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1 Sample datatype definitions

theory Datatypes imports Main begin



1.1 A type with four constructors

It has four contructors, of arities 0-3, and two parameters A and B.

consts
data :: [i, i] => i

datatype data(A, B) =
Con0
| Conl (a € A)
| Con2 (a € A, b € B)
| Con3 (a € A, b € B, d € data(A, B))

lemma data-unfold: data(A, B) = ({0} + A) + (A x B+ A x B x data(A, B))
by (fast intro!: data.intros [unfolded data.con-defs]
elim: data.cases [unfolded data.con-defs])

Lemmas to justify using data in other recursive type definitions.

lemma data-mono: [| A C C; B C D || ==> data(A, B) C data(C, D)
apply (unfold data.defs)
apply (rule lfp-mono)
apply (rule data.bnd-mono)+
apply (rule univ-mono Un-mono basic-monos | assumption)+
done

lemma data-univ: data(univ(A), univ(4)) C univ(A)
apply (unfold data.defs data.con-defs)
apply (rule lfp-lowerbound)
apply (rule-tac [2] subset-trans [OF A-subset-univ Un-upperl, THEN univ-mono))
apply (fast introl: zero-in-univ Inl-in-univ Inr-in-univ Pair-in-univ)
done

lemma data-subset-univ:
[| A C univ(C); B C univ(C) || ==> data(4, B) C univ(C)
by (rule subset-trans [OF data-mono data-univ))

1.2 Example of a big enumeration type

Can go up to at least 100 constructors, but it takes nearly 7 minutes ...
(back in 1994 that is).

consts
enum :: ¢

datatype enum =
Co0 | Co1 | Co2 | Co03 | Co4 | Co5 | Co6 | CO7 | CO8 | CO9
| C10 | C11 | C12 | C13 | C14 | C15 | C16 | C17 | C18 | C19
| C20 | C21 | C22 | C23| C24 | C25 | C26 | C27 | C28 | C29
| C30 | C31 | C32 | C33| C34 | C35 | C36 | C37 | C38 | C39
| C40 | C41 | €42 | €43 | C44 | C45 | C46 | C47 | C48 | C49



| C50 | C51 | C52 | C53 | C54 | C55 | C56 | C57 | C58 | C59

end

2 Binary trees

theory Binary-Trees imports Main begin

2.1 Datatype definition

consts
bt i1 =>4

datatype bt(A) =
Lf | Br (a € A, t1 € bt(A), t2 € bt(A))

declare bt.intros [simp]

lemma Br-neg-left: | € bt(A) ==> Br(z, I, r) # 1
by (induct arbitrary: x r set: bt) auto

lemma Br-iff: Br(a, I, r) = Br(a’, ', 7y <=>a=0a"&l=1"&r =71’
— Proving a freeness theorem.
by (fast elim!: bt.free-elims)

inductive-cases BrE: Br(a, I, r) € bt(A4)
— An elimination rule, for type-checking.

Lemmas to justify using bt in other recursive type definitions.

lemma bt-mono: A C B ==> bt(A) C bt(B)
apply (unfold bt.defs)
apply (rule lfp-mono)
apply (rule bt.bnd-mono)+
apply (rule univ-mono basic-monos | assumption)+
done

lemma bt-univ: bt(univ(A4)) C univ(A)
apply (unfold bt.defs bt.con-defs)
apply (rule lfp-lowerbound)
apply (rule-tac [2] A-subset-univ [THEN univ-mono))
apply (fast intro!: zero-in-univ Inl-in-univ Inr-in-univ Pair-in-univ)
done

lemma bt-subset-univ: A C univ(B) ==> bt(A) C univ(B)
apply (rule subset-trans)
apply (erule bt-mono)
apply (rule bt-univ)



done

lemma bt-rec-type:

(| ¢ € bt(A);
c € C(Lf);
Neyzrs. [z e Ay yebt(d);, z€ bt(Ad); re Cly); se C(z)|]] ==>
h(o, y, 2 1, 5) € C(Br(z, y, 2))

|| ==> bt-rec(c, h, t) € C(t)

— Type checking for recursor — example only; not really needed.

apply (induct-tac t)

apply simp-all

done

2.2 Number of nodes, with an example of tail-recursion

consts n-nodes :: i => 1
primrec
n-nodes(Lf) = 0
n-nodes(Br(a, 1, 7)) = succ(n-nodes(l) #+ n-nodes(r))

lemma n-nodes-type [simp]: t € bt(A) ==> n-nodes(t) € nat
by (induct set: bt) auto

consts n-nodes-quz :: 1 => 1
primrec
n-nodes-auz(Lf) = (Ak € nat. k)
n-nodes-auzx(Br(a, I, 1)) =
(Ak € nat. n-nodes-auz(r) © (n-nodes-auz(l) ‘ succ(k)))

lemma n-nodes-auz-eq:
t € bt(A) ==> k € nat ==> n-nodes-auz(t)‘k = n-nodes(t) #+ k
apply (induct arbitrary: k set: bt)

apply simp
apply (atomize, simp)
done
definition
n-nodes-tail :: i1 => i where
n-nodes-tail(t) == n-nodes-aux(t) ‘0

lemma ¢ € bt(A) ==> n-nodes-tail(t) = n-nodes(t)
by (simp add: n-nodes-tail-def n-nodes-auz-eq)

2.3 Number of leaves

consts
n-leaves 1 i => 1
primrec
n-leaves(Lf) = 1
n-leaves(Br(a, 1, r)) = n-leaves(l) #+ n-leaves(r)



lemma n-leaves-type [simp]: t € bt(A) ==> n-leaves(t) € nat
by (induct set: bt) auto

2.4 Reflecting trees

consts
bt-reflect :: i => i
primrec
bt-reflect(Lf) = Lf
bt-reflect(Br(a, I, 1)) = Br(a, bt-reflect(r), bt-reflect(l))

lemma bt-reflect-type [simp]: t € bt(A) ==> bt-reflect(t) € bt(A)
by (induct set: bt) auto

Theorems about n-leaves.
lemma n-leqves-reflect: t € bt(A) ==> n-leaves(bt-reflect(t)) = n-leaves(t)
by (induct set: bt) (simp-all add: add-commute n-leaves-type)

lemma n-leaves-nodes: t € bt(A) ==> n-leaves(t) = succ(n-nodes(t))
by (induct set: bt) (simp-all add: add-succ-right)

Theorems about bt-reflect.
lemma bt-reflect-bt-reflect-ident: t € bt(A) ==> bt-reflect(bt-reflect(t)) =t
by (induct set: bt) simp-all

end

3 Terms over an alphabet
theory Term imports Main begin

Mlustrates the list functor (essentially the same type as in Trees-Forest).

consts
term 1 1 => 1

datatype term(A) = Apply (a € A, | € list(term(A)))
monos list-mono
type-elims list-univ [THEN subsetD, elim-format]

declare Apply [TC)

definition
term-rec :: [i, [4, 4, i] => i] => ¢ where
term-rec(t,d) ==
Vrec(t, At g. term-case(Az zs. d(z, zs, map(Az. g‘z, zs)), t))



definition
term-map :: [i => i, i] => i where
term-map(f,t) == term-rec(t, Az zs rs. Apply(f(z), rs))

definition

term-size :: ¢ => i where

term-size(t) == term-rec(t, Az zs rs. succ(list-add(rs)))
definition

reflect :: i => i where
reflect(t) == term-rec(t, Az zs rs. Apply(z, rev(rs)))

definition
preorder :: 1 => i where
preorder(t) == term-rec(t, Az zs rs. Cons(z, flat(rs)))

definition
postorder :: i => i where
postorder(t) == term-rec(t, Az zs rs. flat(rs) Q [z])

lemma term-unfold: term(A) = A * list(term(A))
by (fast intro!: term.intros [unfolded term.con-defs]
elim: term.cases [unfolded term.con-defs))

lemma term-induct2:
[| t € term(A);
Ne. [| z € A|] ==> P(Apply(z,Nil));
Nezzs. [| x € A; z € term(A); zs: list(term(A)); P(Apply(z,zs))
|| ==> P(Apply(z, Cons(z,2s)))
| ==> P(t)
— Induction on term(A) followed by induction on list.
apply (induct-tac t)
apply (erule list.induct)
apply (auto dest: list-CollectD)
done

lemma term-induct-eqn [consumes 1, case-names Apply|:
[| t € term(A);
Nozs. [| © € A; zs: list(term(A)); map(f,zs) = map(g,z2s) || ==>
f(Apply(z,zs)) = g(Apply(z,2s))
| ==> f(t) = g(t)
— Induction on term(A) to prove an equation.
apply (induct-tac t)
apply (auto dest: map-list-Collect list-CollectD)
done

Lemmas to justify using term in other recursive type definitions.

lemma term-mono: A C B ==> term(A) C term(B)
apply (unfold term.defs)



apply (rule lfp-mono)

apply (rule term.bnd-mono)+
apply (rule univ-mono basic-monos| assumption)+
done

lemma term-univ: term(univ(A4)) C univ(A)
— Easily provable by induction also
apply (unfold term.defs term.con-defs)
apply (rule lfp-lowerbound)
apply (rule-tac [2] A-subset-univ [THEN univ-mono))
apply safe
apply (assumption | rule Pair-in-univ list-univ [THEN subsetD])+
done

lemma term-subset-univ: A C univ(B) ==> term(A) C univ(B)
apply (rule subset-trans)
apply (erule term-mono)
apply (rule term-univ)
done

lemma term-into-univ: [| t € term(A); A C univ(B) || ==> t € univ(B)
by (rule term-subset-univ [THEN subsetD])

term-rec — by Vset recursion.

lemma map-lemma: [| | € list(A); Ord(i); rank(l)<i ||
==> map(Az. (A\z € Vset(i).h(z)) ‘2z, ) = map(h,l)
— map works correctly on the underlying list of terms.
apply (induct set: list)
apply simp
apply (subgoal-tac rank (a) <i & rank (1) < 1)
apply (simp add: rank-of-Ord)
apply (simp add: list.con-defs)
apply (blast dest: rank-rls [THEN lt-trans))
done

lemma term-rec [simp]: ts € list(A) ==>
term-rec(Apply(a,ts), d) = d(a, ts, map (\z. term-rec(z,d), ts))
— Typing premise is necessary to invoke map-lemma.
apply (rule term-rec-def [THEN def-Vrec, THEN trans))
apply (unfold term.con-defs)
apply (simp add: rank-pair2 map-lemma)
done

lemma term-rec-type:
assumes t: ¢t € term(A)
and a: "z zsr. [| x € A; zs: list(term(A));
r e list(Ut € term(A). C(t)) |]
==> d(z, zs, r): C(Apply(z,zs))
shows term-rec(t,d) € C(t)



— Slightly odd typing condition on r in the second premise!
using ¢

apply induct

apply (frule list-CollectD)

apply (subst term-rec)

apply (assumption | rule a)+

apply (erule list.induct)

apply (simp add: term-rec)

apply (auto simp add: term-rec)

done

lemma def-term-rec:
[| M. j(t)==term-rec(t,d); ts: list(A4) |] ==>
J(Apply(a,ts)) = d(a, ts, map(A\Z. j(Z), ts))
apply (simp only:)
apply (erule term-rec)
done

lemma term-rec-simple-type [TC]:
[| t € term(A);
Nezsr. || o € A; zs: list(term(A)); r € list(C) |]
==> d(z, zs, r): C
|| ==> term-rec(t,d) € C
apply (erule term-rec-type)
apply (drule subset-refl [THEN UN-least, THEN list-mono, THEN subsetD))
apply simp
done

term-map.

lemma term-map [simp]:
ts € list(A) ==>
term-map(f, Apply(a, ts)) = Apply(f(a), map(term-map(f), ts))
by (rule term-map-def [THEN def-term-rec])

lemma term-map-type [TC):
[| t € term(A); Nz, 2 € A ==> f(z): B || ==> term-map(f,t) € term(B)
apply (unfold term-map-def)
apply (erule term-rec-simple-type)
apply fast
done

lemma term-map-type2 [TC):
t € term(A) ==> term-map(f,t) € term({f(u). u € A})
apply (erule term-map-type)
apply (erule RepFunl)
done

term-size.



lemma term-size [simp]:
ts € list(A) ==> term-size(Apply(a, ts)) = succ(list-add(map(term-size, ts)))
by (rule term-size-def [THEN def-term-rec))

lemma term-size-type [TC]: t € term(A) ==> term-size(t) € nat
by (auto simp add: term-size-def)

reflect.

lemma reflect [simp]:
ts € list(A) ==> reflect(Apply(a, ts)) = Apply(a, rev(map(reflect, ts)))
by (rule reflect-def [THEN def-term-rec])

lemma reflect-type [TC]: t € term(A) ==> reflect(t) € term(A)
by (auto simp add: reflect-def)

preorder.

lemma preorder [simp]:
ts € list(A) ==> preorder(Apply(a, ts)) = Cons(a, flat(map(preorder, ts)))
by (rule preorder-def [THEN def-term-rec])

lemma preorder-type [TC]: t € term(A) ==> preorder(t) € list(A)
by (simp add: preorder-def)

postorder.

lemma postorder [simp]:
ts € list(A) ==> postorder(Apply(a, ts)) = flat(map(postorder, ts)) Q [a]
by (rule postorder-def [THEN def-term-rec])

lemma postorder-type [TC]: t € term(A) ==> postorder(t) € list(A)
by (simp add: postorder-def)

Theorems about term-map.
declare map-compose [simp]

lemma term-map-ident: t € term(A) ==> term-map(Au. u, t) = ¢
by (induct rule: term-induct-eqn) simp

lemma term-map-compose:
t € term(A) ==> term-map(f, term-map(g,t)) = term-map(Au. f(g(u)), t)
by (induct rule: term-induct-eqn) simp
lemma term-map-reflect:

t € term(A) ==> term-map(f, reflect(t)) = reflect(term-map(f,t))
by (induct rule: term-induct-eqn) (simp add: rev-map-distrib [symmetric))

Theorems about term-size.
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lemma term-size-term-map: t € term(A) ==> term-size(term-map(f,t)) = term-size(t)
by (induct rule: term-induct-eqn) simp

lemma term-size-reflect: t € term(A) ==> term-size(reflect(t)) = term-size(t)
by (induct rule: term-induct-eqn) (simp add: rev-map-distrib [symmetric] list-add-rev)

lemma term-size-length: t € term(A) ==> term-size(t) = length(preorder(t))
by (induct rule: term-induct-eqn) (simp add: length-flat)

Theorems about refiect.

lemma reflect-reflect-ident: t € term(A) ==> reflect(reflect(t)) =t
by (induct rule: term-induct-eqn) (simp add: rev-map-distrib)

Theorems about preorder.

lemma preorder-term-map:
t € term(A) ==> preorder(term-map(f,t)) = map(f, preorder(t))
by (induct rule: term-induct-eqn) (simp add: map-flat)

lemma preorder-reflect-eq-rev-postorder:
t € term(A) ==> preorder(reflect(t)) = rev(postorder(t))
by (induct rule: term-induct-eqn)
(simp add: rev-app-distrib rev-flat rev-map-distrib [symmetric])

end

4 Datatype definition n-ary branching trees
theory Ntree imports Main begin

Demonstrates a simple use of function space in a datatype definition. Based
upon theory Term.

consts
niree :: 1 =>4
maptree :: 1 => 1
maptree2 :: [i, 1] => i

datatype ntree(A) = Branch (a € A, h € (Un € nat. n —> ntree(A)))
monos UN-mono [OF subset-refl Pi-mono] — MUST have this form
type-intros nat-fun-univ [THEN subsetD]
type-elims UN-E

datatype maptree(A) = Sons (a € A, h € maptree(A) —||> maptree(A))
monos FiniteFun-monol — Use monotonicity in BOTH args

type-intros FiniteFun-univl [THEN subsetD]

datatype maptree2(A, B) = Sons2 (a € A, h € B —||> maptree2(A, B))

11



monos FiniteFun-mono [OF subset-refi]
type-intros FiniteFun-in-univ’

definition
ntree-rec :: [[i, i, i) => i, i) => i where
ntree-rec(b) ==
Virecursor(Apr. ntree-case(Ax h. b(z, h, A\i € domain(h). pr‘(h‘))))

definition

ntree-copy :: i => i where

ntree-copy(z) == ntree-rec(Ax h r. Branch(z,r), z)
niree

lemma ntree-unfold: ntree(A) = A x ((Un € nat. n —> ntree(A))
by (blast intro: ntree.intros [unfolded ntree.con-defs]
elim: ntree.cases [unfolded ntree.con-defs])

lemma ntree-induct [consumes 1, case-names Branch, induct set: ntree]:
assumes t: ¢ € ntree(A)
and step: lzn h. [| x € A; n € nat; h € n —> ntree(A); Vi € n. P(h%)
|| ==> P(Branch(z,h))
shows P(t)
— A nicer induction rule than the standard one.
using ¢
apply induct
apply (erule UN-E)
apply (assumption | rule step)+
apply (fast elim: fun-weaken-type)
apply (fast dest: apply-type)
done

lemma ntree-induct-eqn [consumes 1]:
assumes t: ¢ € niree(A)
and f: f € ntree(A)—>B
and g: g € ntree(A)—>B
and step: !z nh. ||z € A; n € nat; h € n —> ntree(4); fOh =9 Oh|]
==>
f ¢ Branch(z,h) = g ‘ Branch(z,h)
shows fit=g‘t
— Induction on ntree(A) to prove an equation
using ¢
apply induct
apply (assumption | rule step)+
apply (insert f g)
apply (rule fun-extension)
apply (assumption | rule comp-fun)+
apply (simp add: comp-fun-apply)
done
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Lemmas to justify using Ntree in other recursive type definitions.

lemma ntree-mono: A C B ==> niree(A) C ntree(B)
apply (unfold ntree.defs)
apply (rule lfp-mono)
apply (rule ntree.bnd-mono)+
apply (assumption | rule univ-mono basic-monos)+
done

lemma ntree-univ: ntree(univ(A)) C univ(A)
— Easily provable by induction also
apply (unfold ntree.defs ntree.con-defs)
apply (rule lfp-lowerbound)
apply (rule-tac [2] A-subset-univ [THEN univ-mono))
apply (blast intro: Pair-in-univ nat-fun-univ [THEN subsetD])
done

lemma ntree-subset-univ: A C univ(B) ==> niree(A) C univ(B)
by (rule subset-trans [OF ntree-mono nitree-univ))

ntree recursion.

lemma ntree-rec-Branch:
function(h) ==>
ntree-rec(b, Branch(z,h)) = b(z, h, Ai € domain(h). ntree-rec(b, h‘i))
apply (rule niree-rec-def [THEN def-Vrecursor, THEN trans])
apply (simp add: ntree.con-defs rank-pair2 [THEN [2] lt-trans] rank-apply)
done

lemma nitree-copy-Branch [simp]:
function(h) ==>
ntree-copy (Branch(z, h)) = Branch(z, Ai € domain(h). ntree-copy (h‘i))
by (simp add: ntree-copy-def ntree-rec-Branch)

lemma niree-copy-is-ident: z € ntree(A) ==> ntree-copy(z) = z
by (induct z set: ntree)
(auto simp add: domain-of-fun Pi-Collect-iff fun-is-function)

mapiree

lemma maptree-unfold: maptree(A) = A x (maptree(A) —||> maptree(A))
by (fast intro!: maptree.intros [unfolded maptree.con-defs]
elim: maptree.cases [unfolded maptree.con-defs])

lemma maptree-induct [consumes 1, induct set: maptree]:
assumes t: t € maptree(A)
and step: !z n h. [| z € A; h € maptree(A) —||> maptree(A);
Yy € field(h). P(y)
|| ==> P(Sons(z,h))
shows P(t)
— A nicer induction rule than the standard one.
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using ¢

apply induct

apply (assumption | rule step)+

apply (erule Collect-subset [THEN FiniteFun-monol, THEN subsetD])
apply (drule FiniteFun.dom-subset [THEN subsetD])

apply (drule Fin.dom-subset [THEN subsetD])

apply fast

done

maptree2

lemma maptree2-unfold: maptree2(A, B) = A x (B —||> maptree2(A, B))
by (fast intro!: maptree2.intros [unfolded maptree2.con-defs]
elim: maptree2.cases [unfolded maptree2.con-defs))

lemma maptree2-induct [consumes 1, induct set: maptree2]:

assumes t: t € maptree2(A, B)

and step: lzn h. [| z € A; h € B —||> maptree2(A,B); Vy € range(h). P(y)
|| ==> P(Sons2(z,h))

shows P(t)

using ¢

apply induct

apply (assumption | rule step)+

apply (erule FiniteFun-mono [OF subset-refl Collect-subset, THEN subsetD))

apply (drule FiniteFun.dom-subset [THEN subsetD])

apply (drule Fin.dom-subset [THEN subsetD])

apply fast

done

end

5 Trees and forests, a mutually recursive type def-
inition
theory Tree-Forest imports Main begin

5.1 Datatype definition

consts
tree :: 1 =>4
forest i =>4
tree-forest :: i => i

datatype tree(A) = Tcons (a € A, f € forest(A))
and forest(A) = Fnil | Feons (t € tree(A), f € forest(A))

lemmas tree’induct =

14



tree-forest. mutual-induct [THEN conjunctl, THEN spec, THEN [2] rev-mp, of
concl: - t, standard, consumes 1]
and forest'induct =
tree-forest.mutual-induct [THEN conjunct2, THEN spec, THEN [2] rev-mp, of
concl: - f, standard, consumes 1]

declare tree-forest.intros [simp, TC]|

lemma tree-def: tree(A) == Part(tree-forest(A), Inl)
by (simp only: tree-forest.defs)

lemma forest-def: forest(A) == Part(tree-forest(A), Inr)
by (simp only: tree-forest.defs)

tree-forest(A) as the union of tree(A) and forest(A).

lemma tree-subset-TF: tree(A) C tree-forest(A)
apply (unfold tree-forest.defs)
apply (rule Part-subset)
done

lemma treel [TC]: z € tree(A) ==> z € tree-forest(A)
by (rule tree-subset-TF [THEN subsetD])

lemma forest-subset-TF: forest(A) C tree-forest(A)
apply (unfold tree-forest.defs)
apply (rule Part-subset)
done

lemma treel’ [TC): © € forest(A) ==> z € tree-forest(A)
by (rule forest-subset-TF [THEN subsetD])

lemma TF-equals-Un: tree(A) U forest(A) = tree-forest(A)
apply (insert tree-subset-TF forest-subset-TF)
apply (auto intro!: equalityl tree-forest.intros elim: tree-forest.cases)
done

lemma
notes rews = tree-forest.con-defs tree-def forest-def
shows
tree-forest-unfold: tree-forest(A) =
(A x forest(A)) + ({0} + tree(A) x forest(A))
— NOT useful, but interesting . ..
apply (unfold tree-def forest-def)
apply (fast introl: tree-forest.intros [unfolded rews, THEN PartD1]
elim: tree-forest.cases [unfolded rews])
done

lemma tree-forest-unfold’:
tree-forest(A) =
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A x Part(tree-forest(A), Aw. Inr(w)) +
{0} + Part(tree-forest(A), Aw. Inl(w)) x Part(tree-forest(A), Aw. Inr(w))
by (rule tree-forest-unfold [unfolded tree-def forest-def])

lemma tree-unfold: tree(A) = {Inl(z). © € A x forest(A)}
apply (unfold tree-def forest-def)
apply (rule Part-Inl [THEN subst])
apply (rule tree-forest-unfold’ [THEN subst-context])
done

lemma forest-unfold: forest(A) = {Inr(z). © € {0} + tree(A)xforest(A)}
apply (unfold tree-def forest-def)
apply (rule Part-Inr [THEN subst])
apply (rule tree-forest-unfold’ [THEN subst-context])
done

Type checking for recursor: Not needed; possibly interesting?

lemma TF-rec-type:
[| z € tree-forest(A);
Ne fr.[|z € A; f € forest(4); re C(f)
[| ==> b(z.f,r) € C(Tecons(z.f));
c € C(Fnil);
Nt frir2. ||t € tree(A); f € forest(A); r1 € C(t); r2 € C(f)
|| ==> d(t,f,r1,r2) € C(Fcons(t,f))
|| ==> tree-forest-rec(b,c,d,z) € C(z)
by (induct-tac z) simp-all

lemma tree-forest-rec-type:
([ Nefr.[|zeA; f€ forest(A); r e D(f)
[| ==> b(z.f,r) € C(Tcons(z,f));
¢ € D(Fnil);
Wefrir2. || t € tree(A); f € forest(A); r1 € C(t); 2 € D(f)
|| ==> d(t.f,r1,r2) € D(Fcons(t,f))
[| ==> (Vt € tree(A). tree-forest-rec(b,c,d,t) € C(t)) A
(Vf € forest(A). tree-forest-rec(b,c,d,f) € D(f))
— Mutually recursive version.
apply (unfold Ball-def)
apply (rule tree-forest.mutual-induct)
apply simp-all
done

5.2 Operations

consts
map :: [i =>4, i] => i
size 1 =>4
preorder i i => i
list-of-TF :: i =>4
of-list :: 1 => 1
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reflect :: i => i

primrec
list-of-TF (Tcons(z,f)) = [Tcons(z,f)]
list-of-TF (Fnil) = ||
list-of-TF (Fcons(t,tf)) = Cons (t, list-of-TF (if))

primrec
of-list([]) = Fnil
of-list(Cons(t,l)) = Feons(t, of-list(l))

primrec
map (h, Tcons(z,f)) = Tcons(h(zx), map(h,f))
map (h, Fnil) = Fnil
map (h, Fcons(t,tf)) = Fcons (map(h, t), map(h, tf))

primrec
size (Tcons(z,f)) = succ(size(f))
size (Fnil) = 0
size (Feons(t,tf)) = size(t) #+ size(tf)

primrec
preorder (Tcons(z,f)) = Cons(z, preorder(f))
preorder (Fnil) = Nil
preorder (Fcons(t,tf)) = preorder(t) @Q preorder(tf)

primrec
reflect (Tcons(z,f)) = Tcons(z, reflect(f))
reflect (Fnil) = Fnil
reflect (Fcons(t,tf)) =
of-list (list-of-TF (reflect(tf)) @ Cons(reflect(t), Nil))

list-of-TF and of-list.
lemma list-of- TF-type [TC):
z € tree-forest(A) ==> list-of-TF(z) € list(tree(A))
by (induct set: tree-forest) simp-all

lemma of-list-type [TC): | € list(tree(A)) ==> of-list(l) € forest(A)
by (induct set: list) simp-all

map.
lemma
assumes !lz. v € A ==> h(z): B
shows map-tree-type: t € tree(A) ==> map(h,t) € tree(B)
and map-forest-type: f € forest(A) ==> map(h,f) € forest(B)
using prems
by (induct rule: tree’induct forest’induct) simp-all

size.

17



lemma size-type [TC|: z € tree-forest(A) ==> size(z) € nat
by (induct set: tree-forest) simp-all

preorder.

lemma preorder-type [TC): z € tree-forest(A) ==> preorder(z) € list(A)
by (induct set: tree-forest) simp-all

Theorems about list-of-TF and of-list.

lemma forest-induct [consumes 1, case-names Fnil Fcons]:
[| f € forest(A);
R(Fnil);
Nt f. ]| t € tree(A); f € forest(A); R(f)|] ==> R(Fcons(t,f))
| ==> R(f)
— Essentially the same as list induction.
apply (erule tree-forest.mutual-induct
[THEN conjunct2, THEN spec, THEN [2] rev-mp))
apply (rule Truel)
apply simp
apply simp
done

lemma forest-iso: f € forest(A) ==> of-list(list-of-TF(f)) = f
by (induct rule: forest-induct) simp-all

lemma tree-list-iso: ts: list(tree(A)) ==> list-of-TF (of-list(ts)) = ts
by (induct set: list) simp-all

Theorems about map.

lemma map-ident: z € tree-forest(A) ==> map(Au. u, z) = z

by (induct set: tree-forest) simp-all

lemma map-compose:
z € tree-forest(A) ==> map(h, map(j,z)) = map(Au. h(j(u)), 2)
by (induct set: tree-forest) simp-all

Theorems about size.
lemma size-map: z € tree-forest(A) ==> size(map(h,z)) = size(z)

by (induct set: tree-forest) simp-all

lemma size-length: z € tree-forest(A) ==> size(z) = length(preorder(z))
by (induct set: tree-forest) (simp-all add: length-app)

Theorems about preorder.

lemma preorder-map:
z € tree-forest(A) ==> preorder(map(h,z)) = List-ZF .map(h, preorder(z))
by (induct set: tree-forest) (simp-all add: map-app-distrid)
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end

6 Infinite branching datatype definitions

theory Brouwer imports Main-ZFC begin

6.1 The Brouwer ordinals

consts
brouwer :: 1

datatype C Vfrom(0, csucc(nat))
brovwer = Zero | Suc (b € brouwer) | Lim (h € nat —> brouwer)
monos Pi-mono
type-intros inf-datatype-intros

lemma brouwer-unfold: brouwer = {0} + brouwer + (nat —> brouwer)
by (fast intro!: brouwer.intros [unfolded brouwer.con-defs]
elim: brouwer.cases [unfolded brouwer.con-defs])

lemma brouwer-induct? [consumes 1, case-names Zero Suc Lim]:
assumes b: b € brouwer

and cases:
P(Zero)
No. [| b € brouwer; P(b) |] ==> P(Suc(b))
h.[| h € nat —> brouwer; Vi € nat. P(h%) || ==> P(Lim(h))
shows P(b)
— A nicer induction rule than the standard one.
using b

apply induct
apply (rule cases(1))
apply (erule (1) cases(2))
apply (rule cases(3))
apply (fast elim: fun-weaken-type)
apply (fast dest: apply-type)
done

6.2 The Martin-Lof wellordering type

consts
Well =: [i, i => i] => i

datatype C Vfrom(A U (Uz € A. B(z)), csucc(nat U |Jz € A. B(x)]))
— The union with nat ensures that the cardinal is infinite.
Well(A, B) = Sup (a € A, f € B(a) —> Well(A, B))
monos Pi-mono
type-intros le-trans [OF UN-upper-cardinal le-nat-Un-cardinal] inf-datatype-intros
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lemma Well-unfold: Well(A, B) = (£ = € A. B(z) —> Well(A, B))
by (fast intro!: Well.intros [unfolded Well.con-defs]
elim: Well.cases [unfolded Well.con-defs])

lemma Well-induct2 [consumes 1, case-names step]:

assumes w: w € Well(A, B)

and step: la f. [| a € A; f € B(a) —> Well(A,B); Vy € B(a). P(fy) ||

==> P(Sup(a.f))

shows P(w)

— A nicer induction rule than the standard one.

using w

apply induct

apply (assumption | rule step)+

apply (fast elim: fun-weaken-type)

apply (fast dest: apply-type)

done

lemma Well-bool-unfold: Well(bool, Ax. ) = 1 + (1 —> Well(bool, \z. x))
— In fact it’s isomorphic to nat, but we need a recursion operator
— for Well to prove this.
apply (rule Well-unfold [THEN trans])
apply (simp add: Sigma-bool Pi-emptyl succ-def)
done

end

7 The Mutilated Chess Board Problem, formal-
ized inductively

theory Mutil imports Main begin

Originator is Max Black, according to J A Robinson. Popularized as the
Mutilated Checkerboard Problem by J McCarthy.
consts

domino :: 1

tiling = 1 => 1

inductive
domains domino C Pow(nat X nat)
intros
horiz: [| i € nat; j € nat || ==> {<i,j>, <i,succ(j)>} € domino
vertl: [| i € nat; j € nat || ==> {<i,j>, <succ(i),j>} € domino

type-intros empty-subsetl cons-subset] Powl Sigmal nat-succl

inductive
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domains tiling(A) C Pow(Union(A))

intros
empty: 0 € tiling(A)
Un: [| a € A; t € tiling(A); alIntt =01 ==> a Unt € tiling(A)

type-intros empty-subset] Union-upper Un-least Powl
type-elims PowD [elim-format]

definition
evnodd :: [i, i] => i where
evnodd(A,b) == {z € A. Jij. z = <i,j> A (i #+ j) mod 2 = b}

7.1 Basic properties of evnodd

lemma evnodd-iff: <i,j>: evnodd(A,b) <—> <i,j>: A & (i#£+j) mod 2 = b
by (unfold evnodd-def) blast

lemma evnodd-subset: evnodd(A, b) C A
by (unfold evnodd-def) blast

lemma Finite-evnodd: Finite(X) ==> Finite(evnodd(X,b))
by (rule lepoll-Finite, rule subset-imp-lepoll, rule evnodd-subset)

lemma evnodd-Un: evnodd(A Un B, b) = evnodd(A,b) Un evnodd(B,b)
by (simp add: evnodd-def Collect-Un)

lemma evnodd-Diff: evnodd(A — B, b) = evnodd(A,b) — evnodd(B,b)
by (simp add: evnodd-def Collect-Diff)

lemma evnodd-cons [simp]:
evnodd(cons(<i,j>,C), b) =
(if (i#+7) mod 2 = b then cons(<i,j>, evnodd(C,b)) else evnodd(C,b))
by (simp add: evnodd-def Collect-cons)

lemma evnodd-0 [simp]: evnodd(0, b) = 0
by (simp add: evnodd-def)

7.2 Dominoes

lemma domino-Finite: d € domino ==> Finite(d)
by (blast intro!: Finite-cons Finite-0 elim: domino.cases)

lemma domino-singleton:
[| d € domino; b<2 || ==> Fi’j'. evnodd(d,b) = {<i’j">}
apply (erule domino.cases)
apply (rule-tac [2] k1 = i#+j in mod2-cases [THEN disjE])
apply (rule-tac k1 = i#+j in mod2-cases [THEN disjE))
apply (rule add-type | assumption)-+

apply (auto simp add: mod-succ succ-neg-self dest: ItD)
done
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7.3 Tilings

The union of two disjoint tilings is a tiling

lemma tiling-Unl:
t € tiling(A) ==> u € tiling(A) ==>t Int u = 0 ==> t Un u € tiling(A)
apply (induct set: tiling)
apply (simp add: tiling.intros)
apply (simp add: Un-assoc subset-empty-iff [THEN iff-sym])
apply (blast intro: tiling.intros)
done

lemma tiling-domino-Finite: t € tiling(domino) ==> Finite(t)
apply (induct set: tiling)
apply (rule Finite-0)
apply (blast intro!: Finite-Un intro: domino-Finite)
done

lemma tiling-domino-0-1: t € tiling(domino) ==> |evnodd(t,0)| = |evnodd(t,1)|
apply (induct set: tiling)
apply (simp add: evnodd-def)
apply (rule-tac b1 = 0 in domino-singleton [THEN ezE])
prefer 2
apply simp
apply assumption
apply (rule-tac b1 = 1 in domino-singleton [THEN exE])
prefer 2
apply simp
apply assumption
apply safe
apply (subgoal-tac Vp b. p € evnodd (a,b) ——> pé¢evnodd (¢,b))
apply (simp add: evnodd-Un Un-cons tiling-domino-Finite
evnodd-subset [THEN subset-Finite] Finite-imp-cardinal-cons)
apply (blast dest!: evnodd-subset [THEN subsetD] elim: equalityE)
done

lemma dominoes-tile-row:
[| i € nat; n € nat || ==> {i} * (n #+ n) € tiling(domino)
apply (induct-tac n)
apply (simp add: tiling.intros)
apply (simp add: Un-assoc [symmetric] Sigma-succ2)
apply (rule tiling.intros)
prefer 2 apply assumption
apply (rename-tac n’)
apply (subgoal-tac
{i}x{succ (n'#+n") } Un {i}x{n'#+n'} =
{<i,n'#+n">, <i,succ (n'#+n’) >})
prefer 2 apply blast
apply (simp add: domino.horiz)
apply (blast elim: mem-irrefl mem-asym)
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done

lemma dominoes-tile-matrix:
[| m € nat; n € nat || ==> m x (n #+ n) € tiling(domino)
apply (induct-tac m)
apply (simp add: tiling.intros)
apply (simp add: Sigma-succl)
apply (blast intro: tiling-Unl dominoes-tile-row elim: mem-irrefl)
done

lemma eq-lt-E: [| z=y; <y || ==> P
by auto

theorem mutil-not-tiling: [| m € nat; n € nat;
t = (succ(m)#+succ(m))x(suce(n)#+suce(n));
t'=1t — {<0,0>} — {<succ(m#+m), succ(n#+n)>} ||
==> t' ¢ tiling(domino)
apply (rule notl)
apply (drule tiling-domino-0-1)
apply (erule-tac x = |?A| in eg-lt-F)
apply (subgoal-tac t € tiling (domino))
prefer 2
apply (simp only: nat-succl add-type dominoes-tile-matriz)
apply (simp add: evnodd-Diff mod2-add-self mod2-succ-succ
tiling-domino-0-1 [symmetric])
apply (rule lt-trans)
apply (rule Finite-imp-cardinal-Diff ,
simp add: tiling-domino-Finite Finite-evnodd Finite-Diff,
simp add: evnodd-iff nat-0-le [THEN 1tD] mod2-add-self )+
done

end

theory FoldSet imports Main begin
consts fold-set :: [i, i, [i,i]=>1, i] => i

inductive
domains fold-set(A, B, f,e) <= Fin(A)*B
intros
emptyl: ee B ==> <0, e>€fold-set(A, B, f,e)
consl: [| z€A; x ¢C; <C,y> : fold-set(A, B,f,e); f(z,y):B |]
==> <cons(z,C), f(z,y)>€cfold-set(A, B, f, e)
type-intros Fin.intros

definition
fold == [i, [i,i]=>1, 1, i) => ¢ (fold[-]'(-,-,-)) where
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fold|B](f,e, A) == THE z. <A, z>€fold-set(A, B, f,e)

definition
setsum :: [i=>i, i] => i where
setsum(g, C') == if Finite(C) then
fold[int)(%x y. g(z) $+ y, #0, C) else #0

inductive-cases empty-fold-setE: <0, x> : fold-set(A, B, f,e)
inductive-cases cons-fold-setE: <cons(z,C), y> : fold-set(A, B, f,e)

lemma cons-lemmal: || ¢ C; x¢B || ==> cons(z,B)=cons(z,C) <—> B = C
by (auto elim: equalityFE)

lemma cons-lemmaZ2: || cons(z, B)=cons(y, C); z#y; ¢ B; y¢C |]
==> B — {y} = C—{z} & z€C & yeB

apply (auto elim: equalityFE)

done

lemma fold-set-mono-lemma:
<C, x> : fold-set(A, B, f, e)
==> ALL D. A<=D ——> <C, z> : fold-set(D, B, f, e)
apply (erule fold-set.induct)
apply (auto intro: fold-set.intros)
done

lemma fold-set-mono: C<=A ==> fold-set(C, B, f, e) <= fold-set(A, B, f, e)
apply clarify

apply (frule fold-set.dom-subset [THEN subsetD)], clarify)

apply (auto dest: fold-set-mono-lemma)

done

lemma fold-set-lemma:
<C, z>€fold-set(A, B, f, e) ==> <C, x>€fold-set(C, B, f, e) & C<=A
apply (erule fold-set.induct)
apply (auto intro!: fold-set.intros intro: fold-set-mono [THEN subsetD])
done

lemma Diff1-fold-set:
[| <C—{z},y>: fold-set(A, B, f,e); z€C; z€A; f(z, y):B |]
==> <, f(z, y)> : fold-set(A, B, f, e)
apply (frule fold-set.dom-subset [THEN subsetD))
apply (erule cons-Diff [THEN subst], rule fold-set.intros, auto)
done
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locale fold-typing =
fixes A and B and e and f
assumes ftype [intro,simpl: [z € A; y € B|] ==> f(z,y) € B
and etype [intro,simp]: e € B
and fcomm: [|z € A;y € A; z € B|] ==> [(z, f(y, 2))=f(y, f(z, 2))

lemma (in fold-typing) Fin-imp-fold-set:
CeFin(A) ==> (EX z. <C, x> : fold-set(A, B, f,e))
apply (erule Fin-induct)
apply (auto dest: fold-set.dom-subset [THEN subsetD]
intro: fold-set.intros etype ftype)
done

lemma Diff-sing-imp:
[[C —{b} =D —{a}; a#b;be C|] ==> C = cons(b,D) — {a}
by (blast elim: equalityE)

lemma (in fold-typing) fold-set-determ-lemma [rule-format]:
nenat
==> ALL C. |C|<n ——>

(ALL z. <C, z> : fold-set(A, B, f,e)——>

(ALL y. <C, y> : fold-set(A, B, f.e) ——> y=z))

apply (erule nat-induct)
apply (auto simp add: le-iff)
apply (erule fold-set.cases)
apply (force elim!: empty-fold-setE)
apply (erule fold-set.cases)
apply (force elim!: empty-fold-setE, clarify)

apply (frule-tac a = Ca in fold-set.dom-subset [THEN subsetD, THEN SigmaD1])
apply (frule-tac a = Cb in fold-set.dom-subset [THEN subsetD, THEN SigmaD1])
apply (simp add: Fin-into-Finite [THEN Finite-imp-cardinal-cons))

apply (case-tac x=xb, auto)

apply (simp add: cons-lemmal, blast)

case T # xb

apply (drule cons-lemma2, safe)
apply (frule Diff-sing-imp, assumption+)

* LEVEL 17

apply (subgoal-tac |Cal| le |Cb]|)

prefer 2

apply (rule succ-le-imp-le)

apply (simp add: Fin-into-Finite Finite-imp-succ-cardinal-Diff
Fin-into-Finite [THEN Finite-imp-cardinal-cons])

apply (rule-tac C1 = Ca—{zb} in Fin-imp-fold-set [THEN ezE])
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apply (blast intro: Diff-subset [THEN Fin-subset))

* LEVEL 24 *

apply (frule Diff1-fold-set, blast, blast)
apply (blast dest!: ftype fold-set.dom-subset [THEN subsetD])
apply (subgoal-tac ya = f(zb,za) )
prefer 2 apply (blast del: equalityCE)
apply (subgoal-tac <Cb—{z}, za> : fold-set(A,B.f,e))
prefer 2 apply simp
apply (subgoal-tac yb = f (z, za) )
apply (drule-tac [2] C = Cb in Diff1-fold-set, simp-all)
apply (blast intro: fcomm dest!: fold-set.dom-subset [THEN subsetD))
apply (blast intro: ftype dest!: fold-set.dom-subset [THEN subsetD), blast)
done

lemma (in fold-typing) fold-set-determ:

[| <C, z>€fold-set(A, B, f, e);

<C, y>€cfold-set(A, B, f, e)|]| ==> y=x

apply (frule fold-set.dom-subset [THEN subsetD)], clarify)
apply (drule Fin-into-Finite)
apply (unfold Finite-def, clarify)
apply (rule-tac n = succ (n) in fold-set-determ-lemma)
apply (auto intro: egpoll-imp-lepoll [THEN lepoll-cardinal-le))
done

Py

lemma (in fold-typing) fold-equality:

<C,y> : fold-set(A,B,f,e) ==> fold[B](f,e,C) =y
apply (unfold fold-def)
apply (frule fold-set.dom-subset [THEN subsetD], clarify)
apply (rule the-equality)
apply (rule-tac [2] A=C in fold-typing.fold-set-determ)
apply (force dest: fold-set-lemma)
apply (auto dest: fold-set-lemma)
apply (simp add: fold-typing-def, auto)
apply (auto dest: fold-set-lemma intro: ftype etype fcomm)
done

Py

lemma fold-0 [simp]: e : B ==> fold[B](f,e,0) = e
apply (unfold fold-def)

apply (blast elim!: empty-fold-setE intro: fold-set.intros)
done

This result is the right-to-left direction of the subsequent result
lemma (in fold-typing) fold-set-imp-cons:
[| <C, y>: fold-set(C, B, f, e); C : Fin(A); ¢: 4; c¢C ||
==> <cons(c, O), f(e,y)> : fold-set(cons(c, C), B, f, e)
apply (frule FinD [THEN fold-set-mono, THEN subsetD])
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apply assumption

apply (frule fold-set.dom-subset [of A, THEN subsetD])

apply (blast intro!: fold-set.consl intro: fold-set-mono [THEN subsetD))
done

lemma (in fold-typing) fold-cons-lemma [rule-format]:
[| C: Fin(A); c: A; c¢C |]
==> <cons(c, C), v>: fold-set(cons(c, C), B, f, e) <—>
(EX y. <C, y> : fold-set(C, B, f, e) & v = f(c, y))

apply auto

prefer 2 apply (blast intro: fold-set-imp-cons)

apply (frule-tac Fin.consI [of ¢, THEN FinD, THEN fold-set-mono, THEN sub-

setD], assumption+)

apply (frule-tac fold-set.dom-subset [of A, THEN subsetD))

apply (drule FinD)

apply (rule-tac A1 = cons(c¢,C) and fl=f and BI=B and CI1=C and el=e¢

in fold-typing.Fin-imp-fold-set [THEN exE))

apply (blast intro: fold-typing.intro ftype etype fcomm)

apply (blast intro: Fin-subset [of - cons(c,C)] Finite-into-Fin
dest: Fin-into-Finite)

apply (rule-tac x = x in exl)

apply (auto intro: fold-set.intros)

apply (drule-tac fold-set-lemma [of C], blast)

apply (blast intro!: fold-set.consl
intro: fold-set-determ fold-set-mono [THEN subsetD]
dest: fold-set.dom-subset [THEN subsetD])

done

lemma (in fold-typing) fold-cons:
[| CeFin(A); ceA; c¢C]
==> fold[B](f, e, cons(c, C)) = f(c, fold|B](f, e, C))
apply (unfold fold-def)
apply (simp add: fold-cons-lemma)
apply (rule the-equality, auto)
apply (subgoal-tac [2] (C, y) € fold-set(A, B, f, e))
apply (drule Fin-imp-fold-set)
apply (auto dest: fold-set-lemma simp add: fold-def [symmetric] fold-equality)
apply (blast intro: fold-set-mono [THEN subsetD] dest!: FinD)
done

lemma (in fold-typing) fold-type [simp,TC:
CeFin(A) ==> fold|B](f,e,C):B

apply (erule Fin-induct)

apply (simp-all add: fold-cons ftype etype)

done

lemma (in fold-typing) fold-commute [rule-format]:

[| CeFin(A); ceA |]
==> (VyEB f(C, fOld[B}(fa Y, C)) = fOZd[BKfv f(C, y)’ C))
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apply (erule Fin-induct)

apply (simp-all add: fold-typing.fold-cons [of A B - f]
fold-typing.fold-type [of A B - f]
fold-typing-def feomm)

done

lemma (in fold-typing) fold-nest-Un-Int:
[| CeFin(A); DeFin(A) |]
——> fold[B](f, fold[BI(f, e, D), C) =
fold|B](f, fold[B](f, e, (C Int D)), C Un D)
apply (erule Fin-induct, auto)
apply (simp add: Un-cons Int-cons-left fold-type fold-commute
fold-typing.fold-cons [of A - - f]
fold-typing-def fcomm cons-absord)
done

lemma (in fold-typing) fold-nest-Un-disjoint:

[| CeFin(A); DeFin(A); C Int D = 0 |]

—=> fold[B](f.e,C Un D) = fold[B\(f, fold[B](f,e.D), C)
by (simp add: fold-nest-Un-Int)

lemma Finite-cons-lemma: Finite(C) ==> CeFin(cons(c, C))
apply (drule Finite-into-Fin)

apply (blast intro: Fin-mono [THEN subsetD))

done

7.4 The Operator setsum

lemma setsum-0 [simp]: setsum(g, 0) = #0
by (simp add: setsum-def)

lemma setsum-cons [simp]:

Finite(C) ==>

setsum(g, cons(c,C)) =

(if ¢ : C then setsum(g,C) else g(c) $+ setsum(g,C))

apply (auto simp add: setsum-def Finite-cons cons-absorb)
apply (rule-tac A = cons (¢, C) in fold-typing.fold-cons)
apply (auto intro: fold-typing.intro Finite-cons-lemma)
done

lemma setsum-KO0: setsum((%i. #0), C) = #0
apply (case-tac Finite (C) )

prefer 2 apply (simp add: setsum-def)

apply (erule Finite-induct, auto)

done

lemma setsum-Un-Int:
[| Finite(C); Finite(D) ||
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==> setsum(g, C Un D) $+ setsum(g, C Int D)
= setsum(g, C) $+ setsum(g, D)
apply (erule Finite-induct)
apply (simp-all add: Int-cons-right cons-absorb Un-cons Int-commute Finite-Un
Int-lower! [THEN subset-Finite])
done

lemma setsum-type [simp, TC]: setsum(g, C):int
apply (case-tac Finite (C) )

prefer 2 apply (simp add: setsum-def)

apply (erule Finite-induct, auto)

done

lemma setsum-Un-disjoint:
[| Finite(C); Finite(D); C Int D = 0 |]
==> setsum(g, C Un D) = setsum(g, C) $+ setsum(g,D)
apply (subst setsum-Un-Int [symmetric])
apply (subgoal-tac [3] Finite (C Un D))
apply (auto intro: Finite-Un)
done

lemma Finite-RepFun [rule-format (no-asm)]:

Finite(I) ==> (Viel. Finite(C(i))) ——> Finite(RepFun(I, C))
apply (erule Finite-induct, auto)
done

lemma setsum-UN-disjoint [rule-format (no-asm)]:
Finite(I)
==> (Viel. Finite(C(i))) ——>
(Viel. Vjel. i#j —> C(i) Int C(j) = 0) —>
setsum(f, \Ji€l. C(i)) = setsum (%i. setsum(f, C (1)), I)
apply (erule Finite-induct, auto)
apply (subgoal-tac Vi€B. x # 1)
prefer 2 apply blast
apply (subgoal-tac C (z) Int (Ji€B. C (i)) = 0)
prefer 2 apply blast
apply (subgoal-tac Finite (| Ji€B. C (i)) & Finite (C (x)) & Finite (B) )
apply (simp (no-asm-simp) add: setsum-Un-disjoint)
apply (auto intro: Finite-Union Finite-RepFun)
done

lemma setsum-addf: setsum(%z. f(z) $+ g(z),C) = setsum(f, C) $+ setsum(g,
C)

apply (case-tac Finite (C) )

prefer 2 apply (simp add: setsum-def)

apply (erule Finite-induct, auto)

done
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lemma fold-set-cong:
[| A=A, B=B"; e=c"; (Y2€ A" VyeB". f(z,9) = (z.9)) |
==> fold-set(A,B,f,e) = fold-set(A",B’,f'e’)
apply (simp add: fold-set-def)
apply (intro refl iff-refl ifp-cong Collect-cong disj-cong ex-cong, auto)
done

lemma fold-cong:

[| B=B'; A=A"; e=e’,
la y. [lred’ yeB'l| ==> f(z.y) = f(2.y) || ==>
fold[B)(f,e,4) = fold[B(f", ¢', A"

apply (simp add: fold-def)

apply (subst fold-set-cong)

apply (rule-tac [5] refl, simp-all)

done

lemma setsum-cong:

[| A=B; lz. zeB ==> f(z) = g(z) || ==>
setsum(f, A) = setsum(g, B)

by (simp add: setsum-def cong add: fold-cong)

lemma setsum-Un:
[| Finite(A); Finite(B) |]
==> setsum(f, A Un B) =
setsum(f, A) $+ setsum(f, B) $— setsum(f, A Int B)
apply (subst setsum-Un-Int [symmetric], auto)
done

lemma setsum-zneg-or-0 [rule-format (no-asm)):
Finite(A) ==> (Vze€A. g(z) $<= #0) ——> setsum(g, A) $<= #0
apply (erule Finite-induct)
apply (auto intro: zneg-or-0-add-zneg-or-0-imp-zneg-or-0)
done

lemma setsum-succD-lemma [rule-format]:
Finite(A)
==> Vnenat. setsum(f,A) = $# succ(n) ——> (FacA. #0 $< f(a))
apply (erule Finite-induct)
apply (auto simp del: int-of-0 int-of-succ simp add: not-zless-iff-zle int-of-0 [symmetric])
apply (subgoal-tac setsum (f, B) $<= #0)
apply simp-all
prefer 2 apply (blast intro: setsum- zneg—or—O)
apply (subgoal-tac $# 1 $<= f (z) $+ setsum (f, B) )
apply (drule zdiff-zle-iff [THEN iffD2])
apply (subgoal-tac $# 1 $<= $# 1 $— setsum (f,B) )
apply (drule-tac x = $# 1 in zle-trans)
apply (rule-tac [2] j = #1 in zless-zle-trans, auto)
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done

lemma setsum-succD:
[| setsum(f, A) = $# succ(n); nenat [|==> FacA. #0 $< f(a)
apply (case-tac Finite (A) )
apply (blast intro: setsum-succD-lemma)
apply (unfold setsum-def)
apply (auto simp del: int-of-0 int-of-succ simp add: int-succ-int-1 [symmetric]
int-of-0 [symmetric])
done

lemma g-zpos-imp-setsum-zpos [rule-format]:
Finite(A) ==> (Vze€A. #0 $<= g(x)) ——> #0 $<= setsum(g, A)
apply (erule Finite-induct)
apply (simp (no-asm))
apply (auto intro: zpos-add-zpos-imp-zpos)
done

lemma g-zpos-imp-setsum-zpos2 [rule-format):
[| Finite(A); V. #0 $<= g(z) || ==> #0 $<= setsum(g, A)
apply (erule Finite-induct)
apply (auto intro: zpos-add-zpos-imp-zpos)
done

lemma g-zspos-imp-setsum-zspos [rule-format]:
Finite(A)
==> (Vz€A. #0 $< g(z)) ——> A # 0 ——> (#0 $< setsum(g, A))
apply (erule Finite-induct)
apply (auto intro: zspos-add-zspos-imp-zspos)
done

lemma setsum-Diff [rule-format]:
Finite(A) ==> Va. M(a) = #0 ——> setsum(M, A) = setsum(M, A—{a})
apply (erule Finite-induct)
apply (simp-all add: Diff-cons-eq Finite-Diff )
done

end

8 The accessible part of a relation
theory Acc imports Main begin

Inductive definition of acc(r); see [?].

consts
acc i 1 =>4

inductive
domains acc(r) C field(r)
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intros
vimage: [| r—“{a}: Pow(acc(r)); a € field(r) || ==> a € acc(r)
monos Pow-mono

The introduction rule must require a € field(r), otherwise acc(r) would be
a proper class!

The intended introduction rule:

lemma accl: [| 1b. <b,a>:r ==> b € acc(r); a € field(r) || ==> a € ace(r)
by (blast intro: acc.intros)

lemma acc-downward: [| b € ace(r); <a,b>:r|] ==> a € ace(r)
by (erule acc.cases) blast

lemma acc-induct [consumes 1, case-names vimage, induct set: accl:
[| @ € ace(r);
Nz, [| € ace(r); Yy. <y,x>r ——> P(y) || ==> P(2)
| ==> P(a)
by (erule acc.induct) (blast intro: acc.intros)

lemma wf-on-acc: wflace(r)](r)
apply (rule wf-onI2)
apply (erule acc-induct)

apply fast
done

lemma acc-wfl: field(r) C acc(r) = wf(r)
by (erule wf-on-acc [THEN wf-on-subset-A, THEN wf-on-field-imp-wf])

lemma acc-wfD: wf(r) ==> field(r) C acc(r)
apply (rule subsetl)
apply (erule wf-induct2, assumption)
apply (blast intro: acel )+
done

lemma wf-acc-iff : wf(r) <—> field(r) C acc(r)
by (rule iffI, erule acc-wfD, erule acc-wfI)

end

theory Multiset
imports FoldSet Acc
begin

abbreviation (input)

— Short cut for multiset space
Mult :: v=>1 where
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Mult(A) == A —||> nat—{0}
definition

funrestrict :: [i,i] => i where
funrestrict(f ,A) == \x € A. fx

definition

multiset :: i => o where
multiset(M) == 3A. M € A —> nat—{0} & Finite(A)

definition
mset-of :: i=>i where
mset-of (M) == domain(M)

definition
munion  : [i, i] => i (infix]l +# 65) where
M +# N == Az € mset-of (M) Un mset-of (N).
if x € mset-of (M) Int mset-of (N) then (M‘c) #+ (N‘z)
else (if x € mset-of (M) then M‘z else N'z)

definition

normalize :: 1 => 1 where
normalize(f) ==
if (3A. f e A —> nat & Finite(A)) then
funrestrict(f, {x € mset-of (f). 0 < fz})

else 0
definition
mdiff :: [i, 9] => i (infix] —# 65) where
M —# N == normalize(Ax € mset-of (M).
if x € mset-of (N) then M‘c #— N‘z else M‘x)
definition

msingle :: i => 1 ({#-#}) where
{#at} == {<a, 1>}

definition
MCollect :: [i, i=>0] => i where
MCollect(M, P) == funrestrict(M, {x € mset-of (M). P(z)})

definition

mcount :: [i, i) => i where
mecount(M, a) == if a € mset-of (M) then M‘a else 0
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definition
msize :: 4 => i where
msize(M) == setsum(%a. $# mcount(M ,a), mset-of (M))

abbreviation
melem :: [i,i] => o ((-/ :# -) [50, 51] 50) where
a # M == a € mset-of (M

syntax

QMColl :: [pttrn, i, o] => i (1{# -: -/ -#}))
syntax (zsymbols)

QMColl :: [pttrn, i, o] => i (1{# - € -./ -#}))
translations

{#z € M. P#} == CONST MCollect(M, %z. P)

definition

multirell :: [i,i]=>1 where
multirell (A, r) ==
{<M, N> € Mult(A)xMult(A).
Sa € A IMO € Mult(A). 3K € Mult(A).
N=MO +4# {#a#} & M=M0 +# K & (Vb € mset-of (K). <b,a> € r)}

definition
multirel :: [i, i] => i where
multirel (A, r) == multirell (A, r) "+

definition
omultiset :: i => o where

omultiset(M) == 3i. Ord(i) & M € Mult(field(Memrel(1)))

definition
mless :: [i, i) => o (infix] <# 50) where
M <# N == Ti. Ord(i) & <M, N> € multirel(field(Memrel(i)), Memrel(i))

definition

mle :: [i, i] => o (infix] <#= 50) where
M <#= N == (omultiset(M) & M = N) | M <# N

8.1 Properties of the original ”restrict” from ZF.thy

lemma funrestrict-subset: [| f € Pi(C,B); ACC || ==> funrestrict(f,A) C f
by (auto simp add: funrestrict-def lam-def intro: apply-Pair)

lemma funrestrict-type:
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[|Nz. x € A ==> f@ € B(z) || ==> funrestrict(f,A) € Pi(A,B)
by (simp add: funrestrict-def lam-type)

lemma funrestrict-type2: [| f € Pi(C,B); ACC || ==> funrestrict(f,A) € Pi(A,B)
by (blast intro: apply-type funrestrict-type)

lemma funrestrict [simp]: a € A ==> funrestrict(f,A) ‘a = f‘a
by (simp add: funrestrict-def)

lemma funrestrict-empty [simp|: funrestrict(f,0) = 0
by (simp add: funrestrict-def)

lemma domain-funrestrict [simp]: domain(funrestrict(f,C)) = C
by (auto simp add: funrestrict-def lam-def)

lemma fun-cons-funrestrict-eq:

f € cons(a, b) —> B ==> [ = cons(<a, f ‘ a>, funrestrict(f, b))
apply (rule equalityl )
prefer 2 apply (blast intro: apply-Pair funrestrict-subset [THEN subsetD)])
apply (auto dest!: Pi-memberD simp add: funrestrict-def lam-def)
done

declare domain-of-fun [simp]
declare domainE [rule del]

A useful simplification rule

lemma multiset-fun-iff:
(f € A —>nat—{0}) <—> f € A—>nat&(Va € A. f'a € nat & 0 < fa)
apply safe
apply (rule-tac [4] Bl = range (f) in Pi-mono [THEN subsetD))
apply (auto introl: Ord-0-lt
dest: apply-type Diff-subset [THEN Pi-mono, THEN subsetD)|
simp add: range-of-fun apply-iff)
done

lemma multiset-into-Mult: [| multiset(M); mset-of (M)CA || ==> M € Mult(A)

apply (simp add: multiset-def )

apply (auto simp add: multiset-fun-iff mset-of-def )

apply (rule-tac Bl = nat—{0} in FiniteFun-mono [THEN subsetD], simp-all)

apply (rule Finite-into-Fin [THEN [2] Fin-mono [THEN subsetD], THEN fun-FiniteFunl])
apply (simp-all (no-asm-simp) add: multiset-fun-iff)

done

lemma Mult-into-multiset: M € Mult(A) ==> multiset(M) & mset-of (M)CA
apply (simp add: multiset-def mset-of-def)

apply (frule FiniteFun-is-fun)

apply (drule FiniteFun-domain-Fin)

apply (frule FinD, clarify)
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apply (rule-tac x = domain (M) in ex])
apply (blast intro: Fin-into-Finite)
done

lemma Mult-iff-multiset: M € Mult(A) <—> multiset(M) & mset-of (M)CA
by (blast dest: Mult-into-multiset intro: multiset-into-Mult)

lemma multiset-iff-Mult-mset-of : multiset(M) <—> M € Mult(mset-of (M))
by (auto simp add: Mult-iff-multiset)

The multiset operator

lemma multiset-0 [simp]: multiset(0)
by (auto intro: FiniteFun.intros simp add: multiset-iff-Mult-mset-of )

The mset-of operator

lemma multiset-set-of-Finite [simp): multiset(M) ==> Finite(mset-of (M))
by (simp add: multiset-def mset-of-def, auto)

lemma mset-of-0 [iff]: mset-of (0) = 0
by (simp add: mset-of-def)

lemma mset-is-0-iff : multiset(M) ==> mset-of (M )=0 <—> M=0
by (auto simp add: multiset-def mset-of-def)

lemma mset-of-single [iff]: mset-of ({#a#}) = {a}
by (simp add: msingle-def mset-of-def )

lemma mset-of-union [iff]: mset-of (M +# N) = mset-of (M) Un mset-of (N)
by (simp add: mset-of-def munion-def)

lemma mset-of-diff [simp]: mset-of (M)CA ==> mset-of (M —# N) C A
by (auto simp add: mdiff-def multiset-def normalize-def mset-of-def)

lemma msingle-not-0 [iff]: {#a#} # 0 & 0 # {#a#}
by (simp add: msingle-def)

lemma msingle-eq-iff [iff]: {#a#} = {#b#}) <—> (a = b)
by (simp add: msingle-def)

lemma msingle-multiset [iff ,TC]: multiset({#a#})
apply (simp add: multiset-def msingle-def)

apply (rule-tac x = {a} in exl)

apply (auto intro: Finite-cons Finite-0 fun-extend3)
done
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lemmas Collect-Finite = Collect-subset [THEN subset-Finite, standard)

lemma normalize-idem [simp]: normalize(normalize(f)) = normalize(f)
apply (simp add: normalize-def funrestrict-def mset-of-def)
apply (case-tac FA. f € A —> nat & Finite (A) )

apply clarify
apply (drule-tac x = {z € domain (f) . 0 < f ‘z} in spec)

apply auto

apply (auto introl: lam-type simp add: Collect-Finite)

done

lemma normalize-multiset [simp|: multiset(M) ==> normalize(M) = M

by (auto simp add: multiset-def normalize-def mset-of-def funrestrict-def multiset-fun-iff)

lemma multiset-normalize [simp]: multiset(normalize(f))

apply (simp add: normalize-def)

apply (simp add: normalize-def mset-of-def multiset-def , auto)

apply (rule-tac x = {z € A . 0<fz} in exl)

apply (auto intro: Collect-subset [THEN subset-Finite] funrestrict-type)
done

lemma munion-multiset [simp): [| multiset(M); multiset(N) || ==> multiset(M
+# N)

apply (unfold multiset-def munion-def mset-of-def, auto)

apply (rule-tac z = A Un Aa in exl)

apply (auto intro!: lam-type intro: Finite-Un simp add: multiset-fun-iff zero-less-add)
done

lemma mdiff-multiset [simp]: multiset(M —# N)
by (simp add: mdiff-def)

lemma munion-0 [simp]: multiset(M) ==> M +# 0 =M & 0 +# M =M
apply (simp add: multiset-def)

apply (auto simp add: munion-def mset-of-def)

done

lemma munion-commute: M +# N = N +# M
by (auto intro!: lam-cong simp add: munion-def)
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lemma munion-assoc: (M +# N) +# K = M +# (N +# K)
apply (unfold munion-def mset-of-def)

apply (rule lam-cong, auto)

done

lemma munion-lcommute: M +# (N +# K) = N +# (M +# K)
apply (unfold munion-def mset-of-def)

apply (rule lam-cong, auto)

done

lemmas munion-ac = munion-commute munion-assoc munion-lcommute

lemma mdiff-self-eq-0 [simp]: M —# M = 0
by (simp add: mdiff-def normalize-def mset-of-def)

lemma mdiff-0 [simp]: 0 —# M = 0
by (simp add: mdiff-def normalize-def)

lemma mdiff-0-right [simp]: multiset(M) ==> M —# 0 = M
by (auto simp add: multiset-def mdiff-def normalize-def multiset-fun-iff mset-of-def
funrestrict-def)

lemma mdiff-union-inverse2 [simp|: multiset(M) ==> M +# {#a#} —# {#a#}
=M

apply (unfold multiset-def munion-def mdiff-def msingle-def normalize-def mset-of-def)
apply (auto cong add: if-cong simp add: ItD multiset-fun-iff funrestrict-def subset-Un-iff2
[THEN iffD1])

prefer 2 apply (force intro!: lam-type)

apply (subgoal-tac [2] {r € AU{a} .2 #a ANz € A} = A)

apply (rule fun-extension, auto)

apply (drule-tac x = A Un {a} in spec)

apply (simp add: Finite-Un)

apply (force intro!: lam-type)

done

lemma mcount-type [simp,TC): multiset(M) ==> mcount(M, a) € nat
by (auto simp add: multiset-def mcount-def mset-of-def multiset-fun-iff)

lemma mcount-0 [simp]: mcount(0, a) = 0
by (simp add: mcount-def)

lemma mcount-single [simp]: mcount({#b#}, a) = (if a=b then 1 else 0)
by (simp add: mcount-def mset-of-def msingle-def )

lemma mcount-union [simp]: [| multiset(M); multiset(N) |]
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==> mcount(M +# N, a) = mcount(M, a) #+ mcount (N, a)
apply (auto simp add: multiset-def multiset-fun-iff mcount-def munion-def mset-of-def’)
done

lemma mcount-diff [simp]:

multiset(M) ==> mcount(M —# N, a) = mcount(M, a) #— mcount(N, a)
apply (simp add: multiset-def)
apply (auto dest!: not-lt-imp-le

simp add: mdiff-def multiset-fun-iff mcount-def normalize-def mset-of-def)
apply (force introl: lam-type)
apply (force intro!: lam-type)
done

lemma mcount-elem: [| multiset(M); a € mset-of (M) || ==> 0 < mcount(M, a)
apply (simp add: multiset-def, clarify)

apply (simp add: mcount-def mset-of-def)

apply (simp add: multiset-fun-iff )

done

lemma msize-0 [simp]: msize(0) = #0
by (simp add: msize-def)

lemma msize-single [simp]: msize({#a#}) = #1
by (simp add: msize-def)

lemma msize-type [simp,TC): msize(M) € int
by (simp add: msize-def)

lemma msize-zpositive: multiset(M)==> #0 $< msize(M)
by (auto simp add: msize-def intro: g-zpos-imp-setsum-zpos)

lemma msize-int-of-nat: multiset(M) ==> I n € nat. msize(M)= $# n

apply (rule not-zneg-int-of )

apply (simp-all (no-asm-simp) add: msize-type [ THEN znegative-iff-zless-0] not-zless-iff-zle
msize-zpositive)

done

lemma not-empty-multiset-imp-exist:
[| M#£0; multiset(M) || ==> Ja € mset-of (M). 0 < mcount(M, a)
apply (simp add: multiset-def )
apply (erule not-emptyE)
apply (auto simp add: mset-of-def mcount-def multiset-fun-iff)
apply (blast dest!: fun-is-rel)
done

lemma msize-eq-0-iff : multiset(M) ==> msize(M)=#0 <—> M=0
apply (simp add: msize-def, auto)
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apply (rule-tac P = setsum (%u,%v) # #0 in swap)

apply blast

apply (drule not-empty-multiset-imp-ezist, assumption, clarify)

apply (subgoal-tac Finite (mset-of (M) — {a}))

prefer 2 apply (simp add: Finite-Diff)

apply (subgoal-tac setsum (%x. $# mcount (M, ), cons (a, mset-of (M) —{a}))=#0)
prefer 2 apply (simp add: cons-Diff, simp)

apply (subgoal-tac #0 $< setsum (%x. $# mcount (M, ), mset-of (M) — {a})

)

apply (rule-tac [2] g-zpos-imp-setsum-zpos)

apply (auto simp add: Finite-Diff not-zless-iff-zle [THEN iff-sym| znegative-iff-zless-0
[THEN iff-sym])

apply (rule not-zneg-int-of [THEN bezE])

apply (auto simp del: int-of-0 simp add: int-of-add [symmetric] int-of-0 [symmetric])
done

lemma setsum-mcount-Int:
Finite(A) ==> setsum(%a. $# mcount(N, a), A Int mset-of (N))
= setsum(%a. $# mcount(N, a), A)
apply (induct rule: Finite-induct)
apply auto
apply (subgoal-tac Finite (B Int mset-of (N)))
prefer 2 apply (blast intro: subset-Finite)
apply (auto simp add: mcount-def Int-cons-left)
done

lemma msize-union [simp]:

[| multiset(M); multiset(N) || ==> msize(M +# N) = msize(M) $+ msize(N)
apply (simp add: msize-def setsum-Un setsum-addf int-of-add setsum-mcount-Int)
apply (subst Int-commute)
apply (simp add: setsum-mcount-Int)
done

lemma msize-eq-succ-imp-elem: [|msize(M)= $# succ(n); n € nat]] ==> Ja. a
€ mset-of (M)

apply (unfold msize-def)

apply (blast dest: setsum-succD)

done

lemma equality-lemma:
[| multiset(M); multiset(N); ¥ a. meount(M, a)=mcount(N, a) |]
==> mset-of (M)=mset-of (N)

apply (simp add: multiset-def)

apply (rule sym, rule equalityl)

apply (auto simp add: multiset-fun-iff mcount-def mset-of-def)

apply (drule-tac [!] z=xz in spec)

apply (case-tac [2] x € Aa, case-tac z € A, auto)

40



done

lemma multiset-equality:

[| multiset(M); multiset(N) [|[==> M=N<—>(V a. mecount(M, a)=mcount(N,
a))
apply auto
apply (subgoal-tac mset-of (M) = mset-of (N) )
prefer 2 apply (blast intro: equality-lemma)
apply (simp add: multiset-def mset-of-def)
apply (auto simp add: multiset-fun-iff)
apply (rule fun-extension)
apply (blast, blast)
apply (drule-tac * = z in spec)
apply (auto simp add: mcount-def mset-of-def)
done

lemma munion-eq-0-iff [simp]: [|multiset(M); multiset(N)||==>(M +# N =0)
<—> (M=0 & N=0)
by (auto simp add: multiset-equality)

lemma empty-eqg-munion-iff [simp]: [|multiset(M); multiset(N)||==>(0=M +#
N) <—> (M=0 &