t == (v,t) : hasty-rel
hasty-env-def
ve hastyenv te ==
ve-dom(ve) = te-dom(te) &
(! z. z: ve-dom(ve) ——> ve-app ve x hasty te-app te x)

(ML)

lemma infsys-pl: P a b ==> P (fst (a,b)) (snd (a,b))
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{proof)

lemma infsys-p2: P (fst (a,b)) (snd (a,b)) ==> P abd
{proof)

lemma infsys-ppl: P a b ¢ ==> P (fst(fst((a,b),c))) (snd(fst ((a,b),c))) (snd
((a,b),c))
(proof)

lemma infsys-pp2: P (fst(fst((a,b),c))) (snd(fst((a,b),c))) (snd((a,b),c)) ==> P
abc
{proof )

lemma [fp-intro2: [| mono(f); z:f (ifp(f)) || ==> =:ifp(f)
(proof)

lemma Ifp-elim2:

assumes lfp: z:lifp(f)
and mono: mono(f)

and r: y. y:f (Ifp(f)) ==> P(y)
shows P(z)

{(proof)

lemma [fp-ind2:

assumes Ifp: z:lfp(f)
and mono: mono(f)

and r: ly. y:f (Ifp(f) Int {z. P(z)}) ==> P(y)
shows P(z)

(proof)

lemma gfp-coind?2:
assumes cih: z:f ({z} Un gfp(f))

and monoh: mono(f)

shows z:gfp(f)
(proof)

lemma gfp-elim?2:
assumes gfph: z:gfp(f)
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and monoh: mono(f)

and caseh: Ny. y:f (gfp(f)) ==> P(y)
shows P(z)

(proof)

lemmas e-injs = e-const-inj e-var-inj e-fn-inj e-fiz-inj e-app-ing

lemmas e-disjs =
e-disj-const-var
e-disj-const-fn
e-disj-const-fix
e-disj-const-app
e-disj-var-fn
e-disj-var-fix
e-disj-var-app
e-disj-fn-fix
e-disj-fn-app
e-disj-fix-app

lemmas e-disj-si = e-disjs e-disjs [symmetric]

lemmas e-disj-se = e-disj-si [THEN notE)|

lemmas v-disjs = v-disj-const-clos
lemmas v-disj-si = v-disjs v-disjs [symmetric]
lemmas v-disj-se = v-disj-si [THEN notE)|

lemmas v-injs = v-const-ing v-clos-ing

lemma eval-fun-mono: mono(eval-fun)
(proof)

lemma eval-const: ve |— e-const(c) ———> v-const(c)
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(proof)

lemma eval-var2:

ev:ve-dom(ve) ==> ve |— e-var(ev) ———> ve-app ve ev
(proof)
lemma eval-fn:

ve |— fnev => e ———> v-clos(<|ev,e,ve|>)
(proof)

lemma eval-fiz:
c = <] evl, e, ve + {ev2 |—> v-clos(cl)} |> ==>

ve |— fir ev2(evl) = e ———> v-clos(cl)
(proof)
lemma eval-app!:
[| ve |— el ———> v-const(cl); ve |— e2 ———> v-const(c2) || ==>
ve |— el QQ e2 ———> v-const(c-app cl c2)
(proof)
lemma eval-app2:
[| ve|— el ———=> v-clos(<|zm,em,vem|>);
ve |— e2 ———> v2;
vem + {zm |—> 02} |- em ———> v
| ==>
ve |— el QQ e2 ———> v
(proof)

lemma eval-ind0:

[| ve |- e =———> w;
Noe ¢. P(((ve,e-const(c)),v-const(c)));
lev ve. ev:ve-dom(ve) ==> P(((ve,e-var(ev)),ve-app ve ev));

lev ve e. P(((ve,fn ev => e),v-clos(<|ev,e,ve|>)));
evl ev2 ve cl e.
c = <] evl, e, ve + {ev2 |—> v-clos(cl)} |> ==>
P(((ve,fix ev2(evl) = e),v-clos(cl)));
Nve ¢l ¢2 el e2.
[| P(((ve,el),v-const(cl))); P(((ve,e2),v-const(c2))) |] ==>
P(((ve,el QQ e2),v-const(c-app cl ¢c2)));
lve vem zm el e2 em v v2.
| P(((ve,el),v-clos(<|zm,em,vem|>)));
P(((ve,e2),2);
P(((vem + {zm |—> v2},em),v))
|| ==>
P(((ve,el QQ e2),v))
|| ==>

P(((ve,e),v))
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(proof)

lemma eval-ind:

[| ve |- e =———> w;
lve c¢. P ve (e-const ¢) (v-const c);
Nev ve. ev:ve-dom(ve) ==> P ve (e-var ev) (ve-app ve ev);

lev ve e. P we (fn ev => e) (v-clos <|ev,e,ve|>);
Nevl ev2 ve cl e.
c = <] evl, e, ve + {ev2 |—> v-clos(cl)} |> ==>
P ve (fix ev2(evl) = e) (v-clos cl);
e c1 c2 el e2.
[| P ve el (v-const c1); P ve e2 (v-const c2) || ==>
P ve (el QQ e2) (v-const(c-app cl c2));
lve vem evm el e2 em v v2.
[| P uveel (v-clos <|evm,em,vem|>);
P ve e2 v2;
P (vem + {evm |—> v2}) em v
|| ==> P ve (el QQ e2) v
| ==> Puveew

(proof)

lemma elab-fun-mono: mono(elab-fun)

(proof)

lemma elab-const:

c isof ty ==> te |— e-const(c) ===> ty
(proof )
lemma elab-var:
z:te-dom(te) ==> te |— e-var(z) ===> te-app te x
(proof)
lemma elab-fn:
te + {z |=> tyl} |- e ===> ty2 ==> te |— fnax => e ===> tyl —>ty2
(proof)
lemma elab-fix:
te + {f |=> tyl —>ty2} + {z |=> tyl} |- e ===> ty2 ==>
te |— fix f(z) = e ===> tyl —>ty2
(proof)

lemma elab-app:
[| te |— el ===> tyl —>ty2; te |— e2 ===> tyl || ==>
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te |— el QQ e2 ===> ty2
{proof)

lemma elab-ind0:
assumes I: te |- e ===>t¢

and 2: llte ¢ t. ¢ isof t ==> P(((te,e-const(c)),t))

and 3: llte z. z:te-dom(te) ==> P(((te,e-var(x)),te-app te x))

and 4: !'te e t1 t2.
[| te + {z |=> t1} |— e ===> 12; P(((te + {z |=> t1},e),t2)) |] ==>
P(((te,fn © => e),t1 —>12))

and 5: !lte fz e t1 t2.

[| te + {f |=> t1—>t2} + {z |=> t1} |- e ===> 2;
P(((te + {f |=> t1—>t2} + {z |=> t1},e),t2))
) ==>

P(((tefix f(x) = e),t1 —>12))
and 6: lte el e2 t1 t2.
[| te |— el ===> t1—>t2; P(((te,el),t1 —>1t2));
te |— e2 ===> t1; P(((te,e2),t1))
| ==>
P(((te,el @QQ €2),t2))
shows P(((te,e),t))

(proof)

lemma elab-ind:
[| te |— e ===>¢;
Ilte ¢ t. ¢ isof t ==> P te (e-const c) t;
e z. x:te-dom(te) ==> P te (e-var ) (te-app te z);

e z e t1 t2.
[| te + {z |=> t1} |— e ===>2; P (te + {z |=> t1}) e t2 || ==>
P te (fnz =>e) (t1—>t2);
e fz e tl t2.
[| te + {f |=> t1—>t2} + {z |=> t1} |- e ===> 12;
P (te + {f |=> t1—>t2} + {z |=> t1}) e t2
|| ==>

P te (fix f(x) = e) (t1—>12);
te el e2 t1 t2.

[| te |— el ===> t1—>12; P te el (t1—>1t2);
te |— e2 ===> t1; P te e2 t1
P te (el QQ e2) t2
Pteet

lemma elab-elim0:
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assumes I: te |- e ===>t¢
and 2: llte ¢ t. ¢ isof t ==> P(((te,e-const(c)),t))
and 3: llte z. z:te-dom(te) ==> P(((te,e-var(z)),te-app te x))
and 4: !lte z e t1 t2.

te + {z |=> t1} |- e ===> t2 ==> P(((te,fn z => e),t1 —>12))
and 5: !te fz e t1 t2.
te + {f |=> t1—>82} + {z |=> t1} |- e ===> 12 ==>

P(((te.fiv f(z) = ),t1—>12))
and 6: llte el e2 t1 t2.
[| te |— el ===> t1—>12; te |— e2 ===> t1 || ==>
P(((te,el @QQ €2),t2))
shows P(((te,e),t))

(proof)

lemma elab-elim:
[| te |— e ===>¢;
Ilte ¢ t. ¢ isof t ==> P te (e-const c) t;
te z. x:te-dom(te) ==> P te (e-var ) (te-app te z);

e z e t1 t2.

te + {z |=>t1} |- e ===> t2 ==> P te (fnz => e) (t1—>12);
Wte fx e tl t2.

te + {f |=> t1—>t2} + {z |=> t1} |- e ===> 12 ==>

P te (fix f(z) = e) (t1—>12);
Ite el e2 t1 t2.

[| te |- el ===> t1->t2; te |— €2 ===> {1 || ==>
P te (el QQ e2) t2
) ==>
Pteet
(proof )

lemma elab-const-elim-lem:

te |— e ===>t ==> (e = e-const(c) ——> c isof t)

(proof)
lemma elab-const-elim: te |— e-const(c) ===> t ==> c isof t
(proof)
lemma elab-var-elim-lem:

te |— e ===>t ==> (e = e-var(z) ——> t=te-app te x & z:te-dom(te))
(proof)
lemma elab-var-elim: te |— e-var(ev) ===> t ==> t=te-app te ev & ev :
te-dom(te)
(proof)

lemma elab-fn-elim-lem:
te |— e ===> t ==>
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(e=fnzl =>el ——>

(2 ¢112. t=t-fun t1 t2 & te + {1 |=> t1} |- el ===> t2)
)
(proof)
lemma elab-fn-elim: te |— fnzl => el ===>t ==>
(2 t112. t=t1—>t2 & te + {zl |=> t1} |- el ===> 12)
(proof)

lemma elab-fiz-elim-lem:

te |— e ===>t ==>

(e = fix f(z) = el ——>

(28112, t=t1—>12 & te + {f |=> t1—>82} + {z |=> t1} |- el ===> 12))
(proof )
lemma elab-fiz-elim: te |— fix evl(ev2) = el ===>t ==>

(2t1t2. t=t1—>1t2 & te + {evl |=> t1—>t2} + {ev2 |=> t1} |— el ===>
t2)
(proof )
lemma elab-app-elim-lem:

te |— e ===> t2 ==>

(e=¢el QQ e2 ——> (?t1 . te |— el ===> t1—>1t2 & te |— e2 ===> t1))
(proof )
lemma elab-app-elim: te |— el QQ e2 ===> t2 ==> (7 t1 . te |— el ===>
t1—>1t2 & te |— e2 ===> t1)
(proof )

lemma mono-hasty-fun: mono(hasty-fun)

(proof)

lemma hasty-rel-const-coind: ¢ isof t ==> (v-const(c),t) : hasty-rel

{proof)

lemma hasty-rel-clos-coind:
[| te|— fnev=>e===>t
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ve-dom(ve) = te-dom(te);
evl.
evl:ve-dom(ve) ——>
(ve-app ve evl te-app te evl) : {(v-clos(<|ev,e,ve|>),t)} Un hasty-rel
(v-clos(<|ev,e,ve|>),t) : hasty-rel

(proof)

lemma hasty-rel-elim0:
[| M et cisof t ==> P((v-const(c),t));
l'te ev et ve.
[| te |— fnev=>e===>t
ve-dom(ve) = te-dom(te);
levl. evl:ve-dom(ve) ——> (ve-app ve evl te-app te evl) : hasty-rel
|| ==> P((v-clos(<|ev,e,ve|>),t));
(v,t) : hasty-rel
[| ==> P(v,t)
(proof )

lemma hasty-rel-elim:
[| (v,t) : hasty-rel;
et cisof t ==> P (v-const c) t;
Il te ev et ve.
[| te |— fnev=>e===>1t
ve-dom(ve) = te-dom(te);
levl. evl:ve-dom(ve) ——> (ve-app ve evl te-app te evl) : hasty-rel
|| ==> P (v-clos <|ev,e,ve|>) t
[[==>Puvt
(proof)

lemma hasty-const: ¢ isof t ==> v-const(c) hasty t

(proof)

lemma hasty-clos:
te |— fn ev => e ===> t & ve hastyenv te ==> v-clos(<|ev,e,ve|>) hasty t

(proof)

lemma hasty-elim-const-lem:
v hasty t ==> (le.(v = v-const(c) ——> c isof t))

(proof)

lemma hasty-elim-const: v-const(c) hasty t ==> c isof t

{proof)
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lemma hasty-elim-clos-lem:

v hasty t ==>
'z e ve.
v=v-clos(<|z,eve|>) ——> (7 te. te |— fnx => e ===> t & ve hastyenv

te)

(proof)

lemma hasty-elim-clos: v-clos(<|ev,e,ve|>) hasty t ==>
? te. te |— fnev => e ===> t & wve hastyenv te

(proof)

lemma hasty-envl: || ve hastyenv te; v hasty t || ==>
ve + {ev |[—> v} hastyenv te + {ev |=> ¢t}

(proof)

lemma consistency-const: [| ve hastyenv te ; te |— e-const(c) ===>t || ==>

v-const(c) hasty t

(proof)

lemma consistency-var:

[| ev : ve-dom(ve); ve hastyenv te ; te |— e-var(ev) ===>t || ==>

ve-app ve ev hasty t

(proof)

lemma consistency-fn: [| ve hastyenv te ; te |— fnev => e ===>t || ==>
v-clos(<| ev, e, ve |>) hasty t

(proof)

lemma consistency-fiz:
[| e = <] evi, e, ve + { ev2 |—> v-clos(cl) } |>;
ve hastyenv te ;

te |— fixr ev2 evl = e ===>1
|| ==>
v-clos(cl) hasty t
(proof)
lemma consistency-appl: [| ! ¢ te. ve hastyenv te ——> te |— el ===>t ——>

v-const(cl) hasty t;
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| t te. ve hastyenv te ——> te |— e2 ===> t ——> v-const(c2) hasty t;

ve hastyenv te ; te |— el QQ e2 ===> 1t
) ==>
v-const(c-app cl c2) hasty t
(proof)
lemma consistency-app2: [| ! t te.
ve hastyenv te ——>
te |— el ===> t ——> v-clos(<|evm, em, vem|>) hasty t;
't te. ve hastyenv te ——> te |— e2 ===> t ——> v2 hasty t;
¢ te.
vem + { evm |—> v2 } hastyenv te ——> te |- em ===>t ——> v hasty
t;
ve hastyenv te ;
te |— el QQ e2 ===> ¢
==
v hasty t
(proof)
lemma consistency: ve |— e ———> v ==>
(I t te. ve hastyenv te ——> te |— e ===>t ——> v hasty t)
(proof)

lemma basic-consistency-lem:

ve isofenv te ==> ve hastyenv te
(proof)
lemma basic-consistency:
[| ve isofenv te; ve |— e ———> v-const(c); te |— e ===>t || ==> c isof t
(proof)
end

31 Case study: Unification Algorithm

theory Unification
imports Main
begin

This is a formalization of a first-order unification algorithm. It uses the
new ”function” package to define recursive functions, which allows a better
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treatment of nested recursion.

This is basically a modernized version of a previous formalization by Konrad
Slind (see: HOL/Subst/Unify.thy), which itself builds on previous work by
Paulson and Manna & Waldinger (for details, see there).

Unlike that formalization, where the proofs of termination and some partial
correctness properties are intertwined, we can prove partial correctness and
termination separately.

31.1 Basic definitions

datatype ‘a trm =
Var 'a
| Const 'a
| App 'a trm 'a trm (infix - 60)

types
‘a subst = ('a X 'a trm) list

Applying a substitution to a variable:

fun assoc :: 'a = 'b = (‘a x 'b) list = b
where
assocx d [| = d
| assoc x d ((p,q)#t) = (if © = p then q else assoc z d 1)

Applying a substitution to a term:

fun apply-subst :: 'a trm = 'a subst = 'a trm (infixl < 60)
where
(Var v) < s = assoc v (Var v) s
| (Const c) @« s = (Const ¢)
| (M -N)<s=(M«s) - (N«s)

Composition of substitutions:

fun

compose :: 'a subst = 'a subst = 'a subst (infixl - 80)
where

- bl = bl
| ((a,b) # al) - bl = (a, b < bl) # (al - bl)

Equivalence of substitutions:

definition equ (infix =, 50)
where
sl =4 82 =Vt.tasl =t<s2

31.2 Basic lemmas

lemma apply-empty[simpl: t <[] =1
(proof)
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lemma compose-empty[simp): o - [| = o
(proof)

lemma apply-compose[simp]: t < (s1 - s2) =t < s1 < 82

(proof)

lemma equ-reflintro]: s =5 s
{proof)

lemma equ-trans(trans]: [s1 =4 $2; s2 =5 s3] = sl =5 s3
{proof)

lemma equ-sym[sym]: [s1 =, s2] = s2 =, s1

(proof)

lemma equ-intro[intro]: (At. t <o =t 99) = o =40
{proof)

lemma equ-dest[dest]: s1 =, s2 = t < s1 = ¢ < 52
{proof)

lemma compose-equ: [0 =5 0'; ) =5 V] = (0 -+ V) =5 (¢/ - V)
{proof)

lemma compose-assoc: (a - b) - ¢ =5 a - (b - c)
(proof)

31.3 Specification: Most general unifiers
definition

Unifier o t u = (t<o = u<o)

definition
MGU o t u = Unifier o t u A (V9. Unifier 9 t u
— (@7 ¥ =s0-7)

lemma MGUI[intro):
[tdo=u<o; N t<d=u<¥ = Fv. 9 =50 -17]
= MGU o tu
{proof )

lemma MGU-sym[sym]:

MGU o st = MGU o ts
(proof)

31.4 The unification algorithm

Occurs check: Proper subterm relation
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fun occ :: 'a trm = 'a trm = bool
where
occ u (Var v) = False
| occ u (Const ¢) = False
| occu (M - N)=(u=MVu=NVocuMV ocuN)

The unification algorithm:

function unify :: ‘a trm = 'a trm = 'a subst option
where
unify (Const ¢) (M - N) = None
| unify (M - N) (Const ¢) = None
| unify (Const ¢) (Var v) = Some [(v, Const c)]
| unify (M - N) (Varv) = (if (occ (Varv) (M - N))

then None

else Some [(v, M - N)])
| unify (Var v) M = (if (occ (Var v) M)

then None

else Some [(v, M)])
| unify (Const ¢) (Const d) = (if c=d then Some || else None)
| unify (M - N) (M'- N') = (case unify M M’ of
None = None |
Some 9 = (case unify (N <) (N’ <)
of None = None |
Some o = Some (9 - 0)))

{proof)

31.5 DPartial correctness

Some lemmas about occ and MGU:
lemma subst-no-occ: —occ (Var v) t = Var v # t
= t<a[(v,s)] =t

{proof)

lemma MGU-Var[intro]:
assumes no-occ: —oce (Var v) t
shows MGU [(v,t)] (Var v) t

{proof)

declare MGU-Var[symmetric, intro]

lemma MGU-Const[simp]: MGU || (Const ¢) (Const d) = (¢ = d)
(proof)

If unification terminates, then it computes most general unifiers:

lemma unify-partial-correctness:
assumes unify-dom (M, N)
assumes unify M N = Some o
shows MGU ¢ M N

(proof)
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31.6 Properties used in termination proof

The variables of a term:

fun vars-of:: 'a trm = 'a set
where
vars-of (Varv) ={ v}
| vars-of (Const ¢) = {}
| vars-of (M - N) = vars-of M U vars-of N

lemma vars-of-finite[intro): finite (vars-of t)
{proof)

Elimination of variables by a substitution:

definition
elim o v =Vt. v ¢ vars-of (t <o)

lemma elim-intro[intro]: (\t. v ¢ vars-of (t < 0)) = elim o v
{proof)

lemma elim-dest|dest]: elim o v = v ¢ vars-of (t < o)
{proof)

lemma elim-equ: 0 =5 9 = elim o © = elim ¥ z
(proof )

Replacing a variable by itself yields an identity subtitution:

lemma var-self[intro]: [(v, Var v)] =, |]

(proof)

lemma var-same: (t = Var v) = ([(v, t)] =5 [])
{(proof )

A lemma about occ and elim

lemma remove-var:
assumes [simp]: v & vars-of s
shows v ¢ wvars-of (t < [(v, 8)])
(proof)

lemma occ-elim: —oce (Var v) t
= elim [(v,t)] v V [(v,t)] =5 ]
(proof)

The result of a unification never introduces new variables:

lemma unify-vars:
assumes unify-dom (M, N)
assumes unify M N = Some o
shows vars-of (t < o) C vars-of M U vars-of N U vars-of t
(is PM N o t)
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(proof)

The result of a unification is either the identity substitution or it eliminates
a variable from one of the terms:

lemma unify-eliminates:
assumes unify-dom (M, N)
assumes unify M N = Some o
shows (Fvevars-of M U vars-of N. elim o v) V 0 = [|
(is P M N o)
(proof)

31.7 Termination proof

termination unify

(proof)

end

32 Some examples demonstrating the comm-ring
method

theory Commutative-RingFEx
imports Commutative-Ring
begin

lemma 4x(z:int) 5%y 3%z 2%8 + zx2z + 375 = 12xx " 7T*xy 8 + 2xx + 243
(proof )

lemma ((z::int) + y) "2 = 2°2 + y 2 + Z2xzxy
(proof )

lemma ((z::int) + y) "3 = z°3 + y 8 + 3*x " 2xy + Jxy 2xz
(proof)

lemma ((z::int) — y) "3
(proof)

8 + Sxrxy 2 + (—8)xyxz 2 — y"3

lemma ((z::int) — y) "2 = 2°2 + y 2 — 2xxxy
(proof)

lemma ((a:int) + b+ ¢)"2 =a"2 + b"2 + ¢"2 + 2xaxb + 2xbxc + Z2xaxc
(proof)

lemma ((a:int) — b — ¢)"2=0a"2 + b"°2 + ¢"2 — 2xaxb + 2xbxc — 2xa*c
(proof)

lemma (a::int)xb + axc = ax(b+c)

103



(proof)

lemma (a::int) "2 — b°2 = (a — b) * (a + b)
(proof)

lemma (a::int) "3 — "8 = (a — b) * (a"2 + axb + b°2)
(proof)

lemma (a:int) "3 + b°3 = (a + b) * ("2 — axb + b°2)
(proof)

lemma (a:int) "4 — b4 = (a — b) * (a + b)*(a"2 + b°2)
(proof)

lemma (a::int) "10 — 5710 = (a — b) x (a"9 + a"8%b + a"7*b"2 + a " 6xb"3 +
a"5xb"4 + a™4xb"5 + a"3%xb"6 + a"2xb"7 + axb"8 + b9 )
(proof)

end

33 Primitive Recursive Functions

theory Primrec imports Main begin

Proof adopted from

Nora Szasz, A Machine Checked Proof that Ackermann’s Function is not
Primitive Recursive, In: Huet & Plotkin, eds., Logical Environments (CUP,
1993), 317-338.

See also E. Mendelson, Introduction to Mathematical Logic. (Van Nostrand,
1964), page 250, exercise 11.

consts ack :: nat * nat => nat
recdef ack less-than <xlexx> less-than
ack (0, n) = Sucn
ack (Suc m, 0) = ack (m, 1)
ack (Suc m, Suc n) = ack (m, ack (Suc m, n))

consts list-add :: nat list => nat
primrec

list-add [ = 0

list-add (m # ms) = m + list-add ms

consts zeroHd :: nat list => nat
primrec

zeroHd [| = 0

zeroHd (m # ms) = m

The set of primitive recursive functions of type nat list = nat.

104



definition
SC :: nat list => nat where
SC 1 = Suc (zeroHd 1)

definition
CONSTANT :: nat => nat list => nat where
CONSTANT k1l =k

definition
PROJ :: nat => nat list => nat where
PROJ il = zeroHd (drop i)

definition
COMP :: (nat list => nat) => (nat list => nat) list => nat list => nat where
COMP g fs 1 = g (map (M. f1) fs)

definition
PREC :: (nat list => nat) => (nat list => nat) => nat list => nat where
PREC fgl =
(case 1 of
l=>0
| z # 1" => nat-rec (f1') Ayr. g (r#y#1)) x)
— Note that g is applied first to PREC f g y and then to y!

inductive PRIMREC :: (nat list => nat) => bool
where
SC: PRIMREC SC
| CONSTANT: PRIMREC (CONSTANT k)
| PROJ: PRIMREC (PROJ 1)
| COMP: PRIMREC g ==> VY f € set fs. PRIMREC f ==> PRIMREC (COMP

g fs)
| PREC: PRIMREC f ==> PRIMREC g ==> PRIMREC (PREC f g)

Useful special cases of evaluation

lemma SC [simp]: SC (x # 1) = Suc x
(proof)

lemma CONSTANT |[simp]: CONSTANT k1l =k
{proof)

lemma PROJ-0 [simp]: PROJ 0 (z # 1) =z
{proof)

lemma COMP-1 [simp]: COMP g [f] 1 = g [f]]
(proof)

lemma PREC-0 [simp]: PREC fg (0 # 1) = f1
(proof )
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lemma PREC-Suc [simp]: PREC fg (Sucx # 1) = g (PRECfg (x # 1) # x #
D)
{proof)

PROPERTY A 4

lemma less-ack2 [iff]: j < ack (i, j)
{proof)

PROPERTY A 5-, the single-step lemma

lemma ack-less-ack-Suc2 [iff]: ack(i, j) < ack (i, Suc j)
(proof)

PROPERTY A 5, monotonicity for <

lemma ack-less-mono2: j < k ==> ack (i, j) < ack (i, k)
{proof)

PROPERTY A 5’, monotonicity for <

lemma ack-le-mono2: j < k ==> ack (i, j) < ack (i, k)
{proof)

PROPERTY A 6

lemma ack2-le-ackl [iff]: ack (i, Suc j) < ack (Suc i, j)
(proof)

PROPERTY A 7-, the single-step lemma

lemma ack-less-ack-Sucl [iff]: ack (i, j) < ack (Suc i, j)
{proof)

PROPERTY A 4’7 Extra lemma needed for CONSTANT case, constant
functions

lemma less-ack! [iff]: i < ack (i, j)
{proof)

PROPERTY A 8

lemma ack-1 [simp]: ack (Suc 0, j) =35 + 2
{proof)

PROPERTY A 9. The unary 1 and 2 in ack is essential for the rewriting.

lemma ack-2 [simp]: ack (Suc (Suc 0),5) =2 *j + 3
(proof)

PROPERTY A 7, monotonicity for < [not clear why ack-1 is now needed
first!]

lemma ack-less-monol-auz: ack (i, k) < ack (Suc (i +i), k)
{proof)
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lemma ack-less-monol: i < j ==> ack (i, k) < ack (j, k)
{proof)

PROPERTY A 7’, monotonicity for <

lemma ack-le-monol: i < j ==> ack (i, k) < ack (j, k)
(proof)

PROPERTY A 10

lemma ack-nest-bound: ack(il, ack (i2, 7)) < ack (2 + (il + i2), j)
(proof )

PROPERTY A 11

lemma ack-add-bound: ack (i1, j) + ack (i2, j) < ack (4 + (il + i2), j)
(proof )

PROPERTY A 12. Article uses existential quantifier but the ALF proof
used k + 4. Quantified version must be nested 3k’ Vi j. ...
lemma ack-add-bound2: i < ack (k,j) ==> i+ j < ack (4 + k, j)

(proof )

Inductive definition of the PR functions

MAIN RESULT

lemma SC-case: SC'l < ack (1, list-add 1)
(proof)

lemma CONSTANT-case: CONSTANT k1 < ack (k, list-add 1)
{proof)

lemma PROJ-case [rule-format]: ¥i. PROJ il < ack (0, list-add 1)
(proof)

COMP case

lemma COMP-map-auz: ¥f € set fs. PRIMREC f A (3kf. V1. f1 < ack (kf,
list-add 1))

==> k. V. list-add (map (Mf. f1) fs) < ack (k, list-add 1)

(proof)

lemma COMP-case:
Vi gl < ack (kyg, list-add 1) ==>
Vf € set fs. PRIMREC f A (3kf. V1. fl < ack(kf, list-add 1))
==> Jk.VI. COMP g fs | < ack(k, list-add 1)

(proof)
PREC case

lemma PREC-case-aux:
VI fl+ list-add | < ack (kf, list-add 1) ==>
Vi gl + list-add | < ack (kg, list-add ) ==>
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PREC f gl + list-add | < ack (Suc (kf + kg), list-add )
(proof )

lemma PREC-case:
Vi fl < ack (kf, list-add 1) ==>
Vi. gl < ack (kg, list-add 1) ==>
3k. V1. PREC f gl < ack (k, list-add )
(proof )

lemma ack-bounds-PRIMREC: PRIMREC f ==> 3k. V1. fl < ack (k, list-add
1)

{proof)

lemma ack-not-PRIMREC: - PRIMREC (Al. case lof [| => 0 | z # ' => ack
(z, z))
(proof)

end

34 The Full Theorem of Tarski

theory Tarski imports Main FuncSet begin

Minimal version of lattice theory plus the full theorem of Tarski: The fixed-
points of a complete lattice themselves form a complete lattice.

Tllustrates first-class theories, using the Sigma representation of structures.
Tidied and converted to Isar by lcp.

record ’a potype =
pset :: 'a set
order :: ('a x 'a) set

definition
monotone :: ['a => 'a, 'a set, ('a *'a)set] => bool where

monotone f A r = (VezeA. VyeA. (z, y): r —> ((fz), (fy)) : r)

definition
least :: ['a => bool, 'a potype] => 'a where
least P po = (SOME x. z: pset po & Pz &
(Vy € pset po. Py ——> (z,y): order po))

definition
greatest :: ['a => bool, 'a potype] => 'a where
greatest P po = (SOME z. x: pset po & Pz &
(Vy € pset po. Py ——> (y,z): order po))

definition
lub :: ['a set, 'a potype] => 'a where
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lub S po = least (Yox. Yy€S. (y,x): order po) po

definition
glb :: ['a set, 'a potype] => 'a where
glb S po = greatest (%x. ¥V y€eS. (z,y): order po) po

definition
isLub :: ['a set, 'a potype, 'a] => bool where
isLub S po = (%L. (L: pset po & (Yy€eS. (y,L): order po) &
(V z€pset po. (YyeS. (y,z): order po) ——> (L,z): order po)))

definition
isGIb :: ['a set, 'a potype, 'a] => bool where
isGlb S po = (%G. (G: pset po & (VyeS. (G,y): order po) &
(Vz € pset po. (VyeS. (z,y): order po) ——> (z,G): order po)))

definition
fix  [('a=>'a), 'a set] => 'a set where

fufA ={z.2: A& foz =1z}

definition
interval :: [('ax’a) set,’a, 'a ] => 'a set where
interval r a b = {z. (a,x): 7 & (z,b): r}

definition
Bot :: 'a potype => 'a where
Bot po = least (%ox. True) po

definition
Top :: 'a potype => 'a where
Top po = greatest (%ox. True) po

definition
PartialOrder :: ('a potype) set where
PartialOrder = {P. refl (pset P) (order P) & antisym (order P) &
trans (order P)}

definition
CompleteLattice :: ('a potype) set where
CompleteLattice = {cl. cl: PartialOrder &
(VS. S Cpset el ——> (L. isLub S cl L)) &
(VS. S Copsetcl ——> (3G. isGlb S cl G))}

definition
CLF :: ('a potype * ('a => 'a)) set where
CLF = (SIGMA cl: CompleteLattice.
{f. f: pset cl —> pset cl & monotone f (pset cl) (order cl)})
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definition
induced :: ['a set, ('a * 'a) set] => ('a *'a)set where
induced A r = {(a,b). a : A & b: A & (a,b): r}

definition
sublattice :: ('a potype * 'a set)set where
sublattice =
(SIGMA cl: CompleteLattice.
{S. S C pset cl &
(| pset = S, order = induced S (order cl) |): CompleteLattice})

abbreviation
sublat :: ['a set, 'a potype] => bool (- <<= - [51,50]50) where
S <<= ¢l == S : sublattice *“ {cl}

definition

dual :: 'a potype => 'a potype where
dual po = (| pset = pset po, order = converse (order po) |)

locale (open) PO =
fixes cl :: 'a potype
and A :: a set
and r :: ('a * ‘a) set
assumes cl-po: cl : PartialOrder
defines A-def: A == pset cl
and r-def: r == order cl

locale (open) CL = PO +
assumes cl-co: cl : CompleteLattice

locale (open) CLF = CL +
fixes f :: 'a => 'a
and P :: 'a set
assumes f-cl: (cl,f): CLF
defines P-def: P == fiz f A

locale (open) Tarski = CLF +

fixes Y i 'a set
and intY! :: 'a set
and v g
assumes
Y-ss:' Y CP
defines

intY1-def: intY1 == interval r (lub Y cl) (Top cl)
and v-def: v == glb {z. (%z: intY1. fz) z, z): induced intY1 r &
z: intYl1}
(| pset=intY1, order=induced intY1 r|)
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34.1 Partial Order
lemma (in PO) PO-imp-refl: refl A r

(proof)
lemma (in PO) PO-imp-sym: antisym r
(proof )
lemma (in PO) PO-imp-trans: trans r
(proof)
lemma (in PO) reflE: © € A ==> (z,z) €1
(proof )
lemma (in PO) antisymE: [| (a, b) € r; (b, a) €1 || ==>a =1
(proof )
lemma (in PO) transE: || (a, b) € ; (b, ¢) € r|]] ==> (a,c) €1
(proof )
lemma (in PO) monotonekE:
[| monotone fAr; x € A;y € A; (z,y) €r|]==> (fz,fy) €r
(proof )

lemma (in PO) po-subset-po:
S C A==> (]| pset =8, order = induced S r |) € PartialOrder
(proof)

lemma (in PO) indE: || (z, y) € induced Sr; S C A || ==> (z,y) €r
(proof)

lemma (in PO) indl: [| (z,y) € m;z € S;y € S |] ==> (z, y) € induced S r
(proof)

lemma (in CL) CL-imp-ex-isLub: S C A ==> 3 L. isLub S ¢l L
(proof)

declare (in CL) cl-co [simp)]

lemma isLub-lub: (3 L. isLub S ¢l L) = isLub S ¢l (lub S i)
(proof)

lemma isGlb-glb: (3 G. isGlb S ¢l G) = isGlb S ¢l (glb S cl)
(proof)

lemma isGlb-dual-isLub: isGlb S ¢l = isLub S (dual cl)
(proof)

lemma isLub-dual-isGlb: isLub S ¢l = isGlb S (dual cl)
(proof)
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lemma (in PO) dualPO: dual ¢l € PartialOrder
(proof)

lemma Rdual:
VS. (S CA——>(3L. isLub S (| pset = A, order = r|) L))
==>VS5. (SCA—-——>(3G.isGlb S (| pset = A, order = r|) G))
(proof )

lemma lub-dual-glb: lub S ¢l = glb S (dual cl)
(proof)

lemma glb-dual-lub: glb S ¢l = lub S (dual cl)
(proof)

lemma CL-subset-PO: CompleteLattice C PartialOrder
(proof)

lemmas CL-imp-PO = CL-subset-PO [THEN subsetD)]

declare CL-imp-PO [THEN PO.PO-imp-refl, simp]
declare CL-imp-PO [THEN PO.PO-imp-sym, simp]
declare CL-imp-PO [THEN PO.PO-imp-trans, simp)

lemma (in CL) CO-refl: refl A r
(proof)

lemma (in CL) CO-antisym: antisym r
(proof)

lemma (in CL) CO-trans: trans r

(proof)

lemma CompleteLatticel:
[| po € PartialOrder; (VS. S C pset po ——> (I L. isLub S po L));
(VS. S C pset po ——> (3 G. isGlb S po G))|]
==> po € CompleteLattice

(proof)

lemma (in CL) CL-dualCL: dual ¢l € CompleteLattice
(proof)

lemma (in PO) dualA-iff: pset (dual cl) = pset cl
(proof)

lemma (in PO) dualr-iff: ((z, y) € (order(dual cl))) = ((y, ) € order cl)
(proof )

lemma (in PO) monotone-dual:
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monotone f (pset cl) (order cl)
==> monotone f (pset (dual cl)) (order(dual cl))

(proof )
lemma (in PO) interval-dual:
[| z € A; y € A|] ==> interval r x y = interval (order(dual cl)) y x
(proof )
lemma (in PO) interval-not-empty:
[| trans r; interval 7 a b # {} || ==> (a, b) € 1
(proof )
lemma (in PO) interval-imp-mem: x € interval r a b ==> (a, z) € T
(proof )
lemma (in PO) left-in-interval:
[| @ € A; b € A; interval r a b # {} || ==> a € interval r a b
(proof )
lemma (in PO) right-in-interval:
[l a € A;be A interval ra b # {} || ==> b € interval 7 a b

(proof)

34.2 sublattice

lemma (in PO) sublattice-imp-CL:
S <<= cl ==> (| pset = S, order = induced S r |) € CompleteLattice

(proof)

lemma (in CL) sublatticel:
[| S C A; (] pset =S, order = induced S r |) € CompleteLattice |]
==> 5 <<=cl

{(proof)

34.3 lub

lemma (in CL) lub-unique: [| S C A; isLub S cl x; isLub S ¢l L|] ==> z =L
(proof)

lemma (in CL) lub-upper: [|S C A; z € S|] ==> (z, lub Scl) € r
(proof)
lemma (in CL) lub-least:

[SCA Le A VeeS (g L)er|==>(ubSc,L)er
(proof)

lemma (in CL) lub-in-lattice: S C A ==>lub Scl € A
{proof)

lemma (in CL) lubl:
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| SCA Le A;Vz e S. (z,L) € ry

Vze A. Vye S. (yz) €r) —> (L,z) € r || ==> L =1lub S cl
(proof)
lemma (in CL) lubla: [| S C A; isLub Scl L |] ==> L = lub S ¢l
(proof)
lemma (in CL) isLub-in-lattice: isLub S ¢l L ==> L € A
(proof)

lemma (in CL) isLub-upper: [[isLub S cl Ly y € S|] ==> (y, L) € r
(proof)

lemma (in CL) isLub-least:
[| isLub S cl Ly z € A;Vy € S. (y,z) er|] ==> (L, z) €r
(proof)

lemma (in CL) isLubl:
| Le A VyeS. (y, L) er;
Vze A Vye S (y, z):r) ——> (L, z) € r)]] ==> isLub S cl L
(proof)

34.4 glb
lemma (in CL) glb-in-lattice: S C A ==> glb Scl € A
(proof)

lemma (in CL) glb-lower: [|S C A; z € S]] ==> (glb Scl,z) € r
(proof)

Reduce the sublattice property by using substructural properties; abandoned
see Tarski-4.ML.

lemma (in CLF) [simp]:
f: pset cl —> pset cl & monotone f (pset cl) (order cl)
(proof)

declare (in CLF) f-cl [simp]

lemma (in CLF) f-in-funcset: f € A —> A
{proof)

lemma (in CLF) monotone-f: monotone f A r
(proof)

lemma (in CLF) CLF-dual: (dual cl, f) € CLF
(proof)
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34.5 fixed points

lemma fiz-subset: fir fA C A
(proof )

lemma fiz-imp-eq: © € fix fA==> fr ==z
(proof)

lemma fixf-subset:
|ACB;z € fitr (Ny: A. fy) A||]==>z € fixfB
(proof)

34.6 lemmas for Tarski, lub

lemma (in CLF) lubH-le-flubH:
H={z. (z,fz)er&azec A} ==> (lub Hecl, f (lub Hcl)) €r
(proof)

lemma (in CLF) flubH-le-lubH:
| H={z.(z,fzx)er&azcA}|]==> (f (lub Hcl), lub Hcl) € r
(proof )

lemma (in CLF) lubH-is-fizp:
H={z (z,fz)er&zec Al ==>WwbHc € fizfA

(proof )

lemma (in CLF) fiz-in-H:
|H={z.(z,fz)er&kaece A}, tePl|l==>2x€H

(proof)

lemma (in CLF) fizf-le-lubH:
H={z. (z,fz)er&asec A} ==>VaoecfirfA (x,lubHcl)cr
(proof)

lemma (in CLF) lubH-least-fizf:

H={z. (z,fz) e r &z e A}

==>VL VyefirfA (yL)er) —> (luwbHcl, L) er
(proof)

34.7 Tarski fixpoint theorem 1, first part
lemma (in CLF) T-thm-1-lub: lub P ¢l = lub {z. (z, fz) € r & = € A} cl
(proof)

lemma (in CLF) glbH-is-fizp: H = {z. (fz,z) € r& x € A} ==> glb Hcl € P
— Tarski for glb
(proof)

lemma (in CLF) T-thm-1-glb: glb P cl = glb {z. (fz,z) € r & © € A} ¢l
(proof)
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34.8 interval

lemma (in CLF) rel-imp-elem: (z, y) e r ==>z € A

(proof)

lemma (in CLF) interval-subset: [| a € A; b € A || ==> interval ra b C A

(proof)

lemma (in CLF) intervall:
[| (a,z) €r;(z,b)er|]==>uz € interval T a b

(proof)

lemma (in CLF) interval-lemmal:
[| S Cintervalr a b;z € S|] ==> (a,z) € r

{(proof)

lemma (in CLF) interval-lemma2:
[| S Cintervalrab;z € S || ==>(z,b) €r

(proof)

lemma (in CLF) a-less-lub:
(|8 C A8 #{}
Ve el (a,x) er;Vye S. (y, L) er || ==>(a,L) €r
(proof )

lemma (in CLF) glb-less-b:
[1S< A8 #{k

Ve eSS (z,b)er;VyeS. (G, y) er|]==>(Gb)er
(proof)
lemma (in CLF) S-intv-cl:
[[a€ A; b€ A; S Cinterval ra b |]l==> S C A
(proof)

lemma (in CLF) L-in-interval:
[| @ € A; b € A; S C interval v a b;
S # {}; isLub S ¢l L; interval r a b # {} || ==> L € interval r a b
(proof)

lemma (in CLF) G-in-interval:
[| @ € A; b € A; interval r a b # {}; S C interval r a b; isGlb S cl G,
S#{} || ==> G € interval ra b
(proof )

lemma (in CLF) intervalPO:
[| a € 4; b € A; interval ra b # {} |]
==> (| pset = interval r a b, order = induced (interval v a b) r |)
€ PartialOrder

(proof)
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lemma (in CLF) intv-CL-lub:
[| a € A; b € A; interval r a b # {} |]
==>VS. S5 Cinterval ra b ——>
(3 L. isLub S (| pset = interval r a b,
order = induced (interval r a b) v |) L)

(proof)
lemmas (in CLF) intv-CL-glb = intv-CL-lub [THEN Rdual)

lemma (in CLF) interval-is-sublattice:
[| @ € A; b € A; interval r a b # {} |]
==> interval r a b <<= cl

(proof)
lemmas (in CLF) interv-is-compl-latt =
interval-is-sublattice [THEN sublattice-imp-CL]

34.9 Top and Bottom

lemma (in CLF) Top-dual-Bot: Top cl = Bot (dual cl)
(proof)

lemma (in CLF) Bot-dual-Top: Bot ¢l = Top (dual cl)
(proof)

lemma (in CLF') Bot-in-lattice: Bot ¢l € A
(proof)

lemma (in CLF) Top-in-lattice: Top cl € A
(proof)

lemma (in CLF) Top-prop: v € A ==> (z, Top cl) € r
(proof)

lemma (in CLF) Bot-prop: x € A ==> (Bot cl, ) € r
(proof)

lemma (in CLF) Top-intv-not-empty: x € A ==> interval r x (Top cl) # {}
(proof)

lemma (in CLF) Bot-intv-not-empty: x € A ==> interval v (Bot cl) z # {}
(proof)

34.10 fixed points form a partial order

lemma (in CLF) fizf-po: (| pset = P, order = induced P r|) € PartialOrder
(proof)

lemma (in Tarski) Y-subset-A: Y C A
(proof)
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lemma (in Tarski) lubY-in-A: lub Y cl € A
{proof)

lemma (in Tarski) lubY-le-flubY: (lub Y cl, f (lub Y cl)) € r
(proof)

lemma (in Tarski) intY1-subset: intY1 C A

(proof)
lemmas (in Tarski) intY1-elem = intY1-subset [THEN subsetD)]

lemma (in Tarski) intY1-f-closed: x € intYl = fz € intY1
(proof)

lemma (in Tarski) intY1-func: (%ox: intY1. fz) € intY1 —> intY1
(proof)

lemma (in Tarski) intY1-mono:
monotone (%ox: intY1. fz) intY1 (induced intY1 r)
(proof)

lemma (in Tarski) intY1-is-cl:
(| pset = intY1, order = induced intY1 r |) € CompleteLattice
(proof)

lemma (in Tarski) v-in-P: v € P

(proof)
lemma (in Tarski) z-in-interval:

[| z € P;VYyeY. (y, z) € induced P r || ==> z € intY1
(proof)

lemma (in Tarski) f’z-in-int-rel: [| z € P;VyeY. (y, z) € induced P r ||
==> ((%x: ntY1. fz) 2, 2) € induced intY1 r
(proof)

lemma (in Tarski) tarski-full-lemma:
L. isLub Y (| pset = P, order = induced P r |) L

(proof)

lemma CompleteLatticel-simp:
[| (| pset = A, order = r |) € PartialOrder;
VS. S CA——> (3L isLub S (| pset = A, order =1 |) L) |]
==> (| pset = A, order = r |) € CompleteLattice
(proof )

theorem (in CLF) Tarski-full:
(| pset = P, order = induced P r|) € CompleteLattice
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(proof)

end

35 Implementation of carry chain incrementor and
adder

theory Adder imports Main Word begin

lemma [simp]: bv-to-nat [b] = bitval b
{proof)

lemma bv-to-nat-helper’:
bv # [| ==> buv-to-nat bv = bitval (hd bv) x 2 ~ (length bv — 1) + bu-to-nat
(tl bv)
(proof)

definition
half-adder :: [bit, bit] => bit list where
half-adder a b = [a bitand b, a bitzor b]

lemma half-adder-correct: buv-to-nat (half-adder a b) = bitval a + bitval b
{proof)

lemma [simp]: length (half-adder a b) = 2
(proof)

definition
full-adder :: [bit, bit, bit] => bit list where
full-adder a b ¢ =
(let x = a bitzor b in [a bitand b bitor ¢ bitand x, x bitzor c])

lemma full-adder-correct:
bu-to-nat (full-adder a b ¢) = bitval a + bitval b + bitval ¢

(proof)

lemma [simp]: length (full-adder a b ¢) = 2
(proof )

35.1 Carry chain incrementor

consts

carry-chain-inc :: [bit list, bit] => bit list
primrec

carry-chain-inc ] ¢ = [c]

carry-chain-inc (a#tas) ¢ =
(let chain = carry-chain-inc as ¢
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in half-adder a (hd chain) Q tl chain)

lemma cci-nonnull: carry-chain-inc as ¢ # ||
{proof)

lemma cci-length [simp]: length (carry-chain-inc as ¢) = length as + 1
(proof)

lemma cci-correct: bv-to-nat (carry-chain-inc as c¢) = bv-to-nat as + bitval c
{proof)

consts
carry-chain-adder :: [bit list, bit list, bit] => bit list
primrec
carry-chain-adder [] bs ¢ = [¢]
carry-chain-adder (a # as) bs ¢ =
(let chain = carry-chain-adder as (tl bs) ¢

in full-adder a (hd bs) (hd chain) @ tl chain)

lemma cca-nonnull: carry-chain-adder as bs ¢ # []
(proof)

lemma cca-length: length as = length bs —
length (carry-chain-adder as bs ¢) = Suc (length bs)

{proof)

theorem cca-correct:
length as = length bs —>
bu-to-nat (carry-chain-adder as bs ¢) =
bv-to-nat as + bv-to-nat bs + bitval ¢

(proof)

end

36 Classical Predicate Calculus Problems

theory Classical imports Main begin

36.1 Traditional Classical Reasoner

The machine ”griffon” mentioned below is a 2.5GHz Power Mac G5.

Taken from FOL/Classical.thy. When porting examples from first-order
logic, beware of the precedence of = versus <.

lemma (P ——> Q | R) —> (P——>Q) | (P——>R)
(proof)

If and only if
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lemma (P=Q) = (Q = (P::bool))
(proof)

lemma ~ (P = (~P))
(proof )

Sample problems from F. J. Pelletier, Seventy-Five Problems for Testing
Automatic Theorem Provers, J. Automated Reasoning 2 (1986), 191-216.
Errata, JAR 4 (1988), 236-236.

The hardest problems — judging by experience with several theorem provers,
including matrix ones — are 34 and 43.

36.1.1 Pelletier’s examples

1

lemma (P——>Q) = (Y@ ——> ~P)
(proof)

2

lemma (™~ P) = P

(proof)

3

lemma ~(P——>@Q) ——> (Q——>P)
(proof)

4

lemma (YP——>@Q) = ("Q ——> P)
(proof )

5

lemma ((P|Q)——>(P|R)) ——> (P|(Q——>R))
(proof)

6

lemma P |~ P

(proof)
7

lemma P |~~~ P

(proof)

8. Peirce’s law

lemma (P——>@Q) ——> P) ——> P
(proof )
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9

lemma ((P|Q) & ("P|Q) & (P|~Q)) ——> "~ ("P [~Q)

(proof)

10

lemma (Q——>R) & (R——>P&Q) & (P——>Q|R) ——> (P=Q)
(proof)

11. Proved in each direction (incorrectly, says Pelletier!!)

lemma P=(P::bool)
(proof)

12. ”Dijkstra’s law”

lemma ((P = Q) = R) = (P = (@ = R))
(proof)

13. Distributive law

lemma (P | (Q & R)) = (P | Q) & (P | R))
(proof)

14

lemma (P = Q) = ((Q | ~P) & (T Q|P))
(proof)

15

lemma (P ——> Q) = (P | Q)
(proof)

16

lemma (P——>Q) | (Q——>P)
(proof)

17

lemma ((P & (Q——>R))——>5) = (("P | Q[S5) & ("P|~R|Y))
(proof)

36.1.2 Classical Logic: examples with quantifiers

lemma (Vz. P(z) & Q(z)) = (V. P(z)) & (Vz. Q(x)))

(proof)

lemma (3z. P——>Q(z)) = (P ——> (z. Q(x)))
{(proof)

lemma (3z. P(z)——>Q) = (Vz. P(z)) ——> Q)
(proof)

122



lemma ((Vz. P(z)) | Q) = (Vz. P(z) | Q)
(proof)

From Wishnu Prasetya

lemma (Vs. ¢(s) ——> r(s)) & ~r(s) & (Vs. ~r(s) & ~q(s) ——> p(t) | ¢(1))
—=>p(t) | r(t)
(proof)

36.1.3 Problems requiring quantifier duplication

Theorem B of Peter Andrews, Theorem Proving via General Matings, JACM
28 (1981).

lemma (3z. Vy. P(z) = P(y)) —> ((3z. P(z)) = Vy. P(y)))
(proof)

Needs multiple instantiation of the quantifier.

1<emr;t1§1 (Vz. P(x)==>P(f(x))) & P(d)——>P(f(f(f(d))))
proo,

Needs double instantiation of the quantifier
lemma Jz. P(z) ——> P(a) & P(b)
(proof)

lemma 3z. P(z) ——> (Vz. P(z))
(proof)

lemma Jz. (y. P(y)) ——> P(x)
(proof)

36.1.4 Hard examples with quantifiers

Problem 18

lemma Jy. Va. P(y)——>P(x)
(proof)

Problem 19

lemma Jz. Vy z. (P(y)——>Q(2)) ——> (P(z)——>Q(z))
(proof)

Problem 20

lemma (Vz y. 3z. Vw. (P(2)&Q(y)——>R(2)&S(w)))
< —;>> Bz y. Plz) & Qy)) ——> Bz R(2))
proo,

Problem 21
lemma (3z. P——>Q(z)) & 3z. Q(z)——>P) ——> (Jz. P=Q(z))
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(proof)

Problem 22

lemma (Vz. P = Q(z)) ——> (P = (Vz. Q(x)))
(proof)

Problem 23

lemma (Vz. P | Q(z)) = (P | (Vz. Q(x)))
(proof)

Problem 24

lemma ~(Jz. S(2)&Q(z)) & (Vz. P(z) ——> Q(x)|R(x)) &
("(Fz. P(z)) ——> (Fz. Q(2))) & (V. Q(2)|R(z) ——> 5(z))
——> (Fz. P(z)&R(z))

(proof )

Problem 25

lemma (3z. P(z)) &
(Vz. L(z) ——> ~ (M(z) & R(z))) &

(Vz. P(x) ——> (M(z) & L(x))) &
(Vz. P(z)——>Q(z)) | (Fz. P(z)&R(z)))
——> (Fz. Q(2)&P(x)
(proof)
Problem 26
lemma ((3z. p(z)) = 3z. ¢(x))) &
(Vz. Vy. p(z) & q(y) ——> (r(z) = s(y)))
——> ((Va. p(z)——>r(z)) = (Vz. q(z)——>5(z)))

(proof)
Problem 27

lemma (3z. P(z) & ~“Q(x)) &
(Vz. P(z) ——> R(2)) &
(V. M(z) & L(z) ——> P(z)) &
(Fz. R(z) &~ Q(z)) ——> (Vz. L(z) ——> ~ R(x)))
——> (Vz. M(z) ——> ~L(z))
(proof)

Problem 28. AMENDED

lemma (Vz. P(z) ——> (Vz. Q(2))) &
(Va. Q(z)|R(z)) ——> Bz. Q(2)&S(2))) &
(Fz. S(z)) ——> (Vz. L(z) ——> M(x)))
——> (Vz. P(z) & L(z) ——> M (z))
(proof )

Problem 29. Essentially the same as Principia Mathematica *11.71
lemma (3z. F(z)) & (3y. G(y))

124



——> (((Va. F(z)-—>H(z)) & (Vy. G(y)——>J(y)))
(oroof) (Vzy. Fz) & Gly) —> H(z) & J(y)))
proo,

Problem 30
lemma (Vz. P(z) | Q(z) ——> ~ R(z)) &
(Vz. (Q(z) ——> ~ S(x)) ——> P(z) & R(z))
——> (Vz. S(x))
(proof)

Problem 31
lemma ~(Jz. P(z) & (Q(z) | R(z))) &
(Fz. L(z) & P(2)) &
(Vz. ™~ R(z) ——> M(z))
——> (Fz. L(z) & M(z))
(proof )

Problem 32

lemma (Vz. P(z) & (Q(z)|R(z))——>5(z)) &
(Vz. S(z) & R(z) ——> L(z)) &
(Vz. M(z) ——> R(z))
——> (Vz. P(z) & M(z) ——> L(z))
(proof)

Problem 33

lemma (Vz. P(a) & (
(Vz. (“P(a) | P(z
(proof)

Problem 34 AMENDED (TWICE!)

Andrews’s challenge

(proof)

Problem 35
lemma 3z y. Pzy ——> (Vuv. Puw)

(proof)

Problem 36

lemma (Vz. 3y. Jzy) &
(Vz. Jy. Gz y) &
Vezy. Jey| Gazy ——>
Vz. Jyz| Gyz——> Huzxz))
——> (Vz.3y. Hz y)
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(proof)

Problem 37

lemma (Vz. Jw. Vz. Jy.
(Prz—>Pyw)& Pyz& (Pyw —> Bu. Quw))) &
Vzz."(Pzz)——> Fy. Quz2)) &
(3zy. Qry) ——> (V2. Rz x))
——> (Vz.Jy. Rz y)
(proof)

Problem 38

lemma (Vz. p(a) & (p(z) ——> Fy. p(y) & rzy)) ——>
Fz. Jw. p)&rzw & rwz) =
Vz. (“p(a) | p(x) | Bz. FJw. p(z) & rzw & rwz)) &

(“p(a) | ~(3y. p(y) & ray) |
Fz. Jw. p(z) & rzw & rw=z)))
(proof)

Problem 39

lemma ~ (3z.Vy. Fyz = (~ Fyy))
(proof)

Problem 40. AMENDED

lemma (3y.Vz. Fezy = Fuzuz)
——> Y (Vz.Jy. V2. Fzy = (" F z 1))
(proof)

Problem 41

lemma (Vz. 3y. Vz. fey = (fzz& ™ fzx))
——>"~ (z.Vz. fz 2)
(proof)

Problem 42

lemma ~ (Jy.Ve.pazy= (" 3Fz.pzz & pzx)))
(proof)

Problem 43!!

lemma (Vz::'a. Vy:'a. ey = (Vz. p 22 = (p 2z y::bool)))
——> (V2. Vy. gz y = (q y z::bool)))
(proof )

Problem 44

lemma (Vz. f(z) ——>
Gy g(y) &hry& By g(y) &~ hzy)) &
3z j(z) & (Vy. g(y) —> hzy))
——> (3z. j(z) & ~f(z))

(proof)
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Problem 45
lemma (Vz. f(z) & (Vy. g(y) & hzy ——> jzy)
——> (Vy. g(y) & hzy ——> k(y)) &
~ By Uy) & k(y) &
Gz f(z) & (Vy. hey ——> U(y))
& (Vy. g(y) & haey ——>juzy))
——> (Fz. f(z) &~ Ty 9(y) & hzy))
(proof)

36.1.5 Problems (mainly) involving equality or functions

Problem 48

lemma (a=b | c=d) & (a=c | b=d) ——> a=d | b=c
(proof)

Problem 49 NOT PROVED AUTOMATICALLY. Hard because it involves
substitution for Vars the type constraint ensures that x,y,z have the same
type as a,b,u.
lemma (3z y::'a. Vz. z2=2 | z=y) & P(a) & P(b) & (Ya=b)

——> (Vu:'a. P(u))
(proof)

Problem 50. (What has this to do with equality?)

lemma (Vz. Paz | (Vy. Pzy)) ——> (3z.Vy. P y)
(proof)

Problem 51

lemma (3zw.Vzy. Prxy = (z=2 & y=w)) ——>
(3z. Vz. Jw. Vy. Pz y = (y=w)) = (z=2))

(proof)

Problem 52. Almost the same as 51.

lemma (3zw.Vzy. Pxy= (z=2 & y=w)) ——>
Fw.Vy. 3z. Vz. Pz y = (z=2)) = (y=w))
(proof)

Problem 55

Non-equational version, from Manthey and Bry, CADE-9 (Springer, 1988).
fast DISCOVERS who killed Agatha.

lemma lives(agatha) & lives(butler) & lives(charles) &
(killed agatha agatha | killed butler agatha | killed charles agatha) &
(Vz y. killed z y ——> hates x y & ~richer z y) &
(Vz. hates agatha x ——> ~hates charles ©) &
(hates agatha agatha & hates agatha charles) &
(V. lives(x) & ~richer x agatha ——> hates butler z) &
(Vz. hates agatha ¥ ——> hates butler z) &
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(V. ~hates x agatha | ~hates z butler | ~hates x charles) ——>

killed ?who agatha
(proof)

Problem 56

lemm (Va. 3y. P(y) & a=f(y)) ——> P(x)) = (Va. P(z) ——> P(f(2)))
PToo.

Problem 57
lemma P (fabd) (fbe)& P (fbe) (fac) &

Vzyz. Pry& Pyz——>Pxzz) ——> P (fabd)(fac)
(proof)

Problem 58 NOT PROVED AUTOMATICALLY

lemma (Yzy. f(2)=g(y)) ——> (Vo y. [(f(2))=f(9(y)))
(proof)

Problem 59

lemma (Vz. P(z) = (YP(f(x)))) ——> (J=z. P(z) & ~P(f(z)))
(proof)

Problem 60

lemmaVz. Pz (fz)=3y. V2. Pzy ——> Pz (fz)) & Pzy)
(proof)

Problem 62 as corrected in JAR 18 (1997), page 135

lemma (Vz.pa & (pz —> p(fz)) —> p(f(fz))) =
(Vo. (Y palpax|p(f(fr)) &
(~pal|™~p(fz)|p(f(fz)))

{proof)

From Davis, Obvious Logical Inferences, IJCAI-81, 530-531 fast indeed

copes!

lemma (Vz. F(z) & ~G(z) —
(Fz. K(z) & (96) & (Vy ( y) ——> K(y))
Vz. K(z) — ~G(z) ——> (Fz. K(z) &

{proof)

From Rudnicki, Obvious Inferences, JAR 3 (1987), 383-393. It does seem
obvious!

lemma (Vz. F(z) & “G(z) ——> (Jy. H(z,y) & J(y))) &
(Qz. K(z) & (x) & (Vy. H(zy) ——> K(y))) &
Vz. K(z) ——> ~G(z)) ——> ((Fz. K(z) ——> ~G(z))

(proof)

Attributed to Lewis Carroll by S. G. Pulman. The first or last assumption
can be deleted.
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lemma (Y z. honest(z) & industrious(z) ——> healthy(z)) &
~ (Fz. grocer(z) & healthy(z)) &
(Vz. industrious(z) & grocer(xz) ——> honest(z)) &
(V. cyclist(z) ——> industrious(z)) &
(Vz. ~healthy(z) & cyclist(z) ——> ~honest(zx))
——> (V. grocer(x) ——> ~cyclist(z))

(proof )
lemma (Vz y. R(z,y) | R(y,z)) &
(Vay. S(z.y) & S(yx) ——> z=y) &
< f(>w y- B(z,y) —=> S(z,y))  ——> (Vay. S(zy) ——> R(z,y))
proo

36.2 Model Elimination Prover

Trying out meson with arguments
lemmaz <y &y <z ——>" (z < (z:nat))
(proof)

The ”small example” from Bezem, Hendriks and de Nivelle, Automatic Proof
Construction in Type Theory Using Resolution, JAR 29: 3-4 (2002), pages
253-275

lemma (Vz y z. R(z,y) & R(y,z) ——> R(z,2)) &
(Vz. Jy. R(z,y)) ——>
~ (Vz. Pz = (Vy. R(z,y) ——> "~ Py))
(proof)

36.2.1 Pelletier’s examples

1

lemma (P ——> Q) = ("Q ——> ~P)
(proof )

2

lemma (™~ P)= P

(proof )

3

lemma ~(P——>@Q) —> (Q——>P)
(proof )

4

lemma (YP——>@Q) = (“Q ——> P)
(proof )

5

lemma ((P|Q)——>(P|R)) ——> (P|(Q——>R))
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(proof)
6

lemma P |~ P

(proof)
7

lemma P |~~~ P

(proof)

8. Peirce’s law

lemma (P——>@Q) ——> P) ——> P

(proof)

9

lemma ((P|Q) & (VP|Q) & (P|~Q)) ——> "~ (VP [~Q)
(proof)

10

lemma (Q——>R) & (R——>P&Q) & (P——>Q|R) ——> (P=Q)
(proof)

11. Proved in each direction (incorrectly, says Pelletier!!)
lemma P=(P::bool)

(proof)

12. ”Dijkstra’s law”

lemma (P = Q) =R) = (P =(Q=R))

(proof)

13. Distributive law

lemma (P | (Q & R)) = (P | Q) & (P | R))

(proof)

14

lemma (P = Q) = ((Q | “P) & (¥Q[P))
(proof)

15

lemma (P ——> Q) = (P | Q)

(proof)

16

lemma (P——>@Q) | (Q——>P)

(proof)

17

lemma ((P & (Q——>R))——>5) = ("P|Q[S5) & ("P|~R|YS))
(proof)
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36.2.2 Classical Logic: examples with quantifiers
lemma (Vz. Pz & Qz) = ((Vz. Pz) & (Vz. Q x))
(proof)

lemma (3z. P ——> Qz) = (P ——> (3z. Qx))
(proof)

lemma (3z. Pz ——> Q) = ((Vz. Pz) ——> Q)
(proof)

lemma ((Vz. Pz) | Q) = (Vz. Pz | Q)
(proof)

lemma (Vz. Pz ——> P(fz)) & Pd ——> P(f(f(fd)))
(proof)

Needs double instantiation of EXISTS
lemma 3z. Pz —> Pa & Pb
(proof )

lemma 3z2. Pz ——> (Vz. P z)

(proof)

From a paper by Claire Quigley

lemma Jy. (Pc& Qy)| 32z~ Q2) | 3z.~ Pz & Qd)
(proof)

36.2.3 Hard examples with quantifiers

Problem 18

lemma Jy. V2. Py ——> Pz
(proof )

Problem 19

lemma 3z.Vyz. (Py ——> Qz2) —> (Pz ——> Q x)
(proof)

Problem 20

lemma (Vzy. 32z.Vw. (P2 & Qy —> Rz & Sw))
——> 3zy. Pz & Qy) ——> (3z. R 2)
(proof)

Problem 21

lemma (3z. P ——> Q) & (3z. Q2 ——> P) ——> (Jz. P=Q x)
(proof)

Problem 22
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lemma (Vz. P = Qz) —> (P = (Vz. Q x))
{proof)

Problem 23

lemma (Vz. P | Qz) = (P| (Vz. Q1))
(proof)

Problem 24

lemma ~(3z. Sz & Qz) & (Vz. Pz —> Qz | Rz) &
(“Hz. Pz) ——> (Jz. Qz)) & Vz. Qz | Rz —> S x)
——> (Jz. Pz & R 1)

(proof )

Problem 25

lemma (3z. Pz) &
Ve. Lz ——>"~(Mz & Rz)) &
Vz. Pz ——> (Mz & Lz)) &
(Vz. Pz ——> Qz) | (3z. Pz & R 1))
——> (Jz. Qz & Px)

(proof)

Problem 26; has 24 Horn clauses

lemma ((3z. pz) = (Fz. q2)) &
Ve Vy.pz & qy ——> (rz=sy))
——> (Vz.px ——>rz)= V. gz ——> s x))

(proof)

Problem 27; has 13 Horn clauses

lemma (3z. Pz & ~Q z) &
(Vz. Pz —> Rz) &
Ve. Mo & Lz —> Pzx) &
(3z. Rz &~ Qz) ——> (Va. Lz —> "~ R 1))
——> VNVz. Mx —> ~L 1)
(proof)

Problem 28. AMENDED; has 14 Horn clauses

lemma (Vz. Pz —> (Vz. Qz)) &
(Vz. Qz | Rz) ——> (Fz. Qz & S2)) &
(Bz. Sz) ——> (Va. Lz ——> M z))
——> Vz. Pz & Lz —> Mux)

(proof)
Problem 29. Essentially the same as Principia Mathematica *11.71. 62 Horn
clauses

lemma (3z. Fz) & (3y. Gy)
——>((Vz. Fx —> Hz) & Vy. Gy —> Jy)) =
Vey. Fr & Gy ——> Hz & Jy))

132



(proof)

Problem 30

lemma (Vz. Pz | Qz —>"~Rz) & (Vz. (Qz —> "~ Sz) ——> Pz & R z)
——> (Vz. Sz)

(proof)

Problem 31; has 10 Horn clauses; first negative clauses is useless

lemma ~(3z. Pz & (Qz | Rx)) &
(Jz. Lz & Pz) &
Vz.~” Rz —> M 1)
——> (Jz. Lz & M 1)
(proof)

Problem 32

lemma (Vz. Pz & (Qz | Rz)——>Sz) &
Vz. Sz & Rz —> Lz) &
Vz. Mx ——> R x)
——> Vz. Pz & Mx ——> L x)

(proof)

Problem 33; has 55 Horn clauses

lemma (Vz. Pa & (Px —> P b)——>Pc¢) =
(Vz. “"Pa|Pz|Pc)& (“Pa|~Pb| Pc)

{(proof)

Problem 34: Andrews’s challenge has 924 Horn clauses
lemma ((3z.Vy.pz=py) = (Ez. qz)=Vy.py)) =

(Fz.Vy. gz =qy) = (Fz. pz)=(Vy. ¢ y)))
(proof)

Problem 35
lemma 3zy. Pry ——> (Vuv. Puv)

(proof)

Problem 36; has 15 Horn clauses

lemma (Vz.3y. Jzy) & (Vz. Jy. Gz y) &
Vey. Jey|Gaey ——> Vz. Jyz | Gyz ——> Hzx 2))
——> (Vz.Jy. Hz y)

(proof)

Problem 37; has 10 Horn clauses

lemma (Vz. Jw. Vz. Jy.
(Prz—>Pyw)& Pyz& (Pyw ——> (Fu. Quuw))) &
Vzz."Pzz——>(3y. Quz)) &
(Bzy. Qzy) —> V2. Rz x))
——> (Vz.Jy. Rz y)
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(proof)
Problem 38

Quite hard: 422 Horn clauses!!

lemma (Vz.pa & (pz ——> Fy.py &rzy)) ——>
Fz. Jwpz&rzw&rwz)) =
Vz. "palpz| 3z Jwpz&rzw&rwz))&

(“pal~By.py&ray)l
Fz.dw.pz&rzw&rwz)))

(proof)

Problem 39

lemma ~ (3z.Vy. Fyz = (T“Fyy))
(proof)

Problem 40. AMENDED

lemma (3y. Vz. Fey = Faxux)
——> ~ (Vz.3y.Vz. Fzy = ("F z 1))

(proof)

Problem 41

lemma (Vz. 3y. Vz. fzy=(fzz &~ fzx)))
——>"~ (3z.Vz. fz2)

(proof )

Problem 42

lemma ~ (Jy.Ve.pzy=(~ 3z.prz & pzx)))
(proof)

Problem 43 NOW PROVED AUTOMATICALLY!!

lemma (Vz.Vy. qzy = Vz. pza = (pzy:bool)))
——> Vz. Vy. gz y = (qy z::bool)))
(proof )

Problem 44: 13 Horn clauses; 7-step proof

lemma (Vz. fz ——> Jy. gy & hzy & Fy. gy &~ hzy))) &
Fz.jz& Vy. gy ——> hzy))
——> (Fz. jx & ~fx)

(proof)

Problem 45; has 27 Horn clauses; 54-step proof

lemma (Vz. fz & Vy. gy & hrxy ——> jzy)
——> Vy.gy& hzy ——>ky) &
M3y ly&ky) &
Fz. fo & Vy. hoy ——>1y)
& (Vy.gy&hzy ——>jzy))
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——> (Elx.f:I:&N (Hy-gy&hl’y))
(proof)

Problem 46; has 26 Horn clauses; 21-step proof

lemma (Vz. fz & Vy. fy & hyz ——>gy) ——>gz) &
(Bz. fz &~gz) ——>
Fz. fr &gz & (Vy. fy& gy —>jzy)) &
Vezy. fz&fy&hazy ——> “jyuz)
——> Vz. fo ——> g x)

(proof)

Problem 47. Schubert’s Steamroller. 26 clauses; 63 Horn clauses. 87094
inferences so far. Searching to depth 36

lemma (Vz. wolf t — animal z) & (Fz. wolf z) &
V. for v — animal z) & (Jz. forz) &
V. bird t — animal z) & (3z. bird z) &
Vz. caterpillar z — animal z) & (Fz. caterpillar z) &
V. snail t — animal ) & (z. snail ) &
V. grain © — plant ) & (Fz. grain =) &
Vz. animal r —

((Vy. plant y — eats zy) V

(Vy. animal y & smaller-than y © &

(Fz. plant z & eats y z) — eats z y))) &

(Vzy. bird y & (snail x V caterpillar x) — smaller-than = y) &
(Vzy. bird x & fox y — smaller-than z y) &
(Vzy. for x & wolf y — smaller-than z y) &
(Vzy. wolf x & (fox y V grain y) — ~eats v y) &
(
(
(Ve

Py

Vi y. bird x & caterpillar y — eats z y) &
Vzy. birdz & snail y — “eats x y) &
. (caterpillar x Vv snail x) — (Jy. plant y & eats = y))
— (Fz y. animal z & animal y & (2. grain z & eals y z & eats  y))

(proof)

The Los problem. Circulated by John Harrison

lemma (Vzyz. Pxy& Pyz ——> Pz2) &
Vzyz Qry& Qyuz—>Qzz)&
Vzy. Pxy —>Pyuz)&
(Vey. Pzy| Quzy)
——> Vzy. Pzy)| (Vzy Qury)
(proof)

A similar example, suggested by Johannes Schumann and credited to Pel-
letier

lemma (Vzyz. Pxy ——>Pyz——>Puzz) ——>
NVzyz. Qry ——> Quz—> Quxz) ——>
(Vey Qry ——>Qyuz) ——> (Vzy. Pay| Quy) ——>
(Vzy Pry)| (Vzy Qzy)

(proof)
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Problem 50. What has this to do with equality?

lemma (Vz. Paz | (Vy. Pzy)) ——> (3z.Vy. Pz y)
(proof)

Problem 54: NOT PROVED
lemma (Vy:'a. 32. V. Fz z = (z=y)) ——>

Y (Bw.Ve. Frw=VMu Fzu——>3y. Fyu& ™~ 3z. Fzu & F zy))))
(proof)

Problem 55

Non-equational version, from Manthey and Bry, CADE-9 (Springer, 1988).
meson cannot report who killed Agatha.

lemma lives agatha & lives butler & lives charles &

killed agatha agatha | killed butler agatha | killed charles agatha) &

Vzy. killed x y ——> hates v y & ~richer z y) &

V. hates agatha © ——> ~hates charles ©) &

hates agatha agatha & hates agatha charles) &

V. lives x & ~richer x agatha ——> hates butler z) &

Y z. hates agatha © ——> hates butler z) &

Y z. ~hates © agatha | ~hates z butler | ~hates x charles) ——>

Jz

(
(
(
(
(
(
(
(3 z. killed z agatha)
(proof)

Problem 57

lemma P (fabd) (fbe)& P (fbe) (fac) &

Vzyz. Pxy& Pyz—>Pzxz2) ——> P (fabd)(fac)
(proof)
Problem 58: Challenge found on info-hol

lemmaVP QRz Jvw. Vyz. Pz & Qy —> (Pv| Rw) & (Rz——> Qo)
(proof )

Problem 59

lemma (Vz. Pz = (YP(fz))) ——> (3z. Pz & ~P(f z))
(proof )

Problem 60

lemma Vz. Pz (fz) = 3y. V2. Pzy —> Pz (fz)) & Pz y)
(proof)

Problem 62 as corrected in JAR 18 (1997), page 135

lemma (Vz.pa& (pz —> p(fz)) —> p(f(f2) =
Vz. (“palpz|p(f(fr)) &
(“pal|~p(fz) ] p(f(fz))))
(proof)

* Charles Morgan’s problems *
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lemma
assumes a: Vzy. T(iz(iyx))

and :Vzyz TG iz (iyz) (i (izy) (iz2))
and c:Vzy. T3 (i (nz) (ny)) (iyx))
and ¢ Vzy. TG (iyz) (i (nz)(ny)))
and d:Vzy. T(izy) & Tz ——>Ty

shows True

(proof)

Problem 71, as found in TPTP (SYN007+1.005)

l<emr;1§l pl = (p2 = (p3 = (p4 = (p5 = (p1 = (p2 = (p3 = (p4 = p9))))))))
PToo,

end

37 Set Theory examples: Cantor’s Theorem, Schroder-
Bernstein Theorem, etc.

theory set imports Main begin

These two are cited in Benzmueller and Kohlhase’s system description of
LEO, CADE-15, 1998 (pages 139-143) as theorems LEO could not prove.
lemma (X =Y UZ) =
(YCXANZCXANNV.YCVAZCV —XCV))
{proof )

lemma (X =Y NZ)=
(XCYANXCZANV.VCYAVCZ—VCX))
{proof)

Trivial example of term synthesis: apparently hard for some provers!

lemma a #b= ac ?X ANb¢ ?X
{proof)

37.1 Examples for the blast paper
lemma ((Jz e C. fzUgz)=UJ(fC) U U(g*“C)

— Union-image, called Un-Union-image in Main HOL

{proof)

lemma (Nze C.fzngz)=NFC)NN(g *C)

— Inter-image, called Int-Inter-image in Main HOL
(proof )

lemma singleton-example-1:
NS:'a set set. Ve € S.Vye S. 2 Cy= 32. 5 C {z}
(proof)
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lemma singleton-ezample-2:
VeeS. USCez= 32 5 C{z}
— Variant of the problem above.

(proof)

lemma 3!z. f (gz) =2 = 3ly. g (fy) =y
— A unique fixpoint theorem — fast/best/meson all fail.

{proof)

37.2 Cantor’s Theorem: There is no surjection from a set to
its powerset

lemma cantorl: = (3f:: 'a = ‘a set. VS. Jz. fa = 9)
— Requires best-first search because it is undirectional.

{proof)

lemma Vf:: 'a = 'aset.Va. fz # 25f
— This form displays the diagonal term.
(proof )

lemma ?S ¢ range (f :: 'a = ’a set)
— This form exploits the set constructs.
(proof)

lemma ¢S ¢ range (f :: 'a = 'a set)
— Or just this!
(proof)

37.3 The Schroder-Berstein Theorem

lemma disj-lemma: — (f ‘X)) =9 ‘(—X) = fa=9gb=0a€e X =0be X
{proof)

lemma surj-if-then-else:
—(fX)=9g‘(—X) = surj (\z. if 2 € X then f z else g 2)
(proof)

lemma bij-if-then-else:
inj-on f X = injong (-X) = —-(f  X)=9¢9°‘ (-X) =
h=(\z.if 2 € Xthen fzelse g z) = inj h A surj h
(proof)

lemma decomposition: 3X. X = — (g * (— (f * X)))
(proof)

theorem Schroeder-Bernstein:

inj (f ::'a = 'b) = inj (g b= "a)
= dh:'a = 'b.inj h A surj h
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{proof)

37.4 A simple party theorem

At any party there are two people who know the same number of people.
Provided the party consists of at least two people and the knows relation is
symmetric. Knowing yourself does not count — otherwise knows needs to
be reflexive. (From Freek Wiedijk’s talk at TPHOLs 2007.)

lemma equal-number-of-acquaintances:

assumes Domain R <= A and sym R and card A > 2
shows - inj-on (%a. card(R ““ {a} — {a})) A

(proof )

From W. W. Bledsoe and Guohui Feng, SET-VAR. JAR 11 (3), 1993, pages
293-314.

Isabelle can prove the easy examples without any special mechanisms, but
it can’t prove the hard ones.
lemma 3 A. (Vz € A. x < (0::int))

— Example 1, page 295.

(proof)

lemma D € F—= 3G.VAe€ G.dBec€ F. ACB
— Example 2.

(proof)

lemma Pa = 3A. Vz € A. Pz) A (Jy. y € 4)
— Example 3.

(proof )

lemma a < bAb < (ciint) = FJA. a g ANbDEANCcE A
— Example 4.

{proof)

lemma P (fb) = ds A. Yz € A. Px)ANfs € A
— Example 5, page 298.

{proof)

lemma P (fb) = 3s A. Ve e A. Pz)Nfse A
— Example 6.

{proof)

lemma 3A. a ¢ A
— Example 7.

(proof)
lemma (Vu v. u < (0:int) — u # abs v)

— (FA:int set. Vy. absy ¢ A) AN —2 € A)
— Example 8 now needs a small hint.
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(proof)
Example 9 omitted (requires the reals).

The paper has no Example 10!

lemma (VA. 0 € AN (Vz € A Sucz € A) — n € A) A
POANNMz. Pz — P (Sucz)) — Pn
— Example 11: needs a hint.

{proof)

lemma
(VA. (0,0) e AN(MVzy. (z,y) € A — (Sucz, Sucy) € A) — (n, m) € A)
ANPn— Pm
— Example 12.

(proof )

lemma
Vz. Gu.z2=2*u) = (- (Fv. Sucz = 2 * v))) —
(FA.Vz. (z € A) = (Sucz ¢ A))
— Example EO1: typo in article, and with the obvious fix it seems to require
arithmetic reasoning.

{proof)

end

38 Meson test cases

theory Meson-Test
imports Main
begin

WARNING: there are many potential conflicts between variables used below
and constants declared in HOL!
hide const subset member quotient

Test data for the MESON proof procedure (Excludes the equality problems
51, 52, 56, 58)

38.1 Interactive examples
(ML)
MORE and MUCH HARDER test data for the MESON proof procedure

(courtesy John Harrison).

abbreviation FQU001-0-ax equal = (V X. equal(X::'a,X)) &
(VY X. equal(X::'a,Y) ——> equal(Y::'a, X)) &
VY X Z. equal(X::'a,Y) & equal(Y:'a,Z) ——> equal(X::'a,7))
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abbreviation BOO002-0-ax equal INVERSE multiplicative-identity
additive-identity multiply product add sum =
(VX Y. sum(X::'a,Y,add(X::'a,Y))) &
(VX Y. product(X::'a,Y multiply(X::'a,Y))) &
VY X Z. sum(X:'a,Y,Z) ——> sum(Y:'a,X,7)) &
VY X Z. product(X::'a,Y,Z) ——> product(Y:'a,X,Z)) &
(VX. sum(additive-identity::'a, X, X)) &
(VX. sum(X::'a,additive-identity, X)) &
(V X. product(multiplicative-identity::'a, X , X)) &
(V X. product(X ::'a,multiplicative-identity, X)) &

VYZXV3VIV2V4. product(X::'a,Y, V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)

& product(X::'a,V3,V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1IV2XV8Vy. product(X::'a,Y,V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)

& sum(V1:'a, V2, V) ——> product(X::'a,V3,V})) &

VYZV3XVIV2V4. product(Y::'a, X, V1) & product(Z::'a,X,V2) & sum(Y::'a,Z,V3)

& product(V3::'a,X,V4) ——> sum(V1:'a,V2,V4)) &

VYZV1IV2V38XVj. product(Y::'a, X, V1) & product(Z::'a,X,V2) & sum(Y::'a,Z,V3)

& sum(V1:'a,V2, V) ——> product(V3::'a,X,V})) &

VYZXV3VIV2V4. sum(X::'a,Y, V1) & sum(X::'a,Z,V2) & product(Y::'a,Z,V3)

& sum(X::'a,V8,V4) ——> product(V1:'a,V2,V})) &

NVYZVIV2XV3V4. sum(X::'a,Y V1) & sum(X::"a,Z,V2) & product(Y::'a,Z,V3)

& product(V1:'a,V2,V4) ——> sum(X::'a,V3,V4)) &

VYZV3XV1IV2V. sum(Y:'a, X, V1) & sum(Z::"a,X,V2) & product(Y::'a,Z,V3)

& sum(V8::'a,X,V4) ——> product(V1:'a,V2,V4)) &

VYZV1IV2V3X V4. sum(Y:'a, X, V1) & sum(Z::'a,X,V2) & product(Y::'a,Z,V3)

& product(V1:'a,V2,V4) ——> sum(V3::'a, X, V1)) &
V X. sum(INVERSE(X),X ,multiplicative-identity)) &
VX. sum(X::'a,INVERSE (X ),multiplicative-identity)) &

V X. product(X::'a,INVERSE(X),additive-identity)) &

VXY UV. sum(X::'a,Y,U) & sum(X::'a,Y, V) ——> equal(U::'a,V)) &
VXY UV. product(X::'a,Y,U) & product(X::'a,Y, V) ——> equal(U::'a,V))

E
(VX. product(INVERSE(X),X ,additive-identity)) &
(
(
(

abbreviation BOO002-0-eq INVERSE multiply add product sum equal =

VXY WZ. equal(X::'a,Y) & sum(X::'a,W,Z) ——> sum(Y::'a,W,Z))
(X:'a,Y) & sum(W:'a,X,Z) ——> sum(W:'a,Y . Z)
VXWZY. equal(X::'a,Y) & sum(W:'a,Z,X) ——> sum(W:'a,Z,Y)) &
(X:'a,Y) & product(X::'a,W,Z) ——> product(Y::'a,W,Z))

VX WY Z. equal

(

E

VXY WZ. equal
&

&
) &

VX WY Z. equal(X::'a,Y) & product(W::'a,X,Z) ——> product(W:'a,Y 7))

&

VX WZY. equal(X::'a,Y) & product(W:"a,Z,X) ——> product(W::'a,Z,Y))

&

VXY W. equal(X::"a,Y) ——> equal(add(X::'a,W),add(Y::'a,W))) &
VX WY. equal(X::'a,Y) ——> equal(add(W:'a,X),add(W::'a,Y))) &

VXY W. equal(X::'a,Y) ——> equal(multiply(X::'a, W), multiply(

&

)
)
Y:i'a,W)))

VX WY. equal(X::'a,Y) ——> equal(multiply( W::'a,X),multiply(W::'a,Y)))
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&
VX Y. equal(X::'a,Y) ——> equal(INVERSE(X),INVERSE(Y)))

lemma BOO003-1:
EQUO01-0-ax equal &
BOO0O002-0-azx equal INVERSE multiplicative-identity additive-identity multiply
product add sum &
BOO002-0-eq INVERSE multiply add product sum equal &
(~product(z::'a,x,x)) ——> False
(proof)

lemma BOO004-1:

EQU001-0-ax equal &

BOO0002-0-azx equal INVERSE multiplicative-identity additive-identity multiply
product add sum &

BOO002-0-eq INVERSE multiply add product sum equal &

(~sum(z::'a,z,x)) ——> False

(proof )

lemma BOO005-1:

EQU001-0-ax equal &

BOO0O002-0-azx equal INVERSE multiplicative-identity additive-identity multiply
product add sum &

BOO002-0-eq INVERSE multiply add product sum equal &

(~ sum(z::'a,multiplicative-identity ,;multiplicative-identity)) ——> False

(proof)

lemma BOO006-1:
EQU001-0-ax equal &
BOO0O002-0-azx equal INVERSE multiplicative-identity additive-identity multiply
product add sum &
BOO0002-0-eq INVERSE multiply add product sum equal &
(~product(z::'a,additive-identity,additive-identity)) ——> False
(proof)

lemma BOO011-1:

EQU001-0-ax equal &

BOO0002-0-azx equal INVERSE multiplicative-identity additive-identity multiply
product add sum &

BOO002-0-eq INVERSE multiply add product sum equal &

(™ equal(INVERSE (additive-identity ) ,multiplicative-identity)) ——> False

(proof )

abbreviation CAT003-0-ax f1 compos codomain domain equal there-exists equiv-
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alent =

(VY X. equivalent(X::'a,Y) ——> there-exists(X)) &

VX Y. equivalent(X::'a,Y) ——> equal(X::'a,Y)) &

(VX Y. there-exists(X) & equal(X::'a,Y) ——> equivalent(X::'a,Y)) &

(V X. there-exists(domain(X)) ——> there-exists(X)) &

(V X. there-exists(codomain(X)) ——> there-exists(X)) &

(VY X. there-exists(compos(X::'a,Y)) ——> there-ezists(domain(X))) &

(VX Y. there-exists(compos(X::'a,Y)) ——> equal(domain(X),codomain(Y)))
&

(VX Y. there-ezists(domain(X)) & equal(domain(X),codomain(Y)) ——> there-exists(compos(X::'a,Y)))
&

(VX Y Z. equal(compos(X::'a,compos(Y::'a,Z)),compos(compos(X::'a,Y),Z)))
&

(V X. equal(compos(X::'a,domain(X)),X)) &

(V X. equal(compos(codomain(X),X),X)) &

(VX Y. equivalent(X::'a,Y) ——> there-exists(Y)) &

(VX Y. there-ezists(X) & there-ezists(Y) & equal(X::'a,Y) ——> equivalent(X::'a,Y"))
&

(VY X. there-exists(compos(X::'a,Y)) ——> there-exists(codomain(X))) &

(VX Y. there-exists(f1(X::'a,Y)) | equal(X::'a,Y)) &

(VX Y. equal(X::'a,f1(X:"a,Y)) | equal(Y:'a,f1(X:'a,Y)) | equal(X::'a,Y))
&

(VX Y. equal(X:'a,f1(X::"a,Y)) & equal(Y:'a,f1(X::"a,Y)) ——> equal(X::'a,Y))

abbreviation CATO003-0-eq f1 compos codomain domain equivalent there-exists
equal =
(VX Y. equal(X::"a,Y) & there-exists(X) ——> there-exists(Y)) &
(VXY Z. equal(X::'a,Y) & equivalent(X::'a,Z) ——> equivalent(Y::'a,Z)) &
VX ZY. equal(X::'a,Y) & equivalent(Z::'a,X) ——> equivalent(Z::'a,Y)) &
VX Y. equal(X::'a,Y) ——> equal(domain(X),domain(Y))) &
(VX Y. equal(X::'a,Y) ——> equal(codomain(X),codomain(Y))) &
(VXY Z. equal(X::'a,Y) ——> equal(compos(X::'a,Z),compos(Y::'a,2))) &
VX ZY. equal(X::'a,Y) ——> equal(compos(Z::'a,X ),compos(Z::'a,Y))) &
(VA B C. equal(A::'a,B) ——> equal(f1(A::'a,C),f1(B::"a,C))) &
(VD F' E. equal(D::"a,E) ——> equal(f1(F":'a,D),f1(F":a,E))

lemma CATO001-3:
EQU001-0-ax equal &
CATO003-0-ax fl compos codomain domain equal there-exists equivalent &
CATO003-0-eq f1 compos codomain domain equivalent there-exists equal &
(there-exists(compos(a::'a,b))) &
(VY X Z. equal(compos(compos(a::'a,b),X),Y) & equal(compos(compos(a::'a,b),Z),Y)
——> equal(X::'a,2)) &
(there-exists(compos(b::'a,h))) &
(equal(compos(b::'a,h),compos(b::'a,g))) &
(~equal(h::'a,g)) ——> False
(proof )
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lemma CAT003-3:
EQUO001-0-az equal &
CATO003-0-ax f1 compos codomain domain equal there-exists equivalent &
CAT003-0-eq f1 compos codomain domain equivalent there-exists equal &
(there-exists(compos(a::'a,b))) &
(VY X Z. equal(compos(X::'a,compos(a::'a,b)),Y) & equal(compos(Z::'a,compos(a::'a,b)),Y)
——> equal(X::'a,2)) &
(there-exists(h)) &
(equal(compos(h a,a),compos(g::'a,a))) &
(~equal(g::'a,h)) ——> False
(proof)

abbreviation CAT001-0-ax equal codomain domain identity-map compos product
defined =

(VX Y. defined(X::'a,Y) ——> product(X::'a,Y ,compos(X::'a,Y))) &

VZ X Y. product(X::'a,Y,Z) ——> defined(X::"a,Y)) &

(VX Xy Y Z. product(X::"a,Y ,Xy) & defined(Xy::'a,Z) ——> defined(Y::'a,7))
&

(VY Xy ZX Yz. product(X::'a, Y, Xy) & product(Y::"a,Z,Yz) & defined(Xy::'a,Z)
——> defined(X::'a,Yz2)) &

VXy Y Z X Yz Xyz. product(X::'a,Y ,Xy) & product(Xy::'a,Z,Xyz) & prod-
uct(Y:'a,Z,Yz) ——> product(X::'a,Yz,Xyz)) &

VZ Yz X Y. product(Y:'a,Z,Yz) & defined(X::'a,Yz) ——> defined(X::'a,Y))
&

(VY X Yz Xy Z. product(Y::'a,Z,Yz) & product(X::'a,Y ,Xy) & defined(X::'a,Yz)
——> defined(Xy::'a,2)) &

(VYz X Y Xy Z Xyz. product(Y::'a,Z,Yz) & product(X::'a,Yz,Xyz) & prod-
uct(X::'a, Y, Xy) ——> product(Xy::'a,Z , Xyz)) &

VY X Z. defined(X::'a,Y) & defined(Y::'a,Z) & identity-map(Y) ——> de-
fined(X::'a,7)) &

(VX. identity-map(domain(X))) &

(V X. identity- map(codomam(X))) &

(VX. defined(X::'a,domain(X))) &

(VX. deﬁned(codomam( ),X)) &

(VX. product(X::'a,domain(X),X)) &

(VX. product(codomam(X) X, X)) &

(VX Y. defined(X::'a,Y) & identity-map(X) ——> pmduct(X::’a,Y,Y)) &

(VY X. defined(X::'a,Y) & identity-map(Y) ——> product(X::'a,Y X)) &

VXY ZW. product(X::'a,Y,Z) & product(X::'a,Y , W) ——> equal(Z ‘a,W))

abbreviation CAT001-0-eq compos defined identity-map codomain domain product
eq(zé’aé(:YZ W. equal(X::'a,Y) & product(X::'a,Z, W) ——> product(Y::'a,Z,W))
&(VX ZY W. equal(X::'a,Y) & product(Z::'a, X, W) ——> product(Z::'a,Y ,W))
&(VXZ W Y. equal(X::'a,Y) & product(Z::'a,W,X) ——> product(Z::'a,W,Y))
&
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——> equal(domain(X),domain(Y))) &
—> equal(codomain(X),codomain(Y))) &
identity-map(X) ——> identity-map(Y)) &
Y) & defined(X::'a,Z) ——> defined(Y::'a,7)) &

Y) & defined(Z::'a,X) ——> deﬁned(Z.. a,Y)) &

Y) ——> equal(compos(Z::'a,X),compos(Z::'a,Y))) &
Y) ——> equal(compos(X::'a,Z),compos(Y::'a,Z)))

& |

)
)

lemma CAT005-1:
EQUO01-0-ax equal &
CAT001-0-ax equal codomain domain identity-map compos product defined &
CATO001-0-eq compos defined identity-map codomain domain product equal &
(defined(a::'a,d)) &
(identity-map(d)) &
(~equal(domain(a),d)) ——> False
(proof)

lemma CATO007-1:
EQUO01-0-ax equal &
CATO001-0-ax equal codomain domain identity-map compos product defined &
CATO001-0-eq compos defined identity-map codomain domain product equal &
(equal(domain(a),codomain(b))) &
(~defined(a::'a,b)) ——> False
(proof )

lemma CAT018-1:
EQU001-0-ax equal &
CATO001-0-ax equal codomain domain identity-map compos product defined &
C’ATOOJ—O—eq compos defined identity-map codomain domain product equal &
(defined(a::'a,b)) &
(defined(b::'a,c)) &
(~defined(a::'a,compos(b::'a,c))) ——> False
(proof)

lemma COL001-2:

EQU001-0-ax equal &

(VX Y Z. equal(apply(apply(apply(s::'a,X),Y),Z),apply(apply(X::"a,Z),apply( Y ::'a,Z))))
&

(VY X. equal(apply(apply(k::'a,X),Y),X)) &

(VX Y Z. equal(apply(apply(apply(b::'a,X),Y),Z),apply(X::"a,apply(Y::'a,Z))))
&

(VX. equal(apply(i::'a,X),X)) &

(VA B C. equal(A::’mB) ——> equal(apply(A::'a,C),apply(B::'a,C))) &

(VD F'E. equal(D::'a,E) ——> equal(apply(F’ ‘a,D),apply(F":'a,E))) &

(V X. equal(apply(apply(apply(s::'a,apply(b::'a,X)),i),apply (apply(s::"a,apply(b::'a,X)),i)),apply(z::'a,apply(
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&
(VY. ~equal(Y::'a,apply(combinator::'a,Y))) ——> False
{proof)

lemma COL023-1:
EQU001-0-ax equal &
(VX Y Z. equal(apply(apply(apply(b::'a,X),Y),Z),apply(X::"a,apply(Y::'a,Z))))

&
WXYZWWWWWWW@WWMth%DZMWMWWMMWMK%ZLHZW

(VA B C. equal(A::'a,B) ——> equal(apply(A::'a,C),apply(B::'a,C))) &
(VD F'E. equal(D 'a,E) ——> equal(apply(F' 'a,D),apply(F'":'a,E))) &
(VY. ~equal(Y:'a,apply(combinator::'a,Y))) ——> False

(proof)

lemma COL032-1:
EQUO001-0-az equal &
(VX. equal(apply(m::'a,X),apply(X::'a,X))) &
(VY X Z. equal(apply(apply(apply(q::'a,X),Y),Z),apply(Y:'a,apply(X ::'a,Z))))
&
(VA B C. equal(A::'a,B) ——> equal(apply(A::'a,C),apply(B::'a C))) &
(VD F'E. equal(D 'a,E) ——> equal(apply(F"::'a,D),apply(F":'a,E))) &
(VGH equal(G:'a,H) ——> equal(f(G),f(H))) &
(VY. ~equal(apply(Y:'a,f(Y)),apply(f (Y),apply(Y::'a,f(Y))))) ——> False
(

lemma COL052-2:
EQU001-0-ax equal &
(VX Y W. equal(response(compos(X::'a,Y ), W),response(X ::'a,response(Y::'a, W))))
&
(VX Y. agreeable(X) ——> equal(response(X ::'a,common-bird(Y)),response(Y::'a,common-bird(Y))))
&
(VZ X. equal(response(X::'a,Z),response(compatible(X),Z)) ——> agreeable(X))
&
(VA B. equal(A::'a,B) ——> equal(common-bird(A),common-bird(B))) &
(VC D. equal(C::'a,D) ——> equal(compatible( C),compatible(D))) &
(VQ R. equal(Q::'a R) & agreeable(Q) ——> agreeable(R)) &
(VA B C. equal(A::'a,B) ——> equal(compos(A::'a,C),compos(B::'a C))) &
(VD F'E. equal(D::'a,E) ——> equal(compos(F":'a,D),compos(F":'a,E))) &
(VG HI' equal(G::'a,H) ——> equal(response(G::'a,I"),response(H::"a,1"))) &
(VJ L K’ equal(J::'a,K’) ——> equal(response(L::'a,J),response(L::'a,K"))) &
(agreeable(c)) &
(~ agreeable( ) &
(equal(c::'a,compos(a::'a,b))) ——> False
(
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lemma COL075-2:

EQUO001-0-az equal &

(VY X. equal(apply(apply(k::'a,X),Y), X)) &

(VX Y Z. equal(apply(apply(apply(abstraction::'a,X),Y),Z),apply (apply(X ::'a,apply(k::'a,Z)),apply(Y ::"a,Z
&
(VD E F'. equal(D::'a,E) ——> equal(apply(D::'a,F"),apply(E::"a,F"))) &
(VG I'H. equal(G::'a,H) ——> equal(apply(]’ 'a,G),apply(1':'a,H))) &
(VA B. equal(A::’a,B) ——> equal(b(A),b(B))) &
(VCD equal(C::'a,D) ——> equal(c(C),c(D))) &
E ~equal (apply(apply(Y::'a,b(Y)),c(Y)),apply(b(Y),b(Y)))) ——> False

lemma COM001-1:
(V Goal-state Start-state. follows(Goal-state::'a,Start-state) ——> succeeds( Goal-state::'a,Start-state))
&
(V Goal-state Intermediate-state Start-state. succeeds(Goal-state::'a,Intermediate-state)
& succeeds(Intermediate-state::'a,Start-state) ——> succeeds( Goal-state::'a,Start-state))
&
(V Start-state Label Goal-state. has(Start-state::'a,goto(Label)) & labels(Label::'a, Goal-state)
——> succeeds(Goal-state::"a,Start-state)) &
(V Start-state Condition Goal-state. has(Start-state::'a,ifthen(Condition::'a, Goal-state))
——> succeeds(Goal-state::'a,Start-state)) &
(labels(loop ‘a,p3)) &
(has(p3::'a,ifthen(equal(register-j::'a,n),p4))) &
(has(p4::'a,goto(out))) &
(follows(p5::'a,p4)) &
(follows(p8 'a,p8)) &
(has(p8::'a,goto(loop))) &
(™ succeeds(p3::'a,p3)) ——> Fualse
(

proof)

lemma COM002-1:

(V Goal-state Start-state. follows(Goal-state::'a,Start-state) ——> succeeds( Goal-state::'a,Start-state))
&

(Y Goal-state Intermediate-state Start-state. succeeds(Goal-state::'a,Intermediate-state)
& succeeds(Intermediate-state::'a,Start-state) ——> succeeds( Goal-state::'a,Start-state))
&

(V Start-state Label Goal-state. has(Start-state::'a,goto(Label)) & labels(Label::'a,Goal-state)
——> succeeds(Goal-state::'a,Start-state)) &

(V Start-state Condition Goal-state. has(Start-state::'a,ifthen( Condition::'a, Goal-state))
——> succeeds(Goal-state::"a,Start-state)) &

(has(p1::'a,assign(register-j::'a,num0))) &

(follows(p2::'a,pl)) &

(has(p?::’a,assign(regzster-k a,numl))) &

(labels(loop::'a,p3)) &

(follows(p3::'a,p2)) &

147



(has(p3::'a,ifthen(equal(register-j::'a,n),p4))) &
(has(p4::'a,goto(out))) &

(follows(p5::'a,pq)) &

(follows(p6 'a,p3)) &
(has(p6::'a,assign(register-k::'a,mtimes(num?2::'a,register-k)))) &
(follows(p7 ‘a,p6)) &
(has(p7::'a,assign(register-j::'a,mplus(register-j::'a,num1)))) &
(follows(p8 'a,p7)) &

(has(p8::'a,goto(loop))) &

(™ succeeds(p3::'a,p3)) ——> Fualse

(proof )

lemma COM002-2:

(V Goal-state Start-state. ~ (fails( Goal-state::"a,Start-state) & follows( Goal-state::'a,Start-state)))
&

(V Goal-state Intermediate-state Start-state. fails(Goal-state::'a,Start-state) ——>
fails(Goal-state::'a,Intermediate-state) | fails(Intermediate-state::'a,Start-state)) &

(V Start-state Label Goal-state. ~ (fails( Goal-state::'a,Start-state) & has(Start-state::'a,goto(Label))
& labels(Label::'a,Goal-state))) &

(V Start-state Condition Goal-state. ~ (fails(Goal-state::'a,Start-state) & has(Start-state::'a,ifthen( Condition::
&

(has(pl::'a,assign(register-j::'a,num0))) &

ollows(p2::'a,pl1
(f (p2:'a,pl)) &
(has(p2::'a,assign(register-k::'a,num1))) &

labels(loop::'a,p3)) &
( (loop::"a,p

ollows(p3::'a,p2)) &
(f (p3::'a,p
(has(p8::'a,ifthen(equal(register-j::'a,n),p4))) &
(has(p4::'a,goto(out))) &
(follows(p5::'a,p4)) &

ollows(p6::'a,p3)) &
(fe (p6::'a,p3))
(has(p6::'a,assign(register-k::'a,mtimes(num?2::'a,register-k)))) &
(follows(p7::'a,p6)) &
(has(p7::'a,assign(register-j::'a,mplus(register-j::'a,num1)))) &
(follows(p8::'a,p7)) &
(has(p8::'a,goto(loop))) &
(fails(p3::'a,p3)) ——> False
(proof )

lemma COM003-2:
(VX Y Z. program-decides(X) & program(Y) ——> decides(X::'a,Y,7)) &
(V X. program-decides(X) | program(f2(X))) &
(VX. decides(X::"a,f2(X),f1(X)) ——> program-decides(X)) &
(V X. program-program-decides(X) ——> program (X)) &
(V X. program-program-decides(X) ——> program-decides(X)) &
(VX. program(X) & program-decides(X) ——> program-program-decides(X)) &
(V X. algorithm-program-decides(X) ——> algorithm(X)) &
(V X. algorithm-program-decides(X) ——> program-decides(X)) &
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. algorithm program-decides ——> algorithm-program-decides
VX. al hm(X) & decides(X l h decides(X
&

(VY X. program-halts2(X::'a,Y) ——> program(X)) &

(VX Y. program-halts2(X::'a,Y) ——> halts2(X::'a,Y)) &

(VX Y. program(X) & halts2(X::'a,Y) ——> program-halts2(X::'a,Y)) &

(VW X Y Z. halts3-outputs(X::'a, Y, Z, W) ——> halts3(X::'a,Y ,Z)) &

(VY Z X W. halts3-outputs(X::'a, Y ,Z, W) ——> outputs(X::'a,W)) &

VYZXW. halts3(X::'a,Y,Z) & outputs(X::'a, W) ——> haltsS-outputs(X::'a,Y ,Z,W))
&

(VY X. program-not-halts2(X::'a,Y) ——> program(X)) &

(VX Y. ~(program-not-halts2(X::'a,Y) & halts2(X::'a,Y))) &

(VX Y. program(X) ——> program-not-halts2(X::'a,Y) | halts2(X:'a,Y)) &

(VW X Y. halts2-outputs(X::'a, Y , W) ——> halts2(X::'a,Y)) &

(VY X W. halts2-outputs(X::'a, Y , W) ——> outputs(X::'a,W)) &

. halts a, outputs(X::'a, ——> halts2-outputs(X::'a,Y,

VYXW. halts2(X::'a,Y) & X:'a, W halts2 X:'a, Y W

&
. program-halts2-halts3-outputs(X::'a,Y ,Z, ——> program-halts a,

VXWYZ g halts2-halts3 X:'a, Y, Z,W g halts2(Y::'a,Z
&

(VX Y Z W. program-halts2-halts3-outputs(X::'a, Y ,Z , W) ——> haltsS-outputs(X::'a,Y ,Z,W))
&

(VX Y Z W. program-halts2(Y::'a,Z) & halts3-outputs(X::'a, Y, Z, W) ——>
program-halts2-halts3-outputs(X::'a, Y, Z , W)) &

(VX WY Z. program-not-halts2-halts3-outputs(X::'a, Y ,Z , W) ——> program-not-halts2(Y ::'a,Z))
&

(VX Y Z W. program-not-halts2-haltsS-outputs(X ::'a, Y ,Z , W) ——> halts3-outputs(X::'a, Y ,Z,W))
&

(VX Y Z W. program-not-halts2(Y::'a,Z) & halts3-outputs(X::'a,Y ,Z W) ——>
program-not-halts2-halts3-outputs(X::'a, Y, Z , W)) &

(VX W Y. program-halts2-halts2-outputs(X ::'a, Y, W) ——> program-halts2(Y::’a,Y))
&

(VX Y W. program-halts2-halts2-outputs(X ::'a, Y, W) ——> halts2-outputs(X::'a, Y , W))

VXY W. program-halts2(Y::'a,Y) & halts2-outputs(X::'a,Y , W) ——> program-halts2-halts2-outputs(X::'a
VX W Y. program-not-halts2-halts2-outputs(X::'a, Y, W) ——> program-not-halts2(Y::'a,Y))

VX Y W. program-not-halts2-halts2-outputs(X::'a, Y, W) ——> halts2-outputs(X::'a,Y ,W))

(S R I

(VX Y W. program-not-halts2(Y::'a,Y) & halts2-outputs(X::'a, Y W) ——>

program-not-halts2-halts2-outputs(X::'a, Y, W)) &

(V X. algorithm-program-decides(X) ——> program-program-decides(c1)) &

(VWY Z. program-program-decides( W) ——> program-halts2-halts3-outputs(W::'a,Y ,Z ,good))
&

(Y WY Z. program-program-decides( W) ——> program-not-halts2-halts3-outputs(W::'a, Y ,Z ,bad))
&

(V W. program(W) & program-halts2-halts3-outputs(W::'a,f8(W),f8(W),good)
& program-not-halts2-halts3-outputs(W:'a,f3(W),f3(W),bad) ——> program(c2))
&

(Y W Y. program(W) & program-halts2-halts3-outputs(W::"a,f3(W),f3(W),good)
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& program-not-halts2-halts3-outputs(W::'a,f3(W),f8(W),bad) ——> program-halts2-halts2-outputs(c2::'a,Y g
&

(VW Y. program(W) & program-halts2-halts3-outputs(W::'a,f3(W),f3(W),good)
& program-not-halts2-halts3-outputs(W::'a,f3 (W), f3(W),bad) ——> program-not-halts2-halts2-outputs(c2::'a,
&

(VY V. program(V') & program-halts2-halts2-outputs(V::'a,f4(V),g00d) & program-not-halts2-halts2-outputs(V
——> program(c3)) &

(V VY. program (V') & program-halts2-halts2-outputs(V::'a,f/ (V),g00d) & program-not-halts2-halts2-outputs
& program-halts2(Y::'a,Y) ——> halts2(c3::'a,Y)) &

(V VY. program (V') & program-halts2-halts2-outputs(V::'a,f4 (V'),good) & program-not-halts2-halts2-outputs
——> program-not-halts2-halts2-outputs(c3::'a, Y ,bad)) &

(algorithm-program-decides(c4)) ——> False

(proof)

lemma COMO004-1:

EQU001-0-ax equal &

(VCDPQQXY. failure-node(X::'a,0or(C::'a,P)) & failure-node(Y ::'a,or(D::'a,Q))
& contradictory(P::'a,Q) & siblings(X::'a,Y) ——> failure-node(parent-of (X::'a,Y),or(C::'a,D)))
&

(V X. contradictory(negate(X),X)) &

(VX. contradictory(X::'a,negate(X))) &

(V X. siblings(left-child-of (X),right-child-of (X))) &

(VD E. equal(D::'a,E) ——> equal(left-child-of (D),left-child-of (E))) &

(VF' G. equal(F'":'a,G) ——> equal(negate(F'),negate(G))) &

(VHI'J. equal(H::'a,I") ——> equal(or(H:'a,J),or(I":a,J))) &

(VK' M L. equal(K":'a,L) ——> equal(or(M::'a,K"),or(M:’a,L))) &

(VN O’ P. equal(N::'a,0") ——> equal(parent-of (N::'a,P),parent-of (O"::'a,P)))
&

(V@ S’ R. equal(Q::'a,R) ——> equal(parent-of (S":'a,Q),parent-of (S"::'a,R)))

&

(VT'U. equal(T":'a,U) ——> equal(right-child-of (T'),right-child-of (U))) &

VVWX. equal(V:'a,W) & contradictory(V::'a,X) ——> contradictory(W::'a,X))

VYALZ. equal(Y::'a,Z) & contradictory(Al::'a,Y) ——> contradictory(Al::'a,Z))

o o

(VB1 C1 D1. equal(B1::'a,C1) & failure-node(B1::'a,D1) ——> failure-node(C1::'a,D1))

&

(VE!1 G1F1. equal(El1::"a,F1) & failure-node(G1::'a,E1) ——> failure-node(G1::'a,F'1))

&

(VHI 11 J1. equal(HI1:'a,I1) & siblings(HI::'a,J1) ——> siblings(I1::'a,J1)) &
(VK1 MI1LI. equal(K1::'a,L1) & siblings(M1::'a,K1) ——> siblings(M1::'a,L1))
&
(failure-node(n-left::'a,or(EMPTY ::'a,atom))) &
(failure-node(n-right::'a,or(EMPTY ::'a,negate(atom)))) &
(equal(n-left::"a,left-child-of (n))) &
(equal(n-right::’a,right-child-of (n))) &
(VY Z. ~ failure-node(Z::'a,or(EMPTY ::'a, EMPTY))) ——> False
(proof)
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abbreviation GEO001-0-ax continuous lower-dimension-point-8 lower-dimension-point-2
lower-dimension-point-1 extension euclid2 euclidl outer-pasch equidistant equal
between =

(VX Y. between(X::'a, Y, X) ——> equal(X::'a,Y)) &

VVXYZ. between(X::'a, Y, V) & between(Y::'a,Z, V) ——> between(X::'a,Y,Z))

&

VY XV Z. between(X::'a,Y,Z) & between(X::'a,Y,V) ——> equal(X::'a,Y) |
between(X::'a,Z, V) | between(X::'a,V,Z)) &

(VY X. equidistant(X::'a, Y,V . X)) &

(VZ X Y. equidistant(X::'a,Y ,Z,Z) ——> equal(X::'a,Y)) &

VXY ZV V2 W. euidistant(X::'a,Y ,Z,V) & equidistant(X::'a,Y , V2, W)

——> equidistant(Z::'a,V,V2,W)) &

(VWXZVY. between(X::'a,W,V) & between(Y::"a,V,Z) ——> between(X::'a,outer-pasch( W::'a, X, Y ,Z,}
&

(VWXYZV. between(X::'a, W, V) & between(Y::'a,V,Z) ——> between(Z::"a, W ,outer-pasch( W::'a,X,Y .
&

VWXYZV. between(X::'a,V,W) & between(Y::'a,V,Z) ——> equal(X::'a,V)
| between (X ::'a,Z euclid] (W::'a,X,Y ,Z,V))) &

VWXYZV. between(X::'a,V,W) & between(Y::'a,V,Z) ——> equal(X::'a, V)
| between(X::'a,Y euclid2(W::'a,X,Y,Z,V))) &

(VWXYZV. between(X::'a,V,W) & between(Y::'a,V,Z) ——> equal(X::'a,V)
| between(euclidl (W::'a, X, Y, Z, V), W euclid2(W:'a, X, Y ,Z,V))) &

(VX1 YIXYZVZIVI. equidistant(X::'a,Y ,X1,Y1) & equidistant(Y::'a,Z,Y1,71)

& equidistant(X::'a,V,X1,V1) & equidistant(Y::'a,V,Y1,V1) & between(X::'a,Y ,7)
& between(X1::'a,Y1,71) ——> equal(X::'a,Y) | equidistant(Z::'a,V,Z1,V1)) &

(VXY W V. between(X::"a,Y extension(X::'a, Y , W, V))) &

(VXY W V. equidistant(Y::'a,extension(X::'a, Y W, V), W,V)) &

(™~ between (lower-dimension-point-1::'a,lower-dimension-point-2,lower-dimension-point-3))
&

(™ between (lower-dimension-point-2::'a,lower-dimension-point-3 ,lower-dimension-point-1))
&

(™ between (lower-dimension-point-3::'a,lower-dimension-point-1 ,lower-dimension-point-2))
&

(VZXY WV. equidistant(X::'a,W,X,V) & equidistant(Y::'a, WY, V) & equidis-
tant(Z::'a,W,Z, V) ——> between(X ::'a,Y ,Z) | between(Y::'a,Z,X) | between(Z::'a,X,Y)
| equal(W::'a,V)) &

(VXY ZX1Z1V. equidistant(V::'a, X,V ,X1) & equidistant(V::'a,Z,V Z1) &
between(V::'a,X,7) & between(X::'a,Y ,Z) ——> equidistant(V::'a,Y ,Z continuous(X::'a, Y ,Z,X1,71,V)))
&

VXY ZX1VZ1. equidistant(V::'a, X,V ,X1) & equidistant(V::'a,Z,V,Z1) &
between(V::'a,X,7) & between(X::'a,Y ,Z) ——> between(X1::'a,continuous(X::'a,Y,Z,X1,71,V),Z1))

abbreviation GEO001-0-eq continuous extension euclid2 euclid! outer-pasch equidistant
between equal =
VXY WZ. equal(X::'a,Y) & between(X::'a,W,Z) ——> between(Y::'a,W,Z))

&
VX WY Z. equal(X::'a,Y) & between(W::'a, X ,Z) ——> between(W::"a,Y 7))

&
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VX WZY. equal(X::'a,Y) & between(W::'a,Z, X) ——> between(W::'a,Z,Y))

&

VXY VW Z. equa(X:'a,
tant(Y::'a, V., W,2Z)) &

VX VY WZ euad(X:'a
tant(V:'a, Y W, Z)) &

VXV W Y Z. equal(X:'a,
tant(V:'a,W,Y ,Z)) &

VX VWZY. eual(X:'a

tant(V:'a,W,Z,Y)) &
VXY VIV2V3 V4. equal(X
&
VX V1Y V2V3V4. equal(X::

VX VIV2Y V38 V). equal(X

&

VX V1IV2V3Y V4. equal(X

&

(VX VIV2V3VLY. equal(X::

VS'UVWT'X. equal(S":"a,

VY A1B1C1D1Z. equal(Y::

S B B B B

(VE1F1 G1 H1I1JI. equal(E1:

&

Y) & equidistant(X::'a, V., W,Z) ——> equidis-
YY) & equidistant(V:'a, X, W,Z) ——> equidis-
Y) & equidistant(V::'a, W, X,Z) ——> equidis-

Y)Y & equidistant(V:'a, W, Z,X) ——> equidis-

'a,Y) ——> equal(outer-pasch(X::'a,V1,V2,V3 V}),outer-pasch(Y::'a, V1,V

'a,Y) ——> equal(outer-pasch(V1::'a, X, V2, V3, Vi), outer-pasch(V1::'a, Y,V

'a,Y) ——> equal(outer-pasch(V1::'a,V2,X,V3,V4),outer-pasch(V1::'a, V2,

'a,Y) ——> equal(outer-pasch(V1::'a,V2,V3 X V}),outer-pasch(V1::'a, V2,1

'a,Y) ——> equal(outer-pasch(V1::'a,V2,V3,V4,X),outer-pasch(V1::'a, V2,

VABCDEF' equal(A::'a,B) ——> equal(euclid (A::'a,C,D,E F'),euclid1 (B::'a,C,D,E,F")))
VGI'HJK'L. equal(G::'a,H) ——> equal(euclidl (I":'a,G,J,K',L),euclid? (I":'a,H,J,K',L)))

VMO’'PN QR. equal(M::'a,N) ——> equal(euclid1(0"::'a,P,M,Q,R),euclid1 (0O":'a,P,N,Q,R)))

T') ——> equal(euclidl (U::'a,V , W ,S' X), euclid1 (U::'a,V,W ,T' X)))
'a,Z) ——> equal(euclidl (A1::'a,B1,C1,D1,Y),euclidl (Al::'a,B1,C1,D1,Z)

‘a,F1) ——> equal(euclid2(F1::'a,G1,H1,11,J1),euclid2(F1::'a,G1,H1,I1,.

(VK1 M1L1NIO1P1. equal(K1::'a,L1) ——> equal(euclid2(M1::'a,K1,N1,01,P1),euclid2(M1::'a,L1,N1,

SR I N S R

VQ1S1TIRIUIVI. equal(Q1::'a,R1) ——> equal(euclid2(S1::'a,T1,Q1,U1,V1),euclid2(S1::'a, T1,R1,U
VY W1Y1Z1 A2 X1 B2. equal(W1::'a,X1) ——> equal(euclid2(Y1::'a,Z1,A2,W1,B2),euclid2(Y1::'a,Z1,A2
YV C2 E2 F2 G2 H2 D2. equal(C2::'a,D2) ——> equal(euclid2(E2::'a,F2,G2,H2,C2),euclid2(E2::'a,F2,G2,}
VXY VIV2VS. equal(X::'a,Y) ——> equal(extension(X::'a,V1,V2,V8),extension(Y::'a, V1,V2,V3)))

VX VIYV2V3. equal(X::'a,Y) ——> equal(extension(V1::'a, X, V2 ,V3), extension(V1::'a, Y, V2,V3)))

(VX VIV2Y V3. equal(X::'a,Y) ——> equal(extension(V1::'a,V2,X,V3),extension(V1::'a,V2,Y,V3)))

&

VXVIV2V3Y. equal(X::'a,Y) ——> equal(extension(V1::'a,V2,V8 X),extension(V1::'a,V2,V3,Y)))

VXY VIV2V3V4 V5. equal(X::'a,Y) ——> equal(continuous(X::'a, V1,V2, V3, V4, V5),continuous(Y::'a,
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&

(VXVIYV2V3VLV5. equal(X::'a,Y) ——> equal(continuous(V1::'a,X,V2,V3,V4,V5), continuous(V1::'c

VXVIV2Y VSV, V5. equal(X::'a,Y) ——> equal(continuous(V1::'a,V2,X,V3,V4,V5),continuous(V1::'c

&

(VX V1IV2V3Y V4 V5. equal(X::'a,Y) ——> equal(continuous(V1::'a, V2, V3 X V4, V5),continuous(V1::'c

&

(VX VIV2V3VLY V5. equal(X::'a,Y) ——> equal(continuous(V1::'a,V2,V3,V,,X,V5),continuous(V1::'c

&

(VX VIV2V3VLV5Y. equal(X::'a,Y) ——> equal(continuous(V1::'a,V2,V38, V4, V5,X),continuous(V1::'c

lemma GFEO003-1:
EQU001-0-ax equal &
GEO001-0-ax continuous lower-dimension-point-3 lower-dimension-point-2
lower-dimension-point-1 extension euclid2 euclid1 outer-pasch equidistant equal

between &

GFEO001-0-eq continuous extension euclid? euclid1 outer-pasch equidistant between
equal &

(~between(a::'a,b,b)) ——> False

(proof)

abbreviation GEO002-ax-eq continuous euclid? euclid1 lower-dimension-point-3

lower-dimension-point-2 lower-dimension-point-1 inner-pasch extension

between equal equidistant =

(VY X. equidistant(X::'a, Y,V X)) &

VXY ZV V2 W. equidistant(X::'a,Y ,Z,V) & equidistant(X::'a, Y, V2, W)
——> equidistant(Z::'a,V,V2,W)) &

VZ X Y. equidistant(X::'a,Y ,Z,Z) ——> equal(X::'a,Y)) &

VXY W V. between(X::"a,Y jextension(X::'a, Y , W, V))) &

(VXY W V. equidistant(Y::'a,extension(X::'a, Y W, V), W,V)) &

(VX1YIXYZVZI VL. equidistant(X::'a,Y ,X1,Y1) & equidistant(Y ::'a,Z,Y1,Z1)
& equidistant(X::'a,V,X1,V1) & equidistant(Y::'a,V,Y1,V1) & between(X::'a,Y ,Z)
& between(X1::'a,Y1,21) ——> equal(X::'a,Y) | equidistant(Z::'a,V,Z1,V1)) &

(VX Y. between(X::'a, Y, X) ——> equal(X::'a,Y)) &

VUV WXY. between(U::"a,V,W) & between(Y::'a, X, W) ——> between(V::'a,inner-pasch(U::'a, V,W X

VVWXYU. between(U::"'a,V,W) & between(Y::'a, X, W) ——> between(X::'a,inner-pasch(U::'a, V. W X,
~between (lower-dimension-point-1::'a,lower-dimension-point-2 ,lower-dimension-point-3))
~between (lower-dimension-point-2::'a,lower-dimension-point-3 ,lower-dimension-point-1))

~ between (lower-dimension-point-3::'a,lower-dimension-point-1 ,lower-dimension-point-2))

(S I I I

(VZXY WV. equidistant(X::'a, W, X, V) & equidistant(Y::'a,W,Y,V) & equidis-
tant(Z::'a,W,Z,V) ——> between(X::'a,Y ,Z) | between(Y::'a,Z,X) | between(Z::'a,X,Y)
| equal(W::'a,V)) &
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VUV WXY. between(U::"a, W,Y) & between(V::'a,W,X) ——> equal(U::'a, W)
| between(U::"a,V euclidl (U::'a,V,W,X,Y))) &

VUVWXY. between(U::'a,W,Y) & between(V::'a,W ,X) ——> equal(U::"a, W)
| between(U::'a, X euclid2(U::'a, V,W . X,Y))) &

VUV WXY. between(U::"a, W,Y) & between(V::'a,W,X) ——> equal(U::'a, W)
| between(euclid1 (U::'a, V. W XY ),Y euclid2(U::'a,V,W,X,Y))) &

MUV VIWXXI. equidistant(U::"a,V,U,V1) & equidistant(U::'a,X,U,X1) &

between(U::'a,V,X) & between(V::'a, W, X) ——> between( V1::'a,continuous(U::'a,V, VI, W X ,X1),X1))

&
VUV VI WX XI. equidistant(U::'a,V,U, V1) & equidistant(U::'a, X, U,X1) &

between(U::"a,V,X) & between(V::'a,W,X) ——> equidistant(U::"a, W, U continuous(U::'a,V , V1, W X X1))

&(VX YW Z. equal(X::'a,Y) & between(X::'a,W,Z) ——> between(Y::'a,W,Z))
&(VX WY Z. equal(X::'a,Y) & between(W::'a, X ,Z) ——> between(W::’a,Y 7))
&(VX WZY. equal(X::'a,Y) & between(W::'a,Z,X) ——> between(W::'a,Z,Y))
¢ VXY VWZ euad(X:'a,Y) & equidistant(X::'a,V,W,Z) ——> equidis-

tant(Y::'a, V., W,2Z)) &

VX VY W Z equa(X:'a,Y) & equidistant(V::'a, X, W,Z) ——> equidis-
tant(V:'a, Y, W Z)) &

VXV W equal(X::'a,Y) & equidistant(V::'a,W,X,Z) ——> equidis-
tant(V:'a,W,Y )) &

VX VWZ Y equal(X::'a,Y) & equidistant(V:'a,W,Z,X) ——> equidis-
tant(V:'a,W,Z,Y)) &

VXY VIV2V3V4. equal(X::'a,Y) ——> equal(inner-pasch(X::'a,V1,V2,V3,V4),inner-pasch(Y::'a, V1,V

&

1 2V3 . equUa ='a ——> equal(inner-pasc 1:'a 2,V3, mner-pasc 1:7a
VX V1Y V2V3V4. equal(X::'a,Y) qual (i pasch(V. X, V2, V8. V4, pasch(V1:'a, Y,V

&

VX VIV2Y V8 V). equal(X::'a,Y) ——> equal(inner-pasch(V1::'a,V2,X,V3,V]) inner-pasch(V1::'a, V2,

(VX V1IV2V3Y V4. equal(X::'a,Y) ——> equal(inner-pasch(V1::'a, V2, V3, X ,V4), inner-pasch(V1::'a, V2,

&

(VX VIV2V3VLY. equal(X::'a,Y) ——> equal(inner-pasch(V1::'a,V2,V3,V4,X),inner-pasch(V1::'a, V2,

(S o

VABCDEF' equal(A::'a,B) ——> equal(euclid (A::'a,C,D,E F'),euclid1 (B::'a,C,D,E,F")))

(VGI'HJK'L. equal(G::'a,H) ——> equal(euclid (I"::'a,G,J,K',L),euclid? (I":'a,H,J,K',L)))

(S ol o

(VYAIB1CIDI1Z. equal(Y::'a,Z) ——> equal(euclid1 (Al::'a,B1,C1,D1,Y),euclidl (A1::

&

VYMO’'PN QR. equal(M::'a,N) ——> equal(euclid1(0"::'a,P,M,Q,R),euclid1 (0O":'a,P,N,Q,R)))
VS'UVWT'X. equal(S":"a,T") ——> equal(euclidl (U::"a,V,W .5 X),euclid1 (U::'a, V., W, T’ X)))

'a,B1,C1,D1,7)

(VE1F1 G1 H1I1J1. equal(E1::'a,F1) ——> equal(euclid2(E1::'a,G1,H1,I1,J1),euclid2(F1::'a,G1,H1,11,.

&

(VK1 M1L1NIO1P1. equal(K1::'a,L1) ——> equal(euclid2(M1::'a,K1,N1,01,P1),euclid2(M1::'a,L1,N1,
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&

(VQ1S1T1RIUIVI. equal(Q1::'a,R1) ——> equal(euclid2(S1::'a,T1,Q1,U1,V1),euclid2(S1::'a,T1,R1,U
VW1Y1Z1 A2 X1 B2. equal(W1::'a,X1) ——> equal(euclid2(Y1::'a,Z1,A2,W1,B2),euclid2(Y1::'a,Z1,A2
YV C2 E2 F2 G2 H2 D2. equal(C2::'a,D2) ——> equal(euclid2(FE2::'a,F2,G2,H2,C2),euclid2(E2::"a,F2,G2,}
VXY VIV2VS. equal(X::'a,Y) ——> equal(extension(X::'a,V1,V2,V3),extension(Y::'a,VI1,V2,V3)))
VX VIYV2VS. equal(X::'a,Y) ——> equal(extension(V1::'a,X,V2,V3),extension(V1::'a, Y, V2,V3)))
VX V1IV2Y V3. equal(X::'a,Y) ——> equal(extension(V1::'a,V2,X,V3),extension(V1::'a,V2,Y V3)))
VXVIV2V8Y. equal(X::'a,Y) ——> equal(extension(V1::'a,V2,V8,X),extension(V1::'a, V2,V3,Y)))
VXY VIV2V3V4 V5. equal(X::'a,Y) ——> equal(continuous(X::'a, V1,V2,V3 V4, V5),continuous(Y::'a,
VXVIYV2V3VLV5. equal(X::'a,Y) ——> equal(continuous(V1::'a,X,V2,V3,V4,V5),continuous(V1::'c
VXVIV2Y VSV, V5. equal(X::'a,Y) ——> equal(continuous(V1::'a,V2,X,V3,V4,V5),continuous(V1::'c

VX VIV2V3Y V4 V5. equal(X::'a,Y) ——> equal(continuous(V1::'a, V2, V3 X V4 V5),continuous( V1::'c

(S o o o oS S oS oS Ll I o

(VX VIV2V3VLY V5. equal(X::'a,Y) ——> equal(continuous(V1::'a,V2,V3, VL, X, V5),continuous(V1::'c

&

(VX VIV2V3VLV5Y. equal(X::'a,Y) ——> equal(continuous(V1::'a,V2,V38, V4, V5,X),continuous( V1::'

lemma GEO017-2:

EQU001-0-ax equal &

GEO002-az-eq continuous euclid2 euclidl lower-dimension-point-3
lower-dimension-point-2 lower-dimension-point-1 inner-pasch extension
between equal equidistant &

(equidistant (u::'a,v,w,z)) &

(™ equidistant(u::'a,v,2,w)) ——> False

(proof)

lemma GEO027-3:

EQU001-0-ax equal &

GEO002-ax-eq continuous euclid? euclid] lower-dimension-point-3
lower-dimension-point-2 lower-dimension-point-1 inner-pasch extension
between equal equidistant &

(VU V. equal(reflection(U::"a,V),extension(U::"a,V,U,V))) &

VXY Z. equal(X::'a,Y) ——> equal(reflection(X::'a,Z),reflection(Y::'a,2))) &

(VA1 C1BI1. equal(Al::'a,B1) ——> equal(reflection(C1::'a,A1),reflection(C1::'a,B1)))

&
(VU V. equidistant(U::'a,V,U,V)) &
(VWX UYV. equidistant(U::'a, V., W ,X) ——> equidistant(W::'a, X, U,V)) &
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VMV UWX. equidistant(U::'a, V., W X)) ——> equidistant(V::'a, U, W X)) &
VUV X W. equidistant(U::'a,V, W ,X) ——> equidistant(U::'a, V. X, W)) &
VVUX W. equidistant(U::'a,V,W,X) ——> equidistant(V::'a,U,X,W)) &
(VW X VU. equidistant(U::'a,V,W,X) ——> equidistant(W::'a, X,V ,U)) &
VX WUYV. equidistant(U::"a,V, W ,X) ——> equidistant(X::'a, W,U,V)) &
(VX WV U. equidistant(U::'a, V., W X)) ——> equidistant(X:: a,W,V,U)) &
(VWXUVYZ. equidistant(U::"a, V., W . X) & equidistant(W::'a, X,Y ,Z) ——>

equidistant(U::'a,V,Y ,Z)) &

VUV W. equal(V::’a,emtension(U::’a,V7W,W))) &

(VWXUVY. equal(Y::'a,extension(U::'a, V, W X)) ——> between(U::'a,V,Y))
&

(VU V. between(U::'a,V reflection(U:: ’a,V))) &

(VU V. equidistant(V::'a,reflection(U::'a, V), U,V)) &

VU V. equal(U:"a,V) —=> equal(V::'a,reflection(U::"a,V))) &

(VU. equal(U::'a,reflection(U::"a,U))) &

(VU V. equal(V:'a,reflection(U::"a,V)) ——> equal(U::"a,V)) &

(VU V. equidistant(U::'a,U,V,V)) &

(VVVIUWUL W1. equidistant(U::"a,V,U1,V1) & equidistant(V::'a, W,V1,W1)
& between(U::'a,V, W) & between(UlL::'a,V1,W1) ——> equidistant(U::'a, W, U1, W1))
&

VUV WX. between(U::"a,V,W) & between(U::'a,V ,X) & equidistant(V::'a, W,V ,X)
——> equal(U:"a,V) | equal(W:"a,X)) &

(between(u::'a,v,w)) &

(~equal(u::'a,v)) &

(™~ equal(w::"a,extension(u::'a,v,v,w))) ——> False

(proof )

lemma GFEO058-2:

EQU001-0-ax equal &

GEO002-az-eq continuous euclid2 euclidl lower-dimension-point-3
lower-dimension-point-2 lower-dimension-point-1 inner-pasch extension
between equal equidistant &

(VU V. equal(reflection(U::'a, V), extension(U::'a,V,U,V))) &

VXY Z. equal(X:'a,Y) ——> equal(reflection(X::'a,Z),reflection(Y::'a,2))) &

(VA1 C1B1. equal(A1::'a,B1) ——> equal(reflection(C1::'a,A1),reflection(C1::'a,B1)))

(equal(v::'a,reflection(u::'a,v))) &
(~equal(u::'a,v)) ——> False

{proof)

lemma GFEO079-1:

NVUVWXYZ. right-angle(U::'a, V., W) & right-angle(X::'a,Y ,Z) ——> eq(U::'a, V., W . X Y 7))
&

YUV WX YZ. CONGRUENT(U:'a,V,W ,X,Y.Z) ——> eq(Us'a,V,W.,X,Y,Z))
&

VV WUX. trapezoid(U::"a,V,W,X) ——> parallel(V::'a,W,U,X)) &

VUV XY. parallel(U::'a, V. X, Y) ——> eq(X::'a,V,U, V. X,Y)) &
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(trapezoid(a::'a,b,c,d)) &
(~eg(a::'a,e,b,c,a,d)) ——> False

{proof)

abbreviation GRP003-0-ax equal multiply INVERSE identity product =

(V X. product(identity::'a, X, X)) &

(V X. product(X::'a,identity, X)) &

(VX. product(INVERSE(X),X ,identity)) &

(VX. product(X::'a,INVERSE (X),identity)) &

(VX Y. product(X::'a,Y multiply(X::'a,Y))) &

(VXY ZW. product(X::'a,Y,Z) & product(X::'a,Y , W) ——> equal(Z::'a,W))
&

VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::'a,Z, W)
——> product(X::'a,V,W)) &

NVYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::"a,Z ,W))

abbreviation GRP003-0-eq product multiply INVERSE equal =

VX Y. equal(X::'a,Y) ——> equal(INVERSE(X),INVERSE(Y))) &

VXY W. equal(X::'a,Y) ——> equal(multiply(X::'a, W), multiply(Y::'a, W)))
(VX WY. equal(X::'a,Y) ——> equal(multiply( W::'a,X),multiply(W::'a,Y)))
VXY WZ. equal(X::'a,Y) & product(X::'a,W,Z) ——> product(Y::'a,W,Z))

VX WY Z. equal(X::'a,Y) & product(W::'a,X,Z) ——> product(W:'a,Y 7))

(I N N

VX WZY. equal(X::'a,Y) & product(W::'a,Z,X) ——> product(W::'a,Z,Y))

lemma GRP001-1:
EQUO01-0-ax equal &
GRPO003-0-ax equal multiply INVERSE identity product &
GRP003-0-eq product multiply INVERSE equal &
(VX. product(X::'a,X ,identity)) &
(product(a::'a,b,c)) &
(~product(b::'a,a,c)) ——> False
(proof)

lemma GRP00S-1:
EQUO001-0-ax equal &
GRPO003-0-ax equal multiply INVERSE identity product &
GRP003-0-eq product multiply INVERSE equal &
(VA B. equal(A::’a,B) ——> equal(h(A),h(B))) &
(VC D. equal(C::'a,D) ——> equal(§(C),j(D))) &
(VA B. equal(A::'a,B) & q(A) ——> ¢(B)) &
(VB A C. q(A) & product(A::'a,B,C) ——> product(B::'a,A,C)) &
(V A. product(j(A),A,h(A)) | product(A::'a,j(A),h(A)) | ¢(4)) &
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(V A. product(j(A),A,h(A)) & product(A::'a,j(A),h(A)) ——> q(4)) &
(~q(identity)) ——> False
{proof)

lemma GRP013-1:

EQU001-0-ax equal &

GRPO003-0-ax equal multiply INVERSE identity product &

GRP003-0-eq product multiply INVERSE equal &

(V A. product(A::'a,A,identity)) &

(product(a::'a,b,c)) &

(product(INVERSE(a),INVERSE(b),d)) &

(VA C B. product(INVERSE(A),INVERSE(B),C) ——> product(A::'a,C,B)) &

(~product(c::'a,d,identity)) ——> False
(proof )

lemma GRP037-3:

EQUO001-0-az equal &

GRP003-0-ax equal multiply INVERSE identity product &

GRP003-0-eq product multiply INVERSE equal &

(VA B C. subgroup-member(A) & subgroup-member(B) & product(A::'a,INVERSE(B),C)
——> subgroup-member(C)) &

(VA B. equal(A::'a,B) & subgroup-member(A) ——> subgroup-member(B)) &

(V A. subgroup-member(A) ——> product(Gidentity::'a,A,A)) &

(V A. subgroup-member(A) ——> product(A::'a,Gidentity,A)) &

(V A. subgroup-member(A) ——> product(A::"a,Ginverse(A),Gidentity)) &

(V A. subgroup-member(A) ——> product(Ginverse(A),A,Gidentity)) &

(V A. subgroup- member(A) ——> subgroup-member(Ginverse(A))) &
(VA B. equal(A::'a,B) ——> equal(Ginverse(A ) Ginverse(B))) &
(VA C D B. product(A::'a,B,C) & product(A::'a,D,C) ——> equal(D::'a,B)) &
(VB C D A. product(A::'a,B,C) & product(D::'a,B,C) ——> equal(D::'a,A)) &
(subgroup-member(a)) &
(subgroup-member(Gidentity)) &
(~
(

equal(INVERSE (a),Ginverse(a))) ——> False
proof)

lemma GRP031-2:

(VX Y. product(X::'a,Y multiply(X::'a,Y))) &

VXY ZW. product(X::'a,Y,Z) & product(X::'a, Y, W) ——> equal(Z::'a,W))
&

VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::'a,Z , W)
——> product(X::'a,V,W)) &

NVYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::"a,Z ,W)) &

(V A. product(A::'a,INVERSE(A),identity)) &

(V A. product(A::'a,identity,A)) &

(V A. ~product(A::'a,a,identity)) ——> False
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(proof)

lemma GRP034-4:

(VX Y. product(X::'a,Y multiply(X::'a,Y))) &

(V X. product(identity::'a, X, X)) &

(VX. product(X::'a,identity, X)) &

(VX. product(X::'a,INVERSE(X),identity)) &

(VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::"a,Z, W)
——> product(X::'a,V,W)) &

NMYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::"a,Z ,W)) &

(VB A C. subgroup-member(A) & subgroup-member(B) & product(B::'a,INVERSE(A),C)
——> subgroup-member(C)) &

(subgroup-member(a)) &

(™~ subgroup-member(INVERSE (a))) ——> False

(proof)

lemma GRP0,7-2:

(V X. product(identity::'a, X , X)) &

(VX. product(INVERSE(X),X ,identity)) &

(VX Y. product(X::'a,Y multiply(X::'a,Y))) &

VXY ZW. product(X::'a,Y,Z) & product(X::'a,Y , W) ——> equal(Z::'a,W))
&

VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::"a,Z , W)
——> product(X::'a,V,W)) &

NMYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::"a,Z ,W)) &

VX WZY. equal(X::'a,Y) & product(W::'a,Z,X) ——> product(W:'a,Z,Y))
&

(equal(a::'a,b)) &

(~ equal (multiply(c::'a,a),multiply(c::'a,b))) ——> False

(proof)

lemma GRP130-1-002:

(group-element(e-1)) &

(group-element(e-2)) &

(Yequal(e-1:"a,e-2)) &

(~equal(e-2::'a,e-1)) &

(VX Y. group-element(X) & group-element(Y) ——> product(X::'a,Y e-1) |
product(X::'a,Y ,e-2)) &

VXY WZ. product(X::'a,Y , W) & product(X::'a,Y ,Z) ——> equal(W:'a,7))
&

VXY WZ. product(X::'a,W,Y) & product(X::'a,Z,Y) ——> equal(W::'a,Z))
&

VY X W Z. product(W:"a,Y ,X) & product(Z::'a,Y ,X) ——> equal(W::'a,Z))
&
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(VZ1Z2Y X. product(X::"a,Y,Z1) & product(X::'a,Z1,722) ——> product(Z2::'a,Y , X))
——> False
(proof )

abbreviation GRP004-0-ax INVERSE identity multiply equal =

(VX. equal(multiply(identity::'a,X),X)) &

(V X. equal(multiply(INVERSE(X),X),identity)) &

(VX Y Z. equal(multiply(multiply(X::'a,Y),Z),multiply(X ::"a,multiply (Y ::'a,Z))))
&

(VA B. equal(A::'a,B) ——> equal(INVERSE(A),INVERSE(B))) &

(VC D E. equal(C::'a,D) ——> equal(multiply(C::'a,E),multiply(D::'a,E))) &

(VF"HG. equal(F":'a,G) ——> equal(multiply(H::'a,F’),multiply(H::'a,G)))

abbreviation GRP004-2-ax multiply least-upper-bound greatest-lower-bound equal

(VY X. equal(greatest-lower-bound (X ::'a,Y),greatest-lower-bound(Y::'a,X))) &

(VY X. equal(least-upper-bound(X::'a,Y),least-upper-bound (Y ::'a,X))) &

(VXY Z. equal(greatest-lower-bound (X ::'a,greatest-lower-bound (Y ::'a,Z)),greatest-lower-bound( greatest-low:
&

(VX Y Z. equal(least-upper-bound(X ::'a,least-upper-bound( Y ::'a, 7)), least-upper-bound (least-upper-bound (X :

V X. equal(greatest-lower-bound(X::'a,X),X)) &
VY X. equal(least-upper-bound (X ::'a,greatest-lower-bound(X::'a,Y)),X)) &
(VY X. equal(greatest-lower-bound (X ::'a,least-upper-bound(X::'a,Y)),X)) &
(VY X Z. equal(multiply(X ::'a,least-upper-bound (Y ::'a,7)),least-upper-bound (multiply (X ::'a, Y),multiply (X

&
(V X. equal(least-upper-bound(X::'a,X),X)) &
(
(

VY X Z. equal(multiply(X ::'a,greatest-lower-bound(Y::'a, 7)), greatest-lower-bound (multiply (X ::'a, V'), multi

<
h<
N
)

. equal (multiply(least-upper-bound(Y::'a,Z), X ),least-upper-bound (multiply (Y ::'a, X)) ,multiply(Z::'a,
VY ZX. equal(multiply(greatest-lower-bound(Y ::'a,Z),X),greatest-lower-bound (multiply (Y ::'a, X ) ,multiply(
. equal(A::'a,B) ——> equal(greatest-lower-bound(A::'a,C),greatest-lower-bound(B::'a,C)))

VA CB. equal(A::'a,B) ——> equal(greatest-lower-bound(C'::'a,A),greatest-lower-bound(C'::'a,B)))

VA BC. equal(A::'a,B) ——> equal(least-upper-bound(A::"a,C),least-upper-bound(B::'a,C)))

VA CB. equal(A::'a,B) ——> equal(least-upper-bound(C'::'a,A),least-upper-bound(C::'a,B)))

%AK"AK"AR"Q%A@AK"AK"
b
Sy
Q

(VA B C. equal(A::'a,B) ——> equal(multiply(A::'a,C),multiply(B:a,C))) &
(VA C B. equal(A::'a,B) ——> equal(multiply(C::"a,A),multiply(C::'a,B)))

lemma GRP156-1:
EQU001-0-ax equal &
GRPO004-0-ax INVERSE identity multiply equal &
GRPO004-2-ax multiply least-upper-bound greatest-lower-bound equal &
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(equal(least-upper-bound(a::'a,b),b)) &
(™ equal(greatest-lower-bound (multiply(a::'a,c),multiply (b::'a,c)),multiply(a::'a,c)))
——> False

(proof)

lemma GRP168-1:

EQU001-0-ax equal &

GRP004-0-ax INVERSE identity multiply equal &

GRP004-2-ax multiply least-upper-bound greatest-lower-bound equal &

(equal(least-upper-bound(a::'a,b),b)) &

(™~ equal (least-upper-bound (multiply(INVERSE (¢),multiply(a::'a,c)),multiply (INVERSEc) ,multiply(b::'a,c))
——> False

(proof)

abbreviation HENQ02-0-az identity Zero Divide equal mless-equal =

(VX Y. mless-equal(X::'a,Y) ——> equal(Divide(X::'a,Y),Zero)) &

(VX Y. equal(Divide(X::'a,Y),Zero) ——> mless-equal(X::'a,Y)) &

(VY X. mless-equal(Divide(X::'a,Y),X)) &

(VX Y Z. mless-equal(Divide( Divide(X ::'a,Z),Divide(Y ::'a, 7)), Divide( Divide(X ::'a,Y),Z)))
&

(V X. mless-equal(Zero::'a, X)) &

(VX Y. mless-equal(X::'a,Y) & mless-equal(Y::'a,X) ——> equal(X::'a,Y)) &

(VX. mless-equal(X::'a,identity))

abbreviation HEN002-0-eq mless-equal Divide equal =
(VA B C. equal(A::'a,B) ——> equal(Divide(A::'a,C),Divide(B::"a,C))) &
(VD F' E. equal(D::'a,E) ——> equal(Divide(F"::'a,D),Divide(F":"a,E))) &
(VG HI' equal(G::'a,H) & mless-equal(G::'a,I’) ——> mless-equal(H::'a,I")) &
(VJL K’ equal(J::'a,K") & mless-equal(L::'a,J) ——> mless-equal(L::'a,K"))

lemma HENQ003-3:
EQU001-0-ax equal &
HENO002-0-azx identity Zero Divide equal mless-equal &
HEN002-0-eq mless-equal Divide equal &
(™~ equal(Divide(a::'a,a),Zero)) ——> False
(proof)

lemma HENOO7-2:

EQU001-0-ax equal &

(VX Y. mless-equal(X::'a,Y) ——> quotient(X::'a,Y,Zero)) &

(VX Y. quotient(X::'a,Y,Zero) ——> miess-equal(X::'a,Y)) &

VY Z X. quotient(X::'a,Y,Z) ——> mless-equal(Z::'a,X)) &

VY X V3 V2 VI Z V4 V5. quotient(X::'a,Y, V1) & quotient(Y::'a,Z,V2) &
quotient(X::'a,Z,V3) & quotient(V3::'a,V2,V}) & quotient(V1::'a,Z,V5) ——>
miess-equal(V4::'a, V5)) &

(V X. mless-equal(Zero::'a, X)) &
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(VX Y. mless-equal(X::'a,Y) & mless-equal(Y::'a,X) ——> equal(X::'a,Y)) &
(V X. mless-equal(X::'a,identity)) &

(VX Y. quotient(X::'a,Y ,Divide(X::"a,Y))) &

(VXY ZW. quotient(X::'a,Y,Z) & quotient(X::'a, Y , W) ——> equal(Z::'a, W))
VXY WZ. equal(X::'a,Y) & quotient(X::'a,W,Z) ——> quotient(Y::'a,W,Z))
VXWYZ. equal(X::'a,Y) & quotient(W::'a,X,Z) ——> quotient(W:"a,Y,Z))

VXWZY. equal(X::'a,Y) & quotient(W::'a,Z,X) ——> quotient(W::'a,Z,Y))

B

(VX ZY. equal(X::'a,Y) & mless-equal(Z::'a,X) ——> mless-equal(Z::'a,Y)) &
VXY Z. equal(X::'a,Y) & mless-equal(X::'a,Z) ——> mless-equal(Y::'a,2)) &
VXY W. equal(X::"a,Y) ——> equal(Divide(X::'a, W),Divide(Y::'a,W))) &
VX WY. equal(X::'a,Y) ——> equal(Divide(W::'a,X),Divide(W::'a,Y))) &
(VX. quotient(X ::'a,identity,Zero)) &
(V X. quotient(Zero::'a,X ,Zero)) &
(VX. quotient(X::'a,X,Zero)) &
(VX. quotient(X::'a,Zero, X)) &
(VY X Z. mless-equal(X ::'a,Y) & mless-equal(Y::'a,Z) ——> mless-equal(X::'a,7))
&
(VW1XZW2Y. quotient(X::'a, Y, W1) & mless-equal( W1::'a,Z) & quotient(X::'a,Z, W2)
——> mless-equal(W2::'a,Y)) &
(mless-equal(z::'a,y)) &
(quotient(z::'a,y,2Qy)) &
(quotient(z::'a,x,2Qz)) &
(~mless-equal(2Qy::"a,2Qx)) ——> False
(proof)

lemma HENOOS-4:

EQUO01-0-ax equal &

HENQ02-0-azx identity Zero Divide equal mless-equal &

HENOQ02-0-eq mless-equal Divide equal &

(VX. equal(Divide(X::'a,identity),Zero)) &

(V X. equal(Divide(Zero::'a,X),Zero)) &

(V X. equal(Divide(X ::'a,X),Zero)) &

(equal(Divide(a::'a,Zero),a)) &

(VY X Z. mless-equal(X::'a,Y) & mless-equal(Y::'a,Z) ——> mless-equal(X::'a,Z))
&

(VX Z Y. mless-equal(Divide(X::'a,Y),Z) ——> mless-equal(Divide(X::'a,Z),Y))
&

(VY Z X. mless-equal(X::'a,Y) ——> mless-equal(Divide(Z::'a,Y),Divide(Z::'a,X)))
&

(mless-equal(a::'a,b)) &

(~mless-equal(Divide(a::'a,c),Divide(b::"a,c))) ——> False

(proof )
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lemma HEN009-5:

EQU001-0-ax equal &

(VY X. equal(Divide(Divide(X::'a,Y),X),Zero)) &

(VX Y Z. equal(Divide(Divide(Divide(X ::'a,Z),Divide( Y ::'a,Z)),Divide( Divide(X ::'a,Y'),Z)),Zero))
&

(VX. equal(Divide(Zero::'a,X),Zero)) &

(VX Y. equal(Divide(X::"a,Y),Zero) & equal(Divide(Y::'a,X),Zero) ——> equal(X::'a,Y))
&

(V X. equal(Divide(X ::'a,identity),Zero)) &

(VA B C. equal(A::'a,B) ——> equal(Divide(A::'a,C),Divide(B::"a,C))) &

(VD F'E. equal(D::'a,E) ——> equal(Divide(F"::'a,D),Divide(F"::"a,E))) &

(VY X Z. equal(Divide(X::'a,Y),Zero) & equal(Divide(Y::'a,Z),Zero) ——>
equal(Divide(X ::'a,Z),Zero)) &

(VX Z Y. equal(Divide(Divide(X::'a,Y),Z),Zero) ——> equal(Divide(Divide(X::'a,Z),Y),Zero))
&

(VY ZX. equal(Divide(X ::'a,Y),Zero) ——> equal(Divide(Divide(Z::"a,Y),Divide(Z::'a,X)), Zero))
&

(™ equal( Divide(identity::'a,a), Divide(identity::'a, Divide (identity::'a, Divide (identity::'a,a)))))
&

(equal(Divide(identity::'a,a),b)) &

(equal(Divide(identity::'a,b),c)) &

(equal( Divide(identity::'a,c),d)) &

(~equal(b::'a,d)) ——> False
(

lemma HENQ12-3:
EQU001-0-ax equal &
HENOQ02-0-azx identity Zero Divide equal mless-equal &
HENO002-0-eq mless-equal Divide equal &
(~mless-equal(a::'a,a)) ——> False
(proof )

lemma LCL010-1:
(VX Y. is-a-theorem(equivalent(X::'a,Y)) & is-a-theorem(X) ——> is-a-theorem(Y'))
&
(VX ZY. is-a-theorem(equivalent(equivalent(X ::'a,Y),equivalent (equivalent(X ::'a,Z),equivalent(Z::'a, Y))))
&
(™ is-a-theorem(equivalent (equivalent(a::'a,b),equivalent(equivalent(c::’a,b),equivalent(a::'a,c)))))
——> False
{proof)

lemma LCLO77-2:

(VX Y. is-a-theorem(implies(X,Y)) & is-a-theorem(X) ——> is-a-theorem(Y))
&

(VY X. is-a-theorem(implies(X ,implies(Y,X)))) &
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(VY X Z. is-a-theorem(implies(implies(X ;implies(Y,Z)),implies(implies(X,Y ), implies(X,Z)))))
&

(VY X. is-a-theorem(implies(implies(not(X),not(Y)),implies(Y,X)))) &

(VX2 X1 X3. is-a-theorem(implies(X1,X2)) & is-a-theorem(implies(X2,X3))
——> is-a-theorem (implies(X1,X3))) &

(~is-a-theorem(implies(not(not(a)),a))) ——> False

(proof)

lemma LCL082-1:
(VX Y. is-a-theorem (implies(X::'a,Y)) & is-a-theorem(X) ——> is-a-theorem(Y))
&
(VY Z UX. is-a-theorem(implies(implies(implies(X ::'a,Y),Z) implies(implies(Z::"a,X ) implies(U::'a,X)))))
&
(~is-a-theorem(implies(a::'a,implies(b::'a,a)))) ——> False
{proof)

lemma LCL111-1:

(VX Y. is-a-theorem(implies(X,Y)) & is-a-theorem(X) ——> is-a-theorem(Y))
&

(VY X. is-a-theorem(implies(X ,implies( Y, X)))) &

(VY X Z. is-a-theorem (implies(implies(X, Y ), implies(implies(Y ,Z ) implies(X ,Z)))))
&

(VY X. is-a-theorem(implies(implies(implies(X,Y),Y ), implies(implies(Y,X),X))))
&

(VY X. is-a-theorem(implies(implies(not(X),not(Y)),implies(Y,X)))) &

(™~ is-a-theorem (implies(implies(a,b),implies(implies(c,a),implies(c,b))))) ——> False

{proof )

lemma LCL143-1:
(VX. equal(X,X)) &
(VY X. equal(X,Y) ——> equal(Y,X)) &
VY X Z. equal(X,Y) & equal(Y,Z) ——> equal(X,Z)) &
(V X. equal(implies(true,X),X)) &
(VY X Z. equal(implies(implies(X,Y ), implies(implies(Y,Z),implies(X ,Z))),true))
&
(VY X. equal(implies(implies(X,Y),Y),implies(implies(Y,X),X))) &
(VY X. equal(implies(implies(not(X),not(Y)),implies(Y ,X)),true)) &
(VA B C. equal(A,B) ——> equal(implies(A,C),implies(B,C))) &
(VD F' E. equal(D,E) ——> equal(implies(F',D),implies(F",E))) &
(VG H. equal(G,H) ——> equal(not(G),not(H))) &
(VX Y. equal(big-V(X,Y),implies(implies(X,Y),Y))
(
(
(
(
(

VX Y. ordered(X,Y) ——> equal (implies(X,Y ), true)) &
VX Y. equal(implies(X,Y),true) ——> ordered(X,Y)) &
VA B C. equal(A,B) ——> equal(big-V (A,C),big- V( ,O)) &

VD F'E. equal(D,E) ——> equal(big-V (F',D),big-V(F',E))) &

)

) &

VX Y. equal(big-hat(X,Y),not(big-V(not(X),not(Y))))) &
)
Y)
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(VG HI' equal(G,H) ——> equal(big-hat(G,I"),big-hat(H,I")) &
(VJ L K'. equal(J,K') ——> equal(big-hat(L,J),big-hat(L,K"))) &
(VM N O'. equal(M,N) & ordered(M,0') ——> ordered(N,0")) &
(VP R Q. equal(P,Q) & ordered(R,P) ——> ordered(R,Q)) &
(ordered(z,y)) &

(~ ordered(implies(z,z),implies(z,y))) ——> False

(

lemma LCL182-1:

(V A. aziom(or(not(or(A,A)),A))) &
(VB A. aziom(or(not(A),or(B,A)))) &
(VB A. aziom(or(not(or(A,B)),or(B,A4)))) &
(VB A C. axziom(or(not(or(A,or(B,C)
(VA C B. aziom(or(not(or(not(A), B))
(VX. aziom(X) ——> theorem(X)) &
(VX Y. aziom(or(not(Y),X)) & theorem(Y) ——> theorem(X)) &

&(VX Y Z. aziom(or(not(X),Y)) & theorem(or(not(Y),Z)) ——> theorem(or(not(X),Z)))
(™~ theorem(or(not(or(not(p),q)),or(not(not(q)),not(p))))) ——> False

(proof )

lemma LCL200-1:
(V A. aziom(or(not(or(A4,A4)),4))) &
(VB A. aziom(or(not(A),or(B,A)))) &
(B,A)))) &

(VB A. aziom(or(not(or(A,B)),or
(VB A C. aziom(or(not(or(A,or(B,(C))), or(B,or(A,C))))) &
(VA C B. aziom(or(not(or(not(A),B r(C,B))))) &
(VX. aziom(X) ——> theorem(X)) &
(VX Y. aziom(or(not(Y),X)) & theorem(Y) ——> theorem(X)) &
&(VX Y Z. axiom(or(not(X),Y)) & theorem(or(not(Y),Z)) ——> theorem(or(not(X),Z)))
(~theorem(or(not(not(or(p,q))),not(q)))) ——> False

{proof)
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lemma LCL215-1:

(V A. aziom(or(not(or(A,A)),A))) &
(VB A. aziom(or(not(A),or(B,A)))
V' B A. axziom(or(not(or(A,B)),or(

) &

( B,A)) &

(VB A C. axziom(or(not(or(A,or(B,C))),
(VA C B. aziom(or(not(or(not(A),B)),
(VX. aziom(X) ——> theorem (X)) &
(VX Y. aziom(or(not(Y),X)) & theorem(Y) ——> theorem(X)) &

&(VX Y Z. aziom(or(not(X),Y)) & theorem(or(not(Y),Z)) ——> theorem(or(not(X),Z)))
(~theorem(or(not(or(not(p),q)),or(not(or(p,q)),q)))) ——> False

{proof)
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lemma LCL230-2:

lemma LDA003-1:
EQU001-0-ax equal &
VY X Z. equal(f(X:'a,f(Yi'a,2)),f(f(X:'a,Y),f(X:'a,2)))) &
(VX Y. left(X:'a,f(X:'a,Y))) &
VY X Z. left(X::'a,Y) & left(Y:'a,Z) ——> left(X:'a,2)) &
(equal(num?2::'a,f (num1::'a,numl))) &
(equal(num3::'a,f (num2::'a,numl))) &
(equal(u::'a,f (num2::'a,num?2))) &
(VA B C. equal(A::'a,B) ——> equal(f(A::'a,C),f(B:'a,C))) &
(VD F' E. equal(D::'a,E) ——> equal(f(F":'a,D),f(F":'a,E))) &
(VG HI' equal(G::'a,H) & left(G::'a, 1) ——> left(H::'a,I"))
(VJ L K' equal(J::'a,K") & left(L::'a,J) ——> left(L::"a,K"))
(~left(num3::'a,u)) ——> False
(proof)

&
&

lemma MSC002-1:

(at(something::'a,here,now)) &

(V Place Situation. hand-at(Place::'a,Situation) ——> hand-at(Place::'a,let-go(Situation)))
&

(V Place Another-place Situation. hand-at(Place::'a,Situation) ——> hand-at( Another-place::'a,go( Another-pl
&

(V Thing Situation. ~held( Thing::'a,let-go(Situation))) &

(V Situation Thing. at(Thing::'a,here,Situation) ——> red(Thing)) &

(V Thing Place Situation. at(Thing::'a,Place,Situation) ——> at( Thing::'a,Place,let-go(Situation)))

&

(¥ Thing Place Situation. at( Thing::'a,Place,Situation) ——> at( Thing::'a,Place,pick-up(Situation)))

&

(V Thing Place Situation. at( Thing::’a,Place,Situation) ——> grabbed( Thing::'a,pick-up(go(Place::'a,let-go(S1

Y Thing Situation. red( Thing) & put( Thing::'a,there,Situation) ——> answer(Situation))

(S o

(V Place Thing Another-place Situation. at( Thing::'a,Place,Situation) & grabbed ( Thing::'a,Situation)
——> put(Thing::'a,Another-place,go( Another-place::'a,Situation))) &

(V Thing Place Another-place Situation. at(Thing::'a,Place,Situation) ——> held( Thing::'a,Situation)
| at(Thing::'a,Place,go( Another-place::'a,Situation))) &

(V One-place Thing Place Situation. hand-at(One-place::'a,Situation) & held( Thing::'a,Situation)
——> at(Thing::'a,Place,go(Place::"a,Situation))) &
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(V¥ Place Thing Situation. hand-at(Place::’a,Situation) & at( Thing::'a,Place,Situation)
——> held(Thing::'a,pick-up(Situation))) &

(V Situation. ~ answer(Situation)) ——> False

{proof)

lemma MSC003-1:

(V Number-of-small-parts Small-part Big-part Number-of-mid-parts Mid-part. has-parts(Big-part::'a, Number-o
——> in’(object-in(Big-part::’a, Mid-part,Small-part, Number-of-mid-parts, Number-of-small-parts ), Mid-part)
| has-parts(Big-part::'a,mtimes( Number-of-mid-parts::'a, Number-of-small-parts),Small-part))

&

(VY Big-part Mid-part Number-of-mid-parts Number-of-small-parts Small-part. has-parts(Big-part::'a, Number-o
& has-parts(object-in(Big-part::'a, Mid-part,Small-part, Number-of-mid-parts, Number-of-small-parts ), Number-e
——> has-parts(Big-part::'a,mtimes( Number-of-mid-parts::'a, Number-of-small-parts),Small-part))

&
in'(john::'a,boy)) &
=

VX.in'(X:'a,boy) ——> in'(X::'a,human)) &

VX.in'(X:'a,hand) ——> has-parts(X::'a,numb ,fingers)) &
. X:'a,human) ——> has-parts(X::'a,num2,arm)) &

VX.in'(X:'a,arm) ——> has-parts(X::'a,numl hand)) &

lemma MSC004-1:

(V Number-of-small-parts Small-part Big-part Number-of-mid-parts Mid-part. has-parts(Big-part::'a, Number-o,
——> in'(object-in(Big-part::'a,Mid-part,Small-part, Number-of-mid-parts, Number-of-small-parts), Mid-part)
| has-parts(Big-part::'a,mtimes( Number-of-mid-parts::'a, Number-of-small-parts),Small-part))
&

(V¥ Big-part Mid-part Number-of-mid-parts Number-of-small-parts Small-part. has-parts(Big-part::'a, Number-o
& has-parts(object-in(Big-part::'a, Mid-part,Small-part, Number-of-mid-parts, Number-of-small-parts ), Number-e
——> has-parts(Big-part::'a,mtimes( Number-of-mid-parts::'a, Number-of-small-parts),Small-part))

&
(in'(john::'a,boy)) &
(VX.in'(X:'a,boy) ——> in'(X::'a,human)) &
(VX. in'(X::'a,hand) ——> has-parts(X::'a,numb fingers)) &
(VX. in'(X:'a,human) ——> has-parts(X::'a,num2,arm)) &
(VX. in'(X:a,arm) ——> has-parts(X::'a,numi hand)) &
(™ has-parts(john::'a,mtimes(mtimes(num2::'a,num1),numb),fingers)) ——> False
(proof)

lemma MSC005-1:

(value(truth::'a,truth)) &

(value(falsity::'a,falsity)) &

(VX Y. value(X::'a,truth) & value(Y::'a,truth) ——> value(zor(X::'a,Y),falsity))
&

(VX Y. value(X::'a,truth) & value(Y::'a,falsity) ——> value(zor(X::'a,Y),truth))
&
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(VX Y. value(X::'a,falsity) & value(Y::'a,truth) ——> value(zor(X::'a,Y ), truth))
&

(VX Y. value(X::'a,falsity) & value(Y::'a,falsity) ——> value(zor(X::'a,Y),falsity))
&

(V Value. ~wvalue(zor(zor(zor(zor(truth::'a,falsity),falsity), truth),falsity), Value))
——> False

{proof)

lemma MSC006-1:

VYXZ p(X:'a,Y) & p(Y:ii'a,Z) ——> p(X:'a,Z))
VYXZ ¢ X:'a,Y) & q(Yi'a,Z) ——> q(X:'a,7))
VY X. ¢(X:'a,Y) ——> ¢q(YV:'a, X)) &
VXY.p(X:'a,Y) | ¢(X:7a,Y)) &
(~p(a:’ad)) &
(~q(e:'a,d)) ——> False
(proof)

&
&

lemma NUMO001-1:
(VA. equal(A::'a,A)) &
(VB A C. equal(A::'a,B) & equal(B::'a,C) ——> equal(A::'a,C)) &
(VB A. equal(add(A::'a,B),add(B::"a,4))) &
(VA B C. equal(add(A::'a,add(B::"a,C)),add(add(A::"a,B),C))) &
(VB A. equal(subtract(add(A::'a,B),B),A)) &
(VA B. equal(A::'a,subtract(add(A::"a,B),B))) &
(VA C B. equal(add(subtract(A::'a,B),C),subtract(add(A::'a,C),B))) &
(VA C B. equal(subtract(add(A::'a,B),C),add(subtract(A::'a,C),B))) &
(VA CBD. equal(A::'a,B) & equal(C::'a,add(A::'a,D)) ——> equal(C::'a,add(B::'a,D)))

VA CDB. equal(A::"a,B) & equal(C::'a,add(D::"a,A)) ——> equal(C::'a,add(D::"a,B)))
VYA CBD. equal(A::'a,B) & equal(C::'a,subtract(A::'a,D)) ——> equal(C::'a,subtract(B::'a,D)))

VA CD B. equal(A::'a,B) & equal(C::"a,subtract(D::'a,A)) ——> equal(C::'a,subtract(D::'a,B)))

I o o o

(~equal(add(add(a::'a,b),c),add(a::'a,add(b::"a,c)))) ——> False
{proof)

abbreviation NUMO001-0-ax multiply successor num0 add equal =
(V A. equal(add(A::'a,num0),A)) &
(VA B. equal(add(A::'a,successor(B)),successor(add(A::'a,B)))) &
(V A. equal(multiply(A::'a,num0),num0)) &
(VB A. equal(multiply(A::'a,successor(B)),add(multiply(A::'a,B),A))) &
(VA B. equal(successor(A),successor(B)) ——> equal(A::'a,B)) &
(VA B. equal(A::'a,B) ——> equal(successor(A),successor(B)))

abbreviation NUM001-1-ax predecessor-of-1st-minus-2nd successor add equal mless
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(VA C B. mless(A::'a,B) & mless(C::'a,A) ——> mless(C::'a,B)) &
(VA B C. equal(add(successor(A),B),C) ——> mless(B::'a,C)) &
(VA B. mless(A::'a,B) ——> equal(add(successor(predecessor-of-1st-minus-2nd(B::'a,A)),A),B))

abbreviation NUM001-2-ax equal mless divides =
(VA B. divides(A::’a,B) ——> mless(A::"a,B) | equal(A::'a,B)) &
(VA B. mless(A::'a,B) ——> divides(A::'a,B)) &
(VA B. equal(A::'a,B) ——> divides(A::'a,B))

lemma NUMO021-1:
EQU001-0-ax equal &
NUMO01-0-ax multiply successor num0 add equal &
NUMO01-1-ax predecessor-of-1st-minus-2nd successor add equal mless &
NUMOO01-2-ax equal mless divides &
(mless(b::'a,c)) &
(~mless(b::'a,a)) &
(divides(c::'a,a)) &
(V A. ~equal(successor(A),num0)) ——> False
(proof)

lemma NUMO024-1:
EQU001-0-ax equal &
NUMO01-0-ax multiply successor num0 add equal &
NUMO01-1-az predecessor-of-1st-minus-2nd successor add equal mless &
(VB A. equal(add(A::'a,B),add(B::'a,A))) &
(VB A C. equal(add(A::'a,B),add(C::'a,B)) ——> equal(A::'a,C)) &
(mless(a::'a,a)) &
(V A. ~equal(successor(A),num0)) ——> False
(proof )

abbreviation SET004-0-ax not-homomorphism2 not-homomorphism1
homomorphism compatible operation cantor diagonalise subset-relation
one-to-one choice apply reqular function identity-relation
single-valued-class compos powerClass sum-class omega inductive
successor-relation successor image’ rng domain range-of INVERSE flip
rot domain-of null-class restrct difference union complement
intersection element-relation second first cross-product ordered-pair
singleton unordered-pair equal universal-class not-subclass-element
member subclass =
(VX UY. subclass(X::'a,Y) & member(U::'a,X) ——> member(U::"a,Y)) &
(VX Y. member(not-subclass-element(X::'a,Y),X) | subclass(X::'a,Y)) &
(VX Y. member(not-subclass-element(X::'a,Y),Y) ——> subclass(X::'a,Y)) &
(VX. subclass(X ::'a,universal-class)) &
VXY. equal(X::'a,Y) ——> subclass(X::'a,Y)) &
(VY X. equal(X::'a,Y) ——> subclass(Y::'a,X)) &
(VX Y. subclass(X::'a,Y) & subclass(Y::'a,X) ——> equal(X::'a,Y)) &
(VX U Y. member(U:'a,unordered-pair(X::'a,Y)) ——> equal(U::'a,X) | equal(U::'a,Y))
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&
(VX Y. member(X::'a,universal-class) ——> member(X::'a,unordered-pair(X::'a,Y)))
&
(VX Y. member(Y::’a,universal-class) ——> member(Y ::’a,unordered-pair(X::'a,Y)))
&
(VX Y. member(unordered-pair(X::'a,Y ), universal-class)) &
(V X. equal(unordered-pair(X::'a,X),singleton(X))) &
(VX Y. equal(unordered-pair(singleton(X ),unordered-pair(X ::'a,singleton(Y))),ordered-pair(X::'a,Y)))
&
(V VY UX. member(ordered-pair(U::'a,V),cross-product(X::'a,Y)) ——> mem-
ber(U::'a,X)) &
(VU X VY. member(ordered-pair(U::"a,V),cross-product(X::'a,Y)) ——> mem-
ber(V:'a,Y)) &
(VUVXY.member(U::'a,X) & member(V::'a,Y) ——> member(ordered-pair(U::'a,V'),cross-product (X ::'c
&
(VXY Z. member(Z::'a,cross-product(X::'a,Y)) ——> equal(ordered-pair(first(Z),second(Z)),Z))
&
(subclass(element-relation::'a,cross-product (universal-class::'a,universal-class)))
&
(VX Y. member(ordered-pair(X::'a,Y),element-relation) ——> member(X::'a,Y))
&
(VX Y. member(ordered-pair(X::'a,Y),cross-product (universal-class::'a,universal-class))
& member(X::'a,Y) ——> member(ordered-pair(X::'a,Y),element-relation)) &
(VY Z X. member(Z::'a,intersection(X::'a,Y)) ——> member(Z::'a,X)) &
(VX Z Y. member(Z::'a,intersection(X::’a,Y)) ——> member(Z::'a,Y)) &
(VZXY.member(Z::'a,X) & member(Z::'a,Y) ——> member(Z::'a,intersection(X::'a,Y)))
&
(VZ X. ~(member(Z::'a,complement(X)) & member(Z::'a,X))) &
(VZ X. member(Z::'a,universal-class) ——> member(Z::'a,complement(X)) |
member(Z::'a,X)) &
(VX Y. equal(complement (intersection(complement(X),complement(Y))),union(X::'a,Y)))
&
. equal(intersection(complement(intersection(X::'a, ,complement(intersection(complement ,con
VXY l l X:'a,Y l l X
&
T . equal(intersection(Xr::'a,cross-product( X ::'a, ,restret( Xr::'a, X,
VXrXY (1 jon(Xr::' duct(X::'a,Y Xr:'a, X, Y
&
(VXr X Y. equal(intersection(cross-product(X::'a,Y),Xr),restrct(Xr::'a,X,Y)))
&
(VZ X. ~(equal(restrct(X::'a,singleton(Z),universal-class),null-class) & mem-
ber(Z::'a,domain-of (X)))) &
(VZ X. member(Z::'a,universal-class) ——> equal(restrct(X::'a,singleton(Z),universal-class),null-class)
| member(Z::'a,domain-of (X))) &
(V X. subclass(rot(X),cross-product(cross-product(universal-class::'a,universal-class) ,universal-class)))
&
(V VW UX. member(ordered-pair(ordered-pair(U::'a, V), W),rot(X)) ——> mem-
ber (ordered-pair(ordered-pair(V::'a,W),U),X)) &
(VU V W X. member(ordered-pair (ordered-pair(V::'a,W),U),X ) & member(ordered-pair(ordered-pair(U::'a
——> member(ordered-pair(ordered-pair(U::'a, V), W),rot(X))) &
(V X. subclass(flip(X),cross-product(cross-product (universal-class::'a,universal-class),universal-class)))
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&

(V VU W X. member(ordered-pair(ordered-pair(U::'a, V), W), flip(X)) ——> mem-
ber (ordered-pair(ordered-pair(V::'a,U),W),X)) &

(VU V W X. member(ordered-pair(ordered-pair(V::'a,U),W),X ) & member(ordered-pair(ordered-pair(U::'a
——> member(ordered-pair(ordered-pair(U::'a, V), W),flip(X))) &

(VY. equal(domain-of (flip(cross-product (Y ::'a,universal-class))),INVERSE(Y)))
&

(V Z. equal(domain-of INVERSE(Z)),range-of (Z))) &

(VZ X Y. equal(first(not-subclass-element(restret(Z::'a, X ,singleton(Y)),null-class)),domain(Z::'a,X,Y)))
&

(VZ X Y. equal(second(not-subclass-element(restrct(Z::'a,singleton(X),Y ), null-class)),rng(Z::'a,X,Y)))
&

(VXr X. equal(range-of (restrct(Xr::'a, X ;universal-class))image'(Xr::'a,X))) &

(VX. equal(union(X::'a,singleton(X)),successor(X))) &

(subclass(successor-relation::'a, cross-product(universal-class::'a,universal-class)))
&

(VX Y. member(ordered-pair(X::'a,Y),successor-relation) ——> equal(successor(X),Y))
&

(VXY. equal(successor(X),Y) & member(ordered-pair(X::'a,Y),cross-product (universal-class::'a,universal-
——> member(ordered-pair(X::'a,Y),successor-relation)) &

(V X. inductive(X) ——> member(null-class::'a,X)) &

(V X. inductive(X) ——> subclass(image’(successor-relation::'a,X),X)) &

(V X. member(null-class::'a,X) & subclass(image'(successor-relation::'a,X ), X)
——> inductive(X)) &

(inductive(omega)) &

(VY. inductive(Y) ——> subclass(omega::'a,Y)) &

(member(omega::'a,universal-class)) &

(V X. equal(domain-of (restrct(element-relation::'a,universal-class, X)), sum-class(X)))

vV X. member(X::'a,universal-class) ——> member(sum-class(X),universal-class))
YV X. equal(complement(image’(element-relation::’'a,complement(X))),powerClass(X)))
YV U. member(U::’a,universal-class) ——> member(powerClass(U),universal-class))

Y Yr Xr. subclass(compos( Yr::'a,Xr),cross-product(universal-class::'a,universal-class)))

(R o ol I o

(VZ Yr Xr Y. member(ordered-pair(Y::'a,Z),compos(Yr::'a,Xr)) ——> mem-
ber(Z::'a,image’(Yr::'a,image’(Xr::'a,singleton(Y))))) &

(VY Z Yr Xr. member(Z::'a,image’( Yr::'a,image’(Xr::'a,singleton(Y)))) & mem-
ber(ordered-pair(Y::'a,Z),cross-product(universal-class::'a,universal-class)) ——> mem-
ber(ordered-pair(Y::'a,Z),compos(Yr::'a, Xr))) &

(V X. single-valued-class(X) ——> subclass(compos(X::'a,INVERSE(X)),identity-relation))
&

(V X. subclass(compos(X::'a,INVERSE(X)),identity-relation) ——> single-valued-class(X))
&

(V Xf. function(Xf) ——> subclass(Xf::'a,cross-product(universal-class::’'a,universal-class)))
&

(V Xf. function(Xf) ——> subclass(compos(Xf::'a,INVERSE(XF)),identity-relation))
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&

(VXf. subclass(Xf::'a,cross-product(universal-class::'a,universal-class)) & sub-
class(compos(Xf::'a,INVERSE (Xf)),identity-relation) ——> function(Xf)) &

(VXfX. function(Xf) & member(X::'a,universal-class) ——> member(image’'(Xf::'a,X ), universal-class))
&

(VX. equal(X::'a,null-class) | member(reqular(X),X)) &

(VX. equal(X::'a,null-class) | equal(intersection(X ::'a,reqular(X)),null-class)) &

(VXS Y. equal(sum-class(image'(Xf::'a,singleton(Y))),apply(Xf::'a,Y))) &

(function(choice)) &

(VY. member(Y::'a,universal-class) ——> equal( Y ::'a,null-class) | member(apply(choice::'a,Y),Y))
&

(V Xf. one-to-one(Xf) ——> function(Xf)) &

(V Xf. one-to-one(Xf) ——> function(INVERSE(Xf))) &

(VXf. function(INVERSE(Xf)) & function(Xf) ——> one-to-one(Xf)) &
(equal(intersection(cross-product(universal-class::'a,universal-class),intersection( cross-product (universal-cla:

&

(equal(intersection(INVERSE (subset-relation),subset-relation),identity-relation))
V Xr. equal(complement(domain-of (intersection(Xr::'a,identity-relation))),diagonalise(Xr)))

YV X. equal(intersection(domain-of (X),diagonalise(compos(INVERSE (element-relation),X))),cantor(X)))

(R o o

(V Xf. operation(Xf) ——> function(Xf)) &
(V Xf. operation(Xf) ——> equal(cross-product(domain-of (domain-of (Xf)),domain-of (domain-of (Xf))),don
&

(V Xf. operation(Xf) ——> subclass(range-of (Xf),domain-of (domain-of (Xf))))
&

(V Xf. function(Xf) & equal(cross-product(domain-of (domain-of (Xf)),domain-of (domain-of (Xf))),domain-
& subclass(range-of (Xf),domain-of (domain-of (Xf))) ——> operation(Xf)) &

(V Xf1 Xf2 Xh. compatible(Xh::'a,Xf1,Xf2) ——> function(Xh)) &

(V Xf2 Xf1 Xh. compatible(Xh::'a,Xf1,Xf2) ——> equal(domain-of (domain-of (Xf1)),domain-of (Xh)))

&

(V Xf1 Xh Xf2. compatible( Xh::'a,Xf1,Xf2) ——> subclass(range-of (Xh),domain-of (domain-of (Xf2))))
&

(V Xh Xh1 Xf1 Xf2. function(Xh) & equal(domain-of (domain-of (Xf1)),domain-of (Xh))

& subclass(range-of (Xh),domain-of (domain-of (Xf2))) ——> compatible(Xh1::'a,Xf1,Xf2))
&

(V Xh Xf2 Xf1. homomorphism(Xh::'a,Xf1,Xf2) ——> operation(Xf1)) &

(V Xh Xf1 Xf2. homomorphism(Xh::'a,Xf1,Xf2) ——> operation(Xf2)) &

(V Xh Xf1 Xf2. homomorphism(Xh::'a,Xf1,Xf2) ——> compatible(Xh::'a,Xf1,Xf2))

&

(V Xf2 Xh Xf1 X Y. homomorphism(Xh::'a,Xf1,Xf2) & member(ordered-pair(X::'a,Y"),domain-of (Xf1))
——> equal(apply(Xf2::'a,ordered-pair(apply(Xh::'a, X ),apply(Xh::'a,Y))),apply(Xh::'a,apply(Xf1::'a,ordered:
&

(V Xh Xf1 Xf2. operation(Xf1) & operation(Xf2) & compatible(Xh::'a,Xf1,X[2)

——> member(ordered-pair (not-homomorphism1 (Xh::'a,Xf1,Xf2),not-homomorphism2(Xh::'a,Xf1,Xf2)),don
| homomorphism(Xh::'a,Xf1,Xf2)) &

(V Xh Xf1 Xf2. operation(Xf1) & operation(Xf2) & compatible(Xh::'a,Xf1,Xf2)

& equal (apply(Xf2::'a,ordered-pair (apply(Xh::'a,not-homomorphism1 (Xh::'a, Xf1,Xf2)),apply(Xh::'a,not-hom
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——> homomorphism(Xh::'a,Xf1,Xf2))

abbreviation SET004-0-eq subclass single-valued-class operation
one-to-one member inductive homomorphism function compatible
unordered-pair union sum-class successor singleton second rot restrct
reqular range-of rng powerClass ordered-pair not-subclass-element
not-homomorphism2 not-homomorphism1 INVERSE intersection image’ flip
first domain-of domain difference diagonalise cross-product compos
complement cantor apply equal =
(VD E F'. equal(D::'a,E) ——> equal(apply(D::'a,F"),apply(E::"a,F"))) &
(VG I'H. equal(G::'a,H) ——> equal(apply(I":'a,G),apply(I1':"a,H))) &
(VJ K. equal(J::'a,K') ——> equal(cantor(J),cantor(K"))) &
(VL M. equal(L::'a,M) ——> equal(complement(L),complement(M))) &
(VN O’ P. equal(N::'a,0") ——> equal(compos(N::'a,P),compos(0":'a,P))) &
(V@ S’ R. equal(Q::'a,R) ——> equal(compos(S":'a,Q),compos(S"::'a,R))) &
(VT'UV.equal(T":'a,U) ——> equal(cross-product(T"::'a,V),cross-product(U::'a,V)))
&
(VWY X. equal(W::'a,X) ——> equal(cross-product(Y::'a, W),cross-product(Y::'a,X)))
&
(VZ Al. equal(Z::'a,A1) ——> equal(diagonalise(Z),diagonalise(A1))) &
(VB1 C1 D1. equal(B1::'a,C1) ——> equal(difference(B1::'a,D1),difference(C1::'a,D1)))

VE1 G1F1. equal(El:'a,F1) ——> equal(difference(G1::'a,E1),difference(G1::'a,F'1)))

(S

(VHII1J1KI1. equal(H1::'a,11) ——> equal(domain(H1::'a,J1,K1),domain(I1::'a,J1,K1)))

&

(VL1 N1 M1 O1. equal(L1::"a,M1) ——> equal(domain(N1::'a,L1,01),domain(N1::'a,M1,01)))

&

(VP1R1S51Q1. equal(P1::'a,Q1) ——> equal(domain(R1::'a,51,P1),domain(R1::'a,51,Q1)))

&

(VT1 Ul. equal(T1::'a,Ul) ——> equal(domain-of (T1),domain-of (U1))) &

(V VI WI1. equal(V1:'a,W1) ——> equal(first(V1),first(W1))) &

(VX1 Y1. equal(X1::'a,Y1) ——> equal(flip(X1),flip(Y1))) &

(VZ1 A2 B2. equal(Z1::'a,A2) ——> equal(image'(Z1::'a,B2),image’(A2::'a,B2)))

&

(VC2 E2 D2. equal(C2::'a,D2) ——> equal(image’(E2::'a,C2),image’(E2::'a,D2)))

&

(VF2 G2 H2. equal(F2::'a,G2) ——> equal(intersection(F2::'a,H2),intersection( G2::'a,H2)))

&

(VI2 K2 J2. equal(12::'a,J2) ——> equal(intersection(K2::'a,12),intersection(K2::'a,J2)))

&

(VL2 M2. equal(L2::'a,M2) ——> equal(INVERSE(L2),INVERSE(M2))) &

(VN2 02 P2 Q2. equal(N2::'a,02) ——> equal(not-homomorphism1(N2::'a,P2,Q2),not-homomorphism1 ( O
&(V R2 T2 52 U2. equal(R2::'a,52) ——> equal(not-homomorphism1(T2::'a,R2,U2),not-homomorphism1 (T2
&(V V2 X2 Y2 W2. equal(V2::'a, W2) ——> equal(not-homomorphism1(X2::'a,Y2,V2),not-homomorphism1 (A
&(V Z2 A3 B3 C3. equal(Z2::'a,A8) ——> equal(not-homomorphism2(Z2::'a,B3,03),not-homomorphism2(A3:
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&

(VD3 F3 E3 G3. equal(D3::'a,E3) ——> equal(not-homomorphism2(F3::'a,D3,G3),not-homomorphism2(F3

&

(VHS8 J8 K3 I3. equal(H3::'a,13) ——> equal(not-homomorphism2(J3::'a,K3,H3),not-homomorphism2(J3::’

VL3 M3 N3. equal(L3::'a,M8) ——> equal(not-subclass-element(L3::'a,N3),not-subclass-element(M3::'a, N5

(S

(V03 Q3 P3. equal(08::'a,P3) ——> equal(not-subclass-element(Q3::'a,03),not-subclass-element(Q3::'a,P3

VY R3S3 T3. equal(R3::'a,53) ——> equal(ordered-pair(R3::'a,T3),ordered-pair(53::'a,T3)))

(S o

(VU3 W3 V3. equal(U3::"a,V3) ——> equal(ordered-pair( W3::'a,U8),ordered-pair( W3::'a,V3)))

&

(VX3 Y3. equal(X8::'a,Y8) ——> equal(powerClass(X3),powerClass(Y3))) &
(VZ3 A4 B4 C4. equal(Z3::'a,A4) ——> equal(rng(Z3::'a,B4,C4),rng(A4::'a,B4,C4)))
&

(VD4 F4 E4 GY. equal(D4::"a,E4) ——> equal(rng(F4::'a,D4,G4),rng(F4::'a,E4,G4)))
&

(VH4 J4 K4 1. equal(HY ' a,1f) ——> equal(rng(J4::'a, K/ ,H4),rng(J4::'a, K4 ,1})))
&

(VL4 M. equal(L4::'a,Mj) ——> equal(range-of (L4),range-of (M4))) &

(VN4 O4. equal(N4::'a,04) ——> equal(regular(N4),reqular(04))) &

(VP4 Q4 R4 S4. equal(Ph:'a,Q4) ——> equal(restret(P4::'a,R4,84 ), restret(Q4::'a,R4,54)))
&

(VT4 V4 Uj Wh. equal(T4:"a,Uf) ——> equal(restret(V4::'a, T4, W4),restret(V4::'a, UL, W4)))
&

(VX4 Z4 A5 Y. equal(X4:'a,Y]) ——> equal(restrct(Z4::'a, A5, X4 ) restrct(Z4::'a,A5,Y4)))

gy

VD5 E5. equal(D5::'a,E5) ——> equal(second(D5),second(E5))) &

VFE5 G5. equal(F5::'a,G5) ——> equal(singleton(F5),singleton(G5))) &

YV HS5 I5. equal(H5::'a,15) ——> equal(successor(HS),successor(15))) &

(VJ5 K5. equal(J5::'a,K5) ——> equal(sum-class(J5),sum-class(K5))) &

(VL5 M5 N5. equal(L5::'a,M5) ——> equal(union(L5::'a,N5),union(M5::'a,N5)))

&
(VB5 C5. equal(B5::'a,C5) ——> equal(rot(B5),rot(C5))) &
(
(
(

&

(V05 Q5 P5. equal(05::'a,P5) ——> equal(union(Q5::'a,05),union(Q5::'a,P5)))

&

(VR5 55 T5. equal(R5::"a,55) ——> equal(unordered-pair(R5::'a, T5 ), unordered-pair(S5::'a,T5)))

&

(VU5 W5 V5. equal(U5::'a,V5) ——> equal(unordered-pair( W5::'a,U5),unordered-pair( W5::'a, V5)))

&

(VX5 Y5 Z5 AG. equal(X5::'a,Y5) & compatible(X5::'a,Z5,A6) ——> compati-
ble(Y5::'a,75,A6)) &

(VB6 D6 C6 E6. equal(B6::'a,C6) & compatible(D6::'a,B6,E6) ——> compati-
ble(D6::'a,C6,E6)) &

(VF6 H6 I6 G6. equal(F6::'a,G6) & compatible(H6::'a,16,F6) ——> compati-
ble(H6::'a,16,G6)) &

(VJ6 K6. equal(J6::'a,K6) & function(J6) ——> function(K6)) &

(VL6 M6 N6 O6. equal(L6::'a,M6) & homomorphism(L6::'a,N6,06) ——> ho-
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momorphism(M6::'a,N6,06)) &

(VP6 R6 Q6 S6. equal(P6::'a,Q6) & homomorphism(R6::'a,P6,56) ——> ho-
momorphism(R6::'a,Q6,56)) &

(VT6 V6 W6 U6. equal(T6::'a,U6) & homomorphism(V6::'a,W6,T6) ——> ho-
momorphism(V6::'a, W6,U6)) &

(VX6 Y6. equal(X6::"a,Y6) & inductive(X6) ——> inductive(Y6)) &

(VZ6 A7 B7. equal(Z6::'a,A7) & member(Z6::'a,B7) ——> member(A7::'a,B7))
&

(V C7E7D7. equal(C7::'a,D7) & member(E7::'a,C7) ——> member(E7::'a,D7))
&

(VF7 G7. equal(F7::'a,G7) & one-to-one(F7) ——> one-to-one(G7)) &

(VH7 I7. equal(H7::'a,I7) & operation(H7) ——> operation(17)) &

(VJ7K7. equal(J7::'a,K7) & single-valued-class(J7) ——> single-valued-class(K7))
&

(VL7TM7N7. equal(L7::'a,M7) & subclass(L7::'a,N7) ——> subclass(M7::'a,N7))
&

(Y O7Q7P7. equal(O7::'a,P7) & subclass(Q7::'a,07) ——> subclass(Q7::'a,P7))

abbreviation SET004-1-ax range-of function maps apply
application-function singleton-relation element-relation complement
intersection single-valued3 singleton image’ domain single-valued2
second single-valuedl identity-relation INVERSE not-subclass-element
first domain-of domain-relation composition-function compos equal
ordered-pair member universal-class cross-product compose-class
subclass =
(V X. subclass(compose-class(X ), cross-product (universal-class::'a,universal-class)))
&
(VX Y Z. member(ordered-pair(Y::'a,Z),compose-class(X)) ——> equal(compos(X::'a,Y),Z))
&
(VY Z X. member(ordered-pair(Y::'a,Z),cross-product(universal-class::'a,universal-class))
& equal(compos(X::'a,Y),Z) ——> member(ordered-pair(Y ::'a,Z),compose-class(X)))
&
(subclass(composition-function::'a,cross-product (universal-class::'a,cross-product (universal-class::'a,universa
&
(VX Y Z. member(ordered-pair(X ::'a,ordered-pair(Y::'a,Z)),composition-function)
——> equal(compos(X::'a,Y), 7)) &
(VX Y. member(ordered-pair(X::'a,Y),cross-product (universal-class::'a,universal-class))
——> member(ordered-pair(X::'a,ordered-pair (Y ::'a,compos(X::'a,Y))),composition-function))

subclass(domain-relation::'a,cross-product (universal-class::'a,universal-class))) &
VX Y. member(ordered-pair(X::'a,Y),domain-relation) ——> equal(domain-of (X),Y))

YV X. member(X::'a,universal-class) ——> member(ordered-pair(X ::'a,domain-of (X)),domain-relation))
V X. equal(first(not-subclass-element(compos(X::'a, INVERSE (X)),identity-relation)),single-valuedl (X)))

V X. equal(second(not-subclass-element(compos(X::'a,INVERSE (X)),identity-relation)),single-valued2 (X))

P S S S I

vV X. equal(domain(X::'a,image (INVERSE(X),singleton(single-valued1 (X))),single-valued2(X)),single-valt
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&

(equal(intersection(complement(compos(element-relation::'a,complement (identity-relation))),element-relatios

&

(subclass(application-function::'a,cross-product (universal-class::'a,cross-product (universal-class::'a,universal
&

(VZ Y X. member(ordered-pair(X ::'a,ordered-pair(Y::'a,Z)),application-function)

——> member(Y::'a,domain-of (X))) &

(VX Y Z. member(ordered-pair(X ::'a,ordered-pair(Y ::'a,Z)),application-function)
——> equal(apply(X::'a,Y),7)) &

(VZ X Y. member(ordered-pair(X::'a,ordered-pair(Y::'a,Z)),cross-product (universal-class::'a,cross-product
& member(Y::'a,domain-of (X)) ——> member(ordered-pair(X::'a,ordered-pair( Y ::'a,apply(X::'a,Y))), applic
&

VXY Xf. maps(Xf::'a, X, Y) ——> function(Xf)) &

VY Xf X. maps(Xf::'a,X,Y) ——> equal(domain-of (Xf),X)) &

(VX Xf Y. maps(Xf::'a,X,Y) ——> subclass(range-of (Xf),Y)) &

(VXf Y. function(Xf) & subclass(range-of (Xf),Y) ——> maps(Xf::'a,domain-of (Xf),Y))

abbreviation SET004-1-eq maps single-valued3 single-valued?2 single-valuedl compose-class
equal =

(VL M. equal(L::'a,M) ——> equal(compose-class(L),compose-class(M))) &

(VN2 02. equal(N2::'a,02) ——> equal(single-valuedl (N2),single-valued1(02)))

&

(VP2 Q2. equal(P2::'a,Q2) ——> equal(single-valued2(P2),single-valued2(Q2)))
(VR2 52. equal(R2::'a,52) ——> equal(single-valued3(R2),single-valued3(S52)))

VX2Y27Z2A3. equal(X2::'a,Y2) & maps(X2::'a,Z2,A8) ——> maps(Y2::'a,Z2,A3))

IS N o

(VB3 D38 C3 E3. equal(B3::'a,C8) & maps(D3::'a,B3,E3) ——> maps(DS3::'a,C3,E3))

&

(VF8 H3 13 G3. equal(F3::'a,G3) & maps(H3::'a,13,F3) ——> maps(H3::'a,13,G3))

abbreviation NUMO004-0-ax integer-of omega ordinal-multiply
add-relation ordinal-add recursion apply range-of union-of-range-map
function recursion-equation-functions rest-relation rest-of
limit-ordinals kind-1-ordinals successor-relation image’
universal-class sum-class element-relation ordinal-numbers section
not-well-ordering ordered-pair least member well-ordering singleton
domain-of segment null-class intersection asymmetric compos transitive
cross-product connected identity-relation complement restrct subclass
wrreflexive symmetrization-of INVERSE union equal =
(V X. equal(union(X::'a,INVERSE(X)),symmetrization-of (X))) &
(VX Y. irreflexive(X::'a,Y) ——> subclass(restrct(X::'a,Y,Y),complement(identity-relation)))
&
(VX Y. subclass(restret(X::'a,Y,Y),complement (identity-relation)) ——> irreflex-
we(X:'a,Y)) &
(VY X. connected(X::'a,Y) ——> subclass(cross-product(Y ::'a,Y),union(identity-relation::'a,symmetrizatior

&
(VX Y. subclass(cross-product(Y::'a, Y ),union(identity-relation::'a,symmetrization-of (X)))
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——> connected(X::'a,Y)) &

(VX7 Y. transitive(Xr::'a,Y) ——> subclass(compos(restret(Xr::'a, Y, Y ), restret(Xr::'a, Y, Y)),restret(Xr::'a
&

(V Xr Y. subclass(compos(restret(Xr::'a, Y, Y ), restret(Xr::'a, Y, Y)),restrct(Xr::'a, Y, Y))
——> transitive(Xr::'a,Y)) &

(VX7 Y. asymmetric(Xr::'a,Y) ——> equal(restrct (intersection(Xr::'a,INVERSE(X7)),Y,Y),null-class))
&

(V Xr Y. equal(restrct(intersection(Xr::'a, INVERSE (Xr)),Y,Y),null-class) ——>
asymmetric(Xr::'a,Y)) &

(VXr Y Z. equal(segment(Xr::'a,Y ,Z),domain-of (restrct(Xr::'a,Y singleton(Z)))))
&

(VX Y. well-ordering(X::'a,Y) ——> connected(X::"a,Y)) &

(VY Xr U. well-ordering(Xr::'a,Y) & subclass(U::'a,Y) ——> equal(U::'a,null-class)
| member(least(Xr::'a,U),U)) &

(VY V Xr U. well-ordering(Xr::'a,Y") & subclass(U::'a,Y) & member(V::'a,U)
——> member(least(Xr::'a,U),U)) &

(VY Xr U. well-ordering(Xr::'a,Y) & subclass(U::"a,Y) ——> equal(segment(Xr::'a, U least(Xr::'a,U)),null-
&

VY VUXr. ~(well-ordering(Xr::'a,Y) & subclass(U::'a,Y) & member(V::'a,U)
& member(ordered-pair(V::'a,least(Xr::'a,U)),X1))) &

(VXr Y. connected(Xr::'a,Y) & equal(not-well-ordering(Xr::'a,Y),null-class)
——> well-ordering(Xr::'a,Y)) &

(VXr Y. connected(Xr::'a,Y) ——> subclass(not-well-ordering(Xr::'a,Y),Y) |
well-ordering(Xr::'a,Y)) &

(V V Xr Y. member(V::'a,not-well-ordering(Xr::'a,Y)) & equal(segment(Xr::'a,not-well-ordering(Xr::'a,Y),
& connected(Xr::'a,Y) ——> well-ordering(Xr::'a,Y)) &

(VXr Y Z. section(Xr::'a,Y ,Z) ——> subclass(Y::'a,2)) &

(VXrZY. section(Xr::'a,Y ,Z) ——> subclass(domain-of (restrct(Xr::'a,Z,Y)),Y))
&

(VXrY Z. subclass(Y::'a,Z) & subclass(domain-of (restrct(Xr::'a,Z,Y)),Y) ——>
section(Xr::'a, Y, 7)) &

(V X. member(X::'a,ordinal-numbers) ——> well-ordering(element-relation::'a,X))
&

(V X. member(X::'a,ordinal-numbers) ——> subclass(sum-class(X),X)) &

(V X. well-ordering(element-relation::'a,X) & subclass(sum-class(X),X) & mem-
ber(X::'a,universal-class) ——> member(X::'a,ordinal-numbers)) &

(V X. well-ordering(element-relation::'a,X) & subclass(sum-class(X),X) ——>
member(X::'a,ordinal-numbers) | equal(X ::'a,ordinal-numbers)) &

(equal (union(singleton(null-class),image’(successor-relation::'a,ordinal-numbers)),kind-1-ordinals))
&

(equal(intersection(complement(kind-1-ordinals),ordinal-numbers),limit-ordinals))
&

(V X. subclass(rest-of (X),cross-product(universal-class::'a,universal-class))) &

(VY VU X. member(ordered-pair(U::"a,V),rest-of (X)) ——> member(U::'a,domain-of (X)))
&

(VX U V. member(ordered-pair(U::"a,V),rest-of (X)) ——> equal(restrct(X::'a,U,universal-class),V))
&

(VU V X. member(U::'a,domain-of (X)) & equal(restrct(X::'a, U, universal-class), V')
——> member(ordered-pair(U::'a,V),rest-of (X))) &
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(subclass(rest-relation::'a,cross-product(universal-class::'a,universal-class))) &
. member(ordered-pair(X::'a,Y ),rest-relation) ——> equal(rest-o ,
VXY b dered X:'a,Y l l f(X),Y

)

&

(V X. member(X::'a,universal-class) ——> member(ordered-pair(X::'a,rest-of (X)),rest-relation))
&

(VX Z. member(X ::'a,recursion-equation-functions(Z)) ——> function(Z)) &

(VZ X. member (X ::'a,recursion-equation-functions(Z)) ——> function(X)) &

(V Z X. member(X::'a,recursion-equation-functions(Z)) ——> member(domain-of (X),ordinal-numbers))
&

(V Z X. member (X ::'a,recursion-equation-functions(Z)) ——> equal(compos(Z::'a,rest-of (X)),X))
&

(VX Z. function(Z) & function(X) & member(domain-of (X),ordinal-numbers) &
equal(compos(Z::'a,rest-of (X)), X) ——> member(X::'a,recursion-equation-functions(Z)))
&

(subclass(union-of-range-map::'a, cross-product (universal-class::'a,universal-class)))
&

(VX Y. member(ordered-pair(X::'a,Y),union-of-range-map) ——> equal(sum-class(range-of (X)),Y))
&

(VX Y. member(ordered-pair(X::'a,Y),cross-product (universal-class::'a,universal-class))
& equal(sum-class(range-of (X)),Y) ——> member(ordered-pair(X ::'a,Y),union-of-range-map))
&

(VX Y. equal(apply(recursion(X ::'a,successor-relation,union-of-range-map), Y ), ordinal-add (X ::'a, Y)))
&

(VX Y. equal(recursion(null-class::'a,apply(add-relation::'a, X ) ,union-of-range-map),ordinal-multiply (X ::'a,
&

(VX. member(X::'a,omega) ——> equal(integer-of (X),X)) &

(VX. member(X::'a,omega) | equal(integer-of (X),null-class))

abbreviation NUM004-0-eq well-ordering transitive section irreflexive
connected asymmetric symmetrization-of segment rest-of
recursion-equation-functions recursion ordinal-multiply ordinal-add
not-well-ordering least integer-of equal =
(VD E. equal(D::'a,E) ——> equal(integer-of (D),integer-of (E))) &
(VF' G H. equal(F":'a,G) ——> equal(least(F':'a,H),least(G::'a,H))) &
(VI'"K'J. equal(I":'a,J) ——> equal(least(K":'a,I"),least(K ":'a,J))) &
(VL MN. equal(L::'a,M) ——> equal(not-well-ordering(L::'a,N),not-well-ordering(M::'a,N)))

VY O'QP. equal(O":'a,P) ——> equal(not-well-ordering(Q::'a,0"),not-well-ordering(Q::'a,P)))
VRS'T' equal(R::'a,S") ——> equal(ordinal-add(R::'a,T"),ordinal-add(S"::"a,T")))
VUWV.equal(U::'a,V) ——> equal(ordinal-add(W::"a,U),ordinal-add(W::'a,V)))

VXYZ. equal(X::'a,Y) ——> equal(ordinal-multiply(X::'a,Z),ordinal-multiply(Y::'a,Z)))

VA1 C1 B1. equal(Al::'a,B1) ——> equal(ordinal-multiply(C1::'a,A1),ordinal-multiply(C1::'a,B1)))

S S I S S

(VF1 G1 H111. equal(F1::'a,G1) ——> equal(recursion(F1::'a,H1,11),recursion(G1::'a,H1,11)))

&
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(VJ1 L1 K1M1. equal(J1::'a,K1) ——> equal(recursion(L1::'a,J1,M1),recursion(L1::'a,K1,M1)))
&(V N1 P1Q101. equal(N1::'a,01) ——> equal(recursion(P1::'a,Q1,N1),recursion(P1::'a,Q1,01)))
&(V R1S1. equal(R1::'a,S1) ——> equal(recursion-equation-functions(R1),recursion-equation-functions(S1)))
&(V T1 Ul. equal(T1:'a,Ul) ——> equal(rest-of (T1),rest-of (U1))) &

(VV1IW1X1Y1. equal(V1:'a,W1) ——> equal(segment(V1::'a,X1,Y1),segment(W1::'a,X1,Y1)))

&

(VZ1 B2 A2 C2. equal(Z1::'a,A2) ——> equal(segment(B2::'a,Z1,C2),segment(B2::'a,A2,C2)))

&

(VD2 F2 G2 E2. equal(D2::a,E2) ——> equal(segment(F2::'a,G2,D2),segment(F2::'a,G2,E2)))
YV H2I2. equal(H2::'a,12) ——> equal(symmetrization-of (H2),symmetrization-of (12)))

VJ2 K2 L2. equal(J2::'a,K2) & asymmetric(J2::'a,L2) ——> asymmetric(K2::'a,L2))

(S o o

(VM2 02 N2. equal(M2::'a,N2) & asymmetric(02::'a,M2) ——> asymmetric(02::'a,N2))
V P2 Q2 R2. equal(P2::'a,Q2) & connected(P2::'a,R2) ——> connected(Q2::'a,R2))

YV S2 U2 T2. equal(S52::'a,T2) & connected(U2::"a,S2) ——> connected(U2::"a,T2))

YV V2 W2 X2. equal(V2::'a, W2) & irreflexive(V2::'a,X2) ——> irreflexive( W2::'a,X2))

VY2 A3 7Z2. equal(Y2::'a,22) & irreflexive(A3::'a,Y2) ——> irreflexive(A3::"a,Z2))

(S o o I o

(VB8 C3 D3 E3. equal(B3::'a,C3) & section(B3::'a,D3,E3) ——> section(C3::'a,D3,E3))

&

(VFE3 H3 G313. equal(F3::'a,G3) & section(HS::'a,F3,18) ——> section(HS::'a,G3,13))
YV J8 L3 M3 K3. equal(J3::'a,K3) & section(L3::'a,M3,J3) ——> section(L3::'a,M3,K3))
VN3 03 PS. equal(N3::'a,08) & transitive(N3::'a,P3) ——> transitive( 03::'a,P3))

YV Q353 R3. equal(Q3::'a,R3) & transitive(S3::'a,Q8) ——> transitive(S3::'a,R3))

(R o o o

(VT3 U3 V3. equal(T3::'a,U3) & well-ordering(T3::'a,V3) ——> well-ordering(U3::'a,V3))

&

(VW8 Y8 X3. equal(W8::'a,X8) & well-ordering(YS8::'a, W3) ——> well-ordering(Y3::'a,X3))

lemma NUM180-1:
EQU001-0-ax equal &
SET004-0-ax not-homomorphism2 not-homomorphism1
homomorphism compatible operation cantor diagonalise subset-relation
one-to-one choice apply reqular function identity-relation
single-valued-class compos powerClass sum-class omega inductive
successor-relation successor image’ rng domain range-of INVERSE flip
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rot domain-of null-class restrct difference union complement
intersection element-relation second first cross-product ordered-pair
singleton unordered-pair equal universal-class not-subclass-element
member subclass &

SETO004-0-eq subclass single-valued-class operation
one-to-one member inductive homomorphism function compatible
unordered-pair union sum-class successor singleton second rot restrct
reqular range-of rng powerClass ordered-pair not-subclass-element
not-homomorphism2 not-homomorphism1 INVERSE intersection image’ flip
first domain-of domain difference diagonalise cross-product compos
complement cantor apply equal &

SETO004-1-azx range-of function maps apply
application-function singleton-relation element-relation complement
intersection single-valued3 singleton image’ domain single-valued2
second single-valuedl identity-relation INVERSE not-subclass-element
first domain-of domain-relation composition-function compos equal
ordered-pair member universal-class cross-product compose-class
subclass &

SET004-1-eq maps single-valued3 single-valued? single-valuedl compose-class equal

&

NUMO004-0-azx integer-of omega ordinal-multiply
add-relation ordinal-add recursion apply range-of union-of-range-map
function recursion-equation-functions rest-relation rest-of
limit-ordinals kind-1-ordinals successor-relation image’
universal-class sum-class element-relation ordinal-numbers section
not-well-ordering ordered-pair least member well-ordering singleton
domain-of segment null-class intersection asymmetric compos transitive
cross-product connected identity-relation complement restrct subclass
irreflexive symmetrization-of INVERSE union equal &

NUMO004-0-eq well-ordering transitive section irreflexive
connected asymmetric symmetrization-of segment rest-of
recursion-equation-functions recursion ordinal-multiply ordinal-add
not-well-ordering least integer-of equal &

(™~ subclass(limit-ordinals::'a,ordinal-numbers)) ——> False

(proof )

lemma NUMZ228-1:

EQU001-0-ax equal &

SETO004-0-ax not-homomorphism2 not-homomorphism1
homomorphism compatible operation cantor diagonalise subset-relation
one-to-one choice apply reqular function identity-relation
single-valued-class compos powerClass sum-class omega inductive
successor-relation successor image’ rng domain range-of INVERSE flip
rot domain-of null-class restrct difference union complement
intersection element-relation second first cross-product ordered-pair
singleton unordered-pair equal universal-class not-subclass-element
member subclass &
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SETO004-0-eq subclass single-valued-class operation
one-to-one member inductive homomorphism function compatible
unordered-pair union sum-class successor singleton second rot restrct
reqular range-of rng powerClass ordered-pair not-subclass-element
not-homomorphism2 not-homomorphism1 INVERSE intersection image' flip
first domain-of domain difference diagonalise cross-product compos
complement cantor apply equal &

SET004-1-ax range-of function maps apply
application-function singleton-relation element-relation complement
intersection single-valued3 singleton image’ domain single-valued2
second single-valuedl identity-relation INVERSE not-subclass-element
first domain-of domain-relation composition-function compos equal
ordered-pair member universal-class cross-product compose-class

subclass &

SET004-1-eq maps single-valued3 single-valued? single-valued1 compose-class equal

&

NUMO004-0-ax integer-of omega ordinal-multiply
add-relation ordinal-add recursion apply range-of union-of-range-map
function recursion-equation-functions rest-relation rest-of
limit-ordinals kind-1-ordinals successor-relation image’
universal-class sum-class element-relation ordinal-numbers section
not-well-ordering ordered-pair least member well-ordering singleton
domain-of segment null-class intersection asymmetric compos transitive
cross-product connected identity-relation complement restrct subclass
irreflexive symmetrization-of INVERSE union equal &

NUMO004-0-eq well-ordering transitive section irreflexive
connected asymmetric symmetrization-of segment rest-of
recursion-equation-functions recursion ordinal-multiply ordinal-add
not-well-ordering least integer-of equal &

(™ function(z

) &

(™ equal(recursion-equation-functions(z),null-class)) ——> False

(proof)

lemma PLA002-1:
(V Situationl Situation2. warm(Situationl) | cold(Situation2)) &

(V Situation.
(V Situation.
(V Situation.
(V Situation.
(V Situation.

&

(V Situation.

&

(V Situation.

&

(V Situation.

&

at(a::'a,Situation) ——> at(b::’a,walk(b::'a,Situation)))
at(a::'a,Situation) ——> at(b::'a,drive(b::'a,Situation)))
at(b::'a,Situation) ——> at(a:'a,walk(a::'a,Situation)))
at(b::'a,Situation) ——> at(a::'a,drive(a::'a,Situation)))
cold(Situation) & at(b::'a,Situation) ——> at(c::'a,skate(c::'a,Situation)))

&

&

&

&

cold(Situation) & at(c::'a,Situation) ——> at(b::’a,skate(b::'a,Situation)))
warm(Situation) & at(b::'a,Situation) ——> at(d::'a,climb(d::"a,Situation)))

warm(Situation) & at(d::'a,Situation) ——> at(b::'a,climb(b::'a,Situation)))
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(V Situation. at(c::'a,Situation) ——> at(d::’a,go(d::'a,Situation))) &
(V Situation. at(d::'a,Situation) ——> at(c::'a,go(c::'a,Situation))) &
(V Situation. at(c::'a,Situation) ——> at(e::'a,go(e::'a,Situation))) &
(V Situation. at(e::'a,Situation) ——> at(c::'a,go(c::'a,Situation))) &
(V Situation. at(d::'a,Situation) ——> at(f::'a,go(f::'a,Situation))) &
(VSztuatzon. t(f::'a,Situation) ——> at(d::'a,go(d::"a,Situation))) &
(at(f::'a,s0)) &

(VS ~at(a::'a,S")) ——> False

{proof)

abbreviation PLA001-0-ax putdown on pickup do holding table differ clear EMPTY
and’ holds =
(VX Y State. holds(X::'a,State) & holds(Y::'a,State) ——> holds(and'(X::'a,Y),State))
&
(V State X . holds(EMPTY ::'a,State) & holds(clear(X),State) & differ(X::'a,table)
——> holds(holding(X),do(pickup(X),State))) &
(VY X State. holds(on(X::'a,Y),State) & holds(clear(X),State) & holds(EMPTY ::'a,State)
——> holds(clear(Y),do(pickup(X),State))) &
(VY State X Z. holds(on(X::"a,Y),State) & differ(X::'a,Z) ——> holds(on(X::'a,Y),do(pickup(Z),State)))

V State X Z. holds(clear(X),State) & differ(X::'a,Z) ——> holds(clear(X),do(pickup(Z),State)))
YV X Y State. holds(holding(X),State) & holds(clear(Y),State) ——> holds(EMPTY ::'a,do(putdown(X::'a,Y

V X Y State. holds(holding(X),State) & holds(clear(Y),State) ——> holds(on(X::'a,Y"),do(putdown(X::'a,Y

R o I o

(V X Y State. holds(holding(X),State) & holds(clear(Y'),State) ——> holds(clear(X),do(putdown(X::'a,Y),St

YV Z W X Y State. holds(on(X::'a,Y),State) ——> holds(on(X::'a,Y),do(putdown(Z::'a, W),State)))

(S

(V X State Z Y. holds(clear(Z),State) & differ(Z::'a,Y) ——> holds(clear(Z),do(putdown(X::'a,Y"),State)))

abbreviation PLA001-1-ax EMPTY clear s0 on holds table d ¢ b a differ =

VY X. differ(Y:'a,X) ——> differ(X:'a,Y)) &
(differ(a::'a,b)) &
(differ(a::’a,c)) &
(differ(a::'a,d)) &
(differ(a::'a,table)) &
(differ(b::'a,c)) &
(differ(b::'a,d)) &
(differ(b::'a,table)) &
(differ(c::'a,d)) &

(differ(c: a,table)) &
(differ(d::'a table)) &
(holds(on(a a,table),s0)) &
(holds(on(b::"a,table),s0)) &
(holds(on(c::'a,d),s0)) &
(holds(on(d::'a table) s0)) &
(holds(clear(a),s0)) &
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(holds(clear(b),s0)) &
(holds(clear(c),s0)) &
(holds(EMPTY ::"a,s0)) &

(V State. holds(clear(table),State))

lemma PLA006-1:

PLA001-0-ax putdown on pickup do holding table differ clear EMPTY and’ holds
&

PLAO001-1-ax EMPTY clear s0 on holds table d c b a differ &

(V State. ~holds(on(c::'a,table),State)) ——> False

(proof)

lemma PLA017-1:

PLA001-0-az putdown on pickup do holding table differ clear EMPTY and’ holds
&

PLA001-1-ax EMPTY clear s0 on holds table d ¢ b a differ &

(V State. ~holds(on(a::'a,c),State)) ——> False

{proof)

lemma PLA022-1:

PLA001-0-ax putdown on pickup do holding table differ clear EMPTY and’ holds
&

PLA001-1-ax EMPTY clear sO on holds table d c b a differ &

(V State. ~holds(and’(on(c::'a,d),on(a::"a,c)),State)) ——> False

(proof)

lemma PLA022-2:

PLA001-0-az putdown on pickup do holding table differ clear EMPTY and’ holds
&

PLA001-1-ax EMPTY clear s0 on holds table d ¢ b a differ &

(V State. ~holds(and’(on(a::"a,c),on(c::’a,d)),State)) ——> False

(proof)

lemma PRV001-1:
VXYZ q1(X:'a,Y,Z) & mless-or-equal(X::'a,Y) ——> ¢2(X:'a,Y,2)) &
VXYZ q1(X:a,Y,Z) ——> mless-or-equal(X::'a,Y) | ¢3(X:'a,Y,2)) &
VZXY.q2X:2a,Y,Z) ——> ¢4(X:'a,Y,Y))
VZYX. ¢3(X:2"a,Y,Z) ——> ¢4 (X:'a,Y X))
(V X. mless-or-equal(X::'a, X)) &
(VX Y. mless-or-equal (X ::'a,Y) & mless-or-equal(Y::'a,X) ——> equal(X::'a,Y))
&
(VY X Z. mless-or-equal (X ::'a,Y') & mless-or-equal(Y::'a,Z) ——> mless-or-equal(X::'a,Z))
&
(VY X. mless-or-equal(X::'a,Y) | mless-or-equal(Y::'a,X)) &

&
&
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(VX Y. equal(X::'a,Y) ——> mless-or-equal(X::'a,Y)) &

(VX YZ. equal(X::'a,Y) & mless-or-equal(X::'a,Z) ——> mless-or-equal(Y::'a,Z))
&

(VX ZY.equal(X::'a,Y) & mless-or-equal(Z::'a,X) ——> mless-or-equal(Z::'a,Y))
&

(q1(a::'a,b,c)) &

VYV W. ~(¢4(a: a,b,W) & mless-or-equal(a::'a, W) & mless-or-equal(b::'a, W) &
mless-or-equal( W::'a,a))) &

(VW. ~(¢4(a: a7b,W) & mless-or-equal(a::'a, W) & mless-or-equal(b::'a, W) &
mless-or-equal(W::'a,b))) ——> False

{proof)

abbreviation SWV001-1-ax mless-THAN successor predecessor equal =
(V X. equal(predecessor(successor(X)),X)) &
(V X. equal(successor(predecessor(X)),X)) &
(VX Y. equal(predecessor(X),predecessor(Y)) ——> equal(X::'a,Y)) &
(VX Y. equal(successor(X),successor(Y)) ——> equal(X::'a,Y)) &
(V X. mless-THAN (predecessor(X),X)) &
(VX. mless-THAN (X::'a,successor(X))) &
(VX Y Z. mless-THAN (X::"a,Y) & mless-THAN (Y ::'a,Z) ——> mless-THAN (X ::'a,7))
&
(VX Y. mless-THAN (X ::'a,Y) | mless-THAN(Y:"a,X) | equal(X::'a,Y)) &
(VX. “mless-THAN (X::'a,X)) &
(VY X. ~(mless-THAN (X::'a,Y) & mless-THAN(Y::"a,X))) &
(VY X Z. equal(X::'a,Y) & mless-THAN (X::'a,Z) ——> mless-THAN (Y ::'a,Z))
&
VY ZX. equal(X::'a,Y) & mless-THAN (Z::'a,X) ——> mless-THAN(Z::'a,Y))

abbreviation SWV001-0-eq a successor predecessor equal =
(VX Y. equal(X::'a,Y) ——> equal(predecessor(X ),predecessor(Y))) &
(VX Y. equal(X::'a,Y) ——> equal(successor(X),successor(Y))) &
VX Y. equal(X:'a,Y) ——> equal(a(X),a(Y)))

lemma PRV003-1:

EQU001-0-ax equal &

SWV001-1-ax mless-THAN successor predecessor equal &

SWV001-0-eq a successor predecessor equal &

(~mless-THAN (n::'a,j)) &

(mless-THAN (k:: aj)) &

(~mless- THAN(k a,1)) &

(mless-THAN (i::'a,n)) &

(mless-THAN (a(j ), (k) &

(VX. mless-THAN (X ::'a,j) & mless-THAN (a(X),a(k)) ——> miless-THAN (X::'a,i))
&

(V X. mless-THAN (One::"a,i) & mless-THAN (a(X),a(predecessor(i))) ——> mless-THAN (X ::'a,i)
| mless-THAN (n::'a,X)) &

(VX.~(mless-THAN (One::'a,X) & mless-THAN (X::'a,i) & mless-THAN (a(X),a(predecessor(X)))))
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&
(mless-THAN (j::'a,i)) ——> False
{proof)

lemma PRV005-1:

EQU001-0-ax equal &

SWV001-1-ax mless-THAN successor predecessor equal &

SWV001-0-eq a successor predecessor equal &

(~mless-THAN (n::'ak)) &
~mless-THAN (k::'a/l)) &
~mless-THAN (k::"a,i)) &
mless-THAN (I::'a,n)) &
mless-THAN (One::'a,l)) &

(mless-THAN (a(k),a(predecessor(l)))) &

(VX . mless-THAN (X ::'a,successor(n)) & miless-THAN (a(X),a(k)) ——> mless-THAN (X::'a,l))
&

(VX. mless-THAN (One::"a,l) & mless-THAN (a(X),a(predecessor(l))) ——> mless-THAN (X ::a,l)
| mless-THAN (n::'a, X)) &

(VX.~(mless-THAN (One::'a,X) & mless-THAN (X::"a,l) & mless-THAN (a(X),a(predecessor(X)))))
——> False

(proof )

A~ N S N

lemma PRV006-1:

EQUO001-0-ax equal &

SWV001-1-ax mless-THAN successor predecessor equal &

SWV001-0-eq a successor predecessor equal &

(~mless-THAN (n::'a,m)) &

(mless-THAN (i::'a,m)) &

(mless-THAN (i::'a,n)) &

(~mless-THAN (i::'a,0ne)) &

(mless-THAN (a(i),a(m))) &

(VX. mless-THAN (X ::'a,successor(n)) & mless-THAN (a(X),a(m)) ——> mless-THAN (X ::'a,i))
&

(V X. mless-THAN (One::"a,i) & mless-THAN (a(X),a(predecessor(i))) ——> mless-THAN (X ::'a,i)
| mless-THAN (n::'a,X)) &

(VX.~(mless-THAN (One::'a,X) & miless-THAN (X ::"a,i) & mless-THAN (a(X),a(predecessor(X)))))
——> Fualse

{proof)

lemma PRV009-1:
(VY X. mless-or-equal(X::'a,Y) | mless(Y::'a,X)) &
(mless(j::'a,1)) &
(mless-or-equal(m::'a,p)) &
(mless-or-equal(p::'a,q)) &
(mless-or-equal(q::'a,n)) &
/

(VX Y. mless-or-equal(m::'a,X) & mless(X::"a,i) & miess(j::'a,Y) & mless-or-equal(Y::'a,n)
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a(V)) &
'a,X) & mless-or-equal(X::'a,Y') & mless-or-equal(Y::"a,j)
a(V)) &
'a,X) & mless-or-equal(X::'a,Y") & mless-or-equal(Y::'a,n)
——> mless-or-equal(a(X),a(Y))) &

(~mless-or-equal(a(p),a(q))) ——> False
{proof )

——> mless-or-equal (a(X),
(VX Y. mless-or-equal(m
——> mless-or-equal(a(X),
(

(VX Y. mless-or-equal (i

lemma PUZ012-1:
(VX. equal-fruits(X::'a,X)) &
(VX. equal-bozes(X::'a,X)) &
VX Y. ~(label(X::'a,Y) & contains(X::'a,Y))) &
(V X. contains(boza::'a,X) | contains(boxb::’a,X) | contains(boxc::'a, X)) &
(V X. contains(X::'a,apples) | contains(X::'a,bananas) | contains(X::'a,oranges))
&
(VX Y Z. contains(X::'a,Y) & contains(X::'a,Z) ——> equal-fruits(Y::'a,2))
(VY X Z. contains(X::'a,Y) & contains(Z::'a,Y) ——> equal-bozes(X::'a,Z))
~ equal-boxes(boxa::'a,boxb)) &
~ equal-boxes(boxb::'a,boxc)) &
~ equal-bozes(boxa::'a,boxc)) &
~ equal-fruits(apples::'a,bananas)) &
(
(

&
&

(
(
(
(
(™ equal-fruits(bananas::'a,oranges)) &

(™ equal-fruits(apples::’a,oranges)) &

(label(boza::'a,apples)) &

(label(boxb::'a,oranges)) &

(label(boxc::'a,bananas)) &

(contains(boxb::'a,apples)) &

(™ (contains(boza::'a,bananas) & contains(boxc::'a,oranges))) ——> False
(

lemma PUZ020-1:
EQU001-0-ax equal &
(VA B. equal(A::'a,B) ——> equal(statement-by(A),statement-by(B))) &
(VX person(X) ——> knight(X) | knave(X)) &
(VX. ~(person(X ) & knight(X) & knave(X))) &
(VX Y. says(X::'a Y) & a-truth(Y) ——> a-truth(Y)) &
VXY. (says(X 'a,Y) & equal(X::'a,Y))) &
VY X. says(X::'a,Y) ——> equal(Y::'a,statement-by(X))) &
(VX Y. ~(person(X) & equal(X::'a,statement-by(Y)))) &
(VX. person(X) & a-truth(statement-by(X)) ——> knight(X)) &
(VX. person(X) ——> a-truth(statement-by(X)) | knave(X)) &
(VX Y. equal(X::'a,Y) & knight(X) ——> knight(Y)) &
VX Y. equal(X::'a,Y) & knave(X) ——> knave(Y)) &
(VX Y. equal(X::'a, Y) person(X) ——> person(Y)) &
VX Y Z. equal(X::'a,Y) & says(X::'a,Z) ——> says(Y:'a,2)) &
VXZY. equal(X a,Y) & says(Z::'a,X) ——> says(Z::'a,Y)) &
(VX Y. equal(X::'a,Y) & a-truth(X) ——> a-truth(Y)) &
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(VX Y. knight(X) & says(X::'a Y) ——> a-truth(Y)) &
VX Y. ~(knave(X) & says(X::'a,Y) & a-truth(Y))) &
(person(husband)) &

(person(wife)) &

(~ equal(husband a,wife)) &
(says(husband::'a,statement-by(husband))) &

(a- truth(statement by(husband)) & knight(husband) ——> knight(wife)) &
(knight(husband) ——> a-truth(statement-by(husband))) &
(a-truth(statement-by(husband)) | knight(wife)) &
(knight(wife) ——> a-truth(statement-by(husband))) &
(~knight(husband)) ——> False

(

proof)

lemma PUZ025-1:

(V X. a-truth(truthteller(X)) | a-truth(liar(X))) &

(V X. ~(a-truth(truthteller(X)) & a-truth(liar(X)))) &

(VY Truthteller Statement. a-truth(truthteller( Truthteller)) & a-truth(says( Truthteller::'a,Statement))
——> a-truth(Statement)) &

(V Liar Statement. ~ (a-truth(liar(Liar)) & a-truth(says(Liar::'a,Statement)) &
a-truth(Statement))) &

(V Statement Truthteller. a-truth(Statement) & a-truth(says( Truthteller::'a,Statement))
——> a-truth(truthteller( Truthteller))) &

(V Statement Liar. a-truth(says(Liar::'a,Statement)) ——> a-truth(Statement) |
a-truth(liar(Liar))) &

(VZXY.people(X::'a,Y,Z) & a-truth(liar(X)) & a-truth(liar(Y')) ——> a-truth(equal-type(X::'a,Y)))
&

(VZX Y. people(X::'a,Y,Z) & a-truth(truthteller(X)) & a-truth(truthteller(Y))
——> a-truth(equal-type(X::'a,Y))) &

(VXY. a-truth(equal-type(X::'a,Y)) & a-truth(truthteller(X)) ——> a-truth(truthteller(Y)))

(VX Y. a-truth(equal-type(X ::'a,Y)) & a-truth(liar(X)) ——> a-truth(liar(Y)))

&

(VX Y. a-truth(truthteller(X)) ——> a-truth(equal-type(X::'a,Y)) | a-truth(liar(Y)))

VX Y. a-truth(liar(X)) ——> a-truth(equal-type(X::'a,Y)) | a-truth(truthteller(Y)))

(I o

(VY X. a-truth(equal-type(X::'a,Y)) ——> a-truth(equal-type(Y::'a,X))) &

(VX Y. ask-1-if-2(X:'a,Y) & a-truth(truthteller(X)) & a-truth(Y) ——> an-
swer(yes)) &

(VX Y. ask-1-if-2(X::"a,Y) & a-truth(truthteller(X)) ——> a-truth(Y) | an-
swer(no)) &

(VX Y. ask-1-if-2(X::"a,Y) & a-truth(liar(X)) & a-truth(Y) ——> answer(no))
&

VX Y. ask-1-if-2(X::'a,Y) & a-truth(liar(X)) ——> a-truth(Y) | answer(yes))
&

(people(b::'a,c,a)) &

(people(a::'a,b,a)) &

(people(a::'a,c,b)) &
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(people(c::'a,b,a)) &
(a-truth(says(a::'a,equal-type(b::'a,c)))) &
(ask-1-if-2(c::'a,equal-type(a::'a,b))) &

(V Answer. ~ answer(Answer)) ——> False
(proof )

lemma PUZ029-1:
(V X. dances-on-tightropes(X) | eats-pennybuns(X) | old(X)) &
(VX. pig(X) & liable-to-giddiness(X) ——> treated-with-respect(X)) &
(VX. wise(X) & balloonist(X) ——> has-umbrella(X)) &
(V X. ~(looks-ridiculous(X) & eats-pennybuns(X) & eats-lunch-in-public(X))) &
(VX. balloonist(X) & young(X) ——> liable-to-giddiness(X)) &
(VX. fat(X) & looks-ridiculous(X) ——> dances-on-tightropes(X) | eats-lunch-in-public(X))
&
(V X. ~(liable-to-giddiness(X) & wise(X) & dances-on-tightropes(X))) &
(VX pig(X) & has-umbrella(X) ——> looks-ridiculous(X)) &
(V X. treated-with-respect(X) ——> dances-on-tightropes(X) | fat(X)) &
(X youna(0) | ald(X) &
(VX. ~(young(X) & old(X))) &
(wwe(mggy)) &
(young(piggy)) &
(pig(piggy)) &
(balloonist(piggy)) ——> False
(proof )

abbreviation RNG001-0-ax equal additive-inverse add multiply product additive-identity
sum =

(VX. sum(additive-identity::'a, X, X)) &

(VX. sum(X::'a,additive-identity, X)) &

(VX Y. product(X::'a,Y ,multiply(X::'a,Y))) &

VX Y. sum(X:'a,Y,add(X::'a,Y))) &

(V X. sum(additive-inverse(X ), X ,additive-identity)) &

(VX. sum(X::'a,additive-inverse(X ), additive-identity)) &

VYUZXVW. sum(X::'a,Y,U) & sum(Y::'a,Z2,V) & sum(U::'a,Z, W) ——>
sum(X:'a, V,W)) &

NVYXVUZW. sum(X::'a,Y,U) & sum(Y::'a,Z,V) & sum(X::'a, V. W) ——>
sum(U:'a,Z ,W)) &

VY X Z. sum(X:'a,Y,Z) ——> sum(Y::'a,X,2)) &

(VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::"a,Z , W)
——> product(X::'a,V,W)) &

NVYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::"a,Z ,W)) &

VYZXV3VIV2Vy. product(X::'a,Y,V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& product(X::'a,V3,V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1V2XV3V4. product(X::'a,Y, V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& sum(V1:'a,V2,V)) ——> product(X::'a,V3,V4)) &

VYZV3XVIV2V4. product(Y::'a,X,V1) & product(Z::'a,X,V2) & sum(Y::'a,Z,V3)
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& product(V3::'a,X,V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1IV2V38XVj. product(Y::'a,X,V1) & product(Z::'a,X,V2) & sum(Y::'a,Z,V3)
& sum(V1:'a, V2, V) ——> product(V3::'a,X,V})) &

VXY UV.sum(X::'a,Y,U) & sum(X::'a,Y,V) ——> equal(U::"a,V)) &

(VX Y U V. product(X::'a,Y,U) & product(X::'a, Y, V) ——> equal(U::'a,V))

abbreviation RNGO001-0-eq product multiply sum add additive-inverse equal =
(VX Y. equal(X::'a,Y) ——> equal(additive-inverse(X ),additive-inverse(Y))) &
VXY W. equal(X::"a,Y) ——> equal(add(X::'a,W),add(Y::'a,W))) &
VX WY. equal(X::'a,Y) ——> equal(add(W::'a,X),add(W:'a,Y))) &
VXY WZ. equal(X::'a,Y) & sum(X::'a,W,Z) ——> sum(Y::'a,W,Z)
VX WY Z. equal(X::'a,Y) & sum(W:'a,X,Z) ——> sum(W:'a,Y ,Z)
VX WZY. equal(X::'a,Y) & sum(W:'a,Z,X) ——> sum(W:'a,Z,Y)
VXY W. equal(X::'a,Y) ——> equal(multiply(X::'a, W), multiply(Y::"a, W)))

) &
) &
) &

(VX WY. equal(X::'a,Y) ——> equal(multiply( W::"a, X ), multiply(W::'a,Y)))
VXY WZ. equal(X::'a,Y) & product(X::'a,W,Z) ——> product(Y::'a,W,Z))

VX WY Z. equal(X::'a,Y) & product(W::'a,X,Z) ——> product(W:'a,Y 7))

I e N o

VX WZY. equal(X::'a,Y) & product(W::"a,Z, X) ——> product(W::'a,Z,Y))

lemma RNG001-3:

(V X. sum(additive-identity::'a, X, X)) &

(V X. sum(additive-inverse(X),X ,additive-identity)) &
~VYUZXVW.sum(X::'a,Y,U) & sum(Y::'a,Z,V) & sum(U:'a,Z, W) ——>
sum(X:'a, V,W)) &

NVYXVUZW. sum(X::'a,Y,U) & sum(Y::'a,Z,V) & sum(X::'a,V,W) ——>
sum(U:'a,Z,W)) &

(VX Y. product(X::'a,Y ,multiply(X::'a,Y))) &

VYZXV3VIV2V4. product(X::'a,Y, V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& product(X::'a,V3,V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1IV2XV8Vy. product(X::'a,Y,V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& sum(V1:'a, V2, V) ——> product(X::'a,V3,V})) &

(~product(a::'a,additive-identity,additive-identity)) ——> False

(proof)

abbreviation RNG-other-ax multiply add equal product additive-identity additive-inverse
sum =

(V X. sum(X::'a,additive-inverse(X ),additive-identity)) &

NVYUZXVW.sum(X::'a,Y,U) & sum(Y::'a,Z, V) & sum(U::'a,Z, W) ——>
sum(X::'a, V,W)) &

VYXVUZW. sumn(X::'a,Y,U) & sum(Y::'a,Z,V) & sum(X::'a,V,W) ——>
sum(U:"a,Z, W) &

VY X Z. sum(X:'a,Y,Z) ——> sum(Y::'a,X,2)) &

VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::"a,Z , W)
——> product(X::'a,V,W)) &
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NMYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::"a,Z ,W)) &

VYZXV3VIV2Vy. product(X::'a,Y,V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& product(X::'a,V3,V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1V2XV3V4. product(X::'a,Y, V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& sum(V1:'a,V2,V/) ——> product(X::'a,V3,V4)) &

VYZV3XV1IV2V4. product(Y::'a,X,V1) & product(Z::'a,X,V2) & sum(Y::'a,Z,V3)
& product(V3::'a, X, V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1V2V3X V4. product(Y::'a,X,V1) & product(Z::'a,X,V2) & sum(Y::'a,Z,V3)
& sum(V1:'a, V2, V) ——> product(V3::'a,X,V})) &

VXY UV. sum(X::'a,Y,U) & sum(X::'a, Y, V) ——> equal(U::'a,V)) &

VXY UYV. product(X::'a,Y,U) & product(X::'a,Y,V) ——> equal(U::'a,V))
&

(VX Y. equal(X::'a,Y) ——> equal(additive-inverse(X ),additive-inverse(Y))) &

VXY W. equal(X::'a,Y) ——> equal(add(X::'a,W),add(Y::'a,W))) &

VXY WZ. equal(X::'a,Y) & sum(X::'a,W,Z) ——> sum(Y::'a,W,2)) &

VX WY Z. equal(X::'a,Y) & sum(W:'a,X,Z) ——> sum(W:"a,Y ,Z)) &

VX WZY. equal(X::'a,Y) & sum(W:'a,Z,X) ——> sum(W:'a,Z,Y)) &

VXY W. equal(X::'a,Y) ——> equal(multiply(X::'a, W), multiply(Y::'a, W)))
&

VXY WZ. equal(X::'a,Y) & product(X::'a,W,Z) ——> product(Y::'a,W,Z))
&

VX WY Z. equal(X:'a,Y) & product(W:'a,X,Z) ——> product(W:'a,Y 7))
&

VX WZY. equal(X::'a,Y) & product(W::'a,Z,X) ——> product(W:'a,Z,Y))

lemma RNG001-5:
EQU001-0-ax equal &
(V X. sum(additive-identity::'a, X, X)) &
(VX. sum(X::'a,additive-identity, X)) &
(VX Y. product(X::'a,Y multiply(X::'a,Y))) &
VX Y. sum(X:'a,Y,add(X::'a,Y))) &
(V X. sum(additive-inverse(X ), X ,additive-identity)) &
RNG-other-ax multiply add equal product additive-identity additive-inverse sum
&
(~product(a::'a,additive-identity ,additive-identity)) ——> False
(proof)

lemma RNGO011-5:

EQUO01-0-ax equal &

(VA B C. equal(A::'a,B) ——> equal(add(A::"a,C),add(B::'a,C))) &

(VD F'E. equal(D::'a,E) ——> equal(add(F":'a,D),add(F":"a,F))) &

(VG H. equal(G::'a,H) ——> equal(additive-inverse(G),additive-inverse(H))) &

(VI'"JK' equal(I":'a,J) ——> equal(multiply(I"::'a,K"),multiply(J::'a,K"))) &

(VL N M. equal(L::'a,M) ——> equal(multiply(N::'a,L),multiply(N::'a,M))) &
C

(VA B CD. equal(A::'a,B) ——> equal(associator(A::'a,C,D),associator(B::'a,C,D)))
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VEGF'H. equal(E::'a,F") ——> equal(associator(G::'a,E H),associator(G::'a,F' H)))
VI'K'LJ. equal(I":'a,J) ——> equal(associator(K ":'a,L,I"),associator (K ":'a,L,J)))
VYMN O’ equal(M::'a,N) ——> equal(commutator(M::'a,0"),commutator(N::'a,0)))

VPR Q. equal(P::'a,Q) ——> equal(commutator(R::'a,P),commutator(R::'a,Q)))

(A o o I o

(VY X. equal(add(X::'a,Y),add(Y::"a,X))) &

(VXY Z. equal(add(add(X::'a,Y),Z),add(X::"a,add(Y::"a,2)))) &

(VX. equal(add(X::'a,additive-identity), X)) &

(VX. equal(add(additive-identity::'a,X),X)) &

(VX. equal(add (X ::'a,additive-inverse(X)),additive-identity)) &

(V X. equal(add(additive-inverse(X),X),additive-identity)) &

(equal (additive-inverse(additive-identity),additive-identity)) &

(VX Y. equal(add(X::'a,add(additive-inverse(X),Y)),Y)) &

(VX Y. equal(additive-inverse(add(X::'a,Y)),add (additive-inverse(X),additive-inverse(Y))))
&

(V X. equal(additive-inverse(additive-inverse(X)),X)) &

(V X. equal(multiply(X ::'a,additive-identity),additive-identity)) &

(V X. equal(multiply(additive-identity::'a,X),additive-identity)) &

(VX Y. equal(multiply(additive-inverse(X),additive-inverse(Y')),multiply(X::'a,Y")))

VX Y. equal(multiply( X ::'a,additive-inverse(Y')),additive-inverse(multiply (X ::'a, Y))))

YV X Y. equal(multiply(additive-inverse(X),Y),additive-inverse(multiply (X ::'a,Y))))

VY X Z. equal(multiply(X::'a,add(Y ::"a,2)),add (multiply(X::'a,Y),multiply(X ::'a,Z))))

VXY Z. equal(multiply(add(X ::'a,Y),Z),add(multiply (X ::"a,Z),multiply(Y ::"a,Z))))

VX Y. equal(multiply(multiply(X::'a,Y),Y),multiply (X ::'a,multiply(Y::'a,Y))))

VX Y Z. equal(associator(X::'a,Y ,Z),add(multiply(multiply (X ::"a,Y"),Z),additive-inverse(multiply (X ::'a,m
VX Y. equal(commutator(X::'a,Y),add(multiply(Y::'a,X),additive-inverse(multiply (X ::'a,Y)))))

VX Y. equal(multiply(multiply (associator(X::'a, X, Y),X),associator (X ::'a, X, Y)),additive-identity))

(S R o o o o o I o

(™ equal (multiply (multiply (associator(a::'a,a,b),a),associator (a::'a,a,b)),additive-identity))
——> False
(proof )

lemma RNG023-6:
EQU001-0-ax equal &
(VY X. equal(add(X::'a,Y),add(Y::"a,X))) &
(VX Y Z. equal(add(X::'a,add(Y::"a,Z)),add(add(X ::"a,Y),Z))) &
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(VX. equal(ad (additive—identity::’a,X) X)) &

(V X. equal(add(X::'a,additive- identity) X)) &

(VX. equal(multzply(addztwe identity::'a,X),additive-identity)) &

(V X. equal(multiply(X ::'a,additive-identity),additive-identity)) &

(VX. equal(add(addltwe mverse(X) X),additive-identity)) &

(VX. equal(add(X::'a,additive- mverse( )),additive-identity)) &

VYXZ. equal(multzply(X 'a,add(Y::"a,2)),add(multiply (X ::'a, V), multiply (X ::'a,2))))
&

(VX Y Z. equal(multiply(add(X::'a,Y),Z),add(multiply (X ::'a,Z),multiply( Y ::"a,Z))))

&

(V X. equal(additive-inverse(additive-inverse(X)),X)) &
(VX Y. equal(multiply(multiply(X::'a,Y),Y ), multiply (X ::"a,multiply(Y::'a,Y))))

VX Y. equal(multiply(multiply(X::'a,X),Y),multiply( X ::’a,multiply(X ::"a,Y))))
VXY Z. equal(associator(X::'a,Y ,Z), add(multiply (multiply( X ::'a,Y),Z),additive-inverse(multiply (X ::'a,m

VX Y. equal(commutator(X::'a,Y),add(multiply(Y::'a,X),additive-inverse(multiply(X::'a,Y)))))

(S I I

(VD E F'. equal(D::'a,E) ——> equal(add(D::'a,F"),add(E::'a,F"))) &

(VG I'H. equal(G::'a,H) ——> equal(add(I":"a,G),add(I":'a,H))) &

(VJ K’ equal(J::'a,K') ——> equal(additive-inverse(J),additive-inverse(K'))) &

YL MN O’ equal(L::'a,M) ——> equal(associator(L::'a,N,0"),associator(M::'a,N,0")))
VPR QS equal(P::'a,Q) ——> equal(associator(R::'a,P,S"),associator(R::'a,Q,S")))
VT'VWU. equal(T":"a,U) ——> equal(associator(V::'a,W,T"),associator(V::'a,W,U)))
VXYZ. equal(X::'a,Y) ——> equal(commutator(X::'a,Z),commutator(Y::'a,Z)))

VA1 C1 B1. equal(Al::'a,B1) ——> equal(commutator(C1::'a,A1),commutator(C1::'a,B1)))

VD1 E1F1. equal(D1::"a,E1) ——> equal(multiply(D1::'a,F1),multiply(E1::'a,F1)))

SN N N N 2°A

(VG111 HI. equal(G1::'a,H1) ——> equal(multiply(11::'a,G1),multiply(11::'a,H1)))

&

(™~ equal(associator(z::'a,x,y),additive-identity)) ——> False

{proof)

lemma RNG028-2:
EQU001-0-ax equal &
(VX. equal(add(additive-identity::'a,X),X)) &
(V X. equal(multiply(additive-identity::'a, X ),additive-identity))
(V X. equal(multiply(X ::'a,additive-identity),additive-identity))
(V X. equal(add(additive-inverse(X),X),additive-identity)) &
(VX Y. equal(additive-inverse(add(X ::'a,Y)),add (additive-inverse( X ), additive-inverse(Y))))
&
(V X. equal(additive-inverse(additive-inverse(X)),X)) &

&
&
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(VY X Z. equal(multiply(X::'a,add(Y ::"a,Z)),add(multiply(X ::'a,Y),multiply( X ::'a,Z))))
VXY Z. equal(multiply(add(X ::'a,Y),Z),add(multiply (X ::"a,Z),multiply( Y ::"a,Z))))
VX Y. equal(multiply(multiply(X::'a,Y),Y),multiply (X ::'a,multiply(Y::'a, Y))))

VX Y. equal(multiply(multiply(X::'a,X),Y),multiply( X ::'a,multiply(X::'a,Y))))

VX Y. equal(multiply(additive-inverse(X),Y'),additive-inverse(multiply(X::'a,Y))))

VX Y. equal(multiply(X ::'a,additive-inverse(Y)),additive-inverse(multiply(X::'a, Y))))

(SR ol ool S S

equal (additive-inverse(additive-identity),additive-identity)) &

VY X. equal(add(X::'a,Y),add(Y::"a,X))) &

VXY Z. equal(add(X::'a,add(Y::'a,Z)),add(add(X ::"a,Y),Z)
!
a
a

(

(

( ) &
VZ X Y. equal(add(X::'a,Z),add(Y:"a,Z)) ——> equal(X::'a,
( X

(

(

)

( ( V) &
VZ X Y. equal(add(Z::'a,X),add(Z::'a,Y)) ——> equal( Y)) &
VD EF' equal(D::'a,E) ——> equal(add(D::'a,F'),add(E::'a,F"))) &
VGI'H. equal(G::'a,H) ——> equal(add(I":'a,G),add(I":'a,H))) &
(VJ K’ equal(J::'a,K') ——> equal(additive-inverse(J),additive-inverse(K'))) &
VD1 E1F1. equal(D1::'a,E1) ——> equal(multiply(D1::'a,F1),multiply(E1::'a,F1)))
YV G111 HI. equal(G1::'a,H1) ——> equal(multiply(11::'a,G1),multiply(I1::'a,H1)))
VX Y Z. equal(associator(X::'a,Y ,Z),add(multiply(multiply (X ::"a,Y"),Z),additive-inverse(multiply (X ::'a,m
VYL MN O’ equal(L::'a,M) ——> equal(associator(L::'a,N,0"),associator(M::'a,N,0")))
VPRQS' equal(P::'a,Q) ——> equal(associator(R::'a,P,S"),associator(R::'a,Q,S")))
VT'VWU. equal(T":'a,U) ——> equal(associator(V::'a, W, T"),associator(V::'a, W,U)))
VX Y.~ equal(multiply(multiply(Y::'a,X),Y),multiply( Y ::"a,multiply(X::'a,Y))))
VX Y Z.~equal(associator(Y::'a,X,Z),additive-inverse(associator (X ::'a,Y,7))))

VX Y Z.~equal(associator(Z::'a, Y ,X),additive-inverse(associator(X ::'a,Y,7))))

(R oS o I o o o I

(™~ equal (multiply (multiply (cx::'a,multiply (cy::'a,cx)),cz),multiply (cz::'a,multiply (cy::'a,multiply (cz::'a,cz)))
——> False
(proof )

lemma RNG038-2:

(VX. sum(X::'a,additive-identity, X)) &

(VX Y. product(X:'a,Y multiply(X::"a,Y))) &

VX Y. sum(X::'a,Y,add(X::a,Y))) &

RNG-other-ax multiply add equal product additive-identity additive-inverse sum
&
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(VX. pmduct(additwe identity::'a, X ;additive-identity)) &

(VX. product(X ::'a,additive-identity,additive-identity)) &

(VX Y. equal(X::'a,additive-identity) ——> product(X::'a,h(X::'a,Y),Y)) &
(product(a::'a,b,additive-identity)) &

(~equal(a::'a,additive-identity)) &

(™~ equal(b::'a,additive-identity)) ——> False

(proof)

lemma RNGO040-2:

EQUO01-0-ax equal &

RNGO001-0-eq product multiply sum add additive-inverse equal &

(VX. sum(additive-identity::'a, X, X)) &

(VX. sum(X::'a,additive-identity, X)) &

(VX Y. product(X::'a,Y multiply(X::'a,Y))) &

VX Y. sum(X:'a,Y,add(X::a,Y))) &

(V X. sum(additive-inverse(X ), X ,additive-identity)) &

(VX. sum(X::'a,additive-inverse(X ), additive-identity)) &

VYUZXVW.sum(X::'a,Y,U) & sum(Y::'a,Z,V) & sum(U::'a,Z, W) ——>
sum(X:'a, V,W)) &

NVYXVUZW. sum(X::'a,Y,U) & sum(Y::'a,Z,V) & sum(X::'a, V. W) ——>
sum(U::"a,Z , W)) &

VY X Z. sum(X:'a,Y,Z) ——> sum(Y:'a,X,7)) &

VYUZXVW.product(X::'a,Y,U) & product(Y::'a,Z,V) & product(U::'a,Z, W)
——> product(X::'a,V,W)) &

NVYXVUZW. product(X::'a,Y,U) & product(Y::'a,Z,V) & product(X::'a,V ,W)
——> product(U::'a,Z ,W)) &

VYZXV3VIV2V4. product(X::'a,Y, V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& product(X::'a,V3,V4) ——> sum(V1:'a,V2,V4)) &

VY ZV1IV2XV8Vy. product(X::'a,Y,V1) & product(X::'a,Z,V2) & sum(Y::'a,Z,V3)
& sum(V1:'a, V2, V) ——> product(X::'a,V3,V})) &

VXY UV. sum(X::'a,Y,U) & sum(X::'a, Y, V) ——> equal(U::'a,V)) &

(VX Y UV. product(X::'a,Y,U) & product(X::'a,Y,V) ——> equal(U::'a,V))
&

(V A. product(A::'a,multiplicative-identity,A)) &

(V A. product(multiplicative-identity::'a,A,A)) &

(V A. product(A::'a,h(A),multiplicative-identity) | equal(A::'a,additive-identity))
&

(V A. product(h(A),A multiplicative identity) | equal(A 'a,additive-identity)) &

(VB AC. product(A 'a,B,C') ——> product(B::'a,A,C)) &

(VA B. equal(A::'a,B) ——> equal(h(A),h(B))) &

(sum(b:: a,c,d)) &

(product(d::'a,a,additive-identity)) &

(product(b::'a,a,l)) &

(product(c:: a,a,n)) &
(~sum(l::'a,n,additive-identity)) ——> False
(proof )
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lemma RNGO041-1:
EQU001-0-ax equal &
RNG001-0-ax equal additive-inverse add multiply product additive-identity sum &
RNGO001-0-eq product multiply sum add additive-inverse equal &
(VA B. equal(A::'a,B) ——> equal(h(A),h(B))) &
(V A. product(additive-identity::'a,A,additive-identity)) &
(V A. product(A::'a,additive-identity,additive-identity)) &
(V A. product(A::'a,multiplicative-identity,A)) &
(V A. product(multiplicative-identity::'a,A,A)) &
(V A. product(A::'a,h(A),multiplicative-identity) | equal(A::'a,additive-identity))

(V A. product(h(A),A,multiplicative-identity) | equal(A::'a,additive-identity)) &
(product(a::'a,b,additive-identity)) &

(~equal(a::'a,additive-identity)) &

(™~ equal(b::'a,additive-identity)) ——> False

(

lemma ROB010-1:
EQUO01-0-ax equal &
(VY X. equal(add(X::'a,Y),add(Y::"a,X))) &
(VXY Z. equal(add(add(X::'a,Y),Z),add(X::"a,add(Y::"a,2)))) &
(VY X. equal(negate(add(negate(add(X::'a,Y)),negate(add(X::'a,negate(Y))))),X))
&
(VA B C. equal(A::'a,B) ——> equal(add(A::"a,C),add(B::"a,C))) &
(VD F'E. equal(D a,E) ——> equal(add(F":'a,D),add(F":"a,E))) &
(VG H. equal(G::'a H) ——> equal(negate(G),negate(H))) &
(equal(negate(add(a::'a,negate(h))),c)) &
(™ equal(negate(add(c::'a,negate(add(b::'a,a)))),a)) ——> False
{proof)

lemma ROB013-1:
EQUO001-0-az equal &
(VY X. equal(add(X::'a,Y),add(Y::"a,X))) &
(VX Y Z. equal(add(add(X::'a,Y),Z),add(X::a,add(Y ::"a,7)))) &
(VY X. equal(negate(add(negate(add(X::'a,Y)),negate(add(X ::’a,negate(Y))))),X))
&
(VA B C. equal(A::'a,B) ——> equal(add(A::’a,C),add(B::'a,C))) &
(VD F'E. equal(D a,E) ——> equal(add(F":'a,D),add(F":'a,E))) &
(VG H. equal(G::'a,H) ——> equal(negate(G),negate(H))) &
(equal(negate(add(a:: ab)) o) &
(™~ equal(negate(add(c::'a,negate(add(negate(b),a)))),a)) ——> False
(

lemma ROB016-1:
EQU001-0-ax equal &
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(VY X. equal(add(X::'a,Y),add(Y:"a,X))) &

VXY Z. equal(add(add(X::'a,Y),Z),add(X::'a,add(Y::"a,2)))) &

(VY X. equal(negate(add(negate(add(X::'a,Y)),negate(add(X::'a,negate(Y))))),X))

&

(VA B C. equal(A::'a,B) ——> equal(add(A::"a,C),add(B::"a,C))) &

(VD F'E. equal(D::'a,E) ——> equal(add(F":'a,D),add(F":'a,E))) &

(VG H. equal(G::'a,H) ——> equal(negate(G), negate(H))) &

(VJ K' L. equal(J::'a,K') ——> equal(multiply(J::'a L) multiply(K "' L) ) &

(VM O’ N. equal(M::'a,N) ——> equal(multiply(O"::'a,M),multiply(O"::'a,N)))

&

(VP Q. equal(P::'a,Q) ——> equal(successor(P),successor(Q))) &

(VR S'. equal(R::'a,S") & positive-integer(R) ——> positive-integer(S’)) &

(VX. equal(multiply(One::"a,X),X)) &

(V V X. positive-integer(X ) ——> equal(multiply(successor(V),X),add(X ::'a,multiply(V::'a,X))))
&

(positive-integer(One)) &

(V X. positive-integer(X) ——> positive-integer(successor(X))) &

(equal(negate(add(d::'a,e)),negate(e))) &

(positive-integer(k)) &

(VVk X Y. equal(negate(add(negate(Y),negate(add(X::'a,negate(Y))))),X) &
positive-integer( Vk) ——> equal(negate(add (Y ::'a,multiply( Vk::'a,add (X ::'a,negate(add(X::'a,negate(Y))))))
&

(~ equal(negate(add(e::'a,multiply (k::'a,add(d::"a,negate(add(d::'a,negate(e))))))),negate(e)))
——> False
{proof)

lemma ROB021-1:

EQU001-0-ax equal &

(VY X. equal(add(X::'a,Y),add(Y:'a,X))) &

(VX Y Z. equal(add(add(X::'a,Y),Z),add(X::a,add(Y ::"a,7)))) &

(VY X. equal(negate(add(negate(add(X::'a,Y)),negate(add(X ::'a,negate(Y))))),X))
&

(VA B C. equal(A::'a,B) ——> equal(add(A::’a,C),add(B::'a,C))) &

(VD F'E. equal(D::'a,E) ——> equal(add(F":'a,D),add(F":"a,F))) &

(VG H. equal(G::'a,H) ——> equal(negate(G),negate(H))) &

(VX Y. equal(negate(X),negate(Y)) ——> equal(X::'a,Y)) &

(~ equal(add(negate(add(a::'a,negate(b))),negate( add(negate(a),negate(b)))),b))
——> False

{proof)

lemma SET005-1:
(V Subset Element Superset. member(Element::'a,Subset) & subset(Subset::’a,Superset)
——> member(Element::'a,Superset)) &

(V Superset Subset. subset(Subset::'a,Superset) | member(member-of-1-not-of-2(Subset::'a,Superset),Subset))
&

(V Subset Superset. member(member-of-1-not-of-2(Subset::'a,Superset),Superset)
——> subset(Subset::'a,Superset)) &
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(V Subset Superset. equal-sets(Subset::'a,Superset) ——> subset(Subset::'a,Superset))
&

(V Subset Superset. equal-sets(Superset::'a,Subset) ——> subset(Subset::’a,Superset))
&

(V Set2 Set!. subset(Setl::'a,Set2) & subset(Set2::'a,Setl) ——> equal-sets(Set2::'a,Setl))
&

(V Set2 Intersection Element Setl. intersection(Setl::'a,Set2,Intersection) & mem-
ber(Element::'a,Intersection) ——> member(Element::'a,Setl)) &

(V Set1 Intersection Element Set2. intersection(Setl::'a,Set2,Intersection) & mem-
ber(Element::'a,Intersection) ——> member(Element::'a,Set2)) &

(V Set2 Set1 Element Intersection. intersection(Setl::"a,Set2,Intersection) & mem-
ber(Element::'a,Set2) & member(Element::'a,Set1) ——> member(Element::'a,Intersection))
&

(V Set2 Intersection Setl. member(h(Setl::'a,Set2,Intersection),Intersection) |
intersection(Set1::'a,Set2, Intersection) | member(h(Set!::'a,Set2,Intersection),Set1))

&

(V Set1 Intersection Set2. member(h(Setl::'a,Set2,Intersection),Intersection) |
intersection(Setl::’a,Set2, Intersection) | member (h(Setl::'a,Set2,Intersection),Set2))
&

(V Set1 Set2 Intersection. member(h(Setl::'a,Set2, Intersection),Intersection) &
member(h(Setl::'a,Set2,Intersection),Set2) & member(h(Set!::'a,Set2, Intersection),Set1)
——> intersection(Setl::'a,Set2, Intersection)) &

(intersection(a::'a,b,alb)) &
intersection(b::'a,c,blc)) &
intersection(a::'a,blc,alblc)) &
~intersection(alb::'a,c,alblc)) ——> False

proof )

(
(
(
(

lemma SET009-1:

(V Subset Element Superset. member(Element::'a,Subset) & ssubset(Subset::'a,Superset)
——> member(Element::'a,Superset)) &

(V Superset Subset. ssubset(Subset::'a,Superset) | member(member-of-1-not-of-2(Subset::’a,Superset),Subset )
&

(V Subset Superset. member(member-of-1-not-of-2(Subset::'a,Superset),Superset)
——> ssubset(Subset::'a,Superset)) &

(V Subset Superset. equal-sets(Subset::'a,Superset) ——> ssubset(Subset::'a,Superset))
&

(V Subset Superset. equal-sets(Superset::'a,Subset) ——> ssubset(Subset::’a,Superset))
&

(V Set2 Setl. ssubset(Set!::'a,Set2) & ssubset(Set2::’a,Setl) ——> equal-sets(Set2::'a,Set1))
&

(V Set2 Difference Element Setl. difference(Setl::’a,Set2,Difference) & mem-
ber(Element::'a,Difference) ——> member(Element::'a,Set1)) &

(V Element A-set Set1 Set2. ~(member(Element::'a,Setl) & member(Element::'a,Set2)
& difference(A-set::’a,Set1,Set2))) &

(V Set! Difference Element Set2. member(Element::'a,Setl) & difference(Set1::’a,Set2, Difference)
——> member(Element::'a,Difference) | member(Element::'a,Set2)) &
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(V Set1 Set2 Difference. difference(Set!::'a,Set2,Difference) | member(k(Set!::'a,Set2, Difference),Set1)
| member(k(Set!::'a,Set2, Difference),Difference)) &

(V Setl Set2 Difference. member(k(Setl::'a,Set2,Difference),Set2) ——> mem-
ber(k(Setl::'a,Set2, Difference),Difference) | difference(Set!::'a,Set2, Difference)) &

(V Set1 Set2 Difference. member(k(Setl::'a,Set2, Difference),Difference) & mem-
ber(k(Setl::'a,Set2, Difference),Setl) ——> member(k(Setl::'a,Set2,Difference),Set2)
| dz’ﬁerence(SetZ::’a,SetQ,Dz’ﬁerence)) &

(ssubset(d::'a a)) &

(difference(b::'a,a,bDa)) &

(difference(b::'a,d,bDd)) &
(~ssubset(bDa::'a,bDd)) ——> False
(

proof)

lemma SET025-4:
EQUO01-0-ax equal &
(VY X. member(X::'a,Y) ——> little-set(X)
(VX Y. little-set(f1(X::"a,Y)) | equal(X::'a,
(VX Y. member(f1(X::'a,Y),X) | member(fI(
(VX Y. member(f1(X::'a,Y),X) & member(f1(

) &

) &

X::'a,Y),Y) | equal(X::'a,Y)) &
X:'a,Y),Y) ——> equal(X ‘a,Y))

VX UY.member(U::'a,non-ordered-pair(X::'a,Y)) ——> equal(U::'a,X) | equal(U::'a,Y))

VY UX. little-set(U) & equal(U::'a,X) ——> member(U::'a,non-ordered-pair(X::'a,Y)))

R o o

(VX UY. little-set(U) & equal(U::'a,Y) ——> member(U::'a,non-ordered-pair(X::'a,Y)))

&

(VX Y. little-set(non-ordered-pair(X::'a,Y))) &

(VX. equal(singleton-set(X ),non-ordered-pair(X::'a,X))) &

(VX Y. equal(ordered-pair(X::'a,Y'),non-ordered-pair (singleton-set(X ),non-ordered-pair(X ::'a,Y))))
&

(V X. ordered-pair-predicate(X) ——> little-set(f2(X))) &

(V X. ordered-pair-predicate(X) ——> little-set(f3(X))) &

(V X. ordered-pair-predicate(X ) ——> equal(X ::'a,ordered-pair(f2(X),f3(X)))) &

(VXY Z. little-set(Y) & little-set(Z) & equal(X::'a,ordered-pair(Y::'a,Z)) ——>
ordered-pair-predicate( X)) &

(VZ X. member(Z::'a,first(X)) ——> little-set(f4(Z::"a,X))) &

(VZ X. member(Z::'a,first(X)) ——> little-set(f5(Z::'a,X))) &

(VZ X. member(Z::'a,first(X)) ——> equal(X::'a,ordered-pair(f{(Z::'a,X),f5(Z::'a,X))))
&

(VZ X. member(Z:a,first(X)) ——> member(Z::'a,f{(Z::'a,X))) &

VX V ZU. little-set(U) & little-set(V) & equal(X::'a,ordered-pair(U::'a,V))
& member(Z::'a,U) ——> member(Z::'a,first(X))) &

(VZ X. member(Z::'a,second(X)) ——> little-set(f6(Z::'a,X))) &

(VZ X. member(Z::'a,second(X)) ——> little-set(f7(Z::'a,X))) &

(VZ X. member(Z::'a,second(X)) ——> equal(X::'a,ordered-pair(f6(Z::'a,X),f7(Z::'a,X))))
&

(VZ X. member(Z::'a,second(X)) ——> member(Z::"a,f7(Z::'a,X))) &

VX U Z V. little-set(U) & little-set(V) & equal(X::'a,ordered-pair(U::'a,V))
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& member(Z::'a, V) ——> member(Z::'a,second(X))) &

(V Z. member(Z::'a,estin) ——> ordered-pair-predicate(Z)) &

(VZ. member(Z::'a,estin) ——> member(first(Z),second(Z))) &

(VZ. little-set(Z) & ordered-pair-predicate(Z) & member(first(Z),second(Z))
——> member(Z::'a,estin)) &

(VY Z X. member(Z::'a,intersection(X::'a,Y)) ——> member(Z::'a,X)) &

(VX ZY. member(Z::'a,intersection(X::'a,Y)) ——> member(Z::'a,Y)) &

(VX ZY.member(Z::'a,X) & member(Z::'a,Y) ——> member(Z::'a,intersection(X::'a,Y)))
&

(VZ X. ~(member(Z::'a,complement(X)) & member(Z::'a,X))) &

(VZ X. little-set(Z) ——> member(Z::'a,complement(X)) | member(Z::'a, X)) &

(VX Y. equal(union(X::'a,Y),complement (intersection(complement(X),complement(Y)))))
&

(VZ X. member(Z::'a,domain-of (X)) ——> ordered-pair-predicate(f8(Z::'a,X)))
&

(VZ X. member(Z::'a,domain-of (X)) ——> member(f8(Z::'a,X),X)) &

(VZ X. member(Z::'a,domain-of (X)) ——> equal(Z::"a,first(f8(Z::'a,X)))) &

(VX Z Xp. little-set(Z) & ordered-pair-predicate(Xp) & member(Xp::'a,X)
equal(Z::'a,first(Xp)) ——> member(Z::'a,domain-of (X))) &

(VX Y Z. member(Z::'a,cross-product(X::'a,Y)) ——> ordered-pair-predicate(Z))
&

(VY Z X. member(Z::'a,cross-product(X::'a,Y)) ——> member(first(Z),X)) &

(VX Z Y. member(Z::'a,cross-product(X::'a,Y)) ——> member(second(Z),Y))
&

(VX Z Y. little-set(Z) & ordered-pair-predicate(Z) & member(first(Z),X) &
member(second(Z),Y) ——> member(Z::'a,cross-product(X::'a,Y))) &

(VX Z. member(Z::'ainvl X) ——> ordered-pair-predicate(Z)) &

(VZ X. member(Z::'a,invl X) ——> member(ordered-pair(second(Z),first(Z)),X))
&

(VZ X. little-set(Z) & ordered-pair-predicate(Z) & member(ordered-pair(second(Z),first(Z)),X)
——> member(Z::'a,invl X)) &

(VZ X. member(Z::'a,rot-right(X)) ——> little-set(f9(Z::'a,X))) &

(VZ X. member(Z::'a,rot-right(X)) ——> little-set(f10(Z::"a,X))) &

(VZ X. member(Z::'a,rot-right(X)) ——> little-set(f11(Z::'a,X))) &

(VZ X. member(Z::'a,rot-right (X)) ——> equal(Z::'a,ordered-pair (f9(Z::'a,X),ordered-pair(f10(Z::'a,X ),f11
&

(VZ X. member(Z::'a,rot-right( X)) ——> member(ordered-pair(f10(Z::'a,X),ordered-pair(f11(Z::'a,X),f9(Z
&

~VZV W UX. little-set(Z) & little-set(U) & little-set(V) & little-set(W) &
equal(Z::'a,ordered-pair(U::'a,ordered-pair(V::'a,W))) & member(ordered-pair(V::'a,ordered-pair(W::'a,U))
——> member(Z::'a,rot-right(X))) &

(VZ X. member(Z::'a,flip-range-of (X)) ——> little-set(f12(Z::"a,X))) &

(VZ X. member(Z::'a,flip-range-of (X)) ——> little-set(f13(Z::"a,X))) &

( g3 ) &

&

(VZ X. member(Z::'a,flip-range-of (X)) ——> little-set(f14(Z::'a,X))

(VZ X. member(Z::'a,flip-range-of (X)) ——> equal(Z::'a,ordered-pair(f12(Z::'a,X),ordered-pair (f13(Z::'a,
&

(VZ X. member(Z::'a,flip-range-of (X)) ——> member(ordered-pair(f12(Z::'a,X),ordered-pair(f14(Z::'a,X),)
&

VZ U WV X. little-set(Z) & little-set(U) & little-set(V) & little-set(W) &
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equal(Z::'a,ordered-pair(U::'a,ordered-pair(V::'a,W))) & member(ordered-pair(U::'a,ordered-pair( W::'a,V))
——> member(Z::a,flip-range-of (X))) &

(VX. equal(successor(X),union(X::'a,singleton-set(X)))) &

(VZ. ~member(Z::'a,empty-set)) &

(V Z. little-set(Z) ——> member(Z::'a,universal-set)) &

(little-set (infinity)) &

(member(empty-set::’a,infinity)) &

(VX. member(X::'a,infinity) ——> member(successor(X),infinity)) &

(VZ X. member(Z::'a,sigma(X)) ——> member(f16(Z::'a,X),X)) &

(VZ X. member(Z::'a,sigma(X)) ——> member(Z::'a,f16(Z::'a,X))) &

(VX ZY.member(Y:'a,X) & member(Z::'a,Y) ——> member(Z::'a,sigma(X)))

&

(V U. little-set(U) ——> little-set(sigma(U))) &

VX UY. ssubset(X::'a,Y) & member(U::'a,X) ——> member(U:'a,Y)) &

(VY X. ssubset(X::'a,Y) | member(f17(X::'a,Y),X)) &

(VX Y. member(f17(X::'a,Y),Y) ——> ssubset(X::'a,Y)) &

(VX Y. proper-subset(X::'a,Y) ——> ssubset(X::'a,Y)) &

(VX Y. ~(proper-subset(X::'a,Y) & equal(X::'a,Y))) &

(VX Y. ssubset(X::'a,Y) ——> proper-subset(X::’a,Y) | equal(X::'a,Y)) &

(VZ X. member(Z::'a,powerset(X)) ——> ssubset(Z::'a,X)) &

(VZ X. little-set(Z) & ssubset(Z::'a,X) ——> member(Z::'a,powerset(X))) &

(VY U. little-set(U) ——> little-set(powerset(U))) &

(VZ X. relation(Z) & member(X::'a,Z) ——> ordered-pair-predicate( X)) &

(VZ. relation(Z) | member(f18(Z2),2)) &

(V Z. ordered-pair-predicate(f18(Z)) ——> relation(Z)) &

(VU X V W. single-valued-set(X) & little-set(U) & little-set( V') & little-set( W)
& member(ordered-pair(U::'a,V),X) & member(ordered-pair(U::'a,W),X) ——>
equal(V:'a,W)) &

(VX single-valued-set

. single-valued-set

(X) | little-set(f19(X))) &
(VX (X) | little-set(f20(X))) &
(V X. single-valued-set(X) | little-set(f21(X))) &
(V X. single-valued-set(X) | member(ordered-pair(f19(X),f20(X)),X)) &
(V X. single-valued-set(X) | member(ordered-pair(f19(X),f21(X)),X)) &
(VX. equal(f20(X),f21 (X)) ——> single-valued-set(X))
(VXf function(Xf) ——> relation(Xf)) &
(V Xf. function(Xf) ——> single-valued-set(Xf)) &
(V Xf. relation(Xf) & single-valued-set(Xf) ——> function(Xf)) &
(VZ X Xf. member(Z::'a,image’(X::'a,Xf)) ——> ordered-pair-predicate(f22(Z::'a, X ,Xf)))

VZ X Xf. member(Z::'a,image’(X::'a,Xf)) ——> member(f22(Z::'a, X ,Xf),Xf))

e

(VZ XfX. member(Z::'a,image’(X::'a,Xf)) ——> member(first(f22(Z::'a,X,Xf)),X))

&

(VX XfZ. member(Z::'a,image’(X::'a,Xf)) ——> equal(second (f22(Z::'a, X ,Xf)),Z))

&

(VXf XY Z. little-set(Z) & ordered-pair-predicate(Y) & member(Y::'a,Xf) &
member(first(Y),X) & equal(second(Y),Z) ——> member(Z::'a,image’(X::'a,Xf)))
&

(VX Xf. little-set(X) & function(Xf) ——> little-set(image’(X::'a,Xf))) &
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(VX UY. ~(disjoint(X::'a,Y) & member(U::'a,X
(VY X. disjoint(X::'a,Y) | member(f23(X::"a,Y),
(VX Y. disjoint(X::'a,Y) | member(f23(X::'a,Y)
( )
(
(

&

ember(U:'a,Y))) &

V X. equal(X::'a,empty-set) | member(f24(X),X
V X. equal(X::'a,empty-set) | disjoint(f24(X),X)
function(f25)) &

(V X. little-set(X) ——> equal(X::'a,empty-set) | member(f26(X),X)) &

(VX. little-set(X) ——> equal(X::'a,empty-set) | member(ordered-pair(X::'a,f26 (X)).f25))

(VZ X. member(Z::'a,range-of (X)) ——> ordered-pair-predicate(f27(Z::'a,X)))
&

(VZ X. member(Z::'a,range-of (X)) ——> member(f27(Z::'a,X),X)) &

(VZ X. member(Z::'a,range-of (X)) ——> equal(Z::'a,second(f27(Z::'a,X)))) &

(VX Z Xp. little-set(Z) & ordered-pair-predicate(Xp) & member(Xp::'a,X) &
equal(Z::'a,second(Xp)) ——> member(Z::'a,range-of (X))) &

(V Z. member(Z::'a,identity-relation) ——> ordered-pair-predicate(Z)) &

(V Z. member(Z::'a,identity-relation) ——> equal(first(Z),second(Z))) &

(V Z. little-set(Z) & ordered-pair-predicate(Z) & equal(first(Z),second(Z)) ——>
member(Z::'a,identity-relation)) &

(VX Y. equal(restret(X ::'a,Y),intersection(X ::'a,cross-product( Y ::'a,universal-set))))
&

(V Xf. one-to-one-function(Xf) ——> function(Xf)) &

(V Xf. one-to-one-function(Xf) ——> function(invl Xf)) &

(V Xf. function(Xf) & function(invl Xf) ——> one-to-one-function(Xf)) &
(VZXfY. member(Z::'a,apply(Xf::'a,Y)) ——> ordered-pair-predicate(f28(Z::'a,Xf,Y)))

(VZ Y Xf. member(Z::'a,apply(Xf::'a,Y)) ——> member(f28(Z::'a,Xf,Y),Xf))

& &

(VZXfY. member(Z:'a,apply(Xf::'a,Y)) ——> equal(first(f28(Z::'a,Xf,Y)),Y))

VZXfY. member(Z:: a,apply(Xf::'a,Y)) ——> member(Z::'a,second(f28(7Z::'a,Xf,Y))))

&

(VXfY Z W. ordered-pair-predicate( W) & member(W::'a,Xf) & equal(first(W),Y)
& member(Z::'a,second(W)) ——> member(Z::'a,apply(Xf::'a,Y))) &

(VXf X Y. equal(apply-to-two-arguments(Xf::'a,X,Y),apply(Xf ::'a,ordered-pair (X ::'a,Y))))
&

(VX Y Xf. maps(Xf::'a,X,Y) ——> function(Xf)) &

(VY Xf X. maps(Xf::'a,X,Y) ——> equal(domain-of (Xf),X)) &

(VX XfY. maps(Xf::'a,X,Y) ——> ssubset(range-of (Xf),Y)) &

(VX Xf Y. function(Xf) & equal(domain-of (Xf),X) & ssubset(range-of (Xf),Y)
——> maps(Xf::'a,X,Y)) &

(V Xf Xs. closed(Xs::'a,Xf) ——> little-set(Xs)) &

(V Xs Xf. closed(Xs::'a,Xf) ——> little-set(Xf)) &

(V Xf Xs. closed(Xs::'a,Xf) ——> maps(Xf::'a,cross-product(Xs::'a,Xs),Xs)) &

(V Xf Xs. little-set(Xs) & little-set(Xf) & maps(Xf::'a,cross-product(Xs::'a,Xs),Xs)
——> closed(Xs::'a,Xf)) &

(V Z Xf Xg. member(Z::'a,composition(Xf::'a,Xq)) ——> little-set(f29(Z::'a,Xf,Xq)))
&

(VY Z Xf Xg. member(Z::"a,composition(Xf::'a,Xg)) ——> little-set(f30(Z::'a,Xf,Xg)))
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Y Z Xf Xg. member(Z::'a,composition(Xf::'a,Xq)) ——> little-set(f31(Z::"a,Xf,Xq)))
YV Z Xf Xg. member(Z::'a,composition(Xf::'a,Xq)) ——> equal(Z::'a,ordered-pair(f29(Z::'a,Xf , Xq),f30(Z::’'
YV Z Xqg Xf. member(Z::'a,composition(Xf::'a,Xg)) ——> member(ordered-pair(f29(Z::'a,Xf ,Xg),f31(Z::'a, X

YV Z Xf Xg. member(Z::'a,composition(Xf::'a,Xq)) ——> member(ordered-pair(f31(Z::'a, Xf,Xg),f30(Z::"a,X

(A I o I o

(VZ X Xf WY Xg. little-set(Z) & little-set(X) & little-set(Y') & little-set(W) &
equal(Z::'a,ordered-pair(X::'a,Y)) & member(ordered-pair(X::'a, W), Xf) & mem-
ber(ordered-pair(W::'a,Y),Xg) ——> member(Z::'a,composition(Xf::'a,Xg))) &

(V Xh Xs2 Xf2 Xs1 Xf1. homomorphism(Xh::'a,Xs1,Xf1,Xs2,Xf2) ——> closed(Xs1::'a,Xf1))

&
(V Xh Xs1 Xf1 Xs2 Xf2. homomorphism(Xh::'a,Xs1,Xf1,Xs2,Xf2) ——> closed(Xs2::'a,X[2))
&

(V Xf1 Xf2 Xh Xs1 Xs2. homomorphism(Xh::'a,Xs1,Xf1,Xs2, Xf2) ——> maps(Xh::'a,Xs1,Xs2))
&

(V Xs2 Xs1 Xf1 Xf2 X Xh Y. homomorphism(Xh::'a,Xs1,Xf1,Xs2,Xf2) & mem-
ber(X::'a,Xs1) & member(Y::'a,Xs1) ——> equal(apply(Xh::'a,apply-to-two-arquments(Xf1::'a,X,Y)),apply-1
&

(V Xh Xf1 Xs2 Xf2 Xs1. closed(Xs1::'a,Xf1) & closed(Xs2::'a,Xf2) & maps(Xh::'a,Xs1,Xs2)

——> homomorphism(Xh::'a,Xs1,Xf1,Xs2,Xf2) | member(f32(Xh::'a,Xs1,Xf1,Xs2,Xf2),Xs1))
&

(V Xh Xf1 Xs2 Xf2 Xs1. closed(Xs1::'a,Xf1) & closed(Xs2::'a,Xf2) & maps(Xh::'a,Xs1,Xs2)
——> homomorphism(Xh::'a,Xs1,Xf1,Xs2,Xf2) | member(f33(Xh::'a,Xs1,Xf1,Xs2,Xf2),Xs1))
&

(V Xh Xs1 Xf1 Xs2 Xf2. closed(Xs1::'a,Xf1) & closed(Xs2::'a,Xf2) & maps(Xh::'a,Xs1,Xs2)

& equal(apply(Xh::'a,apply-to-two-arguments(Xf1::'a,f32(Xh::'a,Xs1,Xf1,Xs2,Xf2),f33(Xh::"a, Xs1,Xf1,Xs2,
——> homomorphism(Xh::’a,Xs],Xf],Xs&XfQ)) &

(VA B C. equal(A::'a,B) ——> equal(f1(A:'a,C),f1(B:"a,C))) &

(VD F' E. equal(D::'a,E) ——> equal(f1(F":'a,D),f1(F":'a,E))) &

(VA2 B2. equal(A2::'a,B2) ——> equal(f2(A2),f2(B2))) &

(¥ G Hj. equal(G4'a,H]) —> equal(f3(GJ).f3(H))) &

(VO7 P7 Q7. equal(O7::'a,P7) ——> equal(f4{(07::'a,Q7),f4(P7::'a,Q7))) &

(VR7 T787. equal(R7::'a,87) ——> equal(f4(T7::'a,R7),f4(T7::"a 57))) &

(VU7 VT W7. equal(U7::'a,VT7) —=> equal(f5(U7::'a, W’7),f5(V’7 a,W7))) &

(VX7 Z7Y7. equal(X7::a, Y’7) ——> equal(f5(Z7::"a X7),f5(Z7 a Y’7))) &

(VA8 B8 C8. equal(A8::'a,B8) ——> equal(f6(A8::'a,C8).f6(B8::'a,C8))) &

(VD8 F8 E8. equal(D8::'a,E8) ——> equal(fé’(FS::’a,DS),f6(F8::'a7E8))) &

(VG8 H8 18. equal(G8::'a,HS) ——> equal(f7(G8::'a,18).f7(HS8::"a,18))) &

(VJ8 L8 K8. equal(J8::'a KS) ——> equal (f7(L8::"a J8),f7(L8 a KS)))
(VM8 N8 08. equal(M8::'a,N8) ——> equal(f8(M8::'a 08),f8(N8 a,08))) &
(¥ P8 RS Q8. equal(P8::'a,Q8) ——> equal(f8(R8:'a,P8).fS(R8:'a,08))) &
(VS8 T8 US. equal(S8::'a,T8) ——> equal(f9(58::'a U8),f9(T8 ‘a U8))) &
(V V8 X8 W8. equal(V8 'a, W8) ——> equal(fQ(X8 ‘a V8),f9(X8 a,W8))) &
(VG HI' equal(G::'a,H) ——> equal(f10(G::"a,l ),fZO(H a, 1)) &

(VJ L K’ equal(J::'a K) ——> equal(f10(L::'a J) J10(L::"a,K"))
(VM N O'. equal(M::'a,N) ——> equal(f11(M::'a,0 ),fIZ(N a

) &
0M)) &
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VP R Q. equal(P::'a,Q) ——> equal(f11(R::'a,P),f11(R::"a,Q)))

VS'T'U. equal(S":'a,T') ——> equal(f12(S":'a,U),f12(T":"a, &

VV X W. equal(V:'a, W) ——> equal(f12(X::'a,V),f12(X:'a,W))) &

VY Z AL equal(Y:'a,Z) ——> equal(f13(Y::'a,A1),f18(Z:'a,A1))) &

VB1 D1 C1. equal(B1::'a,C1) ——> equal(f13(D1::'a,B1),f13(D1::'a,C1))) &

VE! F1 G1. equal(El::'a,F1) ——> equal(f14(E1:'a,G1),f14(F1::'a,G1))) &
&
&

&
U)))

(
(
(
(
(

( 1

(VHI1 J1I1. equal(HI1:'a,l1) ——> equal(f14(J1:'a,H1),f14(J1::"a,11))) &

(VK1 L1 M1. equal(K1::'a,L1) ——> equal(f16(K1::'a,M1),f16(L1::'a,M1)))

(VN1 P1 O1. equal(N1::'a,01) ——> equal(f16(P1::'a,N1),f16(P1::'a,01)))

(V@1 R1 S1. equal(Q1::'a,R1) ——> equal(f17(Q1::'a,S1),f17(R1::'a,S1))) &

(VT1 V1 UL equal(T1::'a,Ul) ——> equal(f17(V1:'a,T1),f17(V1::'a,U1))) &

(VW1 X1. equal(W1::'a,X1) ——> equal(f18(W1),f18(X1))) &

(VY1 Z1. equal(Y1::'a,Z1) ——> equal(f19(Y1),f19(Z1))) &

(V C2 D2. equal(C2::'a,D2) ——> equal(f20(C2),f20(D2))) &

(VE2 F2. equal(E2::'a,F2) ——> equal(f21(E2),f21(F2))) &

(VG2 H212 J2. equal(G2::'a,H2) ——> equal(f22(G2::"a,12,J2),f22(H2::"a,12,J2)))
&

(VK2 M2 L2 N2. equal(K2::'a,L2) ——> equal(f22(M2::'a,K2,N2),f22(M2::"a,L2,N2)))
&

(V02 Q2R2 P2. equal(02::'a,P2) ——> equal(f22(Q2::'a,R2,02),f22(Q2::'a,R2,P2)))
&

(VS2 T2 U2. equal(S2::'a,T2) ——> equal(f23(52::'a,U2),f23(T2::'a,U2))) &

(V V2 X2 W2. equal(V2::'a,W2) ——> equal(f23(X2::'a,V2),f23(X2::'a,W2)))
&

(VY2 Z2. equal(Y2::'a,Z2) ——> equal(f24(Y2),f24(Z2))) &

(VA8 B3. equal(A3::'a,B3) ——> equal(f26(A3),f26(B3))) &

(VC8 D3 E3. equal(C3::'a,D3) ——> equal(f27(C3::'a,E3),f27(D3::"a,E3))) &

(VF3 H3 G3. equal(F3::'a,G8) ——> equal(f27(H3::'a,F3),f27(H3::"a,G3))) &

(VI3 J3 K3 L3. equal(13::'a,J3) ——> equal(f28(13::'a,K3,L3),f28(J3::'a,K3,L3)))
&

(VM3 O3 N3 P3. equal(M3::'a,N3) ——> equal(f28(03::"a,M3,P3),f28(083::'a,N3,P3)))
&

(VY Q383 T3 R3. equal(Q3::"a,R3) ——> equal(f28(53::'a,T3,Q3),/28(53::'a,T8,R3)))
&

(VU8 V3 W3 X3. equal(U3::'a,V3) ——> equal(f29(U3::'a, W3,X3),f29(V3::'a, W3,X3)))
&

(VY8 A4 Z3 B equal(Y3::'a,Z3) ——> equal(f29(A4::'a,Y3,B4),f29(A4::'a,Z3,B})))
&

(Y CL E4 Ff Dj. equal(Ch::"a,D4) ——> equal(f29(E4::"a,F4,C4),f29(E4::"a,F4},D4)))
&

(VI J4 K4 L. equal(1:'a,J)) ——> equal(f30(14::'a,K4,L4),f30(J4::'a,K4,L4)))
&

(Y M4 O4 N4 P4. equal(M4::'a,Nj) ——> equal(f30(O04::'a,M} ,P4),f30(04::'a,N4,P})))
&

(V Q4 54 T4 RY. equal(Q4::'a,R4) ——> equal(f30(S4::'a, T4,Q4).f30(54"a, T4 ,RY)))
&

(VU4 VL W4 X4 equal(Uf:'a, Vi) ——> equal(f31 (U4 a, W4, X4),f31 (Vi a, W4, X4)))
&

(VY4 A5Z4 B5. equal(Y4::'a,Z4) ——> equal(f31(A5::"a, Y4 ,B5),f31(A5:: a,Z4 ,B5)))
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&

(VC5 E5 F5 D5. equal(C5::'a,D5) ——> equal(f31(E5::'a,F5,C5),f81(E5::"a,F5,D5)))

&

(VG5 H515J5 K5 L5. equal(G5::'a,H5) ——> equal(f32(G5::a,15,J5,K5,L5),f32(H5::"a,15,J5,K5,L5)))
Y M5 O5 N5 P5 Q5 R5. equal(M5::'a,N5) ——> equal(f32(05::"a,M5,P5,Q5,R5),f32(05::'a,N5,P5,Q5,R5

V.85 U5 V5 T5 W5 X5. equal(S5::7a,T5) ——> equal(f32(U5::'a, V5,55, W5,X5),f32(U5::"a, V5, T5, W5,X5)

R ol o

(VY5 A6 B6 C6 Z5 D6. equal(Y5::'a,Z25) ——> equal (f32(A6::"a,B6,C06,Y5,D6),f32(A6::"a,B6,06,25,D6)),

&

(Y E6 G6 H6 16 J6 F6. equal(E6::'a,F6) ——> equal(f32(G6::'a,H6 16,6 ,E6),f32(C6::"a,H6 16,76, F6)))
YV K6 L6 M6 N6 O6 P6. equal(K6::'a,L6) ——> equal(f33(K6::'a,M6,N6,06,P6),f33(L6::'a,M6 ,N6,06,P6)
Y Q6S6R6T6 UG V6. equal(Q6::"a,R6) ——> equal(f33(56::"a,Q6,T6,U6,V6),f33(56::'a,R6,T6,U6,V6)))

Y W6 Y6 Z6 X6 A7 B7. equal( W6::'a,X6) ——> equal(f33(Y6::'a,Z6, W6,A7,B7),{33(Y6::"a,26 ,X6,A7,B7

(S I I

(VC7E7F7G7D7THT. equal(C7::'a,D7) ——> equal(f33(E7::'a,F7,G7,C7,H7),f33(E7::a,F7,G7,D7,H7))

&

(VITK7L7TM7N7J7. equal(I7::'a,J7) ——> equal(f33(K7::'a, L7, M7 ,N7,17),f33(K7::'a,L7,M7,N7,J7)))

&

(VA B C. equal(A::'a,B) ——> equal(apply(A::'a,C),apply(B::a,C))) &
(VD F'E. equal(D::'a,E) ——> equal(apply(F":"a,D),apply(F":'a,E))) &
(VG HI'J. equal(G::'a,H) ——> equal(apply-to-two-arguments(G::'a,I',J),apply-to-two-arguments(H::'a,I’,
&
(VK'MLN. equal(K"::"a,L) ——> equal(apply-to-two-arguments(M::'a, K’ N),apply-to-two-arguments(M::'¢
&
(VO'"QR P. equal(0":'a,P) ——> equal(apply-to-two-arguments(Q::'a,R,0’),apply-to-two-arguments(Q::'a,
&
(VS T equal(S":"'a,T') ——> equal(complement(S’),complement(T"))) &
VUV W. equal(U::"a,V) ——> equal(composition(U::"a, W), composition(V::'a, W)))
&
(VX ZY.equal(X::'a,Y) ——> equal(composition(Z::'a,X ),composition(Z::'a,Y)))
&
(VA1 B1. equal(Al::'a,B1) ——> equal(invl Al,invl B1)) &
(VC1 D1 E!L. equal(C1::'a,D1) ——> equal(cross-product(C1::'a,E1),cross-product(D1::'a,E1)))
&
(VF1 HI G1. equal(F1::'a,G1) ——> equal(cross-product(H1::'a,F1),cross-product(HI1::'a,G1)))
&
(VI1 JI. equal(I1::'a,J1) ——> equal(domain-of (I1),domain-of (J1))) &
(V110 J10. equal(110::'a,J10) ——> equal(first(110),first(J10))) &
(V Q10 R10. equal(Q10::'a,R10) ——> equal(flip-range-of (Q10),flip-range-of (R10)))
&
(VS10 T10 U10. equal(S10::'a,T10) ——> equal(image’(S10::'a,U10),image’(T10::'a,U10)))
&
(V V10 X10 W10. equal(V10::'a,W10) ——> equal(image’(X10::'a,V10),image’(X10::'a,W10)))
&
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(VY10Z10 A11. equal(Y10::'a,Z10) ——> equal(intersection(Y10::'a,A11) intersection(Z10::'a,A11)))

&

(VB11 D11 C11. equal(B11::'a,C11) ——> equal(intersection(D11::'a,B11),intersection(D11::'a,C11)))

&

(VE11 F11 G11. equal(E11::'a,F11) ——> equal(non-ordered-pair(E11::'a,G11),non-ordered-pair(F11::'a,G

&

(VH11J11111. equal(H11:'a,111) ——> equal(non-ordered-pair(J11::'a,H11),non-ordered-pair(J11::'a,I11)

VK11 L11 M11. equal(K11::'a,L11) ——> equal(ordered-pair(K11::'a,M11),ordered-pair(L11::'a,M11)))

&

(VN11 P11 O11. equal(N11::'a,011) ——> equal(ordered-pair(P11::'a,N11),ordered-pair(P11::'a,011)))

&

(VQ11 R11. equal(Q11::'a,R11) ——> equal(powerset(Q11),powerset(R11))) &

(V811 T11. equal(S11::'a,T11) ——> equal(range-of (S11),range-of (T11))) &

(VU11 V11 W11. equal(U11::'a,V11) ——> equal(restret(U11::'a,W11),restrct(V11::'a,W11)))
&

(VX11Z11Y11. equal(X11::'a,Y11) ——> equal(restrct(Z11::'a,X11),restrct(Z11::'a,Y11)))
&
. EqUa a ——> equal(rot-right rot-right

(VA12 B12. equal(A12::'a,B12) qual (rot-right(A12),rot-right(B12))) &

(VC12 D12. equal(C12::'a,D12) ——> equal(second(C12),second(D12))) &

VK12 L12. equal(K12::'a,L12) ——> equal(sigma(K12),sigma(L12))) &

( qual( L12) qual(sigma(K12),sigma(L12)))

VY M12 N12. equal(M12::'a,N12) ——> equal(singleton-set(M12),singleton-set(N12

( qual( N12) qual(sing (M12),sing (N12)))
&

YV 012 P12. equal(012::'a,P12) ——> equal(successor(012),successor(P12))) &

( qual( P12) qual( (012), (P12)))
VQI2RI12512. equal(Q12::'a,R12) ——> equal(union(Q12::'a,S12),union(R12::'a,512)))

gc/—\

(VT12 V12 U12. equal(T12::'a,U12) ——> equal(union(V12::'a,T12),union(V12::'a,U12)))

&

(VWI12X12Y12. equal(W12::'a,X12) & closed(W12::'a,Y12) ——> closed(X12::'a,Y12))

YV Z12 B13 A13. equal(Z12::'a,A13) & closed(B13::'a,Z12) ——> closed(B13::'a,A13))

(S o

(VC13 D13 E13. equal(C13::'a,D13) & disjoint(C13::"a,E13) ——> disjoint(D13::'a,F13))

&

(VF13 H13 G13. equal(F13::'a,G13) & disjoint(H13::'a,F13) ——> disjoint(H13::'a,G13))

&

(VI13 J13. equal(I13::'a,J13) & function(I13) ——> function(J13)) &

(VK13 L13 M13 N13 013 P13. equal(K13::'a,L13) & homomorphism(K13::'a,M13,N13,013,P13)
——> homomorphism(L13::'a,M13,N13,013,P13)) &

(VQ13S13R13 T13 U13 V13. equal(Q13::'a,R13) & homomorphism(S13::'a,Q13,T13,U13,V13)
——> homomorphism(S18::'a,R13,T13,U153,V13)) &

(VW13Y137Z13 X13 A14 B14. equal(W13::'a,X13) & homomorphism(Y13::'a,Z13,W13,A14,B1})
——> homomorphism(Y13::'a,Z713,X13,A14,B1})) &

(VC14 E1/ F14 G14 D14 H14. equal(C14::"a,D14) & homomorphism(E14::'a,F14,G14,C14,H1})
——> homomorphism(E1}::'a,F1/,G1/,D1/,H14)) &

(VI14 K14 L14 M14 N14 J14. equal(114::"a,J14) & homomorphism(K14::'a, L1/ ,M14,N1/,I1})
——> homomorphism(K14::'a,L14 ,M14,N14,J14)) &

(V014 P14. equal(0O14::'a,P14) & little-set(014) ——> little-set(P14)) &

(VY Q14 R14 514 T14. equal(Q14::'a,R14) & maps(Q14::'a,514,T14) ——> maps(R14::'a,S514,T14))
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&
(VU114 W14 V1§ X14. equal(Ulf::'a, V1) & maps(W1j::'a,Ul4,X14) ——>
maps(W14::'a,V14,X14)) &
(Y Y14 A15 B15 Z14. equal(Y14::'a,Z14) & maps(A15::'a,B15,Y1]) ——> maps(A15::'a,B15,21}))
&
(VC15 D15 E15. equal(C15::"a,D15) & member(C15::'a,E15) ——> member(D15::"a,E15))

&

(VF15 H15 G15. equal(F15::'a,G15) & member(H15::'a,F15) ——> member(H15::'a,G15))
VI15J15. equal(115::"a,J15) & one-to-one-function(I15) ——> one-to-one-function(J15))
VK15 L15. equal(K15::'a,L15) & ordered-pair-predicate( K15) ——> ordered-pair-predicate(L15))

VM15N15 015. equal(M15::'a,N15) & proper-subset(M15::'a,015) ——> proper-subset(N15::'a,015))

R o I o

(VP15 R15 Q15. equal(P15::"a,Q15) & proper-subset(R15::'a,P15) ——> proper-subset(R15::'a,Q15))

&

(V815 T15. equal(S15::'a,T15) & relation(S15) ——> relation(T15)) &

(VU15 V15. equal(U15::"a,V15) & single-valued-set(U15) ——> single-valued-set(V15))
&

(VW15 X15 Y15. equal(W15::'a,X15) & ssubset(W15::'a,Y15) ——> ssubset(X15::'a,Y15))
&

(VZ15 B16 A16. equal(Z15::'a,A16) & ssubset(B16::'a,215) ——> ssubset(B16::'a,A16))
&

(™ little-set(ordered-pair(a::’a,b))) ——> False

(proof)

lemma SET046-5:

(VY X. ~(element(X::'a,a) & element(X::'a,Y) & element(Y::'a,X))) &
(VX. element(X::'a,f (X)) | element(X::'a,a)) &
(VX. element(f(X),X) | element(X::'a,a)) ——> False
(proof)

lemma SET047-5:

(VX ZY. set-equal(X::'a,Y) & element(Z::'a,X) ——> element(Z::'a,Y)) &

(VY Z X. set-equal(X::'a,Y) & element(Z::'a,Y) ——> element(Z::'a,X)) &

(VX Y. element(f(X::'a,Y),X) | element(f(X::'a,Y),Y) | set-equal(X::'a,Y))
&

(VX Y. element(f(X::'a,Y),Y) & element(f (X::'a,Y),X) ——> set-equal(X::'a,Y))
&

(set-equal(a::'a,b) | set-equal(b::'a,a)) &

(™ (set-equal(b::'a,a) & set-equal(a::'a,b))) ——> False

{proof)

lemma SYNO034-1:

206



(VA. p(A:'aa) | p(Aia,f(A))) &

(VA. p(A'a,a) | p(f(4),4)) &

(VA B. ~(p(A::’a,B) & p(B::'a,A) & p(B::'a,a))) ——> False
(proof )

lemma SYNO071-1:
EQUOOZ—O—(L:E equal &
(equal(a::'a,b) | equal(c::'a,d))
(equal(a::'a,c) | equal(b::'a,d))
(~equal(a::'a,d)) &
(~equal(b::'a,c)) ——> False
(proof)

&
&

lemma SYNS3/9-1:

(VX V. fw(X)g(Xa, V) ——> f(X+'a,g(X'a,Y)) &

VX ¥ (X g (X0, V)~ f((X) g(X:a, V) &

(Y X J(Xag(Xsra, V) & F(Vilag(Xia,V)) ——> f(g(Xa,¥),Y) |
F(o(X70,Y) (X)) &

VY X. f(g(X:'a,Y),Y) & f(YVi'a,g(X:"a,Y)) ——> f(X:'a,9(X:a,Y)) |
Flo(X'a, ¥ ) (X)) &
(Y XS0 0) |/ (6(X0, 1)) £(Y g 060) | (00,7 0())

VY X. f(X:a,9(X:"a,Y)) & f(g(X:a,Y),Y) ——> f(YVi'a,g(X::a,Y)) |
Flo(Xz/a,¥),w(X)) &

VY X. f(X:a,9(X"a,Y)) & f(g(X:a, V), w(X)) ——> f(9(X:'a,Y),Y) |
f(Y:'a,9(X:'a,Y))) &

VY X. f(g(X:a,Y),Y) & f(g(X:'a,Y),w(X)) ——> f(X:'a,9(X:"a,Y)) |
f(Yila,9(X:"a,Y)) &

VY X. f(YVia,g(X:a,Y)) & f(g(X:a,Y),w(X)) ——> f(X:a,9(X:a,Y)) |
Flo(X'a,Y), 7)) &

VY X. ~“(f(X:a,9(X:a,Y)) & f(9(X:a,Y),Y) & f(YVia,g(X:'a,Y)) &
f(g<(X::}z;,Y),w(X)))) ——> False

proo

lemma SYN352-1:

(f(a::a,0)) &
VXY f(Xa,Y) ——> f(b'a,2(X:a Y)) | f(Y:i'a,2(X:a,Y))) &
(VX Y. f(X'a,¥) | F(2(X:'a ¥),2(Xi'a, Y))) &

VXY. f(bi'a,z2(X:'a,Y)) | f(X:t'a z( ’a Y)) |
VXY.f(bi'a,z(X:a,Y)) & f(X:'a z(X ’a YY) ——> (z X a, )z X:: ,

VXY ~(f(X:'a,Y) & f(Xia,2(X:"a,Y)) & f(YVi'a,2(Xa,Y)))) &

VXY. f(Xa,Y) ——> f(Xa,2(X:"a,Y) | f(YVia,2(X:"a,Y))) ——> False
(proof)
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lemma TOP001-2:

(V VI U. element-of-set(U::'a,union-of-members(Vf)) ——> element-of-set(U::"a,f1(Vf::'a,U)))
&

(V U Vf. element-of-set(U::'a,union-of-members( Vf)) ——> element-of-collection(f1(Vf::'a,U), Vf))
&

(VU Uul Vf. element-of-set(U::'a,Uul) & element-of-collection(Uul::"a, V)
——> element-of-set(U::'a,union-of-members(Vf))) &

(VVf X. basis(X::'a,Vf) ——> equal-sets(union-of-members(Vf),X)) &

(V Vf U X. element-of-collection(U::"a,top-of-basis( Vf)) & element-of-set(X::'a,U)
——> element-of-set(X::'a,f10(Vf::'a,U,X))) &

(VY U X Vf. element-of-collection(U::"a,top-of-basis( Vf)) & element-of-set(X::'a,U)
——> element-of-collection(f10(Vf::'a,U,X),Vf)) &

(VX. subset-sets(X::'a, X)) &

(VX UY. subset-sets(X::'a,Y) & element-of-set(U::'a,X) ——> element-of-set(U::"a,Y"))
&
(VX Y. equal-sets(X::'a,Y) ——> subset-sets(X::'a,Y)) &
(VY X. subset-sets(X::'a,Y) | element-of-set(in-1st-set(X::'a,Y),X)) &
(VX Y. element-of-set(in-1st-set(X::'a,Y),Y) ——> subset-sets(X::'a,Y)) &
(basis(cz::'a,f)) &
(™ subset-sets(union-of-members(top-of-basis(f)),cx)) ——> False
(proof )

lemma TOP002-2:
(V Vf U. element-of-collection(U::"a,top-of-basis( Vf)) | element-of-set(f11(Vf::'a,U),U))
&

(V X. ~element-of-set(X::'a,empty-set)) &

(™ element-of-collection(empty-set::'a,top-of-basis(f))) ——> False

(proof)

lemma TOP004-1:
(V Vf U. element-of-set(U::'a,union-of-members(Vf)) ——> element-of-set(U::"a,f1(Vf::'a,U)))
&
(V U Vf. element-of-set(U::'a,union-of-members( Vf)) ——> element-of-collection(f1(Vf::'a,U), Vf))
&
(VU Uul Vf. element-of-set(U::'a,Uul) & element-of-collection(Uul::'a, V)

——> element-of-set(U::"a,union-of-members(Vf))) &

(Y Vf U Va. element-of-set(U::"a,intersection-of-members( Vf)) & element-of-collection(Va::'a, Vf)
——> element-of-set(U::"a,Va)) &

(V U Vf. element-of-set(U::'a,intersection-of-members( Vf)) | element-of-collection(f2(Vf::'a,U), Vf))

&

YV VfU. element-of-set(U::"a,f2(Vf::'a,U)) ——> element-of-set(U::'a,intersection-of-members( Vf)))

(V Vit X. topological-space(X::'a,Vt) ——> equal-sets(union-of-members(Vt),X))

S

(V X Vt. topological-space(X ::'a, Vt) ——> element-of-collection(empty-set::'a, Vt))

&

(VX Vt. topological-space(X::'a, Vt) ——> element-of-collection(X::'a,Vt)) &
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(VX Y Z Vt. topological-space(X ::'a, Vt) & element-of-collection(Y::'a,Vt) &
element-of-collection(Z::'a, Vt) ——> element-of-collection(intersection-of-sets(Y ::'a,Z),Vt))
&

(VX Vf Vt. topological-space(X::'a,Vt) & subset-collections(Vf::'a,Vt) ——>
element-of-collection(union-of-members(Vf),Vt)) &

(V X Vt. equal-sets(union-of-members(Vt),X) & element-of-collection(empty-set::'a, Vt)
& element-of-collection(X::'a, Vt) ——> topological-space(X::'a, Vt) | element-of-collection(f3(X::'a, V1), Vi)
| subset-collections(f5(X::'a, Vi), Vt)) &

(V X Vt. equal-sets(union-of-members(Vt),X) & element-of-collection(empty-set::’a, Vi)
& element-of-collection(X ::'a, V) & element-of-collection(union-of-members(f5(X ::'a, Vt)), Vt)
——> topological-space(X ::'a, Vt) | element-of-collection(f3(X::'a,Vt),Vt)) &

(V X Vt. equal-sets(union-of-members(Vt),X) & element-of-collection(empty-set::'a, Vi)
& element-of-collection(X ::'a, Vi) ——> topological-space(X ::'a, Vi) | element-of-collection(f4 (X ::'a, Vt), V)
| subset-collections(f5(X::'a, Vi), Vt)) &

(V X Vt. equal-sets(union-of-members( Vi), X) & element-of-collection(empty-set::’'a, Vt)
& element-of-collection(X::'a, Vt) & element-of-collection(union-of-members(f5(X::'a, Vt)), Vi)
——> topological-space(X::'a,Vt) | element-of-collection(f4 (X::'a,Vt),Vt)) &

(V X Vt. equal-sets(union-of-members(Vt),X) & element-of-collection(empty-set::'a, Vi)
& element-of-collection(X::'a, Vt) & element-of-collection(intersection-of-sets(f3(X::'a, Vt).f4 (X::'a, Vt)), Vi)
——> topological-space(X::'a, Vt) | subset-collections(f5(X::'a, Vi), Vt)) &

(V X Vt. equal-sets(union-of-members(Vt),X) & element-of-collection(empty-set::'a, Vt)
& element-of-collection(X::'a, Vt) & element-of-collection(intersection-of-sets(f3(X::'a, Vt),f4 (X ::"a, Vt)), Vi)
& element-of-collection(union-of-members(f5(X ::'a, Vt)), VE) ——> topological-space(X ::'a, Vt))
&

(VU X Vt. open(U::'a,X,Vt) ——> topological-space(X::'a,Vt)) &

(VX U Vt. open(U::'a,X,Vt) ——> element-of-collection(U::"a, V1)) &

(VX U Vt. topological-space(X::'a, Vt) & element-of-collection(U::'a,Vt) ——>
open(U:'a, X, Vt)) &

(VU X Vt. closed(U::'a,X,Vt) ——> topological-space(X::'a, Vt)) &

(VU X Vt. closed(U::"a,X,Vt) ——> open(relative-complement-sets(U::'a,X ), X, Vt))
&

(V U X Vt. topological-space(X::'a, Vt) & open(relative-complement-sets(U::'a, X ), X, Vt)
——> closed(U:"a,X,Vt)) &

(V Vs X Vt. finer(Vt::'a,Vs,X) ——> topological-space(X::'a, Vt)) &

(VVt X Vs. finer(Vt::'a,Vs,X) ——> topological-space(X::'a,Vs)) &

(VX Vs Vt. finer(Vt::'a, Vs, X) ——> subset-collections(Vs::'a, Vt)) &

(V X Vs Vt. topological-space(X ::'a, Vt) & topological-space(X ::'a, Vs) & subset-collections(Vs::'a, Vt)
——> finer(Vt::'a, Vs, X)) &

(V Vf X. basis(X::'a,Vf) ——> equal-sets(union-of-members(Vf),X)) &

(VX VY Vb1 Vb2. basis(X::'a, V) & element-of-set(Y::'a,X) & element-of-collection(Vb1::'a, Vf)
& element-of-collection(Vb2::'a, Vf) & element-of-set( Y ::'a,intersection-of-sets(Vb1::'a, Vb2))
——> element-of-set(Y::'a,f6(X::'a, VF, Y, Vb1,V02))) &

(VX Y Vb1 Vb2 Vf. basis(X::'a, Vf) & element-of-set(Y::'a,X) & element-of-collection(Vb1::'a, Vf)
& element-of-collection(Vb2::'a, Vf) & element-of-set(Y::'a,intersection-of-sets(Vb1::'a, Vb2))
——> element-of-collection(f6 (X::'a, Vf,Y ,Vb1,Vb2),Vf)) &

(VX VY Vb1 Vb2. basis(X::'a, V) & element-of-set(Y::'a,X) & element-of-collection(Vb1::'a, V)
& element-of-collection(Vb2::'a, Vf) & element-of-set( Y ::'a,intersection-of-sets(Vb1::'a, Vb2))
——> subset-sets(f6(X::'a, VI, Y Vb1,Vb2),intersection-of-sets(Vb1::'a,Vb2))) &

(V Vf X. equal-sets(union-of-members(Vf),X) ——> basis(X::'a, Vf) | element-of-set(f7(X::'a,Vf),X))
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&

(V X Vf. equal-sets(union-of-members(Vf),X ) ——> basis(X::'a, Vf) | element-of-collection(f8(X::'a, Vf), Vf)

YV X Vf. equal-sets(union-of-members(Vf),X) ——> basis(X::'a, Vf) | element-of-collection(f9(X ::'a, Vf), Vf)

(S o

(V X Vf. equal-sets(union-of-members(Vf),X) ——> basis(X::'a, Vf) | element-of-set(f7(X::'a, Vf),intersectio
&

(V Uu9 X Vf. equal-sets(union-of-members(Vf),X) & element-of-set(f7(X::'a, Vf),Uu9)

& element-of-collection(Uu9::"a, Vf) & subset-sets(Uu9::'a,intersection-of-sets(f8(X ::'a, Vf),f9(X::'a, Vf)))
——> basis(X::'a, Vf)) &
(Y VfUX. element-of-collection(U::"a,top-of-basis(Vf)) & element-of-set(X::'a,U)
——> element-of-set(X::'a,f10(Vf::'a,U,X))) &
(VU X Vf. element-of-collection(U::'a,top-of-basis(Vf)) & element-of-set(X::'a,U)
——> element-of-collection(f10(Vf::'a,U,X),Vf)) &
(V VX U. element-of-collection(U::"a,top-of-basis( Vf)) & element-of-set(X::'a,U)
——> subset-sets(f10(Vf::'a,U,X),U)) &

(VY VfU. element-of-collection(U::"a,top-of-basis( Vf)) | element-of-set(f11(Vf::'a,U),U))
&

(VVfUull U. element-of-set(f11(Vf::'a,U),Uull) & element-of-collection(Uull::'a, Vf)
& subset-sets(Uull::'a,U) ——> element-of-collection(U::'a,top-of-basis(Vf))) &

(VU Y X Vt. element-of-collection(U::'a,subspace-topology(X::'a, Vt,Y)) ——>
topological-space(X::'a, Vt)) &

(VU Vt Y X. element-of-collection(U::'a,subspace-topology(X ::'a, Vt,Y)) ——>
subset-sets(Y::'a, X)) &

(VX Y U Vt. element-of-collection(U::'a,subspace-topology(X::'a, Vt,Y)) ——>
element-of-collection(f12(X::'a, Vt, Y, U),Vt)) &

(VX Vit Y U. element-of-collection(U::'a,subspace-topology(X::'a, Vt,Y)) ——>
equal-sets(U::'a,intersection-of-sets(Y::'a,f12(X::'a, Vt, Y, U)))) &

(VX Vi UY Uul2. topological-space(X::'a, Vt) & subset-sets(Y::'a,X) & element-of-collection(Uul2::'a, Vi)
& equal-sets(U::'a,intersection-of-sets(Y::'a,Uul2)) ——> element-of-collection(U::'a,subspace-topology (X ::'a
&

(VU Y X Vt. element-of-set(U::"a,interior(Y::'a, X, Vt)) ——> topological-space(X::'a, Vt))

VYU VtY X. element-of-set(U::"a,interior(Y::'a,X,Vt)) ——> subset-sets(Y::'a,X))
VY X VtU. element-of-set(U::'a,interior(Y::'a, X, Vt)) ——> element-of-set(U::'a,f13(Y::'a, X, Vt, U)))
VX VtUY. element-of-set(U::"a interior(Y::'a, X, Vt)) ——> subset-sets(f13(Y::'a, X, Vt,U),Y))

VY UX Vt. element-of-set(U::"a,interior(Y::'a,X,Vt)) ——> open(f13(Y::'a, X, Vt,U),X,Vt))

(I S ol I o

(VU Y Uul3 X Vit. topological-space(X ::'a, Vt) & subset-sets(Y::'a,X) & element-of-set(U::'a,Uul?)
& subset-sets(Uul8::'a,Y) & open(Uul3::'a, X, Vt) ——> element-of-set(U::'a,interior(Y::'a,X,Vt)))
&(V UY X Vt. element-of-set(U::"a,closure(Y::'a,X,Vt)) ——> topological-space(X ::'a, Vt))

&(V UVtY X. element-of-set(U::"a,closure(Y::'a, X, Vt)) ——> subset-sets(Y::’a,X))
&(V YX VtUV. element-of-set(U::'a,closure(Y::'a, X, Vt)) & subset-sets(Y::'a, V)
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& closed(V:'a, X, Vt) ——> element-of-set(U::"a,V)) &

(VY X Vt U. topological-space(X::"a, Vt) & subset-sets(Y::'a,X) ——> element-of-set(U::'a,closure(Y::'a, X,
| subset-sets(Y::'a,f14(Y:'a, X, VE,U))) &

(VY U X Vt. topological-space(X::'a, Vt) & subset-sets(Y::'a,X) ——> element-of-set(U::'a,closure(Y::'a,X,’
| closed(f14(Y:"a, X, Vt,U),X,Vt)) &

(VY X VtU. topological-space(X::'a, Vt) & subset-sets(Y::'a,X) & element-of-set(U::'a,f14(Y::'a, X,V U))
——> element-of-set(U::"a,closure(Y::'a,X,Vt))) &

(VU Y X Vt. neighborhood(U::"'a,Y , X ,Vt) ——> topological-space(X::'a,Vt)) &

(VY U X Vt. neighborhood(U::'a,Y , X, Vt) ——> open(U::'a,X,Vt)) &

(VX Vt Y U. neighborhood(U::'a,Y , X, Vt) ——> element-of-set(Y::'a,U)) &

(VX Vt Y U. topological-space(X::"'a, Vt) & open(U::'a, X, Vi) & element-of-set(Y::'a,U)
——> neighborhood(U::'a,Y , X Vt)) &

(VZ Y X Vt. limit-point(Z::'a,Y , X, Vt) ——> topological-space(X::'a,Vt)) &

(VZ Vt Y X. limit-point(Z::'a,Y , X, Vt) ——> subset-sets(Y::'a,X)) &

VZX VtUY. limit-point(Z::'a,Y , X, Vt) & neighborhood(U::'a,Z, X, Vt) ——>
element-of-set(f15(Z::'a,Y , X, Vt,U),intersection-of-sets(U::'a,Y))) &

VY X Vt U Z. ~(limit-point(Z::'a,Y , X, Vt) & neighborhood(U::'a,Z, X ,Vt) &
eq-p(f15(Z::"a, Y , X, Vt,U),2))) &

(VY Z X Vi. topological-space(X ::'a, Vt) & subset-sets(Y::'a,X) ——> limit-point(Z::'a,Y , X, Vt)
| neighborhood(f16(Z::'a,Y , X, Vt),Z,X,Vt)) &

(VX Vt Y Uul6 Z. topological-space(X::'a, Vt) & subset-sets(Y::'a,X) & element-of-set(Uul6::'a intersection
——> limit-point(Z::'a,Y , X, Vt) | eg-p(Uul6::'a,Z)) &

(VYUY X Vt. element-of-set(U::"a,boundary(Y::'a, X, Vt)) ——> topological-space(X::'a, Vt))
&

(VU Y X Vt. element-of-set(U::'a,boundary(Y::'a, X, Vt)) ——> element-of-set(U::"a,closure(Y::'a, X, Vt)))
&

(VYUY X Vt. element-of-set(U::"a,boundary(Y::'a, X, Vit)) ——> element-of-set(U::"a,closure(relative-comple
&

(VU Y X Vt. topological-space(X ::'a, Vi) & element-of-set(U::'a,closure(Y::'a,X,Vt))
& element-of-set(U::'a,closure(relative-complement-sets(Y::'a,X), X, Vt)) ——> element-of-set(U::'a,boundary
&

(VX Vt. hausdorff (X::'a, Vi) ——> topological-space(X::'a,Vt)) &

(VX-2 X-1 X Vt. hausdorff (X ::'a,Vt) & element-of-set(X-1::"a,X) & element-of-set(X-2::'a,X)
——> eq-p(X-1::"a,X-2) | neighborhood(f17(X::'a, Vi, X-1,X-2),X-1,X,Vt)) &

(VX-1X-2X Vt. hausdorff (X::'a,Vt) & element-of-set(X-1::"a,X) & element-of-set(X-2::"a,X)
——> eq-p(X-1:"a,X-2) | neighborhood(f18(X::'a,Vt,X-1,X-2),X-2,X,Vt)) &

(VX Vt X-1 X-2. hausdorff (X::'a,Vt) & element-of-set(X-1::'a,X) & element-of-set(X-2::"a,X)
——> eq-p(X-1:"a,X-2) | disjoint-s(f17(X::'a,Vt,X-1,X-2),f18(X::"a,Vt,X-1,X-2)))
&

(V Vt X. topological-space(X ::'a, Vt) ——> hausdorff (X::'a, Vt) | element-of-set(f19(X::'a,Vt),X))
&

(V Vt X. topological-space(X::'a, Vt) ——> hausdorff (X::'a, Vt) | element-of-set(f20(X::'a,Vt),X))
&

(VX Vt. topological-space(X::'a,Vt) & eq-p(f19(X::'a,Vt),f20(X::'a,Vt)) ——>
hausdorff (X::'a, V1)) &

(VX Vit Uul9 Uu20. topological-space(X ::'a, Vt) & neighborhood(Uul9::'a,f19(X ::'a, Vt), X, V)
& neighborhood(Uu20::"a,f20(X::'a, Vt),X ,Vt) & disjoint-s(Uul9::'a,Uu20) ——>
hausdorff (X::'a,Vt)) &

(V Va1 Va2 X Vt. separation(Val::'a,Va2,X,Vt) ——> topological-space(X::'a, Vt))
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&

(V Va2 X Vi Val. ~(separation(Val::'a,Va2,X,Vt) & equal-sets(Val::'a,empty-set)))

&

(V Val X Vi Va2. ™~ (separation(Val::'a,Va2,X,Vt) & equal-sets(Va2::'a,empty-set)))

YV Va2 X Val Vt. separation(Val::'a,Va2,X,Vt) ——> element-of-collection(Val::'a,Vt))

(S

(V Va1 X Va2 Vt. separation(Val::'a,Va2,X,Vt) ——> element-of-collection(Va2::'a, Vt))

&

(V Vt Val Va2 X. separation(Val::'a,Va2,X,Vt) ——> equal-sets(union-of-sets(Val::'a,Va2),X))

&

(VX Vt Val Va2. separation(Val::'a,Va2,X ,Vt) ——> disjoint-s(Val::'a,Va2))
&
(V Vt X Val Va2. topological-space(X ::'a, Vt) & element-of-collection(Val::'a, Vt)
& element-of-collection(Va2::'a, Vt) & equal-sets(union-of-sets(Val::'a,Va2),X) &
disjoint-s(Val::'a,Va2) ——> separation(Val::'a,Va2,X,Vt) | equal-sets( Val::'a,empty-set)
| equal-sets(Va2::'a,empty-set)) &
(VX Vt. connected-space(X::'a, Vt) ——> topological-space(X::'a, Vt)) &
(V Va1 Va2 X Vi. ™~ (connected-space(X::'a, Vt) & separation(Val::'a,Va2,X,Vt)))
&
(VX Vt. topological-space(X::'a,Vt) ——> connected-space(X::'a,Vt) | separa-
tion(f21(X::'a, Vt),f22(X::'a, Vt),X,Vt)) &
(V Va X Vt. connected-set(Va::'a,X,Vt) ——> topological-space(X::'a,Vt)) &
(V Vit Va X. connected-set(Va::'a,X,Vt) ——> subset-sets(Va::'a, X)) &
(VX Vit Va. connected-set(Va::'a,X,Vt) ——> connected-space( Va::'a,subspace-topology(X::'a, Vt, Va)))
&
(VX Vit Va. topological-space(X::'a, Vt) & subset-sets(Va::'a,X) & connected-space( Va::'a,subspace-topology (2
——> connected-set(Va::'a,X,Vt)) &
(V Vf X Vt. open-covering(Vf::'a,X,Vt) ——> topological-space(X::'a,Vt)) &
(VX Vf Vt. open-covering(Vf::'a,X,Vt) ——> subset-collections(Vf::'a,Vt)) &
(V Vt Vf X. open-covering(Vf::'a,X,Vt) ——> equal-sets(union-of-members(Vf),X))
&
(V Vt Vf X. topological-space(X::'a, Vt) & subset-collections(Vf::'a, Vi) & equal-sets(union-of-members(Vf),X
——> open-covering(Vf::'a, X, Vt)) &
(VX Vt. compact-space(X::'a,Vt) ——> topological-space(X::'a, Vt)) &
(VX Vit Vf1. compact-space(X::'a, Vt) & open-covering(Vfl::'a, X ,Vt) ——> fi-
nite’(f23(X ::'a, Vt, Vf1))) &
(VX Vit Vf1. compact-space(X::'a, Vt) & open-covering(Vf1::'a, X, Vt) ——> subset-collections(f23(X::'a, Vi,
&
(V Vi1 X Vt. compact-space(X::'a, Vi) & open-covering( Vfl::'a, X, Vi) ——> open-covering(f23(X::’a, Vt,VfI)
&
(V X Vt. topological-space(X ::'a, Vt) ——> compact-space(X ::'a, Vt) | open-covering(f24 (X ::'a,Vt), X, Vt))
&
(VY Uu24 X Vi. topological-space(X::'a, Vt) & finite'(Uu24) & subset-collections(Uu24::'a,f24 (X ::'a, V1))
& open-covering(Uu24::'a, X, Vt) ——> compact-space(X::'a,Vt)) &
(V Va X Vt. compact-set(Va::'a,X,Vt) ——> topological-space(X::'a, V1)) &
(V Vt Va X. compact-set(Va::'a,X,Vt) ——> subset-sets(Va::'a, X)) &
(VX Vt Va. compact-set(Va::'a, X, Vt) ——> compact-space( Va::'a,subspace-topology(X::'a, Vt,Va)))
&
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(V X Vit Va. topological-space(X::'a, Vt) & subset-sets(Va::'a,X) & compact-space( Va::'a,subspace-topology(X:
——> compact-set(Va::'a,X,Vt)) &

(basis(cz:'a,f)) &

(V U. element-of-collection(U::'a,top-of-basis(f))) &

(V V. element-of-collection(V::'a,top-of-basis(f))) &

(VY U V. ~element-of-collection(intersection-of-sets(U::'a, V'), top-of-basis(f))) ——>
Fualse

(proof)

lemma TOP004-2:
(VU Uul Vf. element-of-set(U::'a,Uul) & element-of-collection(Uul ::'a, Vf) ——>
element-of-set(U::'a,union-of-members(Vf))) &
(V Vf X. basis(X::'a,Vf) ——> equal-sets(union-of-members(Vf),X)) &
(VX VFY Vbl Vb2. basis(X::'a, Vf) & element-of-set(Y::'a,X) & element-of-collection( Vb1 ::'a, Vf)
& element-of-collection(Vb2::'a, Vf) & element-of-set( Y ::'a,intersection-of-sets(Vb1::'a,Vb2))
——> element-of-set(Y::'a,f6 (X::'a,Vf, Y, Vb1,Vb2))) &
(VX Y Vb1 Vb2 Vf. basis(X::'a, Vf) & element-of-set(Y::'a,X) & element-of-collection(Vb1::'a, Vf)
& element-of-collection(Vb2::'a, Vf) & element-of-set( Y ::'a,intersection-of-sets(Vb1::'a, Vb2))
——> element-of-collection(f6 (X::'a, VF, Y, Vb1,Vb2),Vf)) &
(VX VFY Vbl Vb2. basis(X::'a, Vf) & element-of-set(Y::'a,X) & element-of-collection( Vb1 ::'a, Vf)
& element-of-collection(Vb2::'a, Vf) & element-of-set( Y ::'a,intersection-of-sets(Vb1::'a,Vb2))
——> subset-sets(f6(X::'a, Vf,Y,Vb1,Vb2),intersection-of-sets(Vb1::'a,Vb2))) &
(V Vf U X. element-of-collection(U::"a,top-of-basis( Vf)) & element-of-set(X::'a,U)
——> element-of-set(X::'a,f10(Vf::'a,U,X))) &
(VY U X Vf. element-of-collection(U::"a,top-of-basis( Vf)) & element-of-set(X::'a,U)
——> element-of-collection(f10(Vf::'a,U,X),Vf)) &
(VVFfX U. element-of-collection(U::"a,top-of-basis( Vf)) & element-of-set(X::'a,U)
——> subset-sets(f10(Vf::'a,U,X),U)) &
(VW Vf U. element-of-collection(U::'a,top-of-basis( Vf)) | element-of-set(f11(Vf::'a,U),U))
&
(VY VfUull U. element-of-set(f11(Vf::'a,U),Uull) & element-of-collection(Uull::'a, Vf)
& subset-sets(Uull::'a,U) ——> element-of-collection(U::'a,top-of-basis(Vf))) &
(VY X Z. subset-sets(X::'a,Y) & subset-sets(Y::'a,Z) ——> subset-sets(X::'a,Z))
&
(VY ZX. element-of-set(Z::'a,intersection-of-sets(X ::'a,Y)) ——> element-of-set(Z::'a, X))

VX ZY. element-of-set(Z::'a,intersection-of-sets(X::'a,Y)) ——> element-of-set(Z::'a,Y"))
VX ZY. element-of-set(Z::'a,X) & element-of-set(Z::'a,Y) ——> element-of-set(Z::'a,intersection-of-sets(?
VX UY V. subset-sets(X::'a,Y) & subset-sets(U::"a, V) ——> subset-sets(intersection-of-sets(X::'a,U),inte!

VXZY.equal-sets(X::'a,Y) & element-of-set(Z::'a,X) ——> element-of-set(Z::'a,Y))

PR P P P P

V'Y X. equal-sets(intersection-of-sets(X::'a,Y),intersection-of-sets(Y::'a,X))) &
(basis(cx::'a,f)) &
(V U. element-of-collection(U::"a,top-of-basis(f))) &
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(V V. element-of-collection(V::'a,top-of-basis(f))) &

(VU V. ~element-of-collection (intersection-of-sets(U::"a, V), top-of-basis(f))) ——>
False

{proof)

lemma TOP005-2:

(V VI U. element-of-set(U::'a,union-of-members(Vf)) ——> element-of-set(U::"a,f1(Vf::'a,U)))
&

(V U Vf. element-of-set(U::'a,union-of-members(Vf)) ——> element-of-collection(f1(Vf::'a,U), Vf))
&

(Y Vf U X. element-of-collection(U::"a,top-of-basis(Vf)) & element-of-set(X::'a,U)
——> element-of-set(X::'a,f10(Vf::'a,U,X))) &

(VU X Vf. element-of-collection(U::'a,top-of-basis(Vf)) & element-of-set(X::'a,U)
——> element-of-collection(f10(Vf::'a,U,X),Vf)) &

(Y Vf X U. element-of-collection(U::"a,top-of-basis(Vf)) & element-of-set(X::'a,U)
——> subset-sets(f10(Vf::'a,U,X),U)) &

(V Vf U. element-of-collection(U::"a,top-of-basis(Vf)) | element-of-set(f11(Vf::'a,U),U))
&

(V VfUull U. element-of-set(f11(Vf::'a,U),Uull) & element-of-collection(Uull::'a, Vf)
& subset-sets(Uull::'a,U) ——> element-of-collection(U::'a,top-of-basis(Vf))) &

(VX UY. element-of-set(U::'a,X) ——> subset-sets(X::'a,Y) | element-of-set(U::'a,Y))
&

(VY X Z. subset-sets(X::'a,Y) & element-of-collection(Y ::'a,Z) ——> subset-sets(X::'a,union-of-members(Z
&

(VX U Y. subset-collections(X::'a,Y) & element-of-collection(U::'a,X) ——>
element-of-collection(U::"a,Y)) &

(subset-collections(g::'a,top-of-basis(f))) &

(™ element-of-collection(union-of-members(g),top-of-basis(f))) ——> False

(proof)

end

39 Hilbert’s choice and classical logic
theory Hilbert-Classical imports Main begin

Derivation of the classical law of tertium-non-datur by means of Hilbert’s
choice operator (due to M. J. Beeson and J. Harrison).

39.1 Proof text

theorem tnd: AV - A
(proof)

39.2 Proof term of text
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(somel -+ (AX. X = False V X = True N ?A) - -+
(disgIl - - - -+ (HOL.refl - -))) -

(somel - (AX. X = False N AV X = True) - - -
(disjI2 - - - - - (HOL.refl - -))) -
(AH: -. disjIl - - - -+ (conjE + -+ -+ - - H-(\H:-) H: -. H))) -
(AHa: -.
disfl2 - - - - -
(notl - - -
(AHb: -.

(AHD: -.
False-neq-True - - -
(order-trans-rules-29 - - - - - - -
(order-trans-rules-14 -

(Aa. a = (SOME X. X = False AN ?AV X = True)) -

(arg-cong - (AX. X = False V X = True N ?4) -
(AX. X = False N AV X = True) -

disjE -+ - - - H -

(AH: -.

(conjE + -+ -+ - - H . (XH: -) Ha: -. H))) -

disjl2 - - - - - (conjl - - - - - " - B)))))) -
(AH: -. digjIl - - - - - (congBl -+ -+ - - H - (XH:-) H: -. H)))

39.3 Proof script

theorem tnd”: AV - A
(proof )
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39.4 Proof term of script

conjE « -+ -+ -+
(congl - - - - -
(somel - (A\x. © = False V © = True A ?4) - - -
(disjIl - - - - - (HOL.refl - -))) -
(somel - (A\x. x = False N ANV z = True) - - -
(disgI2 - - - -« (HOL.refl - -)))) -
(A(H: -) Ha: -.
disjE - - - -+ H
(AH: -
disjFp - -+ -+ -« Ha
(AH: -. conjE - -+ -+ -+ H - (AH: -. disl1 - - -)) +
(AHa: -.
disjI2 - - - - -
(notI - - -
(AHD: -.
notkl - - - - -
(notl - -
(AHD: -.
False-neq-True - - -
(HOL.trans - -+ - - - » (HOL.sym - - - - - H) -
(HOL.trans - -+ -+ - »
(arg-cong - (A\x. x = False V © = True A ?A) -
(Az. © = False N ?A NV = = True) -
Eps
Hb)
Ha)))
(ext - -+ -+
Az, iffl - - - -
(AH: -.
disjE - - - - - - H
(AH: -. disjIl - - - -+ (congl « -+ -+ H - Hb))
(AH: -.
ConjE + -+~ -+ H .
(X(H: -) Ha: -. disjI2 - - - - - H)))
(AH: -
disjE - - - - - - H
(AH: -.
conjE - - - - - - H -
(XN(H: -) Ha: -. disjIl - -+ - - H))
(AH: -
disjl2 - - - - - (congl - - - - - H - Hb))))))))) -
(AH: -. conjE - -+ -+ -+ H . (AH: -. digjI1 - - - -)))
end
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40 Dense linear order without endpoints and a

quantifier elimination procedure in Ferrante and
Rackoff style

theory Dense-Linear-Order
imports Arith-Tools
uses
~~ [sre/HOL/ Tools | Qelim / gelim. ML
~~/sre/HOL/ Tools / Qelim /langford-data. ML
~~ [sre/ HOL/ Tools | Qelim [ ferrante-rackoff-data. ML
(~~ /src/ HOL/ Tools | Qelim [ langford. ML)
(~~/sre/ HOL/ Tools | Qelim / ferrante-rackoff . ML)
begin

(ML)

context linorder
begin

lemma less-not-permute: = (z < y Ay < z) {proof)

lemma gather-simps:

shows

(Fz. Vye L y<a)ANNVMyeU.z<y ANz <uAPz)— (Jz. Vy € L
y<z)AN Ny € (insert w U). z < y) A Px)

and 3z. Vye L. y<z)A z

(insert IL). y<z)ANVye U.z<y)AP
Hz. Vye L.y<z)AN(Vy )
AN Vy € (insert w U). z < y))

and 3z. Vye L y<a)ANNVyeU.z<y) ANl <z)— (Fz. (Vy € (insert
IL).y<z)NNMyeU.z<y)) (proof)

T
ANz <u)—— (Gz. Vy € L. y < 1)

lemma
gather-start: (3z. Pz) = (3z. Yy e {}. y<z) ANVye {}.  <y) A Px)
{proof )

Theorems for 3z. Vz. 2 < 2 — (P2 «— P_)

lemma minf-lt: 3z .Vz. 2 < z — (z < t —— True) (proof)
lemma minf-gt: 3z . V.2 < z — (t < z «— False)

{proof)

lemma minf-le: 3z.Vz. 2 < 2 — (z < t «—— True) (proof)
lemma minf-ge: 3z. Vz. z < 2z — (t < z «—— False)

(proof)
lemma minf-eq: 32. Vz. x < z — (x = t «— False) (proof)
lemma minf-neq: 3z. Vz. z < z — (z # t «— True) (proof)
lemma minf-P: 3z. V2. x < 2z — (P «— P) (proof)

Theorems for 3z. Vz. 2 < 2 — (P 2 +— Pi)
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lemma pinf-gt: 3z .Vz. z <z — (t <z «— True) (proof)
lemma pinf-it: 3z . V.2 <z — (z <t «— False)

{proof)

lemma pinf-ge: 2. Vz. 2 < z — (¢t < x «— True) (proof)
lemma pinf-le: 3z.Vz. z < £ — (z < t «— Fulse)

(proof)
lemma pinf-eq: 32z. Vz. 2 < z — (z = t «— False) (proof)
lemma pinf-neq: 3z. Vz. z < z — (z # t «— True) (proof)
lemma pinf-P: 3z. V. 2 < £ — (P «—— P) (proof)

lemma nmi-lt: t € U = Vz. ~True Nz <t — (3 ue U. u < z) (proof)
lemma nmi-gt: t € U = Vz. —False Nt <z — (3 ue U. u <zx)

{proof)
lemma nmi-le:t € U = Vz. " True AN 2<t — (3 ue U. u < z) (proof)
lemma nmi-ge: t € U = V. - False AN t< z — (3 ue U. u < z) (proof)
lemma nmi-eq:t € U = Vz. ~False N z =1t — ( € U. u < z) (proof)
lemma nmi-neq: t € U =Vz. ~True Nz #t — (EI € U. u < z) (proof)
lemma nmi-P:V z. "P NP — (3 ue U. u < zx) (proof)
lemma nmi-conj: [Vz. -P1'ANPloz — (3 ue U. u < x);

Ve, -P2'ANP2zx — (Fue U.u<z1)] =

Vz. =(P1'"ANP2YAN (Plax A P2x) — (3 ue U. u < z) (proof)
lemma nmi-disj: [Vz. -P1'ANPlaz — (3 ue U. u < z);

Ve, -P2'ANP22x — (Fue U.u<z)] =

V. -(P1'V P2YN(PlzV P2z) — (3 ue U. u < z) (proof)
lemma npi-li: t € U = V. -False N z <t — (3 ue U. z < u) (proof)
lemma npi-gt: t € U = V. -True Nt <z — (3 ue U. z < u) (proof)
lemma npi-le:t € U = V. -False N z <t — (3 ue U. z < u) (proof)

ue U. z < u) (proof)

lemma npi-ge:t € U = Va. - True Nt <z — (3
lemma npi-eq: t € U = Vz. ~False N z =1t — ( U.z<u
lemma npi-neq: t € U = Vaz. ~"True Nz #t — (3 ue U.z < u) (proof)
lemma npi-P:V z. "P NP — (3 ue U. z < u) (proof)
lemma npi-conj: [Vo. -P1'"ANPlaz — (FJue U.z<wu); Vz. -P2'ANP2x
— (Fue U.z <u)

= Vaz.2(PI'"ANP2YAN(Plz A P2z) — (3 ue U.z < u) (proof)
lemma npi-disj: [Vz. -P1'ANPlx — (3 ue U.z < u);Ve. -P2' N P2z
— (Fue U.z <)

= V. (P1'V P2y AN (Pl xV P22) — (3 ue U. z < u) (proof)

lemma lin-dense-lt: t € U = Vazlu (Vi I<tANt<u—tgU)ANI<zA
r<uNz<t— Vyl<yAhy<u—y<t)

(proof)

lemma lin-dense-gt: t € U = Valu VL. I <tANl<u—tgU)ANI<z
Ne<uAht<z— Vyl<yhy<u-—t<y)

(proof)

lemma lin-dense-le: t € U = Vzlu VI.I<tANit<u—t¢& U)ANI<zA
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r<ulNz<t— Vyl<yAhy<u— y<t)

{proof)

lemma lin-dense-ge: t € U = Vazlu Vit I<tANt<u—t¢ U)ANI<zA
r<ulNt<z—Vuyl<yAhy<u—t<y)

(proof)

lemma lin-dense-eq: t € U = Vzlu VI I<tANt<u—t¢& U)ANI<zA
z<ulNz=1t — NVyl<yAhy<u-— y=t) (proof)

lemma lin-dense-neq: t € U = Vzlu Vi.Il<tANi<u—t¢ U)NI<z
Ne<uAhz#t — Vyl<yAy<u— y#t) (proof)

lemma lin-dense-P: Vaxlu. (V t. Il <tANt<u—t¢g U)ANI<zAz<uAP
— NV y. l<yANy<u— P) (proof)

lemma lin-dense-cony:

Vzlu Vitl<tAht<u—tgU)NI<KzAz<uAPlz

— NVuy. l<yANy<u-— Ply);

Velu Vil<tAnt<u—tg U ANI<zAz<uANP2z

— NVyl<yhy<u— P2y)] =

Velu Vitl<tAht<u—t¢ U NI<KzANz<uA(PlzAP2zx)
— Vuyl<yNhy<u— (PlyAP2y)

(proof )

lemma lin-dense-disj:

Velu Vitl<tAnt<u—t¢gU)ANI<z ANz <uAPlz

— VM y. l<yANy<u— Ply);

Velu VEl<tANt<u—t¢U)NI<z ANz <uANP2zx

— Vyl<yhy<u— P2y =

Velu Vitl<tAht<u—tgU)ANI<z ANz <uA(PlzV P2x)
— Vyl<yNhy<u— (PlyV P2y))

(proof)

lemma npmibnd: [Vz. = MP APz — (3 ue U. v <z);Vz. "PP APz —
(F ue U. z < u)]
= V.- MPA-PPAPz— JueU.FuecU. u<zAz<u)

{proof)

lemma finite-set-intervals:

assumes pzr: Pz and lz: | < z and zu: x < u and linS: l€ S

and winS: v € S and fS:finite S and IS:V z€ S. [ <z and Su:V z€ S. z <
U

showsJ a€ 5.3 beS Vya<yAhy<b—yéS)hna<zAz<bA
Px

(proof)

lemma finite-set-intervals2:

assumes pz: Pz and lz: | < z and zu: ¢ < v and linS: [€ S

and uinS: v € S and fS:finite S and [S:V z€ S. |l <z and Su:V z€ S. z <
U

shows (3 s€ S.Ps)V (T aeS. T beS Vya<yAhy<b—yé¢Ss A
a<zAz<bAPzx)
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(proof)

end

41 The classical QE after Langford for dense linear
orders

context dense-linear-order
begin

lemma dlo-ge-bnds:
assumes ne: L # {} and neU: U # {} and fL: finite L and fU: finite U
shows (Jz. Vye L. y<az)ANNVyeU.z<y)=NVIlelLVuecU.l<u)
(proof)

lemma dlo-ge-noub:

assumes ne: L # {} and fL: finite L

shows (3z. Vye L.y <z) AN(Vy € {}. 2 < y)) = True
(proof)

lemma dlo-qe-nolb:

assumes ne: U # {} and fU: finite U

shows (Fz. Vye{}.y<z) A Vye U.z <y)) = True
(proof)

lemma exists-neq: 3 (z::'a). x # ¢t I(z::'a). t £ =
(proof)

lemmas dlo-simps = order-refl less-irrefl not-less not-le exists-neq
le-less neq-iff linear less-not-permute

lemma aziom: dense-linear-order (op <) (op <) (proof)
lemma atoms:
includes meta-term-syntax
shows TERM (less :: 'a = -)
and TERM (less-eq :: 'a = -)
and TERM (op = :: 'a = -) {proof)

declare aziom|langford ge: dlo-qe-bnds dlo-ge-nolb dlo-ge-noub gather: gather-start
gather-simps atoms: atoms]

declare dlo-simps[langfordsimp)

end

lemma dnf:

(P & (Q ] R)) = (P&Q) | (P&R))
(@[ R) & P) = ((Q&P) |
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(proof)
lemmas weak-dnf-simps = simp-thms dnf

lemma nnf-simps:
(P AQ)=(=PV=Q)(A(PVQ)=(PA-Q)(P— Q) =(PVQ)
<(Pf:>Q):((PAQ)\/(ﬂPAﬁQ)) (==(P)) =P
pProo.

lemma ex-distrib: (3z. Pz V Q) «— ((3z. Pz) vV 3z. Q z)) (proof)
lemmas dnf-simps = weak-dnf-simps nnf-simps ex-distrib
(ML)
42 Contructive dense linear orders yield QE for
linear arithmetic over ordered Fields — see Arith-Tools.thy

Linear order without upper bounds

locale linorder-stupid-syntaxr = linorder

begin
notation
less-eq (op C) and
less-eq ((-/ C -) [51, 51] 50) and
less (op C) and
less ((-/ © -) [51, 51] 50)
end

locale linorder-no-ub = linorder-stupid-syntaxr +
assumes gt-ex: Jy. less x y

begin

lemma ge-ex: 3y. z T y (proof)

Theorems for 3z. V2. 2 C ¢ — (P2 «— Pio)

lemma pinf-cony:
assumes exl: 3z1.Vz. 21 C ¢ — (Pl z «— P1’)
and ex2: 322.Vz. 22 C 2 — (P2x «— P2
shows 3z. Vz. 2 C z — ((Pl = A P2z) «— (P1' A P2'))

(proof)

lemma pinf-disj:
assumes exl: 3z1.Vz. 21 C x — (Pl z «—— P1’)
and ex2: 322.Vz. 22 C v — (P2x «— P2
shows 3z. Vz. 2 C z — ((Plz V P2zx) «— (P1’'V P2')

(proof)

221



lemma pinf-ex: assumes ex:3z. V. 2z C v — (Pz «— PI1) and p!: PI1 shows
Jz. Px

(proof)
end

Linear order without upper bounds

locale linorder-no-lb = linorder-stupid-syntax +
assumes lt-ex: 3y. less y x

begin

lemma le-ex: Jy. y C x (proof)

Theorems for 32. Vz. 2 C 2 — (P2 «— P_)

lemma minf-conj:
assumes exl: 3z1.Vz. 2 C 21 — (P1z «— P1’)
and ex2: 322.Vz. 2z C 22 — (P21z «—— P2/)
shows 3z. Vz. 2 C 2z — ((Pl z A P2z) «— (P1' A P2')

(proof)

lemma minf-disj:
assumes exl: 3z21.Vz. z C 21 — (Pl x «—— P1’)
and ez2: 322.Vz. 2z C 22 — (P22 «— P2’)
shows 32. Vz.2 C 2z — ((Pl z V P2z) «— (P1'V P2/)

(proof)

lemma minf-ex: assumes ex:3z. Vo. 2 C 2 — (P z «— P1) and pl: PI
shows 3 z. Pz

(proof)

end

locale constr-dense-linear-order = linorder-no-lb + linorder-no-ub +
fixes between
assumes between-less: less © y = less x (between x y) A less (between z y) y
and between-same: between v r = x

interpretation constr-dense-linear-order < dense-linear-order
(proof)

context constr-dense-linear-order
begin

lemma rinf-U:

assumes fU: finite U

and lin-dense: Ve lu. (V t.ICtANtCu —t¢ U)ANICTc ANz T uAPz
— VylCyAnyCu— Py)

and nmpiU: Ve. =~ MPAN-PPAPz — 3ueU.3 v eU. ulzAzC
u’)
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and nmi: -~ MP and npi: = PP and ex: 3 z. Px
shows 3 ue U. 3 u' € U. P (between u u’)

(proof)
term [linorder. Min less-eq

(proof)

theorem fr-eq:
assumes fU: finite U
and lin-dense: Ve lu. (V t.ICtAtCu —t¢ U)ANIC T ANz T uAPz
— VylCyAhyCu— Py)
and nmibnd: Vo. - MP N Pz — (3 ue U. u C x)
and npibnd: Vz. -PP AN Pz — (3 ue U. z C u)
and mi: 3z2. V. 2 C 2z — (Px = MP) and pi: 3z. Vz. 2 C 2z — (Pz =
PP)
shows (3 z. Pz) = (MP VvV PPV (3 ue U.3 u'e U. P (between u u")))
(is-=(-V-V ?F)is ?E = ?D)
(proof)

lemmas minf-thms = minf-conj minf-disj minf-eq minf-neq minf-lt minf-le minf-gt
minf-ge minf-P

lemmas pinf-thms = pinf-conj pinf-disj pinf-eq pinf-neq pinf-it pinf-le pinf-gt pinf-ge
pinf-P

lemmas nmi-thms = nmi-conj nmi-disj nmi-eq nmi-neq nmi-lt nmi-le nmi-gt nmi-ge
nmi-P

lemmas npi-thms = npi-conj npi-disj npi-eq npi-neq npi-lt npi-le npi-gt npi-ge
npi-P

lemmas lin-dense-thms = lin-dense-conj lin-dense-disj lin-dense-eq lin-dense-neq
lin-dense-lt lin-dense-le lin-dense-gt lin-dense-ge lin-dense-P

lemma ferrack-aziom: constr-dense-linear-order less-eq less between
(proof )
lemma atoms:
includes meta-term-syntax
shows TERM (less :: 'a = -)
and TERM (less-eq :: 'a = -)
and TERM (op = :: 'a = -) (proof)

declare ferrack-axiom [ferrack minf: minf-thms pinf: pinf-thms
nmi: nmi-thms npi: npi-thms lindense:
lin-dense-thms qe: fr-eq atoms: atoms]

(ML)

end

(ML)
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42.1 Ferrante and Rackoff algorithm over ordered fields

lemma neg-prod-it:(c::’a::ordered-field) < 0 = ((exz < 0) == (z > 0))
(proof)
lemma pos-prod-lt:(c::'a::ordered-field) > 0 = ((cxzx < 0) == (z < 0))
(proof )

lemma neg-prod-sum-lt: (c::'a::ordered-field) < 0 = ((cxz + t< 0) == (z > (—
1/c)xt))
(proof)

lemma pos-prod-sum-lt:(c::’a::ordered-field) > 0 = ((cxz + t < 0) == (z < (—
1/c)xt))
(proof)

lemma sum-lt:((x::'a::pordered-ab-group-add) + t < 0) == (z < — t)
{proof)

lemma neg-prod-le:(c::'a::ordered-field) < 0 = ((cxz <= 0) == (x >= 0))

(proof)

lemma pos-prod-le:(c::'a::ordered-field) > 0 = ((cxz <= 0) == (z <= 0))
(proof)

lemma neg-prod-sum-le: (c::'a::ordered-field) < 0 = ((exx + t <= 0) == (=
S= (= 1/c)x1))
(proof)

lemma pos-prod-sum-le:(c::’a::ordered-field) > 0 = ((cxz + t <= 0) == (z <=
(= 1/c)xt))
(proof)

lemma sum-le:((z::’a::pordered-ab-group-add) + t <= 0) == (z <= — t)
{proof)

lemma nz-prod-eq:(c::'a::ordered-field) # 0 = (
# 0 = ((cxz + ¢t

lemma nz-prod-sum-eq: (c::'a::ordered-field) 0) == (z =
(= 1/c)xt))
(proof )
lemma sum-eq:((z::'a::pordered-ab-group-add) + t = 0) == (z = — t)
{proof)

interpretation class-ordered-field-dense-linear-order: constr-dense-linear-order
[op <= op <

Azy. 1/2 * ((z::'a::{ordered-field,recpower,number-ring}) + y)]
(proof)

(ML)
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end

43 Examples for Ferrante and Rackoff’s quantifier
elimination procedure

theory Dense-Linear-Order-Ex
imports Dense-Linear-Order Main
begin

lemma

3 (y::'a::{ ordered-field,recpower,number-ring, division-by-zero}) <2.x + 3% y <
ONz—y>0

(proof)

lemma ~ (ALL z (y::'a::{ordered-field,recpower number-ring, division-by-zero}).
Tz <y ——> 10xx < 11xy)
(proof )

lemma ALL (x::'a::{ordered-field,recpower , number-ring, division-by-zero}) y. x <
y ——> (10*(z + 5xy + —1) < 60xy)
(proof )

~

lemma EX (z::'a:{ordered-field,recpower ,number-ring, division-by-zero}) y. x ~=
y—>z<y
(proof )

lemma EX (z::’a::{ordered-field,recpower,number-ring, division-by-zero}) y. (z
Y=y & 10xx V= 9xy & 10xx < y) ——> 1 < y
{proof )

lemma ALL (z::'a::{ordered-field,recpower ,number-ring, division-by-zero}) y. (z
Y=y & Sxx <= y) ——> 500xx <= 100xy
(proof )

lemma ALL (z::'a::{ordered-field,recpower,number-ring, division-by-zero}). (EX
(y::'a::{ ordered-field ,recpower , number-ring, division-by-zero}). 4*xz + 3xy <= 0
& fxx + 3xy >= —1)

(proof )
lemma ALL (z::'a::{ordered-field recpower ,number-ring, division-by-zero}) < 0.
(EX (y::'a::{ordered-field,recpower number-ring, division-by-zero}) > 0. 7xx + y
>0&zx—y<=09)

(proof )

lemma EX (x::'a::{ordered-field,recpower,number-ring, division-by-zero}). (0 < x

225



&r<l1l)——>ALLy>1.2+y~=1)
{proof)

lemma EX z. (ALL (y::'a::{ ordered-field ,recpower ,number-ring, division-by-zero}).
y<2-——> 2x(y—12)<0)
(proof )

lemma ALL (z::'a::{ordered-field,recpower , number-ring, division-by-zero}). z <
10|z > 20| (EXy. y>=0& y <= 10 & z+y = 20)
(proof )

lemma ALL (z::'a::{ordered-field ,recpower ,number-ring, division-by-zero}) y z. x
+y<z—>2>y>=z—>zx<10
(proof )

lemma EX (z::'a::{ordered-field,recpower,number-ring, division-by-zero}) y z.
+ Txy < 5x 2 & Sxy >=Txz &z < 0
(proof )

lemma ALL (z::'a::{ordered-field,recpower,number-ring, division-by-zero}) y z.
abs (z + y) <=z ——> (abs z = z)
(proof )

lemma EX (z::'a::{ordered-field,recpower,number-ring, division-by-zero}) y z. x
4+ Txy — 5% 2 < 0 & dxy + Tz + Sxx < 0
(proof )

lemma ALL (x::'a:{ordered-field,recpower,number-ring, division-by-zero}) y z.

(abs (5xx+3xy+z) <= dxx+3xy+z & abs (I*xx+3%y+2z) >= — (Hxx+3xy+2)) |

(abs (5xx+3*%y+z) >= sxx+3xy+z & abs (Hxx+3xy+2z) <= — (5xx+3*%y+2))
(proof)

lemma ALL (x::'a::{ordered-field,recpower, number-ring, division-by-zero}) y. x <
y ——> (EX z2>0. z+2z = y)
{proof)

lemma ALL (z::'a::{ordered-field,recpower ,number-ring, division-by-zero}) y. x <
y —> (EX 2>0. z+2z = y)
(proof )

lemma ALL (z::'a::{ ordered-field ,recpower , number-ring, division-by-zero}) y. (EX
z>0. abs (z — y) <=z )

(proof )
lemma EX (z::'a::{ordered-field,recpower ,number-ring, division-by-zero}) y. (ALL
2<0. (z <z ——>z2<=y)&(z>y ——> 2z >=1x))

(proof )

lemma EX (z::'a::{ordered-field,recpower ,number-ring, division-by-zero}) y. (ALL
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z>=0. abs (3xx+7Txy) <= 2%z + 1)
{proof)

lemma EX (z::'a:{ordered-field,recpower ,number-ring, division-by-zero}) y. (ALL
2<0. (z <z ——>z2<=y)&(z>y ——> z >= 1))
(proof )

lemma EX (z::'a::{ordered-field,recpower ,number-ring, division-by-zero})>0. (ALL
y. (EX z. 18% abs z # abs (12xy — z) & 5xx — 3x(abs y) <= 7*z))
(proof )

lemma EX (x::'a::{ordered-field,recpower,number-ring, division-by-zero}). abs (4 *z
+ 17) < 4 & (ALL y . abs (zx34 — 34xy — 9) # 0 — (EX z. 5z — 3*abs y
<= T*z))

(proof)

lemma ALL (z::'a::{ ordered-field,recpower , number-ring, division-by-zero}). (EX y
> abs (23*%x — 9). (ALL z > abs (3xy — 19% abs x). z+z > 2xy))
{proof)

lemma ALL (z::'a::{ordered-field,recpower,number-ring, division-by-zero}). (EX
y< abs (8xx — 1). (ALL z >= (3xabs z — 1). abs (12xx — 13xy + 19%z) > abs
{proof )

lemma EX (z::'a:{ordered-field,recpower ,number-ring, division-by-zero}). abs x
< 100 & (ALL y > z. (EX 2<2xy — z. 5%z — 3xy <= 7xz2))
(proof)

lemma ALL (z::'a::{ordered-field ,recpower,number-ring, division-by-zero}) y z w.
TR <8xy ——> Sxy < Txz —=> z < 2xw ——> Tx(2xw—1) > 2%y
(proof )

lemma EX (z::'a:{ordered-field,recpower ,number-ring, division-by-zero}) y z w.
Sxx 4+ 3%z — 17xw + abs (y — 8%z + z) <= 89
(proof )

lemma EX (z::'a::{ordered-field,recpower number-ring, division-by-zero}) y z w.
Sxx + 3%z — 1Txw + Tx (y — 8%z + 2) <= maz y (7xz — = + w)
(proof)

lemma EX (z::'a:{ordered-field,recpower,number-ring, division-by-zero}) y z w.
min (5xx + 3%z) (17+w) + 5x abs (y — 8xx + 2) <= max y (T*z — x + w)
(proof )

lemma ALL (z::'a::{ordered-field,recpower ,number-ring, division-by-zero}) y z.
(EX w >= (z+y+z). w <= abs z + abs y + abs z)
(proof )
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lemma ~(ALL (x::'a::{ ordered-field,recpower , number-ring, division-by-zero}). (EX
yzw. 3xx 4+ 2% =8xy &z +y<z&z>w&dxxr <w+y))
{proof)

lemma ALL (z::'a::{ ordered-field ,recpower,number-ring, division-by-zero}) y. (EX
zw. abs (z—y) = (z—w) & 2x1234 < 233xx & w ~= y)
{proof )

lemma ALL (z::'a::{ ordered-field ,recpower ,number-ring, division-by-zero}). (EX y
zw. min (5*xx + 3xz) (17+xw) + 5% abs (y — 8xx + 2) <= maz y (7*z — x +
w))

(proof )

lemma EX (z::'a::{ordered-field,recpower ,number-ring, division-by-zero}) y z. (ALL
w >= abs (z+y+z). w >= abs x + abs y + abs 2)
(proof)

lemma EX z. (ALL (z::'a::{ ordered-field,recpower ,number-ring, division-by-zero})
y. (EX w >= (z4+y+z2). w <= abs ¢ + abs y + abs z))
(proof )

lemma EX 2. (ALL (z::'a::{ ordered-field,recpower ,number-ring, division-by-zero})
<absz. (EXyuw. z<y&z<z&z>w& 3xx < w+ y))
(proof)

lemma ALL (x::'a::{ ordered-field ,recpower ,number-ring, division-by-zero}) y. (EX
z. (ALL w. abs (z—y) = abs (z—w) ——> z < z & w ~=y))
{proof )

lemma EX y. (ALL (z::'a::{ ordered-field ,recpower ,number-ring, division-by-zero}).
(EX z w. min (5xx 4+ 3xz) (17xw) + 5% abs (y — 8xx + z) <= max y (T+z —
T + w)))

{proof)

lemma EX (z::'a::{ordered-field,recpower , number-ring, division-by-zero}) z. (ALL
w >= 18z — J*z. (EX y. w >= abs z + abs y + z))
(proof )

lemma EX (z::'a::{ordered-field,recpower,number-ring, division-by-zero}). (ALL
y < z. (EX z > (z+vy).

(ALL w. 5%w + 10z — z >=y ——> w + T*x + 8%z >= 2xy)))

(proof )

lemma EX (z::'a::{ordered-field,recpower,number-ring, division-by-zero}). (ALL
y. (EX z > y.

(ALLw . w < 18 ——> w + 10xx — z >=y ——> 5xw + Txx + 13%z >=
2xy)))

(proof)
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lemma EX (z::'a::{ordered-field,recpower number-ring, division-by-zero}) y z w.
min (5xx + 3%z) (17*w) + 5% abs (y — 8xx + 2) <= maz y (7*z — z + w)
{proof)

lemma ALL (z::'a::{ordered-field,recpower,number-ring, division-by-zero}). (EX
y. (ALL 2>19. y <=z + z & (EX w. abs (y — z) < w)))
{proof )

lemma ALL (z::'a::{ordered-field,recpower,number-ring, division-by-zero}). (EX
y. (ALL 2>19. y <=z + 2 & (EX w. abs (z + 2) < w — y)))
(proof )

lemma ALL (z::'a::{ordered-field,recpower , number-ring, division-by-zero}). (EX
y. abs y V= abs x & (ALL z> mazzy. (FEX w. w "=y & w "=z & S*xw — z
>= 1z +y)))

(proof )

end

44 Some examples for Presburger Arithmetic

theory PresburgerEx
imports Presburger
begin

lemma Am n jaia. [- m < j; = (nunat) < i; (ennat) # 0; Suc j < ja] = Im.
Vja ia. m < ja — (if j = ja A\ i = ia then e else 0) = 0 (proof)

lemma (0::nat) < emBits mod 8 = 8 + emBits div 8§ « 8§ — emBits = 8§ —
emBits mod 8

(proof)

lemma (0::nat) < emBits mod 8§ = 8 + emBits div 8§ * 8 — emBits = 8§ —
emBits mod 8

(proof)

theorem (V (y::int). 3 dvd y) ==> V(zuint). b <z ——>a <z
(proof)

theorem !! (y::int) (z:int) (nuint). 3 dvd z ==> 2 dvd (y:int) ==>
(3 (zzint). 2xx = y) & (3 (kint). 3k = 2)
{proof)

==> Sdvd z ==>

theorem !! (y::int) (z::int) n. Suc(n:nat) < 6
) & (T (k:int). 3%k = 2)

2 dvd (y:int) ==> (I (xuint). 2%z = y
(proof)

theorem V (z::nat). 3 (y:nat). (0:nat) < 5 ——>y =5+
(proof)
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Slow: about 7 seconds on a 1.6GHz machine.

theorem V (z::nat). (y:nat). y=5+z |zdiv6 + 1= 2
{proof)

theorem 3 (z::int). 0 < x
{proof)

theorem V(z:int) y. 2 <y ——> 22+ 1 < 2xy
{proof)

theorem V (z::int) y. 2 xx + 1 £ 2 xy
{proof)

theorem J(zint) y. 0 <z & 0<y &3z —5xy=1
(proof )

theorem ™~ (3 (z::int) (y::int) (z:int). 4z + (—6:int)xy = 1)
{proof)

theorem V (z::int). b <z ——> a < x
(proof)

theorem ™~ (3 (z::int). False)
{proof)

theorem V (z::int). (azint) < §xxz ——> b < 3 x 1

(proof)

theorem V (z::int). (2 dvd ) ——> (3 (y::int). z = 2xy)
{proof)

theorem V (z::int). (2 dvd x) ——> (I (y:int). x = 2xy)
(proof)

theorem V (z::int). (2 dvd z) = (3 (y=:int). © = 2xy)
(proof )

theorem V (z::int). ((2 dvd z) = (V (y::int). © # 2%y + 1))
{proof)

theorem ~ (V (z::int).
((2 dvd z) = (¥ (y:uint). © # 2xy+1) |
(3 (gint) (uzint) i. 3*i + 2%xq — u <
——>0<z|((” 3dvdz) &z + 8 =

17)
0))))
(proof)

theorem ~ (V(iint). 4 <i——> Fzy. 0 <2 & 0<y&3*xz+5x*xy=1))
(proof)
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theorem V (i:int). 8 < i ——> 3zy. 0 <2 & 0<y & 3*xz+5xy=1)
{proof)

theorem 3 (j:int). Vi. j <i——> Fzy. 0<z& 0<y&3*xx+5xy=1)
(proof )

theorem ~ (Vj (izint). j <i——> F2y. 0<z2 & 0<y&3xz+5*xy=
i)
{proof)

Slow: about 5 seconds on a 1.6GHz machine.

theorem (Im:nat. n = 2 x m) ——> (n + 1) div 2 = n div 2
{proof)

This following theorem proves that all solutions to the recurrence relation
Ziya = |xiy1| — x; are periodic with period 9. The example was brought
to our attention by John Harrison. It does does not require Presburger
arithmetic but merely quantifier-free linear arithmetic and holds for the
rationals as well.

Warning: it takes (in 2006) over 4.2 minutes!

lemma [ 23 = abs 22 — z1; 4 = abs 3 — z2; x5 = abs 4 — z3;
x6 = abs x5 — x4; 7 = abs 26 — z5; 8 = abs 7 — z06;
z9 = abs 28 — x7; 10 = abs 9 — z8; x11 = abs z10 — z9 |
= zl = 210 & 22 = (z11::int)
(proof)

end

theory Reflected-Presburger
imports Main GCD Efficient-Nat
uses (coopereif ML) (coopertac. ML)
begin

function

wupt ::int = int = int list
where

dupt i j = (if j < i then || else i # dupt (i+1) 7)
(proof)

termination (proof)

lemma iupt-set: set (iupt ij) = {i..5}
{proof)
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datatype num = Cint | Bound nat | CN nat int num | Neg num | Add num num
Sub num num
| Mul int num

consts num-size :: num = nat
primrec
num-size (C c) =
num-size (Bound n) =1
num-size (Neg a) = 1 + num-size a
num-size (Add a b) = 1 + num-size a + num-size b
num-size (Sub a b) = 8 + num-size a + num-size b
(
(

num-size (CN n ¢ a) = 4 + num-size a
num-size (Mul ¢ a) = 1 4+ num-size a

consts Inum :: int list = num = int
primrec
Inum bs (C ¢) =
Inum bs (Bound n) = bsln
Inum bs (CN n ¢ a) = ¢ x (bsln) + (Inum bs a)
Inum bs (Neg a) = —(Inum bs a)
Inum bs (Add a b) = Inum bs a + Inum bs b
Inum bs (Sub a b) = Inum bs a — Inum bs b
Inum bs (Mul ¢ a) = c*x Inum bs a

datatype fm =

T| F| Lt num| Le num| Gt num| Ge num| Eq num| NEq num| Dvd int num|
NDwd int num|

NOT fm| And fm fm| Or fm fm| Imp fm fm| Iff fm fm| E fm| A fm

| Closed nat | NClosed nat

consts fmsize 1 fm = nat

recdef fmsize measure size
fmsize (NOT p) = 1 + fmsize p
fmsize (And p q) = 1 + fmsize p + fmsize q
fmsize (Or p q) = 1 + fmsize p + fmsize q
fmsize (Imp p q) = 8 + fmsize p + fmsize q
fmsize (Iff p q¢) = 3 + 2x(fmsize p + fmsize q)
fmsize (E p) = 1 + fmsize p
fmsize (A p) = 4+ fmsize p
fmsize (Dvd i t) = 2
fmsize (NDvd i t) = 2
fmsize p = 1

lemma fmsize-pos: fmsize p > 0

(proof)
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consts Ifm ::bool list = int list = fm = bool

primrec
Ifm bbs bs T = True
Ifm bbs bs F' = Fulse
Ifm bbs bs (Lt a) = (Inum bs a < 0)
Ifm bbs bs (Gt a) = (Inum bs a > 0)
Ifm bbs bs (Le a) = (Inum bs a < 0)
Ifm bbs bs (Ge a) = (Inum bs a > 0)
Ifm bbs bs (Eq a) = (Inum bs a = 0)
Ifm bbs bs (NEq a) = (Inum bs a # 0)
Ifm bbs bs (Dvd i b) = (i dvd Inum bs b)

Ifm bbs bs (NDuvd i b) = (=(i dvd Inum bs b))

Ifm bbs bs (NOT p) = (= (Ifm bbs bs p))

Ifm bbs bs (And p q) = (Ifm bbs bs p A\ Ifm bbs bs q)

Ifm bbs bs (Or p q) = (Ifm bbs bs p V Ifm bbs bs q)

Ifm bbs bs (Imp p q) = ((Ifm bbs bs p) — (Ifm bbs bs q))

Ifm bbs bs (Iff p q) = (Ifm bbs bs p = Ifm bbs bs q)

Ifm bbs bs (E p) = (3 z. Ifm bbs (z#bs) p)

Ifm bbs bs (A p) = (Y z. Ifm bbs (z#bs) p)

Ifm bbs bs (Closed n) = bbs!n

Ifm bbs bs (NClosed n) = (— bbs!n)

consts prep :: fm = fm
recdef prep measure fmsize

prep (B T) =

prep (B F) =

prep (E (Orp q)) = Or (prep (E p)) (prep (E q))

prep (E (Imp p q)) = Or (prep (E (NOT p))) (prep (E q))

)1)7;)@1? (E (Iff p q)) = Or (prep (E (And p q))) (prep (E (And (NOT p) (NOT
q

prep (E (NOT (And p q))) = Or (prep (E (NOT p))) (prep (E(NOT q)))
prep (E (NOT (Imp p q))) = prep (E (And p (NOT q)))
prep (E (NOT (Iff p q))) = Or (prep (E (And p (NOT q)))) (prep (E(And
(NOT p) q)))
prep (E p) = E (prep p)
prep (A (And p q)) = And (prep (A p)) (prep (A q))
prep ( = prep (NOT (E (NOT p)))
( (NOT p)) = prep p
( (And p q)) = Or (prep (NOT p)) (prep (NOT q))
( (A p)) = prep (E (NOT p))
prep (NOT (Or p q)) = And (prep (NOT p)) (prep (NOT q))
prep (NOT (Imp p q)) = And (prep p) (prep (NOT q))
prep (NOT (Iff p q)) = Or (prep (And p (NOT q))) (prep (And (NOT p) q))
prep (NOT p) = NOT (prep p)
prep (Or p q) = Or (prep p) (prep q)
prep (And p q) = And (prep p) (prep q)
prep (Imp p q) = prep (Or (NOT p) q)
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prep (Iff p q) = Or (prep (And p q)) (prep (And (NOT p) (NOT q)))
prep p = p

(hints simp add: fmsize-pos)

lemma prep: Ifm bbs bs (prep p) = Ifm bbs bs p

(proof)

consts ¢free:: fm = bool
recdef gfree measure size
gfree (E p) = False
gfree (A p) = False
gfree (NOT p) = qfree p
gfree (And p q) = (qfree p N\ gfree q)
gfree (Or p q) = (qfree p A gfree q)
qfree (Imp p q) = (qfree p A gfree q)

qfree (Iff p q) = (qfree p A qgfree q)
qfree p = True

consts
numbound0:: num = bool
bound0:: fm = bool
subst0:: num = fm = fm
primrec
numboundl (C ¢) = True
numbound( (Bound n) = (n>0)
numbound0 (CN n i a) = (n >0 A numbound0 a)
numbound0 (Neg a) = numbound0 a
numbound0 (Add a b) = (numbound0 a A numbound0 b)
numbound0 (Sub a b) = (numbound0 a A numbound0 b)
numbound0 (Mul i a) = numbound0 a

lemma numbound0-1I:

assumes nb: numbound0 a

shows Inum (b#bs) a = Inum (b'#bs) a
(proof)

primrec

bound0 T = True

bound0 F = True

bound0 (Lt a) = numbound0 a

bound0 (Le a) = numboundl a

bound0 (Gt a) = numbound0 a
bound0 (Ge a) = numbound0 a
bound0 (Eq a) = numbound0 a
bound0 (NEq a) = numbound0 a
bound0 (Dvd i a) = numbound0 a
bound0 (NDvd i a) = numbound0 a
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bound0 (NOT p) = bound0 p
bound0 (And p q) = (bound0 p A bound0 q)
bound0 (Or p q) = (bound0 p N bound0 q)
bound0 (Imp p q) = ((bound0 p) A (bound0 q))
bound0 (Iff p q) = (bound0 p A bound0 q)
bound0 (E p) = False
bound0 (A p) = False
bound0 (Closed P) = True

bound0 (NClosed P) = True
lemma bound0-1:

assumes bp: bound0 p

shows Ifm bbs (b#bs) p = Ifm bbs (b'#bs) p
(proof)

fun numsubst0:: num = num = num where
numsubst0 t (C ¢) = (C ¢)
| numsubstO t (Bound n) = (if n=0 then t else Bound n)
| numsubst0 t (CN 04 a) = Add (Mul i t) (numsubstO t a)
| numsubst0 t (CN n i a) = CN n i (numsubstO t a)
| numsubstO t (Neg a) = Neg (numsubst0 t a)
| numsubstO t (Add a b) = Add (numsubst0 t a) (numsubstO t b)
| numsubst0 t (Sub a b) = Sub (numsubstO t a) (numsubst0 t b)
| numsubstO t (Mul i a) = Mul i (numsubst0 t a)

lemma numsubst0-1:
Inum (b#bs) (numsubst0 a t) = Inum ((Inum (b#bs) a)#bs) t
(proof )

lemma numsubst0-1":
numbound0 a = Inum (b#bs) (numsubst0 a t) = Inum ((Inum (b'#bs) a)#bs)
t

(proof)

primrec
substOt T = T
substOt FF = F

substO t (Lt a) = Lt (numsubst0 t a)
subst0 t (Le a) = Le (numsubst0 t a)
subst0 t (Gt a) = Gt (numsubst0 t a)
subst0 t (Ge a) = Ge (numsubst0 t a)
subst0 t (Eq a) = Eq (numsubst0 t a)
subst0 t (NEq a) = NEq (numsubst0 t a)
subst0 t (Dvd i a) = Dud i (numsubst0 t a)
subst0 t (NDvd i a) = NDvd i (numsubst0 t a)
subst0 t (NOT p) = NOT (subst0 t p)

subst0 t (And p q) = And (subst0 t p) (substO t q)
subst0 t (Or p q) = Or (subst0 t p) (substO t q)
subst0 t (Imp p q) = Imp (subst0 t p) (substO t q)
substO t (Iff p q) = Iff (subst0 t p) (subst0 t q)
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subst0 t (Closed P) = (Closed P)
subst0 t (NClosed P) = (NClosed P)

lemma subst0-1: assumes ¢fp: qfree p
shows Ifm bbs (b#bs) (subst0 a p) = Ifm bbs ((Inum (b#bs) a)#bs) p
(proof)

consts
decrnum:: num = num
decr :: fm = fm

recdef decrnum measure size
decrnum (Bound n) = Bound (n — 1)
decrnum (Neg a) = Neg (decrnum a)
decrnum (Add a b) = Add (decrnum a) (decrnum b)
decrnum (Sub a b) = Sub (decrnum a) (decrnum b)
decrnum (Mul ¢ a) = Mul ¢ (decrnum a)
decrnum (CNn i a) = (CN (n — 1) i (decrnum a))
decrnum a = a

recdef decr measure size
decr (Lt a) = Lt (decrnum a)

decr (Le a) = Le (decrnum a)
decr (Gt a) = Gt (decrnum a)
decr

(

(

(

(Ge a) = Ge (decrnum a)

decr (Eq a) = Eq (decrnum a)

decr (NEq a) = NEq (decrnum a)

decr (Dvd i a) = Dvd i (decrnum a)
decr (NDvd i a) = NDvd i (decrnum a)
decr (NOT p) = NOT (decr p)

decr (And p q) = And (decr p) (decr q)
decr (Or p q) = Or (decr p) (decr q)
decr (Imp p q) = Imp (decr p) (decr q)

decr (Iff p q) = Iff (decr p) (decr q)
decrp =1p

lemma decrnum: assumes nb: numbound0 t
shows Inum (z#bs) t = Inum bs (decrnum t)

{proof)

lemma decr: assumes nb: bound0 p
shows Ifm bbs (z#bs) p = Ifm bbs bs (decr p)
(proof )

lemma decr-gf: bound0 p = qfree (decr p)

(proof)

consts
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isatom :: fm = bool
recdef isatom measure size

isatom T = True

isatom F = True

isatom (Lt a) = True

isatom (Le a) = True

isatom (Gt a) = True

isatom (Ge a) = True
isatom (Eq a) = True
isatom (NEq a) = True
isatom (Dvd i b) = True
isatom (NDvd i b) = True
isatom (Closed P) = True
isatom (NClosed P) = True
isatom p = False

lemma numsubstO0-numbound(0: assumes nb: numbound0 t
shows numbound0 (numsubst0 t a)

(proof)

lemma subst0-bound(: assumes qf: gfree p and nb: numbound0 t
shows bound0 (subst0 t p)

{proof)

lemma bound0-qf: bound0 p = qfree p
{proof )

constdefs djf:: (Ya = fm) = 'a = fm = fm

dif fp ¢ = (if q=T then T else if g=F then f p else

(letfp =fpincase fpof T= T |F = q|-= Or (fp) q)
constdefs evaldjf:: ('a = fm) = 'a list = fm

evaldjf f ps = foldr (djf f) ps F

lemma djf-Or: Ifm bbs bs (djf fp q) = Ifm bbs bs (Or (fp) q)
(proof )

lemma evaldjf-ex: Ifm bbs bs (evaldjf f ps) = (3 p € set ps. Ifm bbs bs (f p))
(proof )

lemma evaldjf-bound0:
assumes nb: V z€ set zs. bound0 (f z)
shows bound0 (evaldjf f xs)
(proof)

lemma evaldjf-qf :
assumes nb: V z€ set zs. qfree (f z)
shows gfree (evaldjf f xs)

(proof)
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consts disjuncts :: fm = fm list

recdef disjuncts measure size
disjuncts (Or p q) = (disjuncts p) @ (disjuncts q)
disjuncts F = |]
disjuncts p = [p]

lemma disjuncts: (3 g€ set (disjuncts p). Ifm bbs bs q) = Ifm bbs bs p
(proof )

lemma disjuncts-nb: bound0) p = V q€ set (disjuncts p). bound0 q

{proof)

lemma disjuncts-qf: qfree p =V q€ set (disjuncts p). qfree q

{(proof)

constdefs DJ :: (fm = fm) = fm = fm
DJ fp = evaldjf f (disjuncts p)

lemma DJ: assumes fdj: ¥V p q. f (Orp q) = Or (fp) (fq)
and fF: f[F = F
shows Ifm bbs bs (DJ f p) = Ifm bbs bs (f p)

(proof)

lemma DJ-¢f: assumes
faf: ¥ p. qfree p — qfree (f p)
shows V p. gfree p — qfree (DJ f p)
(proof)

lemma DJ-ge: assumes ge: V bs p. gfree p — qfree (ge p) A (Ifm bbs bs (ge p)
= Ifm bbs bs (E p))

shows V bs p. qfree p — qfree (DJ ge p) A (Ifm bbs bs ((DJ qe p)) = Ifm bbs
bs (E p))
(proof)

consts bnds:: num = nat list
lex-ns:: nat list x nat list = bool
recdef bnds measure size
bnds (Bound n) = [n]
bnds (CN n ¢ a) = n#(bnds a)
bnds (Neg a) = bnds a
bnds (Add a b) = (bnds a)@(bnds b)
bnds (Sub a b) = (bnds a)@(bnds b)
bnds (Mul i a) = bnds a
bnds a = []
recdef lex-ns measure (A (zs,ys). length xs + length ys)
lez-ns ([], ms) = True
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lex-ns (ns, [|) = False

lez-ns (n#ns, m#ms) = (n<m V ((n = m) A lez-ns (ns,ms)))
constdefs lez-bnd :: num = num = bool

lez-bnd t s = lex-ns (bnds ¢, bnds s)

consts
numadd:: num X num = num

recdef numadd measure (X (t,s). num-size t + num-size s)
numadd (CN n1 ¢l r1 ,CN n2 c2r2) =
(if n1=n2 then
(let c = cl + ¢2
in (if c=0 then numadd(r1,r2) else CN n1 ¢ (numadd (r1,r2))))
else if n1 < n2 then CN nl c1 (numadd (r1,Add (Mul ¢2 (Bound n2)) r2))
else CN n2 c2 (numadd (Add (Mul ¢1 (Bound nl1)) r1,r2)))
numadd (CN nl ¢l rl, t) = CN nl ¢l (numadd (r1, t))
numadd (t,CN n2 c2 r2) = CN n2 c¢2 (numadd (t,r2))
numadd (C b1, C b2) = C (b1+b2)
numadd (a,b) = Add a b

lemma numadd: Inum bs (numadd (t,s)) = Inum bs (Add t s)

{proof)

lemma numadd-nb: [ numbound0 t ; numbound0 s] = numbound0 (numadd
(t:5))
(proof)

fun
nummul :: int = num = num
where
nummul i (Cj) = C (i * j)
| nummul i (CN n ct) = CN n (cxi) (nummul i t)
| nummul it = Mul it

lemma nummul: A i. Inum bs (nummul i t) = Inum bs (Mul i t)

(proof)

lemma nummul-nb: A\ i. numbound0 t = numbound0 (nummul i t)
(proof)

constdefs numneg :: num = num
numneg t = nummul (— 1) t

constdefs numsub :: num = num = num
numsub s t = (if s = t then C 0 else numadd (s, numneg t))

lemma numneg: Inum bs (numneg t) = Inum bs (Neg t)

{proof)
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lemma numneg-nb: numbound0 t => numbound0 (numneg t)
(proof)

lemma numsub: Inum bs (numsub a b) = Inum bs (Sub a b)

(proof)

lemma numsub-nb: [ numbound0 ¢ ; numbound0 s] = numbound0 (numsub t s)

(proof)

fun
simpnum :: num = num
where
simpnum (Cj) = Cj
| simpnum (Bound n) = CNn 1 (C 0)

| simpnum (Neg t) = numneg (simpnum t)

| stmpnum (Add t s) = numadd (simpnum t, simpnum s)

| simpnum (Sub t s) = numsub (simpnum t) (simpnum s)

| simpnum (Mul i t) = (if i = 0 then C 0 else nummul i (simpnum t))

| simpnum t =t

lemma simpnum-ci: Inum bs (simpnum t) = Inum bs t

{proof)

lemma simpnum-numbound0:
numboundl t = numbound0 (simpnum t)

(proof )
fun

not :: fm = fm
where

not (NOT p) = p

| not T = F

| not F =T

| not p = NOT p
lemma not: Ifm bbs bs (not p) = Ifm bbs bs (NOT p)
(proof)
lemma not-qf: gfree p = qfree (not p)
(proof)
lemma not-bn: bound0 p = bound0 (not p)
(proof)

constdefs conj :: fm = fm = fm

conjp q= (if (p =F V q=F) then F else if p=T then q else if ¢=T then p else
And p q)
lemma conj: Ifm bbs bs (conj p q) = Ifm bbs bs (And p q)

(proof)

lemma conj-qf: [qfree p ; qfree q] = qfree (conj p q)
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(proof)

lemma conj-nb: [bound0 p ; bound0 q] = bound0 (conj p q)
(proof)

constdefs disj :: fm = fm = fm
disipgq=(if (p =TV q=T) then T else if p=F then q else if g=F then p else
Orp q)

lemma disj: Ifm bbs bs (disj p q) = Ifm bbs bs (Or p q)

{proof)

lemma disj-qf: [qfree p ; qfree ¢ = qfree (disj p q)
(proof)

lemma disj-nb: [bound0 p ; bound0 q] = bound0 (disj p q)
(proof)

constdefs imp :: fm = fm = fm

imppq=(if (p=FV q=T) then T else if p=T then q else if g=F then not p
else Imp p q)
lemma imp: Ifm bbs bs (imp p q) = Ifm bbs bs (Imp p q)

(proof)

lemma imp-qf: [gfree p ; qfree ¢ = qfree (imp p q)

(proof )

lemma imp-nb: [bound0 p ; bound0 q] = bound0 (imp p q)
(proof)

constdefs iff :: fm = fm = fm
iff p g = (if (p=q) then T else if (p = not q V not p = q) then F else
if p=F then not q else if q=F then not p else if p="T then q else if g=T then
p else
Iffp q)
lemma iff: Ifm bbs bs (iff p q¢) = Ifm bbs bs (Iff p q)
(proof )
lemma iff-qf: [qfree p ; qfree q] = qfree (iff p q)
(proof )
lemma iff-nb: [bound0 p ; bound0 q] = bound0 (iff p q)
(proof)

function (sequential)

simpfm :: fm = fm
where

simpfm (And p q) = conj (simpfm p) (simpfm q)

| simpfm (Or p q) = disj (simpfm p) (simpfm q)

| simpfm (Imp p q) = imp (simpfm p) (simpfm q)

| simpfm (Iff p q) = iff (simpfm p) (simpfm q)

| stmpfm (NOT p) = not (simpfm p)
| simpfm (Lt a) = (let o’ = simpnum a in case o’ of C v = if (v < 0) then T
else F

| -= Lta))
| simpfm (Le a) = (let a’ = simpnum a in case o’ of C v = if (v < 0) then T
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else F'| - = Le a’)
| simpfm (Gt a) = (let o’ = simpnum a in case o’ of Cv = if (v > 0) then T
else F' | - = Gt a')
| simpfm (Ge a) = (let o’ = simpnum a in case a’ of C v = if (v > 0) then T
else F'| - = Ge a’)
| simpfm (Eq a) = (let a’ = simpnum a in case a’ of Cv = if (v =0) then T
else F'| - = Eqa’)
| simpfm (NEq a) = (let a’ = simpnum a in case a’ of C v = if (v # 0) then
Telse F' | - = NEq a’)
| simpfm (Dvd i a) = (if i=0 then simpfm (Eq a)
else if (absi = 1) then T
else let o’ = simpnum a in case a’ of C v = if (i dvd v) then T else F
| -= Duvdia’)
| simpfm (NDvd i a) = (if i=0 then simpfm (NEq a)
else if (abs i = 1) then F
else let o’ = simpnum a in case a’ of C v = if (—(i dvd v)) then T else
F | -= NDuvdia’)
| simpfm p = p
(proof)
termination (proof)

lemma simpfm: Ifm bbs bs (simpfm p) = Ifm bbs bs p
(proof)

lemma simpfm-bound0: bound0 p = bound0 (simpfm p)

(proof)

lemma simpfm-qf: qfree p = qfree (simpfm p)
(proof)

consts gelim :: fm = (fm = fm) = fm
recdef gelim measure fmsize
gelim (E p) = (A ge. DJ ge (gelim p ge))
gelim (A p) = (X ge. not (ge ((gelim (NOT p) qe))))
gelim (NOT p) = (X ge. not (gelim p ge))
gelim (And p q) = (X ge. conj (gelim p qe) (gelim q ge))
gelim (Or p q) = (X ge. disj (gelim p ge) (gelim q ge))
gelim (Imp p q) = (A qe. imp (gelim p ge) (gelim q ge))
gelim (Iff p q) = (X qe. iff (gelim p ge) (gelim q ge))
gelim p = (X y. simpfm p)

lemma qelim-ci:

assumes ge-inv: V bs p. qfree p — qfree (ge p) A (Ifm bbs bs (ge p) = Ifm bbs
bs (E p))

shows A bs. gfree (gelim p ge) A (Ifm bbs bs (gelim p ge) = Ifm bbs bs p)
(proof)
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fun
zsplit0 :: num = int X num
where
zsplit0 (C ¢) = (0,C ¢)
| zsplit0 (Bound n) = (if n=0 then (1, C 0) else (0,Bound n))
| zsplit0 (CN nia) =
(let (i';a’) = =zsplit0 a
in if n=0 then (i+i’, a’) else (i’,CN n i a’))
| zsplit0 (Neg a) = (let (i’,a’) = 2zsplit0 a in (—i’, Neg a’))
| zsplit0 (Add a b) = (let (ia,a’) = zsplit0 a ;
(ib,b") = zsplit0 b
in (ia+1ib, Add a’ b"))
| zsplit0 (Sub a b) = (let (ia,a’) = zsplit0 a ;
(ib,b") = zsplit0 b
in (ia—ib, Sub a’ b"))
| zsplit0 (Mul i a) = (let (i';a’) = 2split0 a in (ixi’, Mul i o))

lemma zsplit0-1:

shows A n a. zsplit0 t = (n,a) = (Inum ((z::int) #bs) (CN 0 n a) = Inum
(z #bs) t) A numbound0 a

(isAna ?St=(na) = (?Izc (CNOna)=72lzt)N ?Na)
(proof)

consts
iszlfm :: fm = bool
recdef iszlfm measure size
iszlfm (And p q) = (iszlfm p A iszlfm q)
iszlfm (Or p q) = (iszlfm p A iszlfm q)
iszlfm (Eq (CN 0 c e)) = (¢>0 A numbound0 e)

(

(
iszifm (NEq (CN 0 ¢ €)) = (¢>0 A numbound0 e)
iszlfm (Lt (CN 0 c e)) = (¢>0 A numbound0 e)
iszifm (Le (CN 0 ¢ €)) = (¢>0 A numbound0 e)
iszifm (Gt (CN 0 ¢ €)) = (¢>0 N numbound0 e)
iszlfm (Ge (CN 0 c e)) = ( ¢>0 A numbound( e)
iszifm (Dvd i (CN 0 ¢ e)) =

(e>0 A i>0 A numbound0 e)
iszlfm (NDvd i (CN 0 c e))=

(e>0 A i>0 A numbound0 e)
iszlfm p = (isatom p A (bound0 p))

lemma zlin-gfree: iszlfm p = qfree p

{proof)

consts
Zifm  fm = fm
recdef zlfm measure fmsize
2fm (And p q) = And (zlfm p) (2lfm q)
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dfm (Orp q) = Or (4Afm p) (:lfm q)
Afm (Imp p q) = Or (<lfm (NOT p)) (<lfm q)
Afm (Iff p q¢) = Or (And (Zlfm p) (Zlifm q)) (And (Zlfm (NOT p)) (zlfm (NOT
1))
zifm (Lt a) = (let (e,r) = zsplit0 a in
if c=0 then Lt r else
if ¢>0then (Lt (CN 0 c 1)) else (Gt (CN 0 (— ¢) (Neg r))))
2fm (Le a) = (let (¢,r) = zsplit0 a in
if c=0 then Le r else
if ¢>0 then (Le (CN 0 ¢ r)) else (Ge (CN 0 (— ¢) (Neg 1))))
2fm (Gt a) = (let (¢,r) = 2zsplit0 a in
if c=0 then Gt r else
if ¢>0then (Gt (CN 0 ¢ r)) else (Lt (CN 0 (— ¢) (Neg r))))
2lfm (Ge a) = (let (e,r) = zsplit0 a in
if c=0 then Ge r else
if ¢>0 then (Ge (CN 0 c 1)) else (Le (CN 0 (— ¢) (Neg 1))))
2fm (Eq a) = (let (c,r) = zsplit0 a in
if c=0 then Eq r else
if ¢>0then (Eq (CN 0 cr)) else (Eq (CN 0 (— ¢) (Neg r))))
zifm (NEq a) = (let (¢,r) = zsplit0 a in
if c=0 then NEq r else
if ¢>0 then (NEq (CN 0 ¢ r)) else (NEq (CN 0 (— ¢) (Neg 1))))
2fm (Dvd i a) = (if i=0 then zlfm (Eq a)
else (let (c,r) = zsplit0 a in
if ¢=0 then (Dvd (abs i) r) else
if ¢>0 then (Dud (abs i) (CN 0 c 1))
else (Dvd (abs i) (CN 0 (— ¢) (Neg 1)))))
zifm (NDvd i a) = (if i=0 then zlfm (NEq a)
else (let (c,r) = zsplit0 a in
if =0 then (NDuvd (abs i) r) else
if ¢>0 then (NDvd (abs i) (CN 0 ¢ 1))
else (NDuvd (abs i) (CN 0 (— ¢) (Neg r)))))
2fm (NOT (And p q)) = Or (Zfm (NOT p)) (zifm (NOT q))
2fm (NOT (Orp q)) = And (Zlfm (NOT p)) (zlifm (NOT q))
2fm (NOT (Imp p q)) = And (2lfm p) (zlfm (NOT q))
2fm (NOT (Iff p q)) = Or (And(zlfm p) (2lfm(NOT q))) (And (zifm(NOT p))
(zlfm q))

2fm (NOT (NOT p)) = zlfm p

2fm (NOT T) =F

Afm (NOTF) =T

2ifm (NOT (Lt a)) = 2lfm (Ge a)

zifm (NOT (Le a)) = zlfm (Gt a)

2fm (NOT (Gt a)) = 2lifm (Le a)

2fm (NOT (Ge a)) = zlifm (Lt a)

2fm (NOT (Eq a)) = Zlfm (NEq a)

Zfm (NOT (NEq a)) = Zlfm (Eq a)

zifm (NOT (Dvd i a)) = zlfm (NDvd i a)
zifm (NOT (NDwd i a)) = zlfm (Dvd i a)
zifm (NOT (Closed P)) = NClosed P
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zifm (NOT (NClosed P)) = Closed P
2lfm p = p (hints simp add: fmsize-pos)

lemma zlfm-I:
assumes ¢fp: qfree p
shows (Ifm bbs (i#bs) (zlfm p) = Ifm bbs (i# bs) p) A iszlfm (zlfm p)
(is (?I (?lp) = 21 p) N ?L (%l p))

(proof)

consts
plusinf:: fm = fm
minusinf:: fm = fm
6 fm = int
dd i fm = int = bool

recdef minusinf measure size
minusinf (And p q) = And (minusinf p) (minusinf q)

minusinf (Or p q) = Or (minusinf p) (minusinf q)
minusinf (Eq (CN 0 ce)) =F

minusinf (NEq (CNOce)) =T

minusinf (Lt (CN Oce)=T

minusinf (Le (CN O ce)) =T

minusinf (Gt (CN 0 ce)) =F

minusinf (Ge (CN 0 ce))=F

minusinf p = p

lemma minusinf-gfree: qfree p = qfree (minusinf p)

{proof)

recdef plusinf measure size
plusinf (And p q) = And (plusinf p) (plusinf q)

plusinf (Or p q) = Or (plusinf p) (plusinf q)

plusinf (Eq (CNOce))=F

plusinf (NEq (CNOce)) =T

plusinf (Lt (CN 0 c e)
(
(

( )
plusinf (Le (CN 0 c e))

F

F
T
T

plusinf (Gt (CN 0 c e)) =
plusinf (Ge (CN 0 ce)) =
plusinf p = p

recdef § measure size
0 (And p q) = ilem (6 p) (8
6 (Orpq) =ilem (6 p) (6 q
5(Dvdi(C’NUCe)):z
0 (NDvd i (CN 0 ce)) =
dp=1

q)
)

recdef dd measure size
dé (Andp q) = (A d. ddpd A ddqd)
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dé (Orpq)=(Ad. ddpdAnddqd)
dé (Dvd i (CN O ce)) = (Ad. idvdd)
dé (NDvd i (CN 0 ce)) = (A d. i dvd d)
dé p = (\d. True)

lemma delta-mono:
assumes lin: iszlfm p
and d: d dvd d’
and ad: dd p d
shows dé p d’

{proof)

lemma 0 : assumes [lin:iszlfm p
shows dé p (0 p) A0 p >0
{proof )

consts
af :: fm = int = fm
dg :: fm = int = bool
¢ = fm = int
B fm = num list
o fm = num list

recdef a8 measure size
a8 (And p q) = (A k. And (af p k) (a8 q k)

aB (Orpq) = (Ak. Or (aB p k) (aB qk))

aB (Eq (CNOce))=(Ak.Eq(CNO1 (Mul (kdivc)e)))

a (NEq (CN Oce)) = (Ak. NEq (CN 01 (Mul (k div c) e)))

aB (Lt (CNOce))=(Ak. Lt (CNO1 (Mul (kdivc)e)))

aB (Le (CNOce))=(Nk. Le (CNO1 (Mul (kdivc) e)))

aB (Gt (CNOce) =Nk Gt (CNO1 (Mul (kdivc) e)))

a (Ge (CNOce))=(Ak. Ge (CNO1 (Mul (kdivc)e)))

afB (Dvd i (CN 0 c e)) =(A k. Dvd ((k div ¢)xi) (CN 0 1 (Mul (k div ¢) e)))

aB (NDvd i (CN 0 ¢ e)): (A k. NDvd ((k div ¢)xi) (CN 0 1 (Mul (k div c)
ap = Ak p)

recdef df3 measure size
dﬂ (And p q) = ( k. (dB p k) A (dB qk))
Orpaq)= (A (dﬁ ) (dB qk))
g (CNOc e)) (AN Ek. ¢ dvd k)
Eq (CNOce)=(Nk. cdvdk)

B (

E

G (Lt (CNOce)):(/\k ¢ dvd k)

B (Le (CNOce))=(Ak.cdvdk)

B (Gt (CNOce))=(Ak.cdvdk)

B (Ge (CNOce))=(Xk.cdvdk)
B (Dvd i (CN O ce)) =(Ak. cdvdk)

B (NDvd i (CN 0 ce))=(\k. c dvd k)
dﬂ p = (\k. True)
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def ( measure size
(And p q) = ilem (¢ p) (€ q)

Eq (C’N(]ce))zc

(
(
(NE
(
(
(
(
(
(

[ T Y A A A AT AT AN AN A O

S}
Il
~

def 8 measure size

(Andp q) = (Bp Qp q)
07’pq) (Bp@pq)

q (CNOce))=][Sub (C —1) ¢
NEq (CN 0 ce)) = [Neg €]

L]
mmmumummmg

recdef o measure size
a(Andp q) = (ap Q@ a q)

a(OT’pq):(ap@aq)

a (Eq (CNOce)) =[Add (C —1) €
a (NEq (CN 0 c e)) = [e]

a (Lt (CN 0 ce)) =€

a (Le (CNOce)) =[Add (C —1) €

a (Gt (CNOce)) =]

a (Ge (CNOce)) =]

consts mirror :: fm = fm

recdef mirror measure size
mirror (And p q) = And (mirror p) (mirror q)
mirror (Or p q) = Or (mzrmr p) (mirror q)
mirror (CN 0O ce))=Eq(CNOc (Nege))
mirror q (CNOce)) = NEq (CN 0 ¢ (Neg e))

mirror (Lt (CN 0ce)) =Gt (CNOc (Nege))

Le (CNOce)) = Ge (CNOc (Nege))
mirror (Gt (CN 0 c e)) = Lt (CN 0 ¢ (Neg e))
mirror (Ge (CN 0 ¢ e)) = Le (CN 0 ¢ (Neg e))

(
(Eq
(NE
(
mirror (
(
(
(

mirror (Dvd i (CN 0 ¢ e)) = Dvd i (CN 0 ¢ (Neg e))
mirror (NDvd i (CN 0 ¢ e)) = NDuvd i (CN 0 ¢ (Neg e))
mirror p = p
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lemma dvdi-eql: ¢ >0 = (z:int) dvd 1 = (xz = 1)
(proof)

lemma minusinf-inf:
assumes linp: iszlfm p
and u: df p 1
shows 3 (z:int). V o < z. Ifm bbs (z#bs) (minusinf p) = Ifm bbs (z#bs) p
(is PP pis 3 (zuint). V = < z. 2Lz (?M p) = ?I z p)
(proof)

lemma minusinf-repeats:

assumes d: dé p d and linp: iszlfm p

shows Ifm bbs ((z — k+d)#bs) (minusinf p) = Ifm bbs (z #bs) (minusinf p)
(proof)

lemma mirrorag:

assumes [p: iszlfm p

shows (Inum (i#bs)) ‘ set (a p) = (Inum (i#bs))  set (8 (mirror p))
(proof)

lemma mirror:

assumes [p: iszlfm p

shows Ifm bbs (z#bs) (mirror p) = Ifm bbs ((— x)#bs) p
(proof)

lemma mirror-I: iszlfm p N df p 1
= iszlfm (mirror p) A dB (mirror p) 1

(proof)

lemma mirror-6: iszlfm p = § (mirror p) = § p

(proof)

lemma S-numbound0: assumes Ip: iszlfm p
shows V be set (6 p). numbound0 b

{proof)

lemma d3-mono:
assumes linp: iszlfm p
and dr: df@ pl
and d: [ dvd I’
shows df p I’

(proof)

lemma «-I: assumes [lp: iszlfm p
shows V be set (o p). numbound0 b

(proof)

lemma (:
assumes linp: iszlfm p
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shows ( p > 0 A dB p (¢ p)
(proof)

lemma a(: assumes linp: iszlfm p and d: d@ p land Ip: | > 0

shows iszlfm (aB p 1) A dB (aB pl) 1 A (Ifm bbs (Ixx #bs) (afB p 1) = Ifm bbs
(z#bs) p)
(proof )

lemma a(-ex: assumes linp: iszlfm p and d: dG p | and Ip: [>0

shows (3 z. I dvd A Ifm bbs (z #bs) (af p 1)) = (3 (z::int). Ifm bbs (x#bs)
p)

(is(3 z.ldvdx AN ?Px) = (3 x. ?P' 1))
(proof)

lemma g:
assumes [p: iszlfm p
and u: dB p 1
and d: dé p d
and dp: d > 0
and nob: —(3(j::int) € {1 .. d}. 3 be (Inum (a#bds)) ‘ set(B p). x = b + j)
and p: Ifm bbs (x#bs) p (is ?P x)
shows 7P (z — d)
(proof)

lemma 3"

assumes [p: iszlfm p

and u: df p 1

and d: dd p d

and dp: d > 0

shows V z. =(3(juuint) € {1 .. d}. 3 be set(B p). Ifm bbs ((Inum (a#tbs) b
J) #bs) p) — Ifm bbs (z#bs) p — Ifm bbs ((x — d)#bs) p (isV z. ?b — ?P
x — 9P (z — d))
(proof)
lemma cpmi-eq: 0 < D = (EX zuint. ALLx. v < z ——> (P z = PI x))
==> ALL x.~(EX (juint) : {1..D}. EX (b:int) : B. P(b+j)) ——> P (z) ——>
P (z — D)
==> (ALL (z::int). ALL (k:int). ((P1 z)= (P1 (z—k=D))))
==> (EX (z:uint). ( ) = ((EX (juint) = {1..D} . (P1(y))) | (EX (j:int) :
~<{1 Df}; EX (b:int) : B. P (b4))))

Proo

theorem cp-thm:

assumes [p: iszlfm p

and u: dB p 1

and d: dé p d

and dp: d > 0

shows (3 (z::int). Ifm bbs (x #0bs) p) = (3 je {1.. d}. Ifm bbs (j #bs) (minusinf
p) V (3 b € set (B p). Ifm bbs ((Inum (i#bs) b + j) #bs) p))

(is (3 (z:int). 2P (z)) = (3 je ¢D. ?M j Vv (3 be ?B. 2P (?I b + j7))))
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(proof)

lemma mirror-ez:
assumes [p: iszlfm p
shows (3 z. Ifm bbs (z#bs) (mirror p)) = (3 z. Ifm bbs (x#bs) p)
(is (3 z. 2Tz fmp) = (3 z. 2Lz p))

(proof)

lemma cp-thm":
assumes Ip: iszlfm p
and up: dB p 1 and dd: dé p d and dp: d > 0
shows (3 z. Ifm bbs (z#bs) p) = ((3 je {1 .. d}. Ifm bbs (j#0bs) (minusinf p))
V (3 je {1.. d}. 3 be (Inum (i#bs)) ‘ set (B p). Ifm bbs ((b+7)#bs) p))
(proof )

constdefs unit:: fm = fm x num list x int
unit p = (let p' = z2lfmp ;1 =Cp'; ¢ = And (Dvd 1 (CN 0 1 (C 0))) (aB p’
1);d=4¢g
B = remdups (map simpnum (8 q)) ; a = remdups (map simpnum («
)

in if length B < length a then (q,B,d) else (mirror ¢, a,d))

lemma unit: assumes qf: qfree p

shows A ¢ B d. unit p = (¢,B,d) = ((3 z. Ifm bbs (z#bs) p) = (3 z. Ifm bbs
(z#£bs) q)) A (Inum (i#bs)) ‘ set B = (Inum (i#£bs)) ‘set (8 q) AN dB g1 N dé
gd AN d>0 N iszlfm g A (V beE set B. numbound0 b)
(proof)

constdefs cooper :: fm = fm
cooper p =
(let (q,B,d) = unit p; js = iupt 1 d;
mgq = simpfm (minusinf q);
md = evaldjf (X j. simpfm (subst0 (C j) mq)) js
i if md = T then T else
(let gd = evaldjf (X (b,j). simpfm (subst0 (Add b (C' 7)) q))
[(8.7). beB.j—is
in decr (disj md qd)))
lemma cooper: assumes qf: ¢free p
shows ((3 z. Ifm bbs (z#bs) p) = (Ifm bbs bs (cooper p))) A gfree (cooper p)
(is (2lhs = ?rhs) A -)
(proof)

constdefs pa:: fm = fm
pa = (X p. gelim (prep p) cooper)

theorem mirge: (Ifm bbs bs (pa p) = Ifm bbs bs p) A qfree (pa p)
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{proof)

definition
cooper-test :: unit = fm
where
cooper-test u = pa (E (A (Imp (Ge (Sub (Bound 0) (Bound 1)))
(E (E (Eq (Sub (Add (Mul 3 (Bound 1)) (Mul 5 (Bound 0)))

(Bound 2))))))))

code-reserved SML oo
export-code pa cooper-test in SML module-name GeneratedCooper

(ML)

lemma 3 (j:int). V 2>j5. (3 a b. © = 3*xa+5x%b)
(proof)

lemma ALL (z:int) >=8. EX i j. 5%i + 3xj = x (proof)
theorem (V (y::int). 3 dvd y) ==> V(zuint). b <z ——>a <z
{proof )

theorem !! (y::int) (z:int) (nint). 3 dvd z ==> 2 dvd (y:int) ==>
(F(z:int). 2xx = y) & (3 (kint). Sxk = 2)
{proof)

==> Jdvd z ==>

theorem !! (y::int) (z::int) n. Suc(n:nat) < 6
) & (3 (k:int). 3%k = 2)

2 dvd (y:int) ==> (I (zuint). 2%z = y
(proof )

theorem V (z::nat). I (y::nat). (0:nat) < 5 ——>y =5+
{proof)

lemma ALL (z:int) >=8. EX i j. 5%i + 3xj = x (proof)

lemma ALL (y:int) (z:int) (n:int). 8 dvd z ——> 2 dvd (y:int) ——> (EX
(z::int). 2xx = y) & (EX (k:int). 8%k = z) (proof)

lemma ALL(z:int) y. 2 <y ——> 2 xx + 1 < 2 % y (proof)

lemma ALL(z::int) y. 2 x x + 1 ~= 2 x y (proof)

lemma EX(z:int) y. 0 <z & 0 <=y & 8 xx — 5 xy =1 (proof)

lemma ~ (EX (z::int) (y:int) (zuint). 4xx 4+ (—6::int)xy = 1) (proof)

lemma ALL(z::int). (2 dvd ) ——> (EX(y:int). © = 2xy) (proof)

lemma ALL(z::int). (2 dvd ) ——> (EX(y:int). © = 2xy) (proof)

lemma ALL(z::int). (2 dvd z) = (EX (y::int). x = 2xy) (proof)

lemma ALL(z::int). ((2 dvd ) = (ALL(y::int). x ~= 2xy + 1)) (proof)
lemma ~ (ALL(z::int). ((2 dvd z) = (ALL(y::int). ¢ ~= 2xy+1) | (EX (g::int)
(uzint) 4. 8%i + 2%q — u < 17) ——> 0 < z | (7 3 dvd z) &(z + 8 = 0))))
(proof)

lemma ~ (ALL(izint). 4 <=1 ——> (EX2zy. 0 <=z & 0<=y & 3*xz + 5
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*y =1))
(proof )
lemma EX j. ALL (z::int) >= j. EX i j. 5%i + 3xj = z (proof)

theorem (V (y::int). 3 dvd y) ==> V(zuint). b <z ——>a <z
{proof)

theorem !! (y::int) (z:int) (nuint). 3 dvd z ==> 2 dvd (y:int) ==>
(F(z:int). 2xx = y) & (3 (k:int). Sk = 2)
{proof)

==> Jdvd z ==>

theorem !! (y::int) (z::int) n. Suc(n:nat) < 6
) & (3 (k:int). 3%k = 2)

2 dvd (y:int) ==> (I (zuint). 2%z = y
(proof )

theorem V (z::nat). 3 (y::nat). (0:nat) < 5 ——>y =5+
{proof)

theorem V (z::nat). I(yunat). y=5 +z |z div6 + 1= 2
{proof)

theorem 3 (z::int). 0 < x
{proof)

theorem V(z:int) y.z2 <y ——> 2z + 1 < 2xy
(proof )

theorem V (z::int) y. 2 xz + 1 # 2 x y
{proof)

theorem J(zint) y. 0 <z & 0<y & 8xzx —5*xy=1
{proof)

theorem ™~ (3 (z::int) (y::int) (z:int). 4z + (—6:int)xy = 1)
{proof)

theorem ™~ (3 (z::int). False)
{proof)

theorem V (z::int). (2 dvd ) ——> (I (y::int). z = 2xy)
{proof)

theorem V (z::int). (2 dvd x) ——> (3 (y::int). x = 2xy)
(proof)

theorem V (z::int). (2 dvd z) = (3 (y::int). © = 2xy)
(proof)

theorem V (z::int). ((2 dvd z) = (V (y::int). © # 2%y + 1))
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{proof)

theorem ™~ (V (z::int).
((2 dvd z) = (¥ (y::int). © # 2xy+1) |
(3 (gint) (uzint) i. 8*i + 2%xq — u <
——>0<z|((~ 8dvdz)&(z+ 8=

17)
0))))
(proof)

theorem ~ (V(iint). 4 <i——> Fzy. 0 <2 & 0<y&3*xz+5x*xy=1))
{proof)

theorem V (i:int). 8 < i ——> 3zy. 0 <2 & 0<y & 3*xz+ 5 xy=1)
{proof)

theorem 3 (j:int). Vi. j <i——> Fzy. 0<z& 0<y&3*xx+5xy=1)
(proof)
theorem ~ (Vj (izint). j <i——> F2y. 0<z2 & 0<y&3xz+5*xy=
i))
(proof)

theorem (Im:nat. n =2 m) ——> (n + 1) div 2 = n div 2
(proof)

end

45 Generic reflection and reification

theory Reflection
imports Main

uses reflection-data. ML (reflection. ML)
begin

(ML)
lemma ext2: (Vz. fz=gz) = f =y
{proof)

(ML)
end

46 Installing an oracle for SVC (Stanford Validity
Checker)

theory SVC-Oracle
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imports Main
uses svc-funcs. ML
begin
consts
iff-keep :: [bool, bool] => bool
iff-unfold :: [bool, bool] => bool
hide const iff-keep iff-unfold
(ML)

end

47 Examples for the ’refute’ command

theory Refute-Examples imports Main
begin

refute-params [satsolver=dpli]

lemma P A @

(proof)
refute 1 — refutes P
refute 2 — refutes @
refute — equivalent to 'refute 1’

— here 'refute 3’ would cause an exception, since we only have 2 subgoals
refute [mazsize=5] — we can override parameters ...
refute [satsolver=dpll] 2 — ... and specify a subgoal at the same time

(proof)

47.1 Examples and Test Cases
47.1.1 Propositional logic

lemma True
refute

(proof)

lemma Fualse
refute

(proof)

lemma P
refute

(proof)

lemma ~ P
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refute
(proof)

lemma P & @
refute

(proof)

lemma P | Q
refute

(proof)

lemma P — (@)
refute

(proof)

lemma (P::bool) = Q
refute
(proof )

lemma (P | Q) — (P & Q)
refute

(proof)

47.1.2 Predicate logic

lemma Pz y 2
refute

(proof)

lemma Pzy — Pyz
refute

(proof)

lemma P (f (fz)) — Pz — P (fz)
refute

{(proof)

47.1.3 Equality

lemma P = True
refute

(proof)

lemma P = Fulse
refute

(proof)

lemma z =y
refute

(proof)
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lemma fr =gz
refute

(proof)

lemma (f::'a="b) = g
refute
(proof )

lemma (f::('d='d)=("c='d)) = ¢
refute

(proof)

lemma distinct [a,b]
refute

(proof)
refute

(proof)

47.1.4 First-Order Logic

lemma Jz. Pz
refute

(proof)

lemma Vz. Pz
refute

(proof)

lemma EX! 2. Pz
refute

(proof)

lemma EFxz P
refute

{(proof)

lemma All P
refute

(proof)

lemma FExz1 P
refute

(proof)

lemma (3z. Pz) — (Vz. P x)
refute

(proof)
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lemma (Vz.3y. Pz y) — (3y. V. Pxy)
refute

(proof)

lemma (3z. Pz) — (EX! z. P 1)
refute

(proof)

A true statement (also testing names of free and bound variables being
identical)
lemma (Vzy. Pry — Pyz) — (Vz. Pzy) — Pyzx

refute [mazsize=4|

{proof )

” A type has at most 4 elements.”

lemma a=b | a=c | a=d | a=e | b=c | b=d | b=¢ | ¢=d | c=¢ | d=e
refute

(proof)

lemmaVabcde a=b|a=c|a=d|a=e|b=c|b=d|b=e|c=d]| c=e| d=e
refute

(proof)

”Every reflexive and symmetric relation is transitive.”

lemma [Vz. Pra;Voy. Pry — Pyzx]| = Pzy — Pyz — Puxz
refute

(proof)

The ”Drinker’s theorem” ...

lemma 3z. fe =gz — f =g
refute [mazsize=4|
{proof)

. and an incorrect version of it

lemma (3z. fr =gz) — f=yg
refute

(proof)

”Every function has a fixed point.”

lemma Jz. fz =2
refute

(proof)

”Function composition is commutative.”

lemma f (g z) = g (=)
refute

(proof)
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”Two functions that are equivalent wrt. the same predicate 'P’ are equal.”

lemma ((P::("a='b)=bool) f = P g) — (fz = g z)
refute

(proof)

47.1.5 Higher-Order Logic

lemma 3 P. P
refute

{proof)

lemma V P. P
refute

{(proof)

lemma EX! P. P
refute

{proof)

lemma EX! P. Px
refute

(proof)

lemma P Q| Qz
refute

(proof)

lemma z # All
refute

(proof)

lemma z # Ex
refute

(proof)

lemma z # Exl
refute

(proof)

”The transitive closure "I’ of an arbitrary relation 'P’ is non-empty.”

constdefs

trans :: ('a = 'a = bool) = bool

trans P == (ALLzyz. Pxy — Pyz — Px2)

subset :: ('a = 'a = bool) = (‘a = 'a = bool) = bool

subset P Q == (ALLzxy. Pz y — Quzy)

trans-closure :: (‘a = 'a = bool) = ('a = 'a = bool) = bool

trans-closure P () == (subset Q P) & (trans P) & (ALL R. subset ) R — trans
R — subset P R)
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lemma trans-closure TP — (3zy. Tz y)
refute

(proof)

”The union of transitive closures is equal to the transitive closure of unions.”

lemma (Vzy. (Pzy | Rzy) — Tzy) — trans T — (VQ. Vzy. (Pzy |
Rzy) — Quaxy) — trans Q — subset T Q)
— trans-closure TP P
— trans-closure TR R
— (Tzy=(TPzy | TRz y))
refute
(proof)

”Every surjective function is invertible.”

lemma (Vy. 3z.y = fz) — (9. Vz. g (fz) = 1)
refute
(proof)

”Every invertible function is surjective.”

lemma (3g.Vz. g (fz) =2) — Vy. Jz. y = f 1)
refute

(proof)

Every point is a fixed point of some function.

lemma 3f. fz ==z
refute [mazsize=/]
{proof)

Axiom of Choice: first an incorrect version ...

lemma (Vz. 3y. Pzy) — (EX\f.Vz. Pz (fz))
refute

(proof)

. and now two correct ones

lemma (Vz. 3y. Pzy) — (3f. Va. Pz (fz))

refute [mazsize=/]
{proof)

lemma (Vz. EX!ly. Pz y) — (EX!f.Vz. Pz (fx))
refute [mazsize=2]

(proof)
47.1.6 Meta-logic

lemma !!z. Pz
refute

(proof)
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lemma fz == g«
refute
(proof )

lemma P = @
refute

(proof)

lemma [ P; Q; R] = S
refute

(proof)

lemma (z == all) = Fulse
refute

(proof)

lemma (z == (op ==)) = Fulse
refute
(proof)

lemma (z == (op =)) = False
refute
(proof )

47.1.7 Schematic variables

lemma 2P
refute

{proof)

lemma z = %y
refute

{proof)

47.1.8 Abstractions

lemma (A\z. z) = (Az. y)
refute

(proof)

lemma (\f. fz) = (Af. True)
refute

(proof)

lemma (\z. z) = (\y. y)
refute
(proof)
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47.1.9 Sets

lemma P (A::'a set)
refute

(proof)

lemma P (A::'a set set)
refute

(proof)

lemma {z. Pz} = {y. P y}
refute

{proof)

lemma z : {z. Pz}
refute

(proof)

lemma P op:
refute

(proof)

lemma P (op: z)
refute
(proof)

lemma P Collect
refute

(proof)

lemma A Un B = A Int B
refute

(proof)

lemma (A Int B) Un C = (A Un C) Int B
refute

(proof)

lemma Ball A P — Bex A P
refute

(proof)
47.1.10 arbitrary

lemma arbitrary
refute

{(proof)

lemma P arbitrary
refute
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(proof)

lemma arbitrary x
refute

(proof)

lemma arbitrary arbitrary
refute

(proof)

47.1.11 The

lemma The P
refute

(proof)

lemma P The
refute

(proof)

lemma P (The P)
refute

(proof)

lemma (THE z. z=y) = z
refute

(proof)

lemma Ex P — P (The P)
refute

{(proof)

47.1.12 Eps

lemma Eps P
refute

(proof)

lemma P Eps
refute

(proof)

lemma P (Eps P)
refute

(proof)

lemma (SOME z. x=y) = z
refute

(proof)
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lemma Ex P — P (Eps P)
refute [mazsize=3]

{proof)

47.1.13 Subtypes (typedef), typedecl

A completely unspecified non-empty subset of ’a:

typedef ‘a myTdef = insert (arbitrary::'a) (arbitrary::'a set)
(proof )

lemma (z::'a myTdef) = y
refute

(proof)

typedecl myTdecl

typedef ‘a T-bij = {(f::’a="a). Vy. Iz. fz = y}
(proof )

lemma P (f::(myTdecl myTdef) T-bij)
refute

(proof)

47.1.14 Inductive datatypes

With quick-and-dirty set, the datatype package does not generate certain
axioms for recursion operators. Without these axioms, refute may find spu-
rious countermodels.

unit

lemma P (z::unit)
refute

(proof)

lemma V z::unit. P x
refute

(proof)

lemma P ()
refute

(proof)

lemma unit-rec u x = u
refute

{proof)

lemma P (unit-rec u x)
refute
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(proof)

lemma P (case z of () = u)
refute

(proof)
option
lemma P (z::'a option)

refute
(proof)

lemma Vz::'a option. P x
refute

(proof)

lemma P None
refute

(proof)

lemma P (Some )
refute

(proof)

lemma option-rec n s None = n
refute

{proof)

lemma option-rec n s (Some ) = s
refute [mazsize=4]

{proof)

lemma P (option-rec n s )
refute

(proof)

lemma P (case x of None = n | Some u = s u)
refute

(proof)

*

lemma P (z::'ax’b)
refute

(proof)

lemma Vz::’ax’b. Pz
refute

(proof)

lemma P (z, y)
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refute
(proof)

lemma P (fst )
refute

(proof)

lemma P (snd z)
refute

(proof)

lemma P Pair
refute

(proof)

lemma prod-rec p (a, b) =pabd
refute [mazsize=2]
(proof)

lemma P (prod-rec p )
refute

(proof)

lemma P (case z of Pair a b = p a b)
refute

(proof)
+

lemma P (z::'a+'b)
refute
(proof )

lemma Vz::'a+'b. Pz
refute

(proof)

lemma P (Inl z)
refute

(proof)

lemma P (Inr z)
refute

(proof)

lemma P Inl
refute

(proof)

lemma sum-rec I r (Inlz) =l z
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refute [mazsize=3]
{proof)

lemma sum-rec I r (Inrz) = rax
refute [mazsize=3]

{proof)

lemma P (sum-rec  r x)
refute

(proof)

lemma P (case x of Inl a = la | Inr b = rb)
refute

(proof)

Non-recursive datatypes

datatype T1 = A | B

lemma P (z:T1)
refute

(proof)

lemma Vz::T1. P x
refute

(proof)

lemma P A
refute

(proof)

lemma P B
refute

(proof)

lemma TI-recab A = a
refute

{proof)

lemma T1-rec a b B = b
refute

{proof)

lemma P (T1-rec a b z)
refute

(proof)

lemma P (case x of A = a | B = b)
refute

(proof)
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datatype 'a T2 = C T1 | D 'a

lemma P (z::'a T2)
refute

(proof)

lemma Vz::'a T2. Pz
refute

(proof)

lemma P D
refute

(proof)

lemma T2-rec cd (Cz) =cx
refute [mazsize=4]

{proof)

lemma T2-rec cd (D z) =dz
refute [mazsize=4]

{proof)

lemma P (T2-rec ¢ d x)
refute

(proof)

lemma P (case x of Cu = cu| Dv = dv)
refute

(proof)
datatype (‘a,’d) T3 = E 'a = 'b

lemma P (z::('a,’d) T3)
refute

(proof)

lemma Vz::('a,’b) T3. Pz
refute

(proof)

lemma P F
refute

(proof)

lemma T3-rece (Ez) =ex
refute [mazsize=2]

(proof)
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lemma P (T5-rec e x)
refute

(proof)

lemma P (case z of E f = e f)
refute

(proof)
Recursive datatypes

nat

lemma P (z::nat)
refute

(proof)

lemma Vz::nat. Pz
refute

(proof)

lemma P (Suc 0)
refute

(proof)

lemma P Suc
refute — Suc is a partial function (regardless of the size of the model), hence P
Suc is undefined, hence no model will be found

(proof)

lemma nat-rec zero suc 0 = zero
refute

(proof )

lemma nat-rec zero suc (Suc x) = suc x (nat-rec zero suc )
refute [mazsize=2]

{proof)

lemma P (nat-rec zero suc )
refute

(proof)

lemma P (case x of 0 = zero | Suc n = suc n)
refute

(proof )
‘a list

lemma P (zs::'a list)
refute

(proof)
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lemma V zs::’a list. P zs
refute

(proof)

lemma P [z, y]
refute

(proof)

lemma list-rec nil cons [| = nil
refute [mazsize=3]

(proof)

lemma list-rec nil cons (z#xs) = cons x xs (list-rec nil cons xs)
refute [mazsize=2]

(proof)

lemma P (list-rec nil cons xs)
refute

(proof)

lemma P (case z of Nil = nil | Cons a b = cons a b)
refute

(proof)

lemma (zs::'a list) = ys
refute

(proof)

lemma a # xs = b # xs
refute

(proof)
datatype BitList = BitListNil | Bit0 BitList | Bitl BitList

lemma P (z::BitList)
refute

(proof)

lemma V z::BitList. P x
refute

(proof)

lemma P (Bit0 (Bitl BitListNil))
refute

(proof)

lemma BitList-rec nil bit0 bitl BitListNil = nil
refute [mazsize=4]

(proof)

269



lemma BitList-rec nil bit0 bit! (Bit0 zs) = bit0 xs (BitList-rec nil bit0 bitl xs)
refute [mazsize=2]

{proof)

lemma BitList-rec nil bit0 bitl (Bitl xs) = bitl zs (BitList-rec nil bit0 bitl xs)
refute [mazsize=2]

{proof)

lemma P (BitList-rec nil bit0 bitl x)
refute

(proof)
datatype ‘a BinTree = Leaf 'a | Node 'a BinTree 'a BinTree

lemma P (z::'a BinTree)
refute

(proof)

lemma V z::'a BinTree. P x
refute

(proof)

lemma P (Node (Leaf z) (Leaf y))
refute

(proof)

lemma BinTree-rec I n (Leaf z) = l x
refute [mazsize=1]

{proof)

lemma BinTree-rec I n (Node x y) = n zy (BinTree-rec I n ) (BinTree-rec I n y)
refute [mazsize=1]

{proof)

lemma P (BinTree-rec I n x)
refute

(proof)

lemma P (case x of Leaf a = l a | Node a b = n a b)
refute

{(proof)

Mutually recursive datatypes

datatype ‘a aexp = Number 'a | ITE 'a bexp 'a aexp 'a aexp
and 'a bexp = Equal 'a acxp 'a aexp

lemma P (z::'a aexp)
refute
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(proof)

lemma Vz::'a aexp. P x
refute

(proof)

lemma P (ITE (Equal (Number z) (Number y)) (Number z) (Number y))
refute

(proof)

lemma P (x::'a bexp)
refute

(proof)

lemma Vz::'a bexp. P x
refute

(proof)

lemma aexp-bexp-rec-1 number ite equal (Number x) = number
refute [mazsize=1]

(proof)

lemma aexp-bexp-rec-1 number ite equal (ITE z y z) = ite x y z (aexp-bexp-rec-2
number ite equal ) (aexp-bexp-rec-1 number ite equal y) (aexp-bexp-rec-1 number
ite equal z)

refute [mazsize=1]

(proof )

lemma P (aexp-bexp-rec-1 number ite equal )
refute

{(proof)

lemma P (case z of Number a = number a | ITE b al a2 = ite b al a2)
refute

(proof)

lemma aexp-bexp-rec-2 number ite equal (Equal z y) = equal z y (aexp-bexp-rec-1
number ite equal z) (aexp-bexp-rec-1 number ite equal y)
refute [mazsize=1]

{proof)

lemma P (aexp-bexp-rec-2 number ite equal )
refute

{proof)

lemma P (case x of Equal al a2 = equal al a2)
refute

(proof)
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datatype X = A | BX | CY
andY=DX |EY|F

lemma P (z:X)
refute

(proof)

lemma P (y:Y)
refute

(proof)

lemma P (B (B A))
refute

(proof)

lemma P (B (C F))
refute

(proof)

lemma P (C (D A))
refute

(proof)

lemma P (C (E F))
refute

(proof)

lemma P (D (B A))
refute

(proof)

lemma P (D (C F))
refute

(proof)

lemma P (E (D A))
refute

(proof)

lemma P (E (E F))
refute

(proof)

lemma P (C (D (C F)))
refute

(proof)

lemma X-Y-rec-1abcdefA=a
refute [mazsize=3]
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{proof)

lemma X-Y-rec-1abcdef (Bz)=bz (X-Y-rec-1abcdefzx)
refute [mazsize=1]
{proof)

lemma X-Y-rec-1abcdef (Cy)=cy (X-Y-rec-2abcdefy)
refute [mazsize=1]
(proof )

lemma X-Y-rec-2abcdef (Dz)=dz (X-Y-rec-labcdefzx)
refute [mazsize=1]
{proof )

lemma X-Y-rec-2abcdef (FEy)=ey (X-Y-reec-2abcdefy)
refute [mazsize=1]
(proof )

lemma X-Y-rec-2abcdefF =f
refute [mazsize=3]

(proof)

lemma P (X-Y-rec-1abcdefzx)
refute

(proof)

lemma P (X-Y-rec-2abcdefy)
refute

(proof)
Other datatype examples

Indirect recursion is implemented via mutual recursion.
datatype XOpt = CX XOpt option | DX bool = XOpt option

lemma P (z::XOpt)
refute

(proof)

lemma P (CX None)
refute

(proof)

lemma P (CX (Some (CX None)))
refute

(proof)
lemma XOpt-rec-1 cx dz nl s1 n2 s2 (CX z) = cx x (XOpt-rec-2 cx dx nl sl n2

s2 1)
refute [mazsize=1]
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{proof)

lemma XOpt-rec-1 cx dz nl s1 n2 s2 (DX z) = dz x (Ab. XOpt-rec-3 cx dx nl s1
n2 s2 (xz b))
refute [mazsize=1]

{proof)

lemma XOpt-rec-2 cx dz nl s1 n2 s2 None = nl
refute [mazsize=2]

(proof)

lemma XOpt-rec-2 cx dx nl s1 n2 s2 (Some x) = s1 x (XOpt-rec-1 cz dx nl si
n2 s2 )
refute [mazsize=1]

(proof)

lemma XOpt-rec-3 cx dx nl s1 n2 s2 None = n2
refute [mazsize=2]

{proof)

lemma XOpt-rec-3 cx dx nl s1 n2 s2 (Some x) = s2 x (XOpt-rec-1 czx dx nl s1
n2 s2 x)
refute [mazsize=1]

{proof)

lemma P (XOpt-rec-1 cx dz nl s1 n2 s2 x)
refute

(proof)

lemma P (XOpt-rec-2 cz dz nl sl n2 s2 x)
refute

(proof)

lemma P (XOpt-rec-3 cx dz nl s1 n2 s2 x)
refute

(proof)
datatype ‘a YOpt = CY (‘a = 'a YOpt) option

lemma P (z::'a YOpt)
refute

(proof)

lemma P (CY None)
refute

(proof)

lemma P (CY (Some (Aa. C'Y None)))
refute
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(proof)

lemma YOpt-rec-1 cy n s (CY z) = cy x (YOpt-rec-2 cy n s x)
refute [mazsize=1]
(proof )

lemma YOpt-rec-2 cy n s None = n
refute [mazsize=2]

{proof)

lemma YOpt-rec-2 cy n s (Some z) = s x (Aa. YOpt-rec-1 cy n s (z a))
refute [mazsize=1]
(proof)

lemma P (YOpt-rec-1 cy n s z)
refute

(proof)

lemma P (YOpt-rec-2 cy n s x)
refute

(proof)

datatype Trie = TR Trie list

lemma P (z::Trie)
refute

(proof)

lemma Vz::Trie. P x
refute

{(proof)

lemma P (TR [TR []])
refute

(proof)

lemma Trie-rec-1 tr nil cons (TR x) = tr « (Trie-rec-2 tr nil cons x)
refute [mazsize=1]

{proof)

lemma Trie-rec-2 tr nil cons [| = nil
refute [mazsize=3]

(proof)

lemma Trie-rec-2 tr nil cons (z#xs) = cons x xs (Trie-rec-1 tr nil cons x) (Trie-rec-2
tr nil cons xs)
refute [mazsize=1]

(proof)
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lemma P (Trie-rec-1 tr nil cons z)
refute

(proof)

lemma P (Trie-rec-2 tr nil cons x)
refute

(proof)
datatype InfTree = Leaf | Node nat = InfTree

lemma P (z::InfTree)
refute

(proof)

lemma Vz::InfTree. P x
refute

(proof)

lemma P (Node (An. Leaf))
refute

(proof)

lemma InfTree-rec leaf node Leaf = leaf
refute [mazsize=2]

{proof)

lemma InfTree-rec leaf node (Node z) = node x (An. InfTree-rec leaf node (x n))
refute [mazsize=1]

{proof)

lemma P (InfTree-rec leaf node x)
refute

(proof)
datatype ‘a lambda = Var 'a | App 'a lambda 'a lambda | Lam 'a = 'a lambda

lemma P (z::'a lambda)
refute

(proof)

lemma Vz::'a lambda. P z
refute

(proof)

lemma P (Lam (Aa. Var a))
refute

(proof)

lemma lambda-rec var app lam (Var z) = var x
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refute [mazsize=1]
{proof)

lemma lambda-rec var app lam (App x y) = app x y (lambda-rec var app lam )
(lambda-rec var app lam y)
refute [mazsize=1]

{proof)

lemma lambda-rec var app lam (Lam z) = lam z (Aa. lambda-rec var app lam (z

a))

refute [mazsize=1]
{proof)

lemma P (lambda-rec v a l )
refute

(proof)

Taken from ”Inductive datatypes in HOL”, p.8:

datatype (‘a, ') T = C 'a = bool | D 'b list
datatype 'c U = E (e, 'c U) T

lemma P (z::'c U)
refute

(proof)

lemma Vz::'c U. P x
refute

(proof)

lemma P (E (C (Ma. True)))
refute

(proof)

lemma U-rec-1 e ¢ d nil cons (E z) = e x (U-rec-2 e ¢ d nil cons )
refute [mazsize=1]

{proof)

lemma U-rec-2 e ¢ d nil cons (Cz) =cx
refute [mazsize=1]

(proof)

lemma U-rec-2 e ¢ d nil cons (D z) = d x (U-rec-3 e ¢ d nil cons x)
refute [mazsize=1]

(proof )

lemma U-rec-3 e ¢ d nil cons [ = nil
refute [mazsize=2]
(proof)
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lemma U-rec-3 e ¢ d nil cons (z#xs) = cons x xs (U-rec-1 e ¢ d nil cons )
(U-rec-3 e ¢ d nil cons xs)
refute [mazsize=1]

{proof)

lemma P (U-rec-1 e ¢ d nil cons )
refute

(proof)

lemma P (U-rec-2 e ¢ d nil cons )
refute

(proof)

lemma P (U-rec-3 e ¢ d nil cons x)
refute

(proof)

47.1.15 Records

record ('a, 'b) point =
zpos :: 'a

ypos = 'b

lemma (z::(‘a, 'b) point) =y
refute

(proof)

record ('a, 'b, 'c) extpoint = ('a, 'b) point +
/

ext :: 'c
lemma (z::(‘a, b, 'c) extpoint) = y
refute

(proof)

47.1.16 Inductively defined sets

inductive-set arbitrarySet :: 'a set
where
arbitrary : arbitrarySet

lemma x : arbitrarySet
refute

(proof)
inductive-set evenCard :: 'a set set
where
{} : evenCard
| S :evenCard; x ¢ S;y ¢ S; 2 #y] = S U {z, y} : evenCard

lemma S : evenCard
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refute
(proof)

inductive-set

even :: nat set

and odd :: nat set
where

0 : even
| n: even = Suc n : odd
| n: odd = Suc n : even

lemma n : odd

(proof)

consts f :: ‘a = 'a

inductive-set

a-even :: 'a set

and a-odd :: 'a set
where

arbitrary : a-even
| z : a-even = fx : a-odd
| © : a-odd = fz : a-even

lemma z : a-odd
refute — finds a model of size 2, as expected

(proof)

47.1.17 Examples involving special functions

lemma card ©r = 0
refute

(proof)

lemma finite x
refute — no finite countermodel exists

(proof)

lemma (z::nat) + y = 0
refute

(proof)

lemma (z::nat) =z + z
refute
(proof)

lemma (z::nat) —y +y ==z
refute
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(proof)

lemma (z::nat) = z x «
refute

(proof)

lemma (z::nat) <z + y
refute

(proof)

lemma zs Q [| = ys Q []
refute

(proof)

lemma zs @Q ys = ys @ zxs
refute

{(proof)
lemma f (Ifp ) = lfp f

refute

(proof)

lemma f (gfp f) = gfp f
refute

(proof)

lemma lfp f = gfp f
refute

(proof)

47.1.18 Axiomatic type classes and overloading

A type class without axioms:
axclass classA

lemma P (z::'a::classA)
refute

(proof)

The axiom of this type class does not contain any type variables:
axclass classB
classB-az: P |~ P

lemma P (z::'a::classB)
refute

(proof)

An axiom with a type variable (denoting types which have at least two
elements):
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axclass classC < type
classC-ax: 3z y. x £ y

lemma P (z::'a::classC)

refute
(proof)
lemma Iz y. (z::'a:classC) # y
refute — no countermodel exists
(proof)

A type class for which a constant is defined:

consts
classD-const :: 'a = 'a

axclass classD < type
classD-azx: classD-const (classD-const z) = classD-const x

lemma P (z::'a::classD)
refute

(proof)

A type class with multiple superclasses:

axclass classFE < classC, classD

lemma P (z::'a:classE)
refute

{(proof)

lemma P (z::'a::{classB, classE'})
refute

(proof)

OFCLASS:

lemma OFCLASS('a::type, type-class)
refute — no countermodel exists

{proof)

lemma OFCLASS('a::classC, type-class)
refute — no countermodel exists

(proof)

lemma OFCLASS(‘a, classB-class)
refute — no countermodel exists

(proof)

lemma OFCLASS('a::type, classC-class)
refute

(proof)
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Overloading;:

consts inverse :: 'a = 'a

defs (overloaded)

inverse-bool: inverse (b::bool) == "0
inverse-set : inverse (S::'a set) == —S
inverse-pair: inverse p == (inverse (fst p), inverse (snd p))

lemma inverse b
refute

(proof)

lemma P (inverse (S::'a set))
refute

(proof)

lemma P (inverse (p::'ax’b))
refute

(proof)
refute-params [satsolver=auto]

end

48 Examples for the ’quickcheck’ command
theory Quickcheck-Examples imports Main begin

The ’quickcheck’ command allows to find counterexamples by evaluating for-
mulae under an assignment of free variables to random values. In contrast to
'refute’, it can deal with inductive datatypes, but cannot handle quantifiers.

48.1 Lists

theorem map g (map fxs) = map (g o f) zs
quickcheck

(proof)

theorem map g (map fzs) = map (f o g) xs
quickcheck

{proof)

theorem rev (zs @ ys) = rev ys @ rev zs
quickcheck

{proof)

theorem rev (zs @ ys) = rev s Q rev ys
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quickcheck
(proof)

theorem rev (rev zs) = xs
quickcheck

{proof)

theorem rev zs = zs
quickcheck

(proof)
An example involving functions inside other data structures
consts app :: ('a = ‘a) list = 'a = 'a
primrec

app [| . = =
app (f # fs) = = app fs (f »)

lemma app (fs @ gs) x = app gs (app fs )

quickcheck
(proof)

lemma app (fs Q gs) = = app fs (app gs x)
quickcheck

{proof)

consts
occurs :: 'a = 'a list = nat
primrec
occurs a [| = 0
occurs a (x#xs) = (if (x=a) then Suc(occurs a xs) else occurs a xs)

consts
dell :: 'a = 'a list = 'a list
primrec
dell a || =]
dell a (z#xs) = (if (z=a) then zs else (z#tdell a xs))

A lemma, you’d think to be true from our experience with delAll

lemma Suc (occurs a (dell a xs)) = occurs a zs
— Wrong. Precondition needed.
quickcheck

{proof)

lemma zs ~= [| — Suc (occurs a (dell a xs)) = occurs a xs
quickcheck
— Also wrong.

{proof)
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lemma 0 < occurs a s — Suc (occurs a (dell a zs)) = occurs a s
quickcheck

(proof )
consts

replace :: 'a = 'a = 'a list = 'a list
primrec

replace a b [| = |]

replace a b (x#xs) = (if (x=a) then (b#(replace a b xs))
else (z#(replace a b xs)))

lemma occurs a xs = occurs b (replace a b xs)
quickcheck
— Wrong. Precondition needed.

(proof)

lemma occurs b xs = 0 V a=b — occurs a xs = occurs b (replace a b xs)
quickcheck

{proof)

48.2 Trees

datatype ‘a tree = Twig | Leaf 'a | Branch 'a tree 'a tree

consts

leaves :: 'a tree = 'a list
primrec

leaves Twig = |]

leaves (Leaf a) = [a]

leaves (Branch 1 r) = (leaves 1) @Q (leaves T)

consts

plant :: 'a list = 'a tree
primrec

plant [| = Twig

plant (z#xs) = Branch (Leaf x) (plant xs)

consts
mirror :: 'a tree = 'a tree
primrec
mirror (Twig) = Twig
mirror (Leaf a) = Leaf a
mirror (Branch [ r) = Branch (mirror r) (mirror [)

theorem plant (rev (leaves at)) = mirror xt
quickcheck
— Wrong!
(proof)
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theorem plant((leaves xt) Q (leaves yt)) = Branch xt yt
quickcheck
— Wrong!
{proof)

datatype ‘a ntree = Tip 'a | Node 'a 'a niree 'a ntree

consts
inOrder :: 'a ntree = 'a list
primrec
inOrder (Tip a)= [a]
inOrder (Node f z y) = (inOrder z)Q[f]Q(inOrder y)

consts
root :: 'a ntree = 'a
primrec
root (Tip a) = a
root (Node fz y) = f

theorem hd(inOrder zt) = root xt
quickcheck
— Wrong!
(proof)

end
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