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1 HOL: The basis of Higher-Order Logic

theory HOL

imports Pure

uses
(hologic. ML)
~~ [sre/ Tools/ IsaPlanner [ zipper. ML
~~ /src/ Tools / IsaPlanner [isand. ML
~~ | src/ Tools / IsaPlanner / rw-tools. ML
~~ [sre/ Tools/ IsaPlanner | rw-inst. ML
~~ [sre/ Provers [ project-rule. ML
~~ [sre/ Provers [ hypsubst. ML
~~ | src/ Provers [ splitter. ML
~~ | src/ Provers/ classical. ML
~~ | src/ Provers /blast. ML
~~ [sre/ Provers [ clasimp. ML
~"~ [sre/ Provers [ eqsubst. ML
~~ | src/ Provers / quantifierl . ML
(simpdata. ML)
~~ | src/ Tools [ random-word . ML
~~ [sre/ Tools | atomize-elim. ML
~~ [sre/ Tools [ induct. ML
~~ [sre/ Tools/ code [ code-name. ML
~~ [ src/ Tools [ code [ code-funcgr. ML
~~ | src/ Tools [ code/ code-thingol. ML
~~ [sre/ Tools/ code [ code-target. ML
~~ [sre/ Tools/ code [ code-package. ML
~~ [sre/ Tools /nbe. ML

begin

1.1 Primitive logic

1.1.1 Core syntax
classes type
defaultsort type
setup (( ObjectLogic.add-base-sort Q{sort type} ))
arities
fun = (type, type) type
itself :: (type) type
global
typedecl bool

judgment
Trueprop :: bool => prop ((-) 9)

consts
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Not it bool => bool
True it bool
False :: bool
arbitrary  :: a
The = ("a => bool) => "a
All 2 ("a => bool) => bool
Ez it ("a => bool) => bool
Ez1 2 ("a => bool) => bool
Let = la, 'a => b =>"b
op = = ['a, 'a] => bool
op & i [bool, bool] => bool
op | i [bool, bool] => bool
op ——> i [bool, bool] => bool
local
consts
If i [bool, 'a, 'al => 'a

1.1.2 Additional concrete syntax

notation (output)
op = (infix = 50)

abbreviation

(7 - [40] 40)

(binder ALL 10)
(binder EX 10)
(binder EX! 10)

(infix]l = 50)
(infixr & 39)
(infixr | 30)
(infixr ——> 25)

((if (-)/ then (-)/ else (-)) 10)

not-equal :: ['a, 'a] => bool (infixl ~= 50) where

notation (output)
not-equal (infix ~= 50)

notation (zsymbols)
Not (= -[40] 40) and
op & (infixr A 35) and
op | (infixr V 30) and
op ——> (infixr — 25) and
not-equal (infix # 50)

notation (HTML output)
Not (= -[40] 40) and
op & (infixr A 35) and
op | (infixr V 30) and
not-equal (infix # 50)

abbreviation (iff)

iff =t [bool, bool] => bool (infixr <—> 25) where

A<—->B==A=218

16
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notation (zsymbols)
iff (infixr «— 25)

nonterminals
letbinds letbind
case-syn cases-syn

syntax
-The 2 [pttrn, bool] => 'a ((3THE -./ -) [0, 10] 10)
-bind 2 [pttrn, 'a] => letbind ((2-=/-) 10)
i letbind => letbinds (-)
-binds it [letbind, letbinds] => letbinds  (-;/ -)
-Let :: [letbinds, 'a] => 'a ((let (-)/ in (-)) 10)
-case-syntaz:: ['a, cases-syn] => 'b ((case - of / -) 10)
-casel i ['a, 'b] => case-syn ((2-=>/-) 10)
i case-syn => cases-syn ()
-casel i [case-syn, cases-syn] => cases-syn (-/ | -)
translations
THE z. P == The (%ox. P)
-Let (-binds b bs) e == -Let b (-Let bs e)
letx =aine == Let a (%z. e)

print-translation (
(x To avoid eta— contraction of body: *)
[(The, fn [Abs abs] =>
let val (x,t) = atomic-abs-tr’ abs
in Syntax.const -The $  $ t end)]

)

syntax (zsymbols)
-casel i ['a, 'b] => case-syn ((2-=/-) 10)

notation (zsymbols)
All (binder V 10) and
Ez (binder 3 10) and
Ez! (binder 3! 10)

notation (HTML output)
All (binder V 10) and
Ez (binder 3 10) and
Ez1 (binder 3! 10)

notation (HOL)
All (binder ! 10) and
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Ez (binder ? 10) and
Ez1 (binder ?! 10)

1.1.3 Axioms and basic definitions
axioms
eq-reflection: (z=y) ==> (z==y)

refl: t = (t:'a)

ext: (Mz:'a. (fz 2'b) = gz) ==> (%z. fz) = (%oz. g z)
— Extensionality is built into the meta-logic, and this rule expresses a related

property. It is an eta-expanded version of the traditional rule, and similar to the
ABS rule of HOL

the-eq-trivial: (THE x. © = a) = (a::'a)

impl: (P==> Q) ==>P——>Q
mp: | P——>Q; P|]==>Q
defs
True-def: True == ((%ox::bool. z) = (%oz. x))
All-def: All(P) == (P = (%x. True))
Ex-def: Ex(P) ==1Q.(lz. Pz ——> Q) ——> Q
False-def:  False == (IP. P)
not-def: ~ P == P——>Fulse
and-def: P&@Q ==!R (P-——>Q——>R)——>R
or-def: P|@ ==I!R (P-—>R)——> (Q——>R) ——> R
Ez1-def: Ez1(P) == ?z. P(z)& (ly. P(y) ——> y=x)
axioms
iff: (P——>Q) ——> (Q——>P) ——> (P=Q)
True-or-False: (P=True) | (P=UFalse)
defs
Let-def: Let s f == f(s)
if-def: If Pz y == THE z:'a. (P=True ——> z=z) & (P=Fualse ——>
z=y)
finalconsts
op =
op ——>
The
arbitrary
axiomatization

undefined :: 'a
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axiomatization where
undefined-fun: undefined x = undefined

1.1.4 Generic classes and algebraic operations

class default = type +
fixes default :: 'a

class zero = type +
fixes zero :: 'a (0)

class one = type +
fixes one :: 'a (1)

hide (open) const zero one

class plus = type +
fixes plus :: 'a = 'a = 'a (infixl + 65)

class minus = type +
fixes minus :: ‘a = 'a = 'a (infixl — 65)

class uminus = type +
fixes uminus :: 'a = ‘a (— - [81] 80)

class times = type +
fixes times :: 'a = 'a = 'a (infixl x 70)

class inverse = type +
fixes inverse :: 'a = 'a
and divide :: 'a = 'a = 'a (infixl '/ 70)

class abs = type +
fixes abs :: 'a = 'a

begin

notation (zsymbols)

abs ([-[)

notation (HTML output)
abs (|-])

end

class sgn = type +

fixes sgn :: 'a = 'a

class ord = type +
fixes less-eq :: 'a = 'a = bool
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and less :: 'a = 'a = bool
begin

notation
less-eq (op <=) and
less-eq ((-/ <= -) [91, 51] 50) and
less (op <) and
less ((-/ < -) [51, 51] 50)

notation (zsymbols)
less-eq (op <) and
less-eq ((-/ < -) [51, 51] 50)

notation (HTML output)
less-eq (op <) and
less-eq ((-/ < -) [51, 51] 50)

abbreviation (input)
greater-eq (infix >= 50) where
r>=yYy=y<=z

notation (input)
greater-eq (infix > 50)

abbreviation (input)
greater (infix > 50) where
r>y=y<z

definition
Least :: ('a = bool) = 'a (binder LEAST 10) where
Least P == (THE z. Pz A (Vy. Py — less-eq z y))

end

syntax

-index! ::inder (1)
translations

(index) 1 => (index) o

typed-print-translation (
let
fun tr’ ¢ = (¢, fn show-sorts => fn T => fn ts =>

20

if T = dummyT orelse not (! show-types) andalso can Term.dest-Type T then

raise Match

else Syntax.const Syntaz.constrainC $ Syntaz.const ¢ $ Syntazx.term-of-typ

show-sorts T);

in map tr' [Q{const-syntax HOL.one}, Q{ const-syntax HOL.zero}] end;

) — show types that are presumably too general
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1.2 Fundamental rules

1.2.1 Equality

Thanks to Stephan Merz

lemma subst:
assumes ¢e¢q: s = t and p: P s
shows Pt
proof —
from eq have meta: s =t
by (rule eg-reflection)
from p show ?thesis
by (unfold meta)
qed

lemma sym: s =t ==>t = s
by (erule subst) (rule refl)

lemma ssubst: t = s ==> Ps ==> Pt
by (drule sym) (erule subst)

lemma trans: [| r=s; s=t || ==> r=t
by (erule subst)

lemma meta-eq-to-obj-eq:
assumes meq: A == B
shows A = B
by (unfold meq) (rule refl)

Useful with erule for proving equalities from known equalities.

lemma boz-equals: [| a=b; a=c; b=d || ==> c=d
apply (rule trans)

apply (rule trans)

apply (rule sym)

apply assumption+

done

For calculational reasoning:
lemma forw-subst: a = b ==> P b ==> Pa

by (rule ssubst)

lemma back-subst: P a ==> a =b ==> P b
by (rule subst)

1.2.2 Congruence rules for application

lemma fun-cong: (f::'a=>'b) = g ==> f(x)=g(z)
apply (erule subst)
apply (rule refl)

21
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done

lemma arg-cong: =y ==> f(z)=f(y)
apply (erule subst)

apply (rule refl)
done

lemma arg-cong2: [a=b;c=d] = fac=fbd
apply (erule ssubst)+

apply (rule refl)
done

lemma cong: [| f = g; (z::'a) = y |] ==> f(z) = g(y)
apply (erule subst)+
apply (rule refl)

done
1.2.3 Equality of booleans — iff

lemma iffl: assumes P ==> @ and @) ==> P shows P=(Q
by (iprover intro: iff [THEN mp, THEN mp] impI assms)

lemma iffD2: [| P=Q; Q || ==> P
by (erule ssubst)

lemma rev-iffD2: || Q; P=Q |] ==> P
by (erule iffD2)

lemma iffD1: Q = P = @ = P
by (drule sym) (rule iffD2)

lemma rev-iff D1: Q — Q@ = P — P
by (drule sym) (rule rev-iffD2)

lemma iffE:
assumes major: P=Q
and minor: [| P ——> Q; Q —> P || ==> R
shows R

by (iprover intro: minor impl major |[THEN iffD2] major [THEN iffD1])

1.2.4 True

lemma Truel: True
unfolding True-def by (rule refl)

lemma eqTruel: P ==> P = True
by (iprover intro: iffI Truel)

lemma eqTrueFE: P = True ==> P
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by (erule iffD2) (rule Truel)

1.2.5 Universal quantifier

lemma alll: assumes !!z::'a. P(z) shows ALL z. P(z)
unfolding All-def by (iprover intro: ext eqTruel assms)

lemma spec: ALL z::'a. P(z) ==> P(z)
apply (unfold All-def)

apply (rule eqTrueE)

apply (erule fun-cong)

done

lemma allE:
assumes major: ALL z. P(x)
and minor: P(z) ==> R
shows R
by (iprover intro: minor major [THEN spec])

lemma all-dupFE:
assumes major: ALL z. P(x)
and minor: || P(z); ALL z. P(z) |] ==> R
shows R
by (iprover intro: minor major major [THEN spec])

1.2.6 False

Depends upon spec; it is impossible to do propositional logic before quanti-
fiers!

lemma FalseE: False ==> P
apply (unfold False-def)

apply (erule spec)
done

lemma False-neq-True: False = True ==> P
by (erule eqTrueE [THEN FalseE))

1.2.7 Negation

lemma notl:
assumes P ==> Fulse
shows ~ P
apply (unfold not-def)
apply (iprover intro: impl assms)
done

lemma False-not-True: False ~= True
apply (rule notl)
apply (erule False-neq-True)
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done

lemma True-not-False: True ~= Fulse
apply (rule notl)
apply (drule sym)
apply (erule False-neq-True)
done

lemma notE: [| “P; P|]==> R
apply (unfold not-def)
apply (erule mp [THEN FalseE))
apply assumption
done

lemma notl2: (P = - Pa) = (P = Pa) = - P
by (erule notE [THEN notl)) (erule meta-mp)

1.2.8 Implication

lemma impE:
assumes P——>Q P Q) ==> R
shows R

by (iprover intro: assms mp)

lemma rev-mp: [| P; P ——> Q || ==> @
by (iprover intro: mp)

lemma contrapos-nn:
assumes major: ~ @
and minor: P==>(@
shows ~P
by (iprover intro: notl minor major [THEN notE))

lemma contrapos-pn:
assumes major: @
and minor: P ==> ~(Q
shows ~ P
by (iprover intro: notl minor magjor notkE)

lemma not-sym: t V= s ==> s V=1
by (erule contrapos-nn) (erule sym)

lemma eg-neg-eq-imp-neq: ||z =a;a~=b; b=y || ==>=x
by (erule subst, erule ssubst, assumption)

lemma rev-contrapos:

~

=Y

24
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assumes pg: P ==> (@
and ng: ~Q
shows ~ P
apply (rule nqg [THEN contrapos-nn))

apply (erule pq)
done

1.2.9 Existential quantifier

lemma exl: Pz ==> EX z::'a. Pz
apply (unfold Ex-def)

apply (iprover intro: alll allE impl mp)
done

lemma ezE:
assumes major: EX z::'a. P(z)
and minor: lz. P(z) ==> @
shows @
apply (rule major [unfolded Ex-def, THEN spec, THEN mp])
apply (iprover intro: impl [THEN alll] minor)
done

1.2.10 Conjunction

lemma conjl: || P; Q || ==> P&Q

apply (unfold and-def)

apply (iprover intro: impl [THEN alll] mp)
done

lemma conjunct!: [| P & Q |] ==> P
apply (unfold and-def)

apply (iprover intro: impl dest: spec mp)
done

lemma conjunct2: [| P & Q |] ==> @
apply (unfold and-def)

apply (iprover intro: impl dest: spec mp)
done

lemma conjE:

assumes major: P&Q

and minor: [| P; Q |] ==> R

shows R
apply (rule minor)
apply (rule major [THEN conjunctl])
apply (rule major [THEN conjunct2])
done

lemma context-conjl:
assumes P P ==> () shows P & @)

25
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by (iprover intro: conjl assms)

1.2.11 Disjunction

lemma disji1: P ==> P|Q
apply (unfold or-def)

apply (iprover intro: alll impI mp)
done

lemma disji2: Q ==> P|Q
apply (unfold or-def)

apply (iprover intro: alll impI mp)
done

lemma disjE:
assumes major: P|Q
and minorP: P ==> R
and minor@: Q ==> R
shows R
by (iprover intro: minorP minor@ impl
magor [unfolded or-def, THEN spec, THEN mp, THEN mp))

1.2.12 Classical logic

lemma classical:
assumes prem: “P ==> P
shows P
apply (rule True-or-False [THEN disjE, THEN eqTrueE])
apply assumption
apply (rule notl [THEN prem, THEN eqTruell)
apply (erule subst)
apply assumption
done

lemmas ccontr = FalseE [THEN classical, standard)

lemma rev-notk:
assumes premp: P
and premnot: "R ==> ~P
shows R
apply (rule ccontr)
apply (erule notE [OF premnot premp))
done

lemma notnotD: ¥~ P ==> P
apply (rule classical)

apply (erule notE)

apply assumption

26
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done

lemma contrapos-pp:
assumes pl: @
and p2: VP ==> ~(Q
shows P
by (iprover intro: classical p1 p2 notE)

1.2.13 Unique existence

lemma exiI:
assumes P a llz. P(z) ==> z=a
shows EX! z. P(z)
by (unfold Exi-def, iprover intro: assms exl conjl alll impI)

Sometimes easier to use: the premises have no shared variables. Safe!

lemma ez-exil:
assumes ez-prem: EX z. P(z)
and eq: !z y. [| P(z); P(y) |] ==> 2=y
shows EX! z. P(z)
by (iprover intro: ex-prem [THEN exE] ex1I eq)

lemma exIFE:
assumes major: EX! z. P(z)
and minor: lz. [| P(x); ALL y. P(y) ——> y=x || ==> R
shows R
apply (rule major [unfolded Fx1-def, THEN exE])
apply (erule conjE)
apply (iprover intro: minor)
done

lemma exl-implies-ex: EX! z. Pz ==> EX x. Px
apply (erule ex1E)

apply (rule exI)

apply assumption

done

1.2.14 THE: definite description operator

lemma the-equality:

assumes prema: P a

and premz: lz. Pz ==> z=a

shows (THE z. P z) = a
apply (rule trans [OF - the-eg-trivial))
apply (rule-tac f = The in arg-cong)
apply (rule ext)
apply (rule iffI)

apply (erule premx)
apply (erule ssubst, rule prema)
done

27



THEORY “HOL” 28

lemma thel:
assumes P ¢ and !lz. Pz ==> z=a
shows P (THE z. P z)
by (iprover intro: assms the-equality [THEN ssubst])

lemma thel” EX! z. Pz ==> P (THE z. P 1)
apply (erule ex1E)

apply (erule thel)

apply (erule ollE)

apply (erule mp)

apply assumption

done

lemma thel2:
assumes Pallz. Pz ==>z=allz. Pz ==> Q=
shows @) (THE z. P x)

by (iprover intro: assms thel)

lemma thellI2: assumes EX! z. Pz Az. Pz = @ z shows @ (THE z. P )
by (iprover intro:assms(2) thel2|where P=P and Q=Q)] ex1E[OF assms(1)]
elim:allE impE)

lemma thel-equality [elim?]: [| EX!z. Px; Pa || ==> (THE z. Px2) = a
apply (rule the-equality)
apply assumption
apply (erule ex1E)
apply (erule all-dupE)
apply (drule mp)
apply assumption
apply (erule ssubst)
apply (erule allE)
apply (erule mp)
apply assumption

done

lemma the-sym-eg-trivial: (THE y. x=y) = =
apply (rule the-equality)
apply (rule refl)

apply (erule sym)
done

1.2.15 Classical intro rules for disjunction and existential quan-
tifiers

lemma disjCI:
assumes ~ () ==> P shows P|(Q
apply (rule classical)
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apply (iprover intro: assms disjl1 disjI2 notl elim: notE)
done

lemma ezcluded-middle: ~P | P
by (iprover intro: disjCI)

case distinction as a natural deduction rule. Note that — P is the second
case, not the first

lemma case-split-thm:

assumes preml: P ==> @
and prem2: P ==> @
shows @

apply (rule excluded-middle [THEN disjE])

apply (erule prem2)

apply (erule prem1)

done

lemmas case-split = case-split-thm [case-names True False]

lemma impCE:
assumes major: P——>@
and minor: YP ==> R ) ==> R
shows R
apply (rule excluded-middle [of P, THEN disjE])
apply (iprover intro: minor major [THEN mp])+
done

lemma impCE":
assumes major: P——>@
and minor:  ==> R ~P ==> R
shows R
apply (rule excluded-middle [of P, THEN disjE))
apply (iprover intro: minor major [THEN mp])+

done
lemma iffCE:
assumes major: P=Q
and minor: [| P; Q |]==> R [| “P; Q|| ==> R
shows R

apply (rule major [THEN iffE])
apply (iprover intro: minor elim: impCE notE)
done

lemma exCI:
assumes ALL z. ~“P(z) ==> P(a)
shows EX z. P(x)

apply (rule ccontr)
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apply (iprover intro: assms exI alll notl notE [of Jx. P x])
done

1.2.16 Intuitionistic Reasoning

lemma impE":
assumes [: P ——> @
and 2: Q ==> R
and 8: P ——> Q ==> P
shows R
proof —
from % and 1 have P .
with 7 have @ by (rule impE)
with 2 show R .
qed

lemma allE":

assumes [: ALLz. Pz

and 2: Px ==> ALLz. Pz ==> @

shows @
proof —

from 1 have P z by (rule spec)

from this and 1 show @ by (rule 2)
qed

lemma notE":

assumes 1: ¥ P

and 2: ¥ P ==> P

shows R
proof —

from 2 and I have P .

with 7 show R by (rule notE)
qed

lemma TrueE: True ==> P ==> P .
lemma notFalseE: ~ False ==> P ==> P .

lemmas [Pure.elim!] = disjE iffE FalseE conjE exE TrueE notFalseE
and [Pure.intro!] = iffT conjl impI Truel notl alll refl
and [Pure.elim 2] = allE notE’ impE’
and [Pure.intro] = exl disjI2 disjl1

lemmas [trans] = trans
and [sym] = sym not-sym

and [Pure.elim?] = iffD1 iffD2 impE

use hologic. ML
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1.2.17 Atomizing meta-level connectives

lemma atomize-all [atomize]: (Nz. P z) == Trueprop (ALL x. P z)
proof

assume llz. Pz

then show ALL z. Pz ..
next

assume ALL z. P x

then show !lz. P z by (rule allF)

qed
lemma atomize-imp [atomize]: (A ==> B) == Trueprop (A ——> B)
proof
assume 7 A ==> B
show A ——> B by (rule impI) (rule r)
next

assume A ——> B and A
then show B by (rule mp)

qed
lemma atomize-not: (A ==> False) == Trueprop (~A)
proof
assume 7: A ==> Fulse
show ~ A by (rule notl) (rule r)
next

assume ~4 and A
then show Fulse by (rule notE)

qed
lemma atomize-eq [atomize]: (x == y) == Trueprop (z = y)
proof
assume r == y
show z = y by (unfold «x == ) (rule refl)
next

assume z = gy
then show z == y by (rule eg-reflection)
qed

lemma atomize-conj [atomize]:
includes meta-conjunction-syntax
shows (4 && B) == Trueprop (A & B)
proof
assume conj: A && B
show A & B
proof (rule conjl)
from conj show A by (rule conjunctionD1)
from conj show B by (rule conjunctionD2)
qed
next
assume conj: A & B
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show A && B
proof —
from conj show A4 ..
from conj show B ..
qed
qed

lemmas [symmetric, rulify] = atomize-all atomize-imp
and [symmetric, defn] = atomize-all atomize-imp atomize-eq

1.2.18 Atomizing elimination rules

setup AtomizeElim.setup

lemma atomize-exL[atomize-elim]: (lz. P x ==> Q) == ((EX z. Pz) ==> Q)
by rule iprover+

lemma atomize-conjLlatomize-elim|: (A ==> B ==> () == (A & B ==> ()
by rule iprover+

lemma atomize-disjL[atomize-elim]: (A ==> C) ==> (B ==> () ==> ()
== ((A| B==> () ==> C)
by rule iprover+

lemma atomize-elimL[atomize-elim]: (!B. (A ==> B) ==> B) == Trueprop A

1.3 Package setup

1.3.1 Classical Reasoner setup

lemma imp-elim: P ——> Q ==> (¥ R ==> P) ==> (Q ==> R) ==> R
by (rule classical) iprover

lemma swap: ~ P ==> (¥ R ==> P) ==> R
by (rule classical) iprover

lemma thin-refi:
AX. [ z=z; PROP W | = PROP W .

ML
structure Hypsubst = HypsubstFun(
struct
structure Simplifier = Simplifier
val dest-eq = HOLogic.dest-eq
val dest-Trueprop = HOLogic.dest-Trueprop
val dest-imp = HOLogic.dest-imp
val eq-reflection = @Q{thm eg-reflection}
val rev-eg-reflection = Q{thm meta-eq-to-obj-eq}
val imp-intr = Q{thm impl}
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val rev-mp = Q{thm rev-mp}
val subst = @Q{thm subst}
val sym = @Q{thm sym}
val thin-refl = Q{thm thin-refl};
end);
open Hypsubst;

structure Classical = ClassicalFun(
struct

val imp-elim = Q{thm imp-elim}

val not-elim = Q{thm notE}

val swap = Q{thm swap}

val classical = @Q{thm classical}

val sizef = Drule.size-of-thm

val hyp-subst-tacs = [Hypsubst.hyp-subst-tac]
end);

structure BasicClassical: BASIC-CLASSICAL = Classical;
open BasicClassical,;

ML-Context.value-antiq claset
(Scan.succeed (claset, Classical.local-claset-of (ML-Context.the-local-contezt ())));

structure ResAtpset = NamedThmsFun(val name = atp val description = ATP
rules);

structure ResBlacklist = Named ThmsFun(val name = noatp val description = The-
orems blacklisted for ATP);

)

ResBlacklist holds theorems blacklisted to sledgehammer. These theorems
typically produce clauses that are prolific (match too many equality or mem-
bership literals) and relate to seldom-used facts. Some duplicate other rules.

setup (
let
(xprevent substitution on boolx)
fun hyp-subst-tac’ i thm = if i <= Thm.nprems-of thm andalso
Term.exists-Const (fn (op =, Type (-, [T, -])) => T <> Type (bool, []) | - =>
false)
(nth (Thm.prems-of thm) (i — 1)) then Hypsubst.hyp-subst-tac i thm else
no-tac thm;
mn
Hypsubst.hypsubst-setup
#> ContextRules.addSWrapper (fn tac => hyp-subst-tac’ ORELSE' tac)
#> Classical.setup
#> ResAtpset.setup
#> ResBlacklist.setup
end

)
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declare iffI [intro!]
and notl [intro!]
and impl [intro!]
and disjCI [intro!]
and congl [intro!]
and Truel [intro!]
and refl [intro!]

declare iffCE [elim!]
and FalseE [elim!]
and impCE [elim!]
and disjE [elim!]
and conjE [elim!]
and conjE [elim!]

declare ez-exll [intro!]
and alll [intro!]
and the-equality [intro]
and ez! [intro]

declare ezE [elim!]
allE [elim)]

ML ( val HOL-cs = @{claset} ))

lemma contrapos-np: ~ Q@ ==> (~ P ==> Q) ==> P
apply (erule swap)
apply (erule (1) meta-mp)
done

declare ez-exII [rule del, intro! 2]
and exl1] [intro]

lemmas [intro?] = ext
and [elim?] = exI-implies-ex

lemma alt-ex1E [elim!]:
assumes major: 3!lz. P x
and prem: Az. [ Pz;Vyy . PyAPy —y=y'] =R
shows R
apply (rule ex1E [OF magjor))
apply (rule prem)
apply (tactic { ares-tac @{thms alll} 1 )))+
apply (tactic { etac (Classical.dup-elim Q{thm allE}) 1))
apply iprover
done

34



THEORY “HOL” 35

ML
structure Blast = BlastFun
(
type claset = Classical.claset
val equality-name = Q{ const-name op =}
val not-name = @Q{ const-name Not}
val notE = @{thm notE}
val ccontr = @Q{thm ccontr}
val contr-tac = Classical.contr-tac
val dup-intr = Classical.dup-intr
val hyp-subst-tac = Hypsubst.blast-hyp-subst-tac
val claset = Classical.claset
val rep-cs = Classical.rep-cs
val cla-modifiers = Classical.cla-modifiers
val cla-meth’ = Classical.cla-meth’
)i
val Blast-tac = Blast.Blast-tac;
val blast-tac = Blast.blast-tac;

)

setup Blast.setup

1.3.2 Simplifier

lemma eta-contract-eq: (%s. fs) = f ..

lemma simp-thms:

shows not-not: (™ ) =
nd Noteeg 1+ (“P) - () = (P = Q)
and

(P~=Q)=(P=("Q))

(P|~P)= True (~P|P)= True

(z =) = True
and not-True-eq-False: (— True) = False
and not-False-eq-True: (- False) = True

and
(~YP)~=P P~=("P)
(True=P) = P

and eq-True: (P = True) = P

and (False=P) = (™ P)

and eq-False: (P = False) = (— P)

and
(True ——> P) = P (False ——> P) = True
(P ——> True) = True (P ——> P) = True
(P ——> False) = (YP) (P ——> ~P) = ("P)
(P & True) = P (True & P) =P
(P & False) = False (False & P) = False
(P&P) =P (P& (P& Q)=(PkQ)
(P & ~P) = False (P & P) = False
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(P | True) = True (True | P) = True

(P | False) = P (False | P) =P

(P|P) =P (P|(P|Q)=(P|Q)and
(ALLz. P)=P (EXxz. P)=P EXuz. 2=t EXz. t=z

— needed for the one-point-rule quantifier simplification procs
— essential for termination!! and
NP. (EX z. z=t & P(x)) = P(t)
NP. (EX z. t=x & P(x)) = P(t)
"P. (ALL z. z=t ——> P(z)) = P(t)
"P. (ALL z. t=x ——> P(z)) = P(t)
by (blast, blast, blast, blast, blast, iprover+)

lemma disj-absorb: (A | A) = A
by blast

lemma disj-left-absorb: (A | (A | B)) = (A | B)
by blast

lemma conj-absorb: (A & A) =
by blast

lemma conj-left-absorb: (A & (A & B)) = (A & B)
by blast

lemma eg-ac:
shows eg-commute: (a=b) = (b=a)
and eg-left-commute: (P=(Q=R)) = (Q=(P=R))
and eg-assoc: ((P=Q)=R) = (P ( R)) by (iprover, blast+)
lemma neg-commute: (a~=b) = (b~=a) by iprover

lemma conj-comms:
shows conj-commute: (P& Q) = (Q&P)
and cong-left-commute: (P&(Q&R)) = (Q&(P&R)) by iprover+
lemma conj-assoc: ((P&Q)&R) = (P&(Q&R)) by iprover

lemmas conj-ac = conj-commute conj-left-commute conj-assoc
lemma disj-comms:
shows disj-commute: (P|Q) = (Q|P)
and disj-left-commute: (P|(Q|R)) = (Q|(P|R)) by iprover+
lemma disj-assoc: ((P|Q)|R) = (P|(Q|R)) by iprover

lemmas disj-ac = disj-commute disj-left-commute disj-assoc

lemma conj-disj-distribL: (P&(Q|R)) = (P&Q | P&R) by iprover
lemma conj-disj-distribR: ((P|Q)&R) = (P&R | Q&R) by iprover

lemma disj-conj-distribL: (P|(Q&R)) = ((P|Q) & (P|R)) by iprover
lemma disj-conj-distribR: ((P&Q)|R) = ((P|R) & (Q|R)) by iprover
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lemma imp-conjR: (P ——> (Q&R)) = (P——>Q) & (P——>R)) by iprover
lemma imp-conjL: (P&Q) ——>R) = (P —> (Q ——> R)) by iprover
lemma imp-disjL: ((P|Q) ——> R) = (P——>R)&(Q——>R)) by iprover

These two are specialized, but imp-disj-not! is useful in Auth/Yahalom.
lemma imp-disj-notl: (P ——> Q | R) = (YQ ——> P ——> R) by blast
lemma imp-disj-not2: (P ——> Q | R) = ("R ——> P ——> Q) by blast

lemma imp-disj1: (P——>Q)|R) = (P——> Q|R) by blast
lemma imp-disj2: (Q|(P——>R)) = (P——> Q|R) by blast

lemma imp-cong: (P = P') ==> (P'==> (Q = Q') ==> (P ——> Q) = (P’
-——> Q)
by iprover

lemma de-Morgan-disj: (Y (P | Q)) = (TP & ~ Q) by iprover

lemma de-Morgan-conj: (~(P & Q)) = (¥P | ~Q) by blast
lemma not-imp: (Y (P ——> @Q)) = (P & ~ Q) by blast
lemma not-iff: (P~=Q) = (P = (NQ)) blast

lemma disj-notl: (VP | Q) = ( -

lemma disj-not2: (P | ~Q) = (Q ——
by blast

lemma imp-conv-disj: (P ——> Q) = ((~P) | Q) by blast

by
Q) by blast
P) — changes orientation :-(

lemma iff-conv-conj-imp: (P = Q) = (P ——> Q) & (Q ——> P)) by iprover

lemma cases-simp: (P ——> Q) & ("P ——> Q)) = Q
— Avoids duplication of subgoals after split-if, when the true and false
— cases boil down to the same thing.
by blast

lemma not-all: (~ (! z. P(z)))
lemma imp-all: ((! z. P x) —
lemma not-ex: (~ (7 z. P(x)))
lemma imp-ex: ((¢ z. P z) —
lemma all-not-ex: (ALL z. P x

= (? 2.~ P(z)) by blast

-> Q) = (?ZL’ Pz ——> Q) by blast
= (! z.~P(z)) by iprover

—> Q)= (2. Pz ——> Q) by iprover
)= (~ (EXz.~ Pz )) by blast

declare All-def [noatp]

lemma ez-disj-distrib: (¢ z. P(z) | Q(z)) = (?z. P(x)) | (? 2. Q(z))) by iprover
lemma all-cong-distrib: (1z. P(z) & Q(z)) = (! z. P(z)) & (! z. Q(z))) by iprover

The & congruence rule: not included by default! May slow rewrite proofs
down by as much as 50%

lemma conj-cong:

(P=P)==>(P'==>(Q=0Q) ==>(P&Q)=(P&Q)
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by iprover

lemma rev-cong-cong:
(@=Q)==>(Q'==>(P="r))==> (P& Q)= (P& Q)
by iprover

The | congruence rule: not included by default!

lemma disj-cong:
(P=P)==>("P==>(Q=Q)==>(P]Q)=(P'Q)
by blast

if-then-else rules

lemma if-True: (if True then z else y) = x
by (unfold if-def) blast

lemma if-False: (if False then z else y) =y
by (unfold if-def) blast

lemma if-P: P ==> (if P then z else y) = z
by (unfold if-def) blast

lemma if-not-P: ¥ P ==> (if P then z else y) = y
by (unfold if-def) blast

lemma split-if: P (if Q then x else y) = (@ ——> P(z)) & (¥Q ——> P(y)))
apply (rule case-split [of Q])
apply (simplesubst if-P)
prefer 3 apply (simplesubst if-not-P, blast+)
done

lemma split-if-asm: P (if Q then z else y) = (7((Q & ~“Pz) | (YQ & ~P y)))
by (simplesubst split-if ; blast)

lemmas if-splits [noatp] = split-if split-if-asm

lemma if-cancel: (if ¢ then x else ) = x
by (simplesubst split-if ; blast)

lemma if-eq-cancel: (if © = y then y else ) = x
by (simplesubst split-if, blast)

lemma if-bool-eq-cong: (if P then @ else R) = (P——>Q) & (YP——>R))
— This form is useful for expanding ifs on the RIGHT of the ==> symbol.
by (rule split-if )

lemma if-bool-eq-disj: (if P then Q else R) = ((P&Q) | (YP&R))
— And this form is useful for expanding ifs on the LEFT.
apply (simplesubst split-if , blast)
done
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lemma Eq-Truel: P ==> P == True by (unfold atomize-eq) iprover
lemma Eg-Falsel: ¥ P ==> P == Fulse by (unfold atomize-eq) iprover

let rules for simproc
lemma Let-folded: fx = gx = Letxf = Letxz g
by (unfold Let-def)

lemma Let-unfold: fo = g = Letzf =g
by (unfold Let-def)

The following copy of the implication operator is useful for fine-tuning con-
gruence rules. It instructs the simplifier to simplify its premise.

constdefs
simp-implies :: [prop, prop] => prop (infixr =simp=> 1)
[code func del]: simp-implies = op ==>

lemma simp-impliesl:
assumes PQ: (PROP P = PROP Q)
shows PROP P =simp=> PROP @
apply (unfold simp-implies-def)
apply (rule PQ)
apply assumption
done

lemma simp-impliesE:
assumes PQ: PROP P =simp=> PROP @
and P: PROP P
and QR: PROP Q — PROP R
shows PROP R
apply (rule QR)
apply (rule PQ [unfolded simp-implies-def])
apply (rule P)
done

lemma simp-implies-cong:

assumes PP’ :PROP P == PROP P’

and P'QQ": PROP P' ==> (PROP Q == PROP Q')

shows (PROP P =simp=> PROP Q) == (PROP P’ =simp=> PROP Q")
proof (unfold simp-implies-def, rule equal-intr-rule)

assume PQ: PROP P — PROP @

and P": PROP P’

from PP’ [symmetric] and P’ have PROP P

by (rule equal-elim-rulel)

then have PROP @ by (rule PQ)

with P'QQ’ [OF P'| show PROP Q' by (rule equal-elim-rulel)
next

assume P'Q": PROP P’ = PROP Q'
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and P: PROP P
from PP’ and P have P PROP P’ by (rule equal-elim-rulel)
then have PROP Q' by (rule P'Q’)
with P’'QQ’ [OF P’, symmetric] show PROP @
by (rule equal-elim-rulel)
qed

lemma uncurry:
assumes P — @ — R
shows P A Q — R
using assms by blast

lemma iff-alll:
assumes Az. Pz = Qz
shows (Vz. Pz) = (V. Q 1)
using assms by blast

lemma iff-exl:
assumes A\z. Pz = Q z
shows (Jz. Pz) = (3. Q z)
using assms by blast

lemma all-comm:
Vzy. Pzxy)= NVyz. Pay)
by blast

lemma ex-comm:
(Hzy. Pzy)=(3yz. Pxy)
by blast

use simpdata. ML
ML { open Simpdata ))

setup (
Simplifier.method-setup Splitter.split-modifiers
#> Simplifier.map-simpset (K Simpdata.simpset-simprocs)
#> Splitter.setup
#> clasimp-setup
#> EqSubst.setup

)

Simproc for proving (y = z) == False from premise ~(z = y):

simproc-setup neq (z = y) = { fn - =>
let
val neg-to-EQ-False = Q{thm not-sym} RS Q{thm Eq-Falsel};
fun is-neq eq lhs rhs thm =
(case Thm.prop-of thm of
-$ (Not $ (eq' $1"$ r')) =>
Not = HOLogic.Not andalso eq’ = eq andalso
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r' aconv lhs andalso 1’ aconv rhs

| - => false);

fun proc ss ct =
(case Thm.term-of ct of
eq $ lhs $ rhs =>
(case find-first (is-neq eq lhs rhs) (Simplifier.prems-of-ss ss) of
SOME thm => SOME (thm RS neg-to-EQ-False)

| NONE => NONE)

| - => NONE);

in proc end;

)

simproc-setup let-simp (Let z f) = (
let
val (f-Let-unfold, x-Let-unfold) =
let val [(-$(f$z)$-)] = prems-of @Q{thm Let-unfold}
in (cterm-of @{theory} f, cterm-of @Q{theory} x) end
val (f-Let-folded, x-Let-folded) =
let val [(-$(f$2)$-)] = prems-of @{thm Let-folded}
in (cterm-of @{theory} f, cterm-of @Q{theory} x) end;
val g-Let-folded =
let val [(-$-$(¢%-))] = prems-of @Q{thm Let-folded} in cterm-of Q{theory} ¢
end;

fun proc - ss ct =
let
val ctzt = Simplifier.the-context ss;
val thy = ProofContext.theory-of ctxt;
val t = Thm.term-of ct;
val ([t'], ctat’) = Variable.import-terms false [t] ctat;
in Option.map (hd o Variable.export ctat’ ctxt o single)
(case t’ of Const (Let,-) $ © $ f => (x x and f are already in normal form *)
if is-Free © orelse is-Bound x orelse is-Const x
then SOME @{thm Let-def}
else
let
val n = case f of (Abs (z,-,-)) => x| - => x;
val cx = cterm-of thy x;
val {T=xzT,...} = rep-cterm cz;
val cf = cterm-of thy f;
val fr-g = Simplifier.rewrite ss (Thm.capply cf cx);
val (-$-$g) = prop-of fr-g;
val g’ = abstract-over (z,9);
in (if (g aconv g’)
then
let
val rl =
cterm-instantiate [(f-Let-unfold,cf),(x-Let-unfold,cx)] Q{thm
Let-unfold};



THEORY “HOL” 42

in SOME (rl OF |[fz-g]) end
else if Term.betapply (f,x) aconv g then NONE (xavoid identity
conversionx)
else let
val abs-g'= Abs (n,zT,q");
val g’z = abs-g'$z;
val g-g't = symmetric (beta-conversion false (cterm-of thy g'z));
val rl = cterm-instantiate
[(f-Let-folded,cterm-of thy f),(x-Let-folded,cz),
(g-Let-folded ,cterm-of thy abs-g')]
Q@Q{thm Let-folded};
in SOME (rl OF [transitive fr-g g-g'x])
end)
end
| - => NONE)
end
in proc end )

lemma True-implies-equals: (True = PROP P) = PROP P
proof
assume True = PROP P
from this [OF Truel] show PROP P .
next
assume PROP P
then show PROP P .
qged

lemma ex-simps:

NP Q. (EXz. Pz & Q) ((EX:L' Pz) & Q)
WP Q. (EXz. P& Qu) = (P& (EXz. Q1))
WP Q. (EXz. Pz| Q) = ((EXu=. Pw)|Q§

(

(
"PQ.(EXz.P|Qz) =(P|(EXz. Qx)
WP Q. (EXz. Pz —> Q)= ((ALLz. Pz) ——> Q)
WPQ.(EXz. P—>Quz)=(P —> (EXz. Q)
— Miniscoping: pushing in existential quantifiers.
by (iprover | blast)+

lemma all-simps:

"WPQ.(ALLz. Pz & Q) = ((ALLz. Pz) & Q)
"PQ.(ALLz. P& Qz) = (P & (ALL z. Q z))
"PQ.(ALLz. Pz | Q) ((ALL z. Px) | Q)
"PQ.(ALLz. P | Qz) = (P | (ALLz. Qz))

"P Q. (ALLz. Pz —> Q) = (EX z. Pz) ——> @)
WP Q. (ALLz. P —> Quz) = (P —> (ALL z. Q 7))
— Miniscoping: pushing in universal quantifiers.

by (iprover | blast)+

lemmas [simp] =
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triv-forall-equality
True-implies-equals
if-True

if-False

if-cancel
if-eq-cancel
imp-disjL

cong-assoc
disj-assoc
de-Morgan-conj
de-Morgan-disj
imp-disj1
imp-disj2
not-imp
disj-not1

not-all

not-ex
cases-simp
the-eq-trivial
the-sym-eq-trivial
ex-simps
all-simps
simp-thms

lemmas [cong] = imp-cong simp-implies-cong
lemmas [split] = split-if

ML ( val HOL-ss = Q{simpset} ))

Simplifies x assuming c and y assuming c

lemma if-cong:
assumes b = ¢
and c =z = u
and ~c=y =v
shows (if b then z else y) = (if ¢ then u else v)
unfolding if-def using assms by simp

Prevents simplification of x and y: faster and allows the execution of func-
tional programs.

lemma if-weak-cong [cong]:
assumes b = ¢
shows (if b then z else y) = (if ¢ then x else y)
using assms by (rule arg-cong)

Prevents simplification of t: much faster

lemma let-weak-cong:
assumes a = b
shows (let z = aintz) = (letx = b intx)
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using assms by (rule arg-cong)

To tidy up the result of a simproc. Only the RHS will be simplified.

lemma eg-cong?2:
assumes u = u’
shows (t = u) = (t = u’)
using assms by simp

lemma if-distrib:
I (if ¢ then z else y) = (if ¢ then f x else f y)
by simp

This lemma restricts the effect of the rewrite rule u=v to the left-hand side
of an equality. Used in {Integ,Real}/simproc. ML

lemma restrict-to-left:
assumes © = y
shows (z = z) = (y = 2)
using assms by simp

1.3.3 Generic cases and induction

Rule projections:

ML {

structure ProjectRule = ProjectRuleFun

(
val conjunct] = @Q{thm conjunctl };
val conjunct2 = Q{thm conjunct2};
val mp = @Q{thm mp};

)

»

constdefs
induct-forall where induct-forall P ==V z. P x
induct-implies where induct-implies A B == A — B
induct-equal where induct-equal x y == =y

induct-conj where induct-conj A B == A A B

lemma induct-forall-eq: (Nxz. P x) == Trueprop (induct-forall (Az. P x))
by (unfold atomize-all induct-forall-def)

lemma induct-implies-eq: (A ==> B) == Trueprop (induct-implies A B)
by (unfold atomize-imp induct-implies-def)

lemma induct-equal-eq: (x == y) == Trueprop (induct-equal x y)
by (unfold atomize-eq induct-equal-def)

lemma induct-conj-eq:
includes meta-conjunction-syntax
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shows (4 && B) == Trueprop (induct-conj A B)
by (unfold atomize-conj induct-conj-def)

lemmas induct-atomize = induct-forall-eq induct-implies-eq induct-equal-eq induct-conj-eq
lemmas induct-rulify [symmetric, standard] = induct-atomize
lemmas induct-rulify-fallback =

induct-forall-def induct-implies-def induct-equal-def induct-conj-def

lemma induct-forall-conj: induct-forall (Ax. induct-conj (A z) (B z)) =
induct-conj (induct-forall A) (induct-forall B)
by (unfold induct-forall-def induct-conj-def) iprover

lemma induct-implies-conj: induct-implies C' (induct-conj A B) =
induct-conj (induct-implies C' A) (induct-implies C' B)
by (unfold induct-implies-def induct-conj-def) iprover

lemma induct-conj-curry: (induct-conj A B ==> PROP C) == (A ==> B ==>
PROP ()
proof

assume r: induct-conj A B ==> PROP C and A B

show PROP C by (rule r) (simp add: induct-conj-def (A «B))
next

assume r: A ==> B ==> PROP C and induct-conj A B

show PROP C by (rule r) (simp-all add: <induct-conj A B> [unfolded induct-congj-def))
qged

lemmas induct-conj = induct-forall-conj induct-implies-conj induct-conj-curry

hide const induct-forall induct-implies induct-equal induct-conj

Method setup.

ML (
structure Induct = InductFun
(
val cases-default = Q{thm case-split}
val atomize = Q{thms induct-atomize}
val rulify = Q{thms induct-rulify}
val rulify-fallback = Q{thms induct-rulify-fallback}
)i
»

setup Induct.setup

1.4 Other simple lemmas and lemma duplicates

lemma Let-0 [simp]: Let 0 f = f 0
unfolding Let-def ..
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lemma Let-1 [simp]: Let 1 f = f 1
unfolding Let-def ..

lemma exl-eq [iff]: EX!z. 2 =t EX!z. t ==z
by blast+

lemma choice-eq: (ALL z. EX!y. Pz y) = (EX! f. ALLz. Pz (fz))
apply (rule iffI)
apply (rule-tac a = %x. THE y. P z y in exl])
apply (fast dest!: thel’)
apply (fast intro: ext thel-equality [symmetric])
apply (erule ex1E)
apply (rule alll)
apply (rule ex1l)
apply (erule spec)
apply (erule-tac x = %z. if z = x then y else f z in allE)
apply (erule impE)
apply (rule alll)

apply (rule-tac P = za = z in case-split-thm)

apply (drule-tac [3] x = x in fun-cong, simp-all)

done

lemma mk-left-commute:
fixes f (infix ® 60)
assumes a: Nz yz. (2 Qy)®z=2 8 (y ® 2z) and
c Ny r®@y=y®z
shows 2 ® (y ® 2) =y ® (z ® 2)
by (rule trans [OF trans [OF c a] arg-cong [OF ¢, of f y]])

lemmas eg-sym-conv = eq-commute

lemma nnf-simps:
()ﬂ(PAQ)):(ﬂPVﬂQ)(ﬂ(PVQ)):(ﬂPAﬂQ)(P—%)):(ﬂPV

Q
(P=Q)=(PNQV(EPA=Q)((P=Q)=(PA=Q)V (=P AQ))
(- ~(P) = P

by blast+

1.5 Basic ML bindings

ML (

val FalseE = Q{thm FalseE}

val Let-def = Q{thm Let-def}

val Truel = Q{thm Truel}

val ollE = @Q{thm allE'}

val alll = Q{thm alll}

val all-dupE = @Q{thm all-dupE'}
val arg-cong = Q{thm arg-cong}
val boz-equals = Q{thm box-equals}
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val ccontr = @Q{thm ccontr}

val classical = Q{thm classical}

val conjE = @Q{thm conjE}

val congl = @{thm conjl'}

val conjunct] = Q{thm conjunctl}

val conjunct2 = Q{thm conjunct2}

val disjCI = Q{thm disjCI'}

val disjE = @{thm disjE}

val disjI1 = @Q{thm disjI1}

val disjI2 = Q{thm disjI2}

val eq-reflection = Q{thm eg-reflection}
val exlE = Q{thm ex1E}

val exl] = Q{thm ex1l}

val ex1-implies-ex = Q{thm exl-implies-ex}
val exE = Q{thm exE}

val ex] = @Q{thm exI}

val excluded-middle = Q{thm excluded-middle}
val ext = Q{thm ext}

val fun-cong = Q{thm fun-cong}

val iffD1 = Q{thm iffD1}

val iffD2 = Q{thm iffD2}

val iffT = Q{thm iffT}

val impE = Q{thm impE}

val impl = @Q{thm impl}

val meta-eq-to-obj-eq = Q{thm meta-eq-to-obj-eq}
val mp = Q{thm mp}

val notE = Q{thm notE}

val notl = @Q{thm notl}

val not-all = @Q{thm not-all}

val not-ex = Q{thm not-ex}

val not-iff = Q{thm not-iff }

val not-not = @Q{thm not-not}

val not-sym = Q{thm not-sym}

val refl = Q{thm refl}

val rev-mp = Q{thm rev-mp}

val spec = Q{thm spec}

val ssubst = Q{thm ssubst}

val subst = @Q{thm subst}

val sym = Q{thm sym}

val trans = Q{thm trans}

)

1.6 Code generator basic setup — see further Code-Setup.thy

code-datatype Trueprop prop
code-datatype TYPE('a::{})

lemma Let-case-cert:
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assumes CASE = (Az. Let z f)
shows CASE z = fz
using assms by simp-all

lemma If-case-cert:
includes meta-conjunction-syntax
assumes CASE = (Ab. If b f g)
shows (CASE True = f) && (CASE False = g)
using assms by simp-all

setup (
Code.add-case Q{thm Let-case-cert}
#> Code.add-case Q{thm If-case-cert}
#> Code.add-undefined @Q{const-name undefined}

)

class eq = type +
fixes eq :: 'a = 'a = bool
assumes eq: eq Ty «— T = ¥
begin

lemma equals-eq [code inline, code func]: op = = eq
by (rule eg-reflection) (rule ext, rule ext, rule sym, rule eq)

declare equals-eq [symmetric, code post]
end

hide (open) const eq
hide const eq

setup (
CodeUnit.add-const-alias Q{thm equals-eq}
#> CodeName.setup
#> CodeTarget.setup
#> Nbe.setup

)

lemma [code func]:
shows Fualse N\ x «—— False
and True A x «——
and z A False «<—— Fualse
and z A True «—— z by simp-all

lemma [code func]:
shows Fualse V z «—— x
and True V x «—— True
and z V False «— x
and z V True «— True by simp-all
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lemma [code func]:
shows — True «— False
and - False <« True by (rule HOL.simp-thms)+

1.7 Legacy tactics and ML bindings

ML (
fun strip-tac i« = REPEAT (resolve-tac [impl, alll] 1);

(* combination of (spec RS spec RS ...(j times) ... spec RS mp) x*)
local
fun wrong-prem (Const (All, -) $ (Abs (-, -, t))) = wrong-prem t
| wrong-prem (Bound -) = true
| wrong-prem - = false;
val filter-right = filter (not o wrong-prem o HOLogic.dest-Trueprop o hd o Thm.prems-of );
in
fun smp i = funpow i (fn m => filter-right ([spec] RL m)) ([mp]);
fun smp-tac j = EVERY '[dresolve-tac (smp j), atac];
end;

val all-cong-distrib = thm all-conj-distrib;
val all-simps = thms all-simps;

val atomize-not = thm atomize-not;

val case-split = thm case-split;

val case-split-thm = thm case-split-thm
val cases-simp = thm cases-simp;

val choice-eq = thm choice-eq

val cong = thm cong

val conj-comms = thms conj-comms;

val conj-cong = thm conj-cong;

val de-Morgan-conj = thm de-Morgan-cong;
val de-Morgan-disj = thm de-Morgan-disj;
val disj-assoc = thm disj-assoc;

val disj-comms = thms disj-comms;

val disj-cong = thm disj-cong;

val eq-ac = thms eq-ac;

val eq-cong?2 = thm eq-cong2

val Eq-Falsel = thm FEq-Falsel;

val Eq-Truel = thm Eq-Truel;

val Exl-def = thm Ex1-def

val ex-disj-distrib = thm ex-disj-distrib;
val ex-simps = thms ex-simps;

val if-cancel = thm if-cancel,;

val if-eq-cancel = thm if-eq-cancel;

val if-False = thm if-False;

val iff-conv-conj-imp = thm iff-conv-conj-imp;
val iff = thm iff

val if-splits = thms if-splits;
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val if-True = thm if-True;

val if-weak-cong = thm if-weak-cong

val imp-all = thm imp-all;

val imp-cong = thm imp-cong;

val tmp-conjL = thm imp-conjL;

val imp-conjR = thm imp-conjR;

val imp-conv-disj = thm imp-conv-disj;

val simp-implies-def = thm simp-implies-def;

val simp-thms = thms simp-thms;

val split-if = thm split-if;

val thel-equality = thm thel-equality

val thel = thm thel

val thel’ = thm thel’

val True-implies-equals = thm True-implies-equals;
val nnf-conv = Simplifier.rewrite (HOL-basic-ss addsimps simp-thms Q @Q{thms
nnf-simps})

)

end

2 Code-Setup: Setup of code generators and de-
rived tools

theory Code-Setup

imports HOL

uses ~~/src/ HOL/ Tools [ recfun-codegen. ML
begin

2.1 SML code generator setup
setup RecfunCodegen.setup

types-code
bool (bool)
attach (term-of) ((
fun term-of-bool b = if b then HOLogic.true-const else HOLogic.false-const;
»
attach (test) (
fun gen-bool i =
let val b = one-of [false, true]
in (b, fn () => term-of-bool b) end;

prop (bool)
attach (term-of) ((
fun term-of-prop b =
HOLogic.mk-Trueprop (if b then HOLogic.true-const else HOLogic.false-const);
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)

consts-code

Trueprop ((-))
True  (true)

False (false)

Not  (Bool.not)

o | (- orelse/ )

op &  ((- andalso/ -))

If ((if -/ then -/ else -))

setup (
let

fun eg-codegen thy defs gr dep thyname b t =
(case strip-comb t of
(Const (op =, Type (-, [Type (fun, -), -])), -) => NONE
| (Const (op =, ), [t, u]) =>
let
val (gr', pt) = Codegen.invoke-codegen thy defs dep thyname false (gr,

t);

u);

val (gr”, pu) = Codegen.invoke-codegen thy defs dep thyname false (gr’,

val (gr'”, -) = Codegen.invoke-tycodegen thy defs dep thyname false (gr”,
HOLogic.boolT)
m
SOME (gr'", Codegen.parens
(Pretty.block [pt, Codegen.str =, Pretty.brk 1, pu]))
end
| (t as Const (op =, -), ts) => SOME (Codegen.invoke-codegen
thy defs dep thyname b (gr, Codegen.eta-expand t ts 2))

| - => NONE);
m
Codegen.add-codegen eq-codegen eq-codegen
end

)

quickcheck-params [size = 5, iterations = 50]

Evaluation

method-setup evaluation = ({

Method.no-args (Method.SIMPLE-METHOD' (CONVERSION Codegen.evaluation-conv
THEN' rtac Truel))
) solve goal by evaluation

2.2 Generic code generator setup

using built-in Haskell equality
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code-class eq
(Haskell Eq where op = = (==))

code-const op =
(Haskell infixl 4 ==)

type bool

lemmas [code func, code unfold, code post] = imp-conv-disj

code-type bool
(SML bool)
(OCaml bool)
(Haskell Bool)

code-const True and False and Not and op & and op | and If
(SML true and false and not
and infixl 1 andalso and infixl 0 orelse

and !(if (-)/ then (-)/ else (-)))
(OCaml true and false and not
and infixl 4 && and infixl 2 ||

and !(if (-)/ then (-)/ else (-)))
(Haskell True and False and not
and infixl 3 && and infixl 2 ||

and !(if (-)/ then (-)/ else (-)))

code-reserved SML
bool true false not

code-reserved OCaml
bool not

code generation for undefined as exception

code-const undefined
(SML raise/ Fail/ undefined)
(OCaml failwith/ undefined)
(Haskell error/ undefined)

Let and If
lemmas [code func] = Let-def if-True if-False

2.3 Evaluation oracle

oracle eval-oracle (term) = {( fn thy => fnt =>
if CodePackage.satisfies thy (HOLogic.dest-Trueprop t) ||
then t
else HOLogic. Trueprop $ HOLogic.true-const (xdummyx)

)

method-setup eval = ({
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let
fun eval-tac thy =
SUBGOAL (fn (t, i) => rtac (eval-oracle thy t) i)
in
Method.ctat-args (fn ctet =>
Method.SIMPLE-METHOD' (eval-tac (ProofContext.theory-of ctat)))
end
) solve goal by evaluation

2.4 Normalization by evaluation

method-setup normalization =
Method.no-args (Method.SIMPLE-METHOD'
(CONVERSION (ObjectLogic.judgment-conv Nbe.norm-conwv)
THEN' (fn k => TRY (rtac Truel k))
)

) solve goal by normalization

end

3 Orderings: Abstract orderings

theory Orderings
imports Code-Setup
uses
~~ /src/ Provers [ order. ML
begin

3.1 Partial orders

class order = ord +
assumes less-le: t < y«—— < yAzx #£y
and order-refl [iff]: z < x
and order-trans: x <y —= y <z =1 < 2
assumes antisym: * <y = Yy < =T =Y
begin

Reflexivity.

lemma eg-refl: v =y = 2z < y
— This form is useful with the classical reasoner.
by (erule ssubst) (rule order-refl)

lemma less-irrefl [iff]: -z < z
by (simp add: less-le)

lemma le-less: x < y«——z<yVaz=y
— NOT suitable for iff, since it can cause PROOF FAILED.
by (simp add: less-le) blast
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lemma le-imp-less-or-eq: t <y =z <yVze=y
unfolding less-le by blast

lemma less-imp-le: v < y = 2z < y
unfolding less-le by blast

Useful for simplification, but too risky to include by default.
lemma less-imp-not-eq: x < y = (z = y) «— False

by auto

lemma less-imp-not-eq2: x < y = (y = ) «— False
by auto

Transitivity rules for calculational reasoning
lemma neg-le-trans: a b —= a < b= a < b
by (simp add: less-le)

lemma le-neg-trans: a < b= a# b= a < b
by (simp add: less-le)

Asymmetry.
lemma less-not-sym: z < y = - (y < z)

by (simp add: less-le antisym)

lemma less-asym: ¢ < y = (- P = y < z) = P
by (drule less-not-sym, erule contrapos-np) simp

lemma eq-iff 2 =y«— 2 <yAy<z
by (blast intro: antisym)

lemma antisym-conv: y <z —=zx < y+— =y
by (blast intro: antisym)

lemma less-imp-neq: © < y = x # y
by (erule contrapos-pn, erule subst, rule less-irrefl)

Transitivity.

lemma less-trans: < y = y < z =z < 2
by (simp add: less-le) (blast intro: order-trans antisym)

lemma le-less-trans: c <y = y < z =z < 2
by (simp add: less-le) (blast intro: order-trans antisym)

lemma less-le-trans: ¢ < y = y < z = ¢ < 2
by (simp add: less-le) (blast intro: order-trans antisym)

Useful for simplification, but too risky to include by default.
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lemma less-imp-not-less: © < y = (= y < z) «— True
by (blast elim: less-asym)

lemma less-imp-triv: z < y = (y < & — P) «— True
by (blast elim: less-asym)

Transitivity rules for calculational reasoning

lemma less-asym” a < b = b < a = P
by (rule less-asym)

Dual order

lemma dual-order:
order (op >) (op >)
by unfold-locales
(simp add: less-le, auto intro: antisym order-trans)

end

3.2 Linear (total) orders

class linorder = order +
assumes linear: t < yVy<z
begin

lemma less-linear: x < y Ve =yVy<z
unfolding less-le using less-le linear by blast

lemma le-less-linear: © < y V y < x
by (simp add: le-less less-linear)

lemma le-cases [case-names le ge]:
r<y=P)= (y<z=P)=P
using linear by blast

lemma linorder-cases [case-names less equal greater]:
t<y=P) = (r=y=P)= (y<z=P)= P
using less-linear by blast

lemma not-less: ~z <y «— y <z
apply (simp add: less-le)

using linear apply (blast intro: antisym)
done

lemma not-less-iff-gr-or-eq:
“(z<y)e—(@>ylz=y)
apply (simp add:not-less le-less)
apply blast

done
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lemma not-le: ~z <y +«— y <z
apply (simp add: less-le)

using linear apply (blast intro: antisym)
done

lemma neg-iff: z £y +— z<yVy<z
by (cut-tac © = z and y = y in less-linear, auto)

lemma negF: 2 4y —= (1 <y=— R) = (y<z = R) = R
by (simp add: neg-iff ) blast

lemma antisym-convl: "z < y=—=ax < y«— =1y
by (blast intro: antisym dest: not-less [THEN iffD1])

lemma antisym-conv2: 2 <y = " < y«— T =y
by (blast intro: antisym dest: not-less [THEN iffD1])

lemma antisym-convd: "y <z = "z < Yy+— T =y
by (blast intro: antisym dest: not-less [THEN iffD1]

Replacing the old Nat.lel
lemmalel: ~z<y=y<zx

unfolding not-less .

lemmaleD: y <z = -z <y
unfolding not-less .

lemma not-leE: —~y <z =z <y
unfolding not-le .

Dual order

lemma dual-linorder:
linorder (op >) (op >)
by unfold-locales
(simp add: less-le, auto intro: antisym order-trans simp add: linear)

min/max
for historic reasons, definitions are done in context ord

definition (in ord)
min = 'a = 'a = 'a where
[code unfold, code inline del]: min a b = (if a < b then a else b)

definition (in ord)
maz :: 'a = 'a = 'a where

[code unfold, code inline del]: maz a b = (if a < b then b else a)

lemma min-le-iff-disj:
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mnry < z+«—z<zVy<z
unfolding min-def using linear by (auto intro: order-trans)

lemma le-max-iff-disj:
z<marzry<«—z<zVz<y
unfolding maz-def using linear by (auto intro: order-trans)

lemma min-less-iff-disj:
mnry<z——z<zVy<z
unfolding min-def le-less using less-linear by (auto intro: less-trans)

lemma less-mazx-iff-disj:
z<marzy «— z<zVz<y
unfolding maz-def le-less using less-linear by (auto intro: less-trans)

lemma min-less-iff-conj [simp]:
z<minzy«— 2<zTcANz2z<y
unfolding min-def le-less using less-linear by (auto intro: less-trans)

lemma maz-less-iff-conj [simp]:
marxy < z«—r < zNy<z
unfolding maz-def le-less using less-linear by (auto intro: less-trans)

lemma split-min [noatp]:
P (minij) e (i<j— Pi)A(ni<j— Pj)
by (simp add: min-def)

lemma split-max [noatp]:
P(mazij)«— (i<j—PjHN(—i<j— Pi)
by (simp add: maz-def)

end

3.3 Reasoning tools setup
ML (

signature ORDERS =
stg

val print-structures: Proof .context —> unit

val setup: theory —> theory

val order-tac: thm list —> Proof.context —> int —> tactic
end;

structure Orders: ORDERS =
struct

(xx Theory and context data *x)

o7
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fun struct-eq ((s1: string, ts1), (s2, ts2)) =
(s1 = s2) andalso eg-list (op aconv) (tsl, ts2);

structure Data = GenericDataFun

(

type T = ((string * term list) * Order-Tac.less-arith) list;

(x Order structures:

identifier of the structure, list of operations and record of theorems
needed to set up the transitivity reasoner,
identifier and operations identify the structure uniquely. )

val empty = [];

val extend = I;

fun merge - = AList.join struct-eq (K fst);

)7

fun print-structures ctxt =
let
val structs = Data.get (Context.Proof ctat);
fun pretty-term t = Pretty.block
[Pretty.quote (Syntazx.pretty-term ctat t), Pretty.brk 1,
Pretty.str ::, Pretty.brk 1,
Pretty.quote (Syntax.pretty-typ ctxt (type-of t))];
fun pretty-struct ((s, ts), -) = Pretty.block
[Pretty.str s, Pretty.str :, Pretty.brk 1,
Pretty.enclose () (Pretty.breaks (map pretty-term ts))];
in
Pretty.writeln (Pretty.big-list Order structures: (map pretty-struct structs))
end;

(#x Method xx)

fun struct-tac ((s, [eq, le, less]), thms) prems =
let
fun decomp thy (Trueprop $ t) =
let
fun excluded t =
(x exclude numeric types: linear arithmetic subsumes transitivity *)
let val T = type-of t
m
T = HOLogic.natT orelse T = HOLogic.intT orelse T = HOLogic.realT
end;
fun rel (bin-op $ t1 $ t2) =
if excluded t1 then NONE
else if Pattern.matches thy (eq, bin-op) then SOME (t1, =, t2)
else if Pattern.matches thy (le, bin-op) then SOME (t1, <=, t2)
else if Pattern.matches thy (less, bin-op) then SOME (t1, <, t2)
else NONE
| rel - = NONE;
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fun dec (Const (Q{const-name Not}, -) $ t) = (case rel t
of NONE => NONE
| SOME (t1, rel, t2) => SOME (t1,~ " rel, t2))
| dec x = rel x;
in dec t end;
m
case s of
order => Order-Tac.partial-tac decomp thms prems
| linorder => Order-Tac.linear-tac decomp thms prems
| - => error (Unknown kind of order * ~ s * ' encountered in transitivity
reasoner.)
end

fun order-tac prems ctxt =
FIRST' (map (fn s => CHANGED o struct-tac s prems) (Data.get (Context. Proof
ctat)));

(s Attribute *x)

fun add-struct-thm s tag =
Thm.declaration-attribute
(fn thm => Data.map (AList.map-default struct-eq (s, Order-Tac.empty Truel)
(Order-Tac.update tag thm)));
fun del-struct s =
Thm.declaration-attribute
(fn - => Data.map (AList.delete struct-eq s));

val attribute = Attrib.syntax
(Scan.lift ((Args.add —— Args.name >> (fn (-, s) => SOME s) ||
Args.del >> K NONFE) ——| Args.colon (x FIXME ||
Scan.succeed true x) ) —— Scan.lift Args.name ——
Scan.repeat Args.term
>> (fn ((SOME tag, n), ts) => add-struct-thm (n, ts) tag
| (NONE, n), ts) => del-struct (n, ts)));

(xx Diagnostic command *x)

val print = Toplevel.unknown-context o
Toplevel.keep (Toplevel.node-case
(Context.cases (print-structures o ProofContext.init) print-structures)
(print-structures o Proof .context-of));

val - =
OuterSyntazx.improper-command print-orders
print order structures available to transitivity reasoner OuterKeyword.diag
(Scan.succeed (Toplevel.no-timing o print));
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(#x Setup +x)

val setup =
Method.add-methods
[(order, Method.ctxt-args (Method.SIMPLE-METHOD' o order-tac []), transi-
tivity reasoner)] #>
Attrib.add-attributes [(order, attribute, theorems controlling transitivity reasoner)];

end;

)

setup Orders.setup

Declarations to set up transitivity reasoner of partial and linear orders.

context order
begin

lemmas
[order add less-reflE: order op = :: 'a = 'a = bool op <= op <] =
less-irrefl [THEN notE)|

lemmas
[order add le-refl: order op = :: 'a => 'a => bool op <= op <] =
order-refl

lemmas
[order add less-imp-le: order op = :: 'a => 'a => bool op <= op <] =
less-imp-le

lemmas
[order add eql: order op = :: 'a => 'a => bool op <= op <] =
antisym

lemmas
[order add eqD1: order op = :: 'a => 'a => bool op <= op <] =
eq-refl

lemmas
[order add eqD2: order op = :: 'a => 'a => bool op <= op <] =
sym [THEN eq-refi]

lemmas
[order add less-trans: order op = :: 'a => "a => bool op <= op <] =
less-trans

lemmas
[order add less-le-trans: order op = :: 'a => 'a => bool op <= op <] =
less-le-trans

lemmas
[order add le-less-trans: order op = :: 'a => 'a => bool op <= op <] =
le-less-trans

lemmas
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[order add le-trans: order op = :: 'a => 'a => bool op <= op <] =

order-trans

lemmas
[order add le-neg-trans: order op = ::
le-neq-trans

lemmas
[order add neg-le-trans: order op = ::
neg-le-trans

lemmas

[order add less-imp-neq: order op = ::

less-imp-neq
lemmas

'a => 'a => bool op <= op <] =

'a => 'a => bool op <= op <] =

'a => "a => bool op <= op <] =

[order add eq-neq-eq-imp-neq: order op = :: 'a => 'a => bool op <= op <] =

eq-neq-eq-imp-neq
lemmas

[order add not-sym: order op = :: 'a => "a => bool op <= op <] =

not-sym
end

context linorder
begin

lemmas

[order del: order op = :: 'a => 'a => bool op <= op <] = -

lemmas
[order add less-reflE: linorder op = ::
less-irrefl [THEN notFE]

lemmas
[order add le-refl: linorder op = ::
order-refl

lemmas

/!

[order add less-imp-le: linorder op = ::

less-imp-le

lemmas
[order add not-lessI: linorder op = :
not-less [THEN iffD2)]

lemmas
[order add not-lel: linorder op = :: 'a
not-le [THEN iffD2]

lemmas
[order add not-lessD: linorder op = :
not-less [THEN iffD1]

lemmas

'a => "a => bool op <= op <] =

a =>"'a => bool op <= op <] =

‘a => "a => bool op <= op <] =

'a => "a => bool op <= op <] =

=> 'a => bool op <= op <] =

‘a => "a => bool op <= op <] =

order add not-leD: linorder op = :: 'a => 'a => bool op <= op <] =
der add leD: linord ! ! bool

not-le [THEN iffD1]
lemmas

[order add eql: linorder op = :: 'a => 'a => bool op <= op <] =
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antisym

lemmas
[order add eqD1: linorder op = :: 'a => 'a => bool op <= op <] =
eq-refl

lemmas
[order add eqD2: linorder op = :: 'a => 'a => bool op <= op <] =
sym [THEN eq-refl]

lemmas
[order add less-trans: linorder op = :: 'a => 'a => bool op <= op <] =
less-trans

lemmas
[order add less-le-trans: linorder op = :: 'a => 'a => bool op <= op <] =
less-le-trans

lemmas
[order add le-less-trans: linorder op = :: 'a => 'a => bool op <= op <] =
le-less-trans

lemmas
[order add le-trans: linorder op = :: 'a => 'a => bool op <= op <] =
order-trans

lemmas
[order add le-neg-trans: linorder op = :: 'a => 'a => bool op <= op <] =
le-neq-trans

lemmas
[order add neg-le-trans: linorder op = :: 'a => 'a => bool op <= op <] =
neg-le-trans

lemmas
[order add less-imp-neq: linorder op = :: 'a => 'a => bool op <= op <] =
less-imp-neq

lemmas
[order add eg-neq-eq-imp-neq: linorder op = :: 'a => 'a => bool op <= op <| =
eg-neq-eq-1mp-neq

lemmas
[order add not-sym: linorder op = :: 'a => 'a => bool op <= op <| =
not-sym

end

setup (
let

fun prp t thm = (#prop (rep-thm thm) = t);

fun prove-antisym-le sq ss ((le as Const(-,T)) $r $ s) =
let val prems = prems-of-ss ss;
val less = Const (Q{const-name less}, T);
val t = HOLogic.mk-Trueprop(le $ s $ r);
in case find-first (prp t) prems of
NONE =>
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let val t = HOLogic.mk-Trueprop(HOLogic.Not $ (less $ r § s))
in case find-first (prp t) prems of
NONE => NONE
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm linorder-class.antisym-convl }))
end
| SOME thm => SOME (mk-meta-eq(thm RS @Q{thm order-class.antisym-conv}))
end
handle THM - => NONE;

fun prove-antisym-less sqg ss (NotC $ ((less as Const(-,T)) $ r $ s)) =
let val prems = prems-of-ss ss;
val le = Const (Qf{const-name less-eq}, T);
val t = HOLogic.mk-Trueprop(le $ r § s);
in case find-first (prp t) prems of
NONE =>
let val t = HOLogic.mk-Trueprop(NotC' $ (less $ s $ 1))
in case find-first (prp t) prems of
NONE => NONE
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm linorder-class.antisym-conv3}))
end
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm linorder-class.antisym-conv2}))
end
handle THM - => NONE;

fun add-simprocs procs thy =
Simplifier.map-simpset (fn ss => ss
addsimprocs (map (fn (name, raw-ts, proc) =>
Simplifier.simproc thy name raw-ts proc) procs)) thy;
fun add-solver name tac =
Simplifier.map-simpset (fn ss => ss addSolver
mk-solver’ name (fn ss => tac (Simplifier.prems-of-ss ss) (Simplifier.the-context

55)));

m
add-simprocs |
(antisym le, [(z::'a::order) <= y], prove-antisym-le),
(antisym less, [~ (z::'a::linorder) < y|, prove-antisym-less)
]
#> add-solver Transitivity Orders.order-tac
(x Adding the transitivity reasoners also as safe solvers showed a slight
speed up, but the reasoning strength appears to be not higher (at least
no breaking of additional proofs in the entire HOL distribution, as
of & March 2004, was observed). *)

end

)

3.4 Name duplicates

lemmas order-less-le = less-le
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lemmas order-eq-refil = order-class.eq-refl

lemmas order-less-irrefl = order-class.less-irrefl

lemmas order-le-less = order-class.le-less

lemmas order-le-imp-less-or-eq = order-class.le-imp-less-or-eq
lemmas order-less-imp-le = order-class.less-imp-le

lemmas order-less-imp-not-eq = order-class.less-imp-not-eq
lemmas order-less-imp-not-eq2 = order-class.less-imp-not-eq2
lemmas order-neq-le-trans = order-class.neq-le-trans
lemmas order-le-neq-trans = order-class.le-neq-trans

lemmas order-antisym = antisym

lemmas order-less-not-sym = order-class.less-not-sym
lemmas order-less-asym = order-class.less-asym
lemmas order-eq-iff = order-class.eq-iff

lemmas order-antisym-conv = order-class.antisym-conv
lemmas order-less-trans = order-class.less-trans
lemmas order-le-less-trans = order-class.le-less-trans
lemmas order-less-le-trans = order-class.less-le-trans
lemmas order-less-imp-not-less = order-class.less-imp-not-less
lemmas order-less-imp-triv = order-class.less-imp-triv
lemmas order-less-asym’ = order-class.less-asym’

lemmas linorder-linear = linear

lemmas linorder-less-linear = linorder-class.less-linear
lemmas linorder-le-less-linear = linorder-class.le-less-linear
lemmas linorder-le-cases = linorder-class.le-cases

lemmas linorder-not-less = linorder-class.not-less

lemmas linorder-not-le = linorder-class.not-le

lemmas linorder-neq-iff = linorder-class.neq-iff

lemmas linorder-neqF = linorder-class.neqF

lemmas linorder-antisym-convl = linorder-class.antisym-convl
lemmas linorder-antisym-conv2 = linorder-class.antisym-conv2
lemmas linorder-antisym-conv3 = linorder-class.antisym-conv3

3.5 Bounded quantifiers

syntax
-All-less :: [idt, 'a, bool] => bool ((3ALL -<-./ -) [0, 0, 10] 10)
-Ez-less :: [idt, 'a, bool] => bool ((SEX -<-./ -) [0, 0, 10] 10)
-All-less-eq :: [idt, 'a, bool] => bool ((SALL -<=-./ -) [0, 0, 10] 10)
-Ex-less-eq :: [idt, 'a, bool] => bool ((3EX -<=-./ -) [0, 0, 10] 10)

-All-greater :: [idt, 'a, bool] => bool ((3ALL ->-./ -) [0, 0, 10] 10)
-Ez-greater :: [idt, 'a, bool] => bool ((3EX ->-./ -) [0, 0, 10] 10)
-All-greater-eq :: [idt, 'a, bool] => bool ((3ALL ->=-./ -) [0, 0, 10] 10)
-Ex-greater-eq :: [idt, 'a, bool] => bool ((3EX ->=-./ -) [0, 0, 10] 10)

syntax (zsymbols)
-All-less :: [idt, 'a, bool] => bool ((8V-<-./ -) [0, 0, 10] 10)
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-Ex-less :: [idt, 'a, bool] => bool ((83-<-./-) [0, 0, 10] 10)
<

translations

ALL z<y. P => ALLz.z <y — P
EXz<y. P => EXz. 2 <yAP
ALL x<=y. P => ALLz.z <=y — P
EX z<=y. P => EXz.z2 <=y AP
ALL z>y. P => ALLz.z >y — P
EXz>y. P => EXz.z2>yAP
ALL x>=y. P => ALLz.x >=y — P
EXzx>=y. P => EXz. 2 >=y AP

print-translation

let

val All-binder = Syntaz.binder-name Q{ const-syntax All};
val Ex-binder = Syntaz.binder-name Q{const-syntax Ex};
val impl = @Q{ const-syntaz op ——>};

val conj = @Q{ const-syntazx op &};

val less = Q{ const-syntaz less};

val less-eq = @{ const-syntaz less-eq};

val trans =

[((All-binder, impl, less), (-All-less, -All-greater)),
((All-binder, impl, less-eq), (-All-less-eq, -All-greater-eq)),
((Ex-binder, cong, less), (-Ex-less, -Ex-greater)),

-All-less-eq :: [idt, 'a, bool] => bool ((3V-<-./ -) [0, 0, 10] 10)
-Ex-less-eq :: [idt, 'a, bool] => bool ((33-<-./ -) [0, 0, 10] 10)
-All-greater :: [idt, 'a, bool] => bool ((3V->-./-) [0, 0, 10] 10)
-Ex-greater :: [idt, 'a, bool] => bool ((33->-./-) [0, 0, 10] 10)
-All-greater-eq :: [idt, 'a, bool] => bool ((3V->-./ -) [0, 0, 10] 10)
-Ex-greater-eq :: [idt, 'a, bool] => bool ((83->-./ -) [0, 0, 10] 10)
syntax (HOL)
-All-less :: [idt, 'a, bool] => bool  ((8! -<-./ -) [0, 0, 10] 10)
-Ex-less :: [idt, 'a, bool] => bool ((37 -<-./ -) [0, 0, 10] 10)
-All-less-eq :: [idt, 'a, bool] => bool ((3! -<=-./ -) [0, 0, 10] 10)
-Ex-less-eq :: [idt, 'a, bool] => bool ((37 -<=-./ -) [0, 0, 10] 10)
syntax (HTML output)
-All-less :: [idt, 'a, bool] => bool ((3V-<-./ -) [0, 0, 10] 10)
-Ex-less :: [idt, 'a, bool] => bool ((83-<-./-) [0, 0, 10] 10)
-All-less-eq :: [idt, 'a, bool] => bool ((8V-<-./ -) [0, 0, 10] 10)
-Ez-less-eq :: [idt, 'a, bool] => bool ((83-<-./-) [0, 0, 10] 10)
-All-greater :: [idt, 'a, bool] => bool ((3V->-./ -) [0, 0, 10] 10)
-Ex-greater :: [idt, 'a, bool] => bool ((33->-./-) [0, 0, 10] 10)
-All-greater-eq :: [idt, 'a, bool] => bool ((3V->-./ -) [0, 0, 10] 10)
-Ez-greater-eq :: [idt, 'a, bool] => bool ((83->-./ -) [0, 0, 10] 10)

65
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((Ez-binder, conj, less-eq), (-Ex-less-eq, -Ex-greater-eq))];

fun matches-bound v t =
case t of (Const (-bound, -) $ Free (v’, -)) => (v = v’)
| - => false
fun contains-var v = Term.exists-subterm (fn Free (x, -) => z = v | - => false)
fun mk v ¢ n P = Syntaz.const ¢ $ Syntax.mark-bound v $ n § P

fun tr' ¢ = (q,
fn [Const (-bound, -) $ Free (v, -), Const (c, -) $ (Const (d, -) $t$ u) $ P]
=>
(case AList.lookup (op =) trans (q, ¢, d) of
NONE => raise Match
| SOME (1, g) =>
if matches-bound v t andalso not (contains-var v u) then mk vl u P
else if matches-bound v u andalso not (contains-var v t) then mk v g t P
else raise Match)
| - => raise Match);
in [tr’ All-binder, tr' Ex-binder| end

)

3.6 Transitivity reasoning

context ord
begin

lemma ord-le-eq-trans: a < b =—= b =c=—= a < ¢
by (rule subst)

lemma ord-eq-le-trans: a = b — b < c=— a < ¢
by (rule ssubst)

lemma ord-less-eq-trans: a < b = b=c= a < ¢
by (rule subst)

lemma ord-eg-less-trans: a = b —= b < ¢c = a < ¢
by (rule ssubst)

end

lemma order-less-subst2: (a::'a::order) < b ==> fb < (¢::'ciiorder) ==>
My z<y==>fz<fy)==>fa<c
proof —
assume m: llzy. 2 < y==>fr < fy
assume a < b hence fa < fb by (rule r)
also assume fb < ¢
finally (order-less-trans) show %thesis .
qed
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lemma order-less-substl: (a::'a::order) < fb ==> (b::'brorder) < ¢ ==>
Mxy. z<y==>fz<fy)==>a<fc
proof —
assume m: llzy. z < y==>fzr < fy
assume a < fb
also assume b < ¢ hence fb < f ¢ by (rule r)
finally (order-less-trans) show %thesis .
qed

lemma order-le-less-subst2: (a::’a::order) <= b ==> fb < (c::'c:order) ==>
My z<=y==>faz<=fy)==>fa<c
proof —
assume 7: llz y. o <=y ==> fz <= fy
assume a <= b hence fa <= f b by (rule r)
also assume f b < ¢
finally (order-le-less-trans) show ?thesis .
qed

lemma order-le-less-substl: (a::'azorder) <= fb ==> (b::'b:iorder) < ¢ ==>
Ny a<y==>fz<fy ==>a<fc
proof —
assume m: lzx y. z < y==>fz < fy
assume a <= f b
also assume b < ¢ hence fb < f ¢ by (rule r)
finally (order-le-less-trans) show ?thesis .
qed

lemma order-less-le-subst2: (a::’a:order) < b ==> fb <= (c::'c:order) ==>
My z<y==>fz<fy ==>fa<c
proof —
assume m: llzy. z < y==>fr < fy
assume a < b hence fa < fb by (rule r)
also assume fb <= ¢
finally (order-less-le-trans) show ?thesis .
qed

lemma order-less-le-subst1: (a::’a::order) < fb ==> (b::'biorder) <= ¢ ==>
Nry. z<=y==>fr<=fy)==>a<fc
proof —
assume 7: llz y. 2 <=y ==> fz <= fy
assume a < f b
also assume b <= ¢ hence fb <= f ¢ by (rule r)
finally (order-less-le-trans) show ?thesis .
qed

lemma order-substl: (a::'a:order) <= fb ==> (b::'b:order) <= ¢ ==>
Ny z<=y==>fo<=fy) ==>a<=fc

proof —
assume m lzy. o <=y ==> fz <=fy
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assume a <= f b
also assume b <= ¢ hence fb <= f ¢ by (rule r)
finally (order-trans) show ?Zthesis .

qed

lemma order-subst2: (a::'a:order) <= b ==> fb <= (c::'c:order) ==>

My z<=y==>fz<=fy)==>fa<=c
proof —
assume 7 llz y. z <=y ==> fz <= fy
assume a <= b hence fa <= f b by (rule r)
also assume fb <= ¢
finally (order-trans) show ?Zthesis .
qed

lemma ord-le-eq-subst: a <= b ==> fb = c ==>
NMey z<=y==>fz<=fy)==>fa<=c
proof —
assume r: !z y. z <=y ==>fax <=fy
assume a <= b hence fa <= fb by (rule r)
also assume fb = ¢
finally (ord-le-eq-trans) show ?thesis .
qed

lemma ord-eq-le-subst: a = fb ==> b <= ¢ ==>
Ny z<=y==>fr<=fy) ==>a<=fc
proof —
assume r: lz y. z <=y ==> fz <=fy
assume a = f b
also assume b <= ¢ hence fb <= f ¢ by (rule r)
finally (ord-eg-le-trans) show ?thesis .
qed

lemma ord-less-eq-subst: a < b ==> fb = c ==>
My z<y==>fz<fy==>fa<c
proof —
assume m: llzy. z < y==>fzr < fy
assume a < b hence fa < fb by (rule r)
also assume fb = ¢
finally (ord-less-eq-trans) show ?thesis .
qed

lemma ord-eq-less-subst: a = fb ==> b < ¢ ==>
My z<y==>fz<fy)=>a</fc
proof —
assume : llzy. z < y==>fr < fy
assume a = f b
also assume b < ¢ hence fb < f ¢ by (rule r)
finally (ord-eq-less-trans) show ?thesis .
qged

68
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Note that this list of rules is in reverse order of priorities.

lemmas order-trans-rules [trans] =
order-less-subst2
order-less-subst1
order-le-less-subst2
order-le-less-subst1
order-less-le-subst2
order-less-le-subst1
order-subst2
order-subst1
ord-le-eq-subst
ord-eq-le-subst
ord-less-eq-subst
ord-eq-less-subst
forw-subst
back-subst
rev-mp
mp
order-neg-le-trans
order-le-neq-trans
order-less-trans
order-less-asym’
order-le-less-trans
order-less-le-trans
order-trans
order-antisym
ord-le-eq-trans
ord-eg-le-trans
ord-less-eq-trans
ord-eq-less-trans
trans

These support proving chains of decreasing inequalities a j= b j=c ... in
Isar proofs.

lemma zt1:

a=b==>b>c==>a>c

a>b==>b=c==>a>c¢c

a=b==>b>=c==>a>=c¢
a>=b==>b=c==>a>=c

(z:'azorder) >=y==>y>=z==>zr=y

(z:aorder) >=y ==>y >= 2z ==> 1 >= 2

(z:'azorder) > y ==>y >=z==>1 >z

(z:'azorder) >=y==>y >z==>2z >z

(a:'azorder) > b ==>b>a==>P

(z::'azorder) >y ==>y >z ==>1 >z

(a’azorder) >=b==>a~"=b==>a>b

(a’azorder) Y=b==>a>=b==>a>b
a=fb==>b>c==>zy. z>y==>fz>fy)==>a>fc
a>b==>fb=c==>zy. z>y==>fz>fy)==>fa>c
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a=fb==>b>=c==> (lxy.z >=y==>fz >=fy) ==>a>=fc
a>=b==>fb=c==>Nzy z>=y==>fz>=fy)==>fa>=c¢
by auto

lemma zt2:

(a:'azorder) >= fo==>b>=c==> Nz y. z >=y==> fz >= fy) ==>
a>=fc
by (subgoal-tac f b >= f ¢, force, force)

lemma zt3: (a::'a::order) >= b ==> (f b::'b:iorder) >= ¢ ==>
Nzy. x>=y==>fz>=fy)==>fa>=c
by (subgoal-tac f a >= f b, force, force)

lemma zt{: (a::'a:zorder) > fb ==> (b::'biorder) >= ¢ ==>
Nzy. x>=y==>fae>=fy)==>a>fc
by (subgoal-tac f b >= f ¢, force, force)

lemma zt5: (a::'azzorder) > b ==> (f b::'biiorder) >= ¢==>
My z>y==>fz>fy)==>fa>c
by (subgoal-tac f a > f b, force, force)

lemma zt6: (a::'a:zorder) >= fb ==>b > ¢ ==>
My z>y==>fz>fy)==>a>fc
by (subgoal-tac fb > f ¢, force, force)

lemma zt7: (a::'a::order) >= b ==> (f b::'border) > ¢ ==>
Nz y. z>=y==>fr>=fy)==>fa>c
by (subgoal-tac f a >= f b, force, force)

lemma zt8: (a::'a::order) > fb ==> (b::'b:iorder) > ¢ ==>
Ney.z>y==>fz>fy)==>a>fc
by (subgoal-tac f b > f ¢, force, force)

lemma zt9: (a::'a::order) > b ==> (f b::'biiorder) > ¢ ==>
My z>y==>fz>fy)==>fa>c
by (subgoal-tac f a > f b, force, force)

lemmas xtrans = xtl xt2 xt3 xt4 xt5 xt6 wt7 xt8 xt9

3.7 Order on bool

instantiation bool :: order
begin

definition
le-bool-def [code func del]: P < Q «— P — (@

definition
less-bool-def [code func del]: (P::bool) < Q@ «— P < Q AP # Q
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instance
by intro-classes (auto simp add: le-bool-def less-bool-def )

end

lemma le-booll: (P = Q) = P < @
by (simp add: le-bool-def)

lemma le-booll: P — @ = P < @Q
by (simp add: le-bool-def)

lemma le-boolE: P < Q — P — (Q =— R) = R
by (simp add: le-bool-def)

lemma le-boolD: P < Q = P — @
by (simp add: le-bool-def)

lemma [code func]:
False < b «—— True
True < b «—— b
False < b «—— b
True < b «—— False
unfolding le-bool-def less-bool-def by simp-all

3.8 Order on functions

instantiation fun :: (type, ord) ord
begin

definition
le-fun-def [code func del]: f < g «—— (Vz. fz < g 1)

definition
less-fun-def [code func del]: (f:i'a = b)) < ge—— f<gANfH#yg

instance ..
end
instance fun :: (type, order) order
by default
(auto simp add: le-fun-def less-fun-def

intro: order-trans order-antisym introl: ext)

lemma le-funl: (N\z. fz < gz) = f<g
unfolding le-fun-def by simp

lemma le-funE: f < g = (fe < gax = P) = P
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unfolding le-fun-def by simp

lemma le-funD: f < g = fz < gz
unfolding le-fun-def by simp

Handy introduction and elimination rules for < on unary and binary predi-
cates

lemma predicatell:
assumes PQ: A\z. Pz — Q=
shows P < @
apply (rule le-funI)
apply (rule le-booll)
apply (rule PQ)
apply assumption
done

lemma predicatelD [Pure.dest, dest]: P < Q = Pz = Q =z
apply (erule le-funE)
apply (erule le-boolE)
apply assumption+
done

lemma predicate2l [Pure.intro!, intro!]:
assumes PQ: Nz y. Pry = Quzy
shows P < @)
apply (rule le-funl)+
apply (rule le-booll)
apply (rule PQ)
apply assumption
done

lemma predicate2D [Pure.dest, dest]: P < Q = Pzy = Qzy
apply (erule le-funE)+
apply (erule le-boolE)
apply assumption+
done

lemma rev-predicatelD: Px ==> P <= @ ==> Q =z
by (rule predicate1D)

lemma rev-predicate2D: Px y ==> P <= Q ==> Q z y
by (rule predicate2D)

3.9 Monotonicity, least value operator and min/max

context order
begin

definition
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mono :: (‘a = 'b:rorder) = bool
where
mono f «—— Vzy. z<y— fz < fy)

lemma monol [intro?]:
fixes f :: 'a = 'b::order
shows (Azy. 2 <y = fz < fy) = mono f
unfolding mono-def by iprover

lemma monoD [dest?]:
fixes f :: 'a = 'b::order
shows mono f =z <y = fz < fy
unfolding mono-def by iprover

end

context linorder
begin

lemma min-of-mono:
fixes [ :: ‘a = 'b:linorder
shows mono f = min (f m) (fn) = f (min m n)

73

by (auto simp: mono-def Orderings.min-def min-def intro: Orderings.antisym)

lemma maz-of-mono:
fixes f :: 'a = 'b::linorder
shows mono f = max (f m) (fn) = f (mazx m n)

by (auto simp: mono-def Orderings.maz-def maz-def intro: Orderings.antisym)

end

lemma LeastI2-order:
[| P (z::'a::order);
Wy. Py ==>z <= y;

Nao.[| Pz; ALLy. Py ——>z <y || ==> Qz ||

==> () (Least P)
apply (unfold Least-def)
apply (rule thel2)

apply (blast intro: order-antisym)+
done

lemma min-leastL: (z. least <= x) ==> min least © = least

by (simp add: min-def)

lemma maz-leastL: (z. least <= z) ==> max least x = ©

by (simp add: maz-def)

lemma min-leastR: (\z::'a::order. least < ) = min x least = least

apply (simp add: min-def)



THEORY “Set” 74

apply (blast intro: order-antisym)
done

lemma maz-leastR: (N\z::’a::order. least < x) = max z least = «
apply (simp add: max-def)

apply (blast intro: order-antisym)

done

end

4 Set: Set theory for higher-order logic

theory Set
imports Orderings
begin

A set in HOL is simply a predicate.

4.1 Basic syntax
global

types ‘a set = ‘a => bool

consts

{} i set {}

UNIV = 'a set

insert = 'a =>'a set => 'a set

Collect = (Ya => bool) => 'a set — comprehension

op Int e set => 'a set => 'a set (infixl Int 70)

op Un i 'a set => 'a set => 'a set (infix]l Un 65)

UNION i 'a set => (‘a => 'b set) => 'b set — general union

INTER i 'a set => ('a => b set) => 'b set — general intersection

Union = 'a set set => 'a set — union of a set

Inter i 'a set set => 'a set — intersection of a set

Pow i 'a set => 'a set set — powerset

Ball it 'a set => ('a => bool) => bool ~ — bounded universal quantifiers

Bez i 'a set => (Ya => bool) => bool — bounded existential
quantifiers

Bezl w 'a set => (‘a => bool) => bool =~ — bounded unique existential
quantifiers

image i (la =>"b) => 'a set => 'b set (infixr © 90)

op : = 'a => 'a set => bool — membership
notation

op : (op :) and
op: ((-/ ) [50, 51] 50)
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local

4.2 Additional concrete syntax

abbreviation
range :: (‘a => 'b) => b set where — of function
range f == f ¢ UNIV

abbreviation
not-mem ¢ A ==~ (z : A) — non-membership

notation
not-mem (op ~:) and
not-mem ((-/ ~: -) [50, 51] 50)

notation (zsymbols)
op Int (infixl N 70) and
op Un (infixl U 65) and
op: (op €) and
op: ((-/ €-)[50, 51] 50) and
not-mem (op ¢) and
not-mem ((-/ ¢ -) [50, 51] 50) and
Union (J- [90] 90) and
Inter (- [90] 90)

notation (HTML output)
op Int (infixl N 70) and
op Un (infixl U 65) and
op : (op €) and
op: ((-/ €-)[50, 51] 50) and
not-mem (op ¢) and
not-mem ((-/ ¢ -) [50, 51] 50)

syntax
QFinset  :: args => 'a set {1
QColl i pttrn => bool => 'a set ((1{-. )
QSetCompr :: 'a => idts => bool => 'a set (( { |/- / 1)
QCollect  :: idt => 'a set => bool => 'a set ((1{-:/ -
QINTER1  :: pttrns => 'b set => 'b set ((3INT -./ -
Q@QUNION!  :: pttrns => 'b set => 'b set ((3UN - / ) [0, 10] 10)
QINTER opttrn => 'a set => 'b set => 'b set ((3INT
QUNION i pttrn => 'a set => 'b set => 'b set ((S’UN -t
-Ball i pttrn => 'a set => bool => bool ((SALL - /
-Bex i pttrn => 'a set => bool => bool ((3EX -:-./ -
-Bexl i pttrn => 'a set => bool => bool ((3EX! -~/ -
-Bleast  ::id => a set => bool => 'a ((SLEAST -

10)

75
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syntax (HOL)

-Ball i opttrn => 'a set => bool => bool (8! =-./ =) [0, 0, 10] 10)

-Bezx i opttrn => 'a set => bool => bool ((82 =-./ =) [0, 0, 10] 10)

-Bexl i opttrn => 'a set => bool => bool (82! —-./ -) [0, 0, 10] 10)
translations

{z, zs} == insert v {xs}

{z} == insert z {}

{z. P} == Collect (%ox. P)

{z:A. P} =>{z. 2:A & P}

UNzy. B == UNgz. UNy. B

UNz. B == UNION UNIV (%z. B)

UNz. B == UNuz:UNIV. B

INTzy. B == INT z. INT y. B

INTz. B == INTER UNIV (%z. B)

INT z. B == INT z:UNIV. B

UN z:A. B == UNION A (%z. B)

INT z:A. B == INTER A (%z. B)
ALL z:A. P == Ball A (%z. P)

EX 2:A. P == Bex A (%z. P)

EX! x:A. P == Bexl A (%z. P)
LEAST z:A. P => LEAST z. x:A & P

syntax (zsymbols)

-Ball i opttrn => 'a set => bool => bool ((8V-e-./ -) [0, 0, 10] 10)
-Bezx i pttrn => 'a set => bool => bool ((83-e-./ -) [0, 0, 10] 10)
-Bexl i opttrn => 'a set => bool => bool ((831-e-./ -) [0, 0, 10] 10)
-Bleast  ::id => 'a set => bool => 'a ((3LEAST-€-./ -) [0, 0, 10]
10)
syntax (HTML output)
-Ball i opttrn => 'a set => bool => bool ((8v-e-./ -) [0, 0, 10] 10)
-Bex i opttrn => 'a set => bool => bool ((83-€-./-) [0, 0, 10] 10)
-Bexl i pttrn => 'a set => bool => bool ((83'-e-./ -) [0, 0, 10] 10)

syntax (zsymbols)

Q@QCollect  ::idt => 'a set => bool => 'a set ((1{-€/ -/ -})

Q@QUNION!  :: pttrns => 'b set => 'b set ((8Y-./ -) [0, 10] 10)

Q@QINTER1  :: pltrns => 'b set => 'b set ((3N-./ -) [0, 10] 10)

@QUNION :opttrn => 'a set => 'b set => b set ((8U-€-./ -) [0, 10] 10)

QINTER iopttrn => 'a set => 'b set => b set ((8()-€-./ -) [0, 10] 10)
syntax (later output)

@QUNION!  :: pttrns => b set => 'b set ((3U(00-)/ -) [0, 10] 10)

QINTER1  :: pttrns => b set => 'b set ((3N(00-)/ -) [0, 10] 10)

QUNION o opttrn => a set => b set => b set ((3J(00-¢-)/ -) [0, 10]
10)

Q@QINTER i opttrn => 'a set => 'b set => 'b set ((3()(00-¢-)/ -) [0, 10]

10)
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Note the difference between ordinary xsymbol syntax of indexed unions and
intersections (e.g. |J a1€A41. B) and their W'TEX rendition: |J 4,c4, B. The
former does not make the index expression a subscript of the union/intersection
symbol because this leads to problems with nested subscripts in Proof Gen-
eral.

abbreviation
subset :: 'a set = 'a set = bool where
subset = less

abbreviation
subset-eq :: 'a set = 'a set = bool where
subset-eq = less-eq

notation (output)
subset (op <) and
subset ((-/ < -) [50, 51] 50) and
subset-eq (op <=) and
subset-eq ((-/ <= -) [50, 51] 50)

notation (zsymbols)
subset (op C) and
subset ((-/ C -) [50, 51] 50) and
subset-eq (op C) and
subset-eq ((-/ C -) [50, 51] 50)

notation (HTML output)
subset (op C) and
subset ((-/ C -) [50, 51] 50) and
subset-eq (op C) and
subset-eq ((-/ C -) [50, 51] 50)

abbreviation (input)
supset :: 'a set = 'a set = bool where
supset = greater

abbreviation (input)
supset-eq :: 'a set = 'a set = bool where
supset-eq = greater-eq

notation (zsymbols)
supset (op D) and
supset ((-/ D -) [50, 51] 50) and
supset-eq (op D) and
supset-eq ((-/ 2 -) [50, 51] 50)

4.2.1 Bounded quantifiers

syntax (output)
-setlessAll :: [idt, 'a, bool] => bool ((SALL -<-./ -) [0, 0, 10] 10)
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-setlessEx :: [idt, 'a, bool] => bool ((SEX -<-./ -) [0, 0, 10] 10)
-setleAll  :: [idt, 'a, bool] => bool ((SALL -<=-./ -) [0, 0, 10] 10)
-setleEx  :: [idt, 'a, bool] => bool ((3EX -<=-./ -) [0, 0, 10] 10)
-setleExl :: [idt, 'a, bool] => bool ((3EX!-<=-./-) [0, 0, 10] 10)

syntax (zsymbols)

-setlessAll :: [idt, 'a, bool] => bool ((3V-C-./-) [0, 0, 10] 10)
-setlessEx :: [idt, 'a, bool] => bool ((33-C-./-) [0, 0, 10] 10)
-setleAll  :: [idt, 'a, bool] => bool v-C-./-) [0, 0, 10] 10)
-setleEx  :: [idt, 'a, bool] => bool 3-C-./-) [0, 0, 10] 10)
-setleExl :: [idt, 'a, bool] => bool ((33!-C-./ -) [0, 0, 10] 10)

syntax (HOL output)

-setlessAll :: [idt, 'a, bool] => bool ((3!-<-./-) [0, 0, 10] 10)
-setlessEx :: [idt, 'a, bool] => bool ((87 -<-./ -) [0, 0, 10] 10)
-setleAll  :: [idt, 'a, bool] => bool ((3!-<=-./-) [0, 0, 10] 10)
-setleEx  :: [idt, 'a, bool] => bool ((87 -<=-./ -) [0, 0, 10] 10)
-setleExl  :: [idt, 'a, bool] => bool ((82! -<=-./ -) [0, 0, 10] 10)

syntax (HTML output)

-setlessAll :: [idt, 'a, bool] => bool ((3¥-C-./-) [0, 0, 10] 10)

-setlessEx :: [idt, 'a, bool] => bool ((33-C-./-) [0, 0, 10] 10)

-setleAll  :: [idt, 'a, bool] => bool ((3V-C-./ -) [0, 0, 10] 10)

-setleEx  :: [idt, 'a, bool] => bool ((33-C-./ -) [0, 0, 10] 10)

-setleExl  :: [idt, 'a, bool] => bool ((83!-C-./ -) [0, 0, 10] 10)
translations

VACB. P => ALLA. ACB—-——>P
JACB. P => EXA. ACB&P
VACB. P => ALLA.ACB——>P
JACB. P => EXA ACB&P
JI1ACB. P => EX!A. ACB&P

print-translation (
let
val Type (set-type, -) = Q{typ 'a set};
val All-binder = Syntax.binder-name Q{const-syntaz All};
val Ez-binder = Syntax.binder-name @Q{ const-syntax Ex};
val impl = Q{ const-syntax op ——>};
val conj = @{const-syntax op &};
val sbset = @Q{ const-syntax subset};
val sbset-eq = @{ const-syntazr subset-eq};

val trans =

[((All-binder, impl, sbset), -setlessAll),
((All-binder, impl, sbset-eq), -setleAll),
((Ex-binder, conj, sbset), -setlessEx),
((Ex-binder, conj, sbset-eq), -setleEr)];
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fun mkvv' cn P =
if v = v’ andalso not (Term.exists-subterm (fn Free (z, -) => 2z =0 | - =>
false) n)
then Syntax.const ¢ $ Syntaz.mark-bound v’ $ n $ P else raise Match;

Jun tr’ q = (q,
fn [Const (-bound, -) $ Free (v, Type (T, -)), Const (¢, -) $ (Const (d, -) $
(Const (-bound, -) $ Free (v',-)) $ n) $ P] =>
if T = (set-type) then case AList.lookup (op =) trans (q, ¢, d)
of NONE => raise Match
| SOME |l => mkvv'lnP
else raise Match
| - => raise Match);
m
[tr’ All-binder, tr' Ez-binder]
end

)

Translate between {e | zI...2n. P} and {u. EX zl..2n. u = e & P}; {y.
EX z1..2n. y = e & P} is only translated if [0..n] subset bvs(e).

parse-translation ({
let
val ex-tr = snd (mk-binder-tr (EX | Fx));

fun nvars (Const (-idts, -) $ - $ idts) = nvars idts + 1
| nvars - = 1;

fun setcompr-tr [e, idts, b] =
let
val eq = Syntaz.const op = $ Bound (nvars idts) $ e;
val P = Syntaz.const op & $ eq $ b;
val exP = ex-tr [idts, PJ;
in Syntax.const Collect $ Term.absdummy (dummyT, exP) end;

in [(QSetCompr, setcompr-tr)] end;

)

print-translation
let
fun bir’ syn [A,Abs abs] =
let val (z,t) = atomic-abs-tr’ abs
in Syntax.const syn $ x $ A $ ¢ end
in
[(Ball, btr’ -Ball),(Bex, btr' -Bez),
(UNION, btr' QUNION),(INTER, btr' QINTER)]

end

)
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print-translation (
let
val ex-tr’ = snd (mk-binder-tr’ (Ex, DUMMY));

fun setcompr-tr’ [Abs (abs as (-, -, P))] =
let
fun check (Const (Ex, -) $ Abs (-, -, P), n) = check (P, n + 1)
| check (Const (op &, -) $ (Const (op =, -) $ Bound m $ e) $ P, n) =
n > 0 andalso m = n andalso not (loose-bvarl (P, n)) andalso
((0 upto (n — 1)) subset add-loose-bnos (e, 0, []))
| check - = false

fun tr’ (- $ abs) =
letval - $ idts $ (-3 (-8 -8 ¢e)$ Q) = ex-tr’ [abs]
in Syntazx.const QSetCompr $ e $ idts $ Q end;
in if check (P, 0) then tr’ P
else let val (z as - $ Free(zN,-), t) = atomic-abs-tr’ abs
val M = Syntax.const QColl $ = $ ¢t
in case t of
Const(op &,-)
$ (Const(op :,-) $ (Const(-bound,-) $ Free(yN,-)) $ A)

$P=>
if tN=yN then Syntax.const QCollect $ + $ A $ P else M
| -=>M
end
end;
in [(Collect, setcompr-tr’)] end;

)

4.3 Rules and definitions

Isomorphisms between predicates and sets.

defs
mem-def: ¢ : S == Sz
Collect-def: Collect P == P

defs
Ball-def:  Ball A P == ALL z. ©:A ——> P(z)
Bez-def: Bex A P == EX z. 2:A & P(x)
Bexi-def:  Bexl A P == EX!z. 2:A & P(z)

instantiation fun :: (type, minus) minus

begin

definition

fun-diff-def: A — B = (%z. Az — Bzx)

instance ..
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end

instantiation bool :: minus
begin

definition
bool-diff-def: A — B = (A & ™~ B)

instance ..
end

instantiation fun :: (type, uminus) uminus
begin

definition
fun-Compl-def: — A = (%ox. — A )

instance ..
end

instantiation bool :: uminus
begin

definition
bool-Compl-def: — A = (™ A)

instance ..
end
defs
Un-def: A Un B == {z. v:A | :B}
Int-def: A Int B == {z. ©:A & ©:B}
INTER-def: INTER AB == {y. ALL z:A. y: B(z)}
UNION-def: UNION A B == {y. EX :A. y: B(z)}
Inter-def:  Inter S == (INT z:S. )
Union-def:  Union S == (UN z:S. )
Pow-def: Pow A == {B. B <= A}
empty-def: {} == {z. False}
UNIV-def: UNIV == {z. True}
insert-def: insert a B == {z. z=a} Un B
image-def:  f‘A =={y. EXz:A. y = f(x)}

4.4 Lemmas and proof tool setup

4.4.1 Relating predicates and sets
lemma mem-Collect-eq [iff]: (a : {z. P(z)}) = P(a)

81
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by (simp add: Collect-def mem-def)

lemma Collect-mem-eq [simp]: {z. ©:A} = A
by (simp add: Collect-def mem-def)

lemma Collectl: P(a) ==> a : {z. P(x)}
by simp

lemma CollectD: a : {z. P(z)} ==> P(a)
by simp

lemma Collect-cong: (Nz. Pz = Q z) ==> {z. P(z)} = {z. Q(z)}
by simp

lemmas CollectE = CollectD [elim-format]

4.4.2 Bounded quantifiers

lemma balll [introl]: (Nz. 2:A ==> P z) ==> ALL x:A. Pz
by (simp add: Ball-def)

lemmas strip = impl alll balll

lemma bspec [dest?]: ALL x:A. Px ==> x:A ==> Pz
by (simp add: Ball-def)

lemma ballE [elim]: ALL x:A. Pz ==> (Pz ==> Q) ==> (z ~: A ==> Q)
by (unfold Ball-def) blast

ML ( bind-thm (rev-ballE, permute-prems 1 1 Q{thm ballE}) ))

This tactic takes assumptions Vx€A. P z and a € A; creates assumption P
a.

ML (
fun ball-tac i = etac Q{thm ballE'} i THEN contr-tac (i + 1)

)

Gives better instantiation for bound:

declaration { fn - =>
Classical.map-cs (fn cs => cs addbefore (bspec, datac Q{thm bspec} 1))

)

lemma bexl [intro]: Pz ==> x:A ==> EX z:A. Pz
— Normally the best argument order: P z constrains the choice of x € A.
by (unfold Bex-def) blast

lemma rev-bexl [intro?]|: x:A ==> Pz ==> EX ©:A. Pz
— The best argument order when there is only one z € A.



THEORY “Set” 83

by (unfold Bex-def) blast

lemma bexCI: (ALL x:A. "P 1z ==> P a) ==> a:A ==> EX2:A. Pz
by (unfold Bex-def) blast

lemma bezE [elim!]: EX z:A. Pz ==> (Nz. 2:A ==> Pz ==> Q) ==> (@
by (unfold Bex-def) blast

lemma ball-triv [simp): (ALL x:A. P) = (EX z. 2:A) ——> P)
— Trival rewrite rule.
by (simp add: Ball-def)

lemma bez-triv [simp]: (EX z:A. P) = ((EX z. x:A) & P)
— Dual form for existentials.
by (simp add: Bex-def)

lemma bex-triv-one-point! [simpl: (EX z:A. z = a) = (a:A)
by blast

lemma bex-triv-one-point2 [simp]: (EX x:A. a = x) = (a:A)
by blast

lemma bez-one-point! [simpl: (EX z:A. z = a & Pz) = (a:A & P a)
by blast

lemma bex-one-point2 [simpl: (EX :A. a = 2 & Pz) = (a:A & P a)
by blast

lemma ball-one-point! [simp|: (ALL ©:A. x = a —> P z) = (a:A ——> P a)
by blast

lemma ball-one-point2 [simp|: (ALL ©:A. a =z ——> P z) = (a:A ——> P a)
by blast

ML (
local
val unfold-bex-tac = unfold-tac Q{thms Bezx-def};
fun prove-bez-tac ss = unfold-bex-tac ss THEN Quantifier] .prove-one-point-ex-tac;
val rearrange-bex = Quantifierl.rearrange-bex prove-bex-tac;

val unfold-ball-tac = unfold-tac @Q{thms Ball-def};
fun prove-ball-tac ss = unfold-ball-tac ss THEN Quantifier! .prove-one-point-all-tac;
val rearrange-ball = Quantifierl .rearrange-ball prove-ball-tac;
in
val defBEX-regroup = Simplifier.simproc (the-context ())
defined BEX [EX z:A. P z & Q z] rearrange-bex;
val defBALL-regroup = Simplifier.simproc (the-context ())
defined BALL [ALL z:A. Pz ——> @ z] rearrange-ball;
end;
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Addsimprocs [defBALL-regroup, defBEX-regroupl;
)

4.4.3 Congruence rules

lemma ball-cong:
A=B==> (llz. 2:B==> Pz =Quz)==>
(ALL z:A. Pz) = (ALL ©:B. Q z)
by (simp add: Ball-def)

lemma strong-ball-cong [cong]:
A =B ==> (llz. ©:B =simp=> Pz = Qz) ==>
(ALL z:A. P z) = (ALL 2:B. Q z)
by (simp add: simp-implies-def Ball-def)

lemma bez-cong:
A=B==> (llz. :B==> Pz = Q) ==>
(EX z:A. Pz) = (EX 2:B. Q )
by (simp add: Bex-def cong: congj-cong)

lemma strong-bezx-cong [congl:
A =B ==> (llz. ©:B =simp=> Pz = Qz) ==>
(EX 2:A. Pz) = (EX z:B. Q )
by (simp add: simp-implies-def Bex-def cong: conj-cong)

4.4.4 Subsets

lemma subset! [atp,introl]: (Nz. 2:4A ==> 2:B) ==> A C B
by (auto simp add: mem-def intro: predicatell)

Map the type 'a set => anything to just 'a; for overloading constants whose
first argument has type ’a set.

lemma subsetD [elim]: AC B==>ce€ A==>c€ B
— Rule in Modus Ponens style.
by (unfold mem-def) blast

declare subsetD [intro?] — FIXME
lemma rev-subsetD: c € A ==> AC B==>c¢c€ B
— The same, with reversed premises for use with erule — cf rev-mp.

by (rule subsetD)

declare rev-subsetD [intro?] — FIXME

Converts A C Btorx € A =— z € B.

ML (
fun impOfSubs th = th RSN (2, Q{thm rev-subsetD})
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)

lemma subsetCE [elim]: A C B ==> (¢ ¢ A ==> P) ==> (¢ € B ==> P)
==>P
— Classical elimination rule.

by (unfold mem-def) blast

lemma subset-eq: A < B = (Vaz€A. ¢ € B) by blast

Takes assumptions A C B; ¢ € A and creates the assumption ¢ € B.

ML (
fun set-mp-tac i = etac Q{thm subsetCE} i THEN mp-tac i

)

lemma contra-subsetD: A C B==>c¢ B==>c¢ A
by blast

lemma subset-refl [simp,atp]: A C A
by fast

lemma subset-trans: A C B==> B C C ==> AC (C
by blast

4.4.5 Equality

lemma set-ext: assumes prem: (lz. (z:A) = (2:B)) shows 4 = B
apply (rule prem [THEN ext, THEN arg-cong, THEN boz-equals])
apply (rule Collect-mem-eq)
apply (rule Collect-mem-eq)
done

lemma expand-set-eq: (A = B) = (ALL z. (z:A) = (2:B))
by (auto intro:set-ext)

lemma subset-antisym [introl]: AC B==> B C A==> A=B
— Anti-symmetry of the subset relation.
by (iprover intro: set-ext subsetD)

lemmas equalityl [intro!] = subset-antisym

Equality rules from ZF set theory — are they appropriate here?

lemma equalityD1: A= B ==> AC B
by (simp add: subset-refl)

lemma equalityD2: A= B ==> B C A
by (simp add: subset-refl)
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Be careful when adding this to the claset as subset-empty is in the simpset:
A ={} goesto {} C Aand A C {} and then back to 4 = {}!

lemma equalityF: A= B ==> (A C B==>B C A==>P)==>P
by (simp add: subset-refl)

lemma equalityCE [elim]:
A=B==>(ce€Ad==>ceB==>P)==>(c¢ A==>c¢ B ==> P)
==> P
by blast

lemma egset-imp-iff: A = B ==> (z : A) = (¢ : B)
by simp

lemma egelem-imp-iff: . = y ==> (z : A) = (y : 4)
by simp

4.4.6 The universal set — UNIV

lemma UNIV-I [simp]: z : UNIV
by (simp add: UNIV-def)

declare UNIV-I [intro] — unsafe makes it less likely to cause problems

lemma UNIV-witness [intro?]: EX z. x : UNIV
by simp

lemma subset-UNIV [simp]: A C UNIV
by (rule subsetl) (rule UNIV-I)

Eta-contracting these two rules (to remove P) causes them to be ignored
because of their interaction with congruence rules.

lemma ball-UNIV [simp): Ball UNIV P = All P
by (simp add: Ball-def)

lemma bex-UNIV [simp]: Bex UNIV P = Ezx P
by (simp add: Bez-def)

lemma UNIV-eg-I: (Nz. z € A) = UNIV = A
by auto
4.4.7 The empty set

lemma empty-iff [simp]: (¢ : {}) = False
by (simp add: empty-def)

lemma emptyE [elim!]: a : {} ==> P
by simp



THEORY “Set” 87

lemma empty-subset! [iff]: {} C A
— One effect is to delete the ASSUMPTION {} C 4
by blast

lemma equalsOI: (ly. y € A ==> False) ==> A = {}
by blast

lemma equals0D: A = {} ==>a ¢ A
— Use for reasoning about disjointness: A N B = {}
by blast

lemma ball-empty [simp]: Ball {} P = True
by (simp add: Ball-def)

lemma bex-empty [simp]: Bex {} P = False
by (simp add: Bez-def)

lemma UNIV-not-empty [iff]: UNIV ~= {}
by (blast elim: equalityE')

4.4.8 The Powerset operator — Pow

lemma Pow-iff [iff]: (A € Pow B) = (A C B)
by (simp add: Pow-def)

lemma Powl: A C B==> A€ Pow B
by (simp add: Pow-def)

lemma PowD: A € Pow B ==> ACB
by (simp add: Pow-def)

lemma Pow-bottom: {} € Pow B
by simp

lemma Pow-top: A € Pow A
by (simp add: subset-refl)

4.4.9 Set complement

lemma Compl-iff [simp]: (¢ € —A) = (¢ ¢ A)
by (simp add: mem-def fun-Compl-def bool-Compl-def)

lemma Compll [intro!]: (¢ € A ==> Fualse) ==> c € —A
by (unfold mem-def fun-Compl-def bool-Compl-def) blast

This form, with negated conclusion, works well with the Classical prover.
Negated assumptions behave like formulae on the right side of the notional
turnstile ...

lemma ComplD [dest!]: ¢ : —A ==> ¢™:A
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by (simp add: mem-def fun-Compl-def bool-Compl-def)
lemmas ComplE = ComplD [elim-format)]

lemma Compl-eq: — A = {z.~ z : A} by blast

4.4.10 Binary union — Un
lemma Un-iff [simp]: (¢ : A Un B) = (¢:A | ¢:B)
by (unfold Un-def) blast

lemma Unll [elim?]: c:A ==>c¢: A Un B
by simp

lemma Unl2 [elim?]: ¢:B ==>c: A Un B
by simp

Classical introduction rule: no commitment to A vs B.
lemma UnCI [introl]: (¢™:B ==> ¢:A) ==>c: A UnB
by auto

lemma UnFE [elim!]: ¢ : A Un B ==> (c¢:A ==> P) ==> (¢:B ==> P) ==>
P
by (unfold Un-def) blast

4.4.11 Binary intersection — Int
lemma Int-iff [simp]: (¢ : A Int B) = (¢:A & ¢:B)
by (unfold Int-def) blast

lemma Intl [introl]: ¢:A ==> ¢:B ==> c¢: A Int B
by simp

lemma IntD1: ¢ : A Int B ==> c:A
by simp

lemma IntD2: ¢ : A Int B ==> ¢:B
by simp

lemma IntE [elim!]: ¢ : A Int B ==> (c:A ==> ¢:B ==> P) ==> P
by simp

4.4.12 Set difference

lemma Diff-iff [simp]: (¢ : A — B) = (c:A & ¢™:B)
by (simp add: mem-def fun-diff-def bool-diff-def )

lemma DiffI [intro!]: ¢ : A==>c¢~: B==>c:A—-B
by simp
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lemma DiffDi: ¢c: A — B==>c¢: A
by simp

lemma DiffD2: ¢ : A — B==>c¢: B==>P
by simp

lemma DiffE [elim!]: ¢ : A — B ==> (¢:A ==> ¢™:B ==> P) ==> P
by simp

lemma set-diff-eq: A — B={x.z: A& "~ z: B} by blast

4.4.13 Augmenting a set — insert

lemma insert-iff [simp]: (a : insert b A) = (a = b | a:A)
by (unfold insert-def) blast

lemma insertll: a : insert a B
by simp

lemma insertlI2: a : B ==> a : insert b B
by simp

lemma insertE [elim!]: a : insert b A ==> (a = b ==> P) ==> (a:A ==> P)
by (unfold insert-def) blast

lemma insertCI [introl]: (a™:B ==> a = b) ==> a: insert b B
— Classical introduction rule.
by auto

lemma subset-insert-iff : (A C insert  B) = (if z:A then A — {z} C Belse A C
B)
by auto

lemma set-insert:

assumes ¢ € A

obtains B where A = insert x B and = ¢ B
proof

from assms show A = insert x (A — {z}) by blast
next

show z ¢ A — {z} by blast
qed

lemma insert-ident: © ~: A ==> x ~: B ==> (insert v A = insert v B) = (A
by auto
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4.4.14 Singletons, using insert

lemma singletonl [intro!,noatp]: a : {a}
— Redundant? But unlike insertClI, it proves the subgoal immediately!
by (rule insertl1)

lemma singletonD [dest!,noatp]: b : {a} ==> b =a
by blast

lemmas singletonE = singletonD [elim-format]

lemma singleton-iff: (b : {a}) = (b = a)
by blast

lemma singleton-inject [dest!]: {a} = {b} ==> a = b
by blast

lemma singleton-insert-inj-eq [iff ,noatp):
({b} = insert a A) = (a = b & A C {b})
by blast

lemma singleton-insert-inj-eq’ [iff ;noatp]:
(insert a A = {b}) = (a = b & A C {b})
by blast

lemma subset-singletonD: A C {z} ==> A ={} | A = {z}
by fast

lemma singleton-conv [simp]: {z. z = a} = {a}
by blast

lemma singleton-conv2 [simp]: {z. a = z} = {a}
by blast

lemma diff-single-insert: A — {z} C B ==>xz € A ==> A C insert x B
by blast

lemma doubleton-eq-iff: ({a,b} = {c,d}) = (a=c & b=d | a=d & b=c)
by (blast elim: equalityE)

4.4.15 Unions of families

UN z:A. Bzis|JB ‘ A.
declare UNION-def [noatp)

lemma UN-iff [simp]: (b: (UN z:A. Bz)) = (EX 2:A. b: B x)
by (unfold UNION-def) blast

lemma UN-I [intro]: a:A ==> b: B a ==> b: (UN z:A. B )
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— The order of the premises presupposes that A is rigid; b may be flexible.
by auto

lemma UN-E [elim!]: b : (UN z:A. B z) ==> (. :A ==> b: Bz ==> R)
by (unfold UNION-def) blast

lemma UN-cong [cong]:
A=B==>(z. 2:B==>Czx=Dz)==>(UNz:A. Cz) = (UNx:B. D
z)
by (simp add: UNION-def)

4.4.16 Intersections of families

INT z:A. Bz is (B ‘ A.

lemma INT-iff [simp]: (b: (INT z:A. B z)) = (ALL z:A. b: B 1)
by (unfold INTER-def) blast

lemma INT-I [introl]: (Nz. :A ==> b: Bz) ==> b : (INT z:A. B 1)
by (unfold INTER-def) blast

lemma INT-D [elim]: b : (INT z:A. Bz) ==> a:A ==>b: Ba
by auto

lemma INT-E [elim]: b : (INT z:A. B z) ==> (b: B a ==> R) ==> (a™:4A
==> R) ==> R

— "Classical” elimination — by the Excluded Middle on a € A.

by (unfold INTER-def) blast

lemma INT-cong [cong]:
A=B==>Nz. 2:B==>Cx=Duz)==> (INT1:A. Cz) = (INT z:B.
D z)
by (simp add: INTER-def)

4.4.17 TUnion

lemma Union-iff [simp,noatp]: (A : Union C) = (EX X:C. A:X)
by (unfold Union-def) blast

lemma Unionl [intro]: X:C ==> A:X ==> A : Union C
— The order of the premises presupposes that C' is rigid; A may be flexible.
by auto

lemma UnionE [elim!]: A : Union C ==> (1X. A:X ==> X:C ==> R) ==>
R
by (unfold Union-def) blast
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4.4.18 Inter

lemma Inter-iff [simp,noatp): (4 : Inter C) = (ALL X:C. A:X)
by (unfold Inter-def) blast

lemma Interl [introl]: (1X. X:C ==> A:X) ==> A : Inter C
by (simp add: Inter-def)

A “destruct” rule — every X in C contains A as an element, but A € X can
hold when X € C does not! This rule is analogous to spec.

lemma InterD [elim]: A : Inter C ==> X:C ==> A:X
by auto

lemma InterE [elim]: A : Inter C ==> (X~:C ==> R) ==> (A:X ==> R)
==>R

— “Classical” elimination rule — does not require proving X € C.

by (unfold Inter-def) blast

Image of a set under a function. Frequently b does not have the syntactic
form of f x.

declare image-def [noatp]

lemma image-eql [simp, intro]: b = fa ==> x:A ==>b: fA
by (unfold image-def) blast

lemma imagel: x : A ==> fzx:f‘A
by (rule image-eql) (rule refl)

lemma rev-image-eql: ©:A ==> b = fo ==> b : fA
— This version’s more effective when we already have the required z.
by (unfold image-def) blast

lemma imageE [elim!]:
b: (%r. fr)A==> (Nz. b=fzr==>1:A==>P)==>P
— The eta-expansion gives variable-name preservation.
by (unfold image-def) blast

lemma image-Un: f(A Un B) = f‘A Un f‘B
by blast

lemma image-eq-UN: f‘A = (UN z:A. {f z})
by blast

lemma image-iff: (z : f‘A) = (EX 2:A. z = fz)
by blast

lemma image-subset-iff: (f‘A C B) = (Vz€A. fz € B)
— This rewrite rule would confuse users if made default.
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by blast

lemma subset-image-iff: (B C f‘A) = (EX AA. AAC A& B = f‘AA)
apply safe
prefer 2 apply fast
apply (rule-tac z = {a. a : A & fa: B} in exl, fast)
done

lemma image-subsetl: (\z. x € A ==> fz € B) ==> ffAC B

— Replaces the three steps subsetl, imageFE, hypsubst, but breaks too many existing
proofs.

by blast

Range of a function — just a translation for image!

lemma range-eql: b = fx ==> b € range f
by simp

lemma rangel: f z € range f
by simp

lemma rangeFE [elim?]: b € range (M\z. fz) ==> (lz. b = fz ==> P) ==> P
by blast

4.4.19 Set reasoning tools

Rewrite rules for boolean case-splitting: faster than split-if [split].

lemma split-if-eql: ((if Q then x else y) = b) = (Q ——> 2z =10) & (7 Q ——>
y =10))
by (rule split-if )

lemma split-if-eq2: (a = (if Q then z else y)) = (@ ——>a=2) & (¥ Q ——>
a=y))

by (rule split-if )
Split ifs on either side of the membership relation. Not for [simp] — can
cause goals to blow up!
lemma split-if-mem1: ((if Q then x elsey) : b) = (Q ——>z:b) & (¥ Q@ —>

y: b))
by (rule split-if )

lemma split-if-mem?2: (a : (if Q then zelse y)) = (@ —> a:2z) & (¥ Q —>
a:y))

by (rule split-if [where P=%S. a : S])
lemmas split-ifs = if-bool-eq-conj split-if-eql split-if-eq2 split-if-mem1 split-if-mem?2

lemmas mem-simps =
insert-iff empty-iff Un-iff Int-iff Compl-iff Diff-iff
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mem-Collect-eq UN-iff Union-iff INT-iff Inter-iff
— Each of these has ALREADY been added [simp] above.

ML {
val mksimps-pairs = [(Ball, @Q{thms bspec})] @ mksimps-pairs;
)
declaration ( fn - =>
Simplifier.map-ss (fn ss => ss setmksimps (mksimps mksimps-pairs))

)

4.4.20 The “proper subset” relation

lemma psubsetl [introl,noatp]: AC B==>A# B==>ACB
by (unfold less-le) blast

lemma psubsetE [elim!,noatp]:
[AC B; [|[AC B;~ (BCA)|] ==>R|]==>R
by (unfold less-le) blast

lemma psubset-insert-iff :

(A C insert  B) = (if v € Bthen A C Belseifx € A then A — {z} C B else
A C B)

by (auto simp add: less-le subset-insert-iff )

lemma psubset-eq: (A C B) = (A C B & A # B)
by (simp only: less-le)

lemma psubset-imp-subset: A C B ==> A C B
by (simp add: psubset-eq)

lemma psubset-trans: [| AC B; BC C||==>ACC
apply (unfold less-le)

apply (auto dest: subset-antisym)

done

lemma psubsetD: [| AC B;c€ A|]==>c€B
apply (unfold less-le)

apply (auto dest: subsetD)

done

lemma psubset-subset-trans: A C B==> B C C ==> A C C
by (auto simp add: psubset-eq)

lemma subset-psubset-trans: A C B==> B C C ==> A C C
by (auto simp add: psubset-eq)

lemma psubset-imp-ez-mem: A C B ==> 3b. b € (B — A)
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by (unfold less-le) blast

lemma atomize-ball:
(Nz. z € A ==> P x) == Trueprop (Vz€A. P x)
by (simp only: Ball-def atomize-all atomize-imp)

lemmas [symmetric, rulify] = atomize-ball
and [symmetric, defn] = atomize-ball

4.5 Further set-theory lemmas

4.5.1 Derived rules involving subsets.

insert.
lemma subset-insertl: B C insert a B

by (rule subsetl) (erule insertl2)

lemma subset-insertl2: A C B = A C insert b B
by blast

lemma subset-insert: x ¢ A ==> (A C insert x B) = (A C B)
by blast

Big Union — least upper bound of a set.
lemma Union-upper: B € A ==> B C Union A
by (iprover intro: subsetl Unionl)

lemma Union-least: (1 X. X € A ==> X C () ==> Union A C C
by (iprover intro: subsetl elim: UnionE dest: subsetD)

General union.
lemma UN-upper: a € A ==> Ba C (|Jz€A. B 1)
by blast

lemma UN-least: (lz. 2 € A ==> Bz C C) ==> (Jz€A. Bz) C C
by (iprover intro: subsetl elim: UN-E dest: subsetD)

Big Intersection — greatest lower bound of a set.

lemma Inter-lower: B € A ==> Inter A C B

by blast

lemma Inter-subset:
["X. X e A==>XCB; A~={}||]==>NACB
by blast

lemma Inter-greatest: (I!1X. X € A ==> C C X) ==> C C Inter A
by (iprover intro: Interl subsetl dest: subsetD)
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lemma INT-lower: a € A ==> ((\z€A. Bz) C Ba
by blast

lemma INT-greatest: (lz. x € A ==> C C Bz) ==> C C ([z€A. B )
by (iprover intro: INT-I subsetl dest: subsetD)

Finite Union — the least upper bound of two sets.

lemma Un-upperl: AC AU B
by blast

lemma Un-upper2: B C AU B
by blast

lemma Un-least: A C C ==> B C C==>AUBCC(C
by blast

Finite Intersection — the greatest lower bound of two sets.

lemma Int-lowerl: AN B C A
by blast

lemma Int-lower2: AN B C B
by blast

lemma Int-greatest: C C A ==>C CB==>CCANB
by blast

Set difference.

lemma Diff-subset: A — B C A
by blast

lemma Diff-subset-conv: (A — B C €)= (A C BU ()
by blast

4.5.2 Equalities involving union, intersection, inclusion, etc.

{-

lemma Collect-const [simp]: {s. P} = (if P then UNIV else {})
— supersedes Collect-False-empty
by auto

lemma subset-empty [simp]: (A C {}) = (4 ={})
by blast

lemma not-psubset-empty [iff]: = (4 < {})
by (unfold less-le) blast
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lemma Collect-empty-eq [simp]: (Collect P = {}) = (Vx. = P x)
by blast

lemma empty-Collect-eq [simp]: ({} = Collect P) = (Vx. = P x)
by blast

lemma Collect-neg-eq: {x. -~ Pz} = — {z. Pz}
by blast

lemma Collect-disj-eq: {z. Pz | Q 2} = {z. Pz} U {z. Q z}
by blast

lemma Collect-imp-eq: {x. Px ——> Q z} = —{z. Pz} U {z. Q z}
by blast

lemma Collect-conj-eq: {x. Pz & Q z} = {z. Pz} N {z. Q z}
by blast

lemma Collect-all-eq: {z. Vy. Pz y} = (Ny. {z. Pz y})
by blast

lemma Collect-ball-eq: {x. VyeA. Pz y} = (Ny€A. {z. Pz y})
by blast

lemma Collect-ex-eq [noatp): {z. 3y. Pz y} = (Uy. {z. Pz y})
by blast

lemma Collect-bez-eq [noatp): {z. JycA. Pz y} = (UyeA. {z. Pz y})
by blast

insert.

lemma insert-is-Un: insert a A = {a} Un A
— NOT SUITABLE FOR REWRITING since {a} == insert a {}
by blast

lemma insert-not-empty [simp]: insert a A # {}
by blast

lemmas empty-not-insert = insert-not-empty [symmetric, standard)
declare empty-not-insert [simp)

lemma insert-absorb: o € A ==> inserta A = A
— [simp] causes recursive calls when there are nested inserts
— with quadratic running time
by blast

lemma insert-absorb2 [simp]: insert x (insert © A) = insert v A
by blast
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lemma insert-commute: insert x (insert y A) = insert y (insert x A)
by blast

lemma insert-subset [simp]: (insert t A C B) = (x € B & A C B)
by blast

lemma mk-disjoint-insert: a € A ==> 3IB. A = insert a B & a ¢ B
— use new B rather than A — {a} to avoid infinite unfolding
apply (rule-tac x = A — {a} in exl, blast)
done

lemma insert-Collect: insert a (Collect P) = {u. u # a ——> P u}
by auto

lemma UN-insert-distrib: uw € A ==> (|Jz€A. insert a (Bz)) = insert a (|JzA.
B z)
by blast

lemma insert-inter-insert[simp|: insert a A N insert a B = insert a (A N B)
by blast

lemma insert-disjoint [simp,noatp]:

(insert a ANB={})=(a¢ BANANB={})
({} =inserta ANB)=(a¢ BA{} =A4N B)
by auto

lemma disjoint-insert [simp,noatp]:
(BNninserta A={})=(a¢ BABNA={})
{}=Aninsertb By =(b¢g AN{} =ANB)
by auto

1mage.

lemma image-empty [simp]: f{} = {}
by blast

lemma image-insert [simp|: f ‘ insert a B = insert (f a) (f‘B)
by blast

lemma image-constant: x € A ==> (Az. ¢) ‘ A = {c}
by auto

lemma image-constant-conv: (%ox. ¢) * A = (if A = {} then {} else {c})
by auto

lemma image-image: f‘ (g ‘A) = (Mz. f (gx)) ‘A
by blast

lemma insert-image [simp]: © € A ==> insert (fz) (f‘A) = f'A
by blast
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lemma image-is-empty [iff]: (ffA={}) = (A ={})
by blast

lemma image-Collect [noatpl: f “ {zx. Pz} = {fz | z. Pz}

— NOT suitable as a default simprule: the RHS isn’t simpler than the LHS,
with its implicit quantifier and conjunction. Also image enjoys better equational
properties than does the RHS.

by blast

lemma if-image-distrib [simp]:
(Az. if P x then fx else gx) S
= (SN {m Pal) U (g (50~ Pa})
by (auto simp add: image-def)

lemma image-cong: M = N ==> Nz. x € N ==> fz = gz) ==> f‘M = ¢‘N
by (simp add: image-def)

range.
lemma full-SetCompr-eq [noatp]: {u. Iz. u = fz} = range f
by auto

lemma range-composition [simp]: range (Az. f (g z)) = frange ¢
by (subst image-image, simp)
Int

lemma Int-absord [simp]: AN A=A
by blast

lemma Int-left-absorb: AN (ANB)=ANDB
by blast

lemma Int-commute: AN B=BNA
by blast

lemma Int-left-commute: AN (BN C)=BN (AN C)
by blast

lemma Int-assoc: (AN B)NC =A4An (BN ()
by blast

lemmas Int-ac = Int-assoc Int-left-absorb Int-commute Int-left-commute
— Intersection is an AC-operator

lemma Int-absorbl: B C A==> AN B =8B
by blast
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lemma Int-absorb2: AC B==>ANB=A
by blast

lemma Int-empty-left [simp]: {} N B = {}
by blast

lemma Int-empty-right [simp]: A N {} = {}
by blast

lemma disjoint-eq-subset-Compl: (AN B ={}) = (A C —B)
by blast

lemma disjoint-iff-not-equal: (AN B = {}) = (Vz€A. VyeB. z # y)
by blast

lemma Int-UNIV-left [simp]: UNIV N B = B
by blast

lemma Int-UNIV-right [simp]: A N UNIV = A
by blast

lemma Int-eq-Inter: AN B = ({4, B}
by blast

lemma Int-Un-distrib: AN (BUC)=(ANB)U (4N C)
by blast

lemma Int-Un-distrib2: (B U C) N A= (BN A) U (CnNA
by blast

lemma Int-UNIV [simp,noatp]: (AN B = UNIV) = (A = UNIV & B = UNIV)
by blast

lemma Int-subset-iff [simp]: (C C ANB)=(CC A& CCB)
by blast

lemma Int-Collect: (x € AN{z. Pz})=(x € A& Px)
by blast

Un.

lemma Un-absorb [simp]: AU A=A
by blast

lemma Un-left-absorb: AU (AU B) = AU B
by blast

lemma Un-commute: AU B =B U A
by blast
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lemma Un-left-commute: AU (BU C) =B U (AU C)
by blast

lemma Un-assoc: (AU B)U C =AU (BUCQ)
by blast

lemmas Un-ac = Un-assoc Un-left-absorb Un-commute Un-left-commute
— Union is an AC-operator

lemma Un-absorbl: A C B==>AUB=2RB
by blast

lemma Un-absorb2: B C A==> AU B=A
by blast

lemma Un-empty-left [simp]: {} U B = B
by blast

lemma Un-empty-right [simp]: AU {} = A
by blast

lemma Un-UNIV-left [simp]: UNIV U B = UNIV
by blast

lemma Un-UNIV-right [simp]: A U UNIV = UNIV
by blast

lemma Un-eg-Union: AU B = |J{A, B}
by blast

lemma Un-insert-left [simp]: (insert a B) U C = insert a (B U C)
by blast

lemma Un-insert-right [simp]: A U (insert a B) = insert a (A U B)
by blast

lemma Int-insert-left:
(insert a B) Int C' = (if a € C then insert a (B N C) else BN C)
by auto

lemma Int-insert-right:
A N (insert a B) = (if a € A then insert a (A N B) else AN B)
by auto

lemma Un-Int-distrib: AU (BN C)=(AUB)n (AU C)
by blast

lemma Un-Int-distrib2: (BN C)U A= (BUA) N (CUA)
by blast
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lemma Un-Int-crazy:

(AnNB)UBNC)U(CNA) =(AUB)N(BUC)N(CUA)

by blast

lemma subset-Un-eq: (A C B) = (AU B = B)
by blast

lemma Un-empty [iff]: (AU B ={}) =(A={}& B ={})
by blast

lemma Un-subset-iff [simp]: (AU B C C)=(AC C & BC ()
by blast

lemma Un-Diff-Int: (A — B)U(ANB)=A
by blast

lemma Diff-Int2: ANC —BNC=ANnC - B
by blast

Set complement

lemma Compl-disjoint [simp]: AN —A = {}
by blast

lemma Compl-disjoint2 [simp]: —A N A = {}
by blast

lemma Compl-partition: A U —A = UNIV
by blast

lemma Compl-partition2: —A U A = UNIV
by blast

lemma double-complement [simp]: — (—A) = (A::'a set)
by blast

lemma Compl-Un [simp]: —(A U B) = (=4) N (—B)
by blast

lemma Compl-Int [simp]: —(A N B) = (—4) U (—B)
by blast

lemma Compl-UN [simp]: —(|Jz€A. Bz) = ((z€A. —B x)
by blast

lemma Compl-INT [simp]: —((z€A. Bz) = (Jz€A. —B 1)
by blast

lemma subset-Compl-self-eq: (A C —A) = (A ={})
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by blast

lemma Un-Int-assoc-eq: (AN B)U C=AnN(BUC(C)) =(CC A
— Halmos, Naive Set Theory, page 16.
by blast

lemma Compl-UNIV-eq [simp]: —UNIV = {}
by blast

lemma Compl-empty-eq [simp]: —{} = UNIV
by blast

lemma Compl-subset-Compl-iff [iff]: (—A C —B) = (B C A)
by blast

lemma Compl-eq-Compl-iff [iff]: (-4 = —B) = (A = (B::'a set))
by blast

Union.

lemma Union-empty [simp]: Union({}) = {}
by blast

lemma Union-UNIV [simp]: Union UNIV = UNIV
by blast

lemma Union-insert [simp]: Union (insert a B) = a U |JB
by blast

lemma Union-Un-distrib [simp]: |J(A Un B) = JAUUB
by blast

lemma Union-Int-subset: | J(AN B) C UANUB
by blast

lemma Union-empty-conv [simp,noatp]: (JA = {}) = Vz€A. z = {})
by blast

lemma empty-Union-conv [simp,noatp]: ({} = JA) = (VzeA. z = {})
by blast

lemma Union-disjoint: (JC N A= {}) = (VBeC. BN A ={})
by blast

Inter.

lemma Inter-empty [simp): (\{} = UNIV
by blast

lemma Inter-UNIV [simp]: (V1 UNIV = {}
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by blast

lemma Inter-insert [simp]: [ (insert « B) = a N (B
by blast

lemma Inter-Un-subset: (YA U (B C (4 N B)
by blast

lemma Inter-Un-distrib: (J(AU B) =(NANNB
by blast

lemma Inter-UNIV-conv [simp,noatp]:
(NA = UNIV) = (Vaz€A. x = UNIV)
(UNIV =N A) = (Vz€A. z = UNIV)
by blast+

UN and INT.

Basic identities:

lemma UN-empty [simp,noatp]: (Jze{}. Bz) = {}
by blast

lemma UN-empty2 [simp]: (Jz€A. {}) = {}
by blast

lemma UN-singleton [simp]: (Jz€A. {z}) = A
by blast

lemma UN-absorb: k € I ==> A kU (Uiel. Ai) = (Jiel. A1)
by auto

lemma INT-empty [simp]: (z€{}. B x) = UNIV
by blast

lemma INT-absorb: k € I ==> A kn (Niel. Ai) = (Niel. A1)
by blast

lemma UN-insert [simp]: ((Jx€insert a A. Bz) = Ba U UNION A B
by blast

lemma UN-Un[simp]: (Ui € AU B. Mi) = (Jicd. M i) U (UieB. M)
by blast

lemma UN-UN-flatten: (Jz € (Jy€A. By). Cz) = (Jycd. UzeBy. Cx)
by blast

lemma UN-subset-iff: ({[Ji€l. Ai) C B) = (Viel. Ai C B)
by blast

lemma INT-subset-iff: (B C (i€l. A i)) = (Viel. B C A1)
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by blast

lemma INT-insert [simp]: ((z € insert a A. Bz) = Ba N INTER A B
by blast

lemma INT-Un: (i€ AUB. Mi)= (i€ A Mi) N (i€B. M)
by blast

lemma INT-insert-distrib:
u € A==> ((z€A. insert a (B z)) = insert a ((\z€A. B x)
by blast

lemma Union-image-eq [simp]: |J (B‘A) = (Jz€A. B 1)
by blast

lemma image-Union: f‘|JS = (Jz€eS. f ‘)
by blast

lemma Inter-image-eq [simp]: () (B‘A) = (z€A. B z)
by blast

lemma UN-constant [simp]: (Jy€A. ¢) = (if A = {} then {} else ¢)
by auto

lemma INT-constant [simp]: ((y€A. ¢) = (if A = {} then UNIV else c)
by auto

lemma UN-eq: ((Jz€A. Bz) =J{Y.3Jz€A. Y = Bz})
by blast

lemma INT-eq: (Nz€A. Bz) =(({Y.3z€d. Y = Bz})
— Look: it has an existential quantifier
by blast

lemma UNION-empty-conv|simp]:
({} = (UNz:A. Bz)) = (Vz€A. Bz ={})
((UN z:A. Bz) ={}) = (Vz€A. Bz = {})
by blast+

lemma INTER-UNIV-conv|[simp):

(UNIV = (INT z:A. Bz)) = (Vz€A. B = UNIV)
(INT z:A. Bz) = UNIV) = (Vz€A. Bz = UNIV)
by blast+

Distributive laws:

lemma Int-Union: AN|JB = (JCeB. An ()
by blast

lemma Int-Union2: | UB N A= (JCeB. C N A)
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by blast

lemma Un-Union-image: (Jz€C. Az U Bz) =J(AC) UU(BC)
— Devlin, Fundamentals of Contemporary Set Theory, page 12, exercise 5:
— Union of a family of unions
by blast

lemma UN-Un-distrib: (|Ji€l. Ai U Bi) = (Jiel. Ai)U (Jiel. Bi)
— Equivalent version
by blast

lemma Un-Inter: AU (B = (1CeB. AU C)
by blast

lemma Int-Inter-image: (Nz€C. Az N Bzx)=(AC) NN (BC)
by blast

lemma INT-Int-distrib: ((i€l. AiN Bi) = (iel. Ai)n (Ni€l. Bi)
— Equivalent version
by blast

lemma Int-UN-distrib: B N (Ji€l. A i) = (Ji€l. BN A1)
— Halmos, Naive Set Theory, page 35.
by blast

lemma Un-INT-distrib: B U ((i€l. A i) = ((i€l. BU A i)
by blast

lemma Int-UN-distrib2: (Jiel. A i) N (Ujed. Bj) = (Jiel. UjeJ. Ain B
7)

by blast
lemma Un-INT-distrib2: (i€l. A i) U (NjeJ. B j) = (Niel. jeJ. AiU B

7)
by blast

Bounded quantifiers.
The following are not added to the default simpset because (a) they duplicate
the body and (b) there are no similar rules for Int.

lemma ball-Un: (Vz € AUB. Pz) = ((Vz€A. Pz) & (VzeB. P 1))
by blast

lemma bex-Un: (3z € AU B. Pxz) = ((3z€A. Pz) | (3z€B. P x))
by blast

lemma ball-UN: (Vz € UNION A B. P z) = (Vz€A.Vz € Bz. P z)
by blast
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lemma bex-UN: (32 € UNION A B. P z) = (3z€A. 3z€B z. P 2)
by blast

Set difference.
lemma Diff-eq: A — B= AN (—B)
by blast

lemma Diff-eg-empty-iff [simp,noatp]: (A — B ={}) = (A C B)
by blast

lemma Diff-cancel [simp]: A — A = {}
by blast

lemma Diff-idemp [simp]: (A — B) — B = A — (B:/a set)
by blast

lemma Diff-triv: ANB={}==>A-B=A4
by (blast elim: equalityE)

lemma empty-Diff [simp]: {} — A = {}
by blast

lemma Diff-empty [simp]: A — {} = A
by blast

lemma Diff-UNIV [simp]: A — UNIV = {}
by blast

lemma Diff-insert0 [simp,noatp]: © ¢ A ==> A — insertt B=A — B
by blast

lemma Diff-insert: A — insert a B = A — B — {a}
— NOT SUITABLE FOR REWRITING since {a} == insert a 0
by blast

lemma Diff-insert2: A — insert a B = A — {a} — B

— NOT SUITABLE FOR REWRITING since {a} == insert a 0

by blast
lemma insert-Diff-if: insert t A — B = (if ¢ € B then A — B else insert z (A —
B))

by auto

lemma insert-Diff! [simp]: x € B ==> insert t A— B=A — B
by blast

lemma insert-Diff-single[simp]: insert a (A — {a}) = insert a A
by blast
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lemma insert-Diff: a € A ==> insert a (A — {a}) = A
by blast

lemma Diff-insert-absorb: x ¢ A ==> (insert ¢ A) — {z} = A

by auto

lemma Diff-disjoint [simp]: AN (B — A) = {}
by blast

lemma Diff-partition: A C B==> AU (B - A) =B
by blast

lemma double-diff: AC B==>BC (C==>B—-(C—-A4)=A4

by blast

lemma Un-Diff-cancel [simp]: AU (B — A) = AU B
by blast

lemma Un-Diff-cancel? [simp]: (B — A) UA=BUA
by blast

lemma Diff-Un: A— (BUC)=(A—-B)Nn (A - C)
by blast

lemma Diff-Int: A — (BN C)=(A—-B)U (A - C)
by blast

lemma Un-Diff: (AUB) — C=(A—- C)U (B - ()
by blast

lemma Int-Diff: (AN B) — C=An (B - 0C)
by blast

lemma Diff-Int-distrib: C N (A — B) = (CNA) —(CnNB)
by blast

lemma Diff-Int-distrib2: (A — B)Nn C = (AN C) — (Bn C)
by blast

lemma Diff-Compl [simp]: A — (- B)=ANB
by auto

lemma Compl-Diff-eq [simp]: — (A — B) = —-AUB
by blast

Quantification over type bool.

lemma bool-induct: P True —> P False — P x
by (cases z) auto
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lemma all-bool-eq: (Vb. P b) «— P True A\ P False
by (auto intro: bool-induct)

lemma bool-contrapos: Pt =—> — P False = P True
by (cases z) auto

lemma ez-bool-eq: (3b. P b) «— P True V P False
by (auto intro: bool-contrapos)

lemma Un-eq-UN: AU B = (|Jb. if b then A else B)
by (auto simp add: split-if-mem?2)

lemma UN-bool-eq: (| b::bool. A b) = (A True U A False)
by (auto intro: bool-contrapos)

lemma INT-bool-eq: ([ b::bool. A b) = (A True N A False)
by (auto intro: bool-induct)

Pow
lemma Pow-empty [simp]: Pow {} = {{}}
by (auto simp add: Pow-def)

lemma Pow-insert: Pow (insert a A) = Pow A U (insert a < Pow A)
by (blast intro: image-eql [where ?z = u — {a}, standard])

lemma Pow-Compl: Pow (— A) = {—B | B. A € Pow B}
by (blast intro: exI [where %z = — u, standard])

lemma Pow-UNIV [simp]: Pow UNIV = UNIV
by blast

lemma Un-Pow-subset: Pow A U Pow B C Pow (A U B)
by blast

lemma UN-Pow-subset: ((Jx€A. Pow (B z)) C Pow (Jz€A. B x)
by blast

lemma subset-Pow-Union: A C Pow (|JA)
by blast

lemma Union-Pow-eq [simp]: |J (Pow A) = A
by blast

lemma Pow-Int-eq [simp]: Pow (A N B) = Pow A N Pow B
by blast

lemma Pow-INT-eq: Pow ((z€A. Bz) = ((Jz€A. Pow (B z))
by blast
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Miscellany.

lemma set-eq-subset: (A = B) = (A C B & B C 4)
by blast

lemma subset-iff: (A C B) = (Vt.t € A ——>t € B)
by blast

lemma subset-iff-psubset-eq: (A C B) = ((A C B) | (A = B))
by (unfold less-le) blast

lemma all-not-in-conv [simp]: Vz.z ¢ A) = (A ={})
by blast

lemma ez-in-conv: (3z. z € A) = (A # {})
by blast

lemma distinct-lemma: fz # fy ==> 1z # y
by iprover

Miniscoping: pushing in quantifiers and big Unions and Intersections.

lemma UN-simps [simp]:

la B C. (UN z:C. insert a (B x)) = (if C={} then {} else insert a (UN z:C. B
z))

WA B C.(UNxz:C. Ax Un B) = ((if C={} then {} else (UN z:C. A z) Un
B))

WA B C. (UNaz:C. AUn Bz) = ((if C={} then {} else A Un (UN z:C. B
z)))

WA BC.(UNz:C. Az Int B) = ((UNz:C. A z) Int B)

WA BC.(UNz:C. AInt Bz) = (A Int (UN z:C. B x))

WABC. (UNz:C. Az — B) = ((UNz:C. Az)— B)

WABC. (UNz:C. A—Bz) = (A— (INTz:C. Buz))

"A B. (UN z: Union A. B z) = (UN y:A. UN z:y. B x)

A BC.(UNz: UNION A B. Cz) = (UN z:A. UN z: B(z). C z2)

WA Bf.(UNz:f‘A. Bz) = (UN a:A. B (fa))

by auto

lemma INT-simps [simp]:

WA B C. (INT z:C. A x Int B) = (if C={} then UNIV else (INT z:C. A z) Int
B)

WA B C. (INT z:C. A Int B z) = (if C={} then UNIV else A Int (INT z:C. B
z))

WA BC.(INTz:C. Az — B) = (if C={} then UNIV else (INT z:C. A z) —
B)

WA BC. (INTz:C. A— Bz) = (if C={} then UNIV else A — (UN z:C. B
z))

la B C. (INT z:C. insert a (B z)) = insert a (INT z:C. B x)

WA BC. (INTz:C. Az UnB) = (INT z:C. A z) Un B)

WA BC.(INTz:C. AUnBz) = (A Un (INT 2:C. B z))
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WA B. (INT z: Union A. Bx) = (INT y:A. INT z:y. B )

WA B C. (INT z: UNION A B. C z) = (INT z:A. INT z: B(z). C z)
WABf.(INTz:f'A. Bz) = (INT a:A. B (fa))

by auto

lemma ball-simps [simp,noatp]:
WAPQ. (ALLz:A. Pz | Q) = ((ALL z:A. Pz) | Q)
WAPQ. (ALLz:A. P | Qz)= (P | (ALL z:A. Q x))
WA P Q. (ALL :A. P ——> Q) =
WA P Q. (ALL :A. Pz ——> Q) =
WP. (ALL z:{}. P z) = True
WP. (ALL z:UNIV. P z) = (ALL z. P x)
la B P. (ALL z:insert a B. Px) = (P a & (ALL z:B. P x))
WA P. (ALL z:Union A. P z) = (ALL y:A. ALL x:y. P x)
WA BP.(ALL x: UNION A B. Pz) = (ALL a:A. ALL z: B a. P x)
P Q. (ALL z:Collect Q. Pz) = (ALL z. Q x ——> P 1)
WA Pf. (ALL z:f‘A. P z) = (ALL z:A. P (f z))
WA P. (Y(ALL z:A. P z)) = (EX z:A. ~P x)
by auto

(P ——> (ALL z:A. Q 2))
(EX z:A. Pz) ——> Q)

lemma bex-simps [simp,noatp]:
N"APQ (EX2v:A. Pz & Q)= ((EXz:A. Pz) & Q)
WAPQ (EX2:A P& Q)= (P & (EX z:A. Q1))
"P. (EX z:{}. P z) = False
UP. (EX z:UNIV. P z) = (EX z. P x)
la B P. (EX x:insert a B. P z) = (P(a) | (EX z:B. P x))
WA P. (EX z:Union A. Pz) = (EX y:A. EX z:y. P 1)
WA BP.(EXz: UNION A B. Pz) = (EX a:A. EX z:B a. P 1)
NP Q. (EX z:Collect Q. Pz) = (EXz. Qz & P x)
WA Pf. (EX z:f'A. Pz) = (EX 2:A. P (fz))
WA P. (¥(EX z:A. Px)) = (ALL z:A. P x)
by auto

lemma ball-cong-distrib:
(ALL ©:A. Pz & Q z) = ((ALL x:A. Pz) & (ALL z:A. Q x))
by blast

lemma bez-disj-distrib:
(EXz:A. Pz | Qz)=(EXz:A. Pz) | (EX z:A. Q x))
by blast

Maxiscoping: pulling out big Unions and Intersections.

lemma UN-extend-simps:
la B C. insert a (UN z:C. B z) = (if C={} then {a} else (UN z:C. insert a
(B2)
WABC.(UNz:C. Az) Un B = (if C={} then Belse (UN z:C. A x Un B))
WA BC.AUn (UNz:C. Bzx) (if C={} then A else (UN z:C. A Un B z))
WA BC. ((UNz:C. Az) Int B) = (UNz:C. A z Int B)
WA BC. (A Int (UNx:C. Bz)) = (UNz:C. A Int B x)
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WABC. ((UNz:C. Az) — B) = (UNz:C. Az — B)
WABC.(A—- (INTz:C. Bz)) = (UNuz:C. A — Bu)

"A B. (UN y:A. UN z:y. B z) = (UN z: Union A. B x)

WA BC.(UN z:A. UN z: B(z). C z) = (UN z: UNION A B. C z2)
WA Bf.(UN a:A. B (fa)) = (UN z:fA. B x)

by auto

lemma INT-extend-simps:
WA BC. (INT z:C. A z) Int B = (if C={} then B else (INT z:C. A z Int B))
WA BC. AInt (INT z:C. Bz) = (if C={} then A else (INT z:C. A Int B z))
WA BC.(INTx:C. Az) — B = (if C={} then UNIV—B else (INT z:C. A z
~B)
WABC.A— (UNuz:C. Bz) = (if C={} then A else (INT z:C. A — B z))
la B C. insert a (INT z:C. Bz) = (INT z:C. insert a (B x))
WABC.(INTz:C. Az) Un B) = (INT z:C. A z Un B)
WABC.AUn (INTz:C. Bz) = (INT z:C. A Un B 1)
WA B. (INT y:A. INT z:y. Bz) = (INT x: Union A. B x)
WA BC. (INT z:A. INT z: B(z). Cz) = (INT z: UNION A B. C z)
WA Bf.(INT a:A. B (fa)) = (INT z:f'A. B x)
by auto

4.5.3 Monotonicity of various operations

lemma image-mono: A C B ==> f‘A C f'B
by blast

lemma Pow-mono: A C B ==> Pow A C Pow B
by blast

lemma Union-mono: A C B==>|JA C|JB
by blast

lemma Inter-anti-mono: B C A ==> (1A C (B
by blast

lemma UN-mono:
ACB==>z.2€ A==>fz Cgz)==>
(UzeA. fz) C (UzeB. g x)
by (blast dest: subsetD)

lemma INT-anti-mono:
BCA==>z.2€ A==>fz Cgz)==>
(NzeA. fz) C(Nz€eA. g x)
— The last inclusion is POSITIVE!
by (blast dest: subsetD)

lemma insert-mono: C C D ==> insert a C C insert a D
by blast
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lemma Un-mono: AC C ==>BCD==>AUBCCUD
by blast

lemma Int-mono: AC C ==>BCD==>ANBCCND
by blast

lemma Diff-mono: AC C ==>DCB==>A—-BCC-D
by blast

lemma Compl-anti-mono: A C B ==> —-B C —A
by blast

Monotonicity of implications.

lemma in-mono: AC B==>zs¢€ A—>z¢€B

apply (rule impl)
apply (erule subsetD, assumption)
done

lemma conj-mono: P1 ——> Q1 ==> P2 ——> Q2 ==> (P1 & P2) ——> (Q1
& Q2)
by iprover

lemma disj-mono: P1 ——> Q1 ==> P2 ——> Q2 ==> (P! | P2) ——> (Q1 |
Q2)
by iprover

lemma imp-mono: Q1 ——> P1 ==> P2 ——> @2 ==> (P1 ——> P2) ——>

(Q1 ——> Q2)
by iprover

lemma imp-refl: P ——> P ..

lemma ex-mono: z. Px ——> Q) ==> (EXz. Pz) —> (EX z. Q )
by iprover

lemma all-mono: (Mz. Pz ——> Q ) ==> (ALL z. Px) —> (ALL z. Q x)
by iprover

lemma Collect-mono: (Nz. Pz ——> @ x) ==> Collect P C Collect Q
by blast

lemma Int-Collect-mono:
ACB==>(lz. 2 € A==> Pz ——> Qz) ==> AN Collect P C BN
Collect @
by blast

lemmas basic-monos =
subset-refl imp-refl disj-mono conj-mono
ex-mono Collect-mono in-mono
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lemma eg-to-mono: a = b==>c=d==>b—>d==>a——>c
by iprover

lemma eq-to-mono2: a =b==>c=d==>"b—>"d==>"a—>"c
by iprover
4.6 Inverse image of a function

constdefs
vimage :: (‘a => 'b) => 'b set => 'a set  (infixr — 90)
f—‘B=={z.fz: B}

4.6.1 Basic rules

lemma vimage-eq [simp]: (a : f —“B) = (fa: B)
by (unfold vimage-def) blast

lemma vimage-singleton-eq: (a : f —* {b}) = (fa = b)
by simp

lemma vimagel [intro]: fa = b ==>b:B==>a:f—‘B
by (unfold vimage-def) blast

lemma vimagel2: fa: A==>a:f —‘A
by (unfold vimage-def) fast

lemma vimageE [elim!]: a: f — B ==> (2. fa = 2 ==> 2:B ==> P) ==>
P
by (unfold vimage-def) blast

lemma vimageD: a : f —A==> fa: A
by (unfold vimage-def) fast
4.6.2 Equations

lemma vimage-empty [simp]: f —¢ {} = {}
by blast

lemma vimage-Compl: f —¢ (—A4) = —(f —¢ A)
by blast

lemma vimage-Un [simp]: f —¢ (A Un B) = (f —“A) Un (f —° B)
by blast

lemma vimage-Int [simp]: f —¢ (A Int B) = (f —“A) Int (f —‘B)
by fast

lemma vimage-Union: f —* (Union A) = (UN X:A. f —°X)
by blast
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lemma vimage-UN: f—‘(UN z:A. Bz) = (UN x:A. f —“ B x)
by blast

lemma vimage-INT: f—‘(INT z:A. Bx) = (INT z:A. f —° B 1)
by blast

lemma vimage-Collect-eq [simp]: f —* Collect P = {y. P (fy)}
by blast
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lemma vimage-Collect: (lxz. P (fz) = Q ) ==> f —* (Collect P) = Collect Q

by blast

lemma vimage-insert: f—*(insert a B) = (f—‘{a}) Un (f—‘B)
— NOT suitable for rewriting because of the recurrence of {a}.
by blast

lemma vimage-Diff: f — (A — B)=(f —“A) — (f —“B)
by blast

lemma vimage-UNIV [simp]: f —¢ UNIV = UNIV
by blast

lemma vimage-eq-UN: f—‘B = (UN y: B. f—*{y})
— NOT suitable for rewriting
by blast

lemma vimage-mono: AC B==>f—-‘ACf—-‘B
— monotonicity
by blast

lemma vimage-image-eq [noatp]: f —¢ (f “ A) = {y. EX ©:A. fz = fy}

by (blast intro: sym)

lemma image-vimage-subset: f < (f —¢A) <= A
by blast

lemma image-vimage-eq [simp]: f ¢ (f —¢A) = A Int range f
by blast

lemma image-Int-subset: f‘(A Int B) <= f‘A Int ‘B
by blast

lemma image-diff-subset: ‘A — f‘B <= f‘(A — B)
by blast

lemma image-UN: (f * (UNION A B)) = (UN z:A.(f * (B z)))
by blast
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4.7 Getting the Contents of a Singleton Set

definition
contents :: 'a set = 'a
where
contents X = (THE z. X = {z})

lemma contents-eq [simp]: contents {z} = z
by (simp add: contents-def)

4.8 Transitivity rules for calculational reasoning

lemma set-rev-mp: ©:A ==> A C B ==> z:B
by (rule subsetD)

lemma set-mp: A C B ==> x:A ==> ©:B
by (rule subsetD)

lemmas basic-trans-rules [trans] =
order-trans-rules set-rev-mp set-mp

4.9 Dense orders

class dense-linear-order = linorder +
assumes gt-ex: Jy. © < y
and lt-ex: Jy. y < x
and dense: x <y = (Jz. 2 <z Az < y)

begin

lemma interval-empty-iff
{yz<yny<zt={}—-z<z
by (auto dest: dense)

end

4.10 Least value operator

lemma Least-mono:

mono (f::'azorder => 'b:iorder) ==> EX :S. ALL y:S. z <=y
==> (LEAST y.y:f‘S)=f (LEAST z. z : S)
— Courtesy of Stephan Merz

apply clarify

apply (erule-tac P = %z. x : S in LeastI2-order, fast)

apply (rule LeastI2-order)

apply (auto elim: monoD intro!: order-antisym)

done

lemma Least-equality:
[| P (k:'azorder); Nz, Pz ==>k <=z || ==> (LEAST z. Pz) =k
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apply (simp add: Least-def)
apply (rule the-equality)

apply (auto introl: order-antisym)
done

4.11 Basic ML bindings

ML
val Ball-def = @Q{thm Ball-def}

val Bezx-def = @{thm Bez-def}

val CollectD = @{thm CollectD}

val CollectE = @Q{thm CollectE}

val Collect] = Q{thm CollectI}

val Collect-conj-eq = Q{thm Collect-conj-eq}
val Collect-mem-eq = Q{thm Collect-mem-eq}
val IntD1 = @{thm IntD1}

val IntD2 = @{thm IntD2}

val IntE = @Q{thm IntE}

val Intl = Q{thm Intl}

val Int-Collect = Q{thm Int-Collect}

val UNIV-I = Q{thm UNIV-I}

val UNIV-witness = @{thm UNIV-witness}
val UnE = Q{thm UnE}

val Unll = Q{thm Unll}

val Unl2 = Q{thm UnI2}

val ballE = Q{thm ballE}

val balll = @{thm balll}

val bexCI = Q{thm bexCI}

val bexE = Q{thm bexE}

val bex] = Q{thm bexl}

val bezx-triv = Q{thm bex-triv}

val bspec = @Q{thm bspec}

val contra-subsetD = @Q{thm contra-subsetD}
val distinct-lemma = Q{thm distinct-lemma}
val eg-to-mono = Q{thm eg-to-mono}

val eg-to-mono2 = Q{thm eg-to-mono2}

val equalityCE = Q{thm equalityCE'}

val equalityD1 = @Q{thm equalityD1}

val equalityD2 = Q{thm equalityD2}

val equalityE = @Q{thm equalityE}

val equalityl = Q{thm equalityl }

val imageE = Q{thm imageE}

val imagel = Q{thm imagel }

val image-Un = Q{thm image-Un}

val image-insert = Q{thm image-insert}

val insert-commute = Q{thm insert-commute}
val insert-iff = Q{thm insert-iff }

val mem-Collect-eq = Q{thm mem-Collect-eq}
val rangeEl = @Q{thm rangeE}
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val rangel = Q{thm rangel }

val range-eql = Q{thm range-eql }

val subsetCE = @Q{thm subsetCE'}

val subsetD = @Q{thm subsetD}

val subsetl = Q{thm subsetl}

val subset-refl = Q{thm subset-refl}
val subset-trans = @{thm subset-trans}
val vimageD = @Q{thm vimageD}

val vimageE = Q{thm vimageE}

val vimagel = Q{thm vimagel }

val vimagel2 = Q{thm vimagel2}

val vimage-Collect = Q{thm vimage-Collect}
val vimage-Int = Q{thm vimage-Int}
val vimage-Un = @Q{thm vimage-Un}

)

end

5 Fun: Notions about functions

theory Fun
imports Set
begin

As a simplification rule, it replaces all function equalities by first-order equal-
ities.

lemma expand-fun-eq: f = g «— (Vz. foz = g )

apply (rule iffI)

apply (simp (no-asm-simp))

apply (rule ext)

apply (simp (no-asm-simp))

done

lemma apply-inverse:

fr=u= (A\z. Pz =g (fz)=2) = Pr=2=gu
by auto

5.1 The Identity Function :d

definition

id 'a = a
where

id = (\z. z)

lemma id-apply [simp]: id z = x
by (simp add: id-def)

lemma image-ident [simp]: (%oz. z) ‘Y =Y
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by blast

lemma image-id [simp]: id ‘Y =Y
by (simp add: id-def)

lemma vimage-ident [simp]: (%z. z) =Y =Y
by blast

lemma vimage-id [simp]: id —° A = A
by (simp add: id-def)

5.2 The Composition Operator f o ¢

definition
comp :: ('b = 'c) = (la = 'b) = 'a = 'c (infixl 0 55)
where

fog= @z f (g2))

notation (zsymbols)
comp (infixl o 55)

notation (HTML output)
comp (infixl o 55)

compatibility

lemmas o-def = comp-def

lemma o-apply [simp]: (fog) x = f (g z)
by (simp add: comp-def)

lemma o-assoc: fo (goh)=fogoh
by (simp add: comp-def)

lemma id-o [simp]: id 0o g = ¢
by (simp add: comp-def)

lemma o-id [simp]: foid = f
by (simp add: comp-def)

lemma image-compose: (f o g) ‘r = f(g‘r)
by (simp add: comp-def, blast)

lemma UN-o: UNION A (g o f) = UNION (f‘A) g
by (unfold comp-def, blast)

5.3 The Forward Composition Operator fcomp

definition
feomp :: ('a = 'b) = ('b = '¢) = ’a = 'c (infix]l o> 60)
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where
fo>g= (2. g (fz))

lemma feomp-apply: (f o> g) z = g (f z)
by (simp add: fecomp-def)

lemma fcomp-assoc: (f 0> g) o> h = fo> (g 0> h)
by (simp add: fcomp-def)

lemma id-feomp [simp]: id 0> g = g
by (simp add: fcomp-def)

lemma fcomp-id [simp]: f o> id = f
by (simp add: feomp-def)

no-notation fcomp (infixl o> 60)

5.4 Injectivity and Surjectivity

constdefs
ing-on :: ['a => b, 'a set] => bool — injective
injron fA =="1x:A. 1 y:A. f(z)=f(y) ——> z=y

A common special case: functions injective over the entire domain type.

abbreviation
inj f == inj-on f UNIV

definition
bij-betw :: ('a => 'b) => 'a set => 'b set => bool where — bijective
bij-betw fA B «—— injon fA& f‘A=B

constdefs
surj = (‘a => 'b) => bool
surj f ==1y. ?z. y=f(x)

bij = (Ya => 'b) => bool
bij f == inj f & surj f
lemma injl:
assumes Az y. fr=fy = 2=y

shows inj f
using assms unfolding inj-on-def by auto

For Proofs in Tools/datatype-rep-proofs

lemma datatype-injl:

Mz ALL y. f(z) = f(y) ——> z=y) ==> inj(f)
by (simp add: inj-on-def)

theorem range-exl-eq: inj f = b : range f = (EX! z. b = fz)
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by (unfold inj-on-def, blast)

lemma injD: [| inj(f); f(z) = f(y) || ==> a=y
by (simp add: inj-on-def)

lemma inj-eq: inj (f) ==> (f(z) = f(y)) = (s=y)
by (force simp add: inj-on-def)

lemma inj-on-id[simp]: inj-on id A
by (simp add: inj-on-def)

lemma inj-on-id2[simp): inj-on (%ox. z) A
by (simp add: inj-on-def)

lemma surj-id[simp]: surj id
by (simp add: surj-def)

lemma bij-id[simp]: bij id
by (simp add: bij-def inj-on-id surj-id)

lemma inj-onl:
My | =:4; y:A; f(z) = f(y) || ==> z=y) ==> inj-on f A
by (simp add: inj-on-def)

lemma inj-on-inversel: (Nz. x:A ==> ¢g(f(z)) = ) ==> inj-on f A
by (auto dest: arg-cong [of concl: g] simp add: inj-on-def)

lemma inj-onD: [| inj-on f A; f(x)=f(y); =:4; y:A|] ==> z=y
by (unfold inj-on-def, blast)

lemma inj-on-iff: [| inj-on f A; x:A; y:A || ==> (f(z)=f(y)) = (z=y)
by (blast dest!: inj-onD)

lemma comp-inj-on:
(| inj-on f A; inj-on g (f‘A) || ==> inj-on (g o f) A
by (simp add: comp-def inj-on-def)

lemma inj-on-imagel: inj-on (g o f) A = inj-on g (f < A)
apply(simp add:inj-on-def image-def)

apply blast

done

lemma inj-on-image-iff: [ ALL z:A. ALL y:A. (9(fz) = 9g(fy)) = (g = g y);
inj-on f A ] = inj-on g (f * A) = inj-on g A

apply (unfold inj-on-def)

apply blast

done
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lemma inj-on-contraD: [| inj-on f A; ~z=y; z:A; y:A |l ==>" f(x)=f(y)

by (unfold inj-on-def, blast)

lemma inj-singleton: inj (%s. {s})
by (simp add: inj-on-def)

lemma inj-on-emptyl[iff]: inj-on f {}
by (simp add: inj-on-def)

lemma subset-inj-on: || inj-on f B; A <= B || ==> inj-on f A
by (unfold inj-on-def, blast)

lemma inj-on-Un:
inj-on f (A Un B) =
(inj-on f A & inj-on f B & f*(A—B) Int f{(B—A) = {})
apply (unfold inj-on-def)
apply (blast intro:sym)
done

lemma inj-on-insert[iff]:
inj-on f (insert a A) = (inj-on f A & fa ~: f(A—{a}))
apply (unfold inj-on-def)
apply (blast intro:sym)
done

lemma inj-on-diff: inj-on f A ==> inj-on f (A—DB)
apply (unfold inj-on-def)

apply (blast)

done

lemma surjl: (! z. g(fz) = ) ==> surj g
apply (simp add: surj-def)

apply (blast intro: sym)

done

lemma surj-range: surj f ==> range f = UNIV
by (auto simp add: surj-def)

lemma surjD: surj f ==> EXx. y = fx
by (simp add: surj-def)

lemma surjE: surj f ==> (lz. y = fo ==> C) ==> C
by (simp add: surj-def, blast)

lemma comp-surj: [| surj f; surj g |] ==> surj (g o f)
apply (simp add: comp-def surj-def, clarify)

apply (drule-tac x = y in spec, clarify)

apply (drule-tac x = x in spec, blast)

done
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lemma bijl: || inj f; surj f || ==> bij f
by (simp add: bij-def)

lemma bij-is-inj: bij f ==> inj f
by (simp add: bij-def)

lemma bij-is-surj: bij f ==> surj f
by (simp add: bij-def)

lemma bij-betw-imp-inj-on: bij-betw f A B = inj-on f A
by (simp add: bij-betw-def)

lemma bij-betw-inv: assumes bij-betw f A B shows EX g. bij-betw ¢ B A
proof —
have i: inj-on fAand s: f ‘A =B
using assms by (auto simp:bij-betw-def)
let 2P = %b a. a:A A fa=0blet ?2g = %b. The (?P b)
{ fix a b assume P: ?P b a
hence ex!: 3a. ?P b a using s unfolding image-def by blast
hence wexl: la. ?P b a by(blast dest:inj-onD[OF i])
hence ?g b = a using thel-equality]OF uexl, OF P] P by simp
} note g = this
have inj-on %9 B
proof (rule inj-onl)
fix z y assume z:B y:B gz = 79y
from s «z:B) obtain al where al: ?P z ol unfolding image-def by blast
from s (y:B) obtain a2 where a2: ?P y a2 unfolding image-def by blast
from g[OF al] al g[OF a2] a2 (%9 x = ?g y> show z=y by simp
qed
moreover have 7g ‘B = A
proof(auto simp:image-def)
fix b assume b:B
with s obtain a where P: ?P b a unfolding image-def by blast
thus ?g b € A using g[OF P] by auto
next
fix a assume a:A
then obtain b where P: ?P b a using s unfolding image-def by blast
then have b:B using s unfolding image-def by blast
with g[OF P] show 3b€B. a = ?g b by blast
qed
ultimately show ?thesis by (auto simp:bij-betw-def)
qed

lemma surj-image-vimage-eq: surj f ==> f* (f —“A) = A
by (simp add: surj-range)

lemma inj-vimage-image-eq: inj f ==>f —° (f *A) = A
by (simp add: inj-on-def, blast)
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lemma vimage-subsetD: surj f ==>f —‘B<=A==>B<=f‘A
apply (unfold surj-def)

apply (blast intro: sym)

done

lemma vimage-subsetl: inj f ==> B<=f‘A==>f ‘B <= A
by (unfold inj-on-def, blast)

lemma vimage-subset-eq: bij f ==> (f —‘B <= A) = (B <=f‘A)

apply (unfold bij-def)
apply (blast del: subsetl intro: vimage-subset] vimage-subsetD)
done

lemma inj-on-image-Int:

[| inj-on f C; A<=C; B<=C || ==> f(A Int B) = f‘A Int f‘B
apply (simp add: inj-on-def, blast)
done

lemma inj-on-image-set-diff :

[| inj-on f C; A<=C; B<=C || ==> f(A-B) = f'A - f'B
apply (simp add: inj-on-def, blast)
done

lemma image-Int: inj f ==> (A Int B) = f‘A Int f'B
by (simp add: inj-on-def, blast)

lemma image-set-diff: inj f ==> f(A-B) = f'A — ‘B
by (simp add: inj-on-def, blast)

lemma inj-image-mem-iff: inj f ==> (fa : fA) = (a: A)
by (blast dest: injD)

lemma inj-image-subset-iff: inj f ==> (f‘A <= f‘B) = (A<=B)
by (simp add: inj-on-def, blast)

lemma inj-image-eq-iff: inj f ==> (f‘'A = f'‘B) = (A = B)
by (blast dest: injD)

lemma image-INT:
[| inj-on f C; ALL z:A. Bz <= C; j:A|]
—=> f (INTER A B) = (INT :A. f B 1)
apply (simp add: inj-on-def, blast)
done

lemma bij-image-INT: bij f ==> f ‘ (INTER A B) = (INT z:A. f * B x)
apply (simp add: bij-def)
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apply (simp add: inj-on-def surj-def, blast)
done

lemma surj-Compl-image-subset: surj f ==> —(f‘A) <= f(—A)
by (auto simp add: surj-def)

lemma inj-image-Compl-subset: inj [ ==> f‘(—A) <= —(f‘A)
by (auto simp add: inj-on-def)

lemma bij-image-Compl-eq: bij f ==> f(—A) = —(f*A)

apply (simp add: bij-def)

apply (rule equalityl )

apply (simp-all (no-asm-simp) add: inj-image-Compl-subset surj-Compl-image-subset)
done

5.5 Function Updating

constdefs
fun-upd :: (Ya => 'b) => ‘a => b => ('a => 'b)
fun-upd f a b == % x. if z=a then b else f z

nonterminals

updbinds updbind
syntax

-updbind :: ['a, 'a] => updbind ((2-:=/-)

it updbind => updbinds (-)

-updbinds:: [updbind, updbinds] => updbinds (-,/ -)

-Update :: ['a, updbinds] => 'a (-/'((-)") [1000,0] 900)
translations

-Update f (-updbinds b bs) == -Update (-Update f b) bs

f(z:=y) —— fun-upd f z y

lemma fun-upd-idem-iff: (f(z:=y) = f) = (fz = y)
apply (simp add: fun-upd-def, safe)

apply (erule subst)

apply (rule-tac [2] ext, auto)

done

lemmas fun-upd-idem = fun-upd-idem-iff [THEN iffD2, standard]
lemmas fun-upd-triv = refl [THEN fun-upd-idem]

declare fun-upd-triv [iff]

lemma fun-upd-apply [simp]: (f (z:=y))z = (if 2=z then y else [ 2)
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by (simp add: fun-upd-def)

lemma fun-upd-same: (f(z:=y)) z =y
by simp

lemma fun-upd-other: z~=x ==> (f(z:=y)) z = [ 2
by simp

lemma fun-upd-upd [simp]: f(x:=y,x:=z2) = f(x:=2)
by (simp add: expand-fun-eq)

lemma fun-upd-twist: a ~= ¢ ==> (m(a:=b))(c:=d) = (m(c:=d))(a:=b)
by (rule ext, auto)

lemma inj-on-fun-updl: [ inj-on f A; y ¢ fA] = inj-on (f(z:=y)) A
by (fastsimp simp:inj-on-def image-def)

lemma fun-upd-image:
flz:=y) ‘A= (ifx € A then insert y (f * (A—{x})) else f < A)
by auto

5.6 override-on

definition

override-on :: ('a = 'b) = (‘a = b)) = 'a set = 'a = 'b
where

override-on f g A = (Aa. if a € A then g a else f a)

lemma override-on-emptyset[simp]: override-on f g {} = f
by (simp add:override-on-def)

lemma override-on-apply-notin[simp]: a ~: A ==> (override-on f g A) a = fa
by (simp add:override-on-def)

lemma override-on-apply-in[simp]: a : A ==> (override-on f ¢ A) a = g a
by (simp add:override-on-def)

5.7 swap

definition

swap :: 'a = 'a = ('a = 'b) = (la = ')
where

swap a b f = f (a:= fb, bi= fa)

lemma swap-self: swap a a f = f
by (simp add: swap-def)

lemma swap-commute: swap a b f = swap b a f
by (rule ext, simp add: fun-upd-def swap-def)
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lemma swap-nilpotent [simp]: swap a b (swap a b f) = f
by (rule ext, simp add: fun-upd-def swap-def)

lemma inj-on-imp-inj-on-swap:
[linj-on f A; a € A; b € A]] ==> inj-on (swap a b f) A
by (simp add: inj-on-def swap-def, blast)

lemma inj-on-swap-iff [simp):

assumes A: a € A b € A shows inj-on (swap a b f) A = inj-on f A
proof

assume inj-on (swap a b f) A

with A have inj-on (swap a b (swap a b f)) A

by (iprover intro: inj-on-imp-inj-on-swap)

thus inj-on f A by simp
next

assume nj-on f A

with A show inj-on (swap a b f) A by (iprover intro: inj-on-imp-inj-on-swap)
qed

lemma surj-imp-surj-swap: surj f ==> surj (swap a b f)
apply (simp add: surj-def swap-def, clarify)
apply (rule-tac P = y = f b in case-split-thm, blast)
apply (rule-tac P = y = f a in case-split-thm, auto)

— We don’t yet have case-tac
done

lemma surj-swap-iff [simp]: surj (swap a b f) = surj f
proof
assume surj (swap a b f)
hence surj (swap a b (swap a b f)) by (rule surj-imp-surj-swap)
thus surj f by simp
next
assume surj f
thus surj (swap a b f) by (rule surj-imp-surj-swap)
qed

lemma bij-swap-iff: bij (swap a b f) = bij f
by (simp add: bij-def)

5.8 Proof tool setup

simplifies terms of the form f(... x:=y,....x:=z,...) to f(...,x:=z,...)

simproc-setup fun-upd2 (f(v := w, z :=y)) = { fn-=>
let
fun gen-fun-upd NONE T - - = NONE
| gen-fun-upd (SOME f) T z y = SOME (Const (Q{const-name fun-upd}, T)
$f828y)
fun dest-fun-T1 (Type (-, T :: Ts)) =T
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fun find-double (t as Const (Q{const-name fun-upd},T)$ f$ 2z $ y) =
let
fun find (Const (Q{const-name fun-upd},T)$ g $ v $ w) =
if v aconv « then SOME g else gen-fun-upd (find g) T v w
| find t = NONE
in (dest-fun-T1 T, gen-fun-upd (find f) T z y) end

fun proc ss ct =
let
val ctzt = Simplifier.the-context ss
val t = Thm.term-of ct
m
case find-double t of
(T, NONE) => NONE
| (T, SOME rhs) =>
SOME (Goal.prove ctxt [] [] (Term.equals T $ t $ rhs)
(fn-=>
rtac eg-reflection 1 THEN
rtac ext 1 THEN
simp-tac (Simplifier.inherit-context ss Q{simpset}) 1))
end
in proc end

)

5.9 Code generator setup

types-code
fun ((- =>/-))
attach (term-of)
fun term-of-fun-type - aT - bT - = Free (<function>, aT ——> bT);
)
attach (test) (
fun gen-fun-type oF oT bG bT i =
let
val tab = ref [|;
fun mk-upd (z, (-, y)) t = Const (Fun.fun-upd,
(aT ——> bT) —> aT ——> bT ——> aT ——>bT)$t 8 aFz $y ()
m
(fnz =>
case AList.lookup op = (Itab) = of
NONE =>
let val p as (y, -) = bG i
in (tab := (z, p) :: ltab; y) end
| SOME (y, -) => 3,
fn () => Basics.fold mk-upd (1tab) (Const (arbitrary, aT ——> bT)))
end;

)

code-const op o
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(SML infixl 5 o)
(Haskell infixr 9 .)

code-const id
(Haskell id)

end

6 Lattices: Abstract lattices

theory Lattices
imports Fun
begin

6.1 Lattices

notation
less-eq (infix C 50) and
less (infix C 50)

class lower-semilattice = order +
fixes inf :: 'a = 'a = ‘o (infixl N 70)
assumes inf-lel [simp]: c My C z
and inf-le2 [simp: x My C y
and inf-greatest: t Cy=—= 2 Cz =z C y Mz

class upper-semilattice = order +
fixes sup :: 'a = ‘a = 'a (infixl U 65)
assumes sup-gel [simp]: x Tz Uy
and sup-ge2 [simpl: y Tz Uy
and sup-least: yC o —= 2 Co = y Uz Cx
begin

Dual lattice

lemma dual-lattice:

lower-semilattice (op >) (op >) sup
by unfold-locales

(auto simp add: sup-least)

end

class lattice = lower-semilattice + upper-semilattice

6.1.1 Intro and elim rules

context lower-semilattice
begin
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lemma le-infl1 [intro]:
assumes a C z
shows a M b C x
proof (rule order-trans)
from assms show a C z .
show a M b C a by simp
qed
lemmas (in —) [rule del] = le-infI1

lemma le-infI2[intro]:
assumes b C z
shows a M b C z
proof (rule order-trans)
from assms show b C z .
show a M b C b by simp
qed
lemmas (in —) [rule del] = le-infI2

lemma le-infl[introl]: t Ca=2C b= 2 Callb
by (blast intro: inf-greatest)
lemmas (in —) [rule del] = le-infI

lemma le-infE [elim!]: 2 CaMNb= (zCa=2C b= P)=— P

by (blast intro: order-trans)
lemmas (in —) [rule del] = le-infE

lemma le-inf-iff [simp]:
zCyMNz=(xCyAzCz2)
by blast

lemma le-iff-inf: (x Cy) = (x Ny = x)
by (blast intro: antisym dest: eq-iff [THEN iffD1])

lemma mono-inf:
fixes [ :: ‘a = 'b:lower-semilattice
shows mono f = f (AN B)<fANfB
by (auto simp add: mono-def intro: Lattices.inf-greatest)

end

context upper-semilattice
begin

lemma le-supli[intro]: t T a =2 C alUb
by (rule order-trans) auto
lemmas (in —) [rule del] = le-supll

lemma le-supI2[intro]: t Tb =z C albd
by (rule order-trans) auto
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lemmas (in —) [rule del] = le-supI2

lemma le-supl[intro!]: a T2 —= bC 2z = alUbLCx
by (blast intro: sup-least)
lemmas (in —) [rule del] = le-supl

lemma le-supElelim!]: a Wb C 2 = (e C 2 = bCz = P)=— P

by (blast intro: order-trans)
lemmas (in —) [rule del] = le-supE

lemma ge-sup-conv[simp]:
zUyCz=(xCzAyLC2)
by blast

lemma le-iff-sup: (x C y) = (z Uy = y)
by (blast intro: antisym dest: eq-iff [THEN iffD1])

lemma mono-sup:
fixes [ :: 'a = 'b::upper-semilattice
shows mono f = fAUfB <f (AU B)
by (auto simp add: mono-def intro: Lattices.sup-least)

end

6.1.2 Equational laws
context lower-semilattice

begin

lemma inf-commute: (z M y) = (y M z)
by (blast intro: antisym)

lemma inf-assoc: (x My) Mz =2z N (y N z)
by (blast intro: antisym)

lemma inf-idem[simp]: ¢ Mz =z
by (blast intro: antisym)

lemma inf-left-idem[simp]: x M (z My) =2 My
by (blast intro: antisym)

lemma inf-absorbl: t C y =z Ny =2
by (blast intro: antisym)

lemma inf-absorb2: yC o —= My =y
by (blast intro: antisym)

lemma inf-left-commute: x M (y M 2) =y N (z N z)
by (blast intro: antisym)
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lemmas inf-ACI = inf-commute inf-assoc inf-left-commute inf-left-idem
end

context upper-semilattice

begin

lemma sup-commute: (z U y) = (y U )
by (blast intro: antisym)

lemma sup-assoc: (z U y) Uz =2 U (y U 2)
by (blast intro: antisym)

lemma sup-idem|[simp]: z Uz = z
by (blast intro: antisym)

lemma sup-left-idem[simp]: z U (z U y) =z Uy
by (blast intro: antisym)

lemma sup-absorbl: yC x —= z Uy =1z
by (blast intro: antisym)

lemma sup-absorb2: t Ty =z Uy =y
by (blast intro: antisym)

lemma sup-left-commute: x Ll (y U 2z) = y U (z U 2)
by (blast intro: antisym)

lemmas sup-ACI = sup-commute sup-assoc sup-left-commute sup-left-idem
end

context lattice
begin

lemma inf-sup-absorb: z M (z U y) =z
by (blast intro: antisym inf-lel inf-greatest sup-gel)

lemma sup-inf-absorb: z U (z M y) =z
by (blast intro: antisym sup-gel sup-least inf-lel)

lemmas ACI = inf-ACI sup-ACI
lemmas inf-sup-ord = inf-lel inf-le2 sup-gel sup-ge2

Towards distributivity

lemma distrib-sup-le: x U (y M 2) C (z Uy) M (z U 2)
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by blast

lemma distrib-inf-le: (z M y) U (z M 2z) Tz N (yU z)
by blast

If you have one of them, you have them all.

lemma distrib-imp1:
assumes D: lzyz. 2 M (y U 2) =

(x My) U (zNz)
shows z U (yMz)=(zUy) MN(zU2)

proof—
have z U (y Mz)=(zU(zMNz2)) U (y N z) by(simp add:sup-inf-absorb)
also have ... = z U (z N (z U y)) by(simp add:D inf-commute sup-assoc)
alsohave ... =((zUy)Na) U ((zUy) Nz
by (simp add:inf-sup-absorb inf-commute)
also have ... = (z U y) M (z U 2) by(simp add:D)
finally show ?thesis .
qed

lemma distrib-imp2:
assumes D: lzyz. 2 U (y N 2z) =

(zUy)N(z U 2)
shows z M (y U z) = (z Ny) U (zN2)

proof—
have z M (y U z) = (z N (z U 2)) N (y U z) by(simp add:inf-sup-absord)
also have ... =z M (z U (z N y)) by(simp add:D sup-commute inf-assoc)
alsohave ... = ((zMNy)Uz) N ((z Ny) U 2)
by (simp add:sup-inf-absorb sup-commute)
also have ... = (z M y) U (z M 2) by(simp add:D)
finally show ?thesis .
qed

lemma modular-le: t T z =z U (yMNz)C (xUy) Nz
by blast

end

6.2 Distributive lattices

class distrib-lattice = lattice +
assumes sup-inf-distribl: z U (y M z) = (z U y) N (z U 2)

context distrib-lattice
begin

lemma sup-inf-distrib2:
(yNz)Uz=(yUz)N(zUx)
by (simp add:ACI sup-inf-distrib1)

lemma inf-sup-distrib1:
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zM(yUz)=(zNy)U(zNz)
by (rule distrib-imp2[OF sup-inf-distrib1])

lemma inf-sup-distrib2:
(yUz)Nz=(yNz)U (zMNx)
by (simp add:ACI inf-sup-distrib1)

lemmas distrib =
sup-inf-distribl sup-inf-distrib2 inf-sup-distrib1 inf-sup-distrib2

end

6.3 Uniqueness of inf and sup

lemma (in lower-semilattice) inf-unique:
fixes f (infixl A 70)
assumes lel: Az y. e Ay <zandle2: Ney.z Ay <y
and greatest: Az yz. e <y=—=z2<z=2<y Az
showsz My=z Ay
proof (rule antisym)
show z A y < z My by (rule le-infl) (rule lel, rule le2)
next
have lel: Ao yz. 2 <y = 2z < z = = < y A z by (blast intro: greatest)
show z My < z A y by (rule leI) simp-all
qged

lemma (in upper-semilattice) sup-unique:
fixes f (infixl V 70)
assumes gel [simp]: Az y. 2 <z V yand ge2: Azy. y <z Vy
and least: Nz yz. y<z—=z2<z=yVz<z
shows z Uy =2V y

proof (rule antisym)
show z U y < 2 V y by (rule le-supl) (rule gel, rule ge2)

next
have lel: Nz yz. 2 <z = y < z = 2 V y < z by (blast intro: least)
show z V y < z U y by (rule lel) simp-all

qed

6.4 min/maz on linear orders as special case of op M/op U

lemma (in linorder) distrib-lattice-min-max:
distrib-lattice (op <) (op <) min maz

proof unfold-locales
have auz: Az y sz <y=—=y<z=z=y

by (auto simp add: less-le antisym)

fixzyz
show maz © (min y z) = min (max z y) (maz x z)
unfolding min-def mazx-def
by auto

qed (auto simp add: min-def mazx-def not-le less-imp-le)



THEORY “Lattices” 135

interpretation min-max:
distrib-lattice [op < :: 'a::linorder = 'a = bool op < min maz]
by (rule distrib-lattice-min-max)

lemma inf-min: inf = (min :: 'a::{lower-semilattice, linorder} = 'a = 'a)
by (rule ext)+ (auto intro: antisym)

lemma sup-maz: sup = (max :: ‘a::{upper-semilattice, linorder} = 'a = 'a)
by (rule ext)+ (auto intro: antisym)

lemmas le-mazll = min-max.sup-gel
lemmas le-maxI2 = min-max.sup-ge2

lemmas max-ac = min-max.sup-assoc Min-max.sup-commaute
mk-left-commute [of maz, OF min-mazx.sup-assoc min-maz.sup-commute]

lemmas min-ac = min-max.inf-assoc min-maz.inf-commute
mk-left-commute [of min, OF min-maz.inf-assoc min-mazx.inf-commute]

Now we have inherited antisymmetry as an intro-rule on all linear orders.
This is a problem because it applies to bool, which is undesirable.

lemmas [rule del] = min-maz.le-infl min-maz.le-supl
min-maz.le-supE min-max.le-infE min-mazx.le-supll min-mazx.le-supl2
min-mazx.le-infl1 min-max.le-infI2

6.5 Complete lattices

class complete-lattice = lattice +
fixes Inf :: 'a set = 'a ([]- [900] 900)
and Sup :: 'a set = 'a (|- [900] 900)
assumes Inf-lower: z € A = []AC x
and Inf-greatest: (N\e. 2 € A= 2 C2) = 2zLC[]A4
assumes Sup-upper: t € A =z C | |4
and Sup-least: (N\e. v € A=z C 2) = | JAC 2
begin

lemma Inf-Sup: [ 1A = |]{b. Va € A. b < a}
by (auto intro: antisym Inf-lower Inf-greatest Sup-upper Sup-least)

lemma Sup-Inf: | |A=[]{b.Va € A. a < b}
by (auto intro: antisym Inf-lower Inf-greatest Sup-upper Sup-least)

lemma Inf-Univ: [|UNIV = | |{}
unfolding Sup-Inf by auto

lemma Sup-Univ: | | UNIV =[]{}
unfolding Inf-Sup by auto
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lemma Inf-insert: [ |insert a A =a MN[]A
by (auto intro: antisym Inf-greatest Inf-lower)

lemma Sup-insert: | |insert a A = a U | |A
by (auto intro: antisym Sup-least Sup-upper)

lemma Inf-singleton [simp]:

[H{a} = a

by (auto intro: antisym Inf-lower Inf-greatest)

lemma Sup-singleton [simp]:

LI{a} = a

by (auto intro: antisym Sup-upper Sup-least)

lemma Inf-insert-simp:
[insert a A = (if A = {} then a else a M[]A)
by (cases A = {}) (simp-all, simp add: Inf-insert)

lemma Sup-insert-simp:
| |insert a A = (if A = {} then a else a U | |A)
by (cases A = {}) (simp-all, simp add: Sup-insert)

lemma Inf-binary:

[1{a, b} =amb

by (simp add: Inf-insert-simp)

lemma Sup-binary:

| |{a, b} =a U b

by (simp add: Sup-insert-simp)

definition
top :: 'a where

top = [1{}

definition
bot :: 'a where

bot = [ {}

lemma top-greatest [simp]: © < top
by (unfold top-def, rule Inf-greatest, simp)

lemma bot-least [simp]: bot < x
by (unfold bot-def, rule Sup-least, simp)

definition

SUPR :: 'b set = (b = 'a) = a
where

SUPR A f == (f A
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definition

INFI :: 'b set = (b = 'a) = 'a
where

INFTAf==1[](f‘4)

end
syntax
-SUP1  :: pttrns => 'b =>"b ((3SUP -./ -) [0, 10] 10)
-SUP iopttrn => 'a set => b =>'b ((3SUP -:-./ -) [0, 10] 10)
-INF1  :: pitrns => b =>'b ((8INF -./ -) [0, 10] 10)
-INF = opttrn => 'a set => 'b =>"b ((3INF --./ -) [0, 10] 10)
translations
SUPzy. B == SUPxz. SUPy.B
SUPz. B == CONST SUPR UNIV (%z. B)
SUP z. B == SUP z:UNIV. B
SUP z:A. B == CONST SUPR A (%z. B)
INFzy. B —= INFz. INFy. B
INF x. B == CONST INFI UNIV (%x. B)
INF xz. B == INF x:UNIV. B
INF 2:A. B == CONST INFI A (%z. B)

print-translation ((
let
fun btr’ syn (A :: Abs abs :: ts) =
let val (x,t) = atomic-abs-tr’ abs
in list-comb (Syntaz.const syn $ ¢ $ A $ t, ts) end
val const-syntax-name = Sign.const-syntaz-name @Q{theory} o fst o dest-Const
in
[(const-syntaz-name Q{term SUPR}, btr’ -SUP),(const-syntaz-name Q{term INFI},
btr' -INF)]
end

)

context complete-lattice
begin

lemma le-SUPI: i : A= M < (SUP i:A. M i)
by (auto simp add: SUPR-def intro: Sup-upper)

lemma SUP-lel: (N\i.i: A= Mi<u) = (SUPi:A. M i) < u
by (auto simp add: SUPR-def intro: Sup-least)

lemma INF-lel: i : A= (INF i:A. M i) < M i
by (auto simp add: INFI-def intro: Inf-lower)

lemma le-INFI: (N\i.i: A= u < Mi) = u < (INF i:A. M i)
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by (auto simp add: INFI-def intro: Inf-greatest)

lemma SUP-const[simp]: A # {} = (SUP i:A. M) = M
by (auto intro: antisym SUP-lel le-SUPI)

lemma INF-const[simp]: A # {} = (INF i:A. M) =M
by (auto intro: antisym INF-lel le-INFI)

end

6.6 Bool as lattice

instantiation bool :: distrib-lattice
begin

definition
inf-bool-eqg: PT1 Q «—— P A Q

definition
sup-bool-eq: P L1 @ «—— PV @

instance
by intro-classes (auto simp add: inf-bool-eq sup-bool-eq le-bool-def)

end

instantiation bool :: complete-lattice
begin

definition
Inf-bool-def: [1A «— (Vz€A. 1)

definition
Sup-bool-def: | |A «—— (Fz€A. x)

instance
by intro-classes (auto simp add: Inf-bool-def Sup-bool-def le-bool-def)

end
lemma Inf-empty-bool [simp]:
[{}
unfolding Inf-bool-def by auto
lemma not-Sup-empty-bool [simp]:
- Sup {}
unfolding Sup-bool-def by auto

lemma top-bool-eq: top = True
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by (iprover intro!: order-antisym le-booll top-greatest)

lemma bot-bool-eq: bot = False
by (iprover intro!: order-antisym le-booll bot-least)

6.7 Fun as lattice

instantiation fun :: (type, lattice) lattice
begin

definition
inf-fun-eq [code func dell: f M g = (Az. fz N g x)

definition
sup-fun-eq [code func dell: f U g = (Az. fz U g z)

instance

apply intro-classes

unfolding inf-fun-eq sup-fun-eq
apply (auto intro: le-funl)
apply (rule le-funl)

apply (auto dest: le-funD)
apply (rule le-funl)

apply (auto dest: le-funD)
done

end

instance fun :: (type, distrib-lattice) distrib-lattice
by default (auto simp add: inf-fun-eq sup-fun-eq sup-inf-distrib1)

instantiation fun :: (type, complete-lattice) complete-lattice
begin

definition

Inf-fun-def [code func del]: [1A = (Az. [{y. If€A. y = fz})

definition
Sup-fun-def [code func del]: | |A = (Az. | [{y. 3f€A. y = fz})

instance
by intro-classes
(auto simp add: Inf-fun-def Sup-fun-def le-fun-def
intro: Inf-lower Sup-upper Inf-greatest Sup-least)

end

lemma Inf-empty-fun:

[ = A= T
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by rule (auto simp add: Inf-fun-def)

lemma Sup-empty-fun:

L = (- LD
by rule (auto simp add: Sup-fun-def)

lemma top-fun-eq: top = (A\z. top)
by (iprover introl: order-antisym le-funl top-greatest)

lemma bot-fun-eq: bot = (Az. bot)
by (iprover intro!: order-antisym le-funl bot-least)

6.8 Set as lattice

lemma inf-set-eq: AN B=ANDB
apply (rule subset-antisym)
apply (rule Int-greatest)
apply (rule inf-lel)
apply (rule inf-le2)
apply (rule inf-greatest)
apply (rule Int-lowerl)
apply (rule Int-lower2)
done

lemma sup-set-eq: ALl B=AUB
apply (rule subset-antisym)
apply (rule sup-least)
apply (rule Un-upperl)
apply (rule Un-upper2)
apply (rule Un-least)
apply (rule sup-gel)
apply (rule sup-ge2)
done

lemma mono-Int: mono f = f (AN B)C fANfB
apply (fold inf-set-eq sup-set-eq)
apply (erule mono-inf)
done

lemma mono-Un: mono f = fAU fB C f (AU B)
apply (fold inf-set-eq sup-set-eq)
apply (erule mono-sup)
done

lemma Inf-set-eq: [15 =S
apply (rule subset-antisym,)
apply (rule Inter-greatest)
apply (erule Inf-lower)
apply (rule Inf-greatest)
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apply (erule Inter-lower)
done

lemma Sup-set-eq: | | S =S
apply (rule subset-antisym)
apply (rule Sup-least)
apply (erule Union-upper)
apply (rule Union-least)
apply (erule Sup-upper)
done

lemma top-set-eq: top = UNIV
by (iprover introl: subset-antisym subset-UNIV top-greatest)

lemma bot-set-eq: bot = {}
by (iprover introl: subset-antisym empty-subsetl bot-least)

redundant bindings

lemmas inf-aci = inf-ACI
lemmas sup-aci = sup-ACI

no-notation
less-eq (infix C 50) and
less (infix C 50) and
inf (infixl M 70) and
sup (infixl U 65) and
Inf (- [900] 900) and
Sup (L]- [900] 900)

end

7 Typedef: HOL type definitions

theory Typedef

imports Set

uses
(Tools [ typedef-package. ML)
(Tools / typecopy-package. ML)
(Tools/ typedef-codegen. ML)

begin

ML (
structure HOL = struct val thy = theory HOL end;
) — belongs to theory HOL

locale type-definition =
fixes Rep and Abs and A
assumes Rep: Rep xz € A
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and Rep-inverse: Abs (Rep ) = z
and Abs-inverse: y € A ==> Rep (Abs y) = y
— This will be axiomatized for each typedef!
begin

lemma Rep-inject:
(Rep z = Rep y) = (z = y)

proof
assume Rep © = Rep y
then have Abs (Rep ) = Abs (Rep y) by (simp only:)
moreover have Abs (Rep x) = z by (rule Rep-inverse)
moreover have Abs (Rep y) = y by (rule Rep-inverse)
ultimately show z = y by simp

next
assume z = y
thus Rep x = Rep y by (simp only:)

qed

lemma Abs-inject:
assumes z: z € Aand y: y € A
shows (Abs x = Abs y) = (z = y)

proof
assume Abs x = Abs y
then have Rep (Abs ) = Rep (Abs y) by (simp only:)
moreover from z have Rep (Abs z) = x by (rule Abs-inverse)
moreover from y have Rep (Abs y) = y by (rule Abs-inverse)
ultimately show z = y by simp

next
assume = y
thus Abs z = Abs y by (simp only:)

qed

lemma Rep-cases [cases set]:
assumes y: y € A
and hyp: 'z. y = Rep x ==> P
shows P
proof (rule hyp)
from y have Rep (Abs y) = y by (rule Abs-inverse)
thus y = Rep (Abs y) ..
qed

lemma Abs-cases [cases type]:
assumes r: ly. z = Absy ==>y € A ==> P
shows P

proof (rule r)
have Abs (Rep x) = x by (rule Rep-inverse)
thus z = Abs (Rep z) ..
show Rep z € A by (rule Rep)

qed
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lemma Rep-induct [induct set]:
assumes y: y € A
and hyp: !'z. P (Rep x)
shows P y
proof —
have P (Rep (Abs y)) by (rule hyp)
moreover from y have Rep (Abs y) = y by (rule Abs-inverse)
ultimately show P y by simp
qed

lemma Abs-induct [induct type]:
assumes r: ly. y € A ==> P (Abs y)
shows P z
proof —
have Rep z € A by (rule Rep)
then have P (Abs (Rep z)) by (rule r)
moreover have Abs (Rep z) = x by (rule Rep-inverse)
ultimately show P z by simp
qed

lemma Rep-range:
shows range Rep = A
proof
show range Rep <= A using Rep by (auto simp add: image-def)
show A <= range Rep
proof
fix z assume z : A
hence z = Rep (Abs z) by (rule Abs-inverse [symmetric])
thus z : range Rep by (rule range-eql)
qed
qed

end

use Tools/typedef-package. ML
use Tools/typecopy-package. ML
use Tools/typedef-codegen. ML

setup (
TypedefPackage.setup
#> TypecopyPackage.setup
#> TypedefCodegen.setup

)

This class is just a workaround for classes without parameters; it shall dis-
appear as soon as possible.

class itself = type +
fixes itself :: 'a itself
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setup (
let fun add-itself tyco thy =
let
val vs = Name.names Name.context 'a
(replicate (Sign.arity-number thy tyco) @{sort type});
val ty = Type (tyco, map TFree vs);
val lhs = Const (Q{ const-name itself }, Term.itselfT ty);
val rhs = Logic.mk-type ty;
val eq = HOLogic.mk-Trueprop (HOLogic.mk-eq (Ihs, rhs));
m
thy
|> TheoryTarget.instantiation ([tyco], vs, Q{sort itself})
|> “(fn lthy => Syntaz.check-term lthy eq)
|—> (fn eq => Specification.definition (NONE, ((, []), eq)))
|> snd
|> Class.prove-instantiation-instance (K (Class.intro-classes-tac []))
|> LocalTheory.exit
|> ProofContext.theory-of
end
in TypedefPackage.interpretation add-itself end

)

instantiation bool :: itself
begin

definition itself = TYPE(bool)
instance ..
end

instantiation fun :: (type, type) itself
begin

definition itself = TYPE('a = 'b)
instance ..

end

hide (open) const itself

end

8 Sum-Type: The Disjoint Sum of Two Types

theory Sum-Type

144
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imports Typedef Fun
begin

The representations of the two injections

constdefs
Inl-Rep :: ['a, 'a, b, bool] => bool
Inl-Rep == (%oa. %z y p. z=a & p)

Inr-Rep :: ['b, 'a, 'b, bool] => bool
Inr-Rep == (%b. %z y p. y=b & ~'p)

global
typedef (Sum)
('a, 'b) + (infixr + 10)
={f. (? a. f = Inl-Rep(a::"a)) | (? b. f = Inr-Rep(b::'d))}
by auto
local

abstract constants and syntax
constdefs

Inl :'a =>"'a+'b

Inl == (%a. Abs-Sum(Ini-Rep(a)))

Inr 2’0 =>"a +'b
Inr == (%b. Abs-Sum(Inr-Rep(b)))

Plus :: ['a set, 'b set] => ('a + 'b) set (infixr <+> 65)
A <+> B == (Inl‘A) Un (Inr‘B)
— disjoint sum for sets; the operator + is overloaded with wrong type!

Part :: ['a set, 'b => 'a] => 'a set

Part Ah==AInt{z. 22 z = h(z)}
— for selecting out the components of a mutually recursive definition

lemma Ini-Repl: Inl-Rep(a) : Sum
by (auto simp add: Sum-def)

lemma Inr-Repl: Inr-Rep(b) : Sum
by (auto simp add: Sum-def)

lemma inj-on-Abs-Sum: inj-on Abs-Sum Sum
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apply (rule inj-on-inversel )
apply (erule Abs-Sum-inverse)
done

8.1 Freeness Properties for Inl and Inr

Distinctness

lemma Inl-Rep-not-Inr-Rep: Inl-Rep(a) ~= Inr-Rep(b)
by (auto simp add: Inl-Rep-def Inr-Rep-def expand-fun-eq)

lemma Inl-not-Inr [iff]: Inl(a) ~= Inr(b)

apply (simp add: Inl-def Inr-def)

apply (rule inj-on-Abs-Sum [THEN inj-on-contraD])
apply (rule Inl-Rep-not-Inr-Rep)

apply (rule Inl-Repl)

apply (rule Inr-Repl)

done

lemmas Inr-not-Inl = Inl-not-Inr [THEN not-sym, standard)
declare Inr-not-Inl [iff]

lemmas Inl-neg-Inr = Inl-not-Inr [THEN notE, standard]
lemmas Inr-neg-Inl = sym [THEN Inl-neq-Inr, standard)

Injectiveness

lemma Ini-Rep-inject: Inl-Rep(a) = Inl-Rep(c) ==> a=c
by (auto simp add: Inl-Rep-def expand-fun-eq)

lemma Inr-Rep-inject: Inr-Rep(b) = Inr-Rep(d) ==> b=d
by (auto simp add: Inr-Rep-def expand-fun-eq)

lemma inj-Inl: inj(Inl)

apply (simp add: Inl-def)

apply (rule inj-onl)

apply (erule inj-on-Abs-Sum [THEN inj-onD, THEN Inl-Rep-inject])
apply (rule Inl-Repl)

apply (rule Inl-Repl)

done

lemmas Inl-inject = inj-Inl [THEN injD, standard]

lemma inj-Inr: ing(Inr)

apply (simp add: Inr-def)

apply (rule inj-onl)

apply (erule inj-on-Abs-Sum [THEN inj-onD, THEN Inr-Rep-inject))
apply (rule Inr-Repl)

apply (rule Inr-Repl)

done

Py

lemmas Inr-inject = inj-Inr [THEN injD, standard)
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lemma Inl-eq [iff]: (Inl(z)=Inl(y)) = (z=y)
by (blast dest!: Inl-inject)

lemma Inr-eq [iff]: (Inr(z)=Inr(y)) = (z=y)
by (blast dest!: Inr-inject)

8.2 Projections

definition

sum-case f g x =

(if Bly. 2z =1Inly)

then f (THE y. x = Inl y)

else g (THE y. x = Inr y))
definition Projl x = sum-case id arbitrary x
definition Projr x = sum-case arbitrary id x

lemma sum-cases[simp]:
sum-case f g (Inlz) = fx
sum-case f g (Inr y) = gy
unfolding sum-case-def
by auto

lemma Projl-Inl[simp]: Projl (Inl ) = x
unfolding Projl-def by simp

lemma Projr-Inr[simp]: Projr (Inr z) = z
unfolding Projr-def by simp

8.3 The Disjoint Sum of Sets

lemma Inll [introl]: a : A ==> Inl(a) : A <+> B
by (simp add: Plus-def)

lemma Inrl [introl]: b : B ==> Inr(b) : A <+> B
by (simp add: Plus-def)

lemma PlusE [elim!]:

[| u: A <+> B;
o [| z:4; wu=Inl(z) || ==> P;
Wy. [| y:B; u=Inr(y) || ==> P
J==>P

by (auto simp add: Plus-def)

Exhaustion rule for sums, a degenerate form of induction

lemma sumkFE:
[| Nz:'a. s = Inl(z) ==> P; Nyz'b. s = Inr(y) ==> P
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|| ==> P
apply (rule Abs-Sum-cases [of s])
apply (auto simp add: Sum-def Inl-def Inr-def)
done

lemma sum-induct: [| "z. P (Inl z); lz. P (Inrz) |] ==> Px
by (rule sumE [of z], auto)

lemma UNIV-Plus-UNIV [simp]: UNIV <+> UNIV = UNIV
apply (rule set-ext)

apply (rename-tac s)

apply (rule-tac s=s in sumkFE)

apply auto

done

8.4 The Part Primitive

lemma Part-eql [intro]: [| a : A; a=h(b) || ==> a : Part A h
by (auto simp add: Part-def)

lemmas Part] = Part-eql [OF - refl, standard)

lemma PartE [elim!]: [| a : Part A h; Nz. [ a : A; a=h(z)|] ==> P || ==> P
by (auto simp add: Part-def)

lemma Part-subset: Part A h <= A

by (auto simp add: Part-def)

lemma Part-mono: A<=B ==> Part A h <= Part B h
by blast

lemmas basic-monos = basic-monos Part-mono

lemma PartD1: a : Part Ah ==>a: A
by (simp add: Part-def)

lemma Part-id: Part A (%z. z) = A
by blast

lemma Part-Int: Part (A Int B) h = (Part A h) Int (Part B h)
by blast

lemma Part-Collect: Part (A Int {x. P z}) h = (Part A h) Int {z. P 2}
by blast

ML
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(

val Inl-Repl = thm Inl-Repl;

val Inr-Repl = thm Inr-Repl;

val inj-on-Abs-Sum = thm inj-on-Abs-Sum;
val Inl-Rep-not-Inr-Rep = thm Inl-Rep-not-Inr-Rep;
val Inl-not-Inr = thm Inl-not-Inr;

val Inr-not-Inl = thm Inr-not-Inl;

val Inl-neq-Inr = thm Inl-neq-Inr;

val Inr-neq-Inl = thm Inr-neg-Inl;

val Inl-Rep-inject = thm Inl-Rep-inject;
val Inr-Rep-inject = thm Inr-Rep-inject;
val inj-Inl = thm inj-Inl;

val Inl-inject = thm Inl-inject;

val ing-Inr = thm ing-Inr;

val Inr-inject = thm Inr-inject;

val Inl-eq = thm Inl-eq;

val Inr-eq = thm Inr-eq;

val Inll = thm Inll,;

val Inrl = thm Inrl;

val PlusEE = thm PlusE;

val sumE = thm sumkE,;

val sum-induct = thm sum-induct;

val Part-eql = thm Part-eql;

val Part]l = thm Partl;

val PartE = thm PartE;

val Part-subset = thm Part-subset;

val Part-mono = thm Part-mono;

val PartD1 = thm PartD1;

val Part-id = thm Part-id;

val Part-Int = thm Part-Int;

val Part-Collect = thm Part-Collect;

val basic-monos = thms basic-monos;

)

end

9 Inductive: Knaster-Tarski Fixpoint Theorem and
inductive definitions

theory Inductive

imports Lattices Sum-Type

uses
(Tools /inductive-package. ML)
Tools / dseq. ML
(Tools/inductive-codegen. ML)
(Tools / datatype-auz. ML)
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(Tools / datatype-prop. ML)

(Tools / datatype-rep-proofs. ML)
(Tools / datatype-abs-proofs. ML)
(Tools/ datatype-case. ML)

(Tools/ datatype-package. ML)

(Tools / old-primrec-package. ML)
(Tools [ primrec-package. ML)

(Tools / datatype-codegen. ML)
begin

9.1 Least and greatest fixed points

context complete-lattice

begin
definition

Ifp = (Yla = 'a) = 'a where

Ifp f = Inf {u. fu<u} — least fixed point
definition

gfp = (Ya = 'a) = 'a where

afp [ = Sup {u. u < fu} — greatest fixed point

9.2 Proof of Knaster-Tarski Theorem using Ifp

Ifp f is the least upper bound of the set {u. fu < u}

lemma Ifp-lowerbound: fA < A==>1Ifpf < A
by (auto simp add: lfp-def intro: Inf-lower)

lemma Ifp-greatest: Nu. fu < u==>A<u)==>A<lIfpf
by (auto simp add: lfp-def intro: Inf-greatest)

end

lemma Ifp-lemma2: mono f ==> f (lIfp f) < lfp f
by (iprover intro: lfp-greatest order-trans monoD Ifp-lowerbound)

lemma Ifp-lemma8: mono f ==>Ifp f < f (ifp f)
by (iprover intro: lfp-lemma2 monoD Ifp-lowerbound)

lemma Ifp-unfold: mono f ==>Ifp f = f (ifp f)
by (iprover intro: order-antisym lfp-lemma2 lfp-lemma3)

lemma Ifp-const: Ifp (Az. t) =t
by (rule lfp-unfold) (simp add:mono-def)

9.3 General induction rules for least fixed points

theorem Ifp-induct:
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assumes mono: mono f and ind: f (inf (ifp f) P) <= P
shows Ifp f <= P
proof —
have inf (Ifp f) P <= lfp f by (rule inf-lel)
with mono have f (inf (ifp f) P) <=f (ifp f) ..
also from mono have f (ifp f) = Iifp f by (rule lfp-unfold [symmetric])
finally have f (inf (Ifp f) P) <=1Ifp [ .
from this and ind have f (inf (Ifp ) P) <= inf (lfp f) P by (rule le-infI)
hence Ifp f <= inf (Ifp f) P by (rule lfp-lowerbound)
also have inf (ifp f) P <= P by (rule inf-le2)
finally show ?thesis .
qed

lemma [fp-induct-set:
assumes lfp: a: Ifp(f)
and mono: mono(f)
and indhyp: 'z. [| z: f(ifp(f) Int {z. P(z)}) || ==> P(z)
shows P(a)
by (rule ifp-induct [THEN subsetD, THEN CollectD, OF mono - lfp])
(auto simp: inf-set-eq intro: indhyp)

lemma [fp-ordinal-induct:
fixes [ :: ‘a::complete-lattice = 'a
assumes mono: mono f
and P-f: AS. PS = P (f9)
and P-Union: AM.VSeM. P S = P (Sup M)
shows P (ifp f)
proof —
let M ={S.S<IfpfAPS}
have P (Sup ?M) using P-Union by simp
also have Sup ?M = Ifp f
proof (rule antisym)
show Sup ?M < lfp f by (blast intro: Sup-least)
hence f (Sup ?M) < f (ifp f) by (rule mono [THEN monoD])
hence f (Sup ?M) < Ifp f using mono [THEN Ifp-unfold] by simp
hence f (Sup ?M) € ?M using P-f P-Union by simp
hence f (Sup ?M) < Sup ?M by (rule Sup-upper)
thus Ifp f < Sup ?M by (rule lfp-lowerbound)
qed
finally show ?thesis .
qed

lemma [fp-ordinal-induct-set:
assumes mono: mono f
and P-f: I1S. P.S ==> P(f9)
and P-Union: WM. 1S:M. P § ==> P(Union M)
shows P(Ifp f)
using assms unfolding Sup-set-eq [symmetric]
by (rule lfp-ordinal-induct [where P=P])
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Definition forms of Ifp-unfold and Ifp-induct, to control unfolding

lemma def-lifp-unfold: || h==Ifp(f); mono(f) |] ==> h = f(h)
by (auto introl: lfp-unfold)

lemma def-lfp-induct:
[| A== Ifp(f); mono(f);
f (infAP)<P
] ==>A<P
by (blast intro: lfp-induct)

lemma def-lfp-induct-set:
(| A ==Ifp(f); mono(f); a:4;
Na. [| z: f(A Int {z. P(x)}) |] ==> P(x)
| ==> P(a)
by (blast intro: Ifp-induct-set)

lemma Ilfp-mono: 1Z. fZ < gZ)==>1fpf <lfpyg
by (rule Ifp-lowerbound [THEN Ifp-greatest], blast intro: order-trans)

9.4 Proof of Knaster-Tarski Theorem using gfp

gfp f is the greatest lower bound of the set {u. u < fu}
lemma gfp-upperbound: X < fX ==> X < ¢gfp f
by (auto simp add: gfp-def intro: Sup-upper)

lemma gfp-least: Nu. u < fu==>u< X)==>¢gfpf < X
by (auto simp add: gfp-def intro: Sup-least)

lemma gfp-lemma2: mono f ==> gfp f < [ (gfp f)
by (iprover intro: gfp-least order-trans monoD gfp-upperbound)

lemma gfp-lemma8: mono f ==> f (gfp f) < gfp f
by (iprover intro: gfp-lemma2 monoD gfp-upperbound)

lemma gfp-unfold: mono f ==> gfp f = f (4fp f)
by (iprover intro: order-antisym gfp-lemma2 gfp-lemma3)

9.5 Coinduction rules for greatest fixed points

weak version

lemma weak-coinduct: [| a: X; X C f(X) || ==> a : gfp(f)
by (rule gfp-upperbound [THEN subsetD], auto)

lemma weak-coinduct-image: 'X. [| a : X; ¢X C f (¢X)|]==>ga:gfpf
apply (erule gfp-upperbound [THEN subsetD])

apply (erule imagel)

done
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lemma coinduct-lemma:

(| X <f (sup X (gfp f)); mono f || ==> sup X (gfp ) < [ (sup X (gfp f))
apply (frule gfp-lemma2)
apply (drule mono-sup)

apply (rule le-supl)
apply assumption
apply (rule order-trans)
apply (rule order-trans)
apply assumption
apply (rule sup-ge2)
apply assumption
done

strong version, thanks to Coen and Frost

lemma coinduct-set: [| mono(f); a: X; X C f(X Un gfp(f)) || ==> a: gfp(f)
by (blast intro: weak-coinduct [OF - coinduct-lemma, simplified sup-set-eq])

lemma coinduct: [| mono(f); X < f (sup X (gfp f)) || ==> X < gfp(f)
apply (rule order-trans)
apply (rule sup-gel)
apply (erule gfp-upperbound [OF coinduct-lemmal)
apply assumption
done

lemma gfp-fun-Unl2: [| mono(f); a: gfp(f) |] ==> a: f(X Un gfp(f))
by (blast dest: gfp-lemma2 mono-Un)

9.6 Even Stronger Coinduction Rule, by Martin Coen

Weakens the condition X C f X to one expressed using both Ifp and gfp

lemma coinduct3-mono-lemma: mono(f) ==> mono(%x. f(z) Un X Un B)
by (iprover intro: subset-refl monol Un-mono monoD)

lemma coinduct3-lemma:
I X C f(Ufp(%s. f(z) Un X Un gfo(5))); mono(f) |
==> Ifp(%z. f(z) Un X Un gfp(f)) C f(ifp(%z. f(z) Un X Un gfp(f)))
apply (rule subset-trans)
apply (erule coinduct3-mono-lemma [THEN Ifp-lemma3])
apply (rule Un-least [THEN Un-least))
apply (rule subset-refl, assumption)
apply (rule gfp-unfold [THEN equalityD1, THEN subset-trans|, assumption)
apply (rule monoD [where f=f], assumption)
apply (subst coinduct3-mono-lemma [THEN Ifp-unfold], auto)
done

lemma coinduct3:

(| mono(f); a:X; X C f(Ufp(%ox. f(z) Un X Un gfp(f))) [| ==> a: gfp(f)
apply (rule coinduct3-lemma [THEN [2] weak-coinduct))
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apply (rule coinduct3-mono-lemma [THEN Ifp-unfold, THEN ssubst], auto)
done

Definition forms of gfp-unfold and coinduct, to control unfolding

lemma def-gfp-unfold: [| A==gfp(f); mono(f) || ==> A = f(A)
by (auto intro!: gfp-unfold)

lemma def-coinduct:
(| A==gfp(f); mono(f); X < f(sup X A) ] ==> X < A
by (iprover introl: coinduct)

lemma def-coinduct-set:
(| A==gfp(f); mono(f); a:X; X C f(X Un A) || ==> a: A

by (auto intro!: coinduct-set)

lemma def-Collect-coinduct:
[| A== gfp(%w. Collect(P(w))); mono(%w. Collect(P(w)));
a: X; Nz, 22 X ==>P (X UnA) z || ==>
a: A
apply (erule def-coinduct-set, auto)
done

lemma def-coinduct3:
[| A==gfp(f); mono(f); a:X; X C f(lfp(%z. f(z) Un X Un A)) || ==> a: A
by (auto introl: coinduct3)

Monotonicity of gfp!

lemma gfp-mono: 2. fZ < gZ)==>gfpf < gfpg
by (rule gfp-upperbound [THEN gfp-least], blast intro: order-trans)

9.7 Inductive predicates and sets

Inversion of injective functions.

constdefs
myinv = (‘la => 'b) => ('b => 'a)
myinv (f = 'a=>"b) == Xy. THE z. fx =y

lemma myinv-f-f: inj f ==> myinv f (fz) =z
proof —
assume inj f
hence (THE z'. fa' = fz) = (THE z'. ' = 1)
by (simp only: inj-eq)

also have ... = z by (rule the-eg-trivial)
finally show ?thesis by (unfold myinv-def)
qged

lemma f-myinv-f: inj f ==> y € range f ==> f (myinv fy) =y
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proof (unfold myinv-def)
assume inj: inj f
assume y € range f
then obtain z where y = fx ..
hence z: fz =y ..
thus f (THE z. fz =y) =y
proof (rule thel)
fix z’ assume fz’' =y
with z have fz' = fz by simp
with inj show 2’ = z by (rule injD)
qed
qed

hide const myinv

Package setup.

theorems basic-monos =
subset-refl imp-refl disj-mono conj-mono ex-mono all-mono if-bool-eq-conj
Collect-mono in-mono vimage-mono
imp-conv-disj not-not de-Morgan-disj de-Morgan-conj
not-all not-ex
Ball-def Bez-def
induct-rulify-fallback

ML (
val def-lfp-unfold = @{thm def-lfp-unfold}

val def-gfp-unfold = @Q{thm def-gfp-unfold}

val def-lfp-induct = Q{thm def-lfp-induct}

val def-coinduct = Q{thm def-coinduct}

val inf-bool-eq = Q{thm inf-bool-eq} RS @Q{thm eq-reflection}
val inf-fun-eq = Q{thm inf-fun-eq} RS Q{thm eq-reflection}
val sup-bool-eq = @Q{thm sup-bool-eq} RS Q{thm eq-reflection}
val sup-fun-eq = Q{thm sup-fun-eq} RS Q{thm eg-reflection}
val le-booll = @Q{thm le-booll }

val le-booll " = @{thm le-booll '}

val le-funl = Q{thm le-funl}

val le-boolE = @Q{thm le-boolE}

val le-funE = @{thm le-funE}

val le-boolD = @{thm le-boolD}

val le-funD = Q{thm le-funD}

val le-bool-def = Q{thm le-bool-def} RS @Q{thm eg-reflection}
val le-fun-def = @Q{thm le-fun-def} RS @Q{thm eg-reflection}
»

use Tools/inductive-package. ML
setup InductivePackage.setup

theorems [mono] =
imp-refl disj-mono conj-mono ex-mono all-mono if-bool-eq-conj
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imp-conv-disj not-not de-Morgan-disj de-Morgan-conj
not-all not-ex

Ball-def Bex-def

induct-rulify-fallback

9.8 Inductive datatypes and primitive recursion

Package setup.

use Tools/datatype-auz. ML

use Tools/datatype-prop. ML

use Tools/datatype-rep-proofs. ML
use Tools/datatype-abs-proofs. ML
use Tools/datatype-case. ML

use Tools/datatype-package. ML
setup DatatypePackage.setup

use Tools/ old-primrec-package. ML
use Tools/primrec-package. ML

use Tools/datatype-codegen. ML
setup DatatypeCodegen.setup

use Tools/inductive-codegen. ML
setup InductiveCodegen.setup

Lambda-abstractions with pattern matching:

syntax

-lam-pats-syntaz :: cases-syn => 'a => b ((%-) 10)
syntax (zsymbols)

-lam-pats-syntaz :: cases-syn => ‘a => 'b ((A-) 10)

parse-translation (advanced) ((
let
fun fun-tr ctzt [cs] =
let

val z = Free (Name.variant (add-term-free-names (cs, [])) =, dummyT);
val ft = DatatypeCase.case-tr true DatatypePackage.datatype-of-constr

ctat [z, cs]
in lambda z ft end
in [(-lam-pats-syntaz, fun-tr)] end

)

end

10 Product-Type: Cartesian products

theory Product-Type
imports Inductive

156
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uses
(Tools/ split-rule. ML)
(Tools [inductive-set-package. ML)
(Tools/inductive-realizer. ML)
(Tools/ datatype-realizer. ML)
begin

10.1 bool is a datatype

rep-datatype bool
distinct True-not-False False-not-True
induction bool-induct

declare case-split [cases type: bool]
— prefer plain propositional version

lemma [code func]:
shows False = P «—— - P
and True = P «— P
and P = Fulse «—— = P
and P = True «—— P by simp-all

code-const op = :: bool = bool = bool
(Haskell infix]l 4 ==)

code-instance bool :: eq
(Haskell —)

10.2 Unit

typedef unit = { True}
proof

show True : Zunit ..
qed

definition

Unity :: unit  ('("))
where

() = Abs-unit True

lemma unit-eq [noatpl: v = ()
by (induct u) (simp add: unit-def Unity-def)

Simplification procedure for wunit-eq. Cannot use this rule directly — it
loops!
ML {
val unit-eq-proc =
let val unit-meta-eq = mk-meta-eq Q{thm unit-eq} in
Simplifier.simproc Q{theory} unit-eq [x::unit]
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(fn - => fn - => fn t => if HOLogic.is-unit t then NONE else SOME
unit-meta-eq)
end;

Addsimprocs [unit-eq-proc];

)

lemma unit-induct [noatp,induct type: unit]: P () ==> Pz
by simp

rep-datatype unit
induction unit-induct

lemma unit-all-eq1: (Nz::unit. PROP P z) == PROP P ()
by simp

lemma unit-all-eq2: (Nz::unit. PROP P) == PROP P
by (rule triv-forall-equality)

This rewrite counters the effect of unit-eq-proc on %u::unit. f u, replacing it
by f rather than by %u. f ().

lemma unit-abs-eta-conv [simp,noatp]: (You::unit. f () = f
by (rule ext) simp

code generator setup

instance unit :: eq ..

lemma [code func]:
(u:unit) = v «—— True unfolding unit-eq [of u] unit-eq [of v] by rule+

code-type unit
(SML unit)
(OCaml unit)
(Haskell ())

code-instance unit :: eq
(Haskell —)

code-const op = :: unit = unit = bool
(Haskell infixl 4 ==)

code-const Unity
(SML ())
(OCaml ())
(Haskell ())

code-reserved SML
unit



THEORY “Product-Type” 159

code-reserved OCaml
unit

10.3 Pairs

10.3.1 Product type, basic operations and concrete syntax

definition

Pair-Rep :: 'a = 'b = 'a = 'b = bool
where

Pair-Rep a b= Az y. x =a ANy =Db)

global
typedef (Prod)

('a, 'b) *  (infixr * 20)
={f.Jab. f = Pair-Rep (a::'a) (b::'b)}

proof

fix a b show Puair-Rep a b € ?Prod

by rule+

qed
syntax (zsymbols)

* o [type, type] => type ((- x/ -) [21, 20] 20)
syntax (HTML output)

* it [type, type] => type ((- x/ -) [21, 20] 20)
consts

Pair  :'a="b="'ax'b

fst e x b= 'a

snd m'a x b= "b

split  ::('la="b="c)="ax'b="c

curry = (lax'b="c)="a="b="c
local
defs

Pair-def:  Pair a b == Abs-Prod (Pair-Rep a b)
fst-def: fstp == THE a. EX b. p = Pair a b
snd-def: snd p==THE b. EX a. p = Pair a b
split-def:  split == (%c p. ¢ (fst p) (snd p))
curry-def:  curry == (Y%c x y. ¢ (Pair z y))

Patterns — extends pre-defined type pttrn used in abstractions.
nonterminals

tuple-args patterns

syntax
-tuple i 'a => tuple-args => 'a x 'b ((1(-,/ -"))
-tuple-arg :: 'a => tuple-args (-)



THEORY “Product-Type” 160

-tuple-args :: 'a => tuple-args => tuple-args  (-,/ -)
-pattern  :: [pttrn, patterns| => pttrn ("(~,/ -1)
i pttrn => patterns (-)

-patterns :: [pttrn, patterns] => patterns (-/ -)

translations
(z, y) == Pairzy
-tuple © (-tuple-args y z) == -tuple x (-tuple-arg (-tuple y z))
%(z,y,28).b == split(%z (y,2s).b)
%(z,y).b == split(%z y. b)

-abs (Pair z y) t => %(z,y).t

print-translation ((
let fun split-tr’ [Abs (z,T,t as (Abs abs))] =
(x split (%z y. t) => %(z,y) t *)
let val (y,t') = atomic-abs-tr' abs;
val (z',t") = atomic-abs-tr' (x,T,t");

in Syntax.const -abs $ (Syntaz.const -pattern $x'8y) $ t"" end
| split-tr' [Abs (z,T,(s as Const (split,-)$t))] =
(x split (%ox. (split (%oy z. 1)) => %o(x,y,2). t *)
let val (Const (-abs,-)$(Const (-pattern,-)$y$z)$t") = split-tr’ [t];
val (z',t") = atomic-abs-tr' (x,T,t");
in Syntaz.const -abs$
(Syntaz.const -pattern$z'$(Syntax.const -patterns$y$z))$t’ end
| split-tr’ [Const (split,-)$t] =
(x split (split (%oz y 2. t)) => %((z,y),2). t *)
split-tr' [(split-tr' [¢])] (* inner split-tr’ creates next pattern *)
| split-tr' [Const (-abs,-)$z-y$(Abs abs)] =
(x split (Yopttrn z. t) => %(pttrn,z). t *)
let val (z,t) = atomic-abs-tr’ abs;
in Syntaz.const -abs $ (Syntax.const -pattern $x-y$z2) $ ¢ end
| split-tr’ - = raise Match;
in [(split, split-tr’))
end

)

typed-print-translation ({
let
fun split-guess-names-tr’' - T [Abs (z,-,Abs -)] = raise Match
| split-guess-names-tr’ - T [Abs (z,2T,t)] =
(case (head-of t) of
Const (split,-) => raise Match

| - => let
val (-:yT::-) = binder-types (domain-type T') handle Bind => raise
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Match;
val (y,t") = atomic-abs-tr' (y,yT,(incr-boundvars 1 t)$Bound 0);
val (z't") = atomic-abs-tr' (z,zT,t");
in Syntaz.const -abs $ (Syntaz.const -pattern $z'$y) $ ¢’ end)
| split-guess-names-tr' - T [t] =
(case (head-of t) of
Const (split,-) => raise Match
| - => let
val (zT::yT::-) = binder-types (domain-type T) handle Bind =>
raise Match;
val (y,t’) =
atomic-abs-tr' (y,yT,(incr-boundvars 2 t)$Bound 1$Bound 0);
val (z't") = atomic-abs-tr' (z,zT,t");
in Syntaz.const -abs $§ (Syntax.const -pattern $z'Sy) $ ¢’ end)
| split-guess-names-tr’ - - - = raise Match;
in [(split, split-guess-names-tr')]
end

)

Towards a datatype declaration

lemma surj-pair [simp]: EX z y. p = (z, y)
apply (unfold Pair-def)
apply (rule Rep-Prod [unfolded Prod-def, THEN CollectE))
apply (erule exE, erule exE, rule exl, rule exl)
apply (rule Rep-Prod-inverse [symmetric, THEN trans])
apply (erule arg-cong)
done

lemma PairE [cases type: *|:
obtains = y where p = (z, y)
using surj-pair [of p] by blast

lemma prod-induct [induct type: *]: (Aa b. P (a, b)) = Px
by (cases z) simp

lemma Prodl: Pair-Rep a b € Prod
unfolding Prod-def by rule+

lemma Pair-Rep-inject: Pair-Rep a b = Pair-Rep a’ b’ = a =a’' AN b =10’
unfolding Pair-Rep-def by (drule fun-cong, drule fun-cong) blast

lemma inj-on-Abs-Prod: inj-on Abs-Prod Prod
apply (rule inj-on-inversel)
apply (erule Abs-Prod-inverse)
done

lemma Pair-inject:
assumes (a, b) = (a’, b’
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anda =a'==>b=b'==>R
shows R
apply (insert prems [unfolded Pair-def))
apply (rule inj-on-Abs-Prod [THEN inj-onD, THEN Pair-Rep-inject, THEN
conjE))
apply (assumption | rule Prodl )+
done

lemma Pair-eq [iff]: ((a, b) = (a’, b)) = (a = a’ & b = b)
by (blast elim!: Pair-inject)

lemma fst-conv [simp, code]: fst (a, b) = a
unfolding fst-def by blast

lemma snd-conv [simp, code]: snd (a, b) = b
unfolding snd-def by blast

rep-datatype prod
inject Pair-eq
induction prod-induct

10.3.2 Basic rules and proof tools

lemma fst-egD: fst (z, y) = a ==> 2z = a
by simp

lemma snd-egD: snd (z, y) = a ==>y =a
by simp

lemma pair-collapse [simp]: (fst p, snd p) = p
by (cases p) simp

lemmas surjective-pairing = pair-collapse [symmetric]

lemma split-paired-all: (!z. PROP P ) == (!la b. PROP P (a, b))
proof
fixabd
assume !lz. PROP P z
then show PROP P (a, b) .
next
fix z
assume !la b. PROP P (a, b)
from (PROP P (fst x, snd x)» show PROP P z by simp
qged

The rule split-paired-all does not work with the Simplifier because it also
affects premises in congrence rules, where this can lead to premises of the
form !a b. ... = ?P(a, b) which cannot be solved by reflexivity.

lemmas split-tupled-all = split-paired-all unit-all-eq2
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ML
(* replace parameters of product type by individual component parameters *)
val safe-full-simp-tac = generic-simp-tac true (true, false, false);
local (x filtering with exists-paired-all is an essential optimization x)
fun exists-paired-all (Const (all, -) $ Abs (-, T, t)) =
can HOLogic.dest-prodT T orelse exists-paired-all t
| exists-paired-all (t $ u) = exists-paired-all t orelse exists-paired-all u
| exists-paired-all (Abs (-, -, t)) = exists-paired-all t
| exists-paired-all - = false;
val ss = HOL-basic-ss
addsimps [Q{thm split-paired-all}, Q{thm unit-all-eq2}, Q{thm unit-abs-eta-conv}|
addsimprocs [unit-eq-proc];
n
val split-all-tac = SUBGOAL (fn (t, i) =>
if exists-paired-all t then safe-full-simp-tac ss i else no-tac);
val unsafe-split-all-tac = SUBGOAL (fn (t, i) =>
if exists-paired-all t then full-simp-tac ss i else no-tac);
fun split-all th =
if exists-paired-all (Thm.prop-of th) then full-simplify ss th else th;
end;

)

declaration ( fn - =>
Classical.map-cs (fn cs => cs addSbefore (split-all-tac, split-all-tac))

)

lemma split-paired-All [simp): (ALL . P z) = (ALL a b. P (a, b))
— [iff] is not a good idea because it makes blast loop
by fast

lemma split-paired-Ex [simp]: (EX z. Pz) = (EX a b. P (a, b))
by fast

lemma Pair-fst-snd-eq: s =t «— fst s = fst t A snd s = snd
by (cases s, cases t) simp

lemma prod-eql [intro?]: fstp = fst ¢ = sndp = snd ¢ = p = ¢
by (simp add: Pair-fst-snd-eq)

10.3.3 split and curry

lemma split-conv [simp, code func]: split f (a, b) = fab
by (simp add: split-def)

lemma curry-conv [simp, code func): curry f a b = f (a, b)
by (simp add: curry-def)

lemmas split = split-conv — for backwards compatibility
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lemma splitl: fa b = split f (a, b)
by (rule split-conv [THEN 4ffD2])

lemma splitD: split f (a, b)) = fab
by (rule split-conv [THEN iffD1])

lemma curryl [intro!]: f (a, b) = curry fa b
by (simp add: curry-def)

lemma curryD [dest!]: curry fa b = f (a, b)
by (simp add: curry-def)

lemma curryE: curry fa b = (f (a, b)) = Q) = Q
by (simp add: curry-def)

lemma curry-split [simp: curry (split f) = f
by (simp add: curry-def split-def)

lemma split-curry [simp]: split (curry f) = f
by (simp add: curry-def split-def)

lemma split-Pair [simp]: (M(z, y). (z, y)) = id
by (simp add: split-def id-def)

lemma split-eta: (A(z, y). f (z, y)) = f
— Subsumes the old split-Pair when f is the identity function.
by (rule ext) auto

lemma split-comp: split (f o g) z = f (g (fst z)) (snd z)
by (cases x) simp

lemma split-twice: split f (split g p) = split (Ax y. split f (g xy)) p
unfolding split-def ..

lemma split-paired-The: (THE x. P ) = (THE (a, b). P (a, b))
— Can’t be added to simpset: loops!
by (simp add: split-eta)

lemma The-split: The (split P) = (THE xy. P (fst zy) (snd zy))
by (simp add: split-def)

lemma split-weak-cong: p = ¢ = split ¢ p = split c ¢
— Prevents simplification of ¢: much faster
by (erule arg-cong)

lemma cond-split-eta: Nz y. fzy =g (z,y)) ==> (%(z, y). fry) =g
by (simp add: split-eta)

Simplification procedure for cond-split-eta. Using split-eta as a rewrite rule
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is not general enough, and using cond-split-eta directly would render some
existing proofs very inefficient; similarly for split-beta.

ML (

local
val cond-split-eta-ss = HOL-basic-ss addsimps [thm cond-split-eta]
fun Pair-pat k 0 (Bound m) = (m = k)
| Pair-pat ki (Const (Pair, -) $ Bound m $ t) = i > 0 andalso
m = k+i andalso Pair-pat k (i—1) t
| Pair-pat - - - = false;
fun no-args k i (Abs (-, -, t)) = no-args (k+1) it
| no-args ki (¢t $ u) = no-args k i t andalso no-args k i u
| no-args ki (Bound m) = m < k orelse m > k-+i
| no-args - - - = true;
fun split-pat tp i (Abs (-,-,t)) = if tp 0 i t then SOME (i,t) else NONE
| split-pat tp i (Const (split, -) $ Abs (-, -, t)) = split-pat tp (i+1) t
| split-pat tp i - = NONE;
fun metaeq ss lhs rhs = mk-meta-eq (Goal.prove (Simplifier.the-context ss) || ]
(HOLogic.mk-Trueprop (HOLogic.mk-eq (lhs,rhs)))
(K (sitmp-tac (Simplifier.inherit-context ss cond-split-eta-ss) 1)));

fun beta-term-pat k i (Abs (-, -, t)) = beta-term-pat (k+1) it
| beta-term-pat k i (¢t $ u) = Pair-pat k i (t $ u) orelse
(beta-term-pat k i t andalso beta-term-pat k i u)
| beta-term-pat ki t = no-args k i t;
fun eta-term-pat k i (f $ arg) = no-args k i f andalso Pair-pat k i arg
|  eta-term-pat - - - = false;
fun subst arg ki (Abs (z, T, t)) = Abs (z, T, subst arg (k+1) it)
| subst arg ki (t $ w) = if Pair-pat ki (¢t $ u) then incr-boundvars k arg
else (subst arg kit $ subst arg ki u)
| subst arg kit =t
fun beta-proc ss (s as Const (split, -) $ Abs (-, -, t) $ arg) =
(case split-pat beta-term-pat 1 t of
SOME (i,f) => SOME (metaeq ss s (subst arg 01 f))
| NONE => NONE)
| beta-proc - - = NONE;
fun eta-proc ss (s as Const (split, -) $ Abs (-, -, t)) =
(case split-pat eta-term-pat 1 t of
SOME (-,ft) => SOME (metaeq ss s (let val (f $ arg) = ft in f end))
| NONE => NONE)
| eta-proc - - = NONE;
m
val split-beta-proc = Simplifier.simproc @Q{theory} split-beta [split f z] (K beta-proc);
val split-eta-proc = Simplifier.simproc @{theory} split-eta [split f] (K eta-proc);
end;

Addsimprocs [split-beta-proc, split-eta-proc];

)
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lemma split-beta [mono]: (%(x, y). Pz y) z = P (fst z) (snd z)
by (subst surjective-pairing, rule split-conv)

lemma split-split [noatp): R(split ¢ p) = (ALL xy. p = (z, y) ——> R(c z y))
— For use with split and the Simplifier.
by (insert surj-pair [of p], clarify, simp)

split-split could be declared as [split] done after the Splitter has been speeded
up significantly; precompute the constants involved and don’t do anything
unless the current goal contains one of those constants.

lemma split-split-asm [noatp]: R (split c p) = (Y(EXzy.p = (z,y) & ("R (cz

y))))

by (subst split-split, simp)

split used as a logical connective or set former.

These rules are for use with blast; could instead call simp using split as
rewrite.

lemma splitI2: p. [[ Na b. p = (a, b)) ==> ca b || ==> split c p
apply (simp only: split-tupled-all)
apply (simp (no-asm-simp))
done

lemma splitI2” Np. [| Na b. (a, b)) =p==>caba|]==> splitcpzx
apply (simp only: split-tupled-all)
apply (simp (no-asm-simp))
done

lemma splitE: split c p ==> Mz y. p = (z, y) ==> czy ==> Q) ==> @
by (induct p) (auto simp add: split-def)

lemma splitE": split cp z ==> Nz y. p = (z,y) ==> caxyz ==> Q) ==> Q
by (induct p) (auto simp add: split-def)

lemma splitE2:

[| @ (split P z); Nzy. [|z=(z,9); Q@ (Pzy)]l==>R| ==>R
proof —

assume ¢: Q (split P z)

assume 7: !z y. [|z = (z, ¥); Q@ (Pzy)|] ==> R

show R

apply (rule r surjective-pairing)+
apply (rule split-beta [THEN subst], rule q)
done

qed

lemma splitD": split R (a,b) ¢ ==> R a b c
by simp
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lemma mem-splitl: z: ¢ a b ==> z: split ¢ (a, b)
by simp
lemma mem-splitI2: !p. [| Na b. p = (a, b) ==> z: ca b || ==> z: split ¢ p

by (simp only: split-tupled-all, simp)

lemma mem-splitE:
assumes magor: z: split ¢ p
and cases: Nz y. [| p = (z,y); z: cxy || ==> Q
shows @
by (rule major [unfolded split-def] cases surjective-pairing)-+

declare mem-splitI2 [intro!] mem-split [intro!] splitI2 [intro!] splitI2 [intro!] split]
[intro!]
declare mem-splitE [elim!] splitE’ [elim!] splitE [elim!]

ML (
local (x filtering with exists-p-split is an essential optimization )
fun ezists-p-split (Const (split,-) $ - $ (Const (Pair,-)$-$-)) = true
| exists-p-split (t $ u) = exists-p-split t orelse exists-p-split u
| exists-p-split (Abs (-, -, t)) = exists-p-split
| exists-p-split - = false;
val ss = HOL-basic-ss addsimps [thm split-conv];
n
val split-conv-tac = SUBGOAL (fn (¢, i) =>
if exists-p-split t then safe-full-simp-tac ss i else no-tac);
end;

)

declaration { fn - =>
Classical.map-cs (fn cs => cs addSbefore (split-conv-tac, split-conv-tac))

)

lemma split-eta-SetCompr [simp,noatp]: (%ou. EXzy. u = (z, y) & P (z, y)) =
P
by (rule ext) fast

lemma split-eta-SetCompr2 [simp,noatp): (%ou. EX zy. u = (z, y) & Pz y) =
split P
by (rule ext) fast

lemma split-part [simp]: (%(a,b). P & Q a b) = (%ab. P & split Q ab)
— Allows simplifications of nested splits in case of independent predicates.
by (rule ext) blast

lemma split-comp-eq:
fixesf::’'a=>'b=>'cand g :: 'd =>"a
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shows (%u. f (g (fst v)) (snd v)) = (split (%ozx. f (g x)))
by (rule ext) auto

lemma pair-imagel [intro]: (a, b) : A ==> fab: (%(a, b). fab) ‘A
apply (rule-tac z = (a, b) in image-eql)
apply auto
done

lemma The-split-eq [simp]: (THE (z'y’). © = 2’ & y = y') = (z, y)
by blast

Setup of internal split-rule.

definition

internal-split :: ('a = 'b = 'c¢) = 'a x 'b = 'c
where

internal-split == split

lemma internal-split-conv: internal-split ¢ (a, b) = c a b
by (simp only: internal-split-def split-conv)

hide const internal-split

use Tools/ split-rule. ML
setup SplitRule.setup

lemmas prod-casel = prod.cases [THEN iffD2, standard]

lemma prod-casel2: !p. [| la b. p = (a, b) ==> c a b || ==> prod-case ¢ p
by auto
lemma prod-casel2” p. [| "a b. (a, b) = p ==> ca bz || ==> prod-case c p =

by (auto simp: split-tupled-all)

lemma prod-caseE: prod-case ¢ p ==> Nz y. p = (z, y) ==> czy ==> Q)
by (induct p) auto

lemma prod-caseE’": prod-case ¢ p z ==> Mz y. p = (z, y) ==> czxy z ==>
Q) ==>¢@
by (induct p) auto

lemma prod-case-unfold: prod-case = (%c p. ¢ (fst p) (snd p))
by (simp add: expand-fun-eq)

declare prod-casel2’ [introl] prod-casel2 [intro!] prod-casel [intro]
declare prod-caseE’ [elim!] prod-caseE [elim!]

lemma prod-case-split:
prod-case = split
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by (auto simp add: expand-fun-eq)

lemma prod-case-beta:

prod-case fp = f (fst p) (snd p)
unfolding prod-case-split split-beta ..

10.4 Further cases/induct rules for tuples

lemma prod-cases3 [cases typel:
obtains (fields) a b ¢ where y = (a, b, ¢)
by (cases y, case-tac b) blast

lemma prod-induct3 [case-names fields, induct type]:
Mabec P (a, b, c))==>Pzx
by (cases z) blast

lemma prod-cases) [cases typel:
obtains (fields) a b ¢ d where y = (a, b, ¢, d)
by (cases y, case-tac c) blast

lemma prod-inductj [case-names fields, induct type]:
Mabcd P(a,b,c,d)==>Pz
by (cases z) blast

lemma prod-cases5 [cases type]:
obtains (fields) a b ¢ d e where y = (a, b, ¢, d, ¢€)
by (cases y, case-tac d) blast

lemma prod-induct5 [case-names fields, induct type]:
Mabcde. P (a,b,c d, e))==>Pux
by (cases z) blast

lemma prod-casest [cases typel:
obtains (fields) a b ¢ d e f where y = (a, b, ¢, d, e, f)
by (cases y, case-tac e) blast

lemma prod-induct6 [case-names fields, induct type]:
Mabedef.P(a,b,c,d e f))==>Pz
by (cases z) blast

lemma prod-cases7 [cases type]:
obtains (fields) a b ¢ d e f g where y = (a, b, ¢, d, ¢, f, g)
by (cases y, case-tac f) blast

lemma prod-induct? [case-names fields, induct type]:
(Mabecdefg. P(a,b,c d e f,g)==>Px
by (cases z) blast
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10.4.1 Derived operations

The composition-uncurry combinator.

notation fcomp (infixl o> 60)

definition

scomp : ('la = "b x '¢c) = ('b = 'c = 'd) = 'a = 'd (infixl 0— 60)
where

fo— g = (Az. split g (fz))

lemma scomp-apply: (f o— g) z = split g (f )
by (simp add: scomp-def)

lemma Pair-scomp: Pair z o— f = fz
by (simp add: expand-fun-eq scomp-apply)

lemma scomp-Pair: x o— Pair = ¢
by (simp add: expand-fun-eq scomp-apply)

lemma scomp-scomp: (f o— g) o— h = fo— (Az. gz 0— h)
by (simp add: expand-fun-eq split-twice scomp-def)

lemma scomp-fcomp: (f o— g) 0> h = fo— (Az. g x 0> h)
by (simp add: expand-fun-eq scomp-apply fcomp-def split-def)

lemma fcomp-scomp: (f 0> g) o— h = fo> (g 0— h)
by (simp add: expand-fun-eq scomp-apply fcomp-apply)

no-notation fcomp (infixl o> 60)
no-notation scomp (infixl 0o— 60)

prod-fun — action of the product functor upon functions.

definition prod-fun :: ('a = '¢) = ('b = 'd) = 'a x 'b = ‘¢ x 'd where
[code func del]: prod-fun f g = (X(z, y). (fz, g v))

lemma prod-fun [simp, code func]: prod-fun f g (a, b) = (f a, g b)
by (simp add: prod-fun-def)

lemma prod-fun-compose: prod-fun (f1 o f2) (g1 o g2) = (prod-fun f1 g1 o prod-fun

2 92)
by (rule ext) auto

lemma prod-fun-ident [simp]: prod-fun (%oz. ) (%y. y) = (%z. z)
by (rule ext) auto

lemma prod-fun-imagel [intro]: (a, b) : r ==> (fa, g b) : prod-fun fg ‘r
apply (rule image-eql)
apply (rule prod-fun [symmetric], assumption)
done
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lemma prod-fun-imageE [elim!]:
assumes major: c¢: (prod-fun f g)‘r
and cases: Nz y. [| c=(f(z),9(v)); (z,y):r|] ==> P
shows P
apply (rule major [THEN imageFE))
apply (rule-tac p = z in PairE)
apply (rule cases)
apply (blast intro: prod-fun)
apply blast

done
definition

apfst = ('la="c) = "ax'b="cx'b
where

[code func del]: apfst f = prod-fun f id

definition
apsnd :: ('b = '¢) = 'a x 'b = 'a x ¢
where

[code func del]: apsnd f = prod-fun id f

lemma apfst-conv [simp, code]:

apfst f (z, y) = (fz, y)
by (simp add: apfst-def)

lemma upd-snd-conv [simp, code]:

apsnd f (z, y) = (z, fy)
by (simp add: apsnd-def)

Disjoint union of a family of sets — Sigma.

definition Sigma :: ['a set, 'a => b set] => ('a x 'b) set where
Sigma-def: Sigma A B == UN z:A. UN y:B x. {Pair z y}

abbreviation
Times :: ['a set, 'b set] => (‘a = 'b) set
(infixr <*> 80) where
A <x> B == Sigma A (%-. B)

notation (zsymbols)
Times (infixr x 80)

notation (HTML output)
Times (infixr x 80)

syntax

171

QSigma ::[pttrn, 'a set, 'b set] => (‘a x 'b) set ((3SIGMA --./ -) [0, 0, 10] 10)

translations
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SIGMA z:A. B == Product-Type.Sigma A (%z. B)

lemma Sigmal [introl]: [| a:A; b:B(a) || ==> (a,b) : Sigma A B
by (unfold Sigma-def) blast

lemma SigmaFE [elim!]:
[| ¢: Sigma A B;
Nz y[| 2:4; y:B(z); c=(z,y) || ==> P
| ==> P
— The general elimination rule.
by (unfold Sigma-def) blast

Elimination of (a, b) € A x B — introduces no eigenvariables.

lemma SigmaD1: (a, b) : Sigma A B ==> a : A
by blast

lemma SigmaD2: (a, b) : Sigma A B ==>b:Ba
by blast

lemma SigmaFE2:
[| (a, b) : Sigma A B;
[| a:4; b:B(a) || ==> P

lemma Sigma-cong:
[A=B;!z. 2 € B= Cz =D 1]
= (SIGMA z: A. Cz) = (SIGMA z: B. D x)
by auto

lemma Sigma-mono: [| A <= C; lz. x:A ==> Bz <= Dz || ==> Sigma A B
<= Sigma C D
by blast

lemma Sigma-emptyl [simp]: Sigma {} B = {}
by blast

lemma Sigma-empty?2 [simp]: A <x> {} = {}
by blast

lemma UNIV-Times-UNIV [simp]: UNIV <x> UNIV = UNIV
by auto

lemma Compl-Times-UNIV1 [simp]: — (UNIV <x> A) = UNIV <x> (—A)
by auto

lemma Compl-Times-UNIV2 [simp]: — (A <x> UNIV) = (—=A) <x> UNIV
by auto
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lemma mem-Sigma-iff [iff]: ((a,b): Sigma A B) = (a:A & b:B(a))
by blast

lemma Times-subset-cancel2: ©:C ==> (A <*> C <= B <x> () = (A <= B)
by blast

lemma Times-eq-cancel2: ©:C ==> (A <> C = B <x> () = (A = B)
by (blast elim: equalityE')

lemma SetCompr-Sigma-eq:
Collect (split (%oxy. Pz & Q xy)) = (SIGMA x:Collect P. Collect (Q x))
by blast

lemma Collect-split [simp]: {(a,b). P a & Q b} = Collect P <x> Collect Q
by blast

lemma UN-Times-distrib:
(UN (a,b):(A <%> B). E a <¥> Fb) = (UNION A E) <«x> (UNION B F)
— Suggested by Pierre Chartier
by blast

lemma split-paired-Ball-Sigma [simp,noatp]:
(ALL z: Sigma A B. P z) = (ALL z:A. ALL y: B z. P(z,y))
by blast

lemma split-paired-Bex-Sigma [simp,noatp):
(EX z: Sigma A B. P z) = (EX z:A. EX y: B z. P(z,y))
by blast

lemma Sigma-Un-distribl: (SIGMA i:1 Un J. C(i)) = (SIGMA i:1. C(i)) Un
(SIGMA j:J. C(5))
by blast

lemma Sigma-Un-distrib2: (SIGMA i:I. A(i) Un B(i)) = (SIGMA i:I. A(i)) Un
(SIGMA i:1. B(1))
by blast

lemma Sigma-Int-distrib1: (SIGMA ¢:I Int J. C(i)) = (SIGMA i:I. C(i)) Int
(SIGMA j:J. C(j))
by blast

lemma Sigma-Int-distrib2: (SIGMA i:I. A(i) Int B(i)) = (SIGMA i:I. A(i)) Int
(SIGMA i:1. B(i))
by blast

lemma Sigma-Diff-distribl: (SIGMA i:1 — J. C(i)) = (SIGMA i:1. C(i)) —
(SIGMA j:J. C(5))
by blast
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lemma Sigma-Diff-distrib2: (SIGMA i:1. A(i) — B(i)) = (SIGMA i:I. A(i)) —
(SIGMA i:1. B(1))
by blast

lemma Sigma-Union: Sigma (Union X) B = (UN A:X. Sigma A B)
by blast

Non-dependent versions are needed to avoid the need for higher-order match-
ing, especially when the rules are re-oriented.

lemma Times-Un-distribl: (A Un B) <x> C = (A <x> C) Un (B <*> ()
by blast

lemma Times-Int-distribl: (A Int B) <x> C = (A <x> C) Int (B <x> ()
by blast

lemma Times-Diff-distribl: (A — B) <> C = (A <x> C) — (B <> C)
by blast

10.4.2 Code generator setup

instance * :: (eq, eq) eq ..

lemma [code func]:
(z1:'azeq, yl::'bieq) = (22, y2) «— z1 = 22 A yl = y2 by auto

lemma split-case-cert:
assumes CASE = split f
shows CASE (a, b) = fab
using assms by simp

setup ((
Code.add-case Q{thm split-case-cert}

)

code-type x
(SML infix 2 *)
(OCaml infix 2 x)

(Haskell 1((-),/ (-)))

code-instance * :: eq
(Haskell —)

code-const op = :: ‘aizeq X 'biieq = 'a X 'b = bool
(Haskell infix] / ==)

code-const Pair
(SML((-),/ ()
(OCaml /((-),/ (-)))
(Haskell 1((-),/ (-)))
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code-const fst and snd
(Haskell fst and snd)

types-code
o ((-%/-)
attach (term-of) ((
fun term-of-id-42 aF oT bF bT (z, y) = HOLogic.pair-const aT bT $ oF z $ bF
Y;
»
attach (test) (
fun gen-id-42 oG aT bG bT © =
let
val (z, t) = aG i
val (y, u) = bG i
in ((z, y), fn () => HOLogic.pair-const aT bT $t () $ u () end;

consts-code

Pair— ((~/ -))
setup (

let

fun strip-abs-split 0t = ([], t
| strip-abs-split i (Abs (s, T, t)) =
let
val s’ = Codegen.new-name t s;
val v = Free (s', T)
in apfst (cons v) (strip-abs-split (i—1) (subst-bound (v, t))) end
| strip-abs-split i (u as Const (split, -) $ t) = (case strip-abs-split (i+1) t of
!/

(v v ws, u) => (HOLogic.mk-prod (v, v') :: vs, u)

| -=> ([, »)

| strip-abs-split i t = ([], t);

fun let-codegen thy defs gr dep thyname brack t = (case strip-comb t of
(t1 as Const (Let, -), t2 :: t3 :: ts) =>
let
fun dest-let (I as Const (Let, -) $ t $ u) =
(case strip-abs-split 1 u of
([p], u’) => apfst (cons (p, t)) (dest-let u’)
- => (0, 1)
| dest-let t = ([], t);
fun mk-code (gr, (I, r)) =
let
val (gr1, pl) = Codegen.invoke-codegen thy defs dep thyname false (gr, l);
val (gr2, pr) = Codegen.invoke-codegen thy defs dep thyname false (grl,

T);



THEORY “Product-Type” 176

in (gr2, (pl, pr)) end
in case dest-let (t1 $ t2 $ ¢3) of
(J, -) => NONE
| (ps, u) =>

let

val (grl, gs) = foldl-map mk-code (gr, ps);

val (gr2, pu) = Codegen.invoke-codegen thy defs dep thyname false (gri,

u);
val (gr8, pargs) = foldl-map
(Codegen.invoke-codegen thy defs dep thyname true) (gr2, ts)

in

SOME (gr3, Codegen.mk-app brack

(Pretty.blk (0, [Codegen.str let , Pretty.blk (0, List.concat
(separate [Codegen.str ;, Pretty.brk 1] (map (fn (pl, pr) =>
[Pretty.block [Codegen.str val , pl, Codegen.str =,
Pretty.brk 1, pr]]) ¢s))),
Pretty.brk 1, Codegen.str in , pu,
Pretty.brk 1, Codegen.str end))) pargs)
end
end
| - => NONE);

fun split-codegen thy defs gr dep thyname brack t = (case strip-comb t of
(t1 as Const (split, -), t2 =2 ts) =>
(case strip-abs-split 1 (t1 $ t2) of

(Ip], u) =>
let
val (gr1, q) = Codegen.invoke-codegen thy defs dep thyname false (gr,
p);
val (gr2, pu) = Codegen.invoke-codegen thy defs dep thyname false (gri,
u);
val (gr3, pargs) = foldl-map
(Codegen.invoke-codegen thy defs dep thyname true) (gr2, ts)
m
SOME (gr2, Codegen.mk-app brack
(Pretty.block [Codegen.str (fn , q, Codegen.str =>,
Pretty.brk 1, pu, Codegen.str )]) pargs)
end
| - => NONE)
| - => NONE);
m

Codegen.add-codegen let-codegen let-codegen
#> Codegen.add-codegen split-codegen split-codegen

end

)
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10.5 Legacy bindings

ML
val Collect-split = thm Collect-split;

val Compl-Times-UNIV1 = thm Compl-Times-UNIV1;
val Compl-Times-UNIV2 = thm Compl-Times-UNIVZ;
val PairE = thm PuairE;

val Pair-Rep-inject = thm Pair-Rep-inject;

val Pair-def = thm Pair-def;

val Pair-eq = thm Pair-eq;

val Pair-fst-snd-eq = thm Pair-fst-snd-eq;

val Prodl = thm Prodl,

val SetCompr-Sigma-eq = thm SetCompr-Sigma-eq;
val SigmaD1 = thm SigmaD1;

val SigmaD2 = thm SigmaD2;

val SigmaE = thm SigmaF;

val SigmaE2 = thm SigmaE2;

val Sigmal = thm Sigmal;

val Sigma-Diff-distribl = thm Sigma-Diff-distrib1;
val Sigma-Diff-distrib2 = thm Sigma-Diff-distrib2;
val Sigma-Int-distribl = thm Sigma-Int-distrib1;
val Sigma-Int-distrib2 = thm Sigma-Int-distrib2;
val Sigma-Un-distribl = thm Sigma-Un-distrib1;
val Sigma-Un-distrib2 = thm Sigma-Un-distrib2;
val Sigma-Union = thm Sigma-Union;

val Sigma-def = thm Sigma-def;

val Sigma-emptyl = thm Sigma-emptyl;

val Sigma-empty2 = thm Sigma-empty2;

val Sigma-mono = thm Sigma-mono;

val The-split = thm The-split;

val The-split-eq = thm The-split-eq;

val The-split-eq = thm The-split-eq;

val Times-Diff-distribl = thm Times-Diff-distrib1;
val Times-Int-distrib] = thm Times-Int-distrib1;
val Times-Un-distribl = thm Times-Un-distribl;
val Times-eq-cancel?2 = thm Times-eq-cancel?;

val Times-subset-cancel?2 = thm Times-subset-cancel?;
val UNIV-Times-UNIV = thm UNIV-Times-UNIV
val UN-Times-distrib = thm UN-Times-distrib;

val Unity-def = thm Unity-def;

val cond-split-eta = thm cond-split-eta;

val fst-conv = thm fst-conv;

val fst-def = thm fst-def;

val fst-eqD = thm fst-eqD;

val inj-on-Abs-Prod = thm inj-on-Abs-Prod;

val mem-Sigma-iff = thm mem-Sigma-iff;

val mem-splitEF = thm mem-splitF;

val mem-splitl = thm mem-splitl;

val mem-splitl2 = thm mem-splitl2;

val prod-eql = thm prod-eql;
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val prod-fun = thm prod-fun;

val prod-fun-compose = thm prod-fun-compose;
val prod-fun-def = thm prod-fun-def;

val prod-fun-ident = thm prod-fun-ident;

val prod-fun-imageE = thm prod-fun-imageE;
val prod-fun-imagel = thm prod-fun-imagel;
val prod-induct = thm prod-induct;

val snd-conv = thm snd-conv;

val snd-def = thm snd-def;

val snd-eqD = thm snd-eqD;

val split = thm split;

val splitD = thm splitD;

val splitD’ = thm splitD’,

val splitE = thm splitF;

val splitE' = thm splitE’,

val splitE2 = thm splitE2;

val splitl = thm splitl;

val split]2 = thm splitl2;

val splitl2’ = thm splitI2’;

val split-beta = thm split-beta;

val split-conv = thm split-conv;

val split-def = thm split-def;

val split-eta = thm split-eta;

val split-eta-SetCompr = thm split-eta-SetCompr;
val split-eta-SetCompr2 = thm split-eta-SetCompr2;

val split-paired-All = thm split-paired-All;

val split-paired-Ball-Sigma = thm split-paired-Ball-Sigma;
val split-paired-Bex-Sigma = thm split-paired-Bez-Sigma;

val split-paired-Ex = thm split-paired-Ex;

val split-paired-The = thm split-paired-The;
val split-paired-all = thm split-paired-all;

val split-part = thm split-part;

val split-split = thm split-split;

val split-split-asm = thm split-split-asm;

val split-tupled-all = thms split-tupled-all;

val split-weak-cong = thm split-weak-cong;

val surj-pair = thm surj-pair;

val surjective-pairing = thm surjective-pairing;
val unit-abs-eta-conv = thm unit-abs-eta-conv;
val unit-all-eql = thm unit-all-eq1;

val unit-all-eq2 = thm unit-all-eq2;

val unit-eq = thm unit-eq;

)

10.6 Further inductive packages

use Tools/inductive-realizer. ML
setup InductiveRealizer.setup
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use Tools/inductive-set-package. ML
setup InductiveSetPackage.setup

use Tools/datatype-realizer. ML
setup DatatypeRealizer.setup

end

11 Record: Extensible records with structural sub-
typing

theory Record

imports Product-Type

uses (Tools/record-package. ML)
begin

lemma prop-subst: s =t = PROP Pt = PROP P s
by simp

lemma rec-UNIV-I: Nx. t€ UNIV = True
by simp

lemma rec-True-simp: (True = PROP P) = PROP P
by simp

lemma K-record-comp: (Az. ¢) o f = (Az. ¢)
by (simp add: comp-def)

11.1 Concrete record syntax

nonterminals
ident field-type field-types field fields update updates
syntax
-constify id => ident (-)
-constify 2 longid => ident (-)
-field-type :: [ident, type] => field-type ((2-::/-)
i field-type => field-types (-)
-field-types o [field-type, field-types] => field-types  (-,/ -)
-record-type :: field-types => type 34 - 1)
-record-type-scheme :: [field-types, type] => type ((3(1 -/ (2...=2/ ) 1))
-field it [ident, 'a] => field ((2-=/-)
it field => fields (-)
-fields 2 [field, fields] => fields (-/ -)
-record it fields => 'a 31 -1)
-record-scheme it [fields, a] => 'a (3| -/ 2...=/ ) 1)
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-update-name oadt
-update it [ident, 'a] => update ((2-:=/-))
it update => updates ()

-updates i [update, updates] => updates (-/ -)

-record-update i ['a, updates] => b (-/(3(] - 1M) [900,0] 900)
syntax (zsymbols)

-record-type it field-types => type ((50-D)

-record-type-scheme :: [field-types, type] => type ((3(-/ (2... 2/ 9))

-record i fields => 'a ((3(-D)

-record-scheme it [fields, 'a] => 'a ((3(-,/ (2...=/ )

-record-update i ['a, updates] => 'b (-/(3(-)) [900,0] 900)

use Tools/record-package. ML
setup RecordPackage.setup

end

12 OrderedGroup: Ordered Groups

theory OrderedGroup

imports Lattices

uses ~"~ /src/ Provers/ Arith [ abel-cancel. ML
begin

The theory of partially ordered groups is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society
1979

o Partially Ordered Algebraic Systems, Pergamon Press 1963
Most of the used notions can also be looked up in

e http://www.mathworld.com by Eric Weisstein et. al.

o Algebra I by van der Waerden, Springer.

12.1 Semigroups and Monoids

class semigroup-add = plus +
assumes add-assoc: (a + b) + ¢c=a + (b + ¢)

class ab-semigroup-add = semigroup-add +
assumes add-commute: ¢ + b =b + a
begin


http://www.mathworld.com
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lemma add-left-commute: a + (b + ¢) = b + (a + ¢)
by (rule mk-left-commute [of plus, OF add-assoc add-commute])

theorems add-ac = add-assoc add-commute add-left-commute
end
theorems add-ac = add-assoc add-commute add-left-commute

class semigroup-mult = times +
assumes mult-assoc: (a * b) x ¢ = a % (b x ¢)

class ab-semigroup-mult = semigroup-mult +
assumes mult-commute: a x b = b *x a

begin

lemma mult-left-commute: a * (b x ¢) = b x (a * ¢)
by (rule mk-left-commute [of times, OF mult-assoc mult-commute))

theorems mult-ac = mult-assoc mult-commute mult-left-commute
end
theorems mult-ac = mult-assoc mult-commute mult-left-commute
class ab-semigroup-idem-mult = ab-semigroup-mult +

assumes mult-idem: ¢ * x = z

begin

lemma mult-left-idem: z x (z x y) =z * y
unfolding mult-assoc [symmetric, of x| mult-idem ..

lemmas mult-ac-idem = mult-ac mult-idem mult-left-idem
end
lemmas mult-ac-idem = mult-ac mult-idem mult-left-idem
class monoid-add = zero + semigroup-add +

assumes add-0-left [simp]: 0 + a = a

and add-0-right [simp]: a + 0 = a

lemma zero-reorient: 0 = x «—— x = 0
by (rule eg-commute)

class comm-monoid-add = zero + ab-semigroup-add +
assumes add-0: 0 + a = a
begin
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subclass monoid-add
by unfold-locales (insert add-0, simp-all add: add-commute)

end

class monoid-mult = one + semigroup-mult +
assumes mult-1-left [simp]: 1 x a = a
assumes mult-1-right [simp]: a x 1 = a

lemma one-reorient: 1 = x «—— z = 1
by (rule eq-commute)

class comm-monoid-mult = one + ab-semigroup-mult +
assumes mult-1: 1 * a = a
begin

subclass monoid-mult
by unfold-locales (insert mult-1, simp-all add: mult-commute)

end

class cancel-semigroup-add = semigroup-add +
assumes add-left-imp-eq: a + b=a + c = b= ¢
assumes add-right-imp-eq: b + a = c+ a = b = ¢

class cancel-ab-semigroup-add = ab-semigroup-add +
assumes add-imp-eq: a + b=a 4+ c = b =—c
begin

subclass cancel-semigroup-add
proof unfold-locales

fixabc:'a

assume a + b =a + ¢

then show b = ¢ by (rule add-imp-eq)
next

fixabc:'a

assume b + a = ¢ + @

then have a + b = a + ¢ by (simp only: add-commute)

then show b = ¢ by (rule add-imp-eq)
qed

end

context cancel-ab-semigroup-add
begin

lemma add-left-cancel [simp]:
a+b=a+c—b=c
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by (blast dest: add-left-imp-eq)

lemma add-right-cancel [simp]:
b+a=cH+a+—b=c
by (blast dest: add-right-imp-eq)

end

12.2 Groups

class group-add = minus + uminus + monoid-add +
assumes left-minus [simp]: — a + a = 0
assumes diff-minus: a — b = a + (= b)

begin

lemma minus-add-cancel: — a + (a + b) = b
by (simp add: add-assoc[symmetric])

lemma minus-zero [simp]: — 0 = 0

proof —
have — 0 = — 0 + (0 + 0) by (simp only: add-0-right)
also have ... = 0 by (rule minus-add-cancel)
finally show ?thesis .

qed

lemma minus-minus [simp]: — (— a) = a

proof —
have — (— a) = — (— a) + (— a + a) by simp
also have ... = a by (rule minus-add-cancel)
finally show ?thesis .

qed

lemma right-minus [simp]: a + — a = 0

proof —
have ¢« + — a = — (— a) + — a by simp
also have ... = 0 by (rule left-minus)
finally show ?thesis .

qed

lemma right-minus-eq: a — b =0 — a =10
proof
assume a — b =0
have a = (a — b) + b by (simp add:diff-minus add-assoc)

also have ... = b using (¢« — b = () by simp
finally show a = b .
next

assume a = b thus a — b = 0 by (simp add: diff-minus)
qed
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lemma equals-zero-1:
assumes a + b = 0
shows — a =0

proof —
have — a = — a + (a + b) using assms by simp
also have ... = b by (simp add: add-assoc[symmetric])
finally show ?thesis .

qed

lemma diff-self [simp]: a — a = 0
by (simp add: diff-minus)

lemma diff-0 [simp]: 0 — a = — a
by (simp add: diff-minus)

lemma diff-0-right [simp]: a — 0 = a
by (simp add: diff-minus)

lemma diff-minus-eq-add [simp]: a — — b=a + b
by (simp add: diff-minus)

lemma neg-equal-iff-equal [simp]:
—a=—be—a=1»
proof
assume — a = — b
hence — (— a) = — (— b)
by simp
thus a = b by simp
next
assume a = b
thus — a = — b by simp
qed

lemma neg-equal-0-iff-equal [simp]:
—a=0+—a=10
by (subst neg-equal-iff-equal [symmetric], simp)

lemma neg-0-equal-iff-equal [simp]:
0=—-—a+«— 0=a
by (subst neg-equal-iff-equal [symmetric], simp)
The next two equations can make the simplifier loop!

lemma equation-minus-iff :

a=—-—b+—b=—-a
proof —
have — (— a) = — b «— — a = b by (rule neg-equal-iff-equal)

thus ?thesis by (simp add: eq-commute)
qed
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lemma minus-equation-iff :
—a=b+—— —b=a

proof —
have — a = — (= b) «— a = —b by (rule neg-equal-iff-equal)
thus ?thesis by (simp add: eg-commute)

qed

end

class ab-group-add = minus + uminus + comm-monoid-add +

assumes ab-left-minus: — a + a = 0
assumes ab-diff-minus: a — b = a + (= b)
begin

subclass group-add
by unfold-locales (simp-all add: ab-left-minus ab-diff-minus)

subclass cancel-ab-semigroup-add
proof unfold-locales
fixabc:'a
assume a + b =a + ¢
then have —a+a+b=—-—a+a+ ¢
unfolding add-assoc by simp
then show b = ¢ by simp
qed

lemma uminus-add-conv-diff
—a+b=b—-a
by (simp add:diff-minus add-commute)

lemma minus-add-distrib [simp]:
—(a+d)=—a+ -0
by (rule equals-zero-I) (simp add: add-ac)

lemma minus-diff-eq [simp]:
—(a—b)=b—-a
by (simp add: diff-minus add-commute)

lemma add-diff-eq: a + (b — ¢) = (a + b) — ¢
by (simp add: diff-minus add-ac)

lemma diff-add-eq: (a — b) + c=(a+¢) — b
by (simp add: diff-minus add-ac)

lemma diff-eq-eq: a —b=c+—— a=c+ b
by (auto simp add: diff-minus add-assoc)

lemma eg-diff-eqg: a =c —b+—— a+b=c
by (auto simp add: diff-minus add-assoc)
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lemma diff-diff-eq: (a — b) —c=a — (b + ¢)
by (simp add: diff-minus add-ac)

lemma diff-diff-eq2: a — (b — ¢) =(a+¢) — b
by (simp add: diff-minus add-ac)

lemma diff-add-cancel: a — b+ b = a
by (simp add: diff-minus add-ac)

lemma add-diff-cancel: a + b — b = a
by (simp add: diff-minus add-ac)

lemmas compare-ris =
diff-minus [symmetric]
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-eq-eq eq-diff-eq

lemma eq-iff-diff-eq-0: a = b «—— a — b =0
by (simp add: compare-rls)

end

12.3 (Partially) Ordered Groups

class pordered-ab-semigroup-add = order + ab-semigroup-add +
assumes add-left-mono: a < b= c+ a<c+ b
begin

lemma add-right-mono:
a<b=—=a+c<b+c
by (simp add: add-commute [of - ¢] add-left-mono)

non-strict, in both arguments

lemma add-mono:
e<b=—=c<d=—a+c<b+d
apply (erule add-right-mono [THEN order-trans))
apply (simp add: add-commute add-left-mono)
done

end

class pordered-cancel-ab-semigroup-add =
pordered-ab-semigroup-add + cancel-ab-semigroup-add
begin

lemma add-strict-left-mono:
a<b=cH+a<c+b
by (auto simp add: less-le add-left-mono)
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lemma add-strict-right-mono:
a<b=a+c<b+ec
by (simp add: add-commute [of - ¢| add-strict-left-mono)

Strict monotonicity in both arguments

lemma add-strict-mono:
a<b=c<d=a+c<b+d

apply (erule add-strict-right-mono [THEN less-trans])

apply (erule add-strict-left-mono)

done

lemma add-less-le-mono:
ao<b—=c<d=—=a+c<b+d

apply (erule add-strict-right-mono [THEN less-le-trans])

apply (erule add-left-mono)

done

lemma add-le-less-mono:
0<b=—=c<d=a+c<b+d

apply (erule add-right-mono [THEN le-less-trans])

apply (erule add-strict-left-mono)

done

end

class pordered-ab-semigroup-add-imp-le =
pordered-cancel-ab-semigroup-add +
assumes add-le-imp-le-left: ¢ + a < c+ b= a < b
begin

lemma add-less-imp-less-left:
assumes less: ¢ + a < c + b
shows a < b

proof —

from less have le: ¢ + a <= ¢ + b by (simp add: order-le-less)

have a <=1
apply (insert le)
apply (drule add-le-imp-le-left)
by (insert le, drule add-le-imp-le-left, assumption)
moreover have a # b
proof (rule ccontr)
assume ~(a # b)
then have ¢ = b by simp
then have ¢ + a = ¢ + b by simp
with less show Falseby simp
qed
ultimately show a < b by (simp add: order-le-less)
qed

187



THEORY “OrderedGroup” 188

lemma add-less-imp-less-right:
a+c<b4+c=a<b

apply (rule add-less-imp-less-left [of c])

apply (simp add: add-commute)

done

lemma add-less-cancel-left [simp]:
c+a<cH+be——a<hd
by (blast intro: add-less-imp-less-left add-strict-left-mono)

lemma add-less-cancel-right [simp]:
a+c<b4+c——a<hb
by (blast intro: add-less-imp-less-right add-strict-right-mono)

lemma add-le-cancel-left [simp]:
c+a<c+b—a<d
by (auto, drule add-le-imp-le-left, simp-all add: add-left-mono)

lemma add-le-cancel-right [simp]:
at+c<b+c+——a<bd
by (simp add: add-commute [of a c] add-commute [of b c])

lemma add-le-imp-le-right:
a+c<b4+c=a<bd
by simp

lemma maz-add-distrib-left:
mazxzy + z = max (¢ + 2) (y + 2)
unfolding maz-def by auto

lemma min-add-distrib-left:
minzy + z=min (z + 2) (y + 2)
unfolding min-def by auto

end

12.4 Support for reasoning about signs

class pordered-comm-monoid-add =
pordered-cancel-ab-semigroup-add + comm-monoid-add
begin

lemma add-pos-nonneg:
assumes 0 < aand 0 < b
shows 0 < a + b
proof —
have 0 + 0 < a + b
using assms by (rule add-less-le-mono)
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then show ?thesis by simp
qed

lemma add-pos-pos:
assumes (0 < g and 0 < b
shows 0 < a + b
by (rule add-pos-nonneg) (insert assms, auto)

lemma add-nonneg-pos:
assumes 0 < gand 0 < b
shows 0 < a + b
proof —
have 0 + 0 < a + b
using assms by (rule add-le-less-mono)
then show ?thesis by simp
qed

lemma add-nonneg-nonneg:
assumes 0 < g and 0 < b
shows 0 < a + b
proof —
have 0 + 0 < a + b
using assms by (rule add-mono)
then show ?thesis by simp
qed

lemma add-neg-nonpos:
assumes ¢ < 0 and b < 0
shows a + b < 0
proof —
have a + b < 0 + 0
using assms by (rule add-less-le-mono)
then show ?thesis by simp
qed

lemma add-neg-neg:
assumes ¢ < 0 and b < 0
shows a + b < 0
by (rule add-neg-nonpos) (insert assms, auto)

lemma add-nonpos-neg:
assumes ¢ < 0 and b < 0
shows a + b < 0
proof —
have a + b < 0 + 0
using assms by (rule add-le-less-mono)
then show ?thesis by simp
qed

189
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lemma add-nonpos-nonpos:
assumes a < ( and b < 0
shows a + b < 0

proof —
have a + b < 0 + 0

using assms by (rule add-mono)

then show ?thesis by simp

qed

end

class pordered-ab-group-add =
ab-group-add + pordered-ab-semigroup-add
begin

subclass pordered-cancel-ab-semigroup-add
by intro-locales

subclass pordered-ab-semigroup-add-imp-le
proof unfold-locales
fixabc:'a
assume ¢ + a < c + b
hence (—c¢) + (¢ + a)
hence ((—c¢) + ¢) + a
thus a < b by simp
qged

(—¢) + (¢ + b) by (rule add-left-mono)

<
< ((=¢) + ¢) + b by (stimp only: add-assoc)

subclass pordered-comm-monoid-add
by intro-locales

lemma maz-diff-distrib-left:
shows marx zy — z = maz (z — 2) (y — 2)
by (simp add: diff-minus, rule max-add-distrib-left)

lemma min-diff-distrib-left:
shows min xy — z = min (x — 2) (y — 2)
by (simp add: diff-minus, rule min-add-distrib-left)

lemma le-imp-neg-le:
assumes a < b
shows —b < —aqa
proof —
have —a+a < —a+b
using (a < b by (rule add-left-mono)
hence 0 < —a+b
by simp
hence 0 + (—=b) < (—a + b) + (=)
by (rule add-right-mono)
thus ?thesis
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by (simp add: add-assoc)
qed

lemma neg-le-iff-le [simp]: — b < —a+— a < b
proof

assume — b < — ¢

hence — (— a) < — (= b)

by (rule le-imp-neg-le)

thus a<b by simp
next

assume a<b

thus —b < —a by (rule le-imp-neg-le)
qed

lemma neg-le-0-iff-le [simp]: — a < 0 «— 0 < a
by (subst neg-le-iff-le [symmetric], simp)

IA
S

lemma neg-0-le-iff-le [simp]: 0 < — a «— a
by (subst neg-le-iff-le [symmetric], simp)

lemma neg-less-iff-less [simp]: — b < — a «— a < b
by (force simp add: less-le)

lemma neg-less-0-iff-less [simp]: — a < 0 +— 0 < a
by (subst neg-less-iff-less [symmetric], simp)

lemma neg-0-less-iff-less [simp]: 0 < — a «— a < 0
by (subst neg-less-iff-less [symmetric], simp)

The next several equations can make the simplifier loop!

lemma less-minus-iff: a < — b +— b < — a

proof —
have (— (—a) < — b) = (b < — a) by (rule neg-less-iff-less)
thus ?thesis by simp

qged

lemma minus-less-iff: — a < b +— — b < a

proof —
have (— a < — (=b)) = (— b < a) by (rule neg-less-iff-less)
thus ?thesis by simp

qed

lemma le-minus-iff: a < —b+— b < — a
proof —
have mm: !l a (b::'a). (—(—a)) < —b = —(—b) < —a by (simp only: minus-less-iff)
have (— (— a) <= —b) = (b <= — a)
apply (auto simp only: le-less)
apply (drule mm)
apply (simp-all)
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apply (drule mm[simplified], assumption)
done
then show ?thesis by simp
qed

lemma minus-le-iff: — a < b+— — b < a
by (auto simp add: le-less minus-less-iff’)

lemma less-iff-diff-less-0: a < b «—— a — b < 0
proof —
have (a <b)=(a+ (—b) <b+ (b))
by (simp only: add-less-cancel-right)

also have ... = (a — b < 0) by (simp add: diff-minus)
finally show ?thesis .
qed

lemma diff-less-eq: a — b < c+—— a<c+ b
apply (subst less-iff-diff-less-0 [of a])

apply (rule less-iff-diff-less-0 [of - ¢, THEN ssubst])
apply (simp add: diff-minus add-ac)

done

lemma less-diff-eqg: a < ¢ —b+— a + b <c
apply (subst less-iff-diff-less-0 [of plus a b))
apply (subst less-iff-diff-less-0 [of a])

apply (simp add: diff-minus add-ac)

done

lemma diff-le-eq: a — b < c+—a<c+b
by (auto simp add: le-less diff-less-eq diff-add-cancel add-diff-cancel)

lemma le-diff-eq: a < ¢c—b+— a+ b<c
by (auto simp add: le-less less-diff-eq diff-add-cancel add-diff-cancel)

lemmas compare-ris =
diff-minus [symmetric]
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-less-eq less-diff-eq diff-le-eq le-diff-eq
diff-eq-eq eq-diff-eq

This list of rewrites simplifies (in)equalities by bringing subtractions to the
top and then moving negative terms to the other side. Use with add-ac
lemmas (in —) compare-rls =

diff-minus [symmetric]

add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2

diff-less-eq less-diff-eq diff-le-eq le-diff-eq

diff-eq-eq eq-diff-eq

lemma le-iff-diff-le-0: a < b «— a — b < 0
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by (simp add: compare-rls)

lemmas group-simps =
add-ac
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-eq-eq eq-diff-eq diff-minus [symmetric] uminus-add-conv-diff
diff-less-eq less-diff-eq diff-le-eq le-diff-eq

end

lemmas group-simps =
mult-ac
add-ac
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-eq-eq eq-diff-eq diff-minus [symmetric] uminus-add-conv-diff
diff-less-eq less-diff-eq diff-le-eq le-diff-eq

class ordered-ab-semigroup-add =
linorder + pordered-ab-semigroup-add

class ordered-cancel-ab-semigroup-add =
linorder + pordered-cancel-ab-semigroup-add
begin

subclass ordered-ab-semigroup-add
by intro-locales

subclass pordered-ab-semigroup-add-imp-le
proof unfold-locales
fixabc:'a
assume le: c +a <=c+ b
show a <= b
proof (rule ccontr)
assume w: ~ a < b
hence b <= a by (simp add: linorder-not-le)
hence le2: ¢ + b <= ¢ + a by (rule add-left-mono)
have a = b
apply (insert le)
apply (insert le2)
apply (drule antisym, simp-all)
done
with w show Fulse
by (simp add: linorder-not-le [symmetric])
qed
qed

end

class ordered-ab-group-add =
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linorder + pordered-ab-group-add
begin

subclass ordered-cancel-ab-semigroup-add
by intro-locales

lemma neg-less-eq-nonneg:
—a<a+——0<a
proof
assume A: — a < a show 0 < a
proof (rule classical)
assume - (0 < a
then have a < 0 by auto
with 4 have — a < 0 by (rule le-less-trans)
then show ?thesis by auto
qged
next
assume A: 0 < a show — a < a
proof (rule order-trans)
show — a < 0 using A by (simp add: minus-le-iff)
next
show 0 < ¢ using A .
qed
qed

lemma less-eq-neg-nonpos:
a<—a—a<0
proof
assume A: ¢ < — a show a < 0
proof (rule classical)
assume - a < (
then have 0 < a by auto
then have 0 < — a using A by (rule less-le-trans)
then show f?thesis by auto
qed
next
assume A: ¢ < 0 show a < — a
proof (rule order-trans)
show 0 < — a using A by (simp add: minus-le-iff )
next
show a < 0 using A .
qed
qed

lemma equal-neg-zero:

a=—a+—a=70
proof
assume ¢ = ( then show a = — a by simp

next
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assume A: ¢ = — a show a = 0
proof (cases 0 < a)
case True with A have 0 < — a by auto
with le-minus-iff have a < 0 by simp
with True show ?thesis by (auto intro: order-trans)
next
case Fulse then have B: a < 0 by auto
with A have — a < 0 by auto
with B show ?thesis by (auto intro: order-trans)
ged
qged

lemma neg-equal-zero:
—a=a+—a=70
unfolding equal-neg-zero [symmetric] by auto

end
— FIXME localize the following

lemma add-increasing:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<a; b<c||==>b<a+ ¢

by (insert add-mono [of 0 a b c], simp)

lemma add-increasing2:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<c; b<a|]]==>b<a+ ¢

by (simp add:add-increasing add-commute[of al)

lemma add-strict-increasing:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<a; b<c|] ==> b < a + ¢

by (insert add-less-le-mono [of 0 a b c], simp)

lemma add-strict-increasing2:
fixes ¢ :: 'a::{pordered-ab-semigroup-add-imp-le, comm-monoid-add}
shows [|0<a; b<c|]] ==>b < a+ ¢

by (insert add-le-less-mono [of 0 a b c], simp)

class pordered-ab-group-add-abs = pordered-ab-group-add + abs +
assumes abs-ge-zero [simp]: |a| > 0
and abs-ge-self: a < |a|
and abs-lel: a < b= —a<b=|a| <D
and abs-minus-cancel [simp]: |—a| = |a]
and abs-triangle-ineq: |a + b| < |a| + |b]
begin

195
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lemma abs-minus-le-zero: — |a] < 0
unfolding neg-le-0-iff-le by simp

lemma abs-of-nonneg [simp]:
assumes nonneg: 0 < a
shows |a| = a

proof (rule antisym)
from nonneg le-imp-neg-le have — a < 0 by simp
from this nonneg have — a < a by (rule order-trans)
then show |a| < a by (auto intro: abs-lel)

qed (rule abs-ge-self)

lemma abs-idempotent [simp]: ||a|| = |a]
by (rule antisym)
(auto intro!: abs-ge-self abs-lel order-trans [of uminus (abs a) zero abs a))

lemma abs-eq-0 [simp]: |a] = 0 «—— a = 0
proof —
have [a| =0 = a =0
proof (rule antisym)
assume zero: |a| = 0
with abs-ge-self show a < 0 by auto
from zero have |—a| = 0 by simp
with abs-ge-self [of uminus a] have — a < 0 by auto
with neg-le-0-iff-le show 0 < a by auto
qged
then show ?thesis by auto
qed

lemma abs-zero [simp]: |0] = 0
by simp

lemma abs-0-eq [simp, noatp]: 0 = |a| «— a = 0
proof —
have 0 = |a| < |a| = 0 by (simp only: eg-ac)
thus ?thesis by simp
qed

lemma abs-le-zero-iff [simp]: |a] < 0 «— a = 0
proof
assume |a| < 0
then have |a| = 0 by (rule antisym) simp
thus a = 0 by simp
next
assume q =
thus |a| < 0 by simp
qed

lemma zero-less-abs-iff [simp]: 0 < |a| «— a # 0
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by (simp add: less-le)

lemma abs-not-less-zero [simp]: = |a| < 0
proof —
have a: Az y. 2 < y = — y < z by auto
show ?thesis by (simp add: a)
qed

lemma abs-ge-minus-self: — a < |a|
proof —
have — a < |—a| by (rule abs-ge-self)
then show ?thesis by simp

qed
lemma abs-minus-commute:
la — b] = [b — d
proof —
have |a — b| = |- (a — b)| by (simp only: abs-minus-cancel)
also have ... = |b — a| by simp
finally show ?thesis .
qed

lemma abs-of-pos: 0 < a = |a|] = a
by (rule abs-of-nonneg, rule less-imp-le)

lemma abs-of-nonpos [simp]:
assumes a < (

shows |a| = — a
proof —
let b =—a
have — %0 < 0 = |- 2| = — (— %))

unfolding abs-minus-cancel [of 7b]
unfolding neg-le-0-iff-le [of ?b]
unfolding minus-minus by (erule abs-of-nonneg)
then show ?thesis using assms by auto
qed

lemma abs-of-neg: a < 0 = |a| = — a
by (rule abs-of-nonpos, rule less-imp-le)

lemma abs-le-D1: |a] < b= a <b
by (insert abs-ge-self , blast intro: order-trans)

lemma abs-le-D2: |a] < b= — a <b
by (insert abs-le-D1 [of uminus a], simp)

lemma abs-le-iff: |a]| < b+——a<bA—a<bh
by (blast intro: abs-lel dest: abs-le-D1 abs-le-D2)
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lemma abs-triangle-ineq2: |a| — |b] < |a — b|
apply (simp add: compare-rls)
apply (subgoal-tac abs a = abs (plus (minus a b) b))
apply (erule ssubst)
apply (rule abs-triangle-ineq)
apply (rule arg-cong) back
apply (simp add: compare-rls)
done

lemma abs-triangle-ineq3: ||a] — |b]| < |a — b
apply (subst abs-le-iff)
apply auto
apply (rule abs-triangle-ineq2)
apply (subst abs-minus-commute)
apply (rule abs-triangle-ineq?2)
done

lemma abs-triangle-ineqs: |a — b| < |a| + |b|
proof —
have abs(a — b) = abs(a + — b)
by (subst diff-minus, rule refl)
also have ... <= abs a + abs (— b)
by (rule abs-triangle-ineq)
finally show ?thesis
by simp
qed

lemma abs-diff-triangle-ineq: |a + b — (¢ + d)| < |la — ¢| + |b — d|

proof —
have |a + b — (¢+d)| = [(a—c) + (b—d)| by (simp add: diff-minus add-ac)
also have ... < |a—c| + |b—d| by (rule abs-triangle-ineq)
finally show ?thesis .

qed

lemma abs-add-abs [simp]:

llal + [b]] = [a] + [b] (is 7L = ?R)
proof (rule antisym)

show ?L > ¢R by(rule abs-ge-self)

next
have 7L < ||a|| + ||b]| by (rule abs-triangle-ineq)
also have ... = ?R by simp
finally show 7L < ?R .

qed

end

12.5 Lattice Ordered (Abelian) Groups

class lordered-ab-group-add-meet = pordered-ab-group-add + lower-semilattice
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begin

lemma add-inf-distrib-left:
a+infbec=inf (a + D) (a+ c)
apply (rule antisym)
apply (simp-all add: le-infT)
apply (rule add-le-imp-le-left [of uminus a])
apply (simp only: add-assoc [symmetric], simp)
apply rule
apply (rule add-le-imp-le-left[of a], simp only: add-assoc[symmetric], simp)+
done

lemma add-inf-distrib-right:
infab+ c=1inf (a + ¢) (b + ¢)

proof —
have ¢ + inf a b = inf (c+a) (c+b) by (simp add: add-inf-distrib-left)
thus %thesis by (simp add: add-commute)

qed

end

class lordered-ab-group-add-join = pordered-ab-group-add + upper-semilattice
begin

lemma add-sup-distrib-left:
a+ supbec=sup (a+0b)(a+ c)
apply (rule antisym)
apply (rule add-le-imp-le-left [of uminus a])
apply (simp only: add-assoc[symmetric], simp)
apply rule
apply (rule add-le-imp-le-left [of a], simp only: add-assoc[symmetric], simp)+
apply (rule le-supl)
apply (simp-all)
done

lemma add-sup-distrib-right:
sup a b + ¢ = sup (a+c) (b+c)

proof —
have ¢ + sup a b = sup (c+a) (c+b) by (simp add: add-sup-distrib-left)
thus ?thesis by (simp add: add-commute)

qed

end

class lordered-ab-group-add = pordered-ab-group-add + lattice
begin

subclass lordered-ab-group-add-meet by intro-locales
subclass lordered-ab-group-add-join by intro-locales
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lemmas add-sup-inf-distribs = add-inf-distrib-right add-inf-distrib-left add-sup-distrib-right
add-sup-distrib-left

lemma inf-eq-neg-sup: inf a b = — sup (—a) (—=b)
proof (rule inf-unique)
fixab:'a
show — sup (—a) (=b) < a
by (rule add-le-imp-le-right [of - sup (uminus a) (uminus b)])
(simp, simp add: add-sup-distrib-left)
next
fixab:'a
show — sup (—a) (=b) <b
by (rule add-le-imp-le-right [of - sup (uminus a) (uminus b)])
(simp, simp add: add-sup-distrib-left)
next
fixabc:'a
assume a < ba < ¢
then show a < — sup (—b) (—c) by (subst neg-le-iff-le [symmetric])
(simp add: le-supl)
qed

lemma sup-eg-neg-inf: sup a b = — inf (—a) (=b)
proof (rule sup-unique)
fixab:'a
show a < — inf (—a) (—b)
by (rule add-le-imp-le-right [of - inf (uminus a) (uminus b)])
(simp, simp add: add-inf-distrib-left)
next
fixab:'a
show b < — inf (—a) (—b)
by (rule add-le-imp-le-right [of - inf (uminus a) (uminus b)])
(simp, simp add: add-inf-distrib-left)
next
fixabc:'a
assume a < cb <c¢
then show — inf (—a) (=b) < ¢ by (subst neg-le-iff-le [symmetric])
(simp add: le-infT)
qed

lemma neg-inf-eg-sup: — inf a b = sup (—a) (=)
by (simp add: inf-eq-neg-sup)

lemma neg-sup-eg-inf: — sup a b = inf (—a) (—b)
by (simp add: sup-eq-neg-inf)

lemma add-eq-inf-sup: a + b = sup a b + infad
proof —
have 0 = — inf 0 (a—b) + inf (a—b) 0 by (simp add: inf-commute)
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hence 0 = sup 0 (b—a) + inf (a—b) 0 by (simp add: inf-eq-neg-sup)
hence 0 = (—a + sup a b) + (infa b + (=b))
apply (simp add: add-sup-distrib-left add-inf-distrib-right)
by (simp add: diff-minus add-commute)
thus ?thesis
apply (simp add: compare-rls)
apply (subst add-left-cancel [symmetric, of plus a b plus (sup a b) (inf a b)
uminus al)
apply (simp only: add-assoc, simp add: add-assoc[symmetric])
done
qed

12.6 Positive Part, Negative Part, Absolute Value

definition
nprt :: 'a = 'a where
nprt x = infx 0

definition
pprt 2 'a = 'a where
pprt x = sup z 0

lemma pprt-neg: pprt (— ) = — nprt

proof —
have sup (— z) 0 = sup (— z) (— 0) unfolding minus-zero ..
also have ... = — inf x 0 unfolding neg-inf-eq-sup ..
finally have sup (— z) 0 = — infz 0 .
then show “thesis unfolding ppri-def nprt-def .

qed

lemma nprt-neg: nprt (— x) = — pprt x

proof —
from pprt-neg have pprt (— (— z)) = — nprt (— z) .
then have pprt © = — nprt (— z) by simp
then show ?thesis by simp

qed

lemma prts: a = pprt a + nprt a
by (simp add: pprt-def nprt-def add-eg-inf-sup[symmetric])

lemma zero-le-pprt[simp]: 0 < pprt a
by (simp add: pprt-def)

lemma npri-le-zero[simp]: nprt a < 0
by (simp add: nprt-def)

lemma le-eg-neg: a < — b +«— a+ b <0 (is 2l = ?r)
proof —
have a: 2l — ?r
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apply (auto)
apply (rule add-le-imp-le-right|of - uminus b -])
apply (simp add: add-assoc)
done

have b: r — 2]
apply (auto)
apply (rule add-le-imp-le-right[of - b -])
apply (simp)
done

from a b show ?thesis by blast

qed

lemma pprt-0[simp]: pprt 0 = 0 by (simp add: pprt-def)
lemma nprt-0[simp]: nprt 0 = 0 by (simp add: nprt-def)

lemma pprt-eg-id [simp, noatp]: 0 < . = pprtx = x
by (simp add: pprt-def le-iff-sup sup-ACI)

lemma npri-eq-id [simp, noatp]: z < 0 = nprtx =«
by (simp add: nprt-def le-iff-inf inf-ACI)

lemma pprt-eq-0 [simp, noatp]: © < 0 = pprt z = 0
by (simp add: pprt-def le-iff-sup sup-ACI)

lemma nprt-eq-0 [simp, noatp]: 0 < © = nprt © = 0
by (simp add: nprt-def le-iff-inf inf-ACI)

lemma sup-0-imp-0: sup a (— a) = 0 = a =0
proof —
{
fix a::'a
assume hyp: sup a (—a) = 0
hence sup a (—a) + a = a by (simp)
hence sup (a+a) 0 = a by (simp add: add-sup-distrib-right)
hence sup (a+a) 0 <= a by (simp)
hence 0 <= a by (blast intro: order-trans inf-sup-ord)
}
note p = this
assume hyp:sup a (—a) = 0
hence hyp2:sup (—a) (—(—a)) = 0 by (simp add: sup-commute)
from p[OF hyp] p[OF hyp2] show a = 0 by simp
qged

lemma inf-0-imp-0: infa (—a) = 0 = a =0
apply (simp add: inf-eq-neg-sup)

apply (simp add: sup-commute)

apply (erule sup-0-imp-0)

done
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lemma inf-0-eq-0 [simp, noatp]: infa (— a) =0 «—— a =10
by (rule, erule inf-0-imp-0) simp

lemma sup-0-eq-0 [simp, noatp): sup a (— a) = 0 «—— a =0
by (rule, erule sup-0-imp-0) simp

lemma zero-le-double-add-iff-zero-le-single-add [simp]:
0<a+a+—0<a
proof
assume 0 <= a + a
hence a:inf (a+a) 0 = 0 by (simp add: le-iff-inf inf-commute)
have (inf a 0)+(inf a 0) = inf (inf (a+a) 0) a (is ?l=-)
by (simp add: add-sup-inf-distribs inf-ACT)
hence 7l = 0 + inf a 0 by (simp add: a, simp add: inf-commute)
hence inf a 0 = 0 by (simp only: add-right-cancel)
then show 0 <= a by (simp add: le-iff-inf inf-commute)
next
assume a: 0 <= a
show 0 <= a + a by (simp add: add-mono[OF a a, simplified])
qed

lemma double-zero: a + a = 0 «—— a = 0

proof
assume assm: a + a = 0
then have ¢ + ¢ + — a = — a by simp
then have a + (a + — a) = — a by (simp only: add-assoc)

then have a: — a = a by simp
show a = 0 apply (rule antisym)
apply (unfold neg-le-iff-le [symmetric, of a))
unfolding « apply simp
unfolding zero-le-double-add-iff-zero-le-single-add [symmetric, of a]
unfolding assm unfolding le-less apply simp-all done
next
assume a = 0 then show a + a = 0 by simp
qed

lemma zero-less-double-add-iff-zero-less-single-add:
0<a+a+—0<a
proof (cases a = 0)
case True then show ?thesis by auto
next
case Fulse then show ?thesis
unfolding less-le apply simp apply rule
apply clarify
apply rule
apply assumption
apply (rule notl)
unfolding double-zero [symmetric, of a] apply simp
done
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qed

lemma double-add-le-zero-iff-single-add-le-zero [simp]:
a+a<0+——a<0
proof —
have ¢ + a < 0 «— 0 < — (a + a) by (subst le-minus-iff , simp)
moreover have ... —— a < 0 by (simp add: zero-le-double-add-iff-zero-le-single-add)
ultimately show ?thesis by blast
qed

lemma double-add-less-zero-iff-single-less-zero [simp]:
a+a<l0—a<l
proof —
have a + a < 0 «— 0 < — (a + a) by (subst less-minus-iff , simp)
moreover have ... «—— a < 0 by (simp add: zero-less-double-add-iff-zero-less-single-add)
ultimately show ?thesis by blast
qed

declare neg-inf-eq-sup [simp] neg-sup-eq-inf [simp]

lemma le-minus-self-iff: a < — a «— a < 0
proof —
from add-le-cancel-left [of uminus a plus a a zero]
have (a <= —a) = (a+a <= 0)
by (simp add: add-assoc[symmetric])
thus “thesis by simp
qged

lemma minus-le-self-iff: — a < a «— 0 < a
proof —
from add-le-cancel-left [of uminus a zero plus a a)
have (—a <= a) = (0 <= a+a)
by (simp add: add-assoc[symmetric))
thus ?thesis by simp
qed

lemma zero-le-iff-zero-nprt: 0 < a «—— nprt a = 0
by (simp add: le-iff-inf nprt-def inf-commute)

lemma le-zero-iff-zero-pprt: a < 0 «—— pprt a = 0
by (simp add: le-iff-sup pprt-def sup-commute)

lemma le-zero-iff-pprt-id: 0 < a «—— pprt a = a
by (simp add: le-iff-sup pprt-def sup-commute)

lemma zero-le-iff-nprt-id: a < 0 «—— nprt a = a
by (simp add: le-iff-inf nprt-def inf-commute)

lemma pprt-mono [simp, noatp]: a < b = pprt a < pprt b
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by (simp add: le-iff-sup pprt-def sup-ACI sup-assoc [symmetric, of a])

lemma nprit-mono [simp, noatp]: a < b = nprt a < nprt b
by (simp add: le-iff-inf nprt-def inf-ACI inf-assoc [symmetric, of a))

end

lemmas add-sup-inf-distribs = add-inf-distrib-right add-inf-distrib-left add-sup-distrib-right
add-sup-distrib-left

class lordered-ab-group-add-abs = lordered-ab-group-add + abs +
assumes abs-lattice: |a| = sup a (— a)
begin

lemma abs-prts: |a| = pprt a — nprt a
proof —
have 0 < |q|
proof —
have a: ¢ < |a] and b: — a < |a| by (auto simp add: abs-lattice)
show ?thesis by (rule add-mono [OF a b, simplified])
qed
then have 0 < sup a (— a) unfolding abs-lattice .
then have sup (sup a (— a)) 0 = sup a (— a) by (rule sup-absorbl)
then show ?thesis
by (simp add: add-sup-inf-distribs sup-ACT
pprt-def nprt-def diff-minus abs-lattice)
qed

subclass pordered-ab-group-add-abs
proof —
have abs-ge-zero [simp]: Aa. 0 < |a|
proof —
fix a b
have a: a < |a| and b: — a < |a| by (auto simp add: abs-lattice)
show 0 < |a| by (rule add-mono [OF a b, simplified])
qed
have abs-lel: Nab. a <b= —a< b= |a] <D
by (simp add: abs-lattice le-supl)
show ?thesis
proof unfold-locales
fix a
show 0 < |a| by simp
next
fix a
show a < |a]
by (auto simp add: abs-lattice)
next
fix a



THEORY “OrderedGroup” 206

show |—a| = |a]
by (simp add: abs-lattice sup-commute)
next
fix a b
show ¢ < b = — a < b = |a| < b by (erule abs-lel)
next
fix a b
show |a + b| < |a| + |b]
proof —
have g:abs a + abs b = sup (a+b) (sup (—a—0b) (sup (—a+d) (a + (=0))))
(is -=sup ?m ?n)
by (simp add: abs-lattice add-sup-inf-distribs sup-ACI diff-minus)
have a:a+b <= sup ?m ?n by (simp)
have b:—a—b <= ?n by (simp)
have c:?n <= sup ?m ?n by (simp)
from b ¢ have d: —a—b <= sup ?m ?n by(rule order-trans)
have e:—a—b = —(a+0b) by (simp add: diff-minus)
from a d e have abs(a+b) <= sup ?m ?n
by (drule-tac abs-lel, auto)
with g[symmetric] show ?Zthesis by simp
qed
qed auto
qed

end

lemma sup-eq-if :
fixes a :: 'a::{lordered-ab-group-add, linorder}
shows sup a (— a) = (if a < 0 then — a else a)

proof —
note add-le-cancel-right [of a a — a, symmetric, simplified]
moreover note add-le-cancel-right [of —a a a, symmetric, simplified]
then show %thesis by (auto simp: sup-mazx maz-def)

qed

lemma abs-if-lattice:
fixes a :: 'a::{lordered-ab-group-add-abs, linorder}
shows |a| = (if a < 0 then — a else a)
by auto

Needed for abelian cancellation simprocs:

lemma add-cancel-21: ((z::'a::ab-group-add) + (y + 2) =y + u) = (x + 2 = u)
apply (subst add-left-commute)

apply (subst add-left-cancel)

apply simp

done

lemma add-cancel-end: (z + (y + 2z) = y) = (x = — (2::'a::ab-group-add))
apply (subst add-cancel-21[of - - - 0, simplified))
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apply (simp add: add-right-cancel[symmetric, of v —z z, simplified))

done

lemma less-eql: (z::'a::pordered-ab-group-add) — y = 2’ — y' = (z < y) = (=’
<y’

by (simp add: less-iff-diff-less-0[of x y] less-iff-diff-less-0[of " y)

lemma le-eql: (z::'a::pordered-ab-group-add) — y = 2z’ — y' = (y <= z) = (y’
<= z’)

apply (simp add: le-iff-diff-le-0[of y x] le-iff-diff-le-0[of y’ z))

apply (simp add: neg-le-iff-le[symmetric, of y—z 0] neg-le-iff-le[symmetric, of
y'—z" 0])

done

lemma eg-eql: (z::'a::ab-group-add) —y=2'—y' = (z = y) = (&' = y’)
by (simp add: eq-iff-diff-eq-0[of = y] eq-iff-diff-eq-0[of " y'])

lemma diff-def: (z::'a::ab-group-add) — y == z + (—vy)
by (simp add: diff-minus)

lemma add-minus-cancel: (a::’a::ab-group-add) + (—a + b) = b
by (simp add: add-assoc|symmetric])

lemma le-add-right-mono:

assumes
a <= b + (c::'a:pordered-ab-group-add)
c<=d

shows a <=0 + d

apply (rule-tac order-transjwhere y = b+c|)
apply (simp-all add: prems)

done

lemma estimate-by-abs:

a + b <= (c::'a::lordered-ab-group-add-abs) = a <= ¢ + abs b
proof —

assume a+b <= ¢

hence 2: a <= c+(—b) by (simp add: group-simps)

have 3: (—b) <= abs b by (rule abs-ge-minus-self)

show ?thesis by (rule le-add-right-mono[OF 2 3])
qed

12.7 Tools setup

lemma add-mono-thms-ordered-semiring [noatp):
fixes 1 j k :: 'a::pordered-ab-semigroup-add
shows i < jAkE<I|I= i+ k<j+1
and i =j Ak ]l=1i1+k<j+1
andi<jAk=1l=i+k<j+1
andi=jANk=l—=i+k=j5+1
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by (rule add-mono, clarify+)+

lemma add-mono-thms-ordered-field [noatp]:
fixes i j k :: 'a::pordered-cancel-ab-semigroup-add
shows i < jANk=]l= i+ k<j+1
andi=jAk<I=1i+k<j+1
and i< jANE<I=i+k<j+1
andi <jANk<l=i+k<j+1
andi<jANk<l=i4+k<j+1
by (auto intro: add-strict-right-mono add-strict-left-mono
add-less-le-mono add-le-less-mono add-strict-mono)

Simplification of z — y < (0::'a), etc.

lemmas diff-less-0-iff-less [simp] = less-iff-diff-less-0 [symmetric]
lemmas diff-eq-0-iff-eq [simp, noatp] = eq-iff-diff-eq-0 [symmetric]
lemmas diff-le-0-iff-le [simp] = le-iff-diff-le-0 [symmetric]

ML (
structure ab-group-add-cancel = Abel-Cancel(
struct

(x term order for abelian groups )

fun agrp-ord (Const (a, -)) = find-index (fn a’ => a = a’)
[@{ const-name HOL.zero}, @Q{const-name HOL.plus},
@{ const-name HOL.uminus}, @Q{const-name HOL.minus}|
| agrp-ord - = ~1;

fun termless-agrp (a, b) = (Term.term-lpo agrp-ord (a, b) = LESS);

local
val acl = mk-meta-eq Q{thm add-assoc};
val ac2 = mk-meta-eq Q{thm add-commute};
val ac8 = mk-meta-eq Q{thm add-left-commute};
fun solve-add-ac thy - (- $ (Const (Q{const-name HOL.plus},-) $ -$ -) § -) =
SOME acl
| solve-add-ac thy - (- $ z $ (Const (@{const-name HOL.plus},-) $ y $ z)) =
if termless-agrp (y, then SOME ac8 else NONE
| solve-add-ac thy - (-$ = $ y) =
if termless-agrp (y, then SOME ac2 else NONE
| solve-add-ac thy - - = NONE
mn
val add-ac-proc = Simplifier.simproc @{theory}
add-ac-proc [x + y::'a::ab-semigroup-add] solve-add-ac;
end;

val cancel-ss = HOL-basic-ss settermless termless-agrp
addsimprocs [add-ac-proc] addsimps
[@{thm add-0-left}, Q{thm add-0-right}, @{thm diff-def},
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@{thm minus-add-distrib}, Q{thm minus-minus}, Q{thm minus-zero},
Q@{thm right-minus}, Q{thm left-minus}, Q{thm add-minus-cancel},
@{thm minus-add-cancel }];

val eg-reflection = Q{thm eg-reflection};

val thy-ref = Theory.check-thy @Q{theory};

val T = Q{typ ’a::ab-group-add};

val eql-rules = [Q{thm less-eql }, Q{thm le-eql }, Q{thm eg-eql}];

val dest-eql =
fst o HOLogic.dest-bin op = HOLogic.boolT o HOLogic.dest-Trueprop o concl-of;

end);
»

ML (
Addsimprocs [ab-group-add-cancel.sum-conv, ab-group-add-cancel.rel-convl;

)

end

13 Ring-and-Field: (Ordered) Rings and Fields

theory Ring-and-Field
imports OrderedGroup
begin

The theory of partially ordered rings is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society
1979

o Partially Ordered Algebraic Systems, Pergamon Press 1963
Most of the used notions can also be looked up in
e http://www.mathworld.com by Eric Weisstein et. al.

e Algebra I by van der Waerden, Springer.

class semiring = ab-semigroup-add + semigroup-mult +
assumes left-distrib: (a + b) x c=axc+ b * ¢
assumes right-distrib: a * (b+ ¢) =a*x b+ a * ¢

begin

For the combine-numerals simproc


http://www.mathworld.com
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lemma combine-common-factor:
axe+(bxe+c)=(a+b)xe+c
by (simp add: left-distrib add-ac)

end

class mult-zero = times + zero +
assumes mult-zero-left [simp]: 0 * a = 0
assumes mult-zero-right [simp]: a x 0 = 0

class semiring-0 = semiring + comm-monoid-add + mult-zero

class semiring-0-cancel = semiring + comm-monoid-add + cancel-ab-semigroup-add
begin

subclass semiring-0
proof unfold-locales
fixa:'a
have 0 xa + 0 xa=0x*a+ 0
by (simp add: left-distrib [symmetric])
thus 0 x a = 0
by (simp only: add-left-cancel)
next
fix a :: 'a
havea x 0 +ax0=ax 0+ 0
by (simp add: right-distrib [symmetric])

thus a x 0 = 0
by (simp only: add-left-cancel)
qed
end

class comm-semiring = ab-semigroup-add + ab-semigroup-mult +
assumes distrib: (a + b) x c=a*xc+ b x ¢
begin

subclass semiring
proof unfold-locales
fixabe:'a

show (a + b) x ¢ = a *x ¢ + b x ¢ by (simp add: distrib)
have a x (b + ¢) = (b + ¢) % a by (simp add: mult-ac)
also have ... = b x a + ¢ * a by (simp only: distrib)
also have ... = a * b + a x ¢ by (simp add: mult-ac)
finally show a * (b 4+ ¢) = a * b + a * ¢ by blast

qed

end

class comm-semiring-0 = comm-semiring + comm-monoid-add + mult-zero



THEORY “Ring-and-Field” 211

begin
subclass semiring-0 by intro-locales
end

class comm-semiring-0-cancel = comm-semiring + comm-monoid-add + cancel-ab-semigroup-add
begin

subclass semiring-0-cancel by intro-locales

end

class zero-neg-one = zero + one +
assumes zero-neg-one [simp|: 0 # 1

begin

lemma one-neg-zero [simpl]: 1 # 0
by (rule not-sym) (rule zero-neg-one)

end

class semiring-1 = zero-neq-one + semiring-0 + monoid-mult

class comm-semiring-1 = zero-neg-one + comm-semiring-0 + comm-monoid-mult
begin

subclass semiring-1 by intro-locales

end

class no-zero-divisors = zero + times +
assumes no-zero-divisors: a # 0 = b # 0 = a *x b # 0

class semiring-1-cancel = semiring + comm-monoid-add + zero-neq-one
+ cancel-ab-semigroup-add + monoid-mult
begin
subclass semiring-0-cancel by intro-locales
subclass semiring-1 by intro-locales
end
class comm-semiring-1-cancel = comm-semiring + comm-monoid-add + comm-monoid-mult

+ zero-neq-one + cancel-ab-semigroup-add
begin
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subclass semiring-1-cancel by intro-locales
subclass comm-semiring-0-cancel by intro-locales
subclass comm-semiring-1 by intro-locales

end

class ring = semiring + ab-group-add
begin

subclass semiring-0-cancel by intro-locales

Distribution rules

lemma minus-mult-left: — (a x b) = — a x b
by (rule equals-zero-I) (simp add: left-distrib [symmetric])

lemma minus-mult-right: — (a * b) = a * — b
by (rule equals-zero-I) (simp add: right-distrib [symmetric])

lemma minus-mult-minus [simpl: — a x — b =a * b
by (simp add: minus-mult-left [symmetric] minus-mult-right [symmetric])

lemma minus-mult-commute: — a * b = a *x — b
by (simp add: minus-mult-left [symmetric] minus-mult-right [symmetric])

lemma right-diff-distrib: a x (b — ¢) =a*x b — a * ¢
by (simp add: right-distrib diff-minus
minus-mult-left [symmetric] minus-mult-right [symmetric))

lemma left-diff-distrib: (a — b) x c=a*x ¢ — b * ¢
by (simp add: left-distrib diff-minus
minus-mult-left [symmetric] minus-mult-right [symmetric])

lemmas ring-distribs =
right-distrib left-distrib left-diff-distrib right-diff-distrib

lemmas ring-simps =
add-ac
add-diff-eq diff-add-eq diff-diff-eq diff-diff-eq2
diff-eq-eq eq-diff-eq diff-minus [symmetric] uminus-add-conv-diff
ring-distribs

lemma eqg-add-iff1:
axe+c=bxe+d—(a—b)xe+c=d
by (simp add: ring-simps)

lemma eg-add-iff2:
axe+c=bxe+de——c=(b—a)xe+d
by (simp add: ring-simps)
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end

lemmas ring-distribs =
right-distrib left-distrib left-diff-distrib right-diff-distrib

class comm-ring = comm-semiring + ab-group-add
begin

subclass ring by intro-locales
subclass comm-semiring-0 by intro-locales

end

class ring-1 = ring + zero-negq-one + monoid-mult
begin

subclass semiring-1-cancel by intro-locales

end

class comm-ring-1 = comm-ring + zero-neg-one + comm-monoid-mult
begin

subclass ring-1 by intro-locales
subclass comm-semiring-1-cancel by intro-locales

end

class ring-no-zero-divisors = ring + no-zero-divisors
begin

lemma mult-eq-0-iff [simp]:
shows a x b =0««— (a=0V b=0)
proof (casesa =0V b = 0)
case Fulse then have a # 0 and b # 0 by auto
then show ?thesis using no-zero-divisors by simp
next
case True then show ?thesis by auto
qed

Cancellation of equalities with a common factor

lemma mult-cancel-right [simp, noatp]:
axc=bxc+——c=0Va=1b
proof —
have (a x c=bxc) = ((a — b) x c = 0)
by (simp add: ring-distribs right-minus-eq)
thus ?thesis
by (simp add: disj-commute right-minus-eq)
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qed

lemma mult-cancel-left [simp, noatp:
cxa=c*xb+——c=0Va=1>
proof —
have (c x a =cxb) = (cx (a — b) = 0)
by (simp add: ring-distribs right-minus-eq)
thus ?thesis
by (simp add: right-minus-eq)
qged

end

class ring-1-no-zero-divisors = ring-1 + ring-no-zero-divisors
begin

lemma mult-cancel-right1 [simp]:
c=bxce——c=0Vb=1
by (insert mult-cancel-right [of 1 ¢ b], force)

lemma mult-cancel-right2 [simp):
axc=c«—c=0Va=1
by (insert mult-cancel-right [of a ¢ 1], simp)

lemma mult-cancel-left1 [simp]:
c=c*xb+——c=0Vb=1
by (insert mult-cancel-left [of ¢ 1 b], force)

lemma mult-cancel-left2 [simp]:
cxa=c—c=0Va=1
by (insert mult-cancel-left [of ¢ a 1], simp)

end

class idom = comm-ring-1 + no-zero-divisors
begin

subclass ring-1-no-zero-divisors by intro-locales
end

class division-ring = ring-1 + inverse +
assumes left-inverse [simp]: a # 0 = inverse a *x a = 1
assumes right-inverse [simpl: a # 0 => a * inverse a = 1
begin

subclass ring-1-no-zero-divisors
proof unfold-locales
fixabd:'a
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assume a: a # 0 and b: b # 0
show a x b # 0
proof
assume ab: a * b = 0
hence 0 = inverse a x (a * b) * inverse b

by simp

also have ... = (inverse a * a) * (b * inverse b)
by (simp only: mult-assoc)

also have ... = I

using a b by simp
finally show Fulse
by simp
qed
qed

lemma nonzero-imp-inverse-nonzero:
a # 0 = inverse a # 0
proof
assume ianz: inverse a = 0
assume a # 0
hence 1 = a * inverse a by simp
also have ... = 0 by (simp add: ianz)
finally have 1 = 0 .
thus False by (simp add: eq-commute)
qed

lemma inverse-zero-imp-zero:
inverse ¢ = 0 = a = 0

apply (rule classical)

apply (drule nonzero-imp-inverse-nonzero)

apply auto

done

lemma nonzero-inverse-minus-eq:
assumes a # 0

shows inverse (— a) = — inverse a
proof —
have — a x inverse (— a) = — a * — inverse a

using assms by simp
then show ?thesis unfolding mult-cancel-left using assms by simp
qed

lemma nonzero-inverse-inverse-eq:
assumes a # 0
shows inverse (inverse a) = a
proof —
have (inverse (inverse a) * inverse a) * a = a
using assms by (simp add: nonzero-imp-inverse-nonzero)
then show %thesis using assms by (simp add: mult-assoc)
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qed

lemma nonzero-inverse-eq-imp-eq:
assumes inveq: tnverse a = inverse b
and anz: a # 0
and bnz: b # 0
shows a = b
proof —
have a * inverse b = a * inverse a
by (simp add: inveq)
hence (a * inverse b) x b = (a * inverse a) * b
by simp
then show a = b
by (simp add: mult-assoc anz bnz)
qed

lemma inverse-1 [simp]: inverse 1 = 1
proof —
have inverse 1 «+ 1 = 1
by (rule left-inverse) (rule one-neq-zero)
then show ?thesis by simp
qged

lemma inverse-unique:
assumes ab: a * b = 1
shows inverse a = b
proof —
have a # 0 using ab by (cases a = 0) simp-all
moreover have inverse a * (a *x b) = inverse a by (simp add: ab)
ultimately show ?thesis by (simp add: mult-assoc [symmetric])
qed

lemma nonzero-inverse-mult-distrib:
assumes anz: a # 0
and bnz: b # 0
shows inverse (a x b) = inverse b * inverse a
proof —
have inverse (a * b) * (a * b) * inverse b = inverse b
by (simp add: anz bnz)
hence inverse (a x b) * a = inverse b
by (simp add: mult-assoc bnz)
hence inverse (a * b) * a * inverse a = inverse b x inverse a
by simp
thus ?thesis
by (simp add: mult-assoc anz)
qed

lemma division-ring-inverse-add:
a# 0 = b# 0= inverse a + inverse b = inverse a * (a + b) * inverse b
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by (simp add: ring-simps mult-assoc)

lemma division-ring-inverse-diff :
a# 0= b+# 0= inverse a — inverse b = inverse a * (b — a) * inverse b
by (simp add: ring-simps mult-assoc)

end

class field = comm-ring-1 + inverse +
assumes field-inverse: a # 0 = inverse a * a = 1
assumes divide-inverse: a / b = a * inverse b
begin

subclass division-ring
proof unfold-locales
fix a:'a
assume a # 0
thus inverse a * a = 1 by (rule field-inverse)
thus a * inverse a = 1 by (simp only: mult-commute)

qed
subclass idom by intro-locales

lemma right-inverse-eq: b # 0 — a /[ b=1«— a=1>
proof
assume neq: b # 0
{
hence a = (a / b) x b by (simp add: divide-inverse mult-ac)
also assume a / b = 1
finally show a = b by simp
next
assume a = b
with neq show a / b = 1 by (simp add: divide-inverse)
}
qed

lemma nonzero-inverse-eq-divide: a # 0 = inverse a = 1 [ a
by (simp add: divide-inverse)

lemma divide-self [simp]: a # 0 = a / a = 1
by (simp add: divide-inverse)

lemma divide-zero-left [simp]: 0 / a = 0
by (simp add: divide-inverse)

lemma inverse-eq-divide: inverse a = 1 / a
by (simp add: divide-inverse)

lemma add-divide-distrib: (a+b) / ¢ = a/c + b/c
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by (simp add: divide-inverse ring-distribs)
end

class division-by-zero = zero + inverse +
assumes inverse-zero [simp|: inverse 0 = 0

lemma divide-zero [simp):
a / 0 = (0:'a:{field,division-by-zero})
by (simp add: divide-inverse)

lemma divide-self-if [simp]:
a / (a:'a:{field,division-by-zero}) = (if a=0 then 0 else 1)
by (simp add: divide-self)

class mult-mono = times + zero + ord +
assumes mult-left-mono: a < b =—= 0<c=c*xa<cxb
assumes mult-right-mono: a < b= 0 < c= a*xc < b xc

class pordered-semiring = mult-mono + semiring-0 + pordered-ab-semigroup-add
begin

lemma mult-mono:
0<b=—=c<d=0<b=—=0<c
— axc<bxd
apply (erule mult-right-mono [THEN order-trans], assumption)
apply (erule mult-left-mono, assumption)
done

lemma mult-mono”:
e<b=c<d=0<a=0<c
— axc<bxd
apply (rule mult-mono)
apply (fast intro: order-trans)+
done

end
class pordered-cancel-semiring = mult-mono + pordered-ab-semigroup-add
+ semiring + comm-monoid-add + cancel-ab-semigroup-add

begin

subclass semiring-0-cancel by intro-locales
subclass pordered-semiring by intro-locales

lemma mult-nonneg-nonneg: 0 < a — 0 <b—= 0 < ax*xb
by (drule mult-left-mono [of zero b], auto)
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lemma mult-nonneg-nonpos: 0 < a —= b < 0= axb <0
by (drule mult-left-mono [of b zero], auto)

lemma mult-nonneg-nonpos2: 0 < a — b < 0 = b*xa < 0
by (drule mult-right-mono [of b zero], auto)

lemma split-mult-neg-le: (0 < a & b <0)|(a<0& 0<b) = ax*xb<0
by (auto simp add: mult-nonneg-nonpos mult-nonneg-nonpos2)

end

class ordered-semiring = semiring + comm-monoid-add + ordered-cancel-ab-semigroup-add
+ mult-mono
begin

subclass pordered-cancel-semiring by intro-locales
subclass pordered-comm-monoid-add by intro-locales

lemma mult-left-less-imp-less:
cxa<cxb=0<c=a<bd
by (force simp add: mult-left-mono not-le [symmetric])

lemma mult-right-less-imp-less:
axc<bxc=—=0<c=a<bd
by (force simp add: mult-right-mono not-le [symmetric])

end

class ordered-semiring-strict = semiring + comm-monoid-add + ordered-cancel-ab-semigroup-add
_l’_

assumes mult-strict-left-mono: a < b = 0 < c= c*xa < cxb

assumes mult-strict-right-mono: a < b = 0 < c = a*xc<bxc
begin

subclass semiring-0-cancel by intro-locales

subclass ordered-semiring
proof unfold-locales
fixabc:'a
assume A: a < b0 <c¢
from A show c*xa < cx*x b
unfolding le-less
using mult-strict-left-mono by (cases ¢ = 0) auto
from A show a x ¢ < b * ¢
unfolding le-less
using mult-strict-right-mono by (cases ¢ = 0) auto
qed
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lemma mult-left-le-imp-le:
cxa<cxb=0<c=a<b
by (force simp add: mult-strict-left-mono -not-less [symmetric])

lemma mult-right-le-imp-le:
axc<bxc=—=0<c=—a<hb
by (force simp add: mult-strict-right-mono not-less [symmetric])

lemma mult-pos-pos:
l<a=0<b=0<axb
by (drule mult-strict-left-mono [of zero b], auto)

lemma mult-pos-neg:
0<a=b< 0= axb<0
by (drule mult-strict-left-mono [of b zero], auto)

lemma mult-pos-neg2:
0<a=b<0=Dbxa<0
by (drule mult-strict-right-mono [of b zero], auto)

lemma zero-less-mult-pos:
0<axb=0<a=0<b

apply (cases b<0)

apply (auto simp add: le-less not-less)

apply (drule-tac mult-pos-neg [of a b))
apply (auto dest: less-not-sym)

done

lemma zero-less-mult-pos2:
0<bxa=0<a=0<Db

apply (cases b<0)

apply (auto simp add: le-less not-less)

apply (drule-tac mult-pos-neg2 [of a b])
apply (auto dest: less-not-sym)

done

Strict monotonicity in both arguments

lemma mult-strict-mono:
assumes ¢ < band c< dand 0 < band 0 < ¢
shows a x ¢ < b * d
using assms apply (cases ¢=0)
apply (simp add: mult-pos-pos)
apply (erule mult-strict-right-mono [THEN less-trans))
apply (force simp add: le-less)
apply (erule mult-strict-left-mono, assumption)
done

This weaker variant has more natural premises

lemma mult-strict-mono”:
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assumes ¢ < band c < dand 0 < aand 0 < ¢
shows a x ¢ < b *x d
by (rule mult-strict-mono) (insert assms, auto)

lemma mult-less-le-imp-less:
assumes ¢ < band c < dand 0 < gand 0 < ¢
shows a x ¢ < b x d
using assms apply (subgoal-tac a x ¢ < b *x ¢)
apply (erule less-le-trans)
apply (erule mult-left-mono)
apply simp
apply (erule mult-strict-right-mono)
apply assumption
done

lemma mult-le-less-imp-less:
assumes ¢ < band c < dand 0 < aand 0 < ¢
shows a * ¢ < b x d
using assms apply (subgoal-tac a x ¢ < b x ¢)
apply (erule le-less-trans)
apply (erule mult-strict-left-ono)
apply simp
apply (erule mult-right-mono)
apply simp
done

lemma mult-less-imp-less-left:
assumes less: ¢ x a < ¢ x b and nonneg: 0 < ¢
shows a < b
proof (rule ccontr)
assume - a < b
hence b < a by (simp add: linorder-not-less)
hence ¢ x b < ¢ * a using nonneg by (rule mult-left-mono)
with this and less show Fulse
by (simp add: not-less [symmetric])
qed

lemma mult-less-imp-less-right:
assumes less: a x ¢ < b x ¢ and nonneg: 0 < ¢
shows a < b
proof (rule ccontr)
assume = a < b
hence b < a by (simp add: linorder-not-less)
hence b * ¢ < a * ¢ using nonneg by (rule mult-right-mono)
with this and less show Fulse
by (simp add: not-less [symmetric])
qed

end
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class mult-monol = times + zero + ord +
assumes mult-monol: a <b—=0<c=—=cxa<cxb

class pordered-comm-semiring = comm-semiring-0
+ pordered-ab-semigroup-add + mult-monol
begin

subclass pordered-semiring
proof unfold-locales

fixabc:'a

assume a < b0 < ¢

thus ¢ x a < ¢ * b by (rule mult-monol)

thus a * ¢ < b x ¢ by (simp only: mult-commute)
qed

end

class pordered-cancel-comm-semiring = comm-semiring-0-cancel
+ pordered-ab-semigroup-add + mult-monol
begin

subclass pordered-comm-semiring by intro-locales
subclass pordered-cancel-semiring by intro-locales

end

class ordered-comm-semiring-strict = comm-semiring-0 + ordered-cancel-ab-semigroup-add
+

assumes mult-strict-left-mono-comm: a < b —= 0 < c = c*xa < cxb
begin

subclass ordered-semiring-strict
proof unfold-locales
fixabc:'a
assume a < b 0 < ¢
thus ¢ * a < ¢ x b by (rule mult-strict-left-mono-comm,)
thus a * ¢ < b * ¢ by (simp only: mult-commute)
qed

subclass pordered-cancel-comm-semiring
proof unfold-locales
fixabc:'a
assume a < b0 < ¢
thus cx a < cx b
unfolding le-less
using mult-strict-left-mono by (cases ¢ = 0) auto
qed
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end

class pordered-ring = ring + pordered-cancel-semiring
begin

subclass pordered-ab-group-add by intro-locales
lemmas ring-simps = ring-simps group-simps

lemma less-add-iff1:
axet+c<bxe+d— (a—b)xe+c<d
by (simp add: ring-simps)

lemma less-add-iff2:
axe+c<bxet+d—c<(b—a)*xe+d
by (simp add: ring-simps)

lemma le-add-iff1:
axe+c<bxe+de—(a—b)xe+c<d
by (simp add: ring-simps)

lemma le-add-iff2:
axe+c<bxe+de——c<(b—a)xe+d
by (simp add: ring-simps)

lemma mult-left-mono-neg:
b<a=—=c<0=—=c*xa<cxb
apply (drule mult-left-mono [of - - uminus c])
apply (simp-all add: minus-mult-left [symmetric])
done

lemma mult-right-mono-neg:
b<a=—=c<0=—axc<bxc
apply (drule mult-right-mono [of - - uminus c])
apply (simp-all add: minus-mult-right [symmetric])
done

lemma mult-nonpos-nonpos:
0<0=b<0=0<axb
by (drule mult-right-mono-neg [of a zero b)) auto

lemma split-mult-pos-le:
(0<aN0<DH)V(@a<OANIL0)=0<axbh
by (auto simp add: mult-nonneg-nonneg mult-nonpos-nonpos)

end

class abs-if = minus + uminus + ord + zero + abs +
assumes abs-if: |a| = (if a < 0 then — a else a)
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class sgn-if = minus + uminus + zero + one + ord + sgn +
assumes sgn-if: sgn x = (if x = 0 then 0 else if 0 < x then 1 else — 1)

lemma (in sgn-if ) sgn0[simp]: sgn 0 = 0
by (simp add:sgn-if)

class ordered-ring = ring + ordered-semiring
+ ordered-ab-group-add + abs-if
begin

subclass pordered-ring by intro-locales

subclass pordered-ab-group-add-abs
proof unfold-locales
fix a b
show |a + b| < |a| + |b]
by (auto simp add: abs-if not-less neg-less-eqg-nonneg less-eq-neg-nonpos)
(auto simp del: minus-add-distrib simp add: minus-add-distrib [symmetric]
neg-less-eq-nonneg less-eq-neg-nonpos, auto intro: add-nonneg-nonneg,
auto intro!: less-imp-le add-neg-neg)
qed (auto simp add: abs-if less-eq-neg-nonpos neg-equal-zero)

end

class ordered-ring-strict = ring + ordered-semiring-strict
+ ordered-ab-group-add + abs-if
begin

subclass ordered-ring by intro-locales

lemma mult-strict-left-mono-neg:
b<a=c<0=cxa<cxb
apply (drule mult-strict-left-mono [of - - uminus c])
apply (simp-all add: minus-mult-left [symmetric])
done

lemma mult-strict-right-mono-neg:
b<a=c< 0= a*xc<bxc
apply (drule mult-strict-right-mono [of - - uminus c])
apply (simp-all add: minus-mult-right [symmetric])
done

lemma mult-neg-neg:
a<0=b<0=0<axb

by (drule mult-strict-right-mono-neg, auto)

subclass ring-no-zero-divisors
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proof unfold-locales
fix a b
assume a # 0 then have A: a < 0 V 0 < a by (simp add: neq-iff)
assume b # 0 then have B: b < 0 V 0 < b by (simp add: neq-iff)
haveaxb< 0V O<axb
proof (cases a < 0)
case True note A’ = this
show ?thesis proof (cases b < 0)
case True with A’
show ?thesis by (auto dest: mult-neg-neg)
next
case Fualse with B have 0 < b by auto
with A’ show ?thesis by (auto dest: mult-strict-right-mono)
qed
next
case False with A have A" 0 < a by auto
show ?thesis proof (cases b < 0)
case True with A’
show %thesis by (auto dest: mult-strict-right-mono-neg)
next
case Fulse with B have 0 < b by auto
with A’ show ?%thesis by (auto dest: mult-pos-pos)
qed
qed
then show a x b # 0 by (simp add: neq-iff)
qed

lemma zero-less-mult-iff :
0<axbe—0<aNO0<bVa<OANb<O
apply (auto simp add: mult-pos-pos mult-neg-neg)
apply (simp-all add: not-less le-less)
apply (erule disjE) apply assumption defer
apply (erule disjE) defer apply (drule sym) apply simp
apply (erule disjE) defer apply (drule sym) apply simp
apply (erule disjE) apply assumption apply (drule sym) apply simp
apply (drule sym) apply simp
apply (blast dest: zero-less-mult-pos)
apply (blast dest: zero-less-mult-pos2)

done

lemma zero-le-mult-iff :
0<axb+——0<aN0<bVa<OANDbZO
by (auto simp add: eg-commute [of 0] le-less not-less zero-less-mult-iff)

lemma mult-less-0-iff :
axb< 00— 0<aANb<OVa<OANO<D
apply (insert zero-less-mult-iff [of —a b])
apply (force simp add: minus-mult-left[symmetric])
done
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lemma mult-le-0-iff :
axb< 00— 0<aNb<O0OVa<ONO<D
apply (insert zero-le-mult-iff [of —a b])
apply (force simp add: minus-mult-left[symmetric])
done

lemma zero-le-square [simp]: 0 < a * a
by (simp add: zero-le-mult-iff linear)

lemma not-square-less-zero [simp]: = (a * a < 0)
by (simp add: not-less)

Cancellation laws for ¢ * @ < ¢ * band a * ¢ < b % ¢, also with the relations
< and equality.

These “disjunction” versions produce two cases when the comparison is an
assumption, but effectively four when the comparison is a goal.

lemma mult-less-cancel-right-disj:

axc<bxc+——0<cAha<bVcec<OAN b<a

apply (cases ¢ = 0)

apply (auto simp add: neg-iff mult-strict-right-mono
mult-strict-right-mono-neg)

apply (auto simp add: not-less
not-le [symmetric, of axc|
not-le [symmetric, of a])

apply (erule-tac [!] notE)

apply (auto simp add: less-imp-le mult-right-mono
mault-right-mono-neq)

done

lemma mult-less-cancel-left-disy:

cxa<cxbe— 0<cNAha<bVec<OAN b<a

apply (cases ¢ = 0)

apply (auto simp add: neq-iff mult-strict-left-mono
mult-strict-left-mono-neq)

apply (auto simp add: not-less
not-le [symmetric, of cxa]
not-le [symmetric, of a])

apply (erule-tac [!] notE)

apply (auto simp add: less-imp-le mult-left-mono
mult-left-mono-neg)

done

The “conjunction of implication” lemmas produce two cases when the com-
parison is a goal, but give four when the comparison is an assumption.

lemma mult-less-cancel-right:
axc<bxce— (0<c—a<b)A(c<0—b<a)
using mult-less-cancel-right-disj [of a ¢ b] by auto
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lemma mult-less-cancel-left:
cxa<cxbe— (0<c—a<b)A(c<0—b<a)
using mult-less-cancel-left-disj [of ¢ a b] by auto

lemma mult-le-cancel-right:
axc<bxce— (0<c—a<b)A(c<0—b<a)
by (simp add: not-less [symmetric] mult-less-cancel-right-disj)

lemma mult-le-cancel-left:
cxa<cxbe— (0<c—a<bd)A(c<0—b<a)
by (simp add: not-less [symmetric] mult-less-cancel-left-disj)

end

This list of rewrites simplifies ring terms by multiplying everything out and
bringing sums and products into a canonical form (by ordered rewriting).
As a result it decides ring equalities but also helps with inequalities.

lemmas ring-simps = group-simps ring-distribs
class pordered-comm-ring = comm-ring + pordered-comm-semiring
begin

subclass pordered-ring by intro-locales
subclass pordered-cancel-comm-semiring by intro-locales

end

class ordered-semidom = comm-semiring-1-cancel + ordered-comm-semiring-strict
_|_

assumes zero-less-one [simp]: 0 < 1
begin

lemma pos-add-strict:
shows 0 < a = b<c=b<a+ ¢

using add-strict-mono [of zero a b c] by simp

lemma zero-le-one [simp]: 0 < 1
by (rule zero-less-one [THEN less-imp-le])

lemma not-one-le-zero [simp]: = 1 < 0
by (simp add: not-le)

lemma not-one-less-zero [simpl: = 1 < 0
by (simp add: not-less)

lemma less-1-mult:
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assumes I < mand I <n

shows I < m * n

using assms mult-strict-mono [of 1 m 1 n]
by (simp add: less-trans [OF zero-less-one])

end

class ordered-idom = comm-ring-1 +
ordered-comm-semiring-strict 4+ ordered-ab-group-add +
abs-if + sgn-if

begin

subclass ordered-ring-strict by intro-locales
subclass pordered-comm-ring by intro-locales
subclass idom by intro-locales

subclass ordered-semidom

proof unfold-locales
have 0 < 1 x I by (rule zero-le-square)
thus 0 < 1 by (simp add: le-less)

qed

lemma linorder-neqE-ordered-idom:
assumes ¢ # y obtains z < y | y < z
using assms by (rule neqF)

These cancellation simprules also produce two cases when the comparison
is a goal.

lemma mult-le-cancel-right1:
c<bxce— (0<c— 1<) A(c<0—0b<1)
by (insert mult-le-cancel-right [of 1 ¢ b], simp)

lemma mult-le-cancel-right2:
axc<ce—— (0<c—a<I)AN(c<0—1<a)
by (insert mult-le-cancel-right [of a ¢ 1], simp)

lemma mult-le-cancel-left1:
c<cxbe— (0<c— 1<) AN(c<0—b<1)
by (insert mult-le-cancel-left [of ¢ 1 b], simp)

lemma mult-le-cancel-left2:
cxa<c—— (0<c—a<I)AN(c<0—1<a)
by (insert mult-le-cancel-left [of ¢ a 1], simp)

lemma mult-less-cancel-right1:
c<bxce— (0<c— 1<) AN(c<0—b<1)
by (insert mult-less-cancel-right [of 1 ¢ b], simp)
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lemma mult-less-cancel-right2:
axc<ce— (0<c—a<I)AN(c<0—1<a)
by (insert mult-less-cancel-right [of a ¢ 1], simp)

lemma mult-less-cancel-left1:
c<cxbe— (0<c— 1<) A (c<0—b<1)
by (insert mult-less-cancel-left [of ¢ 1 b], simp)

lemma mult-less-cancel-left2:
cxa<c— (0<c—a<I)AN(c<0—1<a)
by (insert mult-less-cancel-left [of ¢ a 1], simp)

end

class ordered-field = field + ordered-idom

Simprules for comparisons where common factors can be cancelled.

lemmas mult-compare-simps =
mult-le-cancel-right mult-le-cancel-left
mult-le-cancel-right1 mult-le-cancel-right2
mult-le-cancel-left1 mult-le-cancel-left2
mult-less-cancel-right mult-less-cancel-left
mult-less-cancel-right1 mult-less-cancel-right2
mult-less-cancel-left1 mult-less-cancel-left2
mult-cancel-right mult-cancel-left
mult-cancel-rightl mult-cancel-right?2
mult-cancel-left1 mult-cancel-left2

— FIXME continue localization here

lemma inverse-nonzero-iff-nonzero [simp]:
(inverse a = 0) = (a = (0::'a:{dwision-ring,division-by-zero}))
by (force dest: inverse-zero-imp-zero)

lemma inverse-minus-eq [simp]:
inverse(—a) = —inverse(a::'a::{ division-ring,division-by-zero})
proof cases
assume a=0 thus ?thesis by (simp add: inverse-zero)
next
assume a#£0
thus ?thesis by (simp add: nonzero-inverse-minus-eq)
qed

lemma inverse-eg-imp-eq:
inverse a = inverse b ==> a = (b::'a::{division-ring,division-by-zero})
apply (cases a=0 | b=0)
apply (force dest!: inverse-zero-imp-zero
simp add: eq-commute [of 0::'a])
apply (force dest!: nonzero-inverse-eg-imp-eq)
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done

lemma inverse-eq-iff-eq [simp]:
(inverse a = inverse b) = (a = (b::'a::{dwision-ring,division-by-zero}))
by (force dest!: inverse-eg-imp-eq)

lemma inverse-inverse-eq [simp]:
inverse(inverse (a::'a::{division-ring,division-by-zero})) = a
proof cases
assume a=0 thus ?thesis by simp
next
assume a#0
thus %thesis by (simp add: nonzero-inverse-inverse-eq)
qed

This version builds in division by zero while also re-orienting the right-hand
side.

lemma inverse-mult-distrib [simp]:
inverse(axb) = inverse(a) * inverse(b::’a::{field,division-by-zero})
proof cases
assume a # 0 & b # 0
thus ?thesis
by (simp add: nonzero-inverse-mult-distrib mult-commute)
next
assume ~ (a # 0 & b # 0)
thus %thesis
by force
qed

There is no slick version using division by zero.

lemma inverse-add:

lla # 0; b# 0]

==> inverse a + inverse b = (a+b) * inverse a * inverse (b::'a::field)
by (simp add: division-ring-inverse-add mult-ac)

lemma inverse-divide [simp]:
inverse (a/b) = b / (a::'a::{field,division-by-zero})
by (simp add: divide-inverse mult-commute)

13.1 Calculations with fractions

There is a whole bunch of simp-rules just for class field but none for class
field and nonzero-divides because the latter are covered by a simproc.

lemma nonzero-mult-divide-mult-cancel-left[simp,noatp]:
assumes [simp]: b£0 and [simp]: ¢c£0 shows (cxa)/(cxb) = a/(b::a::field)
proof —
have (cxa)/(cxb) = ¢ * a * (inverse b x inverse c)
by (simp add: divide-inverse nonzero-inverse-mult-distrib)
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also have ... = a * inverse b * (inverse ¢ x c)
by (simp only: mult-ac)

also have ... = a * inverse b
by simp

finally show ?thesis
by (simp add: divide-inverse)
qed

lemma mult-divide-mult-cancel-left:

c£0 ==> (cxa) / (exb) = a [/ (b::'a:{field,division-by-zero})
apply (cases b = 0)
apply (simp-all add: nonzero-mult-divide-mult-cancel-left)
done

lemma nonzero-mult-divide-mult-cancel-right [noatp):

[|b#£0; c#0]] ==> (axc) / (bxc) = a/(b::'a:field)

by (simp add: mult-commute [of - ¢] nonzero-mult-divide-mult-cancel-left)

lemma mult-divide-mult-cancel-right:

c£0 ==> (axc) / (bxc) = a / (b::'a:{field,division-by-zero})
apply (cases b = 0)
apply (simp-all add: nonzero-mult-divide-mult-cancel-right)
done

lemma divide-1 [simp]: a/1 = (a::'a:field)
by (simp add: divide-inverse)

lemma times-divide-eq-right: a * (b/c) = (axb) / (c::'a::field)
by (simp add: divide-inverse mult-assoc)

lemma times-divide-eq-left: (b/c) x a = (bxa) / (c:'a:field)
by (simp add: divide-inverse mult-ac)

lemmas times-divide-eq = times-divide-eq-right times-divide-eq-left

lemma divide-divide-eg-right [simp,noatp):
a/ (b/c) = (axc) / (b:'a:{field,division-by-zero})

by (simp add: divide-inverse mult-ac)

lemma divide-divide-eg-left [simp,noatp]:
(a [ b) / (c:'a::{field,division-by-zero}) = a / (bxc)
by (simp add: divide-inverse mult-assoc)

lemma add-frac-eq: (y::'a::field) ~= 0 ==> 2z V= 0 ==>
z/yt+w/z=(@*xz+wxy)/ (y=*2)

apply (subgoal-tac x /| y = (z * 2) / (y * 2))

apply (erule ssubst)

apply (subgoal-tac w / z = (w x y) / (y % 2))

apply (erule ssubst)
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apply (rule add-divide-distrib [THEN sym])

apply (subst mult-commute)

apply (erule nonzero-mult-divide-mult-cancel-left [THEN sym])
apply assumption

apply (erule nonzero-mult-divide-mult-cancel-right [THEN sym))
apply assumption

done

13.1.1 Special Cancellation Simprules for Division

lemma mult-divide-mult-cancel-left-if [simp ,noatp]:
fixes ¢ :: 'a :: {field,division-by-zero}

shows (cxa) / (exb) = (if ¢=0 then 0 else a/b)
by (simp add: mult-divide-mult-cancel-left)

lemma nonzero-mult-divide-cancel-right[simp,noatp):
b#£0 = axb/ b= (a:"a:field)
using nonzero-mult-divide-mult-cancel-right[of 1 b a] by simp

lemma nonzero-mult-divide-cancel-left[simp,noatp):
a# 0= axb/a=(b:a:field)

using nonzero-mult-divide-mult-cancel-left|of 1 a b] by simp

lemma nonzero-divide-mult-cancel-right[simp,noatp):
[ a#0; b0 ] = b / (a x b) = 1/(a:"a:field)

using nonzero-mult-divide-mult-cancel-right[of a b 1] by simp

lemma nonzero-divide-mult-cancel-left[simp,noatp):
[ a#0; b£0 | = a / (a * b) = 1/(b::"a::field)
using nonzero-mult-divide-mult-cancel-left[of b a 1] by simp

lemma nonzero-mult-divide-mult-cancel-left2[simp,noatp):
[|6#0; c#0|] ==> (cxa) / (bxc) = a/(b: a:field)

using nonzero-mult-divide-mult-cancel-left[of b ¢ a] by (simp add:mult-ac)

lemma nonzero-mult-divide-mult-cancel-right2[simp,noatp):

[|6£0; c#0|] ==> (axc) / (cxb) = a/(b::’a::field)

using nonzero-mult-divide-mult-cancel-right[of b ¢ a] by(simp add:mult-ac)

13.2 Division and Unary Minus

lemma nonzero-minus-divide-left: b # 0 ==> — (a/b) = (—a) / (b::'a::field)
by (simp add: divide-inverse minus-mult-left)

lemma nonzero-minus-divide-right: b # 0 ==> — (a/b) = a / —(b::"a::field)
by (simp add: divide-inverse nonzero-inverse-minus-eq minus-mult-right)

lemma nonzero-minus-divide-divide: b # 0 ==> (—a)/(=b) = a / (b::'a::field)
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by (simp add: divide-inverse nonzero-inverse-minus-eq)

lemma minus-divide-left: — (a/b) = (—a) / (b::'a:field)
by (simp add: divide-inverse minus-mult-left [symmetric])

lemma minus-divide-right: — (a/b) = a / —(b::'a::{field,division-by-zero})
by (simp add: divide-inverse minus-mult-right [symmetric])

The effect is to extract signs from divisions

lemmas divide-minus-left = minus-divide-left [symmetric]
lemmas divide-minus-right = minus-divide-right [symmetric]
declare divide-minus-left [simp]  divide-minus-right [simp]

Also, extract signs from products

lemmas mult-minus-left = minus-mult-left [symmetric]
lemmas mult-minus-right = minus-mult-right [symmetric]
declare mult-minus-left [simp] mult-minus-right [simp]

lemma minus-divide-divide [simp]:

(—a)/(=b) = a [/ (b:'a::{field,division-by-zero})
apply (cases b=0, simp)
apply (simp add: nonzero-minus-divide-divide)
done

lemma diff-divide-distrib: (a—b)/(c::’ax:field) = a/c — b/c
by (simp add: diff-minus add-divide-distrib)

lemma add-divide-eq-iff:
(z:'azfield) £ 0 = = + y/z = (2xx + y)/2
by (simp add:add-divide-distrib nonzero-mult-divide-cancel-left)

lemma divide-add-eq-iff:
(zitazfield) # 0 = z/z + y = (x + zxy)/z
by (simp add:add-divide-distrib nonzero-mult-divide-cancel-left)

lemma diff-divide-eq-iff:
(z:t'azfield) # 0 = © — y/z = (zxx — y)/z
by (simp add:diff-divide-distrib nonzero-mult-divide-cancel-left)

lemma divide-diff-eq-iff:
(z:'azfield) # 0 = z/z — y = (v — 2z*xy)/z
by (simp add:diff-divide-distrib nonzero-mult-divide-cancel-left)

lemma nonzero-eq-divide-eq: ¢c£0 ==> ((a::'az:field) = b/c) = (axc = b)
proof —
assume [simp]: c¢£0
have (a = b/c) = (axc = (b/c)xc) by simp
also have ... = (axc = b) by (simp add: divide-inverse mult-assoc)
finally show ?thesis .
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qed

lemma nonzero-divide-eg-eq: ¢c£0 ==> (b/c = (a::'ax:field)) = (b = axc)
proof —

assume [simp|: c¢£0

have (b/c = a) = ((b/c)xc = axc) by simp

also have ... = (b = axc) by (simp add: divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma eq-divide-eq:
((a::'a:{field,division-by-zero}) = b/c) = (if ¢#0 then axc = b else a=0)
by (simp add: nonzero-eq-divide-eq)

lemma divide-eg-eq:
(b/c = (a:'a::{field,division-by-zero})) = (if ¢#0 then b = axc else a=0)

by (force simp add: nonzero-divide-eq-eq)

lemma divide-eg-imp: (c::'a:{division-by-zero,field}) ~= 0 ==>
b=axc==>b/c=a
by (subst divide-eq-eq, simp)

lemma eg-divide-imp: (c::'a::{division-by-zero,field}) ~= 0 ==>
axc=b==>a=0>b/c
by (subst eg-divide-eq, simp)

lemmas ficld-eq-simps = ring-simps

add-divide-eq-iff divide-add-eq-iff
diff-divide-eq-iff divide-diff-eq-iff

nonzero-eq-divide-eq nonzero-divide-eq-eq

An example:

lemma fixes a b cdef :: 'a:field

shows [a#£b; c£d; e£f | = ((a—b)*(c—d)x(e—f))/((c—d)x(e—f)*(a—b)) = 1
apply (subgoal-tac (c—d)*(e—f)*(a—b) # 0)

apply (simp add:field-eq-simps

apply (simp)

done

lemma diff-frac-eq: (y::'a::field) “= 0 ==> z ~“= 0 ==>

t/y—w/z=@*xz—wx*xy)/(y*2)
by (simp add:field-eq-simps times-divide-eq)

lemma frac-eg-eq: (y::'a:field) ~= 0 ==> z V= 0 ==>
(#/y=w/z)=(zxz=wxy)
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by (simp add:field-eq-simps times-divide-eq)

13.3 Ordered Fields

lemma positive-imp-inverse-positive:
assumes a-gt-0: 0 < a shows 0 < inverse (a::'a::ordered-field)
proof —
have 0 < a * inverse a
by (simp add: a-gt-0 [THEN order-less-imp-not-eq2] zero-less-one)
thus 0 < inverse a
by (simp add: a-gt-0 [THEN order-less-not-sym] zero-less-mult-iff)
qed

lemma negative-imp-inverse-negative:
a < 0 ==> inverse a < (0::'a::ordered-field)
by (insert positive-imp-inverse-positive [of —al,
simp add: nonzero-inverse-minus-eq order-less-imp-not-eq)

lemma inverse-le-imp-le:
assumes invle: inverse a < inverse b and apos: 0 < a
shows b < (a::'a::ordered-field)
proof (rule classical)
assume ~ b < a
hence a < b by (simp add: linorder-not-le)
hence bpos: 0 < b by (blast intro: apos order-less-trans)
hence a * inverse a < a * inverse b
by (simp add: apos invle order-less-imp-le mult-left-mono)
hence (a * inverse a) * b < (a * inverse b) * b
by (simp add: bpos order-less-imp-le mult-right-mono)
thus b < a by (simp add: mult-assoc apos bpos order-less-imp-not-eq2)
qed

lemma inverse-positive-imp-positive:
assumes nv-gt-0: 0 < inverse a and nz: a # 0
shows 0 < (a::'a::ordered-field)
proof —
have 0 < inverse (inverse a)
using inv-gt-0 by (rule positive-imp-inverse-positive)
thus 0 < a
using nz by (simp add: nonzero-inverse-inverse-eq)
qged

lemma inverse-positive-iff-positive [simp]:
(0 < inverse a) = (0 < (a::'a::{ordered-field,division-by-zero}))
apply (cases a = 0, simp)
apply (blast intro: inverse-positive-imp-positive positive-imp-inverse-positive)
done

lemma inverse-negative-imp-negative:
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assumes inv-less-0: inverse a < 0 and nz: a # 0
shows a < (0::'a::ordered-field)
proof —
have inverse (inverse a) < 0
using inv-less-0 by (rule negative-imp-inverse-negative)
thus ¢ < 0 using nz by (simp add: nonzero-inverse-inverse-eq)
qed

lemma inverse-negative-iff-negative [simp):
(inverse a < 0) = (a < (0::'a::{ordered-field ,division-by-zero}))
apply (cases a = 0, simp)
apply (blast intro: inverse-negative-imp-negative negative-imp-inverse-negative)
done

lemma inverse-nonnegative-iff-nonnegative [simp):
(0 < inverse a) = (0 < (a::'a::{ordered-field,division-by-zero}))
by (simp add: linorder-not-less [symmetric])

lemma inverse-nonpositive-iff-nonpositive [simp):
(inverse a < 0) = (a < (0::'a::{ordered-field ,division-by-zero}))
by (simp add: linorder-not-less [symmetric))

lemma ordered-field-no-lb: ¥V z. Jy. y < (z::'a::ordered-field)
proof

fix z::a

have m1: — (1::'a) < 0 by simp

from add-strict-right-mono|OF m1, where c=z]

have (— 1) + z < z by simp

thus Jy. y < x by blast

qed
lemma ordered-field-no-ub: ¥V z. 3y. y > (z::'a::ordered-field)
proof

fix z::'a

have m1: (1:'a) > 0 by simp
from add-strict-right-mono|OF m1, where c=z)]
have 1 + = > z by simp
thus 3y. y > z by blast
qed

13.4 Anti-Monotonicity of inverse

lemma less-imp-inverse-less:
assumes less: a < b and apos: 0 < a
shows inverse b < inverse (a::’a::ordered-field)
proof (rule ccontr)
assume ~ inverse b < inverse a
hence inverse a < inverse b
by (simp add: linorder-not-less)
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hence ~ (a < b)
by (simp add: linorder-not-less inverse-le-imp-le [OF - apos])
thus False
by (rule notE [OF - less])
qed

lemma inverse-less-imp-less:

[linverse a < inverse b; 0 < a|] ==> b < (a::'a::ordered-field)
apply (simp add: order-less-le [of inverse a] order-less-le [of b))
apply (force dest!: inverse-le-imp-le nonzero-inverse-eq-imp-eq)
done

Both premises are essential. Consider -1 and 1.

lemma inverse-less-iff-less [simp,noatp]:
(10 < a; 0 < b|]] ==> (inverse a < inverse b) = (b < (a::'a::ordered-field))
by (blast intro: less-imp-inverse-less dest: inverse-less-imp-less)

lemma le-imp-inverse-le:
[la < b; 0 < a|] ==> inverse b < inverse (a::’a::ordered-field)
by (force simp add: order-le-less less-imp-inverse-less)

lemma inverse-le-iff-le [simp,noatp):
[0 < a; 0 < b]] ==> (inverse a < inverse b) = (b < (a::'az:ordered-field))
by (blast intro: le-imp-inverse-le dest: inverse-le-imp-le)

These results refer to both operands being negative. The opposite-sign case
is trivial, since inverse preserves signs.

lemma inverse-le-imp-le-neg:
[linverse a < inverse b; b < 0]] ==> b < (a::'a::ordered-field)
apply (rule classical)
apply (subgoal-tac a < 0)
prefer 2 apply (force simp add: linorder-not-le intro: order-less-trans)
apply (insert inverse-le-imp-le [of —b —al)
apply (simp add: order-less-imp-not-eq nonzero-inverse-minus-eq)
done

lemma less-imp-inverse-less-neg:

[la < b; b < 0]] ==> inverse b < inverse (a::'a::ordered-field)
apply (subgoal-tac a < 0)
prefer 2 apply (blast intro: order-less-trans)
apply (insert less-imp-inverse-less [of —b —al)
apply (simp add: order-less-imp-not-eq nonzero-inverse-minus-eq)
done

lemma inverse-less-imp-less-neg:
[linverse a < inverse b; b < 0|] ==> b < (a::'a::ordered-field)
apply (rule classical)
apply (subgoal-tac a < 0)
prefer 2
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apply (force simp add: linorder-not-less intro: order-le-less-trans)
apply (insert inverse-less-imp-less [of —b —al)

apply (simp add: order-less-imp-not-eq nonzero-inverse-minus-eq)
done

lemma inverse-less-iff-less-neg [simp,noatp]:
[la < 0; b < 0]] ==> (inverse a < inverse b) = (b < (a::'a::ordered-field))
apply (insert inverse-less-iff-less [of —b —a])
apply (simp del: inverse-less-iff-less
add: order-less-imp-not-eq nonzero-inverse-minus-eq)
done

lemma le-imp-inverse-le-neg:
[la < b; b < 0]] ==> inverse b < inverse (a::'a::ordered-field)
by (force simp add: order-le-less less-imp-inverse-less-neq)

lemma inverse-le-iff-le-neg [simp,noatp]:
[l[a < 0; b < 0]] ==> (inverse a < inverse b) = (b < (a::'a::ordered-field))
by (blast intro: le-imp-inverse-le-neg dest: inverse-le-imp-le-neg)

13.5 Inverses and the Number One

lemma one-less-inverse-iff :
(1 < inverse xz) = (0 < z & x < (1::'a::{ordered-field,division-by-zero}))
proof cases
assume (0 < z
with inverse-less-iff-less [OF zero-less-one, of ]
show ?thesis by simp
next
assume notless: ~ (0 < x)
have ~ (1 < inverse x)
proof
assume 1 < inverse
also with notless have ... < 0 by (simp add: linorder-not-less)
also have ... < 1 by (rule zero-less-one)
finally show Fulse by auto
qed
with notless show ?thesis by simp
qed

lemma inverse-eq-1-iff [simp]:
(inverse x = 1) = (x = (1::'a::{field,division-by-zero}))
by (insert inverse-eq-iff-eq [of x 1], simp)

lemma one-le-inverse-iff:
(1 < inverse xz) = (0 < z & x < (1:'a::{ordered-field,division-by-zero}))
by (force simp add: order-le-less one-less-inverse-iff zero-less-one
eq-commute [of 1])
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lemma inverse-less-1-iff:
(inverse © < 1) = (x < 0| 1 < (z::'a::{ordered-field,division-by-zero}))
by (simp add: linorder-not-le [symmetric] one-le-inverse-iff )

lemma inverse-le-1-iff:
(inverse x < 1) = (x < 0 | 1 < (z::'a::{ordered-field,division-by-zero}))
by (simp add: linorder-not-less [symmetric] one-less-inverse-iff )

13.6 Simplification of Inequalities Involving Literal Divisors

lemma pos-le-divide-eq: 0 < (c::'az:ordered-field) ==> (a < b/c) = (axc < b)
proof —
assume less: 0<c
hence (a < b/c) = (axc < (b/c)*c)
by (simp add: mult-le-cancel-right order-less-not-sym [OF less])
also have ... = (axc < b)
by (simp add: order-less-imp-not-eq2 [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-le-divide-eq: ¢ < (0::'a::ordered-field) ==> (a < b/c) = (b < axc)
proof —
assume less: c<0
hence (a < b/c) = ((b/c)xc < axc)
by (simp add: mult-le-cancel-right order-less-not-sym [OF less])
also have ... = (b < axc)
by (simp add: order-less-imp-not-eq [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma le-divide-eq:
(a < bfc) =
(if 0 < c then axc < b
else if ¢ < 0 then b < axc
else a < (0::'a::{ordered-field,division-by-zero}))
apply (cases ¢c=0, simp)
apply (force simp add: pos-le-divide-eq neg-le-divide-eq linorder-neg-iff')
done

lemma pos-divide-le-eq: 0 < (c::'a::ordered-field) ==> (b/c < a) = (b < axc)
proof —
assume less: 0<c
hence (b/c < a) = ((b/c)*xc < axc)
by (simp add: mult-le-cancel-right order-less-not-sym [OF less])
also have ... = (b < axc)
by (simp add: order-less-imp-not-eq2 [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed
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lemma neg-divide-le-eq: ¢ < (0::'a::ordered-field) ==> (b/c < a) = (a*xc < b)
proof —
assume less: ¢<0
hence (b/c < a) = (axc < (b/c)*c)
by (simp add: mult-le-cancel-right order-less-not-sym [OF less])
also have ... = (axc < b)
by (simp add: order-less-imp-not-eq [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma divide-le-eq:
(be < a) =
(if 0 < c then b < axc
else if ¢ < 0 then axc < b
else 0 < (a::'a:{ordered-field,division-by-zero}))
apply (cases c=0, simp)
apply (force simp add: pos-divide-le-eq neg-divide-le-eq linorder-neg-iff)
done

lemma pos-less-divide-eq:
0 < (c:'azordered-field) ==> (a < b/c) = (axc < b)
proof —
assume less: 0<c
hence (a < b/c¢) = (axc < (b/c)*c)
by (simp add: mult-less-cancel-right-disj order-less-not-sym [OF less])
also have ... = (axc < b)
by (simp add: order-less-imp-not-eq2 [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-less-divide-eq:
¢ < (0:'a:ordered-field) ==> (a < b/c) = (b < axc)
proof —
assume less: c¢<0
hence (a < b/c) = ((b/c)xc < axc)
by (simp add: mult-less-cancel-right-disj order-less-not-sym [OF less])
also have ... = (b < axc)
by (simp add: order-less-imp-not-eq [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma less-divide-eq:
(a < b/ec) =
(if 0 < c then axc < b
else if ¢ < 0 then b < axc
else a < (0::'a::{ordered-field,division-by-zero}))
apply (cases ¢=0, simp)
apply (force simp add: pos-less-divide-eq neg-less-divide-eq linorder-neg-iff )
done
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lemma pos-divide-less-eq:
0 < (c'azordered-field) ==> (b/c < a) = (b < ax*c)
proof —
assume less: 0<c
hence (b/c < a) = ((b/c)*c < axc)
by (simp add: mult-less-cancel-right-disj order-less-not-sym [OF less|)
also have ... = (b < axc)
by (simp add: order-less-imp-not-eq2 [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-divide-less-eq:
¢ < (0:'azordered-field) ==> (b/c < a) = (a*xc < b)
proof —
assume less: ¢<0
hence (b/c < a) = (axc < (b/c)*c)
by (simp add: mult-less-cancel-right-disj order-less-not-sym [OF less|)
also have ... = (axc < b)
by (simp add: order-less-imp-not-eq [OF less] divide-inverse mult-assoc)
finally show ?%thesis .
qged

lemma divide-less-eq:
(b/c < a) =
(if 0 < c then b < axc
else if ¢ < 0 then axc < b
else 0 < (a::'a:{ordered-field,division-by-zero}))
apply (cases c=0, simp)
apply (force simp add: pos-divide-less-eq neg-divide-less-eq linorder-neg-iff )
done

13.7 Field simplification

Lemmas field-simps multiply with denominators in in(equations) if they can
be proved to be non-zero (for equations) or positive/negative (for inequa-
tions).

lemmas field-simps = field-eq-simps

pos-divide-less-eq neg-divide-less-eq
pos-less-divide-eq neg-less-divide-eq
pos-divide-le-eq neg-divide-le-eq
pos-le-divide-eq neg-le-divide-eq

Lemmas sign-simps is a first attempt to automate proofs of positivity /negativity
needed for field-simps. Have not added sign-simps to field-simps because
the former can lead to case explosions.

lemmas sign-simps = group-simps
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zero-less-mult-iff mult-less-0-iff

13.8 Division and Signs

lemma zero-less-divide-iff :

242

((0::"a::{ ordered-field,division-by-zero}) < a/b) = (0 < a & 0 <bla< 0 &

b < 0)
by (simp add: divide-inverse zero-less-mult-iff)

lemma divide-less-0-iff:
(a/b < (0::'a::{ordered-field,division-by-zero})) =
(0<a&b<0]la<0&0<D)

by (simp add: divide-inverse mult-less-0-iff )

lemma zero-le-divide-iff :
((0::"a::{ ordered-field,division-by-zero}) < a/b) =
(0<a&0<bla<0&b<0)

by (simp add: divide-inverse zero-le-mult-iff)

lemma divide-le-0-iff:
(a/b < (0::'a::{ordered-field,division-by-zero})) =
(0<a&bdb<0]a<0&0<D)

by (simp add: divide-inverse mult-le-0-iff)

lemma divide-eq-0-iff [simp,noatp):
(a/b = 0) = (a=0 | b=(0::"a::{field,division-by-zero}))
by (simp add: divide-inverse)

lemma divide-pos-pos:
0 < (z:'azordered-field) ==> 0 <y==>0<z /[y
by (simp add:field-simps)

lemma divide-nonneg-pos:
0 <= (z::'azordered-field) ==> 0 < y ==> 0 <=1z / y
by (simp add:field-simps)

lemma divide-neg-pos:
(z:'azordered-field) < 0 ==> 0 <y==>z/y <0
by (simp add:field-simps)

lemma divide-nonpos-pos:
(z::'azordered-field) <= 0 ==> 0 <y==>2z [/ y<=10
by (simp add:field-simps)

lemma divide-pos-neg:
0 < (z:'a:ordered-field) ==>y < 0 ==>z [ y < 0
by (simp add:field-simps)
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lemma divide-nonneg-neg:
0 <= (z::'a::ordered-field) ==> y < 0 ==>z [ y <=0
by (simp add:field-simps)

lemma divide-neg-neg:
(z::'aordered-field) < 0 ==>y < 0==>0<z /vy
by (simp add:field-simps)

lemma divide-nonpos-neg:
(z::'aordered-field) <= 0 ==>y < 0 ==>0<=2z ] y
by (simp add:field-simps)

13.9 Cancellation Laws for Division

lemma divide-cancel-right [simp,noatp):
(a/c=1b/c)=(c = 0| a= (b:'a:{field,division-by-zero}))
apply (cases c=0, simp)
apply (simp add: divide-inverse)
done

lemma divide-cancel-left [simp,noatp]:
(¢/a=1¢/b) = (c=0|a= (b:'a:{field,division-by-zero}))
apply (cases ¢=0, simp)
apply (simp add: divide-inverse)
done

13.10 Division and the Number One

Simplify expressions equated with 1

lemma divide-eq-1-iff [simp,noatp]:
(a/b=1)=(b# 0 & a = (b:'a:{field,division-by-zero}))
apply (cases b=0, simp)
apply (simp add: right-inverse-eq)
done

lemma one-eg-divide-iff [simp,noatp]:
(I =a/b)=(b# 0 & a = (b:'a:{field,division-by-zero}))
by (simp add: eq-commute [of 1])

lemma zero-eq-1-divide-iff [simp,noatp]:
((0::"a::{ ordered-field,division-by-zero}) = 1/a) = (a
apply (cases a=0, simp)
apply (auto simp add: nonzero-eq-divide-eq)
done

Il
S
=

lemma one-divide-eq-0-iff [simp,noatp]:

(1/a = (0:'a::{ordered-field,division-by-zero})) = (a = 0)
apply (cases a=0, simp)
apply (insert zero-neg-one [THEN not-sym))
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apply (auto simp add: nonzero-divide-eq-eq)
done

Simplify expressions such as 0 < 1/z to 0 < x

lemmas zero-less-divide-1-iff = zero-less-divide-iff [of 1, simplified]
lemmas divide-less-0-1-iff = divide-less-0-iff [of 1, simplified]
lemmas zero-le-divide-1-iff = zero-le-divide-iff [of 1, simplified]
lemmas divide-le-0-1-iff = divide-le-0-iff [of 1, simplified]

declare zero-less-divide-1-iff [simp)
declare divide-less-0-1-iff [simp,noatp]
declare zero-le-divide-1-iff [simp]
declare divide-le-0-1-iff [simp,noatp]

13.11 Ordering Rules for Division

lemma divide-strict-right-mono:
la<b;0<c|]]==>a/c<b/ (c:'a:ordered-field)
by (simp add: order-less-imp-not-eq2 divide-inverse mult-strict-right-mono
positive-imp-inverse-positive)

lemma divide-right-mono:
[la < b; 0 <c|]]==>a/c < b/(c::'a::{ordered-field,division-by-zero})
by (force simp add: divide-strict-right-mono order-le-less)

lemma divide-right-mono-neg: (a::’a::{division-by-zero,ordered-field}) <= b
==>c¢<=0==>b/c<=a/c

apply (drule divide-right-mono [of - - — ¢])

apply auto

done

lemma divide-strict-right-mono-neg:
[[b < a;c<0]] ==>a/c<b/ (c:'a:ordered-field)
apply (drule divide-strict-right-mono [of - - —c|, simp)
apply (simp add: order-less-imp-not-eq nonzero-minus-divide-right [symmetric))
done

The last premise ensures that a and b have the same sign

lemma divide-strict-left-mono:
b <a;0<c 0<axb|]]==>c/a<c/ (b:'a:ordered-field)

by (auto simp: field-simps times-divide-eq zero-less-mult-iff mult-strict-right-mono)

lemma divide-left-mono:
16 <a;0<e¢; 0<axb|]] ==>c/a<c/ (b:'a:ordered-field)
by (auto simp: field-simps times-divide-eq zero-less-mult-iff mult-right-mono)

lemma divide-left-mono-neg: (a::'a::{division-by-zero,ordered-field}) <= b
=>c<=0==>0<axb==>c/a<=c/b
apply (drule divide-left-mono [of - - — ¢])
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apply (auto simp add: mult-commute)
done

lemma divide-strict-left-mono-neg:
la < b;ec<0;0 < axb|]] ==>c/ a<c/ (b:'a:ordered-field)
by (auto simp: field-simps times-divide-eq zero-less-mult-iff mult-strict-right-mono-neg)

Simplify quotients that are compared with the value 1.

lemma le-divide-eq-1 [noatp):

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (1 <b/a)=((0<a&a<b)|(a<0&b<
by (auto simp add: le-divide-eq)

N
e
Ny
=

lemma divide-le-eq-1 [noatp):

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (b /a<1)=((0<a&b<a)|(a<0&a<b)|a=0)
by (auto simp add: divide-le-eq)

lemma less-divide-eq-1 [noatp]:

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (1 <b/a)=(0<a&a<bd)|(a<0&b<a))
by (auto simp add: less-divide-eq)

lemma divide-less-eq-1 [noatp]:

fixes a :: 'a :: {ordered-field,division-by-zero}

shows (b /a<1)=(0<a&b<a)|(a<0&a<b)]|a=0)
by (auto simp add: divide-less-eq)

13.12 Conditional Simplification Rules: No Case Splits

lemma le-divide-eq-1-pos [simp,noatp):
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 < a = (1 < b/a) = (a < b)

by (auto simp add: le-divide-eq)

lemma le-divide-eq-1-neg [simp,noatp:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows a < 0 = (1 < b/a) = (b < a)

by (auto simp add: le-divide-eq)

lemma divide-le-eq-1-pos [simp,noatp):
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 < a = (b/a < 1) = (b < a)

by (auto simp add: divide-le-eq)

lemma divide-le-eq-1-neg [simp,noatp:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows ¢ < 0 = (b/a < 1) =(a < D)

by (auto simp add: divide-le-eq)
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lemma less-divide-eq-1-pos [simp,noatp):
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 < a = (1 < b/a) = (a < b)

by (auto simp add: less-divide-eq)

lemma less-divide-eq-1-neg [simp,noatp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows a < 0 = (I < b/a) = (b < a)

by (auto simp add: less-divide-eq)

lemma divide-less-eq-1-pos [simp,noatp):
fixes a :: 'a :: {ordered-field,division-by-zero}
shows 0 < a = (b/a < 1) = (b < a)

by (auto simp add: divide-less-eq)

lemma divide-less-eq-1-neg [simp,noatp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows a < 0 = b/a < 1 <—>a<b

by (auto simp add: divide-less-eq)

lemma eq-divide-eq-1 [simp,noatp):
fixes a :: 'a :: {ordered-field,division-by-zero}
shows (I = b/a) = ((a # 0 & a = b))

by (auto simp add: eq-divide-eq)

lemma divide-eg-eq-1 [simp,noatp]:
fixes a :: 'a :: {ordered-field,division-by-zero}
shows (b/a = 1) = ((a # 0 & a = b))

by (auto simp add: divide-eq-eq)

13.13 Reasoning about inequalities with division

lemma mult-right-le-one-le: 0 <= (x::'a::ordered-idom) ==> 0 <=y ==> y <=
1
==>zxy<=<1
by (auto simp add: mult-compare-simps)

lemma mult-left-le-one-le: 0 <= (z::'a::ordered-idom) ==> 0 <=y ==> y <=
1
==>Yxxr <=
by (auto simp add: mult-compare-simps)

lemma mult-imp-div-pos-le: 0 < (y::'a::ordered-field) ==> z <= z x y ==>
T/y<=z
by (subst pos-divide-le-eq, assumption+)

lemma mult-imp-le-div-pos: 0 < (y::’a::ordered-field) ==> z x y <= 1z ==>
z<=2xz/y
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by (simp add:field-simps)

lemma mult-imp-div-pos-less: 0 < (y::'a::ordered-field) ==> x < z x y ==>
T/y<z
by (simp add:field-simps)

lemma mult-imp-less-div-pos: 0 < (y::'a::ordered-field) ==> z x y < © ==>
z<zxz/y
by (simp add:field-simps)

lemma frac-le: (0::'a::ordered-field) <= z ==>
r<=y==>0<w==>>w<=z ==>z/z2<=y/w
apply (rule mult-imp-div-pos-le)
apply simp
apply (subst times-divide-eq-left)
apply (rule mult-imp-le-div-pos, assumption)
apply (rule mult-mono)
apply simp-all
done

lemma frac-less: (0::'a::ordered-field) <= x ==>
r<y=>0<w==>>w<=z ==>z/z<y/w
apply (rule mult-imp-div-pos-less)
apply simp
apply (subst times-divide-eq-left)
apply (rule mult-imp-less-div-pos, assumption)
apply (erule mult-less-le-imp-less)
apply simp-all
done

lemma frac-less2: (0::'a::ordered-field) < x ==>
r<=y=>0<w==>w<z=>z/z<y/w
apply (rule mult-imp-div-pos-less)
apply simp-all
apply (subst times-divide-eq-left)
apply (rule mult-imp-less-div-pos, assumption)
apply (erule mult-le-less-imp-less)
apply simp-all
done

It’s not obvious whether these should be simprules or not. Their effect is
to gather terms into one big fraction, like a*b*c / x*y*z. The rationale for
that is unclear, but many proofs seem to need them.

declare times-divide-eq [simp]

13.14 Ordered Fields are Dense

context ordered-semidom
begin
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lemma less-add-one: a < a + 1
proof —
have ¢ + 0 < a + 1
by (blast intro: zero-less-one add-strict-left-mono)
thus ?thesis by simp
qed

lemma zero-less-two: 0 < 1 + 1
by (blast intro: less-trans zero-less-one less-add-one)

end

lemma less-half-sum: a < b ==> a < (a+b) / (1+1:"a:ordered-field)
by (simp add: field-simps zero-less-two)

lemma gt-half-sum: a < b ==> (a+0b)/(1+1::'a::ordered-field) < b
by (simp add: field-simps zero-less-two)

instance ordered-field < dense-linear-order
proof

fixzy:'a

have 2z < 2 + 1 by simp

then show Jy. z < y ..

have z — 1 < z by simp

then show Jy. y < z ..

show z < y = J2>xz. z < y by (blast intro!: less-half-sum gt-half-sum)
qed

13.15 Absolute Value

context ordered-idom
begin

lemma mult-sgn-abs: sgn © * abs © = x
unfolding abs-if sgn-if by auto

end

lemma abs-one [simp]: abs 1 = (1::'a::ordered-idom)
by (simp add: abs-if zero-less-one [THEN order-less-not-sym))

class pordered-ring-abs = pordered-ring + pordered-ab-group-add-abs +
assumes abs-eq-mult:
(0<aVvVa<O0)N0<bVDI<LO0)=|axbl =]la|x*|b

class lordered-ring = pordered-ring + lordered-ab-group-add-abs
begin
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subclass lordered-ab-group-add-meet by intro-locales
subclass lordered-ab-group-add-join by intro-locales

end

lemma abs-le-mult: abs (a * b) < (abs a) * (abs (b::'a::lordered-ring))
proof —
let ?c = pprt a * pprt b — pprt a = nprt b — nprt a * pprt b + nprt a * nprt b
let 2y = pprt a * pprt b 4+ pprt a * nprt b + nprt a * pprt b + nprt a * nprt b
have a: (abs a) * (abs b) = %z
by (simp only: abs-prts[of a] abs-prts[of b] ring-simps)
{
fixuwv:'a
have bh: [u = a; v = )] =
u * v = pprt a * pprt b + pprt a * nprt b +
nprt a x pprt b + nprt a * nprt b
apply (subst prts|of u|, subst prts[of v])
apply (simp add: ring-simps)
done
}
note b = this[OF refllof a] refi[of b]]
note addm = add-mono[of 0::'a - 0::'a, simplified)
note addm?2 = add-monolof - 0::'a - 0::'a, simplified]
have zy: — %2z <= %y
apply (simp)
apply (rule-tac y=0::"a in order-trans)
apply (rule addm?2)
apply (simp-all add: mult-nonneg-nonneg mult-nonpos-nonpos)
apply (rule addm)
apply (simp-all add: mult-nonneg-nonneg mult-nonpos-nonpos)
done
have yz: 2y <= %z
apply (simp add:diff-def)
apply (rule-tac y=0 in order-trans)
apply (rule addm?2, (simp add: mult-nonneg-nonpos mult-nonneg-nonpos2)+)
apply (rule addm, (simp add: mult-nonneg-nonpos mult-nonneg-nonpos2)+)
done
have i1: axb <= abs a * abs b by (simp only: a b yz)
have i2: — (abs a * abs b) <= axb by (simp only: a b xy)
show ?thesis
apply (rule abs-lel)
apply (simp add: i1)
apply (simp add: i2[simplified minus-le-iff])
done
qed

instance lordered-ring C pordered-ring-abs
proof
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fix a b :: 'a:: lordered-ring
assume (0 < aVa<0)A(0<bVb<D0)
show abs (axb) = abs a * abs b
proof —
have s: (0 <= axb) | (axb <= 0)
apply (auto)
apply (rule-tac split-mult-pos-le)
apply (rule-tac contrapos-np|of axb <= 0])
apply (simp)
apply (rule-tac split-mult-neg-le)
apply (insert prems)
apply (blast)
done
have mulprts: a x b = (pprt a + nprt a) * (pprt b + nprt b)
by (simp add: prts[symmetric])
show ?thesis
proof cases
assume (0 <= a * b
then show ?thesis
apply (simp-all add: mulprts abs-prts)
apply (insert prems)
apply (auto simp add:
TIng-stmps
iff D1[OF zero-le-iff-zero-nprt] iffD1[OF le-zero-iff-zero-pprt]
iff D1[OF le-zero-iff-pprt-id] iff D1[OF zero-le-iff-nprt-id))
apply(drule (1) mult-nonneg-nonpos|of a b, simp)
apply (drule (1) mult-nonneg-nonpos2[of b al, simp)
done
next
assume ~(0 <= axb)
with s have axb <= 0 by simp
then show ?thesis
apply (simp-all add: mulprts abs-prts)
apply (insert prems)
apply (auto simp add: ring-simps)
apply (drule (1) mult-nonneg-nonneg|of a b],simp)
apply (drule (1) mult-nonpos-nonpos|of a b],simp)
done
qed
qed
qed

instance ordered-idom C pordered-ring-abs
by default (auto simp add: abs-if not-less
equal-neg-zero neg-equal-zero mult-less-0-iff )

lemma abs-mult: abs (a x b) = abs a % abs (b::'a::ordered-idom)
by (simp add: abs-eq-mult linorder-linear)
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lemma abs-mult-self: abs a x abs a = a * (a::'a::ordered-idom)

by (simp add: abs-if)

lemma nonzero-abs-inverse:
a # 0 ==> abs (inverse (a::'a::ordered-field)) = inverse (abs a)
apply (auto simp add: linorder-neq-iff abs-if nonzero-inverse-minus-eq
negative-imp-inverse-negative)
apply (blast intro: positive-imp-inverse-positive elim: order-less-asym)
done

lemma abs-inverse [simp]:
abs (inverse (a::'a::{ordered-field,division-by-zero})) =
inverse (abs a)

apply (cases a=0, simp)

apply (simp add: nonzero-abs-inverse)

done

lemma nonzero-abs-divide:
b# 0 ==> abs (a / (b::'a:ordered-field)) = abs a / abs b
by (simp add: divide-inverse abs-mult nonzero-abs-inverse)

lemma abs-divide [simp]:
abs (a / (b::'a::{ordered-field,division-by-zero})) = abs a / abs b
apply (cases b=0, simp)
apply (simp add: nonzero-abs-divide)
done

lemma abs-mult-less:
[| abs a < ¢; abs b < d |] ==> abs a * abs b < cx(d::'a::ordered-idom)

proof —

assume ac: abs a < ¢

hence cpos: 0<c by (blast intro: order-le-less-trans abs-ge-zero)

assume abs b < d

thus ?thesis by (simp add: ac cpos mult-strict-mono)
qed

lemmas eg-minus-self-iff = equal-neg-zero

lemma less-minus-self-iff: (a < —a) = (a < (0::'a::ordered-idom))
unfolding order-less-le less-eq-neg-nonpos equal-neg-zero ..

lemma abs-less-iff: (abs a < b) = (a < b & —a < (b::'a::ordered-idom))
apply (simp add: order-less-le abs-le-iff)

apply (auto simp add: abs-if neg-less-eq-nonneg less-eq-neg-nonpos)
done

lemma abs-mult-pos: (0::'a::ordered-idom) <= © ==>
(abs y) x © = abs (y * x)
apply (subst abs-mult)
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apply simp
done

lemma abs-div-pos: (0::'a::{division-by-zero,ordered-field}) < y ==>
abs z / y = abs (x [ y)
apply (subst abs-divide)
apply (simp add: order-less-imp-le)
done

13.16 Bounds of products via negative and positive Part

lemma mult-le-prts:
assumes
al <= (a::'a::lordered-ring)
a <= a2
bl <=0
b <= b2
shows
a*x b <= pprt a2 x pprt b2 + pprt al * nprt b2 + nprt a2 * pprt bl + nprt al
x nprt b1
proof —
have a * b = (pprt a + nprt a) * (pprt b + nprt b)
apply (subst prts[symmetric])+
apply simp
done
then have a * b = pprt a * pprt b + pprt a *x nprt b + nprt a * pprt b + nprt
a * nprt b
by (simp add: ring-simps)
moreover have pprt a x pprt b <= pprt a2 * pprt b2
by (simp-all add: prems mult-mono)
moreover have pprt a x nprt b <= pprt al * nprt b2
proof —
have pprt a * nprt b <= pprt a * nprt b2
by (simp add: mult-left-mono prems)
moreover have pprt a * nprt b2 <= pprt al * nprt b2
by (simp add: mult-right-mono-neg prems)
ultimately show ?thesis
by simp
qed
moreover have nprt a x pprt b <= nprt a2 * pprt bl
proof —
have nprt a * pprt b <= nprt a2 * pprt b
by (simp add: mult-right-mono prems)
moreover have nprt a2 x pprt b <= nprt a2 *x pprt bl
by (simp add: mult-left-mono-neg prems)
ultimately show ?thesis
by simp
qed
moreover have nprt a x nprt b <= nprt al * nprt bl
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proof —
have nprt a *x nprt b <= nprt a * nprt bl
by (simp add: mult-left-mono-neg prems)
moreover have nprt a * nprt b1 <= nprt al * nprt bl
by (simp add: mult-right-mono-neg prems)
ultimately show ?thesis
by simp
qed
ultimately show ?thesis
by — (rule add-mono | simp)+
qed

lemma mult-ge-prts:

assumes

al <= (a:’a::lordered-ring)

a <= a2

bl <=1b

b <= b2

shows

a *x b >= nprt al * pprt b2 + nprt a2 * nprt b2 + pprt al = pprt b1 + pprt a2
x nprt b1

proof —
from prems have al:— a2 <= —a by auto
from prems have a2: —a <= —al by auto

from mult-le-prts[of —a2 —a —al b1 b b2, OF al a2 prems(3) prems(4), sim-
plified nprt-neg ppri-neg|

have le: — (a * b) <= — nprt al * pprt b2 + — nprt a2 = nprt b2 + — pprt al
* pprt b1 + — pprt a2 * nprt b1 by simp

then have —(— nprt al * pprt b2 + — nprt a2 * nprt b2 + — pprt al * pprt
bl + — pprt a2 * nprt bl) <= a % b

by (simp only: minus-le-iff )

then show ?thesis by simp

qed

end

14 Nat: Natural numbers

theory Nat

imports Inductive Ring-and-Field

uses
~~ /src/ Tools /rat. ML
~~ | src/ Provers | Arith [ cancel-sums. ML
(arith-data. ML)
~~ [sre/ Provers | Arith / fast-lin-arith. ML
(Tools/lin-arith. ML)

begin
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14.1 Type ind
typedecl ind

axiomatization
Zero-Rep :: ind and
Suc-Rep :: ind => ind

where
— the axiom of infinity in 2 parts
inj-Suc-Rep: inj Suc-Rep and

Suc-Rep-not-Zero-Rep: Suc-Rep © # Zero-Rep

14.2 Type nat

Type definition

inductive Nat :: ind = bool
where
Zero-Repl: Nat Zero-Rep
| Suc-Repl: Nat i = Nat (Suc-Rep 1)

global
typedef (open Nat)
nat = Collect Nat
by (rule exl, rule Collectl, rule Nat.Zero-Repl)
constdefs
Suc :: nat => nat
Suc-def: Suc == (%n. Abs-Nat (Suc-Rep (Rep-Nat n)))

local

instantiation nat :: zero
begin

definition Zero-nat-def [code func del):
0 = Abs-Nat Zero-Rep

instance ..

end

lemma nat-induct: P 0 ==> (Iln. Pn ==> P (Suc n)) ==> Pn

apply (unfold Zero-nat-def Suc-def)

254

apply (rule Rep-Nat-inverse [THEN subst]) — types force good instantiation

(
apply (erule Rep-Nat [THEN CollectD, THEN Nat.induct])
(

apply (iprover elim: Abs-Nat-inverse [OF Collect], THEN subst])

done
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lemma Suc-not-Zero [iff]: Suc m # 0
by (simp add: Zero-nat-def Suc-def
Abs-Nat-inject Rep-Nat [THEN CollectD] Suc-Repl Zero-Repl
Suc-Rep-not-Zero-Rep)

lemma Zero-not-Suc [iff]: 0 # Suc m
by (rule not-sym, rule Suc-not-Zero not-sym)

lemma inj-Suc[simp]: inj-on Suc N
by (simp add: Suc-def inj-on-def Abs-Nat-inject Rep-Nat [THEN CollectD)] Suc-Repl
inj-Suc-Rep [THEN inj-eq] Rep-Nat-inject)

lemma Suc-Suc-eq [iff]: Suc m = Sucn «—— m =n
by (rule inj-Suc [THEN inj-eq])

rep-datatype nat
distinct Suc-not-Zero Zero-not-Suc
inject  Suc-Suc-eq
induction nat-induct

declare nat.induct [case-names 0 Suc, induct type: nat]
declare nat.exhaust [case-names 0 Suc, cases type: nat]

lemmas nat-rec-0 = nat.recs(1)
and nat-rec-Suc = nat.recs(2)

lemmas nat-case-0 = nat.cases(1)

and nat-case-Suc = nat.cases(2)
Injectiveness and distinctness lemmas
lemma Suc-neg-Zero: Sucm = 0 = R

by (rule notE, rule Suc-not-Zero)

lemma Zero-neq-Suc: 0 = Suc m — R
by (rule Suc-neq-Zero, erule sym)

lemma Suc-inject: Suc x = Suc y = z =y
by (rule inj-Suc [THEN injD])

lemma n-not-Suc-n: n # Suc n
by (induct n) simp-all

lemma Suc-n-not-n: Suc n # n
by (rule not-sym, rule n-not-Suc-n)

A special form of induction for reasoning about m < n and m — n

lemma diff-induct: (lz. Pz 0) ==> (lly. P 0 (Suc y)) ==>
Mz y. Pz y ==> P (Suc z) (Suc y)) ==> P mn
apply (rule-tac z = m in spec)
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apply (induct n)

prefer 2

apply (rule alll)

apply (induct-tac z, iprover+)
done

14.3 Arithmetic operators

instantiation nat :: {minus, comm-monoid-add}
begin

primrec plus-nat
where
add-0: 0 + n = (n:nat)
| add-Suc: Suc m + n = Suc (m + n)

lemma add-0-right [simp]: m + 0 = (m:nat)
by (induct m) simp-all

lemma add-Suc-right [simp]: m + Suc n = Suc (m + n)
by (induct m) simp-all

lemma add-Suc-shift [code]: Suc m + n = m + Suc n
by simp

primrec minus-nat
where
diff-0:  m — 0 = (m:nat)
| diff-Suc: m — Suc n = (case m — n of 0 => 0 | Suc k => k)

declare diff-Suc [simp del, code del]

lemma diff-0-eq-0 [simp, code]: 0 — n = (0::nat)
by (induct n) (simp-all add: diff-Suc)

lemma diff-Suc-Suc [simp, code]: Suc m — Sucn =m — n
by (induct n) (simp-all add: diff-Suc)

instance proof
fix nm q :: nat
show (n + m) + ¢ = n + (m + ¢) by (induct n) simp-all
show n + m = m + n by (induct n) simp-all
show 0 + n = n by simp
qed

end

instantiation nat :: comm-semiring-1-cancel
begin
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definition
One-nat-def [simp]: 1 = Suc 0

primrec times-nat
where
mult-0: 0 % n = (0:nat)
| mult-Suc: Suc m * n=n + (m * n)

lemma mult-0-right [simp]: (m::nat) * 0 = 0
by (induct m) simp-all

lemma mult-Suc-right [simp]: m x Suc n = m + (m * n)
by (induct m) (simp-all add: add-left-commute)

lemma add-mult-distrib: (m + n) * k = (m * k) + ((n % k)::nat)
by (induct m) (simp-all add: add-assoc)

instance proof
fix nm q :: nat
show 0 # (1::nat) by simp
show 1 x n = n by simp
show n x m = m x n by (induct n) simp-all
show (n % m) x ¢ = n % (m % q) by (induct n) (simp-all add: add-mult-distrib)
show (n + m) x ¢ = n x ¢ + m x g by (rule add-mult-distrib)
assume n + m = n + ¢ thus m = ¢ by (induct n) simp-all
qged

end

14.3.1 Addition

lemma nat-add-assoc: (m + n) + k= m + ((n + k)::nat)
by (rule add-assoc)

lemma nat-add-commute: m + n = n + (m:nat)
by (rule add-commute)

lemma nat-add-left-commute: © + (y + z) = y + ((z + z)::nat)
by (rule add-left-commute)

lemma nat-add-left-cancel [simp]: (K + m =k + n) = (m = (n:nat))
by (rule add-left-cancel)

lemma nat-add-right-cancel [simp]: (m + k = n + k) = (m=(n:nat))
by (rule add-right-cancel)

Reasoning about m + 0 = 0, etc.

lemma add-is-0 [iff]:
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fixes m n :: nat
shows (m +n=0)=(m=0&n=20)
by (cases m) simp-all

lemma add-is-1:
(m+n= Suc 0) = (m= Suc 0 & n=0 | m=0 & n= Suc 0)
by (cases m) simp-all

lemma one-is-add:
(Suc0=m+n)=m=8Suc0&n=0]|m=04&n= Suc0)
by (rule trans, rule eq-commute, rule add-is-1)

lemma add-eq-self-zero:
fixes m n :: nat
shows m + n=m = n =10
by (induct m) simp-all

lemma inj-on-add-nat[simp]: inj-on (%n:nat. n+k) N
apply (induct k)
apply simp
apply (drule comp-inj-on[OF - inj-Suc])
apply (simp add:o-def)
done

14.3.2 Difference

lemma diff-self-eq-0 [simp]: (m:nat) — m = 0
by (induct m) simp-all

lemma diff-diff-left: (iznat) —j — k=14 — (j + k)
by (induct i j rule: diff-induct) simp-all

lemma Suc-diff-diff [simp]: (Suc m —n) — Suck=m —n — k
by (simp add: diff-diff-left)

lemma diff-commute: (iznat) —j — k=14 —k — j
by (simp add: diff-diff-left add-commute)

lemma diff-add-inverse: (n + m) — n = (m::nat)
by (induct n) simp-all

lemma diff-add-inverse2: (m + n) — n = (m:nat)
by (simp add: diff-add-inverse add-commute [of m n])

lemma diff-cancel: (k + m) — (k + n) = m — (n:nat)
by (induct k) simp-all

lemma diff-cancel2: (m + k) — (n + k) = m — (n::nat)
by (simp add: diff-cancel add-commute)



THEORY “Nat” 259

lemma diff-add-0: n — (n + m) = (0::nat)
by (induct n) simp-all

Difference distributes over multiplication

lemma diff-mult-distrib: ((m:nat) — n) « k= (m x k) — (n * k)
by (induct m n rule: diff-induct) (simp-all add: diff-cancel)

lemma diff-mult-distrib2: k * ((m:nat) — n) = (k * m) — (k * n)
by (simp add: diff-mult-distrib mult-commaute [of k])
— NOT added as rewrites, since sometimes they are used from right-to-left

14.3.3 Multiplication

lemma nat-mult-assoc: (m * n) * k = m * ((n x k):nat)
by (rule mult-assoc)

lemma nat-mult-commute: m * n = n * (m::nat)
by (rule mult-commute)

lemma add-mult-distrib2: k « (m + n) = (k * m) + ((k * n):nat)
by (rule right-distrib)

lemma mult-is-0 [simp]: ((m:nat) x n = 0) = (m=0 | n=0)
by (induct m) auto

lemmas nat-distrib =
add-mult-distrib add-mult-distrib2 diff-mult-distrib diff-mult-distrib2

lemma mult-eq-1-iff [simp]: (m * n = Suc 0) = (m =1 & n = 1)
apply (induct m)
apply simp
apply (induct n)
apply auto
done

lemma one-eg-mult-iff [simp,noatp]: (Suc 0 = m*xn)=(m=1&n=1)
apply (rule trans)
apply (rule-tac [2] mult-eq-1-iff , fastsimp)
done

lemma mult-cancell [simp]: (k* m =k xn) = (m = n | (k = (0::nat)))
proof —
have k # 0 = ksm=kxn=—= m=mn
proof (induct n arbitrary: m)
case () then show m = 0 by simp
next
case (Suc n) then show m = Suc n
by (cases m) (simp-all add: eq-commute [of 0])
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qed
then show ?thesis by auto
qed

lemma mult-cancel2 [simp]: (m x k =n x k) = (m = n | (k = (0::nat)))
by (simp add: mult-commute)

lemma Suc-mult-cancell: (Suc k x m = Suc k x n) = (m = n)
by (subst mult-cancell) simp

14.4 Orders on nat

14.4.1 Operation definition

instantiation nat :: linorder
begin

primrec less-eq-nat where
(0:nat) < n «— True
| Suc m < n «— (case n of 0 = False | Suc n = m < n)

declare less-eg-nat.simps [simp del, code del]
lemma [code]: (0:nat) < n «—— True by (simp add: less-eq-nat.simps)

lemma le0 [iff]: 0 < (n:nat) by (simp add: less-eqg-nat.simps)

definition less-nat where
less-eq-Suc-le [code func del]: n < m «—— Sucn < m

lemma Suc-le-mono [iff]: Suc n < Sucm «—— n < m
by (simp add: less-eq-nat.simps(2))

lemma Suc-le-eq [code]: Sucm < n «—— m < n
unfolding less-eq-Suc-le ..

lemma le-0-eq [iff]: (n:nat) < 0 «— n =0
by (induct n) (simp-all add: less-eq-nat.simps(2))

lemma not-less0 [iff]: = n < (0::nat)
by (simp add: less-eq-Suc-le)

lemma less-nat-zero-code [code]: n < (0::nat) «— False
by simp

lemma Suc-less-eq [iff]: Suc m < Sucn «— m < n
by (simp add: less-eq-Suc-le)

lemma less-Suc-eg-le [code]: m < Sucn «—— m < n
by (simp add: less-eq-Suc-le)

lemma le-Sucl: m < n = m < Sucn
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by (induct m arbitrary: n)
(simp-all add: less-eq-nat.simps(2) split: nat.splits)

lemma Suc-leD: Sucm < n = m <n
by (cases n) (auto intro: le-Sucl)

lemma less-Sucl: m < n = m < Sucn
by (simp add: less-eq-Suc-le) (erule Suc-leD)

lemma Suc-lessD: Sucm < n = m < n
by (simp add: less-eq-Suc-le) (erule Suc-leD)

instance
proof
fix n m :: nat
have less-imp-le: n < m = n < m
unfolding less-eg-Suc-le by (erule Suc-leD)
have irrefl: = m < m by (induct m) auto
have strict: n < m = n#m = n<m
proof (induct n arbitrary: m)
case () then show ?case
by (cases m) (simp-all add: less-eq-Suc-le)
next
case (Suc n) then show ?case
by (cases m) (simp-all add: less-eq-Suc-le)
qged
shown <me—n<mAn#m
by (auto simp add: irrefl intro: less-imp-le strict)
next
fix n :: nat show n < n by (induct n) simp-all
next
fix nm :: nat assume n < mand m < n
then show n = m
by (induct n arbitrary: m)
(simp-all add: less-eq-nat.simps(2) split: nat.splits)
next
fix nm q :: nat assume n < m and m < q
then show n < ¢
proof (induct n arbitrary: m q)
case ( show ?Zcase by simp
next
case (Suc n) then show ?case
by (simp-all (no-asm-use) add: less-eq-nat.simps(2) split: nat.splits, clarify,
simp-all (no-asm-use) add: less-eq-nat.simps(2) split: nat.splits, clarify,
simp-all (no-asm-use) add: less-eq-nat.simps(2) split: nat.splits)
qed
next
fix nm :: nat shown <mvVvVm<n
by (induct n arbitrary: m)
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(simp-all add: less-eq-nat.simps(2) split: nat.splits)
qed

end

14.4.2 Introduction properties
lemma lessI [iff]: n < Suc n

by (simp add: less-Suc-eq-le)

lemma zero-less-Suc [iff]: 0 < Suc n
by (simp add: less-Suc-eg-le)

14.4.3 Elimination properties
lemma less-not-refl: ~ n < (n::nat)

by (rule order-less-irrefl)

lemma less-not-refl2: n < m ==> m # (n:nat)
by (rule not-sym) (rule less-imp-neq)

lemma less-not-refl3: (s:nat) < t ==> s # ¢
by (rule less-imp-neq)

lemma less-irrefl-nat: (n::nat) < n ==> R
by (rule notE, rule less-not-refl)

lemma less-zeroE: (n:nat) < 0 ==> R
by (rule notE) (rule not-less)

lemma less-Suc-eq: (m < Sucn) =(m < n|m=n)
unfolding less-Suc-eg-le le-less ..

lemma less-one [iff, noatp]: (n < (1::nat)) = (n = 0)
by (simp add: less-Suc-eq)

lemma less-SucO [iff]: (n < Suc 0) = (n = 0)
by (simp add: less-Suc-eq)

lemma Suc-mono: m < n ==> Suc m < Suc n
by simp

”Less than” is antisymmetric, sort of

lemma less-antisym: [~ n < m;n < Sucm ] = m =n
unfolding not-less less-Suc-eg-le by (rule antisym)

lemma nat-neg-iff: ((m::nat) #n) = (m < n|n < m)
by (rule linorder-neg-iff’)

lemma nat-less-cases: assumes major: (m:nat) < n ==> P nm

262
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and eqCase: m = n ==> P n m and lessCase: n<m ==> Pnm
shows P nm

apply (rule less-linear [THEN disjE])

apply (erule-tac [2] disjE)

apply (erule lessCase)

apply (erule sym [THEN eqCase])

apply (erule magor)

done

14.4.4 Inductive (?) properties

lemma Suc-lessl: m < n ==> Sucm # n ==> Sucm < n
unfolding less-eq-Suc-le [of m] le-less by simp

lemma lessE:
assumes major: i < k
and pl: k = Suci ==> P and p2:!lj. i < j==>k = Sucj ==> P
shows P
proof —
from major have 3j. i < j Ak = Sucj
unfolding less-eq-Suc-le by (induct k) simp-all
then have (3j. i < j Ak = Sucj)V k = Suci
by (clarsimp simp add: less-le)
with p! p2 show P by auto
qed

lemma less-SucE: assumes major: m < Suc n
and less: m < n ==> P and eq: m = n ==> P shows P
apply (rule major [THEN lessE))
apply (rule eq, blast)
apply (rule less, blast)
done

lemma Suc-lessE: assumes major: Suc i < k
and minor: lj. i < j ==> k = Suc j ==> P shows P
apply (rule major [THEN lessE))
apply (erule lessI [THEN minor))
apply (erule Suc-lessD [THEN minor], assumption)
done

lemma Suc-less-SucD: Suc m < Sucn ==>m < n
by simp

lemma less-trans-Suc:
assumes le: i < j shows j < k ==> Suc i < k
apply (induct k, simp-all)
apply (insert le)
apply (simp add: less-Suc-eq)
apply (blast dest: Suc-lessD)
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done

Can be used with less-Suc-eq to get n = m V n < m
lemma not-less-eq: = m < n «—— n < Suc m

unfolding not-less less-Suc-eq-le ..

lemma not-less-eq-eq: = m < n «— Sucn < m
unfolding not-le Suc-le-eq ..

Properties of ”less than or equal”
lemma le-imp-less-Suc: m < n ==> m < Suc n

unfolding less-Suc-eg-le .

lemma Suc-n-not-le-n: ~ Sucn < n
unfolding not-le less-Suc-eg-le ..

lemma le-Suc-eq: (m < Suc n) = (m < n | m = Suc n)
by (simp add: less-Suc-eq-le [symmetric| less-Suc-eq)

lemma le-SucE: m < Sucn ==> (m < n ==> R) ==> (m = Suc n ==> R)
—=> R
by (drule le-Suc-eq [THEN iffD1], iprover+)

lemma Suc-lel: m < n ==> Suc(m) < n

unfolding Suc-le-eq .

Stronger version of Suc-leD
lemma Suc-le-lessD: Sucm < n==>m < n

unfolding Suc-le-eq .

lemma less-imp-le-nat: m < n ==> m < (nunat)
unfolding less-eq-Suc-le by (rule Suc-leD)

For instance, (Suc m < Suc n) = (Suc m < n) = (m < n)
lemmas le-simps = less-imp-le-nat less-Suc-eq-le Suc-le-eq

Equivalence of m < nand m < nV m =n
lemma less-or-eg-imp-le: m < n | m =n ==>m < (n:nat)

unfolding le-less .

lemma le-eg-less-or-eq: (m < (n:nat)) = (m < n | m=n)
by (rule le-less)

Useful with blast.

lemma eg-imp-le: (m::nat) = n ==>m < n
by auto

lemma le-refl: n < (n::nat)
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by simp

lemma le-trans: [| i < j; 5 < k|| ==> i < (kunat)
by (rule order-trans)

lemma le-anti-sym: [| m < n; n < m || ==> m = (n::nat)
by (rule antisym)

lemma nat-less-le: ((m:nat) < n) = (m < n & m # n)
by (rule less-le)

lemma le-neg-implies-less: (m:nat) < n ==>m #n==>m < n
unfolding less-le ..

lemma nat-le-linear: (m:nat) < n|n <m
by (rule linear)

lemmas linorder-neqE-nat = linorder-negE [where ‘a = nat|

lemma le-less-Suc-eq: m < n ==> (n < Suc m) = (n = m)
unfolding less-Suc-eq-le by auto

lemma not-less-less-Suc-eq: ~ n < m ==> (n < Suc m) = (n = m)
unfolding not-less by (rule le-less-Suc-eq)

lemmas not-less-simps = not-less-less-Suc-eq le-less-Suc-eq

These two rules ease the use of primitive recursion. NOTE USE OF ==

lemma def-nat-rec-0: ('n. fn == nat-rec chn) ==> f0 = ¢

by simp

lemma def-nat-rec-Suc: (!In. fn == nat-rec ¢ hn) ==> f (Sucn) =hn (fn)
by simp

lemma not0-implies-Suc: n # 0 ==> IAm. n = Suc m

by (cases n) simp-all

lemma gr0-implies-Suc: n > 0 ==> 3dm. n = Suc m
by (cases n) simp-all

lemma gr-implies-not0: fixes n :: nat shows m<n ==> n # 0
by (cases n) simp-all

lemma neq0-conv[iff]: fixes n :: nat shows (n # 0) = (0 < n)
by (cases n) simp-all
This theorem is useful with blast

lemma g¢r0I: ((n:nat) = 0 ==> False) ==> 0 < n
by (rule neq0-conv[THEN iffD1], iprover)
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lemma gro-conv-Suc: (0 < n) = (3m. n = Suc m)
by (fast intro: not0-implies-Suc)

lemma not-gr0 [iff ,noatp]: "ninat. (~ (0 < n)) = (n = 0)
using neq0-conv by blast

lemma Suc-le-D: (Suc n < m’) ==> (¢ m. m’' = Suc m)
by (induct m’) simp-all

Useful in certain inductive arguments

lemma less-Suc-eq-0-disj: (m < Sucn) = (m =0 | (3j. m = Sucj & j < n))
by (cases m) simp-all

14.4.5 min and mazx

lemma mono-Suc: mono Suc
by (rule monol) simp

lemma min-0L [simp]: min 0 n = (0::nat)
by (rule min-leastL) simp

lemma min-0R [simp]: min n 0 = (0::nat)
by (rule min-leastR) simp

lemma min-Suc-Suc [simp]: min (Suc m) (Suc n) = Suc (min m n)
by (simp add: mono-Suc min-of-mono)

lemma min-Sucl:
min (Suc n) m = (case m of 0 => 0 | Suc m’ => Suc(min n m'))
by (simp split: nat.split)

lemma min-Suc2:
min m (Suc n) = (case m of 0 => 0 | Suc m’ => Suc(min m' n))
by (simp split: nat.split)

lemma maz-0L [simp]: maz 0 n = (n:nat)
by (rule maz-leastL) simp

lemma maz-0R [simp]: mazx n 0 = (n::nat)
by (rule maz-leastR) simp

lemma maz-Suc-Suc [simp]: maz (Suc m) (Suc n) = Suc(maz m n)
by (simp add: mono-Suc maz-of-mono)

lemma maz-Sucl:
maz (Suc n) m = (case m of 0 => Suc n | Suc m’ => Suc(maz n m’))
by (simp split: nat.split)
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lemma maxz-Suc?:
maz m (Suc n) = (case m of 0 => Suc n | Suc m’ => Suc(maz m’ n))
by (simp split: nat.split)

14.4.6 Monotonicity of Addition

lemma Suc-pred [simp]: n>0 ==> Suc (n — Suc 0) = n
by (simp add: diff-Suc split: nat.split)

lemma nat-add-left-cancel-le [simp]: (k + m < k + n) = (m<(n::nat))
by (induct k) simp-all

lemma nat-add-left-cancel-less [simp]: (k + m < k + n) = (m<(n:nat))
by (induct k) simp-all

lemma add-gr-0 [iff]: "m:nat. (m + n > 0) = (m>0 | n>0)
by (auto dest:gr0-implies-Suc)

strict, in 1st argument

lemma add-less-monol: i < j ==> i + k < j + (k:nat)
by (induct k) simp-all

strict, in both arguments

lemma add-less-mono: [|i < j; k < l|] ==>1i + k < j + (l::nat)
apply (rule add-less-monol [THEN less-trans], assumption+)
apply (induct j, simp-all)
done

Deleted less-natE; use less-imp-Suc-add RS exE

lemma less-imp-Suc-add: m < n ==> (3k. n = Suc (m + k))
apply (induct n)
apply (simp-all add: order-le-less)
apply (blast elim!: less-SucE
introl: add-0-right [symmetric] add-Suc-right [symmetric])
done

strict, in 1st argument; proof is by induction on k£ > 0

lemma mult-less-mono2: (iznat) < j ==> 0<k ==>k*xi < k % j
apply (auto simp: gr0-conv-Suc)

apply (induct-tac m)

apply (simp-all add: add-less-mono)

done

The naturals form an ordered comm-semiring-1-cancel

instance nat :: ordered-semidom
proof

fix ijk :: nat

show 0 < (1::nat) by simp
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show i < j==>Fk + i <k + j by simp
show i < j ==> 0 <k ==>k *xi<kxjby (simp add: mult-less-mono?2)
qed

lemma nat-mult-1: (1::nat) * n = n
by simp

lemma nat-mult-1-right: n % (1::nat) = n
by simp

14.4.7 Additional theorems about op <

Complete induction, aka course-of-values induction

lemma less-induct [case-names less]:
fixes P :: nat = bool
assumes step: Az. (A\y. y <z = Py) = Pz
shows P a
proof —
have A\z. z<a = Pz
proof (induct a)
case (0 z)
have P 0 by (rule step) auto
thus ?case using 0 by auto
next
case (Suc z 2)
then have z < z V z = Suc z by (simp add: le-Suc-eq)
thus ?case
proof
assume z < z thus P z by (rule Suc(1))
next
assume z: z = Suc ¢
show P z
by (rule step) (rule Suc(1), simp add: z le-simps)
qed
qed
thus ?thesis by auto
qed

lemma nat-less-induct:
assumes !!n. Vm:nat. m < n ——> Pm ==> P n shows Pn
using assms less-induct by blast

lemma measure-induct-rule [case-names less|:
fixes [ :: 'a = nat
assumes step: N\z. (Ay. fy < fz = Py)=— Pz
shows P a
by (induct m=f a arbitrary: a rule: less-induct) (auto intro: step)

old style induction rules:
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lemma measure-induct:
fixes [ :: 'a = nat
shows (Az.Vy. fy<fz — Py= Pz) = Pa
by (rule measure-induct-rule [of f P a)) iprover

lemma full-nat-induct:
assumes step: (!n. (ALL m. Suc m <=n ——> P m) ==> P n)
shows P n
by (rule less-induct) (auto intro: step simp:le-simps)

An induction rule for estabilishing binary relations

lemma less-Suc-induct:
assumes less: i < j
and step: Ui. P i (Suc i)
and trans: i jk. Pij==>Pjk==>Pik
shows P i j
proof —
from less obtain k where j: j = Suc(i+k) by (auto dest: less-imp-Suc-add)
have P i (Suc (i + k))
proof (induct k)
case (
show ?case by (simp add: step)
next
case (Suc k)
thus ?case by (auto intro: assms)
qed
thus P ij by (simp add: j)
qed

lemma nat-induct2: [|P 0; P (Suc 0); 'k. Pk ==> P (Suc (Suc k))|]] ==> Pn
apply (rule nat-less- mduct)
apply (case-tac n)
apply (case-tac [2] nat)
apply (blast intro: less-trans)+
done

The method of infinite descent, frequently used in number theory. Provided
by Roelof Oosterhuis. P(n) is true for all n € N if

e case “0”: given n = 0 prove P(n),

e case “smaller”: given n > 0 and —P(n) prove there exists a smaller
integer m such that =P(m).

A compact version without explicit base case:

lemma infinite-descent:
[ "n:nat. - Pn= Im<n.- Pm]= Pn
by (induct n rule: less-induct, auto)
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lemma infinite-descentO[case-names 0 smaller]:
[PO;"n.n>0 = = Pn = (Imunat. m <nA-Pm)] = Pn
by (rule infinite-descent) (case-tac n>0, auto)

Infinite descent using a mapping to N: P(z) is true for all x € D if there
existsa V : D — N and

e case “0”: given V(x) = 0 prove P(z),

e case “smaller”: given V' (z) > 0 and —P(x) prove there exists a y € D
such that V(y) < V(z) and —P(y).

NB: the proof also shows how to use the previous lemma.

corollary infinite-descent0-measure [case-names 0 smaller]:
assumes A0: lz. Vz = (0:nat) = Px
and Al:Wz. Vo> 0= -Pz = Jy. Vy< Vz A-Py)
shows P z
proof —
obtain n where n = V = by auto
moreover have A\z. Vo =n = Pux
proof (induct n rule: infinite-descent0)
case 0 —ie V(z)=0
with A0 show P z by auto
next — now n > 0 and P(x) does not hold for some = with V(z) =n
case (smaller n)
then obtain z where vzn: Ve =n and Vz > 0 A = Pz by auto
with A7 obtain y where Vy < V& A = Py by auto
with vzn obtain m where m = Vy A m<n A = P y by auto
then show ?case by auto
qed
ultimately show P z by auto
qed

Again, without explicit base case:

lemma infinite-descent-measure:
assumes !lz. - Px = Jy. (V::la=nat) y < Vo A - Py shows Pz
proof —
from assms obtain n where n = V z by auto
moreover have !llz. Vo =n = Pz
proof (induct n rule: infinite-descent, auto)
fix r assume — P
with assms show 3m < Vz. dy. Vy =m A = Py by auto
qged
ultimately show P z by auto
qed

A [clumsy] way of lifting < monotonicity to < monotonicity

lemma less-mono-imp-le-mono:
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[Wijunat. i <j = fi<fj;i<j]=fi<((fj):nat)
by (simp add: order-le-less) (blast)

non-strict, in 1st argument

lemma add-le-monol: i < j==> 1+ k <j + (k:nat)
by (rule add-right-mono)

non-strict, in both arguments

lemma add-le-mono: [| i < j; k<I1|==>1i+4+k <j+ (l:nat)
by (rule add-mono)

lemma le-add2: n < ((m + n):nat)
by (insert add-right-mono [of 0 m n], simp)

lemma le-addi: n < ((n + m)::nat)
by (simp add: add-commute, rule le-add2)

lemma less-add-Sucl: i < Suc (i + m)
by (rule le-less-trans, rule le-add1, rule lessI)

lemma less-add-Suc2: i < Suc (m + 1)
by (rule le-less-trans, rule le-add?2, rule lessI)

lemma less-iff-Suc-add: (m < n) = (3k. n = Suc (m + k))
by (iprover intro!: less-add-Sucl less-imp-Suc-add)

lemma trans-le-add1: (iz:nat) < j==>i<j+m
by (rule le-trans, assumption, rule le-add1)

lemma trans-le-add2: (iznat) < j==>i<m+j
by (rule le-trans, assumption, rule le-add2)

lemma trans-less-addl: (iznat) < j ==>1 < j + m
by (rule less-le-trans, assumption, rule le-addl)

lemma trans-less-add2: (iznat) < j ==>1i < m + j
by (rule less-le-trans, assumption, rule le-add2)

lemma add-lessD1: i + j < (kunat) ==> i < k
apply (rule le-less-trans [of - i+j])

apply (simp-all add: le-addl)

done

lemma not-add-less! [iff]: ~ (i + j < (i:nat))
apply (rule notl)

apply (drule add-lessD1)

apply (erule less-irrefl [THEN notE))

done
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lemma not-add-less2 [iff]: ~ (7 + i < (i:nat))
by (simp add: add-commute)

lemma add-leD1: m + k < n ==> m < (n:nat)
apply (rule order-trans [of - m+k])

apply (simp-all add: le-add1)

done

lemma add-leD2: m + k < n ==> k < (n:nat)
apply (simp add: add-commute)

apply (erule add-leD1)

done

lemma add-leE: (m:nat) + k <n==>(m<n==>k<n==>R)==>R
by (blast dest: add-leD1 add-leD2)

needs 'k for add-ac to work

lemma less-add-eq-less: k:nat. k < l==>m+1l=k+n==>m<n
by (force simp del: add-Suc-right
simp add: less-iff-Suc-add add-Suc-right [symmetric] add-ac)

14.4.8 More results about difference

Addition is the inverse of subtraction: if n < m then n + (m — n) = m.

lemma add-diff-inverse: ~ m < n ==>n + (m — n) = (m:nat)
by (induct m n rule: diff-induct) simp-all

lemma le-add-diff-inverse [simp]: n < m ==>n 4+ (m — n) = (m:nat)
by (simp add: add-diff-inverse linorder-not-less)

lemma le-add-diff-inverse2 [simp]: n < m ==> (m — n) + n = (m:nat)
by (simp add: add-commute)

lemma Suc-diff-le: n < m ==> Suc m — n = Suc (m — n)
by (induct m n rule: diff-induct) simp-all

lemma diff-less-Suc: m — n < Suc m
apply (induct m n rule: diff-induct)
apply (erule-tac [3] less-SucE)
apply (simp-all add: less-Suc-eq)
done

lemma diff-le-self [simp]: m — n < (m:nat)
by (induct m n rule: diff-induct) (simp-all add: le-Sucl)

lemma le-iff-add: (m:nat) < n = (Fk. n=m + k)
by (auto simp: le-add1 dest!: le-add-diff-inverse sym [of - n])

lemma less-imp-diff-less: (jinat) < k ==>j —n <k
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by (rule le-less-trans, rule diff-le-self)

lemma diff-Suc-less [simp]: 0<n ==>n — Suc i < n
by (cases n) (auto simp add: le-simps)

lemma diff-add-assoc: k < (jinat) ==> (1 +j) —k=1+ ( — k)
by (induct j k rule: diff-induct) simp-all

lemma diff-add-assoc2: k < (jinat) ==> (j +1i) —k=( — k) + 14
by (simp add: add-commute diff-add-assoc)

lemma le-imp-diff-is-add: i < (junat) ==> (j —i=k) =G =k + 1)
by (auto simp add: diff-add-inverse2)

lemma diff-is-0-eq [simp]: ((m::nat) — n = 0) = (m < n)
by (induct m n rule: diff-induct) simp-all

lemma diff-is-0-eq’ [simp]: m < n ==> (munat) — n = 0
by (rule iff D2, rule diff-is-0-eq)

lemma zero-less-diff [simp]: (0 < n — (m:nat)) = (m < n)
by (induct m n rule: diff-induct) simp-all

lemma less-imp-add-positive:
assumes i < j
shows Jkunat. 0 <k & i+ k=3
proof
from assms show 0 < j — i & i+ (j —i) =}
by (simp add: order-less-imp-le)
qed

a nice rewrite for bounded subtraction

lemma nat-minus-add-mazx:
fixes n m :: nat
shows n — m + m = maz n m
by (simp add: maz-def not-le order-less-imp-le)

lemma nat-diff-split:
P(a — bunat) = ((a<b ——> P 0) & (ALL d. a = b+ d ——> P d))
— elimination of — on nat
by (cases a < b)
(auto simp add: diff-is-0-eq [THEN iffD2] diff-add-inverse
not-less le-less dest!: sym [of a] sym [of b] add-eg-self-zero)

lemma nat-diff-split-asm:
P(a — bunat) = (" (a<b&~“PO|(EXd. a=b+d& ™~ Pd)))
— elimination of — on mat in assumptions
by (auto split: nat-diff-split)



THEORY “Nat” 274

14.4.9 Monotonicity of Multiplication

lemma mult-le-monol: i < (junat) ==>ixk < jxk
by (simp add: mult-right-mono)

lemma mult-le-mono2: i < (junat) ==>k x i < k % j
by (simp add: mult-left-mono)

< monotonicity, BOTH arguments

lemma mult-le-mono: i < (junat) ==>k <l==>ixk <j=xl|
by (simp add: mult-mono)

lemma mult-less-monol: (iznat) < j ==>0 < k==>ixk<jxk
by (simp add: mult-strict-right-mono)

Differs from the standard zero-less-mult-iff in that there are no negative
numbers.

lemma nat-0-less-mult-iff [simp]: (0 < (m:nat) * n) = (0 < m & 0 < n)
apply (induct m)
apply simp
apply (case-tac n)
apply simp-all
done

lemma one-le-mult-iff [simp]: (Suc 0 < m*n) = (1 <mé& 1 <n)
apply (induct m)
apply simp
apply (case-tac n)
apply simp-all
done

lemma mult-less-cancel2 [simp]: ((m:nat) x k < nx k)= (0 <k & m < n)
apply (safe intro!: mult-less-monol)
apply (case-tac k, auto)
apply (simp del: le-0-eq add: linorder-not-le [symmetric])
apply (blast intro: mult-le-monol)
done

lemma mult-less-cancell [simp]: (k % (m:unat) < kxn) = (0 < k & m < n)
by (simp add: mult-commute [of k])

lemma mult-le-cancell [simp]: (k * (m:nat) < kxn)=(0 <k ——>m < n)
by (simp add: linorder-not-less [symmetric], auto)

lemma mult-le-cancel2 [simp]: ((m:nat) x k < nx k)= (0 <k ——> m < n)
by (simp add: linorder-not-less [symmetric|, auto)

lemma Suc-mult-less-cancell: (Suc k x m < Suck x n) = (m < n)
by (subst mult-less-cancell) simp
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lemma Suc-mult-le-cancell: (Suc k x m < Suc k * n) = (m < n)
by (subst mult-le-cancell) simp

lemma le-square: m < m * (m::nat)
by (cases m) (auto intro: le-add1)

lemma le-cube: (m::nat) < m * (m % m)
by (cases m) (auto intro: le-add1)

Lemma for ged

lemma mult-eq-self-implies-10: (m:nat) = mxn==>n=1|m =10
apply (drule sym)
apply (rule disjCI)
apply (rule nat-less-cases, erule-tac [2] -)
apply (drule-tac [2] mult-less-mono2)
apply (auto)
done

the lattice order on nat

instantiation nat :: distrib-lattice
begin

definition
(inf :: nat = nat = nat) = min

definition
(sup :: nat = nat = nat) = maz

instance by intro-classes
(auto simp add: inf-nat-def sup-nat-def maz-def not-le min-def
intro: order-less-imp-le antisym elim!: order-trans order-less-trans)

end

14.5 Embedding of the Naturals into any semiring-1: of-nat

context semiring-1
begin

primrec
of-nat :: nat = 'a
where
of-nat-0: of-nat 0 = 0
| of-nat-Suc: of-nat (Suc m) = 1 + of-nat m

lemma of-nat-1 [simp]: of-nat 1 = 1
by simp
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lemma of-nat-add [simp]: of-nat (m + n) = of-nat m + of-nat n
by (induct m) (simp-all add: add-ac)

lemma of-nat-mult: of-nat (m x n) = of-nat m * of-nat n
by (induct m) (simp-all add: add-ac left-distrib)

definition
of-nat-aux :: nat = 'a = 'a
where
[code func del]: of-nat-aux n i = of-nat n + @

lemma of-nat-aux-code [code]:
of-nat-aux 0 i = 1
of-nat-aux (Suc n) © = of-nat-aux n (i + 1) — tail recursive
by (simp-all add: of-nat-auz-def add-ac)

lemma of-nat-code [code]:
of-nat n = of-nat-auzx n 0
by (simp add: of-nat-auz-def)

end

Class for unital semirings with characteristic zero. Includes non-ordered
rings like the complex numbers.

class semiring-char-0 = semiring-1 +
assumes of-nat-eg-iff [simpl: of-nat m = of-nat n «—— m = n
begin

Special cases where either operand is zero

lemma of-nat-0-eq-iff [simp, noatp]: 0 = of-nat n —— 0 = n
by (rule of-nat-eq-iff [of 0, simplified])

lemma of-nat-eq-0-iff [simp, noatp): of-nat m = 0 «—— m = 0
by (rule of-nat-eq-iff [of - 0, simplified])

lemma inj-of-nat: inj of-nat
by (simp add: inj-on-def)

end

context ordered-semidom
begin

lemma zero-le-imp-of-nat: 0 < of-nat m
apply (induct m, simp-all)
apply (erule order-trans)
apply (rule ord-le-eg-trans [OF - add-commute])
apply (rule less-add-one [THEN less-imp-le])
done
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lemma less-imp-of-nat-less: m < n = of-nat m < of-nat n
apply (induct m n rule: diff-induct, simp-all)
apply (insert add-less-le-mono [OF zero-less-one zero-le-imp-of-nat], force)
done

lemma of-nat-less-imp-less: of-nat m < of-nat n = m < n
apply (induct m n rule: diff-induct, simp-all)
apply (insert zero-le-imp-of-nat)
apply (force simp add: not-less [symmetric])
done

lemma of-nat-less-iff [simp]: of-nat m < of-nat n «—— m < n
by (blast intro: of-nat-less-imp-less less-imp-of-nat-less)

lemma of-nat-le-iff [simp]: of-nat m < of-nat n —— m < n
by (simp add: not-less [symmetric] linorder-not-less [symmetric])

Every ordered-semidom has characteristic zero.

subclass semiring-char-0
by unfold-locales (simp add: eg-iff order-eq-iff)

Special cases where either operand is zero

lemma of-nat-0-le-iff [simp]: 0 < of-nat n
by (rule of-nat-le-iff [of 0, simplified])

lemma of-nat-le-0-iff [simp, noatpl: of-nat m < 0 «—— m = 0
by (rule of-nat-le-iff [of - 0, simplified])

lemma of-nat-0-less-iff [simp]: 0 < of-nat n «—— 0 < n
by (rule of-nat-less-iff [of 0, simplified])

lemma of-nat-less-0-iff [simpl: — of-nat m < 0
by (rule of-nat-less-iff [of - 0, simplified])

end

context ring-1
begin

lemma of-nat-diff: n < m = of-nat (m — n) = of-nat m — of-nat n
by (simp add: compare-rls of-nat-add [symmetric])

end

context ordered-idom
begin

lemma abs-of-nat [simp]: |of-nat n| = of-nat n
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unfolding abs-if by auto
end

lemma of-nat-id [simp]: of-nat n = n
by (induct n) auto

lemma of-nat-eqg-id [simp]: of-nat = id
by (auto simp add: expand-fun-eq)

14.6 The Set of Natural Numbers

context semiring-1
begin

definition
Nats :: 'a set where
Nats = range of-nat

notation (zsymbols)
Nats (IN)

lemma of-nat-in-Nats [simp]: of-nat n € N
by (simp add: Nats-def)

lemma Nats-0 [simp]: 0 € N
apply (simp add: Nats-def)
apply (rule range-eql)

apply (rule of-nat-0 [symmetric])
done

lemma Nats-1 [simp]: 1 € N
apply (simp add: Nats-def)
apply (rule range-eql)

apply (rule of-nat-1 [symmetric])
done

lemma Nats-add [simp]: a e N=beN=a+beN
apply (auto simp add: Nats-def)

apply (rule range-eql)

apply (rule of-nat-add [symmetric])

done

lemma Nats-mult [simp]: s e N=be N = a*xbe N
apply (auto simp add: Nats-def)

apply (rule range-eql)

apply (rule of-nat-mult [symmetric])

done
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end

14.7 Further Arithmetic Facts Concerning the Natural Num-
bers

lemma subst-equals:
assumes I:t =sand 2: u =t
shows u = s
using 2 1 by (rule trans)

use arith-data. ML
declaration ( K ArithData.setup )

use Tools/lin-arith. ML
declaration (( K LinArith.setup ))

lemmas [arith-split] = nat-diff-split split-min split-mazx

Subtraction laws, mostly by Clemens Ballarin
lemma diff-less-mono: || a < (bunat); ¢ < a || ==> a—c < b—c¢

by arith

lemma less-diff-conv: (i < j—k) = (i+k < (j::nat))
by arith

lemma le-diff-conv: (j—k < (iznat)) = (§ < i+k)
by arith

lemma le-diff-conv2: k < j ==> (i < j—k) = (i+k < (j::nat))
by arith

lemma diff-diff-cancel [simp]: i < (nunat) ==>n — (n — i) = i
by arith

lemma le-add-diff: k < (n:nat) ==>m < n + m — k

by arith

lemma diff-less[simp]: 'm:nat. [| 0<n; O<m || ==>m —n < m
by arith

Simplification of relational expressions involving subtraction

lemma diff-diff-eq: [| k < m; k < (n:nat) || ==> ((m—k) — (n—k)) = (m—n)
by (simp split add: nat-diff-split)

lemma eq-diff-iff: [| k < m; k < (nunat) || ==> (m—k = n—k) = (m=n)
by (auto split add: nat-diff-split)

lemma less-diff-iff: [| k¥ < m; k < (nunat) || ==> (m—k < n—k) = (m<n)
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by (auto split add: nat-diff-split)

lemma le-diff-iff: [| k < m; k < (nunat) || ==> (m—k < n—k) = (m<n)
by (auto split add: nat-diff-split)

(Anti)Monotonicity of subtraction — by Stephan Merz

lemma diff-le-mono: m < (n:nat) ==> (m—1) < (n—I)
by (simp split add: nat-diff-split)

lemma diff-le-mono2: m < (n:nat) ==> (I—n) < (I-m)
by (simp split add: nat-diff-split)

lemma diff-less-mono2: [| m < (n:nat); m<l || ==> (I-n) < (I-m)
by (simp split add: nat-diff-split)

lemma diffsO-imp-equal: 'm:nat. [| m—n = 0; n—m = 0 || ==> m=n
by (simp split add: nat-diff-split)

lemma min-diff: min (m — (iznat)) (n — i) = minmmn — i
unfolding min-def by auto

lemma inj-on-diff-nat:
assumes k-le-n: Vn € N. k < (n:nat)
shows inj-on (An. n — k) N
proof (rule inj-onlI)
fix zy
assume a: x e Nye Nz —k=y — k
with k-le-n have v — k + k =y — k + k by auto
with a k-le-n show x = y by auto
qed

Rewriting to pull differences out
lemma diff-diff-right [simp]: k<j ——> i — (j — k) = ¢ + (k:nat) — j
by arith

lemma diff-Suc-diff-eql [simp]: k < j ==>m — Suc (j — k) =m + k — Sucj
by arith

lemma diff-Suc-diff-eq2 [simp]: k < j ==> Suc (j — k) — m = Sucj — (k + m)
by arith

Lemmas for ex/Factorization

lemma one-less-mult: [| Suc 0 < n; Suc 0 < m || ==> Suc 0 < mxn
by (cases m) auto

lemma n-less-m-mult-n: [| Suc 0 < n; Suc 0 < m || ==> n<mxn
by (cases m) auto

lemma n-less-n-mult-m: [| Suc 0 < n; Suc 0 < m || ==> n<nxm
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by (cases m) auto

Specialized induction principles that work ”backwards”:

lemma inc-induct[consumes 1, case-names base step]:
assumes less: i <= j
assumes base: P j
assumes step: i, [| i < j; P (Suci) || ==> P i
shows P i
using less
proof (induct d==j — i arbitrary: i)
case (01)
hence i = j by simp
with base show ?case by simp
next
case (Suc d i)
hence i < j P (Suc i)
by simp-all
thus P i by (rule step)
qed

lemma strict-inc-induct[consumes 1, case-names base step|:
assumes less: i < j

assumes base: !!i. j = Suc i ==> P i
assumes step: i, [| i < j; P (Suci) || ==> P i
shows P i
using less
proof (induct d==j — i — 1 arbitrary: 1)
case (0 i)

with ¢ < j» have j = Suc i by simp
with base show ?case by simp
next
case (Suc d i)
hence i < j P (Suc i)
by simp-all
thus P i by (rule step)
qed

lemma zero-induct-lemma: P k ==> (I!n. P (Suc n) ==> P n) ==> P (k — i)
using inc-inductlof k — i k P, simplified] by blast

lemma zero-induct: P k ==> (In. P (Suc n) ==> P n) ==> P 0
using inc-induct[of 0 k P] by blast

lemma nat-not-singleton: (Vz. © = (0::nat)) = False

by auto

lemmas add-diff-assoc = diff-add-assoc [symmetric]
lemmas add-diff-assoc2 = diff-add-assoc2[symmetric]
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declare diff-diff-left [simp] add-diff-assoc [simp] add-diff-assoc2|simp]

At present we prove no analogue of not-less-Least or Least-Suc, since there
appears to be no need.

14.8 size of a datatype value
class size = type +

fixes size :: 'a = nat — see further theory Wellfounded

end

15 Power: Exponentiation

theory Power
imports Nat
begin

class power = type +
fixes power :: 'a = nat = 'a (infixr " 80)

15.1 Powers for Arbitrary Monoids

class recpower = monoid-mult + power +
assumes power-0 [simp]: a ~ 0 =1
assumes power-Suc: a " Sucn=ax(a " n)

lemma power-0-Suc [simp]: (0::'a::{recpower,semiring-0}) ~ (Suc n) = 0
by (simp add: power-Suc)

It looks plausible as a simprule, but its effect can be strange.
lemma power-0-left: 0°n = (if n=0 then 1 else (0::'a::{recpower,semiring-0}))

by (induct n) simp-all

lemma power-one [simp]: 1°n = (1::'a::recpower)
by (induct n) (simp-all add: power-Suc)

lemma power-one-right [simp]: (a::'a::recpower) ~ 1 = a
by (simp add: power-Suc)

lemma power-commutes: (a::'a::recpower) “n x a = ax a " n
by (induct n) (simp-all add: power-Suc mult-assoc)

lemma power-add: (a::'a:recpower) * (m+n) = (a"m) * (a™n)
by (induct m) (simp-all add: power-Suc mult-ac)

lemma power-mult: (a::'a:recpower) * (m#n) = (a™m) " n
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by (induct n) (simp-all add: power-Suc power-add)
lemma power-mult-distrib: ((a::'a::{recpower,comm-monoid-mult}) * b) ~n =
(a™n) * (b"n)

by (induct n) (simp-all add: power-Suc mult-ac)

lemma zero-less-power[simp]:

0 < (a::'a::{ordered-semidom,recpower}) ==> 0 < a’n
apply (induct n)
apply (simp-all add: power-Suc zero-less-one mult-pos-pos)
done

lemma zero-le-power|simp]:
0 < (a::'a::{ordered-semidom,recpower}) ==> 0 < a’n
apply (simp add: order-le-less)
apply (erule disjE)
apply (simp-all add: zero-less-one power-0-left)
done

lemma one-le-power|[simp):

1 < (a:'a::{ordered-semidom,recpower}) ==> 1 <
apply (induct n)
apply (simp-all add: power-Suc)
apply (rule order-trans [OF - mult-mono [of 1 - 1]])
apply (simp-all add: zero-le-one order-trans [OF zero-le-one))
done

N
S
3

lemma gt1-imp-ge0: 1 < a ==> 0 < (a::'a::ordered-semidom)
by (simp add: order-trans [OF zero-le-one order-less-imp-le])

lemma power-gti-lemma:
assumes gt1: 1 < (a::'a:{ordered-semidom,recpower})
shows I < a *a'n

proof —
have 1x1 < axI using gt! by simp
also have ... < a * a"n using gt1

by (simp only: mult-mono gt1-imp-ge0 one-le-power order-less-imp-le
zero-le-one order-refl)
finally show ¢thesis by simp
qed

lemma one-less-power|[simp]:
[1 < (a:'a::{ordered-semidom,recpower}); 0 < n] = 1 < a " n
by (cases n, simp-all add: power-gt1-lemma power-Suc)

lemma power-gt1:
1 < (a:'a::{ordered-semidom,recpower}) ==> 1 < a " (Suc n)
by (simp add: power-gti-lemma power-Suc)
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lemma power-le-imp-le-exp:
assumes gt1: (1::'a::{recpower,ordered-semidom}) < a
shows !!n. a™'m < a™n==>m <n
proof (induct m)
case 0
show ?case by simp
next
case (Suc m)
show ?Zcase
proof (cases n)
case (
from prems have a x a™m < 1 by (simp add: power-Suc)
with gt1 show ?thesis
by (force simp only: power-gtl-lemma
linorder-not-less [symmetric))
next
case (Suc n)
from prems show ?thesis
by (force dest: mult-left-le-imp-le
simp add: power-Suc order-less-trans [OF zero-less-one gt1])
qged
qged

Surely we can strengthen this? It holds for 0<a<1 too.

lemma power-inject-exp [simp]:
1 < (a::'a::{ordered-semidom,recpower}) ==> (a"m = a’n) = (m=n)
by (force simp add: order-antisym power-le-imp-le-exp)

Can relax the first premise to (0::’a) < a in the case of the natural numbers.

lemma power-less-imp-less-exp:
[| (1::a:{recpower,ordered-semidom}) < a; a™m < a™n || ==> m < n
by (simp add: order-less-le [of m n] order-less-le [of a"m a’n]
power-le-imp-le-exp)

lemma power-mono:
[la < b; (0::'a::{recpower,ordered-semidom}) < a|] ==> a™n < b™n
apply (induct n)
apply (simp-all add: power-Suc)
apply (auto intro: mult-mono order-trans [of 0 a b))
done

lemma power-strict-mono [rule-format]:
[la < b; (0::'a::{recpower,ordered-semidom}) < al]
==>0<n—-——>an<bn
apply (induct n)
apply (auto simp add: mult-strict-mono power-Suc
order-le-less-trans [of 0 a b])
done
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lemma power-eq-0-iff [simp]:
(a"n = 0) = (a = (0:'a:{ring-1-no-zero-divisors,recpower}) & n>0)
apply (induct n)
apply (auto simp add: power-Suc zero-neg-one |[THEN not-sym])
done

lemma field-power-not-zero:
a # (0:'a::{ring-1-no-zero-divisors,recpower}) ==> a"n # 0
by force

lemma nonzero-power-inverse:
fixes a :: 'a::{division-ring,recpower}
shows a # 0 ==> inverse (a " n) = (inverse a) " n
apply (induct n)
apply (auto simp add: power-Suc nonzero-inverse-mult-distrib power-commutes)
done

Perhaps these should be simprules.

lemma power-inverse:
fixes a :: 'a::{division-ring,division-by-zero,recpower }
shows inverse (a * n) = (inverse a) " n

apply (cases a = 0)

apply (simp add: power-0-left)

apply (simp add: nonzero-power-inverse)

done

lemma power-one-over: 1 / (a::’a::{field,division-by-zero,recpower}) n =
(1 /a)n

apply (simp add: divide-inverse)

apply (rule power-inverse)

done

lemma nonzero-power-divide:
b#0==>(a/b) " n = ((a:'a:{field,recpower}) “n) / (b " n)

by (simp add: divide-inverse power-mult-distrib nonzero-power-inverse)

lemma power-divide:
(a/b) " n = ((a:'a::{field,division-by-zero,recpower}) “n / b " n)
apply (case-tac b=0, simp add: power-0-left)
apply (rule nonzero-power-divide)
apply assumption
done

lemma power-abs: abs(a "~ n) = abs(a::’a::{ordered-idom,recpower}) " n
apply (induct n)

apply (auto simp add: power-Suc abs-mult)

done



THEORY “Power” 286

lemma zero-less-power-abs-iff [simp,noatp]:
(0 < (abs a) "n) = (a # (0:'a::{ordered-idom,recpower}) | n=0)
proof (induct n)
case (
show ?case by (simp add: zero-less-one)
next
case (Suc n)
show ?case by (auto simp add: prems power-Suc zero-less-mult-iff
abs-zero)
qged

lemma zero-le-power-abs [simp]:
(0::'a::{ ordered-idom,recpower}) < (abs a) "n
by (rule zero-le-power [OF abs-ge-zero|)

lemma power-minus: (—a) “n = (= 1) n x (a::’a::{comm-ring-1,recpower}) “n
proof —

have —a = (— 1) *x a by (simp add: minus-mult-left [symmetric])

thus ?thesis by (simp only: power-mult-distrib)

qed

Lemma for power-strict-decreasing

lemma power-Suc-less:
[1(0::a::{ ordered-semidom,recpower}) < a; a < 1|]
==>a*xan<an
apply (induct n)
apply (auto simp add: power-Suc mult-strict-left-mono)
done

lemma power-strict-decreasing:
[[n < N; 0 < a; a < (1::'a:{ordered-semidom,recpower})|]
==>a'N <a'n

apply (erule rev-mp)

apply (induct N)

apply (auto simp add: power-Suc power-Suc-less less-Suc-eq)

apply (rename-tac m)

apply (subgoal-tac a * a"m < 1 % a’"n, simp)

apply (rule mult-strict-mono)

apply (auto simp add: zero-less-one order-less-imp-le)

done

Proof resembles that of power-strict-decreasing

lemma power-decreasing:
[[n < N; 0 < a; a < (1:'ax{ordered-semidom,recpower})||
==>a N<a'n

apply (erule rev-mp)

apply (induct N)

apply (auto simp add: power-Suc le-Suc-eq)

apply (rename-tac m)
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apply (subgoal-tac a * a"m < 1 % a’n, simp)
apply (rule mult-mono)

apply (auto simp add: zero-le-one)

done

lemma power-Suc-less-one:

[| 0 < a; a < (1:'a::{ordered-semidom,recpower}) || ==> a " Sucn < 1
apply (insert power-strict-decreasing [of 0 Suc n a], simp)
done

Proof again resembles that of power-strict-decreasing

lemma power-increasing:
[ln < N; (1:'a::{ordered-semidom,recpower}) < a|] ==> a™n < ¢"N
apply (erule rev-mp)
apply (induct N)
apply (auto simp add: power-Suc le-Suc-eq)
apply (rename-tac m)
apply (subgoal-tac 1 * a’n < a x a"m, simp)
apply (rule mult-mono)
apply (auto simp add: order-trans [OF zero-le-one])
done

Lemma for power-strict-increasing

lemma power-less-power-Suc:
(1::'a::{ ordered-semidom,recpower}) < a ==> a™n < a * a'n
apply (induct n)
apply (auto simp add: power-Suc mult-strict-left-mono order-less-trans [OF zero-less-one])
done

lemma power-strict-increasing:
[ln < N; (1:'a::{ordered-semidom,recpower}) < a|] ==> a™n < a"N
apply (erule rev-mp)
apply (induct N)
apply (auto simp add: power-less-power-Suc power-Suc less-Suc-eq)
apply (rename-tac m)
apply (subgoal-tac 1 * a™n < a x a"m, simp)
apply (rule mult-strict-mono)
apply (auto simp add: order-less-trans [OF zero-less-one] order-less-imp-le)
done

lemma power-increasing-iff [simp]:
1 < (b:'a::{ordered-semidom,recpower}) ==> (b "z < b "y) = (z < y)
by (blast intro: power-le-imp-le-exp power-increasing order-less-imp-le)

lemma power-strict-increasing-iff [simp]:
1 < (b:'ax{ordered-semidom,recpower}) ==> (b "z < b "y) = (z < y)

by (blast intro: power-less-imp-less-exp power-strict-increasing)

lemma power-le-imp-le-base:
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assumes le: a “ Sucn < b " Sucn
and ynonneg: (0::'a::{ ordered-semidom,recpower}) < b
shows a < b
proof (rule ccontr)
assume ~ a < b
then have b < a by (simp only: linorder-not-le)
then have b ~ Sucn < a " Suc n
by (simp only: prems power-strict-mono)
from le and this show False
by (simp add: linorder-not-less [symmetric])
qed

lemma power-less-imp-less-base:
fixes a b :: 'a::{ordered-semidom,recpower}
assumes less: a "n < b " n
assumes nonneg: 0 < b
shows a < b
proof (rule contrapos-pp [OF less])
assume ~ a < b
hence b < a by (simp only: linorder-not-less)
hence b " n < a " n using nonneg by (rule power-mono)
thus ~ a “n < b " n by (simp only: linorder-not-less)
qed

lemma power-inject-base:
[[@ " Sucn="5"Sucn; 0<a;0<5>l|
==> q = (b::'a::{ordered-semidom,recpower})
by (blast intro: power-le-imp-le-base order-antisym order-eq-refl sym)

lemma power-eq-imp-eq-base:

fixes a b :: 'a::{ordered-semidom,recpower}

shows [a "n=>b"n;0<a;0<b;0<n]=a=0d
by (cases n, simp-all, rule power-inject-base)

15.2 Exponentiation for the Natural Numbers

instantiation nat :: recpower
begin

primrec power-nat where
p "0 = (1:nat)
| p "~ (Suc n) = (p:nat) x (p

A~

n)

instance proof

fix z n :: nat

show 270 = 1 by simp

show 2" (Suc n) = z x (2"n) by simp
qed
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end

lemma of-nat-power:
of-nat (m " n) = (of-nat m::'a::{semiring-1,recpower}) " n
by (induct n, simp-all add: power-Suc of-nat-mult)

lemma nat-one-le-power [simp]: 1 < i ==> Suc 0 < i'n
by (insert one-le-power [of i n], simp)

lemma nat-zero-less-power-iff [simp]: (z"n > 0) = (x > (0::nat) | n=0)
by (induct n, auto)

Valid for the naturals, but what if 0<i<1? Premises cannot be weakened:
consider the case where i = (0::'a), m = (1::'a) and n = (0:a).

lemma nat-power-less-imp-less:
assumes nonneg: 0 < (i::nat)
assumes less: i'm < i'n
shows m < n
proof (cases i = 1)
case True with less power-one [where 'a = nat] show ?thesis by simp
next
case Fulse with nonneg have 1 < i by auto
from power-strict-increasing-iff [OF this] less show ?thesis ..
qed

lemma power-diff :
assumes nz: a ~= 0
shows n <= m ==> (a::'a::{recpower, field}) * (m—n) = (a"m) / (a"n)
by (induct m n rule: diff-induct)
(simp-all add: power-Suc nonzero-mult-divide-cancel-left nz)

ML bindings for the general exponentiation theorems

ML

{

val power-0 = thmpower-0;

val power-Suc = thmpower-Suc;

val power-0-Suc = thmpower-0-Suc;

val power-0-left = thmpower-0-left;

val power-one = thmpower-one;

val power-one-right = thmpower-one-right;
val power-add = thmpower-add,

val power-mult = thmpower-mult;

val power-mult-distrib = thmpower-mult-distrib;
val zero-less-power = thmzero-less-power;

val zero-le-power = thmzero-le-power;

val one-le-power = thmone-le-power;

val gt1-imp-ge0 = thmgt1-imp-ge0;

val power-gtl-lemma = thmpower-gtl-lemma;
val power-gtl = thmpower-gt1;
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val power-le-imp-le-exp = thmpower-le-imp-le-exp;

val power-inject-exp = thmpower-inject-exp;

val power-less-imp-less-exp = thmpower-less-imp-less-exp;
val power-mono = thmpower-mono;

val power-strict-mono = thmpower-strict-mono;

val power-eq-0-iff = thmpower-eq-0-iff;

val field-power-eq-0-iff = thmpower-eq-0-iff;

val field-power-not-zero = thmfield-power-not-zero;

val power-inverse = thmpower-inverse;

val nonzero-power-divide = thmnonzero-power-divide;
val power-divide = thmpower-divide;

val power-abs = thmpower-abs;

val zero-less-power-abs-iff = thmzero-less-power-abs-iff;
val zero-le-power-abs = thm zero-le-power-abs;

val power-minus = thmpower-minus;

val power-Suc-less = thmpower-Suc-less;

val power-strict-decreasing = thmpower-strict-decreasing;
val power-decreasing = thmpower-decreasing;

val power-Suc-less-one = thmpower-Suc-less-one;

val power-increasing = thmpower-increasing;

val power-strict-increasing = thmpower-strict-increasing;
val power-le-imp-le-base = thmpower-le-imp-le-base;

val power-inject-base = thmpower-inject-base;

)

ML bindings for the remaining theorems

ML
{

val nat-one-le-power = thmmnat-one-le-power;
val nat-power-less-imp-less = thmnat-power-less-imp-less;
val nat-zero-less-power-iff = thmnat-zero-less-power-iff;

)

end

16 Divides: The division operators div, mod and
the divides relation dvd

theory Divides

imports Nat Power Product-Type

uses ~~ /sre/Provers | Arith / cancel-div-mod. ML
begin

16.1 Syntactic division operations

class div = times +
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fixes div :: 'a = 'a = 'a (infix] div 70)
fixes mod :: 'a = 'a = 'a (infixl mod 70)

begin
definition

dvd ::'a = 'a = bool (infixl dvd 50)
where

[code func del]: m dvd n «—— (3k. n = m * k)

end

16.2 Abstract divisibility in commutative semirings.

class semiring-div = comm-semiring-1-cancel + div +
assumes mod-div-equality: a divb * b + a mod b = a
and div-by-0: a div 0 = 0
and mult-div: b # 0 = a x b div b = a
begin

op div and op mod

lemma div-by-1: a div 1 = a
using mult-div [of 1 a] zero-neg-one by simp

lemma mod-by-1: a mod 1 = 0

proof —
from mod-div-equality [of a one] div-by-1 have a + a mod 1 = a by simp
then have a + a mod 1 = a + 0 by simp
then show ?thesis by (rule add-left-imp-eq)

qed

lemma mod-by-0: a mod 0 = a
using mod-div-equality [of a zero] by simp

lemma mult-mod: a * b mod b = 0
proof (cases b = 0)
case True then show ?thesis by (simp add: mod-by-0)
next
case Fulse with mult-div have abb: a x b divb = a .
from mod-div-equality have a * b divb x b + a x b mod b = a x b .
with abb have a * b + a * b mod b = a x b + 0 by simp
then show ?thesis by (rule add-left-imp-eq)
qed

lemma mod-self: a mod a = 0
using mult-mod [of one] by simp

lemma div-self: a # 0 = a diva = 1
using mult-div [of - one] by simp
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lemma div-0: 0 div a = 0
proof (cases a = 0)
case True then show ?thesis by (simp add: div-by-0)
next
case Fulse with mult-div have 0 % a diva = 0 .
then show ?thesis by simp
qed

lemma mod-0: 0 mod a = 0
using mod-div-equality [of zero a] div-0 by simp

lemma mod-div-equality2: b * (a div b) + a mod b = a
unfolding mult-commute [of b]
by (rule mod-div-equality)

lemma div-mod-equality: ((a div b) x b + a mod b) + ¢ = a + ¢
by (simp add: mod-div-equality)

lemma div-mod-equality2: (b * (a div b) + a mod b) + ¢ = a + ¢
by (simp add: mod-div-equality?2)

The op dvd relation

lemma dvd! [intro?]: a = b % ¢ = b dvd a
unfolding dvd-def ..

lemma dvdE [elim?]: b dvd « = (A\c. a = b x ¢ = P) = P
unfolding dvd-def by blast

lemma dvd-def-mod [code func]: a dvd b «—— b mod a = 0
proof
assume b mod a = 0
with mod-div-equality [of b a] have b div a * a = b by simp
then have b = a * (b div o) unfolding mult-commute ..
then have Jc. b = a * ¢ ..
then show a dvd b unfolding dvd-def .
next
assume a dvd b
then have J¢. b = a * ¢ unfolding dvd-def .
then obtain ¢ where b = a * ¢ ..
then have b mod a = a * ¢ mod a by simp
then have b mod a = ¢ x a mod a by (simp add: mult-commute)
then show b mod a = 0 by (simp add: mult-mod)
qed

lemma dvd-refi: a dvd a
unfolding dvd-def-mod mod-self ..

lemma dvd-trans:
assumes a dvd b and b dvd ¢
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shows a dvd ¢

proof —
from assms obtain v where b = a * v unfolding dvd-def by auto
moreover from assms obtain w where ¢ = b * w unfolding dvd-def by auto
ultimately have ¢ = a * (v * w) by (simp add: mult-assoc)
then show ?thesis unfolding dvd-def ..

qed

lemma zero-dvd-iff [noatp): 0 dvd a «—— a = 0
unfolding dvd-def by simp

lemma dvd-0: a dvd 0
unfolding dvd-def proof

show 0 = a x 0 by simp
qed

lemma one-dvd: 1 dvd a
unfolding dvd-def by simp

lemma dvd-mult: a dvd ¢ = a dvd (b * c)
unfolding dvd-def by (blast intro: mult-left-commute)

lemma dvd-mult2: a dvd b = a dvd (b * ¢)
apply (subst mult-commute)
apply (erule dvd-mult)
done

lemma dvd-triv-right: a dvd b * a
by (rule dvd-mult) (rule dvd-refl)

lemma dvd-triv-left: a dvd a * b
by (rule dvd-mult2) (rule dvd-refl)

lemma mult-dvd-mono: a dvd ¢ = b dvd d = a * b dvd ¢ x d
apply (unfold dvd-def, clarify)
apply (rule-tac x = k * ka in exl)
apply (simp add: mult-ac)
done

lemma dvd-mult-left: a * b dvd ¢ = a dvd ¢
by (simp add: dvd-def mult-assoc, blast)

lemma dvd-mult-right: a * b dvd ¢ = b dvd ¢
unfolding mult-ac [of a] by (rule dvd-mult-left)

end
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16.3 Division on nat

We define op div and op mod on nat by means of a characteristic relation
with two input arguments m, n and two output arguments ¢(uotient) and
r(emainder).

definition divmod-rel :: nat = nat = nat = nat = bool where
divmod-relmn qr «—— m=q+xn+r A (ifn > 0then 0 < r Ar < nelseq

divmod-rel is total:

lemma divmod-rel-ex:
obtains ¢ » where divmod-rel m n q r
proof (cases n = 0)
case True with that show thesis
by (auto simp add: divmod-rel-def)
next
case Fulse
have dgr. m=q¢xn+r Ar<n
proof (induct m)
case ( with (n # 0)
have (0::nat) = 0 xn + 0 A 0 < n by simp
then show ?case by blast
next
case (Suc m) then obtain ¢’ r’
where m: m = ¢’ * n + r’ and n: r’ < n by auto
then show ?case proof (cases Suc r’ < n)
case True
from m n have Suc m = ¢/ x n + Suc r’ by simp
with True show ?thesis by blast
next
case False then have n < Suc r’ by auto
moreover from n have Suc r’ < n by auto
ultimately have n = Suc v’ by auto
with m have Suc m = Suc ¢’ * n + 0 by simp
with (n # 0> show ?thesis by blast
qed
qged
with that show thesis
using (n # 0) by (auto simp add: divmod-rel-def)
qed

divmod-rel is injective:

lemma divmod-rel-unique-div:
assumes divmod-rel m n q r
and divmod-rel m n q' r’
shows ¢ = ¢’
proof (cases n = 0)
case True with assms show ?thesis
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by (simp add: divmod-rel-def)
next
case Fulse
have auz: Aqrq¢'r'. ¢’sn+r'=qg¢gxn+r=r <n= ¢ < (g:nat)
apply (rule lel)
apply (subst less-iff-Suc-add)
apply (auto simp add: add-mult-distrib)
done
from (n # 0> assms show ?thesis
by (auto simp add: divmod-rel-def
intro: order-antisym dest: auz sym)
qed

lemma divmod-rel-unique-mod:

assumes divmod-rel mn q r

and divmod-rel m n q' r’

shows r = r’
proof —

from assms have ¢ = ¢’ by (rule divmod-rel-unique-div)

with assms show ?thesis by (simp add: divmod-rel-def)
qed

We instantiate divisibility on the natural numbers by means of divmod-rel:

instantiation nat :: semiring-div
begin

definition divmod :: nat = nat = nat x nat where
[code func del]: divmod m n = (THE (q, r). divmod-rel m n q r)

definition div-nat where
m div n = fst (divmod m n)

definition mod-nat where
m mod n = snd (divmod m n)

lemma divmod-div-mod:
divmod m n = (m div n, m mod n)
unfolding div-nat-def mod-nat-def by simp

lemma divmod-eq:
assumes divmod-rel m n q r
shows divmod m n = (g, r)
using assms by (auto simp add: divmod-def
dest: divmod-rel-unique-div divmod-rel-unique-mod)

lemma div-eq:
assumes divmod-rel m n q r
shows m div n = ¢
using assms by (auto dest: divmod-eq simp add: div-nat-def)
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lemma mod-eq:
assumes divmod-rel m n q r
shows m mod n = r
using assms by (auto dest: divmod-eq simp add: mod-nat-def’)

lemma divmod-rel: divmod-rel m n (m div n) (m mod n)
proof —
from divmod-rel-ex
obtain ¢ r where rel: divmod-rel m n q r .
moreover with div-eq mod-eq have m div n = ¢ and m mod n = r
by simp-all
ultimately show ?thesis by simp
qed

lemma divmod-zero:
divmod m 0 = (0, m)
proof —
from divmod-rel [of m 0] show ?thesis
unfolding divmod-div-mod divmod-rel-def by simp
qed

lemma divmod-base:
assumes m < n
shows divmod m n = (0, m)
proof —
from divmod-rel [of m n| show ?thesis
unfolding divmod-div-mod divmod-rel-def
using assms by (cases m div n = 0)
(auto simp add: gr0-conv-Suc [of m div n))
qed

lemma divmod-step:
assumes 0 < nand n < m
shows divmod m n = (Suc ((m — n) div n), (m — n) mod n)
proof —
from divmod-rel have divmod-m-n: divmod-rel m n (m div n) (m mod n) .
with assms have m-div-n: m divn > 1
by (cases m div n) (auto simp add: divmod-rel-def)
from assms divmod-m-n have divmod-rel (m — n) n (m divn — 1) (m mod n)
by (cases m div n) (auto simp add: divmod-rel-def)
with divmod-eq have divmod (m — n) n = (m divn — 1, m mod n) by simp
moreover from divmod-div-mod have divmod (m — n) n = ((m — n) div n,
(m — n) mod n) .
ultimately have m div n = Suc ((m — n) div n)
and m mod n = (m — n) mod n using m-div-n by simp-all
then show ?thesis using divmod-div-mod by simp
qed

The "recursion” equations for op div and op mod
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lemma div-less [simp]:
fixes m n :: nat
assumes m < n
shows m divn = 0
using assms divmod-base divmod-div-mod by simp

lemma le-div-geq:
fixes m n :: nat
assumes 0 < nand n < m
shows m div n = Suc ((m — n) div n)
using assms divmod-step divmod-div-mod by simp

lemma mod-less [simp]:
fixes m n :: nat
assumes m < n
shows m mod n = m
using assms divmod-base divmod-div-mod by simp

lemma le-mod-geq:
fixes m n :: nat
assumes n < m
shows m mod n = (m — n) mod n
using assms divmod-step divmod-div-mod by (cases n = 0) simp-all

instance proof
fix m n :: nat show m divn x n + m mod n = m
using divmod-rel [of m n] by (simp add: divmod-rel-def)
next
fix n :: nat show n div 0 = 0
using divmod-zero divmod-div-mod [of n 0] by simp
next
fix m n :: nat assume n # 0 then show m x n divn = m
by (induct m) (simp-all add: le-div-geq)
qed

end

Simproc for cancelling op div and op mod

lemmas mod-div-equality = semiring-div-class.times-div-mod-plus-zero-one.mod-div-equality
[of m::nat n, standard)]

lemmas mod-div-equality? = mod-div-equality2 [of n::nat m, standard)

lemmas div-mod-equality = div-mod-equality [of m::nat n k, standard]

lemmas div-mod-equality2 = div-mod-equality2 [of m::nat n k, standard)

ML (
structure CancelDivModData =
struct

val div-name = @Q{ const-name div};
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val mod-name = @{ const-name mod};
val mk-binop = HOLogic.mk-binop;
val mk-sum = ArithData.mk-sum;

val dest-sum = ArithData.dest-sum;

(xlogicx)
val div-mod-eqs = map mk-meta-eq [@Q{thm div-mod-equality }, @{thm div-mod-equality2}]
val trans = trans

val prove-eq-sums =
let val simps = Q{thm add-0} :: Q{thm add-0-right} :: Q{thms add-ac}
in ArithData.prove-conv all-tac (ArithData.simp-all-tac simps) end;

end;
structure CancelDivMod = CancelDivModFun(CancelDivModData);

val cancel-div-mod-proc = Simplifier.simproc @{theory}
cancel-div-mod [(m::nat) + n] (K CancelDivMod.proc);

Addsimprocs|cancel-div-mod-proc];
)
code generator setup

lemma divmod-if [code]: divmod m n = (if n = 0 V. m < n then (0, m) else
let (q, r) = divmod (m — n) n in (Suc q, 1))
by (simp add: divmod-zero divmod-base divmod-step)
(simp add: divmod-div-mod)

code-modulename SML
Divides Nat

code-modulename OCaml
Divides Nat

code-modulename Haskell
Divides Nat

16.3.1 Quotient

lemmas DIVISION-BY-ZERO-DIV [simp] = div-by-0 [of a::nat, standard)]
lemmas div-0 [simp] = semiring-div-class.div-0 [of n::nat, standard)

lemma div-geq: 0 < n = - m < n= mdivn = Suc ((m — n) divn)
by (simp add: le-div-geq linorder-not-less)

lemma div-if: 0 < n = m divn = (if m < n then 0 else Suc ((m — n) div n))
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by (simp add: div-geq)

lemma div-mult-self-is-m [simp]: 0<n ==> (mxn) div n = (m:nat)
by (rule mult-div) simp

lemma div-mult-selfl-is-m [simp]: 0<n ==> (nxm) div n = (m::nat)
by (simp add: mult-commute)

16.3.2 Remainder

lemmas DIVISION-BY-ZERO-MOD [simp] = mod-by-0 [of a::nat, standard]
lemmas mod-0 [simp] = semiring-div-class.mod-0 [of n::nat, standard)

lemma mod-less-divisor [simp]:
fixes m n :: nat
assumes n > 0
shows m mod n < (n::nat)
using assms divmod-rel unfolding divmod-rel-def by auto

lemma mod-less-eq-dividend [simp]:
fixes m n :: nat
shows m mod n < m
proof (rule add-leD?2)
from mod-div-equality have m divn x n + m mod n = m .
then show m div n x n + m mod n < m by auto
qed

lemma mod-geq: = m < (n:nat) = m mod n = (m — n) mod n
by (simp add: le-mod-geq linorder-not-less)

lemma mod-if: m mod (n::nat) = (if m < n then m else (m — n) mod n)
by (simp add: le-mod-geq)

lemma mod-1 [simp]: m mod Suc 0 = 0
by (induct m) (simp-all add: mod-geq)

lemmas mod-self [simp] = semiring-div-class.mod-self [of n::nat, standard)

lemma mod-add-self2 [simp]: (m+n) mod n = m mod (n::nat)
apply (subgoal-tac (n + m) mod n = (n+m—n) mod n)
apply (simp add: add-commute)
apply (subst le-mod-geq [symmetric], simp-all)
done

lemma mod-add-selfl [simp]: (n+m) mod n = m mod (n::nat)
by (simp add: add-commute mod-add-self2)

lemma mod-mult-self! [simp]: (m + k+n) mod n = m mod (n::nat)
by (induct k) (simp-all add: add-left-commute [of - n])
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lemma mod-mult-self2 [simp]: (m + nxk) mod n = m mod (n:nat)
by (simp add: mult-commute mod-mult-self1)

lemma mod-mult-distrib: (m mod n) x (k:nat) = (m * k) mod (n * k)
apply (cases n = 0, simp)
apply (cases k = 0, simp)
apply (induct m rule: nat-less-induct)
apply (subst mod-if , simp)
apply (simp add: mod-geq diff-mult-distrib)
done

lemma mod-mult-distrib2: (k::nat) x (m mod n) = (kxm) mod (kxn)
by (simp add: mult-commute [of k| mod-mult-distrib)

lemma mod-mult-self-is-0 [simp]: (m+n) mod n = (0::nat)
apply (cases n = 0, simp)
apply (induct m, simp)
apply (rename-tac k)
apply (cut-tac m = k * n and n = n in mod-add-self2)
apply (simp add: add-commute)
done

lemma mod-mult-selfl-is-0 [simp]: (n¥xm) mod n = (0::nat)
by (simp add: mult-commute mod-mult-self-is-0)

lemma mult-div-cancel: (n::nat) * (m div n) = m — (m mod n)
by (cut-tac m = m and n = n in mod-div-equality2, arith)

lemma mod-le-divisor[simp]: 0 < n = m mod n < (n::nat)
apply (drule mod-less-divisor [where m = m])
apply simp
done

16.3.3 Quotient and Remainder

lemma mod-div-decomp:
fixes n k :: nat
obtains m ¢ where m = n div k and ¢ = n mod k
andn=m=xk+ ¢
proof —
from mod-div-equality have n = n div k * k + n mod k by auto
moreover have n divk = n div k ..
moreover have n mod k = n mod k ..
note that ultimately show thesis by blast
qed

lemma divmod-rel-multi-eq:
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[| divmod-rel b c qr; c > 0 |]
==> divmod-rel (axb) ¢ (axq + axr div ¢) (axr mod c)
by (auto simp add: split-ifs mult-ac divmod-rel-def add-mult-distrib2)

lemma div-multi-eq: (axb) div ¢ = ax(b div ¢) + ax(b mod ¢) div (c:nat)
apply (cases ¢ = 0, simp)

apply (blast intro: divmod-rel [THEN divmod-rel-multi-eq, THEN div-eq])
done

lemma mod-multi-eq: (axb) mod ¢ = ax(b mod ¢) mod (c:nat)

apply (cases ¢ = 0, simp)

apply (blast intro: divmod-rel [THEN divmod-rel-multi-eq, THEN mod-eq])
done

lemma mod-multi-eq”: (axb) mod (c::nat) = ((@ mod c¢) * b) mod ¢
apply (rule trans)
apply (rule-tac s = bxa mod ¢ in trans)
apply (rule-tac [2] mod-multi-eq)
apply (simp-all add: mult-commute)
done

lemma mod-mult-distrib-mod:
(axb) mod (c:nat) = ((a mod ¢) * (b mod ¢)) mod c
apply (rule mod-multi-eq’ [THEN trans))
apply (rule mod-multi-eq)
done

lemma divmod-rel-addi-eq:

[| divmod-rel a ¢ aq ar; divmod-rel b ¢ bg br; ¢ > 0 ||

==> divmod-rel (a + b) ¢ (aqg + bg + (ar+br) div ¢) ((ar + br) mod c)
by (auto simp add: split-ifs mult-ac divmod-rel-def add-mult-distrib2)

lemma div-addi-eq:
(a+b) div (ciinat) = a div ¢ + b div ¢ + ((a mod ¢ + b mod ¢) div ¢)
apply (cases ¢ = 0, simp)
apply (blast intro: divmod-rel-add1-eq [THEN div-eq] divmod-rel)
done

lemma mod-addi-eq: (a+b) mod (c:nat) = (a mod ¢ + b mod ¢) mod ¢
apply (cases ¢ = 0, simp)

apply (blast intro: divmod-rel-add1-eq [THEN mod-eq] divmod-rel)

done

lemma mod-lemma: || (0:nat) < ¢;r < b|]==>bx*(gmodc)+r <bxc
apply (cut-tac m = q and n = ¢ in mod-less-divisor)
apply (drule-tac [2] m = ¢ mod ¢ in less-imp-Suc-add, auto)
apply (erule-tac P = %x. ?lhs < ?rhs x in ssubst)
apply (simp add: add-mult-distrib2)
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done

lemma divmod-rel-mult2-eq: || divmod-rel a b g r; 0 < b; 0 < ¢ ||
==> divmod-rel a (bxc) (g div ¢) (bx(qg mod ¢) + )
by (auto simp add: mult-ac divmod-rel-def add-mult-distrib2 [symmetric] mod-lemma)

lemma div-mult2-eq: a div (bxc) = (a div b) div (c::nat)
apply (cases b = 0, simp)
apply (cases ¢ = 0, simp)
apply (force simp add: divmod-rel [THEN divmod-rel-mult2-eq, THEN div-eq])
done

lemma mod-mult2-eq: a mod (bxc) = bx(a div b mod ¢) + a mod (b::nat)
apply (cases b = 0, simp)
apply (cases ¢ = 0, simp)
apply (auto simp add: mult-commute divmod-rel [THEN divmod-rel-mult2-eq,
THEN mod-eq))
done

16.3.4 Cancellation of Common Factors in Division

lemma div-mult-mult-lemma:
[| (0:nat) < b; 0 < c|] ==> (cxa) div (cxb) = a div b
by (auto simp add: div-mult2-eq)

lemma div-mult-mult! [simp]: (0::nat) < ¢ ==> (cxa) div (cxb) = a div b
apply (cases b = 0)
apply (auto simp add: linorder-neq-iff [of b] div-mult-mult-lemma)
done

lemma div-mult-mult2 [simp]: (0::nat) < ¢ ==> (axc) div (bxc) = a div b
apply (drule div-mult-multl)
apply (auto simp add: mult-commute)
done

16.3.5 Further Facts about Quotient and Remainder

lemma div-1 [simp]: m div Suc 0 = m
by (induct m) (simp-all add: div-geq)

lemmas div-self [simp] = semiring-div-class.div-self [of n:nat, standard]

lemma div-add-self2: 0<n ==> (m+n) div n = Suc (m div n)
apply (subgoal-tac (n + m) div n = Suc ((n+m—n) div n))
apply (simp add: add-commute)
apply (subst div-geq [symmetric], simp-all)
done

lemma div-add-selfl: 0<n ==> (n+m) div n = Suc (m div n)
by (simp add: add-commute div-add-self2)
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lemma div-mult-selfl [simp]: In:nat. 0<n ==> (m + k*n) divn =k + m div
n

apply (subst div-add1-eq)

apply (subst div-multi-eq, simp)

done

lemma div-mult-self2 [simp]: 0<n ==> (m + nxk) divn =k + m div (n::nat)
by (simp add: mult-commute div-mult-self1)

lemma div-le-mono [rule-format (no-asm)]:
Vmanat. m < n ——> (mdivk) < (n div k)

apply (case-tac k=0, simp)

apply (induct n rule: nat-less-induct, clarify)

apply (case-tac n<k)

apply simp
apply (case-tac m<k)
apply simp

apply (simp add: div-geq diff-le-mono)
done

lemma div-le-mono2: 'm:nat. || 0<m; m<n || ==> (k div n) < (k div m)
apply (subgoal-tac 0<n)

prefer 2 apply simp

apply (induct-tac k rule: nat-less-induct)

apply (rename-tac k)

apply (case-tac k<n, simp)

apply (subgoal-tac ~ (k<m) )

prefer 2 apply simp

apply (simp add: div-geq)

apply (subgoal-tac (k—n) div n < (k—m) div n)
prefer 2

apply (blast intro: div-le-mono diff-le-mono2)
apply (rule le-trans, simp)

apply (simp)

done

lemma div-le-dividend [simp]: m div n < (m::nat)
apply (case-tac n=0, simp)

apply (subgoal-tac m div n < m div 1, simp)
apply (rule div-le-mono?2)

apply (simp-all (no-asm-simp))
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done

lemma div-less-dividend [rule-format]:
Mninat. I<n ==>0<m ——>mdivn <m

apply (induct-tac m rule: nat-less-induct)

apply (rename-tac m)

apply (case-tac m<n, simp)

apply (subgoal-tac 0<n)

prefer 2 apply simp

apply (simp add: div-geq)

apply (case-tac n<m)

apply (subgoal-tac (m—n) divn < (m—n) )
apply (rule impl less-trans-Suc)+

apply assumption
apply (simp-all)

done

declare div-less-dividend [simp]

A fact for the mutilated chess board

lemma mod-Suc: Suc(m) mod n = (if Suc(m mod n) = n then 0 else Suc(m mod

n))

apply (case-tac n=0, simp)

apply (induct m rule: nat-less-induct)
apply (case-tac Suc (na) <n)

apply (frule lessI [THEN less-trans|, simp add: less-not-refl3)

apply (simp add: linorder-not-less le-Suc-eq mod-geq)
apply (auto simp add: Suc-diff-le le-mod-geq)
done

lemma nat-mod-div-trivial [simp]: m mod n div n = (0 :: nat)
by (cases n = 0) auto

lemma nat-mod-mod-trivial [simp]: m mod n mod n = (m mod n :: nat)
by (cases n = 0) auto

16.3.6 The Divides Relation

lemma dvdl [intro?]: n = m x k ==> m dvd n
unfolding dvd-def by blast

lemma dvdE [elim?]: IP. [|m dvd n; k. n = mxk ==> P|] ==> P
unfolding dvd-def by blast

lemma dvd-0-right [iff]: m dvd (0::nat)
unfolding dvd-def by (blast intro: mult-0-right [symmetric))
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lemma dvd-0-left: 0 dvd m ==> m = (0:nat)
by (force simp add: dvd-def)

lemma dvd-0-left-iff [iff]: (0 dvd (m:nat)) = (m = 0)
by (blast intro: dvd-0-left)

declare dvd-0-left-iff [noatp]

lemma dvd-1-left [iff]: Suc 0 dvd k
unfolding dvd-def by simp

lemma dvd-1-iff-1 [simp]: (m dvd Suc 0) = (m = Suc 0)
by (simp add: dvd-def)

lemmas dvd-refl [simp] = semiring-div-class.dvd-refl [of m::nat, standard)]
lemmas dvd-trans [trans] = semiring-div-class.dvd-trans [of m::nat n p, standard]

lemma dvd-anti-sym: [| m dvd n; n dvd m || ==> m = (n:nat)
unfolding dvd-def
by (force dest: mult-eq-self-implies-10 simp add: mult-assoc mult-eq-1-iff )

op dvd is a partial order

interpretation dvd: order [op dvd An m :: nat. n dvd m A n # m]
by unfold-locales (auto intro: dvd-trans dvd-anti-sym)

lemma dvd-add: [| k dvd m; k dvd n || ==> k dvd (m+n :: nat)
unfolding dvd-def
by (blast intro: add-mult-distrib2 [symmetric])

lemma dvd-diff: [| k dvd m; k dvd n || ==> k dvd (m—n :: nat)
unfolding dvd-def
by (blast intro: diff-mult-distrib2 [symmetric])

lemma dvd-diff D: [| k dvd m—n; k dvd n; n<m || ==> k dvd (m::nat)

apply (erule linorder-not-less [THEN iffD2, THEN add-diff-inverse, THEN
subst])

apply (blast intro: dvd-add)

done
lemma dvd-diffD1: || k dvd m—n; k dvd m; n<m |] ==> k dvd (n::nat)

by (drule-tac m = m in dvd-diff, auto)

lemma dvd-mult: k dvd n ==> k dvd (m=*n :: nat)
unfolding dvd-def by (blast intro: mult-left-commute)

lemma dvd-mult2: k dvd m ==> k dvd (m=n :: nat)
apply (subst mult-commute)
apply (erule dvd-mult)
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done

lemma dvd-triv-right [iff]: k dvd (mx*k :: nat)
by (rule dvd-refl [THEN dvd-mult])

lemma dvd-triv-left [iff]: k dvd (kxm :: nat)
by (rule dvd-refl [THEN dvd-mult2])

lemma dvd-reduce: (k dvd n + k) = (k dvd (n::nat))
apply (rule iffI)
apply (erule-tac [2] dvd-add)
apply (rule-tac [2] dvd-refl)
apply (subgoal-tac n = (n+k) —k)
prefer 2 apply simp
apply (erule ssubst)
apply (erule dvd-diff)
apply (rule dvd-refl)
done

lemma dvd-mod: 'n::nat. [| f dvd m; f dvd n || ==> f dvd m mod n
unfolding dvd-def
apply (case-tac n = 0, auto)
apply (blast intro: mod-mult-distrib2 [symmetric])
done

lemma dvd-mod-imp-dvd: || (k::nat) dvd m mod n; k dvd n || ==> k dvd m
apply (subgoal-tac k dvd (m div n) xn + m mod n)
apply (simp add: mod-div-equality)
apply (simp only: dvd-add dvd-mult)
done

lemma dvd-mod-iff: k dvd n ==> ((k::nat) dvd m mod n) = (k dvd m)
by (blast intro: dvd-mod-imp-dvd dvd-mod)

lemma dvd-mult-cancel: Nk::nat. || kxm dvd kxn; 0<k || ==> m dvd n
unfolding dvd-def
apply (erule exE)
apply (simp add: mult-ac)
done

lemma dvd-mult-cancell: 0<m ==> (m#*n dvd m) = (n = (1::nat))
apply auto
apply (subgoal-tac m*n dvd mx1)
apply (drule dvd-mult-cancel, auto)
done

lemma dvd-mult-cancel2: 0<m ==> (nxm dvd m) = (n = (1::nat))
apply (subst mult-commute)
apply (erule dvd-mult-cancell)
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done

lemma mult-dvd-mono: [| i dvd m; j dvd n|] ==> ixj dvd (mx*n :: nat)
apply (unfold dvd-def, clarify)
apply (rule-tac & = kxka in exl)
apply (simp add: mult-ac)
done

lemma dvd-mult-left: (ixj :: nat) dvd k ==> i dvd k
by (simp add: dvd-def mult-assoc, blast)

lemma dvd-mult-right: (ixj :: nat) dvd k ==> j dvd k
apply (unfold dvd-def, clarify)
apply (rule-tac © = ixk in exl)
apply (simp add: mult-ac)
done

lemma dvd-imp-le: [| k dvd n; 0 < n || ==> k < (n:nat)
apply (unfold dvd-def, clarify)
apply (simp-all (no-asm-use) add: zero-less-mult-iff)
apply (erule conjE)
apply (rule le-trans)
apply (rule-tac [2] le-refi [THEN mult-le-mono))
apply (erule-tac [2] Suc-lel, simp)
done

lemmas dvd-eq-mod-eq-0 = dvd-def-mod [of k::nat n, standard)

lemma dvd-mult-div-cancel: n dvd m ==> n * (m div n) = (m:nat)
apply (subgoal-tac m mod n = 0)
apply (simp add: mult-div-cancel)
apply (simp only: dvd-eq-mod-eq-0)
done

lemma le-imp-power-dvd: li::nat. m < n ==> i"m dvd i"n

apply (unfold dvd-def)

apply (erule linorder-not-less [THEN iffD2, THEN add-diff-inverse, THEN
subst])

apply (simp add: power-add)

done

lemma mod-add-left-eq: ((a::nat) + b) mod ¢ = (a mod ¢ + b) mod c
apply (rule trans [symmetric])
apply (rule mod-add1-eq, simp)
apply (rule mod-add1-eq [symmetric))
done

lemma mod-add-right-eq: (a+b) mod (c:nat) = (a + (b mod ¢)) mod ¢
apply (rule trans [symmetric])
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apply (rule mod-addi-eq, simp)
apply (rule mod-add1-eq [symmetric))
done

lemma nat-zero-less-power-iff [simp]: (x"n > 0) = (x > (0::nat) | n=0)
by (induct n) auto

lemma power-le-dvd [rule-format]: k°j dvd n ——> i<j ——> k" dvd (n:nat)
apply (induct j)
apply (simp-all add: le-Suc-eq)
apply (blast dest!: dvd-mult-right)
done

lemma power-dvd-imp-le: [|i"m dvd i"n; (1:nat) < i]] ==>m <n
apply (rule power-le-imp-le-exp, assumption)
apply (erule dvd-imp-le, simp)
done

lemma mod-eq-0-iff: (m mod d = 0) = (3 g::nat. m = dxq)
by (auto simp add: dvd-eq-mod-eq-0 [symmetric] dvd-def)

lemmas mod-eq-0D [dest!] = mod-eq-0-iff [THEN iffD1]

lemma mod-egD: (m mod d = r) ==> Jqunat. m = r + q*d
apply (cut-tac m = m in mod-div-equality)
apply (simp only: add-ac)
apply (blast intro: sym)
done

lemma split-div:
P(n divk :: nat) =
(k=0—PO)AN(k#0— (li. yj<k.n =kxi +j — P1)))
(is 2P = 2Q is - = (- A (- — ?R)))
proof
assume P: ¢P
show ?7Q)
proof (cases)
assume k = 0
with P show ?Q by(simp add:DIVISION-BY-ZERO-DIV')
next
assume not0: k # 0

thus 7Q

proof (simp, intro alll impl)
fix ij
assume n: n = kxi + j and j: j < k
show P i

proof (cases)
assume i = 0
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with n 7 P show P i by simp
next
assume i # 0
with not0 n j P show P i by(simp add:add-ac)
qed
qed
qged
next
assume Q: 7Q
show ?P
proof (cases)
assume k = (
with @ show ?¢P by(simp add:DIVISION-BY-ZERO-DIV')
next
assume not0: k # 0
with @ have R: 7R by simp
from not0 R[THEN spec,of n div k,THEN spec, of n mod k]
show ?P by simp
qed
qed

lemma split-div-lemma:

assumes 0 < n

shows n x ¢ < m A m < nx Sucq— q= ((m:nat) divn) (is ?lhs «—— 2rhs)
proof

assume ?rhs

with mult-div-cancel have ng: n * ¢ = m — (m mod n) by simp

then have A: n x ¢ < m by simp

have n — (m mod n) > 0 using mod-less-divisor assms by auto

then have m < m + (n — (m mod n)) by simp

then have m < n + (m — (m mod n)) by simp

with ng have m < n 4+ n % ¢ by simp

then have B: m < n x Suc g by simp

from A B show ?lhs ..
next

assume P: ?lhs

then have divmod-rel mn g (m — n % q)

unfolding divmod-rel-def by (auto simp add: mult-ac)

then show ?rhs using divmod-rel by (rule divmod-rel-unique-div)

qed

theorem split-div":
P ((m:nat) divn) =((n=0ANPO)V
(Fg. (nxg<mAm<n=x(Sucq)) NP q))
apply (case-tac 0 < n)
apply (simp only: add: split-div-lemma)
apply (simp-all add: DIVISION-BY-ZERO-DIV)
done
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lemma split-mod:
P(n mod k :: nat) =
(k=0—Pn)AN(k#0— (li.lj<k.n=kxi+j — Pj)))

(is P = ?Q is - = (- A (- — ?R)))
proof

assume P: ?P

show ?7()

proof (cases)
assume k = 0
with P show ?Q by(simp add:DIVISION-BY-ZERO-MOD)
next
assume not0: k # 0
thus 7Q
proof (simp, intro alll impl)
fix ij
assume n = kxi + jj < k
thus P j using not0 P by(simp add:add-ac mult-ac)
qed
qed
next
assume Q: 7Q
show ?P
proof (cases)
assume k = 0
with Q show ?P by(simp add:DIVISION-BY-ZERO-MOD)
next
assume not0: k # 0
with @ have R: R by simp
from not0 R[THEN spec,of n div k,THEN spec, of n mod k|
show ?P by simp
qed
qed

theorem mod-div-equality”: (m::nat) mod n = m — (m div n) * n
apply (rule-tac P=%z. m mod n = x — (m div n) * n in
subst [OF mod-div-equality [of - n]])
apply arith
done

lemma div-mod-equality’:
fixes m n :: nat
shows m divn * n = m — m mod n
proof —
have m mod n < m mod n ..
from div-mod-equality have
mdivn xn+ mmodn — m modn =m — m mod n by simp
with diff-add-assoc [OF <m mod n < m mod n), of m div n * n] have
m divn *n + (m modn —m modn) =m — m modn
by simp
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then show ?thesis by simp
qed

16.3.7 An “induction” law for modulus arithmetic.

lemma mod-induct-0:
assumes step: Vi<p. P i — P ((Suc i) mod p)
and base: P i and i: i<p
shows P 0
proof (rule ccontr)
assume contra: =(P 0)
from ¢ have p: 0<p by simp
have Vk. 0<k — — P (p—k) (isVk. 24 k)
proof
fix k
show ?A4 k
proof (induct k)
show ?A 0 by simp — by contradiction
next
fix n
assume ih: YA n
show ?A (Suc n)
proof (clarsimp)
assume y: P (p — Suc n)
have n: Sucn < p
proof (rule ccontr)
assume —(Suc n < p)
hence p — Sucn =0
by simp
with y contra show Fulse
by simp
qged
hence n2: Suc (p — Suc n) = p—n by arith
from p have p — Suc n < p by arith
with y step have z: P ((Suc (p — Suc n)) mod p)
by blast
show Fulse
proof (cases n=0)
case True
with z n2 contra show ?thesis by simp
next
case Fulse
with p have p—n < p by arith
with z n2 False ih show ?thesis by simp
qed
qed
qed
qed
moreover
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from ¢ obtain k£ where 0<k A i+k=p
by (blast dest: less-imp-add-positive)

hence 0<k A t=p—Fk by auto
moreover
note base
ultimately
show Fulse by blast

qed

lemma mod-induct:
assumes step: Vi<p. P i — P ((Suc i) mod p)
and base: P i and i: i<p and j: j<p
shows P j
proof —
have Vj<p. Pj
proof
fix j
show j<p — P j (is %4 j)
proof (induct j)
from step base i show 2?4 0
by (auto elim: mod-induct-0)
next
fix k
assume ih: A k
show ?A (Suc k)
proof
assume suc: Suc k < p
hence k: k<p by simp
with ih have Pk ..
with step k have P (Suc k mod p)
by blast
moreover
from suc have Suc k mod p = Suc k
by simp
ultimately
show P (Suc k) by simp
qed
qed
qed
with j show ?thesis by blast
qed

end

17 Relation: Relations

theory Relation
imports Product-Type

312
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begin

17.1 Definitions

definition
converse :: (‘a x 'b) set => ('b x 'a) set
((-"=1) [1000] 999) where
ri—1 == {(yv I) (CC’ y) : T}

notation (zsymbols)
converse ((-—1) [1000] 999)

definition
rel-comp :: [('b % 'c) set, ('a * 'b) set] => ('a * 'c) set
(infixr O 75) where
rO0s=={(z,2). EXy. (z,y):s5s& (y, 2) : 1}

definition
Image :: [('a * 'b) set, 'a set] => 'b set
(infix] ““ 90) where
r s =={y. EX x:s. (z,y):r}

definition
Id :: (a * 'a) set where — the identity relation
Id == {p. EXz. p = (z,2)}

definition
diag :: 'a set => ('a * 'a) set where — diagonal: identity over a set
diag A == |Jz€A. {(z,2)}

definition
Domain :: (‘a x 'b) set => 'a set where
Domain r == {z. EX y. (z,y):r}

definition
Range :: (‘a % 'b) set => 'b set where
Range r == Domain(r"—1)
definition

Field :: (a * 'a) set => 'a set where
Field r == Domain v U Range r

definition
refl :: ['a set, (‘a * 'a) set] => bool where — reflexivity over a set
relAr==r CAx A& (ALL z: A. (z,x) : )

abbreviation
reflezive :: (‘a * 'a) set => bool where — reflexivity over a type
reflexive == refl UNIV
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definition
sym :: (‘a * 'a) set => bool where — symmetry predicate
symr == ALL z y. (z,y): r ——> (y,z): T

definition
antisym :: ('a * 'a) set => bool where — antisymmetry predicate
antisym r == ALL z y. (z,y):r ——> (y,z):r ——> =y

definition
trans :: ('a x 'a) set => bool where — transitivity predicate
trans r == (ALL z y z. (z,y):r ——> (y,2):r ——> (z,2):7)

definition
single-valued :: ('a * 'b) set => bool where
single-valued 1 == ALL z y. (z,y):r ——> (ALL 2. (z,2):r ——> y=2)

definition
inv-image :: (b % 'b) set => (‘a => 'b) => (‘a * 'a) set where
inv-image r f == {(z, y). (f 2, [ y) : r}

17.2 The identity relation
lemma IdI [intro]: (a, a) : Id
by (simp add: Id-def)

lemma IdE [elim!]: p : Id ==> (z. p = (z, ) ==> P) ==> P
by (unfold Id-def) (iprover elim: CollectE)

lemma pair-in-Id-conv [iff]: ((a, b) : Id) = (a = b)
by (unfold Id-def) blast

lemma reflexive-1d: reflexive Id
by (simp add: refl-def)

lemma antisym-Id: antisym Id
— A strange result, since Id is also symmetric.
by (simp add: antisym-def)

lemma sym-Id: sym Id
by (simp add: sym-def)

lemma trans-Id: trans Id
by (simp add: trans-def)
17.3 Diagonal: identity over a set

lemma diag-empty [simp|: diag {} = {}
by (simp add: diag-def)



THEORY “Relation”

lemma diag-eql: ¢ = b ==>a: A ==> (a, b) : diag A
by (simp add: diag-def)

lemma diagl [introl,noatp]: a : A ==> (a, a) : diag A
by (rule diag-eql) (rule refl)

lemma diagE [elim!]:
c:diag A==> (lz.2: A==>c¢= (z,z) ==>P) ==>P
— The general elimination rule.

by (unfold diag-def) (iprover elim!: UN-E singletonF)

lemma diag-iff: ((z, y) : diag A) = (z =y & z: A)
by blast

lemma diag-subset-Times: diag A C A x A
by blast

17.4 Composition of two relations

lemma rel-compl [introl:
(a,b) : s ==> (b, c):r==>(a,¢):rO0s
by (unfold rel-comp-def) blast

lemma rel-compFE [elim!]: zz : v O s ==>
Mz yz azz=(z,2)==>(z,y) : s ==>(y, 2) : r ==> P) ==> P
by (unfold rel-comp-def) (iprover elim!: CollectE splitE exE conjE)

lemma rel-compFEpair:
(a,¢): 7 O0s==>Ny. (a,y):5s==>(y,¢): r ==>P)==>P
by (iprover elim: rel-compE Pair-inject ssubst)

lemma R-O-Id [simp]: R O Id = R
by fast

lemma Id-O-R [simp]: Id O R = R
by fast

lemma rel-comp-emptyl [simp]: {} O R = {}
by blast

lemma rel-comp-empty2[simp]: R O {} = {}
by blast

lemma O-assoc: (R OS) O T=RO (SOT)
by blast

lemma trans-O-subset: trans r ==>r O r C r

by (unfold trans-def) blast

315
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lemma rel-comp-mono: r' C r ==>s'C s ==>(r' Os’) C(r0s)
by blast

lemma rel-comp-subset-Sigma:
sCAXB==>rCBxC==>(r0s)CAxC
by blast

17.5 Reflexivity

lemma refll: r CAXx A==> (lz.z: A==> (z,2): 1) ==>refl Ar
by (unfold refl-def) (iprover intro!: balll)

lemma reflD: refl Ar ==>a: A==> (a,a):r
by (unfold refl-def) blast

lemma reflD1: refl A r ==> (z,y) : r==>uz: A
by (unfold refl-def) blast

lemma reflD2: refl Ar ==> (z,y) :r==>y: A
by (unfold refl-def) blast

lemma refl-Int: refl A r ==> refl B s ==> refl (AN B) (r N s)
by (unfold refl-def) blast

lemma refl-Un: refl A r ==> refl Bs ==> refl (AU B) (r U s)
by (unfold refl-def) blast

lemma refl-INTER:
ALL z:S. refl (A z) (rz) ==> refl (INTER S A) (INTER S r)
by (unfold refl-def) fast

lemma refl-UNION:
ALL z:S. refl (A z) (r £) = refl (UNION S A) (UNION S r)
by (unfold refl-def) blast

lemma refl-empty[simp]: refl {} {}
by (simp add:refl-def)

lemma refl-diag: refl A (diag A)
by (rule refill [OF diag-subset-Times diagl])

17.6 Antisymmetry

lemma antisyml:
Nz y. (z,y):r==>(y, ) : r ==> z=y) ==> antisym r
by (unfold antisym-def) iprover

lemma antisymD: antisym r ==> (a, b) : r ==> (b, a) : 7 ==>a =
by (unfold antisym-def) iprover
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lemma antisym-subset: r C s ==> antisym s ==> antisym r
by (unfold antisym-def) blast

lemma antisym-empty [simp]: antisym {}
by (unfold antisym-def) blast

lemma antisym-diag [simp]: antisym (diag A)

by (unfold antisym-def) blast

17.7 Symmetry

lemma symI: (Na b. (a, b) : r ==> (b, a) : ) ==> sym 1

by (unfold sym-def) iprover

lemma symD: sym r ==> (a, b) : r ==> (b, a) : 1
by (unfold sym-def, blast)

lemma sym-Int: sym r ==> sym s ==> sym (r N s)
by (fast intro: symlI dest: symD)

lemma sym-Un: sym r ==> sym s ==> sym (r U s)
by (fast intro: syml dest: symD)

lemma sym-INTER: ALL z:S. sym (r ) ==> sym (INTER S r)
by (fast intro: symlI dest: symD)

lemma sym-UNION: ALL z:S. sym (r x) ==> sym (UNION S r)
by (fast intro: symlI dest: symD)

lemma sym-diag [simp]: sym (diag A)
by (rule syml) clarify

17.8 Transitivity

lemma transl:
Nzyz (z,y):r==>(y, 2) : 7 ==> (x, 2) : r) ==> trans r
by (unfold trans-def) iprover

lemma transD: trans r ==> (a, b) : r ==> (b, ¢) : r ==> (a, ¢) : 1
by (unfold trans-def) iprover

lemma trans-Int: trans r ==> trans s ==> trans (r N s)
by (fast intro: transl elim: transD)

lemma trans-INTER: ALL z:S. trans (r x) ==> trans (INTER S )
by (fast intro: transl elim: transD)

lemma trans-diag [simp]: trans (diag A)
by (fast intro: transl elim: transD)
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17.9 Converse

lemma converse-iff [iff]: ((a,b): r"—1) = ((b,a) : r)
by (simp add: converse-def)

lemma conversel[sym]: (a, b) : r ==> (b, a) : r"—1
by (simp add: converse-def)

lemma converseD[sym]: (a,b) : r"—1 ==> (b, a) : 1
by (simp add: converse-def)

lemma converseE [elim!]:
yr:r'—1 ==> Mz y. yz = (y, z) ==> (2, y) : 7 ==> P) ==> P
— More general than converseD, as it “splits” the member of the relation.
by (unfold converse-def) (iprover elim!: CollectE splitE bexE)

lemma converse-converse [simpl: (r"—1)"—1 =r
by (unfold converse-def) blast

lemma converse-rel-comp: (r O s)"—1 =s"—1 O r"—1
by blast

lemma converse-Int: (rNs)"—1 =r"—1 Ns"—1
by blast

r’'—1Us"—1

lemma converse-Un: (r U s) "—1
by blast

lemma converse-INTER: (INTER S r)"—1 = (INT z:S. (rz)"—1)
by fast

lemma converse-UNION: (UNION S r)"—1 = (UN z:S. (rz)"—1)
by blast

lemma converse-Id [simp): Id"—1 = Id
by blast

lemma converse-diag [simp]: (diag A) "—1 = diag A
by blast

lemma refl-converse [simp|: refl A (converse r) = refl A r
by (unfold refl-def) auto

lemma sym-converse [simpl: sym (converse r) = sym r

by (unfold sym-def) blast

lemma antisym-converse [simp|: antisym (converse r) = antisym r
by (unfold antisym-def) blast

lemma trans-converse [simp|: trans (converse r) = trans r
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by (unfold trans-def) blast

lemma sym-conv-converse-eq: sym r = (r’'—1 = r)
by (unfold sym-def) fast

lemma sym-Un-converse: sym (r U r"—1)
by (unfold sym-def) blast

lemma sym-Int-converse: sym (r N r°—1)
by (unfold sym-def) blast

17.10 Domain

declare Domain-def [noatp]

lemma Domain-iff: (a : Domain r) = (EX y. (a, y) : 1)
by (unfold Domain-def) blast

lemma Domainl [intro]: (a, b) : ¥ ==> a : Domain r
by (iprover intro!: iffD2 [OF Domain-iff])

lemma DomainE [elim!]:
a : Domain r ==> (Ny. (a, y) : r ==> P) ==> P
by (iprover dest!: iffD1 [OF Domain-iff])

lemma Domain-empty [simp]: Domain {} = {}
by blast

lemma Domain-insert: Domain (insert (a, b) r) = insert a (Domain 1)
by blast

lemma Domain-Id [simp]: Domain Id = UNIV
by blast

lemma Domain-diag [simp]: Domain (diag A) = A
by blast

lemma Domain-Un-eq: Domain(A U B) = Domain(A) U Domain(B)
by blast

lemma Domain-Int-subset: Domain(A N B) C Domain(A) N Domain(B)
by blast

lemma Domain-Diff-subset: Domain(A) — Domain(B) C Domain(4A — B)
by blast

lemma Domain-Union: Domain (Union S) = (|J A€S. Domain A)
by blast
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lemma Domain-converse[simp]: Domain(r"—1) = Range r
by (auto simp:Range-def)

lemma Domain-mono: r C s ==> Domain r C Domain s
by blast

lemma fst-eq-Domain: fst ‘ R = Domain R
by (auto intro!:image-eql )

17.11 Range

lemma Range-iff: (a : Range r) = (EX y. (y, a) : 1)
by (simp add: Domain-def Range-def)

lemma Rangel [intro]: (a, b) : 7 ==> b : Range r
by (unfold Range-def) (iprover intro!: conversel Domainl)

lemma RangeFE [elim!]: b : Range r ==> (Nlz. (z, b) : r ==> P) ==> P
by (unfold Range-def) (iprover elim!: DomainE dest!: converseD)

lemma Range-empty [simp]: Range {} = {}
by blast

lemma Range-insert: Range (insert (a, b) r) = insert b (Range r)
by blast

lemma Range-Id [simp]: Range Id = UNIV
by blast

lemma Range-diag [simp]: Range (diag A) = A
by auto

lemma Range-Un-eq: Range(A U B) = Range(A) U Range(B)
by blast

lemma Range-Int-subset: Range(A N B) C Range(A) N Range(B)
by blast

lemma Range-Diff-subset: Range(A) — Range(B) C Range(A — B)
by blast

lemma Range-Union: Range (Union S) = (|J A€S. Range A)
by blast

lemma Range-converse[simp]: Range(r"—1) = Domain r
by blast

lemma snd-eq-Range: snd ‘ R = Range R
by (auto intro!:image-eql )
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17.12 Field
lemma mono-Field: r C s = Field r C Field s
by (auto simp:Field-def Domain-def Range-def)

lemma Field-empty[simp]: Field {} = {}
by (auto simp:Field-def)

lemma Field-insert[simp]: Field (insert (a,b) r) = {a,b} U Field r
by (auto simp:Field-def)

lemma Field-Un[simp]: Field (r U s) = Field r U Field s
by (auto simp:Field-def)

lemma Field-Union[simp]: Field (JR) = | (Field ‘ R)
by (auto simp:Field-def)

lemma Field-converse[simp]: Field(r"—1) = Field r
by (auto simp:Field-def)

17.13 Image of a set under a relation
declare Image-def [noatp)

lemma Image-iff: (b : r*“A) = (EX x:A. (z, b) : 1)
by (simp add: Image-def)

lemma Image-singleton: r*{a} = {b. (a, b) : r}
by (simp add: Image-def)

lemma Image-singleton-iff [iff]: (b : r*{a}) = ((a, b) : T)
by (rule Image-iff [THEN trans]) simp

lemma I'magel [intro,noatp): (a, b) : 1 ==>a: A ==>b:r“A
by (unfold Image-def) blast

lemma ImageFE [elim!]:
b:r“A==>Nz. (z,b):r==>12:A==>P)==>P
by (unfold Image-def) (iprover elim!: CollectE bexFE)

lemma rev-Imagel: a : A ==> (a, b) :r==>b:r1r“A
— This version’s more effective when we already have the required a
by blast

lemma I'mage-empty [simp]: R“{} = {}
by blast

lemma Image-Id [simp]: Id “ A = A
by blast
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lemma Image-diag [simp]: diag A “B = AN B
by blast

lemma Image-Int-subset: R “ (AN B)C R “ANR“B
by blast

lemma Image-Int-eq:
single-valued (converse R) ==> R “ (AN B)=R “ANR “B
by (simp add: single-valued-def, blast)

lemma I'mage-Un: R “ (AUB)=R “AUR “B
by blast

lemma Un-Image: (RUS) “A=R “AUS “A
by blast

lemma Image-subset: r C A x B ==>r“C C B
by (iprover introl: subsetl elim!: ImageE dest!: subsetD SigmaD2)

lemma Image-eq-UN: B = (Jye B. r*{y})
— NOT suitable for rewriting
by blast

lemma Image-mono: ' Cr==> A’ C A ==> (r' “A’) C (r “A)
by blast

lemma I'mage-UN: (r *“ (UNION A B)) = (Jz€A. r “ (B z))
by blast

lemma Image-INT-subset: (r ““ INTER A B) C (Nz€A. r “ (B x))
by blast

Converse inclusion requires some assumptions

lemma Image-INT-eq:
[|single-valued (r—t); A#{}|] ==> r “INTER A B = (Nz€A. r “ B 1)
apply (rule equalityl )
apply (rule Image-INT-subset)
apply (simp add: single-valued-def, blast)
done

lemma Image-subset-eq: (r“A C B) = (A C — ((r"—1) “ (=B)))
by blast

17.14 Single valued relations

lemma single-valuedl:
ALL z y. (z,y):r ——> (ALL z. (z,2):r ——> y=z) ==> single-valued r
by (unfold single-valued-def)
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lemma single-valuedD:
single-valued 1 ==> (z, y) : r ==> (x, 2) : r ==>y = 2
by (simp add: single-valued-def)

lemma single-valued-rel-comp:
single-valued 1 ==> single-valued s ==> single-valued (r O s)
by (unfold single-valued-def) blast

lemma single-valued-subset:
r C s ==> single-valued s ==> single-valued r
by (unfold single-valued-def) blast

lemma single-valued-Id [simp]: single-valued Id
by (unfold single-valued-def) blast

lemma single-valued-diag [simp]: single-valued (diag A)

by (unfold single-valued-def) blast

17.15 Graphs given by Collect

lemma Domain-Collect-split [simp]: Domain{(z,y). Pz y} = {z. EX y. Pz y}
by auto

lemma Range-Collect-split [simp]: Range{(z,y). Pz y} = {y. EXz. Pz y}
by auto

lemma Image-Collect-split [simp]: {(z,y). Pz y} “ A= {y. EX ©:A. Pz y}
by auto

17.16 Inverse image

lemma sym-inv-image: sym r ==> sym (inv-image r f)
by (unfold sym-def inv-image-def) blast

lemma trans-inv-image: trans r ==> trans (inv-image r f)
apply (unfold trans-def inv-image-def)
apply (simp (no-asm))
apply blast
done

17.17 Version of Ifp-induct for binary relations

lemmas [fp-induct2 =
Ifp-induct-set [of (a, b), split-format (complete)]

end



THEORY “Predicate” 324

18 Predicate: Predicates

theory Predicate

imports Inductive Relation

begin

18.1 Equality and Subsets

lemma pred-equals-eq: (Az. x € R) = (Az. z € §)) = (R=9)
by (simp add: mem-def)

lemma pred-equals-eq2 [pred-set-conv]: (Az y. (z, y) € R) = Az y. (z, y) € 9))
by (simp add: expand-fun-eq mem-def)

lemma pred-subset-eq: (Ax. z € R) <= (Az. z € §)) = (R <= 5)
by (simp add: mem-def)

lemma pred-subset-eq2 [pred-set-conv]: (Az y. (z, y) € R) <= (Az y. (z, y) €
5)) = (R <=5)
by fast
18.2 Top and bottom elements
lemma top1I [intro!]: top z

by (simp add: top-fun-eq top-bool-eq)

lemma top2l [introl]: top x y
by (simp add: top-fun-eq top-bool-eq)

lemma bot1E [elim!]: bot © = P
by (simp add: bot-fun-eq bot-bool-eq)

lemma bot2E [elim!]: bot ¢ y = P
by (simp add: bot-fun-eq bot-bool-eq)

18.3 The empty set

lemma bot-empty-eq: bot = (Az. x € {})
by (auto simp add: expand-fun-eq)

lemma bot-empty-eq2: bot = (Az y. (z, y) € {})
by (auto simp add: expand-fun-eq)

18.4 Binary union

lemma supl-iff [simp]: sup A Bx «—— A x| Bz
by (simp add: sup-fun-eq sup-bool-eq)

lemma sup2-iff [simp]: sup ABxy«—— Azy|Buzy
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by (simp add: sup-fun-eq sup-bool-eq)

lemma sup-Un-eq [pred-set-conv]: sup (Az. z € R) (Az. 2 € §) = (Az. 2z € RU
5)
by (simp add: expand-fun-eq)

lemma sup-Un-eq2 [pred-set-conv]: sup (A\z y. (z, y) € R) Az y. (z, y) € S) =
(A y. (z,y) € RUS)
by (simp add: expand-fun-eq)

lemma sup1ll [elim?]: Az = sup A Bz
by simp

lemma sup2l! [elim?]: Az y = sup A Bzy
by simp

lemma sup1I2 [elim?]: Bx = sup A Bz
by simp

lemma sup2l2 [elim?]: Bxy — sup A Bz y
by simp

Classical introduction rule: no commitment to A vs B.

lemma sup1CI [introl]: (¥ Bx ==> A z) ==> sup A Bz
by auto

lemma sup2CI [introl]: (Y Bxy ==> Az y) ==> sup A Bzy
by auto

lemma suplE [elim!]: sup A Bz ==> (A z ==> P) ==> (Bz ==> P) ==>
P
by simp iprover

lemma sup2FE [elim!]: sup A Bz y ==> (A zy ==> P) ==> (Bzy ==> P)
==>P
by simp iprover

18.5 Binary intersection
lemma inf1-iff [simp]: inf A Bz «—— Az A Bx
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf2-iff [simp]: inf A Bxzy+— AzyABuzy
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf-Int-eq [pred-set-conv]: inf (Ax. x € R) (Az. z € §) = (Az. 2 € RN S)
by (simp add: expand-fun-eq)
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lemma inf-Int-eq2 [pred-set-conv]: inf (Az y. (z, y) € R) Az y. (z, y) € §) =
M y. (z,y) € RNS)
by (simp add: expand-fun-eq)

lemma inf1I [introl]: A x ==> Bz ==> infA Bz
by simp

lemma inf2I [intro!]: Az y==>Bxy==>infABzy
by simp

lemma infiD1: inf A Bz ==> Az
by simp

lemma inf2D1: infA Bxy ==> Azy
by simp

lemma infiD2: inf A Bx ==> Bz
by simp

lemma inf2D2: inf A Bxy ==> Bzxy
by simp

lemma inf1E [elim!]: inf A Bz ==> (A ¢ ==> By ==> P) ==> P
by simp

lemma inf2E [elim!]: inf A Bz y ==> (Azy==>Bzy==>P)==>P
by simp

18.6 Unions of families

lemma SUPI-iff [simp]: (SUP z:A. Bz) b = (EX 1:A. Bz b)
by (simp add: SUPR-def Sup-fun-def Sup-bool-def) blast

lemma SUP2-iff [simp]: (SUP z:A. Bz) bc = (EX z:A. Bz b ¢)
by (simp add: SUPR-def Sup-fun-def Sup-bool-def) blast

lemma SUPI-I [intro]: a : A ==> Bab==> (SUPz:A. Bz) b
by auto

lemma SUP2-I [intro]: a : A ==> Babc==> (SUPz:A. Bzx) bc
by auto

lemma SUPI-E [elim!]: (SUP x:A. Bz) b==> (llz. 2 : A==> Bz b==>R)
==>R
by auto

lemma SUP2-E [elim!]: (SUP x:A. Bz) bc==> (Nz.2: A==>Bzxbc==>
R)==>R
by auto
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lemma SUP-UN-eq: (SUP i. (M\z. z € ri)) = (Az. € (UNi. r 1))
by (simp add: expand-fun-eq)

lemma SUP-UN-eq2: (SUP i. Az y. (z,y) € ri)) = Az y. (z,y) € (UNi. 1))
by (simp add: expand-fun-eq)

18.7 Intersections of families

lemma INF1-iff [simp]: (INF z:A. Bz) b = (ALL 2:A. B z b)
by (simp add: INFI-def Inf-fun-def Inf-bool-def) blast

lemma INF2-iff [simp]: (INF z:A. Bz) b c = (ALL 2:A. Bz b c)
by (simp add: INFI-def Inf-fun-def Inf-bool-def) blast

lemma INFI-I [intro!]: (lz. z : A ==> Bz b) ==> (INF x:A. Bz) b
by auto

lemma INF2-I [intro!]: Nz. 2 : A ==> Bz bc)==> (INFz:A. Bz) bc
by auto

lemma INF1-D [elim]: (INF z:A. Bz) b ==>a: A==>Bab
by auto

lemma INF2-D [elim]: (INF x:A. Bz) bc==>a:A==>Babc
by auto

lemma INFI-E [elim]: (INF z:A. Bz) b ==> (Bab==>R) ==> (a ~: A
==> R) ==> R
by auto

lemma INF2-E [elim]: (INF x:A. Bz) bc==> (Babc==>R)==>(a™: A
==> R)==>R
by auto

lemma INF-INT-eq: (INF i. (Az. x € ri)) = (Az. x € (INT 4. r i)
by (simp add: expand-fun-eq)

lemma INF-INT-eq2: (INFi. Az y. (z,y) € ri)) = Az y. (z, y) € (INTi. 1))
by (simp add: expand-fun-eq)

18.8 Composition of two relations

inductive
pred-comp :: ['b => ‘c => bool, 'a => b => bool] => 'a => "¢ => bool
(infixr OO 75)
for r :: 'b => 'c => bool and s :: 'a => 'b => bool
where
pred-compl [intro]: s a b ==>1bc==> (r 00 s) ac
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inductive-cases pred-compE [elim!]: (r OO s) a ¢

lemma pred-comp-rel-comp-eq [pred-set-conv]:
(A y. (z,y)er) 00 Az y. (z,y) €s) =Ny (z,y) €rO0s)
by (auto simp add: expand-fun-eq elim: pred-compFE)

18.9 Converse

inductive
conversep :: (‘a => b => bool) => b => 'a => bool
((-"==1) [1000] 1000)
for r :: 'a => b => bool
where
conversepl: ra b ==>r"——1ba

notation (zsymbols)
conversep ((-—*~1) [1000] 1000)

lemma conversepD:
assumes ab: r"——1 a b
shows r b a using ab
by cases simp

lemma conversep-iff [iff]: r"——1ab=rba
by (iprover intro: conversepl dest: conversepD)

lemma conversep-converse-eq [pred-set-conv):
Ay (z,y)er)'—1 =0MNzy. (z,y) €r'—1)
by (auto simp add: expand-fun-eq)

lemma conversep-conversep [simp]: (r"——1)"——1 =r
by (iprover intro: order-antisym conversepl dest: conversepD)

lemma converse-pred-comp: (r 00 ) "——1 = s"——1 00 r"——1
by (iprover intro: order-antisym conversepl pred-compl
elim: pred-compE dest: conversepD)

lemma converse-meet: (infrs)"——1 =infr ——1s"——1
by (simp add: inf-fun-eq inf-bool-eq)
(iprover intro: conversepl ext dest: conversepD)

lemma converse-join: (sup r ) "——1 = sup r"——1 s "——1
by (simp add: sup-fun-eq sup-bool-eq)

(iprover intro: conversepl ext dest: conversepD)

lemma conversep-noteq [simp): (op ~=)"——1 = op ~=
by (auto simp add: expand-fun-eq)

lemma conversep-eq [simp]: (op =) "——1 = op =
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by (auto simp add: expand-fun-eq)

18.10 Domain

inductive
DomainP :: ('a => b => bool) => 'a => bool
for r :: 'a => b => bool

where
DomainPI [intro]: 7 a b ==> DomainP r a

inductive-cases DomainPE [elim!]: DomainP r a

lemma DomainP-Domain-eq [pred-set-conv]: DomainP (Az y. (z, y) € r) = (Az.
x € Domain 1)
by (blast intro!: Orderings.order-antisym predicatell)

18.11 Range

inductive
RangeP :: ('a => 'b => bool) => "b => bool
for r :: 'a => 'b => bool

where
RangePI [intro]: r a b ==> RangeP r b

inductive-cases RangePE [elim!]: RangeP r b

lemma RangeP-Range-eq [pred-set-conv]: RangeP (Az y. (z, y) € r) = (Az. z €
Range 1)
by (blast intro!: Orderings.order-antisym predicatell)

18.12 Inverse image

definition
inv-imagep = ('b => 'b => bool) => ('a => 'b) => 'a => 'a => bool where
inv-imagep v f == %z y. r (fz) (fy)

lemma [pred-set-conv]: inv-imagep (Azy. (z, y) € r) f = Az y. (z, y) € inv-image

rf)
by (simp add: inv-image-def inv-imagep-def)

lemma in-inv-imagep [simp|: inv-imagep r fxy =1 (fz) (fy)

by (simp add: inv-imagep-def)

18.13 The Powerset operator
definition Powp :: (‘a = bool) = 'a set = bool where
Poup A== AB.Vz € B. Az

lemma Powp-Pow-eq [pred-set-conv]: Powp (Az. z € A) = (Az. © € Pow A)
by (auto simp add: Powp-def expand-fun-eq)
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lemmas Powp-mono [mono] = Pow-mono [to-pred pred-subset-eq]

18.14 Properties of relations - predicate versions

abbreviation antisymP :: (‘a => 'a => bool) => bool where
antisymP r == antisym {(z, y). r ¢ y}

abbreviation transP :: (‘a => 'a => bool) => bool where
transP r == trans {(z, y). r x y}

abbreviation single-valuedP :: (‘a => 'b => bool) => bool where
single-valuedP r == single-valued {(z, y). r z y}

end

19 Transitive-Closure: Reflexive and Transitive clo-
sure of a relation

theory Transitive-Closure
imports Predicate

uses ~~/src/ Provers/trancl. ML
begin

rtrancl is reflexive/transitive closure, trancl is transitive closure, reficl is
reflexive closure.

These postfix operators have mazimum priority, forcing their operands to
be atomic.

inductive-set
rtrancl :: ('a x 'a) set = (Ya x 'a) set ((-"x) [1000] 999)
for r :: ('a x 'a) set

where
rtrancl-refl [intro!, Pure.intro!, simp]: (a, a) : r"%
| rtrancl-into-rtrancl [Pure.intro]: (a, b) : v"x ==> (b, ¢) : r ==> (a, ¢) : r %

inductive-set
trancl :: (Ya x 'a) set = (a x 'a) set ((-"+) [1000] 999)
for r :: (Ya x ‘a) set
where
r-into-trancl [intro, Pure.intro]: (a, b) : r ==> (a, b) : r"+
| trancl-into-trancl [Pure.intro]: (a, b) : "+ ==> (b, ¢) : r ==> (a, ¢) : "+

notation
rtranclp ((-"**) [1000] 1000) and
tranclp ((-"++) [1000] 1000)

abbreviation
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reflelp == ('a => 'a => bool) => 'a => 'a => bool ((-"==) [1000] 1000)
where
r’== == sup r op =

abbreviation
reflcl 2 ('a x 'a) set => (‘a x 'a) set ((-"=) [1000] 999) where
r'===rUId

notation (zsymbols)
rtranclp ((-**) [1000] 1000) and
tranclp ((-T7) [1000] 1000) and
reflclp ((-—=) [1000] 1000) and
rtrancl ((-*) [1000] 999) and
trancl ((-7) [1000] 999) and
reflel ((-=) [1000] 999)

notation (HTML output)
rtranclp ((-**) [1000] 1000) and
tranclp ((-T1) [1000] 1000) and
reflelp ((-—=) [1000] 1000) and
rtrancl ((-*) [1000] 999) and
trancl ((-7) [1000] 999) and
reflel ((-=) [1000] 999)

Y~ =~

19.1 Reflexive closure

lemma reflezive-reficl[simp]: reflexive(r =)
by (simp add:refl-def)

lemma antisym-reflcl[simp]: antisym(r°=) = antisym r
by (simp add:antisym-def)

lemma trans-reficll[simp]: trans r = trans(r =)
unfolding trans-def by blast

19.2 Reflexive-transitive closure

lemma reficl-set-eq [pred-set-conv]: (sup (Azx y. (z, y) € r) op =) = Az y. (z, y)
€ r Un Id)
by (simp add: expand-fun-eq)

lemma r-into-rtrancl [intro]: !lp. p € r ==> p € r’x
— rtrancl of r contains r
apply (simp only: split-tupled-all)
apply (erule rtrancl-refl [THEN rtrancl-into-rtrancl])
done

lemma r-into-rtranclp [intro]: rx y ==> r"*xx z y
— rtrancl of r contains r
by (erule rtranclp.rtrancl-refl [THEN rtranclp.rtrancl-into-rtrancl])
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lemma rtranclp-mono: r < s ==> r xx < § #x%
— monotonicity of rtrancl
apply (rule predicate2l)
apply (erule rtranclp.induct)
apply (rule-tac [2] rtranclp.rtrancl-into-rtrancl, blast+)
done

lemmas rtrancl-mono = rtranclp-mono [to-set]

theorem rtranclp-induct [consumes 1, case-names base step, induct set: rtranclp]:
assumes a: 7 k% a b

and cases: Pallyz. [|r"sx ay;ryz; Pyl|] ==> Pz
shows P b
proof —
from ¢ have a = a —> P b

by (induct %z y. © = a ——> P y a b) (iprover intro: cases)+
then show ?thesis by iprover
qed

lemmas rtrancl-induct [induct set: rtrancl] = rtranclp-induct [to-set]

lemmas rtranclp-induct2 =
rtranclp-induct|of - (azx,ay) (bx,by), split-rule,
consumes 1, case-names refl step)

lemmas rtrancl-induct2 =
rtrancl-induct|of (az,ay) (bz,by), split-format (complete),
consumes 1, case-names refl step)

lemma reflexive-rtrancl: reflexive (r )
by (unfold refl-def) fast

Transitivity of transitive closure.

lemma trans-rtrancl: trans (rx)
proof (rule transI)
fixzxyz
assume (z, y) € 7*
assume (y, z) € r*
then show (z, z) € r*
proof induct
case base
show (z, y) € r* by fact
next
case (step u v)
from «(z, u) € r* and «(u, v) € M
show (z, v) € r* .
qed
qed
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lemmas rtrancl-trans = trans-rtrancl [THEN transD, standard]

lemma rtranclp-trans:
assumes xy: r xk T Y
and yz: rxx y 2z
shows r"xx x z using yz zy
by induct iprover+

lemma rtranclE [cases set: rtrancl]:
assumes major: (a::'a, b) : 7%
obtains
(base) a = b
| (step) y where (a, y) : 7"+ and (y, b) : 7
— elimination of rtrancl — by induction on a special formula
apply (subgoal-tac (a::’a) = b | (EX y. (a,y) : 7" & (y,b) : 1))
apply (rule-tac [2] major [THEN rtrancl-induct])
prefer 2 apply blast
prefer 2 apply blast
apply (erule asm-rl exE disjE conjE base step)+
done

lemma rtrancl-Int-subset: [| Id C s; 71 O (r’«N's) C s|] ==>r"« C s
apply (rule subsetl)
apply (rule-tac p=z in PairE, clarify)
apply (erule rtrancl-induct, auto)
done

lemma converse-rtranclp-into-rtranclp:
rab= r**bc=r""ac
by (rule rtranclp-trans) iprover+

lemmas converse-rtrancl-into-rtrancl = converse-rtranclp-into-rtranclp [to-set|

More r* equations and inclusions.

lemma rtranclp-idemp [simp]: (r %) " = 1 %k
apply (auto introl: order-antisym)
apply (erule rtranclp-induct)
apply (rule rtranclp.rtrancl-refl)
apply (blast intro: rtranclp-trans)
done

lemmas rtrancl-idemp [simp] = rtranclp-idemp [to-set]

lemma rtrancl-idemp-self-comp [simp]: R"x O R "« = R "
apply (rule set-ext)
apply (simp only: split-tupled-all)
apply (blast intro: rtrancl-trans)
done
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lemma rtrancl-subset-rtrancl: 1 C s™ ==> r"x C s"%
apply (drule rtrancl-mono)
apply simp
done

lemma rtranclp-subset: R < § ==> 5§ < R ™% ==> § %k = R "xx
apply (drule rtranclp-mono)
apply (drule rtranclp-mono)
apply simp
done

lemmas rtrancl-subset = rtranclp-subset [to-set]

lemma rtranclp-sup-rtranclp: (sup (R “xx) (8 %x)) "xx = (sup R S) “xx
by (blast introl: rtranclp-subset intro: rtranclp-mono [THEN predicate2D])

lemmas rtrancl-Un-rtrancl = rtranclp-sup-rtranclp [to-set]

lemma rtranclp-reflcl [simp]: (R"==) "« = R “sx
by (blast intro!: rtranclp-subset)

lemmas rtrancl-reflcl [simp] = rtranclp-reflcl [to-set]

lemma rtrancl-r-diff-Id: (r — Id) "« = r"x
apply (rule sym)
apply (rule rtrancl-subset, blast, clarify)
apply (rename-tac a b)
apply (case-tac a = b)
apply blast
apply (blast intro!: r-into-rtrancl)
done

lemma rtranclp-r-diff-1d: (inf r op ~=) "% = 1 %
apply (rule sym)
apply (rule rtranclp-subset)
apply blast+
done

theorem rtranclp-converseD:
assumes r: (r’——1) "k x y
shows r"xx y z
proof —
from r show ?thesis
by induct (iprover intro: rtranclp-trans dest!: conversepD)+
qed

lemmas rtrancl-converseD = rtranclp-converseD [to-set]
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theorem rtranclp-conversel:
assumes 1 k% Yy T
shows (r"——1)"xx z y
using assms
by induct (iprover intro: rtranclp-trans conversepl )+

lemmas rtrancl-conversel = rtranclp-conversel [to-set]

lemma rtrancl-converse: (r’—1) "« = (r"*) "—1
by (fast dest!: rtrancl-converseD introl: rtrancl-conversel )

lemma sym-rtrancl: sym r ==> sym (r"x)
by (simp only: sym-conv-converse-eq rtrancl-converse [symmetric|)

theorem converse-rtranclp-induct|consumes 1]:
assumes major: r’xx a b
and cases: Pb Ny z. [|ryz; r"sx z2b; Pz ||==> Py
shows P a
using rtranclp-conversel [OF major]
by induct (iprover intro: cases dest!: conversepD rtranclp-converseD)+

lemmas converse-rtrancl-induct = converse-rtranclp-induct [to-set|

lemmas converse-rtranclp-induct2 =
converse-rtranclp-induct [of - (az,ay) (bx,by), split-rule,
consumes 1, case-names refl step]

lemmas converse-rtrancl-induct2 =
converse-rtrancl-induct [of (ax,ay) (bx,by), split-format (complete),
consumes 1, case-names refl step)

lemma converse-rtranclpE:
assumes major: r kx T z

and cases: =z ==> P
Ny. [|rzy; rxxyz|] ==> P
shows P

apply (subgoal-tac z = z | (EX y. rzy & r'xx y 2))

apply (rule-tac [2] major [THEN converse-rtranclp-induct])
prefer 2 apply iprover

prefer 2 apply iprover

apply (erule asm-rl exE disjE conjE cases)+

done

lemmas converse-rtranclE = converse-rtranclpE [to-set]
lemmas converse-rtranclpE2 = converse-rtranclpE [of - (za,xzb) (za,z2b), split-rule]

lemmas converse-rtranclE2 = converse-rtranclE [of (za,xb) (za,zb), split-rule]
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lemma r-comp-rtrancl-eq: 7 O r"™s = 1"« O r
by (blast elim: rtranclE converse-rtranclE
intro: rtrancl-into-rtrancl converse-rtrancl-into-rtrancl)

lemma rtrancl-unfold: v"« = Id Un r O "%
by (auto intro: rtrancl-into-rtrancl elim: rtranclE)

19.3 Transitive closure

lemma trancl-mono: 'p. p € 1"+ ==>r C s ==>p € s"+
apply (simp add: split-tupled-all)
apply (erule trancl.induct)
apply (iprover dest: subsetD)+
done

lemma r-into-trancl” "p. p : r ==>p : r'+
by (simp only: split-tupled-all) (erule r-into-trancl)

Conversions between trancl and rtrancl.

lemma tranclp-into-rtranclp: r"++ a b ==> r"sx a b
by (erule tranclp.induct) iprover+

lemmas trancl-into-rtrancl = tranclp-into-rtranclp [to-set]

lemma rtranclp-into-tranclpl: assumes 7: r % a b
shows !lc. b ¢ ==> r"++ a c using r
by induct iprover+

lemmas rtrancl-into-trancll = rtranclp-into-tranclpl [to-set]

lemma rtranclp-into-tranclp2: [| r a b; r™sx b c || ==> r"++ a ¢
— intro rule from 7 and rtrancl
apply (erule rtranclp.cases)
apply iprover
apply (rule rtranclp-trans [THEN rtranclp-into-trancip1])
apply (simp | rule r-into-rtranclp)+
done

lemmas rtrancl-into-trancl2 = rtranclp-into-tranclp2 [to-set]

Nice induction rule for trancl

lemma tranclp-induct [consumes 1, case-names base step, induct pred: tranclp):
assumes 7 ++ a b
and cases: ly. ray ==> Py
Wyz.r'++ay==>ryz==>Py==>Pz
shows P b
proof —
from «r"++4+ a b) have a = a —> P b
by (induct %z y. x = a ——> P y a b) (iprover intro: cases)+
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then show ?thesis by iprover
qed

lemmas trancl-induct [induct set: trancl] = tranclp-induct [to-set]

lemmas tranclp-induct2 =
tranclp-induct [of - (az,ay) (bx,by), split-rule,
consumes 1, case-names base step|

lemmas trancl-induct?2 =
trancl-induct [of (az,ay) (bx,by), split-format (complete),
consumes 1, case-names base step|

lemma tranclp-trans-induct:
assumes major: v ++ x y
and cases: 'z y. rxy ==> Puxy
Nzyz. [|r"++zy; Pxy;r"++y2; Pyz|]==>Pzxz
shows Pz y
— Another induction rule for trancl, incorporating transitivity
by (iprover intro: major [THEN tranclp-induct] cases)

lemmas trancl-trans-induct = tranclp-trans-induct [to-set]

lemma tranclE [cases set: trancl):
assumes (a, b) : 7"+
obtains
(base) (a, b) : r
| (step) ¢ where (a, ¢) : r"+ and (¢, b) : r
using assms by cases simp-all

lemma trancl-Int-subset: [| 7 C s; r O (r’+ Ns) Cs|] ==>r"+ C s
apply (rule subsetl)
apply (rule-tac p = z in PairE)
apply clarify
apply (erule trancl-induct)
apply auto
done

lemma trancl-unfold: r"+ =1 Unr O r"+
by (auto intro: trancl-into-trancl elim: tranclE)

Transitivity of T

lemma trans-trancl [simp]: trans (r"+)
proof (rule transl)

fixzyz

assume (z, y) € r'+

assume (y, z) € "+

then show (z, z) € r"+

proof induct
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case (base u)
from «(z, y) € r"+ and «(y, u) € m
show (z, u) € r"+ ..

next
case (step u v)
from «(z, u) € r"+ and (u, v) €
show (z, v) € r"+ ..

qed

qed

lemmas trancl-trans = trans-trancl [THEN transD, standard)

lemma tranclp-trans:
assumes zy: v ++ Ty
and yz: r’+4+ y 2
shows r"++ z z using yz xy
by induct iprover+

lemma trancl-id [simp): trans r = r"+ = r
apply auto
apply (erule trancl-induct)
apply assumption
apply (unfold trans-def)
apply blast
done

lemma rtranclp-tranclp-tranclp:
assumes 1 xkx T Y
shows !lz. r"+4 y 2 ==> r"++ x z using assms
by induct (iprover intro: tranclp-trans)+

lemmas rtrancl-trancl-trancl = rtranclp-tranclp-tranclp [to-set]

lemma tranclp-into-tranclp2: ra b ==> r"++ bc ==>r"++ a c
by (erule tranclp-trans [OF tranclp.r-into-trancl])

lemmas trancl-into-trancl2 = tranclp-into-tranclp2 [to-set]

lemma trancl-insert:
(insert (y, ) r) "+ =r"+ U {(a, b). (a, y) € r"x A (z, b) € 7%}
— primitive recursion for trancl over finite relations
apply (rule equalityl)
apply (rule subsetl)
apply (simp only: split-tupled-all)
apply (erule trancl-induct, blast)
apply (blast intro: rtrancl-into-trancll trancl-into-rtrancl r-into-trancl trancl-trans)
apply (rule subsetl)
apply (blast intro: trancl-mono rtrancl-mono
[THEN [2] rev-subsetD] rtrancl-trancl-trancl rtrancl-into-trancl2)
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done

lemma tranclp-conversel: (r"++)"——1zy ==> (r"—1)"++ zy
apply (drule conversepD)
apply (erule tranclp-induct)
apply (iprover intro: conversepl tranclp-trans)+
done

lemmas trancl-conversel = tranclp-conversel [to-set]

lemma tranclp-converseD: (r"——1)"++ xy ==> (r’++4) " ——1z y
apply (rule conversepl)
apply (erule tranclp-induct)
apply (iprover dest: conversepD intro: tranclp-trans)-+
done

lemmas trancl-converseD = tranclp-converseD [to-set]

lemma tranclp-converse: (r"——1)"++ = (r"+4) "——1
by (fastsimp simp add: expand-fun-eq
introl: tranclp-conversel dest!: tranclp-converseD)

lemmas trancl-converse = tranclp-converse [to-set]

lemma sym-trancl: sym r ==> sym (r"+)
by (simp only: sym-conv-converse-eq trancl-converse [symmetric])

lemma converse-tranclp-induct:
assumes major: r"++ a b
and cases: ly. ry b ==> P(y)
Ny z.[| ryz, r"++ 20b; P(2)|] ==> P(y)
shows P a
apply (rule tranclp-induct [OF tranclp-conversel, OF conversepl, OF major])
apply (rule cases)
apply (erule conversepD)
apply (blast intro: prems dest!: tranclp-converseD conversepD)
done

lemmas converse-trancl-induct = converse-tranclp-induct [to-set]
lemma tranclpD: R"++ xy ==> EX z. Rx 2z AN R™xx z gy
apply (erule converse-tranclp-induct)
apply auto
apply (blast intro: rtranclp-trans)
done

lemmas tranclD = tranclpD [to-set]

lemma tranclD2:



THEORY “Transitive-Closure” 340

(z,y) € RY = Jz. (x,2) € R* AN (2,y) € R
by (blast elim: tranclE intro: trancl-into-rtrancl)

lemma irrefl-trancll: r°—1 N r*x = {} ==> (z, z) ¢ r"+
by (blast elim: tranclE dest: trancl-into-rtrancl)

lemma irrefi-trancl-rD: ' X. ALL x. (z, z) ¢ r"+ ==> (z,y) €Er==>x # y
by (blast dest: r-into-trancl)

lemma trancl-subset-Sigma-aux:
(a,D)ers==>rCAx A==>a=bVacAd
by (induct rule: rtrancl-induct) auto

lemma trancl-subset-Sigma: 1 C A x A==>r"+ C A x A
apply (rule subsetl)
apply (simp only: split-tupled-all)
apply (erule tranclE)
apply (blast dest!: trancl-into-rtrancl trancl-subset-Sigma-auz)+
done

lemma reficl-tranclp [simp]: (r"++) "== = r *x
apply (safe intro!: order-antisym)
apply (erule tranclp-into-rtranclp)
apply (blast elim: rtranclp.cases dest: rtranclp-into-trancipl)
done

lemmas reficl-trancl [simp] = reflcl-tranclp [to-set]

lemma trancl-reflcl [simp]: (r°=)"+ = r’x
apply safe
apply (drule trancl-into-rtrancl, simp)
apply (erule rtranclE, safe)
apply (rule r-into-trancl, simp)
apply (rule rtrancl-into-trancll)
apply (erule rtrancl-reflcl [THEN equalityD2, THEN subsetD], fast)
done

lemma trancl-empty [simp]: {} "+ = {}
by (auto elim: trancl-induct)

lemma rtrancl-empty [simp]: {} "« = Id
by (rule subst [OF reflcl-trancl]) simp

lemma rtranclpD: R™xx a b ==>a=bVa#bAR++ ab
by (force simp add: reflcl-tranclp [symmetric] simp del: reflcl-tranclp)

lemmas rtranclD = rtranclpD [to-set]

lemma rtrancl-eq-or-trancl:
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(z,y) € R* = (z=y V a#y A (z,y) € RY)
by (fast elim: trancl-into-rtrancl dest: rtranclD)

Domain and Range

lemma Domain-rtrancl [simp]: Domain (R x) = UNIV
by blast

lemma Range-rtrancl [simp]: Range (R x) = UNIV
by blast

lemma rtrancl-Un-subset: (R« U S"x) C (R Un S) "
by (rule rtrancl-Un-rtrancl [THEN subst]) fast

lemma in-rtrancl-Unl: x € R"x V z € §™x ==> 2z € (RU S) "x
by (blast intro: subsetD [OF rtrancl-Un-subset))

lemma trancl-domain [simp]: Domain (r"+) = Domain r
by (unfold Domain-def) (blast dest: tranclD)

lemma trancl-range [simp]: Range (r"+) = Range r
unfolding Range-def by (simp add: trancl-converse [symmetric])

lemma Not-Domain-rtrancl:
z ~: Domain R ==> ((z, y) : R™x) = (z = y)
apply auto
apply (erule rev-mp)
apply (erule rtrancl-induct)
apply auto
done

More about converse rtrancl and trancl, should be merged with main body.

lemma single-valued-confluent:
[ single-valued r; (z,y) € 77%; (x,2) € r"* |
= (y,2) € r’« V (2,y) € r’x
apply (erule rtrancl-induct)
apply simp
apply (erule disjE)
apply (blast elim:converse-rtranclE dest:single-valuedD)
apply (blast intro:rtrancl-trans)
done

lemma r-r-into-trancl: (a, b) € R ==> (b, ¢) € R ==> (a, ¢) € R+
by (fast intro: trancl-trans)

lemma trancl-into-trancl [rule-format):
(a, b) € r* ==> (b, ¢c) € r ——> (a,c) € rT
apply (erule trancl-induct)
apply (fast intro: r-r-into-trancl)
apply (fast intro: r-r-into-trancl trancl-trans)
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done

lemma tranclp-rtranclp-tranclp:
rttab==>r"*bec==>r"Tac
apply (drule tranclpD)
apply (elim exE conjE)
apply (drule rtranclp-trans, assumption)
apply (drule rtranclp-into-tranclp2, assumption, assumption)
done

lemmas trancl-rtrancl-trancl = tranclp-rtranclp-tranclp [to-set]

lemmas transitive-closure-trans [trans| =
r-r-into-trancl trancl-trans rtrancl-trans
trancl.trancl-into-trancl trancl-into-trancl2
rtrancl.rtrancl-into-rtrancl converse-rtrancl-into-rtrancl
rtrancl-trancl-trancl trancl-rtrancl-trancl

lemmas transitive-closurep-trans’ [trans] =
tranclp-trans rtranclp-trans
tranclp.trancl-into-trancl tranclp-into-tranclp2
rtranclp.rtrancl-into-rtrancl converse-rtranclp-into-rtranclp
rtranclp-tranclp-tranclp tranclp-rtranclp-tranclp

declare trancl-into-rtrancl [elim]

19.4 Setup of transitivity reasoner

ML

structure Trancl-Tac = Trancl-Tac-Fun (
struct

val r-into-trancl = Q{thm trancl.r-into-trancl};
val trancl-trans = Q{thm trancl-trans};
val rtrancl-refl = Q{thm rtrancl.rtrancl-refl};
val r-into-rtrancl = Q{thm r-into-rtrancl};
val trancl-into-rtrancl = @Q{thm trancl-into-rtrancl};
val rtrancl-trancl-trancl = Q{thm rtrancl-trancl-trancl};
val trancl-rtrancl-trancl = Q{thm trancl-rtrancl-trancl};
val rtrancl-trans = Q{thm rtrancl-trans};

fun decomp (Trueprop $ t) =

let fun dec (Const (op :, -) $ (Const (Pair, -) $ a $b) $ rel ) =
let fun decr (Const (Transitive-Closure.rtrancl, - ) $ r) = (r,r*)
| decr (Const (Transitive-Closure.trancl, - ) $ ) = (r,r+)

| decr r = (r,r);
val (rel,r) = decr (Envir.beta-eta-contract rel);
in SOME (a,b,rel,r) end
| dec - = NONE
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in dec t end;
end);

structure Tranclp-Tac = Trancl-Tac-Fun (
struct

val r-into-trancl = Q{thm tranclp.r-into-trancl};
val trancl-trans = @Q{thm tranclp-trans};
val rtrancl-refl = Q{thm rtranclp.rtrancl-refl};
val r-into-rtrancl = @Q{thm r-into-rtranclp};
val trancl-into-rtrancl = Q{thm tranclp-into-rtrancip};
val rtrancl-trancl-trancl = @Q{thm rtranclp-tranclp-tranclp};
val trancl-rtrancl-trancl = @Q{thm tranclp-rtranclp-tranclp};
val rtrancl-trans = Q{thm rtranclp-trans};

fun decomp (Trueprop $ t) =
let fun dec (rel $ a $ b) =
let fun decr (Const (Transitive-Closure.rtranclp, - ) $ r) = (r,r%)
| decr (Const (Transitive-Closure.tranclp, - ) $ r) = (r,r+)
| decr r = (r,r);
val (rel,r) = decr rel;
in SOME (a, b, rel, ) end
| dec - = NONE
i dec t end;

end);
)

declaration ( fn - =>
Simplifier.map-ss (fn ss => ss
addSolver (mk-solver Trancl (fn - => Trancl-Tac.trancl-tac))
addSolver (mk-solver Rtrancl (fn - => Trancl-Tac.rtrancl-tac))
addSolver (mk-solver Tranclp (fn - => Tranclp-Tac.trancl-tac))
addSolver (mk-solver Rtranclp (fn - => Tranclp-Tac.rtrancl-tac)))

method-setup trancl =
{( Method.no-args (Method.SIMPLE-METHOD' Trancl-Tac.trancl-tac) )
{( simple transitivity reasoner ))

method-setup rtrancl =
{ Method.no-args (Method.SIMPLE-METHOD' Trancl-Tac.rtrancl-tac) )
{ simple transitivity reasoner )

method-setup tranclp =
{( Method.no-args (Method.SIMPLE-METHOD' Tranclp-Tac.trancl-tac) )
{( simple transitivity reasoner (predicate version) ))

method-setup rtranclp =
{( Method.no-args (Method.SIMPLE-METHOD' Tranclp-Tac.rtrancl-tac) ))
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{ simple transitivity reasoner (predicate version) )

end

20 Finite-Set: Finite sets

theory Finite-Set
imports Divides Transitive-Closure
begin

20.1 Definition and basic properties

inductive finite :: 'a set => bool
where
emptyl [simp, introl]: finite {}
| insertl [simp, introl]: finite A ==> finite (insert a A)

lemma ex-new-if-finite: — does not depend on def of finite at all
assumes — finite (UNIV :: 'a set) and finite A
shows Ja::'a. a ¢ A
proof —
from prems have A # UNIV by blast
thus ?thesis by blast
qed

lemma finite-induct [case-names empty insert, induct set: finite]:
finite F ==>
P{} ==> Nz F. finite F ==>x ¢ F ==> PF ==> P (insertz F)) ==>
PF
— Discharging = ¢ F entails extra work.
proof —
assume P {} and
insert: lx F. finite F ==> ¢ ¢ F ==> P F ==> P (insert z F)
assume finite F
thus P F
proof induct
show P {} by fact
fix ¢ F assume F': finite F and P: P F
show P (insert z F)
proof cases
assume z € F
hence insert ¢ F = F by (rule insert-absord)
with P show ?thesis by (simp only:)
next
assume z ¢ F
from F this P show ?thesis by (rule insert)
qed
qed
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qed

lemma finite-ne-induct|case-names singleton insert, consumes 2]:
assumes fin: finite F' shows F # {} =
[ Az. P{a}:
Nz F. [ finite F; F #{};x ¢ F; PF ] = P (insertz F) ]
— PF
using fin
proof induct
case empty thus ?case by simp
next
case (insert z F)
show ?Zcase
proof cases
assume F = {}
thus ?thesis using (P {z}» by simp
next
assume F # {}
thus ?thesis using insert by blast
qed
qed

lemma finite-subset-induct [consumes 2, case-names empty insert]:
assumes finite F' and FF C A
and empty: P {}
and insert: lla F. finite F ==>a € A==>a ¢ F ==> P F ==> P (insert
a F)
shows P F
proof —
from (finite F) and (F C A
show ?thesis
proof induct
show P {} by fact
next
fix z F
assume finite F and = ¢ F and
P:.FCA==>PFandi inserts F C A
show P (insert z F)
proof (rule insert)
from i show z € A by blast
from ¢ have F C A by blast
with P show P F .
show finite F' by fact
show = ¢ F by fact
qed
qed
qed

Finite sets are the images of initial segments of natural numbers:
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lemma finite-imp-nat-seg-image-inj-on:
assumes fin: finite A
shows 3 (nunat) f. A = f* {i. i<n} & inj-on f {i. i<n}
using fin
proof induct
case empty
show ?Zcase
proof show 3f. {} = f “ {iznat. i < 0} & inj-on f {i. i<0} by simp
qed
next
case (insert a A)
have notinA: a ¢ A by fact
from insert.hyps obtain n f
where A = f “ {iznat. i < n} inj-on f {i. i < n} by blast
hence insert a A = f(n:=a) ‘ {i. i < Suc n}
inj-on (f(n:=a)) {i. i < Suc n} using notinA
by (auto simp add: image-def Ball-def inj-on-def less-Suc-eq)
thus ?case by blast
qed

lemma nat-seg-image-imp-finite:
WA A=f‘{i:nat. i<n} = finite A
proof (induct n)
case 0 thus ?case by simp
next
case (Suc n)
let 2B = f < {i. i < n}
have finB: finite ?B by(rule Suc.hyps[OF refl])
show ?Zcase
proof cases
assume JFk<n. fn = fk
hence A = ¢B using Suc.prems by (auto simp:less-Suc-eq)
thus ?thesis using finB by simp
next
assume —(3 k<n. fn = fk)
hence A = insert (f n) ?B using Suc.prems by(auto simp:less-Suc-eq)
thus ?thesis using finB by simp
qed
qed

lemma finite-conv-nat-seg-image:
finite A = (3 (nunat) f. A= f¢{iznat. i<n})
by (blast intro: nat-seg-image-imp-finite dest: finite-imp-nat-seg-image-inj-on)

20.1.1 Finiteness and set theoretic constructions

lemma finite-Unl: finite F ==> finite G ==> finite (F Un G)
— The union of two finite sets is finite.
by (induct set: finite) simp-all
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lemma finite-subset: A C B ==> finite B ==> finite A
— Every subset of a finite set is finite.
proof —
assume finite B
thus l!A. A C B ==> finite A
proof induct
case empty
thus ?case by simp
next
case (insert x F A)
have A: A C insert  F and r: A — {z} C F ==> finite (A — {z}) by fact+
show finite A
proof cases
assume z: z € A
with A have A — {z} C F by (simp add: subset-insert-iff)
with r have finite (A — {z}) .
hence finite (insert z (A — {z})) ..
also have insert z (A — {z}) = A using z by (rule insert-Diff )
finally show ?thesis .
next
show A C F ==> ?%thesis by fact
assume z ¢ A
with A show A C F by (simp add: subset-insert-iff)
qed
qged
qged

lemma finite-Collect-subset|[simp]: finite A = finite{z € A. P z}
using finite-subset[of {z € A. P z} A] by blast

lemma finite-Un [iff]: finite (F Un G) = (finite F & finite G)
by (blast intro: finite-subset [of - X Un Y, standard] finite-Unl)

lemma finite-Int [simp, intro]: finite F | finite G ==> finite (F Int G)
— The converse obviously fails.
by (blast intro: finite-subset)

lemma finite-insert [simp]: finite (insert a A) = finite A
apply (subst insert-is-Un)
apply (simp only: finite-Un, blast)
done

lemma finite-Union[simp, intro]:
[ finite A; WM. M € A = finite M | = finite(|J A)
by (induct rule:finite-induct) simp-all

lemma finite-empty-induct:
assumes finite A
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and P A
and !a A. finite A ==> a:A ==> P A ==> P (A — {a})
shows P {}
proof —
have P (4 — A)
proof —
{

fix ¢ b :: 'a set
assume c: finite ¢ and b: finite b
and PI: P b and P2: llz y. finitey ==> a2 € y ==> Py ==> P (y —
{z})

have ¢ C b ==> P (b — ¢)
using c
proof induct
case empty
from P1 show ?case by simp
next
case (insert z F)
have P (b — F — {z})
proof (rule P2)
from - b show finite (b — F) by (rule finite-subset) blast
from insert show z € b — F by simp
from insert show P (b — F) by simp
qed
also have b — F' — {2} = b — insert z F by (rule Diff-insert [symmetric])
finally show ?case .
qed
}
then show %thesis by this (simp-all add: assms)
qed
then show ?thesis by simp
qed

lemma finite-Diff [simp]: finite B ==> finite (B — Ba)
by (rule Diff-subset [THEN finite-subset))

lemma finite-Diff-insert [iff]: finite (A — insert a B) = finite (A — B)
apply (subst Diff-insert)
apply (case-tac a : A — B)
apply (rule finite-insert [symmetric, THEN trans])
apply (subst insert-Diff , simp-all)
done

lemma finite-Diff-singleton [simp]: finite (A — {a}) = finite A
by simp

Image and Inverse Image over Finite Sets

lemma finite-imagel [simp): finite F ==> finite (h ‘ F)
— The image of a finite set is finite.
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by (induct set: finite) simp-all

lemma finite-surj: finite A ==> B <= f ‘A ==> finite B
apply (frule finite-imagel)
apply (erule finite-subset, assumption)
done

lemma finite-range-imagel:
finite (range g) ==> finite (range (%z. f (g x)))
apply (drule finite-imagel , simp)
done

lemma finite-imageD: finite (f‘A) ==> inj-on f A ==> finite A
proof —
have auz: 'A. finite (A — {}) = finite A by simp
fix B :: 'a set
assume finite B
thus 'A. f'A = B ==> inj-on f A ==> finite A
apply induct
apply simp
apply (subgoal-tac EX y:A. fy=x & F =f* (4 — {y}))
apply clarify
apply (simp (no-asm-use) add: inj-on-def)
apply (blast dest!: auz [THEN 4ffD1], atomize)
apply (erule-tac V.= ALL A. ?PP (A) in thin-rl)
apply (frule subsetD [OF equalityD2 insertl1), clarify)
apply (rule-tac © = za in bexl)
apply (simp-all add: inj-on-image-set-diff)
done
qed (rule refl)

lemma inj-vimage-singleton: inj f ==> f—“{a} C{THE x. fx = a}

— The inverse image of a singleton under an injective function is included in a
singleton.

apply (auto simp add: inj-on-def)

apply (blast intro: the-equality [symmetric])

done

lemma finite-vimagel: [|finite F; inj h|] ==> finite (h —° F)
— The inverse image of a finite set under an injective function is finite.
apply (induct set: finite)
apply simp-all
apply (subst vimage-insert)
apply (simp add: finite-Un finite-subset [OF inj-vimage-singleton])
done

The finite UNION of finite sets
lemma finite-UN-I: finite A ==> (la. a:A ==> finite (B a)) ==> finite (UN
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a:A. B a)
by (induct set: finite) simp-all

Strengthen RHS to (Vx€A. finite (B z)) A finite {x € A. Bz # {}}?

We’d need to prove finite C = VA B. UNION A B C C — finite {z €
A. Bz # {}} by induction.

lemma finite-UN [simp]: finite A ==> finite (UNION A B) = (ALL z:A. finite
(B z))
by (blast intro: finite-UN-I finite-subset)

lemma finite-Plus: [| finite A; finite B || ==> finite (A <+> B)
by (simp add: Plus-def)

Sigma of finite sets

lemma finite-Sigmal [simp]:
finite A ==> (Na. a:A ==> finite (B a)) ==> finite (SIGMA a:A. B a)
by (unfold Sigma-def) (blast intro!: finite-UN-I)

lemma finite-cartesian-product: || finite A; finite B || ==>
finite (A <x> B)
by (rule finite-Sigmal)

lemma finite-Prod-UNIV:
finite (UNIV ::'a set) ==> finite (UNIV::'b set) ==> finite (UNIV::("a % 'b)
set)
apply (subgoal-tac (UNIV:: (‘a % 'b) set) = Sigma UNIV (%z. UNIV))
apply (erule ssubst)
apply (erule finite-Sigmal, auto)
done

lemma finite-cartesian-productD1 :

[| finite (A <x> B); B # {} |] ==> finite A
apply (auto simp add: finite-conv-nat-seg-image)
apply (drule-tac x=n in spec)
apply (drule-tac z=fst o f in spec)
apply (auto simp add: o-def)
prefer 2 apply (force dest!: equalityD?2)
apply (drule equalityD1)
apply (rename-tac y x)
apply (subgoal-tac Ik. k<n & fk = (z,y))
prefer 2 apply force
apply clarify
apply (rule-tac x=Fk in image-eql, auto)
done

lemma finite-cartesian-productD?2:
[| finite (A <x> B); A # {} || ==> finite B
apply (auto simp add: finite-conv-nat-seg-image)



THEORY “Finite-Set” 351

apply (drule-tac z=n in spec)

apply (drule-tac z=snd o f in spec)
apply (auto simp add: o-def)

prefer 2 apply (force dest!: equalityD2)
apply (drule equalityD1)

apply (rename-tac x y)

apply (subgoal-tac Ik. k<n & fk = (z,y))
prefer 2 apply force

apply clarify

apply (rule-tac x=Fk in image-eql, auto)
done

The powerset of a finite set

lemma finite-Pow-iff [iff]: finite (Pow A) = finite A
proof

assume finite (Pow A)

with - have finite ((%z. {z}) < A) by (rule finite-subset) blast

thus finite A by (rule finite-imageD [unfolded inj-on-def]) simp
next

assume finite A

thus finite (Pow A)

by induct (simp-all add: finite-Unl finite-imagel Pow-insert)

qed

lemma finite-UnionD: finite(|J A) = finite A
by (blast intro: finite-subset|OF subset-Pow-Union))

lemma finite-converse [iff]: finite (r"—1) = finite r
apply (subgoal-tac r"—1 = (%(z,y). (y.x))r)
apply simp
apply (rule iffI)
apply (erule finite-imageD [unfolded inj-on-def])
apply (simp split add: split-split)

apply (erule finite-imagel)

apply (simp add: converse-def image-def , auto)

apply (rule bexl)

prefer 2 apply assumption

apply simp

done

Finiteness of transitive closure (Thanks to Sidi Ehmety)

lemma finite-Field: finite r ==> finite (Field )
— A finite relation has a finite field (= domain U range.
apply (induct set: finite)
apply (auto simp add: Field-def Domain-insert Range-insert)
done
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lemma trancl-subset-Field2: r"+ <= Field r x Field r
apply clarify
apply (erule trancl-induct)
apply (auto simp add: Field-def)
done

lemma finite-trancl: finite (r"+) = finite r
apply auto
prefer 2
apply (rule trancl-subset-Field2 [THEN finite-subset])
apply (rule finite-Sigmal)
prefer 3
apply (blast intro: r-into-trancl’ finite-subset)
apply (auto simp add: finite-Field)
done

20.2 Class finite

setup (( Sign.add-path finite )) — FIXME: name tweaking
class finite = itself +
assumes finite-UNIV: finite (UNIV :: 'a set)
setup ( Sign.parent-path )
hide const finite

lemma finite [simp]: finite (A :: 'a::finite set)
by (rule subset-UNIV finite-UNIV finite-subset)+

lemma UNIV-unit [noatp]:
UNIV = {()} by auto

instance unit :: finite
by default (simp add: UNIV-unit)

lemma UNIV-bool [noatp]:
UNIV = {False, True} by auto

instance bool :: finite
by default (simp add: UNIV-bool)

instance x :: (finite, finite) finite
by default (simp only: UNIV-Times-UNIV [symmetric| finite-cartesian-product
finite)

instance + :: (finite, finite) finite
by default (simp only: UNIV-Plus-UNIV [symmetric] finite-Plus finite)

lemma inj-graph: inj (%f. {(z, y). y = fz})
by (rule inj-onl, auto simp add: expand-set-eq expand-fun-eq)
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instance fun :: (finite, finite) finite
proof
show finite (UNIV :: (a => 'b) set)
proof (rule finite-imageD)
let ?graph = %f::'a => 'b. {(z, y). y = fz}
have range ?graph C Pow UNIV by simp
moreover have finite (Pow (UNIV :: (a * 'b) set))
by (simp only: finite-Pow-iff finite)
ultimately show finite (range ?graph)
by (rule finite-subset)
show inj Zgraph by (rule inj-graph)
qed
qed

20.3 A fold functional for finite sets

The intended behaviour is fold f g z {z1, ..., zn} = f (g 1) (... (f (g
zy) z)...)if f is associative-commutative. For an application of fold se the
definitions of sums and products over finite sets.

inductive
foldSet :: ('
for f = 'a
and g :: 'b =
and z :: 'a
where
emptyl [intro]: foldSet f g z {} =
| insertl [intro]:
[z ¢ A; foldSet fgz A y ]
= foldSet f g z (insert x A) (f (g x) y)

[

>'a=>"a) => (b =>"'a) => 'a => 'b set => 'a => bool
/ :> /a
i

> a
> ‘a

inductive-cases empty-foldSetE [elim!]: foldSet fg z {} «

constdefs
fold :: ('a =>"'a => "a) => (b => 'a) => 'a => b set => "a
fold f g2z A== THE z. foldSet f g z A x

A tempting alternative for the definiens is if finite A then THE x. foldSet
fgeA xelse e. It allows the removal of finiteness assumptions from the
theorems fold-commute, fold-reindex and fold-distrib. The proofs become
ugly, with rule-format. It is not worth the effort.

lemma Diff1-foldSet:
foldSet f g z (A — {z}) y ==> z: A ==> foldSet fgz A (f (9 z) y)
by (erule insert-Diff [THEN subst], rule foldSet.intros, auto)

lemma foldSet-imp-finite: foldSet f g z A z==> finite A
by (induct set: foldSet) auto
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lemma finite-imp-foldSet: finite A ==> EX x. foldSet fg 2z A x
by (induct set: finite) auto

20.3.1 From foldSet to fold

lemma image-less-Suc: h “ {i. i < Suc m} = insert (hm) (b {i. i < m})
by (auto simp add: less-Suc-eq)

lemma insert-image-inj-on-eq:
[linsert (hm) A =h ‘{i. i < Sucm}; h m ¢ A,
inj-on h {i. i < Suc m}|]
==>A=h"‘{i.i < m}
apply (auto simp add: image-less-Suc inj-on-def)
apply (blast intro: less-trans)
done

lemma insert-inj-onk:
assumes aA: insert a A = h'{i:nat. i<n} and anot: a ¢ A
and inj-on: inj-on h {i:nat. i<n}
shows 3 hm m. inj-on hm {i:nat. i<m} & A = hm ‘ {i. i<m} & m < n
proof (cases n)
case 0 thus ?thesis using aA by auto
next
case (Suc m)
have nSuc: n = Suc m by fact
have mlessn: m<n by (simp add: nSuc)
from A obtain k where hkeq: h k = a and klessn: k<n by (blast elim!:
equalityE)
let ?hm = swap k m h
have inj-hm: inj-on hm {i. i < n} using klessn mlessn
by (simp add: inj-on-swap-iff inj-on)
show ?thesis
proof (intro exl conjI)
show inj-on ?hm {i. i < m} using inj-hm
by (auto simp add: nSuc less-Suc-eq intro: subset-inj-on)
show m<n by (rule mlessn)
show A = %hm ‘ {i. i < m}
proof (rule insert-image-inj-on-eq)
show inj-on (swap k m h) {i. i < Suc m} using inj-hm nSuc by simp
show ?hm m ¢ A by (simp add: swap-def hkeq anot)
show insert (?hm m) A = ?hm ¢ {i. i < Suc m}
using aA hkeq nSuc klessn
by (auto simp add: swap-def image-less-Suc fun-upd-image
less-Suc-eq inj-on-image-set-diff [OF inj-on])
qed
qed
qed

context ab-semigroup-mult
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begin

lemma foldSet-determ-auz:
WA zz'h [ A= h‘{iznat. i<n}; ing-on h {i. i<n};
foldSet times g z A x; foldSet times g z A z' ]
=z’ ==z
proof (induct n rule: less-induct)
case (less n)
have IH: !m h A z z’".
[m<n; A =h *{i. i<m}; inj-on h {i. i<m};
foldSet times g z A x; foldSet times g z A ¢'] = 2’ = = by fact
have Afoldz: foldSet times g z A x and Afoldz’: foldSet times g z A z’
and A: A = h*{i. i<n} and ingh: inj-on h {i. i<n} by fact+
show ?case
proof (rule foldSet.cases [OF Afoldx])
assume A = {} and z = 2
with Afoldz’ show z’ = x by blast
next
fix Bbu
assume AbB: A = insert b Band z: x = g b x u
and notinB: b ¢ B and Bu: foldSet times g z B u
show z'=zx
proof (rule foldSet.cases [OF Afoldz"))
assume A = {} and 2z’ = 2
with AbB show z’ = z by blast
next
fix Cco
assume AcC: A = insert ¢ C and z”: 2" = gc x v
and notinC: ¢ ¢ C and Cu: foldSet times g z C v
from A AbB have Beg: insert b B = h*{i. i<n} by simp
from insert-inj-onE [OF Beq notinB ingh)
obtain hB mB where inj-onB: inj-on hB {i. i < mB}
and Beq: B = hB ‘ {i. i < mB}
and lessB: mB < n by auto
from A AcC have Ceq: insert ¢ C = h*{i. i<n} by simp
from insert-inj-onE [OF Ceq notinC' injh]
obtain hC' mC where inj-onC: inj-on hC {i. i < mC}
and Ceq: C = hC ‘ {i. i < mC}
and lessC: mC < n by auto
show z'=z
proof cases
assume b=c
then moreover have B = C using AbB AcC notinB notinC by auto
ultimately show ?thesis using Bu Cv z ' IH[OF lessC Ceq inj-onC]
by auto
next
assume diff: b # ¢
let 2D = B — {c}
have B: B = insert ¢ YD and C: C = insert b ?D
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using AbB AcC notinB notinC diff by(blast elim!:equalityE)+
have finite A by(rule foldSet-imp-finite]OF Afoldx])
with AbB have finite ?D by simp
then obtain d where Dfoldd: foldSet times g z ?D d
using finite-imp-foldSet by iprover
moreover have cinB: ¢ € B using B by auto
ultimately have foldSet times g 2 B (g ¢ * d)
by (rule Diff1-foldSet)
then have g ¢ * d = u by (rule IH [OF lessB Beq inj-onB Bu))
then have u = gcx d ..
moreover have v = g b x d
proof (rule sym, rule IH [OF lessC Ceq inj-onC Cv))
show foldSet times g z C (g b * d) using C notinB Dfoldd
by fastsimp
qed
ultimately show ?thesis using = z’
by (simp add: mult-left-commute)
qged
qed
qed
qed

lemma foldSet-determ:
foldSet times g z A © ==> foldSet times g z A y ==>y =«
apply (frule foldSet-imp-finite [THEN finite-imp-nat-seg-image-inj-on])
apply (blast intro: foldSet-determ-aux [rule-format])
done

lemma fold-equality: foldSet times g z A y ==> fold times g z A = y
by (unfold fold-def) (blast intro: foldSet-determ)

The base case for fold:

lemma (in —) fold-empty [simp]: fold f gz {} = 2
by (unfold fold-def) blast

lemma fold-insert-auz: x ¢ A ==>
(foldSet times g z (insert x A) v) =
(EX y. foldSet times g z A y & v = gz * y)
apply auto
apply (rule-tac A1 = A and f1 = times in finite-imp-foldSet [THEN ezE))
apply (fastsimp dest: foldSet-imp-finite)
apply (blast intro: foldSet-determ)
done

The recursion equation for fold:
lemma fold-insert [simp):
finite A ==> x ¢ A ==> fold times g z (insert  A) = g x * fold times g z A

apply (unfold fold-def)
apply (simp add: fold-insert-aux)



THEORY “Finite-Set” 357

apply (rule the-equality)
apply (auto intro: finite-imp-foldSet

cong add: conj-cong simp add: fold-def [symmetric] fold-equality)
done

lemma fold-rec:
assumes fin: finite A and a: a:A
shows fold times g z A = g a * fold times g z (A — {a})
proof—
have A: A = insert a (A — {a}) using a by blast
hence fold times g z A = fold times g z (insert a (A — {a})) by simp
also have ... = g a * fold times g z (A — {a})
by (rule fold-insert) (simp add:fin)+
finally show ?thesis .
qed

end

A simplified version for idempotent functions:

context ab-semigroup-idem-mult
begin

lemma fold-insert-idem:
assumes finA: finite A
shows fold times g z (insert a A) = g a * fold times g z A
proof cases
assume a € A
then obtain B where A: A = insert a B and disj: a ¢ B
by (blast dest: mk-disjoint-insert)
show ?thesis
proof —
from finA A have finB: finite B by(blast intro: finite-subset)
have fold times g z (insert a A) = fold times g z (insert a B) using A by simp
also have ... = g a * fold times g z B
using finB disj by simp
also have ... = g a * fold times g z A
using A finB disj
by (simp add: mult-idem mult-assoc [symmetric))
finally show ?thesis .
qed
next
assume a ¢ A
with finA show ?thesis by simp
qed

lemma foldI-conv-id:
finite A = fold times g z A = fold times id z (g * A)
by (erule finite-induct)(simp-all add: fold-insert-idem del: fold-insert)
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end

20.3.2 Lemmas about fold

context ab-semigroup-mult
begin

lemma fold-commute:
finite A ==> (Nz. x * (fold times g z A) = fold times g (z x z) A)
apply (induct set: finite)
apply simp
apply (simp add: mult-left-commute [of z])
done

lemma fold-nest-Un-Int:

finite A ==> finite B

==> fold times g (fold times g z B) A = fold times g (fold times g z (A Int

B)) (A Un B)

apply (induct set: finite)

apply simp

apply (simp add: fold-commute Int-insert-left insert-absord)

done

lemma fold-nest-Un-disjoint:
finite A ==> finite B ==> A Int B = {}
==> fold times g z (A Un B) = fold times g (fold times g z B) A
by (simp add: fold-nest-Un-Int)

lemma fold-reindex:

assumes fin: finite A

shows inj-on h A = fold times g z (h * A) = fold times (g o h) z A
using fin apply induct

apply simp

apply simp

done

Fusion theorem, as described in Graham Hutton’s paper, A Tutorial on the
Universality and Expressiveness of Fold, JFP 9:4 (355-372), 1999.

lemma fold-fusion:
includes ab-semigroup-mult g
assumes fin: finite A
and hyp: Az y. h (gzy) = times z (h y)
shows h (fold g j w A) = fold times j (h w) A
using fin hyp by (induct set: finite) simp-all

lemma fold-cong:
finite A = (Nz. 2:A ==> g o = h x) ==> fold times g z A = fold times h z A
apply (subgoal-tac ALL C. C <= A ——> (ALL z:C. g x = h z) ——> fold
times g z C = fold times h z C)
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apply simp

apply (erule finite-induct, simp)

apply (simp add: subset-insert-iff, clarify)
apply (subgoal-tac finite C')

prefer 2 apply (blast dest: finite-subset [COMP swap-prems-rl])
apply (subgoal-tac C' = insert x (C — {z}))
prefer 2 apply blast

apply (erule ssubst)

apply (drule spec)

apply (erule (1) notE impE)

apply (simp add: Ball-def del: insert-Diff-single)
done

end

context comm-monoid-mult
begin

lemma fold-Un-Int:
finite A ==> finite B ==>
fold times g 1 A * fold times g 1 B =
fold times g 1 (A Un B) x fold times g 1 (A Int B)
by (induct set: finite)
(auto simp add: mult-ac insert-absorb Int-insert-left)

corollary fold-Un-disjoint:
finite A ==> finite B ==> A Int B = {} ==>
fold times g 1 (A Un B) = fold times g 1 A x fold times g 1 B
by (simp add: fold-Un-Int)

lemma fold-UN-disjoint:
[ finite I; ALL i:I. finite (A i);
ALL i:1. ALLj:I. i #j ——>Ailnt Aj={}]
= fold times g 1 (UNION T A) =
fold times (%i. fold times g 1 (A 4)) 11
apply (induct set: finite, simp, atomize)
apply (subgoal-tac ALL i:F. x # 1)
prefer 2 apply blast
apply (subgoal-tac A x Int UNION F A = {})
prefer 2 apply blast
apply (simp add: fold-Un-disjoint)
done

lemma fold-Sigma: finite A ==> ALL x:A. finite (B z) ==>
fold times (%ox. fold times (g xz) 1 (Bz)) 1 A=

fold times (split g) 1 (SIGMA z:A. B 1)

apply (subst Sigma-def)

apply (subst fold-UN-disjoint, assumption, simp)

apply blast
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apply (erule fold-cong)

apply (subst fold-UN-disjoint, simp, simp)
apply blast

apply simp

done

lemma fold-distrib: finite A —>
fold times (%ox. gx *x hx) 1 A= fold times g 1 A % fold times h 1 A
by (erule finite-induct) (simp-all add: mult-ac)

end

20.4 Generalized summation over a set

interpretation comm-monoid-add: comm-monoid-mult [0::'a::comm-monoid-add
op +]
by unfold-locales (auto intro: add-assoc add-commute)

constdefs
setsum :: (‘'a => 'b) => 'a set => 'b::comm-monoid-add
setsum f A == if finite A then fold (op +) f 0 A else 0
abbreviation

Setsum (> - [1000] 999) where
S A == setsum (%z. z) A

Now: lot’s of fancy syntax. First, setsum (Az. e) A is written > z€A. e.

syntax

-setsum :: pttrn => 'a set => 'b => 'b::comm-monoid-add  ((3SUM -:-. -) [0,
51, 10] 10)
syntax (zsymbols)

-setsum :: pttrn => 'a set => 'b => 'bi:comm-monoid-add  ((3Y_ -€-. -) [0,
51, 10] 10)
syntax (HTML output)

-setsum :: pttrn => 'a set => 'b => 'bu:comm-monoid-add  ((3_ -€-. -) [0,
51, 10] 10)

translations — Beware of argument permutation!
SUM i:A. b == setsum (%i. b) A
SieA. b == setsum (%i. b) A

Instead of > ze{z. P}. e we introduce the shorter Y z|P. e.

syntax

-gsetsum :: pttrn = bool = 'a = 'a ((3SUM - |/ -./ -) [0,0,10] 10)
syntax (zsymbols)

-gsetsum :: pttrn = bool = 'a = 'a ((3>_-] (-)./ -) [0,0,10] 10)
syntax (HTML output)

-gsetsum :: pttrn = bool = 'a = 'a ((3>_-| (-)./ -) [0,0,10] 10)



THEORY “Finite-Set” 361

translations
SUM z|P. t => setsum (Y%z. t) {z. P}
S x|P. t => setsum (%oz. t) {z. P}

print-translation
let
fun setsum-tr' [Abs(z,Tx,t), Const (Collect,-) $ Abs(y,Ty,P)] =
if x<>y then raise Match
else let val ' = Syntaz.mark-bound x
val t' = subst-bound(z’,t)
val P’ = subst-bound(z’,P)
in Syntax.const -qsetsum $ Syntax.mark-bound z $ P’ $ t’ end
in [(setsum, setsum-tr’)] end

)

lemma setsum-empty [simp]: setsum f {} = 0
by (simp add: setsum-def)

lemma setsum-insert [simp):
finite F ==> a ¢ F ==> setsum f (insert a F) = fa + setsum f F
by (simp add: setsum-def)

lemma setsum-infinite [simpl: ~ finite A ==> setsum f A = 0
by (simp add: setsum-def)

lemma setsum-reindez:
inj-on f B ==> setsum h (f * B) = setsum (h o f) B
by (auto simp add: setsum-def comm-monoid-add.fold-reindex dest!:finite-imageD)

lemma setsum-reindex-id:
inj-on f B ==> setsum f B = setsum id (f ‘ B)
by (auto simp add: setsum-reindex)

lemma setsum-cong:
A=B==> (llz. :B ==> fz = gz) ==> setsum f A = setsum g B
by (fastsimp simp: setsum-def intro: comm-monoid-add.fold-cong)

lemma strong-setsum-cong|congl:
A =B ==> (z. :B =simp=> fz = g z)
==> setsum (%z. fz) A = setsum (%z. g z) B
by (fastsimp simp: simp-implies-def setsum-def intro: comm-monoid-add.fold-cong)

lemma setsum-cong2: [\z. z € A = fz = g 2] = setsum f A = setsum g A
by (rule setsum-cong|[OF refl], auto)

lemma setsum-reindex-cong:
[ling-on f A; B =f“A; la. atA = ga=h (fa)]]
==> setsum h B = setsum g A
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by (simp add: setsum-reindex cong: setsum-cong)

lemma setsum-0[simp|: setsum (%i. 0) A =0
apply (clarsimp simp: setsum-def)

apply (erule finite-induct, auto)

done

lemma setsum-0" ALL a:A. fa = 0 ==> setsum f A = 0
by (simp add:setsum-cong)

lemma setsum-Un-Int: finite A ==> finite B ==>
setsum g (A Un B) + setsum g (A Int B) = setsum g A + setsum g B
— The reversed orientation looks more natural, but LOOPS as a simprule!
by (simp add: setsum-def comm-monoid-add.fold-Un-Int [symmetric))

lemma setsum-Un-disjoint: finite A ==> finite B
==> A Int B = {} ==> setsum g (A Un B) = setsum g A + setsum g B
by (subst setsum-Un-Int [symmetric], auto)

lemma setsum-UN-disjoint:
finite I ==> (ALL i:I. finite (A i)) ==>
(ALL i:I. ALLj:I. i #j ——> AiInt Aj={}) ==>
setsum f (UNION I A) = (> i€l. setsum f (A 1))
by (simp add: setsum-def comm-monoid-add.fold-UN-disjoint cong: setsum-cong)

No need to assume that C' is finite. If infinite, the rhs is directly 0, and | J C
is also infinite, hence the lhs is also 0.

lemma setsum-Union-disjoint:
[| (ALL A:C. finite A);
(ALL A:C. ALL B:C. A# B ——> A Int B={}) |]
==> setsum f (Union C) = setsum (setsum f) C
apply (cases finite C)
prefer 2 apply (force dest: finite-UnionD simp add: setsum-def)
apply (frule setsum-UN-disjoint [of C id f])
apply (unfold Union-def id-def, assumption+)
done

lemma setsum-Sigma: finite A ==> ALL z:A. finite (B z) ==>

SozeA. Qo yeBzx. fzy)) = O (x,y)e(SIGMA z:A. Bzx). fzy)
by (simp add:setsum-def comm-monoid-add.fold-Sigma split-def cong:setsum-cong)

Here we can eliminate the finiteness assumptions, by cases.

lemma setsum-cartesian-product:

(S aeA. (S yeB. fay) = (X (s,y) € A <+> B. fay)
apply (cases finite A)
apply (cases finite B)

apply (simp add: setsum-Sigma)
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apply (cases A={}, simp)
apply (simp)
apply (auto simp add: setsum-def
dest: finite-cartesian-productD1 finite-cartesian-productD2)
done

lemma setsum-addf: setsum (%x. fz + g x) A = (setsum f A + setsum g A)
by (simp add:setsum-def comm-monoid-add.fold-distrib)

20.4.1 Properties in more restricted classes of structures

lemma setsum-SucD: setsum f A = Sucn ==> EX a:A. 0 < fa
apply (case-tac finite A)
prefer 2 apply (simp add: setsum-def)
apply (erule rev-mp)
apply (erule finite-induct, auto)
done

lemma setsum-eq-0-iff [simp]:
finite F ==> (setsum f F = 0) = (ALL a:F. f a = (0::nat))
by (induct set: finite) auto

lemma setsum-Un-nat: finite A ==> finite B ==>
(setsum f (A Un B) :: nat) = setsum f A + setsum f B — setsum f (A Int B)
— For the natural numbers, we have subtraction.
by (subst setsum-Un-Int [symmetric], auto simp add: ring-simps)

lemma setsum-Un: finite A ==> finite B ==>
(setsum f (A Un B) :: 'a :: ab-group-add) =
setsum f A + setsum f B — setsum f (A Int B)
by (subst setsum-Un-Int [symmetric], auto simp add: ring-simps)

lemma setsum-diff1-nat: (setsum f (A — {a}) :: nat) =
(if a:A then setsum f A — f a else setsum [ A)

apply (case-tac finite A)
prefer 2 apply (simp add: setsum-def)
apply (erule finite-induct)
apply (auto simp add: insert-Diff-if)
apply (drule-tac a = a in mk-disjoint-insert, auto)
done

lemma setsum-diff1: finite A =
(setsum f (A — {a}) = (Ya::ab-group-add)) =
(if a:A then setsum f A — f a else setsum f A)
by (erule finite-induct) (auto simp add: insert-Diff-if)

lemma setsum-diff1 '[rule-format]: finite A —= a € A — (3, x € A. fz)=fa

+ (2 re(Ad—A{a}) fa)
apply (erule finite-induct[where F=A and P=% A. (a € A — (> z € A. f
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z)=fa+ (3 =€ (A—{a}) fa)))
apply (auto simp add: insert-Diff-if add-ac)
done

lemma setsum-diff-nat:
assumes finite B
and B C A
shows (setsum f (A — B) :: nat) = (setsum f A) — (setsum f B)
using prems
proof induct
show setsum f (A — {}) = (setsum f A) — (setsum f {}) by simp
next
fix F' x assume finF": finite F and znotinF: © ¢ F
and zFinA: insert t F C A
and IH: F C A = setsum f (A — F) = setsum f A — setsum f F
from znotinF zFinA have zinAF: ¢ € (A — F) by simp
from zinAF have A: setsum f (A — F) — {z}) = setsum f (A — F) — fz
by (simp add: setsum-diff1-nat)
from zFinA have F C A by simp
with IH have setsum f (A — F) = setsum f A — setsum f F by simp
with A have B: setsum f (A — F) — {z}) = setsum f A — setsum fF — fz
by simp
from znotinF have A — insert t F = (A — F) — {z} by auto
with B have C: setsum f (A — insert x F) = setsum f A — setsum f F — fx
by simp
from finF znotinF have setsum f (insert x F) = setsum f F + fx by simp
with C have setsum f (A — insert ¢ F') = setsum f A — setsum f (insert z F)
by simp
thus setsum f (A — insert © F) = setsum f A — setsum f (insert  F') by simp
qed

lemma setsum-diff:
assumes le: finite A B C A
shows setsum f (A — B) = setsum f A — ((setsum f B)::('a::ab-group-add))
proof —
from le have finiteB: finite B using finite-subset by auto
show ?thesis using finiteB le
proof induct
case empty
thus ?case by auto
next
case (insert z F)
thus ?case using le finiteB
by (simp add: Diff-insert[where a=z and B=F] setsum-diff1 insert-absorb)
qed
qed
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lemma setsum-mono:
assumes le: Ni. i€ K = f (i::'a) < ((g 7)::('b::{ comm-monoid-add, pordered-ab-semigroup-add}))
shows (> ieK. fi) < (D i€K. gi)
proof (cases finite K)
case True
thus ?thesis using le
proof induct
case empty
thus ?case by simp
next
case insert
thus ?case using add-mono by fastsimp
qed
next
case Fulse
thus ?thesis
by (simp add: setsum-def’)
qed

lemma setsum-strict-mono:
fixes f :: 'a = 'b::{pordered-cancel-ab-semigroup-add,comm-monoid-add}
assumes finite A A # {}
and !lz. 1A = fx < gz
shows setsum f A < setsum g A
using prems
proof (induct rule: finite-ne-induct)
case singleton thus ?case by simp
next
case insert thus ?case by (auto simp: add-strict-mono)
qed

lemma setsum-negf:
setsum (%x. — (f z):'a::ab-group-add) A = — setsum f A
proof (cases finite A)
case True thus ?thesis by (induct set: finite) auto
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-subtractf:

setsum (%z. ((f x)::'a::ab-group-add) — g z) A =

setsum f A — setsum g A

proof (cases finite A)

case True thus ?thesis by (simp add: diff-minus setsum-addf setsum-negf)
next

case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-nonneg:
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assumes nn: Vz€A. (0::'a::{pordered-ab-semigroup-add,comm-monoid-add}) <
fx
shows 0 < setsum f A
proof (cases finite A)
case True thus ?thesis using nn
proof induct
case empty then show ?Zcase by simp
next
case (insert z F)
then have 0 + 0 < fx + setsum f F by (blast intro: add-mono)
with insert show ?2case by simp
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-nonpos:
assumes np: Vz€A. fz < (0::'a:{pordered-ab-semigroup-add,comm-monoid-add})
shows setsum f A < 0
proof (cases finite A)
case True thus ?thesis using np
proof induct
case empty then show ?Zcase by simp
next
case (insert z F)
then have fx + setsum f F < 0 4+ 0 by (blast intro: add-mono)
with insert show ?Zcase by simp
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-mono2:
fixes f :: ‘a = 'b :: {pordered-ab-semigroup-add-imp-le,comm-monoid-add }
assumes fin: finite B and sub: A C B and nn: A\b. b € B—A = 0 < b
shows setsum f A < setsum [ B
proof —
have setsum f A < setsum f A + setsum f (B—A)
by (simp add: add-increasing2[OF setsum-nonneg] nn Ball-def)
also have ... = setsum f (A U (B—A)) using fin finite-subset|OF sub fin]
by (simp add:setsum-Un-disjoint del: Un-Diff-cancel)
also have A U (B—A) = B using sub by blast
finally show ?thesis .
qed

lemma setsum-mono3: finite B ==> A <= B ==>
ALL z: B — A.
0 <= ((f z):'a::{ comm-monoid-add,pordered-ab-semigroup-add}) ==>
setsum f A <= setsum f B
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apply (subgoal-tac setsum f B = setsum f A + setsum f (B — A))
apply (erule ssubst)
apply (subgoal-tac setsum f A + 0 <= setsum f A + setsum f (B — A))
apply simp
apply (rule add-left-mono)
apply (erule setsum-nonneg)
apply (subst setsum-Un-disjoint [THEN sym])
apply (erule finite-subset, assumption)
apply (rule finite-subset)
prefer 2
apply assumption
apply auto
apply (rule setsum-cong)
apply auto
done

lemma setsum-right-distrib:
fixes [ :: 'a => ('b::semiring-0)
shows r x setsum f A = setsum (%on. r * fn) A
proof (cases finite A)
case True
thus ?thesis
proof induct
case empty thus ?case by simp
next
case (insert © A) thus ?case by (simp add: right-distrib)
qged
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-left-distrib:
setsum f A * (r:'azsemiring-0) = (O n€A. fn xr)
proof (cases finite A)
case True
then show ?thesis
proof induct
case empty thus ?case by simp
next
case (insert ¢ A) thus %case by (simp add: left-distrib)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-divide-distrib:

setsum f A/ (ri'azfield) = (D neA. fn /1)
proof (cases finite A)

case True
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then show ?thesis
proof induct
case emptly thus ?case by simp
next
case (insert x A) thus ?case by (simp add: add-divide-distrib)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-abs[iff]:
fixes f :: 'a => ('b::pordered-ab-group-add-abs)
shows abs (setsum f A) < setsum (%i. abs(f 1)) A
proof (cases finite A)
case True
thus ?thesis
proof induct
case empty thus ?case by simp
next
case (insert z A)
thus ?case by (auto intro: abs-triangle-ineq order-trans)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-abs-ge-zero[iff]:
fixes f :: 'a => ('b::pordered-ab-group-add-abs)
shows 0 < setsum (%i. abs(fi)) A
proof (cases finite A)
case True
thus ?thesis
proof induct
case empty thus ?case by simp
next

case (insert x A) thus ?case by (auto simp: add-nonneg-nonneg)

qged
next

case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma abs-setsum-abs[simp]:

fixes [ :: 'a => ('b::pordered-ab-group-add-abs)

shows abs (3" acA. abs(fa)) = (O acA. abs(f a))
proof (cases finite A)

case True

thus ?thesis

proof induct

case empty thus ?case by simp

368
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next
case (insert a A)
hence |>" acinsert a A. |f a|| = ||f a| + (O_ a€A. |f al)| by simp

also have ... = ||f a| + |>_ a€A. |f a||| using insert by simp
also have ... = |fa| + |>_ acA. |f a]|
by (simp del: abs-of-nonneg)
also have ... = (3 acinsert a A. |f a|) using insert by simp
finally show ?Zcase .
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

Commuting outer and inner summation

lemma swap-ingj-on:
by (unfold inj-on-def) fast

lemma swap-product:
(%(i, 7). (i, 1)) * (A x B) = B x A
by (simp add: split-def image-def) blast

lemma setsum-commute:
(>oi€A. > jeB. fij) = (O jeB. Y i€A. fiy)
proof (simp add: setsum-cartesian-product)
have (> (z,y) € A <x> B. fzy) =
(> (yz) € (%(i, 4)- (4, 9) * (A x B). fzy)
(is s = -)
apply (simp add: setsum-reindex [where f = %(i, 7). (4, 1)] swap-inj-on)
apply (simp add: split-def)

done
also have ... = (3 (y,2)eB x A. fz y)
(is - = %1)
apply (simp add: swap-product)
done
finally show %s = 2t .
qed

lemma setsum-product:
fixes f :: 'a => ('b::semiring-0)
shows setsum f A * setsum g B = (D i€A. Y. jeB. fi* gj)
by (simp add: setsum-right-distrib setsum-left-distrib) (rule setsum-commute)

20.5 Generalized product over a set

constdefs
setprod = (‘a => 'b) => 'a set => 'b::comm-monoid-mult
setprod f A == if finite A then fold (op x) f 1 A else 1
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abbreviation
Setprod (I]- [1000] 999) where
[1A == setprod (%z. z) A

syntax

-setprod :: pttrn => 'a set => 'b => 'b::comm-monoid-mult ((3PROD -:-. -)
[0, 51, 10] 10)
syntax (zsymbols)

-setprod :: pttrn => 'a set => 'b => 'b::comm-monoid-mult ((3]]-€-. -) [0,
51, 10] 10)
syntax (HTML output)

-setprod :: pttrn => 'a set => 'b => 'b::comm-monoid-mult ((3]]-€-. -) [0,
51, 10] 10)

translations — Beware of argument permutation!
PROD i:A. b == setprod (%i. b) A
[Ti€A. b == setprod (%i. b) A

Instead of [[z€{z. P}. e we introduce the shorter [[z|P. e.

syntax

-gsetprod :: pttrn = bool = 'a = 'a ((3PROD - |/ -./ -) [0,0,10] 10)
syntax (zsymbols)

-gsetprod :: pttrn = bool = 'a = 'a ((3[]-| (-)./ -) [0,0,10] 10)
syntax (HTML output)

-gsetprod :: pttrn = bool = 'a = 'a ((3]]-] (-)./ -) [0,0,10] 10)

translations
PROD z|P. t => setprod (%xz. t) {z. P}
[1z|P. t => setprod (%x. t) {z. P}

lemma setprod-empty [simp]: setprod f {} = 1
by (auto simp add: setprod-def)

lemma setprod-insert [simp]: || finite A; a ¢ A || ==>
setprod [ (insert a A) = f a * setprod f A
by (simp add: setprod-def)

lemma setprod-infinite [simp]: ~ finite A ==> setprod f A = 1
by (simp add: setprod-def)

lemma setprod-reindex:
inj-on f B ==> setprod h (f * B) = setprod (h o f) B
by (auto simp: setprod-def fold-reindex dest!:finite-imageD)

lemma setprod-reindex-id: inj-on f B ==> setprod f B = setprod id (f * B)
by (auto simp add: setprod-reindex)

lemma setprod-cong:
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A=B==> (Nz. 2:B ==> fz = gx) ==> setprod f A = setprod g B
by (fastsimp simp: setprod-def intro: fold-cong)

lemma strong-setprod-cong:
A =B ==> (llz. ©:B =simp=> fx = gx) ==> setprod f A = setprod g B
by (fastsimp simp: simp-implies-def setprod-def intro: fold-cong)

lemma setprod-reindez-cong: inj-on f A ==>
B=f‘A==>¢g=hof==> setprod h B = setprod g A
by (frule setprod-reindez, simp)

lemma setprod-1: setprod (%i. 1) A = 1
apply (case-tac finite A)
apply (erule finite-induct, auto simp add: mult-ac)
done

lemma setprod-1": ALL a:F. fa = 1 ==> setprod f F = 1
apply (subgoal-tac setprod f F = setprod (%ox. 1) F)
apply (erule ssubst, rule setprod-1)
apply (rule setprod-cong, auto)
done

lemma setprod-Un-Int: finite A ==> finite B
==> setprod g (A Un B) * setprod g (A Int B) = setprod g A * setprod g B
by (simp add: setprod-def fold-Un-Int[symmetric])

lemma setprod-Un-disjoint: finite A ==> finite B
==> A Int B = {} ==> setprod g (A Un B) = setprod g A x setprod g B
by (subst setprod-Un-Int [symmetric], auto)

lemma setprod-UN-disjoint:
finite I ==> (ALL i:I. finite (4 i)) ==>
(ALL i:I. ALLj:I. i #£j ——> Ailnt Aj={}) ==>
setprod f (UNION I A) = setprod (%i. setprod f (A i)) I
by (simp add: setprod-def fold-UN-disjoint cong: setprod-cong)

lemma setprod-Union-disjoint:
[| (ALL A:C. finite A);
(ALL A:C. ALL B:C. A# B ——> A Int B ={}) ||
==> setprod f (Union C) = setprod (setprod f) C
apply (cases finite C')
prefer 2 apply (force dest: finite-UnionD simp add: setprod-def)
apply (frule setprod-UN-disjoint [of C id f])
apply (unfold Union-def id-def, assumption+)
done

lemma setprod-Sigma: finite A ==> ALL z:A. finite (B 1) ==>
(JTz€A. (Jlye Bz. fzy)) =
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(1T (z,y)e(SIGMA z:A. Bx). fzy)
by (simp add:setprod-def fold-Sigma split-def cong:setprod-cong)

Here we can eliminate the finiteness assumptions, by cases.

lemma setprod-cartesian-product:
(ITz€A. (ITye B. fzy)) = (Il (z,y)e(A <+> B). fz y)

apply (cases finite A)

apply (cases finite B)

apply (simp add: setprod-Sigma)

apply (cases A={}, simp)

apply (simp add: setprod-1)
apply (auto simp add: setprod-def

dest: finite-cartesian-productD1 finite-cartesian-productD2)

done

lemma setprod-timesf:
setprod (%ox. fx x gx) A = (setprod f A = setprod g A)
by (simp add:setprod-def fold-distrib)

20.5.1 Properties in more restricted classes of structures

lemma setprod-eq-1-iff [simp):
finite F ==> (setprod f F = 1) = (ALL a:F. f a = (1::nat))
by (induct set: finite) auto

lemma setprod-zero:
finite A ==> EX z: A. fz = (0::'a::comm-semiring-1) ==> setprod f A = 0
apply (induct set: finite, force, clarsimp)
apply (erule disjE, auto)
done

lemma setprod-nonneg [rule-format:
(ALL z: A. (0::'az:ordered-idom) < fz) ——> 0 < setprod f A
apply (case-tac finite A)
apply (induct set: finite, force, clarsimp)
apply (subgoal-tac 0 x 0 < fx * setprod f F, force)
apply (rule mult-mono, assumption+)
apply (auto simp add: setprod-def)
done

lemma setprod-pos [rule-format]: (ALL x: A. (0::'a::ordered-idom) < f x)
——> 0 < setprod f A
apply (case-tac finite A)
apply (induct set: finite, force, clarsimp)
apply (subgoal-tac 0 x 0 < fx * setprod f F, force)
apply (rule mult-strict-mono, assumption—+)
apply (auto simp add: setprod-def)
done
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lemma setprod-nonzero [rule-format]:
(ALL z y. (z::'a::comm-semiring-1) * y = 0 ——>z =0 | y =
finite A ==> (ALL z: A. fz # (0::'a)) ——> setprod f A # 0
apply (erule finite-induct, auto)
done

0) ==>

lemma setprod-zero-eq:
(ALL z y. (z::'a::comm-semiring-1) * y = 0 ——>z =0 | y = 0) ==>
finite A ==> (setprod f A = (0::'a)) = (EX z: A. fz = 0)
apply (insert setprod-zero [of A f] setprod-nonzero [of A f], blast)
done

lemma setprod-nonzero-field:
finite A ==> (ALL z: A. fx # (0::'a::idom)) ==> setprod f A # 0
apply (rule setprod-nonzero, auto)
done

lemma setprod-zero-eq-field:
finite A ==> (setprod f A = (0::'a::idom)) = (EX z: A. fz = 0)
apply (rule setprod-zero-eq, auto)
done

lemma setprod-Un: finite A ==> finite B ==> (ALL z: A Int B. fz # 0) ==>
(setprod f (A Un B) :: 'a ={field})
= setprod f A * setprod f B / setprod f (A Int B)
apply (subst setprod-Un-Int [symmetric], auto)
apply (subgoal-tac finite (A Int B))
apply (frule setprod-nonzero-field [of A Int B f], assumption)
apply (subst times-divide-eq-right [THEN sym)], auto)
done

lemma setprod-diff1: finite A ==> fa # 0 ==>
(setprod f (A — {a}) = 'a = {field}) =
(if a:A then setprod f A /| f a else setprod f A)
by (erule finite-induct) (auto simp add: insert-Diff-if)

lemma setprod-inversef: finite A ==>
ALL z: A. fx # (0::a::{field,division-by-zero}) ==>
setprod (inverse o f) A = inverse (setprod f A)
apply (erule finite-induct)
apply (simp, simp)
done

lemma setprod-dividef:
[|finite A;
Ve e A gz # (0:'a:{field,division-by-zero})|]
==> setprod (%ox. fz |/ gx) A = setprod f A | setprod g A
apply (subgoal-tac
setprod (Yox. fz | gx) A = setprod (%ox. fx * (inverse o g) z) A)
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apply (erule ssubst)

apply (subst divide-inverse)

apply (subst setprod-timesf)

apply (subst setprod-inversef, assumption+, rule refl)
apply (rule setprod-cong, rule refl)

apply (subst divide-inverse, auto)

done

20.6 Finite cardinality

This definition, although traditional, is ugly to work with: card A ==
LEAST n. EX f. A = {fi ] 4. i < n}. But now that we have setsum
things are easy:

definition
card :: 'a set = nat
where

card A = setsum (Az. 1) A

lemma card-empty [simp]: card {} = 0
by (simp add: card-def)

lemma card-infinite [simp): ~ finite A ==> card A = 0
by (simp add: card-def)

lemma card-eg-setsum: card A = setsum (%ox. 1) A
by (simp add: card-def)

lemma card-insert-disjoint [simp]:
finite A ==> 1z ¢ A ==> card (insert x A) = Suc(card A)
by (simp add: card-def)

lemma card-insert-if :
finite A ==> card (insert © A) = (if z:A then card A else Suc(card(A)))
by (simp add: insert-absorb)

lemma card-0-eq [simp,noatp]: finite A ==> (card A = 0) = (A = {})
apply auto
apply (drule-tac a = z in mk-disjoint-insert, clarify, auto)
done

lemma card-eq-0-iff: (card A = 0) = (A = {} | ™~ finite A)
by auto

lemma card-Suc-Diff1: finite A ==> z: A ==> Suc (card (A — {z})) = card A
apply (rule-tac t = A in insert-Diff [THEN subst], assumption)

apply(simp del:insert-Diff-single)

done
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lemma card-Diff-singleton:
finite A ==>x: A ==> card (A — {z}) = card A — 1
by (simp add: card-Suc-Diff1 [symmetric])

lemma card-Diff-singleton-if :
finite A ==> card (A—{z}) = (if x : A then card A — 1 else card A)
by (simp add: card-Diff-singleton)

lemma card-Diff-insert[simp]:
assumes finite A and a:A and a ~: B
shows card(A — insert a B) = card(A — B) — 1
proof —
have A — insert a B = (A — B) — {a} using assms by blast
then show %thesis using assms by(simp add:card-Diff-singleton)
qed

lemma card-insert: finite A ==> card (insert © A) = Suc (card (A — {z}))
by (simp add: card-insert-if card-Suc-Diff1 del:card-Diff-insert)

lemma card-insert-le: finite A ==> card A <= card (insert z A)
by (simp add: card-insert-if)

lemma card-mono: [ finite B; A C B ]| = card A < card B
by (simp add: card-def setsum-mono2)

lemma card-seteq: finite B ==> (!1A. A <= B ==> card B <= card A ==> A
- B)

apply (induct set: finite, simp, clarify)

apply (subgoal-tac finite A & A — {z} <= F)

prefer 2 apply (blast intro: finite-subset, atomize)

apply (drule-tac x = A — {x} in spec)

apply (simp add: card-Diff-singleton-if split add: split-if-asm)

apply (case-tac card A, auto)

done

lemma psubset-card-mono: finite B ==> A < B ==> card A < card B
apply (simp add: psubset-eq linorder-not-le [symmetric))

apply (blast dest: card-seteq)

done

lemma card-Un-Int: finite A ==> finite B
==> card A + card B = card (A Un B) + card (A Int B)
by (simp add:card-def setsum-Un-Int)

lemma card-Un-disjoint: finite A ==> finite B
==> A Int B={} ==> card (A Un B) = card A + card B
by (simp add: card-Un-Int)

lemma card-Diff-subset:
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finite B==> B <= A ==> card (A — B) = card A — card B
by (simp add:card-def setsum-diff-nat)

lemma card-Diff1-less: finite A ==> x: A ==> card (A — {z}) < card A
apply (rule Suc-less-SucD)
apply (simp add: card-Suc-Diff1 del:card-Diff-insert)
done

lemma card-Diff2-less:
finite A ==>2: A ==>y: A ==> card (A — {z} — {y}) < card A
apply (case-tac © = y)
apply (simp add: card-Diff1-less del:card-Diff-insert)
apply (rule less-trans)
prefer 2 apply (auto intro!: card-Diff1-less simp del:card-Diff-insert)
done

lemma card-Diff1-le: finite A ==> card (A — {z}) <= card A
apply (case-tac x : A)
apply (simp-all add: card-Diff1-less less-imp-le)
done

lemma card-psubset: finite B ==> A C B ==> card A < card B ==> A < B
by (erule psubsetl, blast)

lemma insert-partition:
[z ¢ F; Vel € insertx F.Vc2 €insertx F. cl # ¢2 — cl1 Nc2={}]
=znNU F={}

by auto

main cardinality theorem

lemma card-partition [rule-format]:
finite C ==>
finite (U C) ——>
(VeeC. card ¢c = k) ——>
Vel e C.Ve2€ Cocl #£#c¢2——>clNe2={}) —>
k x card(C) = card (IJ O)
apply (erule finite-induct, simp)
apply (simp add: card-insert-disjoint card-Un-disjoint insert-partition
finite-subset [of - U (insert z F)])
done

The form of a finite set of given cardinality

lemma card-eq-SucD:
assumes card A = Suc k
shows 3b B. A = insert b B & b ¢ B & card B = k & (k=0 — B={})
proof —
have fin: finite A using assms by (auto intro: ccontr)
moreover have card A # 0 using assms by auto
ultimately obtain b where b: b € A by auto
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show ?thesis
proof (intro exl conjl)
show A = insert b (A—{b}) using b by blast
show b ¢ A — {b} by blast
show card (A — {b}) =kand k =0 — A — {b} = {}
using assms b fin by(fastsimp dest:mk-disjoint-insert)+
qed
qed

lemma card-Suc-eq:
(card A = Suc k) =
(3bB. A=insert b B& b ¢ B & card B =k & (k=0 — B={}))
apply (rule iffI)
apply(erule card-eq-SucD)
apply (auto)
apply (subst card-insert)
apply (auto intro:ccontr)
done

lemma setsum-constant [simp]: (D x € A. y) = of-nat(card A) x y
apply (cases finite A)

apply (erule finite-induct)

apply (auto simp add: ring-simps)

done

lemma setprod-constant: finite A ==> ([[ z€ A. (y::'a::{recpower, comm-monoid-mult}))
= y“(card A)

apply (erule finite-induct)

apply (auto simp add: power-Suc)

done

lemma setsum-bounded:
assumes le: A\i. i€c A = fi < (K:'a:{semiring-1, pordered-ab-semigroup-add})
shows setsum f A < of-nat(card A) x K
proof (cases finite A)
case True
thus ?thesis using le setsum-mono[where K=A and g = %z. K| by simp
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

20.6.1 Cardinality of unions

lemma card-UN-disjoint:
finite I ==> (ALL i:I. finite (A i)) ==>
(ALL i:I. ALL j:I. i #j —> AiInt Aj = {}) ==>
card (UNION T A) = (3 i€l. card(A 1))
apply (simp add: card-def del: setsum-constant)
apply (subgoal-tac
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setsum (%i. card (A 1)) I = setsum (%i. (setsum (Yox. 1) (A i))) I)

apply (simp add: setsum-UN-disjoint del: setsum-constant)
apply (simp cong: setsum-cong)
done

lemma card-Union-disjoint:
finite C ==> (ALL A:C. finite A) ==>
(ALL A:C. ALL B:C. A# B ——> A Int B = {}) ==>
card (Union C) = setsum card C
apply (frule card-UN-disjoint [of C id])
apply (unfold Union-def id-def, assumption+)
done

20.6.2 Cardinality of image

The image of a finite set can be expressed using fold.

lemma image-eg-fold: finite A ==> f ‘A = fold (op Un) (%oz. {fz}) {} A

proof (induct rule: finite-induct)

case empty then show ?case by simp
next

interpret ab-semigroup-mult [op Un]

by unfold-locales auto

case insert

then show ?case by simp
qed

lemma card-image-le: finite A ==> card (f * A) <= card A
apply (induct set: finite)
apply simp
apply (simp add: le-Sucl finite-imagel card-insert-if)
done

lemma card-image: inj-on f A ==> card (f * A) = card A
by (simp add:card-def setsum-reindex o-def del:setsum-constant)

lemma endo-inj-surj: finite A ==>f ‘A C A==>injonfA==>f A=A

by (simp add: card-seteq card-image)

lemma eg-card-imp-ing-on:

[| finite A; card(f ¢ A) = card A |] ==> inj-on f A
apply (induct rule:finite-induct)
apply simp

apply (frule card-image-lelwhere f = f])
apply (simp add:card-insert-if split:if-splits)
done

lemma inj-on-iff-eq-card:
finite A ==> inj-on f A = (card(f ¢ A) = card A)
by (blast intro: card-image eg-card-imp-inj-on)
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lemma card-ing-on-le:

[ling-on f A; f © A C B; finite B |] ==> card A < card B
apply (subgoal-tac finite A)
apply (force intro: card-mono simp add: card-image [symmetric])
apply (blast intro: finite-imageD dest: finite-subset)
done

lemma card-bij-eq:
[ling-on f A; f A C Bj;inj-on g B; g ‘B C A4;
finite A; finite B || ==> card A = card B
by (auto intro: le-anti-sym card-inj-on-le)

20.6.3 Cardinality of products

lemma card-Sigmal [simp]:

[ finite A; ALL a:A. finite (B a) ]

= card (SIGMA z: A. Bz) = (> a€A. card (B a))
by (simp add:card-def setsum-Sigma del:setsum-constant)

lemma card-cartesian-product: card (A <x> B) = card(A) * card(B)
apply (cases finite A)
apply (cases finite B)
apply (auto simp add: card-eq-0-iff

dest: finite-cartesian-productD1 finite-cartesian-productD2)
done

lemma card-cartesian-product-singleton: card({z} <*> A) = card(A)
by (simp add: card-cartesian-product)

20.6.4 Cardinality of the Powerset

lemma card-Pow: finite A ==> card (Pow A) = Suc (Suc 0) ~ card A
apply (induct set: finite)
apply (simp-all add: Pow-insert)
apply (subst card-Un-disjoint, blast)
apply (blast intro: finite-imagel, blast)
apply (subgoal-tac inj-on (insert x) (Pow F'))
apply (simp add: card-image Pow-insert)
apply (unfold inj-on-def)
apply (blast elim!: equalityE)
done

Relates to equivalence classes. Based on a theorem of F. Kammiiller.

lemma dvd-partition:
finite (Union C) ==>
ALL ¢ : C. k dvd card ¢ ==>
(ALL c1: C. ALL ¢2: C. ¢l # ¢2 ——> cl Int c2 = {}) ==>
k dvd card (Union C)
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apply (frule finite-UnionD)
apply (rotate-tac —1)
apply (induct set: finite, simp-all, clarify)
apply (subst card-Un-disjoint)
apply (auto simp add: dvd-add disjoint-eq-subset-Compl)
done

20.6.5 Relating injectivity and surjectivity

lemma finite-surj-inj: finite(A) = A <= f‘A = inj-on f A
apply (rule eq-card-imp-inj-on, assumption)

apply (frule finite-imagel)

apply(drule (1) card-seteq)

apply (erule card-image-le)

apply simp

done

lemma finite-UNIV-surj-inj: fixes f :: 'a = 'a
shows finite(UNIV:: 'a set) = surj f = inj f
by (blast intro: finite-surj-inj subset-UNIV dest:surj-range)

lemma finite-UNIV-inj-surj: fixes f :: 'a = 'a
shows finite(UNIV:: 'a set) = inj f = surj |
by (fastsimp simp:surj-def dest!: endo-inj-surj)

corollary infinite-UNIV-nat: ~ finite(UNIV ::nat set)
proof

assume finite( UNIV ::nat set)

with finite- UNIV-inj-surj[of Suc]

show False by simp (blast dest: Suc-neq-Zero surjD)
qed

20.7 A fold functional for non-empty sets

Does not require start value.

inductive
foldiSet :: ('a => 'a => 'a) => 'a set => 'a => bool
for f :: 'a =>"'a =>"a
where
fold1Set-insertl [intro]:
[ foldSet fid a A z; a ¢ A] = fold1Set f (insert a A) x

constdefs
fold1 :: ('a => 'a => 'a) => 'a set => 'a
foldl f A == THE x. fold1Set f A x

lemma fold1Set-nonempty:
fold1Set f Az = A # {}
by (erule fold1Set.cases, simp-all)
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inductive-cases empty-fold1SetE [elim!]: fold1Set f {} z

inductive-cases insert-fold1SetE [elim!]: fold1Set f (insert a X) x

lemma fold1Set-sing [iff]: (fold1Set f {a} b) = (a = b)
by (blast intro: foldSet.intros elim: foldSet.cases)

lemma fold1-singleton [simp]: foldl f {a} = a
by (unfold fold1-def) blast

lemma finite-nonempty-imp-fold1Set:

[ finite A; A # {} ] = EX z. fold1Set f A
apply (induct A rule: finite-induct)
apply (auto dest: finite-imp-foldSet [of - f id])
done

First, some lemmas about foldSet.

context ab-semigroup-mult
begin

lemma foldSet-insert-swap:
assumes fold: foldSet times id b A y
shows b ¢ A = foldSet times id z (insert b A) (z * y)
using fold
proof (induct rule: foldSet.induct)
case emptyl thus ?case by (force simp add: fold-insert-aux mult-commute)
next
case (insertl z A y)
have foldSet times (Au. u) z (insert x (insert b A)) (z % (z * y))
using insert] by force — how does id get unfolded?
thus ?case by (simp add: insert-commute mult-ac)
qed

lemma foldSet-permute-diff:
assumes fold: foldSet times id b A x
shows lla. [a € 4; b ¢ A] = foldSet times id a (insert b (A—{a})) =
using fold
proof (induct rule: foldSet.induct)
case emptyl thus ?case by simp
next
case (insertl z A y)
have a = z V a € A using insert] by simp
thus ?case
proof
assume a =
with insert] show ?thesis
by (simp add: id-def [symmetric], blast intro: foldSet-insert-swap)
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next
assume ainAd: a € A
hence foldSet times id a (insert z (insert b (A — {a}))) (z * y)
using insert] by (force simp: id-def)
moreover
have insert x (insert b (A — {a})) = insert b (insert x A — {a})
using ainA insertl by blast
ultimately show ?thesis by (simp add: id-def)
qed
qed

lemma fold1-eq-fold:
[|[finite A; a ¢ A|| ==> foldl times (insert a A) = fold times id a A
apply (simp add: fold1-def fold-def)
apply (rule the-equality)
apply (best intro: foldSet-determ thel dest: finite-imp-foldSet [of - times id)])
apply (rule sym, clarify)
apply (case-tac Aa=A)
apply (best intro: the-equality foldSet-determ)
apply (subgoal-tac foldSet times id a A x)
apply (best intro: the-equality foldSet-determ)
apply (subgoal-tac insert aa (Aa — {a}) = A)
prefer 2 apply (blast elim: equalityFE)
apply (auto dest: foldSet-permute-diff [where a=a])
done

lemma nonempty-iff: (A # {}) = (32 B. A = insert x B & = ¢ B)
apply safe

apply simp

apply (drule-tac z=z in spec)

apply (drule-tac x=A—{z} in spec, auto)

done

lemma fold1-insert:
assumes nonempty: A # {} and A: finite Az ¢ A
shows fold1 times (insert x A) = z * foldl times A
proof —
from nonempty obtain a A’ where A = insert a A’ & a ~: A’
by (auto simp add: nonempty-iff)
with A show ?thesis
by (simp add: insert-commute [of x] fold1-eg-fold eq-commute)
qed

end

context ab-semigroup-idem-mult
begin

lemma fold1-insert-idem [simp]:
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assumes nonempty: A # {} and A: finite A
shows fold1 times (insert x A) = x * foldl times A
proof —
from nonempty obtain a A’ where A" A = insert a A’ & a ~: A’
by (auto simp add: nonempty-iff)
show ?thesis
proof cases
assume a =
thus ?thesis
proof cases
assume A4’ = {}
with prems show ?thesis by (simp add: mult-idem)
next
assume A’ # {}
with prems show ?thesis
by (simp add: fold1-insert mult-assoc [symmetric] mult-idem)
qed
next
assume a #
with prems show ?thesis
by (simp add: insert-commute fold1-eq-fold fold-insert-idem)
qed
qed

lemma hom-fold1-commute:
assumes hom: lz y. h (x xy) =hz xhy
and N: finite N N # {} shows h (fold! times N) = fold1 times (h ‘ N)
using N proof (induct rule: finite-ne-induct)
case singleton thus ?case by simp
next
case (insert n N)
then have h (fold! times (insert n N)) = h (n * foldl times N) by simp

also have ... = h n x h (fold! times N) by(rule hom)
also have h (fold1 times N) = foldl times (h * N) by(rule insert)
also have times (h n) ... = foldl times (insert (h n) (h * N))

using insert by(simp)
also have insert (hn) (h * N) = h ‘insert n N by simp
finally show ?case .
qed

end

Now the recursion rules for definitions:

lemma fold1-singleton-def: g = foldl f = g {a} = a
by (simp add:fold1-singleton)

lemma (in ab-semigroup-mult) fold1-insert-def:
[ g = foldl times; finite A; x ¢ A; A+ {} ] = g (insert z A) =z % g A
by (simp add:fold1-insert)

383
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lemma (in ab-semigroup-idem-mult) fold1-insert-idem-def:
[ g = foldl times; finite A; A# {} ]| = g (insert x A) =z % g A
by simp

20.7.1 Determinacy for fold1Set

Not actually used!!

context ab-semigroup-mult
begin

lemma foldSet-permute:
[|foldSet times id b (insert a A) z; a ¢ A; b ¢ Al
==> foldSet times id a (insert b A) x

apply (cases a=b)

apply (auto dest: foldSet-permute-diff)

done

lemma fold1Set-determ:
fold1Set times A x ==> fold1Set times A y ==> y =z
proof (clarify elim!: fold1Set.cases)
fix Az Byab
assume Ax: foldSet times id a A z
assume By: foldSet times id b B y
assume anotAd: a ¢ A
assume bnotB: b ¢ B
assume e¢q: insert a A = insert b B
show y=z
proof cases
assume same: a=b
hence A=DB using anotA bnotB eq by (blast elim!: equalityFE)
thus ?thesis using Az By same by (blast intro: foldSet-determ,)
next
assume diff: a#£b
let YD = B — {a}
have B: B = insert a ?D and A: A = insert b ?D
and aB: a € Band bA: b e A
using eq anotA bnotB diff by (blast elim!:equalityE)+
with aB bnotB By
have foldSet times id a (insert b ?D) y
by (auto intro: foldSet-permute simp add: insert-absorb)
moreover
have foldSet times id a (insert b ¢D) x
by (simp add: A [symmetric] Ax)
ultimately show ?thesis by (blast intro: foldSet-determ)
qed
qed

lemma fold1Set-equality: fold1Set times A y ==> foldl times A = y
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by (unfold fold1-def) (blast intro: fold1Set-determ)
end

declare
empty-foldSetE [rule del] foldSet.intros [rule del]
empty-fold1SetE [rule del] insert-fold1SetE [rule del]
— No more proofs involve these relations.

20.7.2 Lemmas about fold1

context ab-semigroup-mult
begin

lemma fold1-Un:
assumes A: finite A A # {}
shows finite B=—= B # {} = A Int B = {} =
fold1 times (A Un B) = foldl times A x fold1 times B
using A by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert mult-assoc)

lemma foldi-in:
assumes A: finite (A) A # {} and elem: Az y. z x y € {z,y}
shows fold1 times A € A
using A
proof (induct rule:finite-ne-induct)
case singleton thus ?case by simp
next
case insert thus ?case using elem by (force simp add:fold1-insert)
qed

end

lemma (in ab-semigroup-idem-mult) fold1-Un2:
assumes A: finite A A # {}
shows finite B— B # {} =
fold1 times (A Un B) = foldl times A x foldl times B

using A
proof (induct rule:finite-ne-induct)

case singleton thus ?case by simp
next

case insert thus ?case by (simp add: mult-assoc)
qed

20.7.3 Foldl in lattices with inf and sup

As an application of fold! we define infimum and supremum in (not neces-
sarily complete!) lattices over (non-empty) sets by means of fold1.

context lower-semilattice
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begin

lemma ab-semigroup-idem-mult-inf:
ab-semigroup-idem-mult inf
apply unfold-locales
apply (rule inf-assoc)
apply (rule inf-commute)
apply (rule inf-idem)
done

lemma below-fold1-iff:

assumes finite A A # {}

shows z < foldl inf A «—— (Va€A. z < a)
proof —

interpret ab-semigroup-idem-mult [inf)

by (rule ab-semigroup-idem-mult-inf)

show ?thesis using assms by (induct rule: finite-ne-induct) simp-all

qed

lemma fold1-belowl:
assumes finite A
and a € A
shows foldl inf A < a
proof —
from assms have A # {} by auto
from <finite A (A # {}> «a € A show ?thesis
proof (induct rule: finite-ne-induct)
case singleton thus ?case by simp
next
interpret ab-semigroup-idem-mult [inf]
by (rule ab-semigroup-idem-mult-inf)
case (insert z F)
from insert(5) have a = z V a € F by simp
thus ?case
proof
assume a = z thus ?thesis using insert
by (simp add: mult-ac-idem)
next
assume a € F
hence bel: fold1 inf F < a by (rule insert)
have inf (fold! inf (insert z F)) a = inf z (inf (foldl inf F) a)
using insert by (simp add: mult-ac-idem)
also have inf (foldl inf F) a = foldl inf F
using bel by (auto intro: antisym)
also have inf z ... = fold! inf (insert z F')
using insert by (simp add: mult-ac-idem)
finally have aux: inf (foldl inf (insert x F)) a = foldl inf (insert z F) .
moreover have inf (foldl inf (insert x F)) a < a by simp
ultimately show %thesis by simp
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qed
qed
qed

end

lemma (in upper-semilattice) ab-semigroup-idem-mult-sup:
ab-semigroup-idem-mult sup
by (rule lower-semilattice.ab-semigroup-idem-mult-inf )
(rule dual-lattice)

context lattice
begin

definition

Inf-fin :: 'a set = 'a ([ f,- [900] 900)
where

Inf-fin = foldl inf

definition

Sup-fin = 'a set = 'a (L g,- [900] 900)
where

Sup-fin = fold1 sup

lemma Inf-le-Sup [simp]: [ finite A; A # {} | = [15,4 < U pnA
apply (unfold Sup-fin-def Inf-fin-def)

apply (subgoal-tac EX a. a:A)

prefer 2 apply blast

apply (erule ezFE)

apply (rule order-trans)

apply(erule (1) fold1-belowl)

apply(erule (1) lower-semilattice.fold1-belowl [OF dual-lattice])
done

lemma sup-Inf-absorb [simp]:
finite A = a € A = sup a ([,4) = a
apply (subst sup-commute)
apply(simp add: Inf-fin-def sup-absorb2 fold1-belowl)
done

lemma inf-Sup-absorb [simp]:
finite A = a € A = infa (pp4) = a

by (simp add: Sup-fin-def inf-absorbl
lower-semilattice.fold1-belowl [OF dual-lattice))

end

context distrib-lattice
begin
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lemma sup-Inf1-distrib:
assumes finite A
and A4 # {}
shows sup z ([ 5, A) = [ fin{sup © ala. a € A}
proof —
interpret ab-semigroup-idem-mult [inf]
by (rule ab-semigroup-idem-mult-inf)
from assms show ?thesis
by (simp add: Inf-fin-def image-def
hom-fold1-commute [where h=sup z, OF sup-inf-distrib1])
(rule arg-cong [where f=foldl inf], blast)
qed

lemma sup-Inf2-distrib:
assumes A: finite A A # {} and B: finite B B # {}
shows sup ([15,4) ([15nB) = [1finfsuwp ablab. a € ANb € B}
using A proof (induct rule: finite-ne-induct)
case singleton thus ?case
by (simp add: sup-Infl-distrib [OF B] fold1-singleton-def [OF Inf-fin-def])
next
interpret ab-semigroup-idem-mult [inf)
by (rule ab-semigroup-idem-mult-inf)
case (insert z A)
have finB: finite {sup z b |b. b € B}
by (rule finite-surj[where f = sup z, OF B(1)], auto)
have finAB: finite {sup a b |a b. a € AN b € B}

proof —
have {sup a b |ab. a € AN Db € B} = (UN a:A. UN b:B. {sup a b})
by blast
thus %thesis by(simp add: insert(1) B(1))
qed

have ne: {sup a b |a b. a € A AN b € B} # {} using insert B by blast
have sup (T gn(insert = A)) (T nB) = sup (inf = (71 nA)) (i)
using insert by (simp add: fold1-insert-idem-def [OF Inf-fin-def])
also have ... = inf (sup z ([ 3, B)) (sup (I'l inA) (['1 finB)) by (rule sup-inf-distrib2)

also have ... = inf ([ g{sup z b[b. b € B}) ([ fp{sup ablab. a € ANDE
B})
using insert by(simp add:sup-Inf1-distrib|OF B])
also have ... =[1g,({sup 2 b [b. b € B} U{supablab. a € ANDE B}
(is - = [1 i ?M)

using B nsert
by (simp add: Inf-fin-def fold1-Un2 [OF finB - finAB nel)
also have ?M = {sup a b |a b. a € insert t A N b € B}
by blast
finally show ?Zcase .
qed

lemma inf-Sup1-distrib:
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assumes finite A and A # {}
shows inf z (L 4,4) = L ininf = ala. a € A}
proof —
interpret ab-semigroup-idem-mult [sup)
by (rule ab-semigroup-idem-mult-sup)
from assms show ?thesis
by (simp add: Sup-fin-def image-def hom-fold1-commute [where h=inf x, OF
inf-sup-distrib1])
(rule arg-cong [where f=foldI sup]|, blast)
qed

lemma inf-Sup2-distrib:
assumes A: finite A A # {} and B: finite B B # {}
shows inf (L 5,4) (U fnB) = U finlinfablab. a € ANb€E B}
using A proof (induct rule: finite-ne-induct)
case singleton thus ?case
by (simp add: inf-Sup1-distrib [OF B] fold1-singleton-def [OF Sup-fin-def])
next
case (insert z A)
have finB: finite {infz b |b. b € B}
by (rule finite-surj[where f = %b. inf x b, OF B(1)], auto)
have finAB: finite {infablab. a € ANb€E B}

proof —
have {infa b |lab. a € ANb e B} = (UN a:A. UN b:B. {inf a b})
by blast
thus %thesis by(simp add: insert(1) B(1))
qed

have ne: {infa b lab. a € ANb € B} # {} using insert B by blast
interpret ab-semigroup-idem-mult [sup]
by (rule ab-semigroup-idem-mult-sup)
have inf (L| fin(insert = A)) (U finB) = inf (sup z (L gnA)) (U finB)
using insert by (simp add: fold1-insert-idem-def [OF Sup-fin-def])
also have ... = sup (infz (Ll 4,B)) (inf (L n4) (L firnB)) by (rule inf-sup-distrib2)

also have ... = sup (| g {infz b[b. b € B}) (U pplinfablab. a € AND €
B})
using insert by (simp add:inf-Sup1-distrib[OF B))
also have ... = || 4,({infz b [b. b € B} U {infabd|ab a€ ANbE B}
(is - = Ll i ?M)

using B nsert
by (simp add: Sup-fin-def fold1-Un2 [OF finB - finAB ne])
also have ?M = {infa b |a b. a € insert x A N b € B}
by blast
finally show ?case .
qed

end

context complete-lattice
begin
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Coincidence on finite sets in complete lattices:

lemma Inf-fin-Inf:
assumes finite A and A # {}
shows [ ,4 = Inf A
proof —
interpret ab-semigroup-idem-mult [inf]
by (rule ab-semigroup-idem-mult-inf)
from assms show ?thesis
unfolding Inf-fin-def by (induct A set: finite)
(simp-all add: Inf-insert-simp)
qed

lemma Sup-fin-Sup:
assumes finite A and A # {}
shows | | f,4 = Sup A
proof —
interpret ab-semigroup-idem-mult [sup]
by (rule ab-semigroup-idem-mult-sup)
from assms show ?thesis
unfolding Sup-fin-def by (induct A set: finite)
(simp-all add: Sup-insert-simp)
qed

end

20.7.4 Foldl in linear orders with min and maz

As an application of foldl we define minimum and maximum in (not neces-
sarily complete!) linear orders over (non-empty) sets by means of fold1.

context linorder
begin

lemma ab-semigroup-idem-mult-min:
ab-semigroup-idem-mult min
by unfold-locales (auto simp add: min-def)

lemma ab-semigroup-idem-mult-maz:
ab-semigroup-idem-mult max
by unfold-locales (auto simp add: maz-def)

lemma min-lattice:
lower-semilattice (op <) (op <) min
by unfold-locales (auto simp add: min-def)

lemma maz-lattice:
lower-semilattice (op >) (op >) max
by unfold-locales (auto simp add: maz-def)
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lemma dual-mazx:
ord.mazx (op >) = min
by (auto simp add: ord.maz-def-raw min-def-raw expand-fun-eq)

lemma dual-min:
ord.min (op >) = max
by (auto simp add: ord.min-def-raw max-def-raw expand-fun-eq)

lemma strict-below-fold1-iff :
assumes finite A and A # {}
shows z < foldl min A «—— (Va€A. z < a)
proof —
interpret ab-semigroup-idem-mult [min]
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert)
qed

lemma fold1-below-iff:
assumes finite A and A # {}
shows fold1 min A < x «— (Ja€A. a < x)
proof —
interpret ab-semigroup-idem-mult [min)]
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert min-le-iff-disj)
qed

lemma fold1-strict-below-iff :
assumes finite A and A # {}
shows fold1 min A < z «— (Ja€A. a < x)
proof —
interpret ab-semigroup-idem-mult [min)]
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert min-less-iff-disj)
qed

lemma fold1-antimono:
assumes A # {} and A C B and finite B
shows fold1 min B < fold1 min A
proof cases
assume A = B thus ?thesis by simp
next
interpret ab-semigroup-idem-mult [min)]
by (rule ab-semigroup-idem-mult-min)
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assume A # B
have B: B = A U (B—A) using (A C B) by blast
have foldl min B = foldl min (A U (B—A)) by(subst B)(rule refl)
also have ... = min (foldl min A) (fold1 min (B—A))
proof —
have finite A by(rule finite-subset[OF (A C B) «finite B)])
moreover have finite(B—A) by (rule finite-Diff [OF «(finite B])
moreover have (B—A) # {} using prems by blast
moreover have A Int (B—A) = {} using prems by blast
ultimately show ?thesis using (A # {}> by (rule-tac fold1-Un)
qed
also have ... < foldl min A by (simp add: min-le-iff-disj)
finally show ?thesis .

qed
definition

Min :: 'a set = 'a
where

Min = fold1 min

definition
Mazx :: 'a set = 'a
where

Max = foldl mazx

lemmas Min-singleton [simp] = fold1-singleton-def [OF Min-def]
lemmas Maax-singleton [simp] = fold1-singleton-def [OF Maz-def]

lemma Min-insert [simp]:

assumes finite A and A # {}

shows Min (insert x A) = min x (Min A)
proof —

interpret ab-semigroup-idem-mult [min]

by (rule ab-semigroup-idem-mult-min)

from assms show ?Zthesis by (rule foldI-insert-idem-def [OF Min-def])

qed

lemma Maz-insert [simp]:

assumes finite A and A # {}

shows Mazx (insert x A) = maz x (Maz A)
proof —

interpret ab-semigroup-idem-mult [maz]

by (rule ab-semigroup-idem-mult-maz)

from assms show ?thesis by (rule fold1-insert-idem-def [OF Max-def])

qed

lemma Min-in [simp]:
assumes finite A and A # {}
shows Min A € A
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proof —
interpret ab-semigroup-idem-mult [min]
by (rule ab-semigroup-idem-mult-min)
from assms fold1-in show ?thesis by (fastsimp simp: Min-def min-def)
qed

lemma Maz-in [simp]:

assumes finite A and A # {}

shows Max A € A
proof —

interpret ab-semigroup-idem-mult [maz)

by (rule ab-semigroup-idem-mult-mazx)

from assms fold1-in [of A] show ?thesis by (fastsimp simp: Max-def maz-def)

qed

lemma Min-Un:
assumes finite A and A # {} and finite B and B # {}
shows Min (A U B) = min (Min A) (Min B)
proof —
interpret ab-semigroup-idem-mult [min)]
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (simp add: Min-def fold1-Un2)
qed

lemma Max-Un:
assumes finite A and A # {} and finite B and B # {}
shows Maz (A U B) = mazx (Maz A) (Maz B)
proof —
interpret ab-semigroup-idem-mult [maz)
by (rule ab-semigroup-idem-mult-maz)
from assms show ?thesis
by (simp add: Max-def fold1-Un2)
qed

lemma hom-Min-commute:
assumes Az y. b (min zy) = min (h z) (hy)
and finite N and N # {}
shows h (Min N) = Min (h ‘ N)
proof —
interpret ab-semigroup-idem-mult [min)]
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (simp add: Min-def hom-fold1-commute)
qed

lemma hom-Max-commute:
assumes Az y. b (maz z y) = max (h x) (hy)
and finite N and N # {}
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shows h (Max N) = Maz (h * N)
proof —
interpret ab-semigroup-idem-mult [maz]
by (rule ab-semigroup-idem-mult-maz)
from assms show ?thesis
by (simp add: Max-def hom-fold1-commute [of h])
qed

lemma Min-le [simp]:

assumes finite A and ¢ € A

shows Min A < z
proof —

interpret lower-semilattice [op < op < min]

by (rule min-lattice)

from assms show ?thesis by (simp add: Min-def fold1-belowl)

qed

lemma Maz-ge [simp]:

assumes finite A and = € A

shows z < Max A
proof —

invoke lower-semilattice [op > op > max]

by (rule maz-lattice)

from assms show ?thesis by (simp add: Maz-def fold1-belowl)

qed

lemma Min-ge-iff [simp, noatp):

assumes finite A and A # {}

shows z < Min A «—— (Va€A. z < a)
proof —

interpret lower-semilattice [op < op < min)

by (rule min-lattice)

from assms show ?thesis by (simp add: Min-def below-fold1-iff)

qged

lemma Maz-le-iff [simp, noatp]:

assumes finite A and A # {}

shows Mar A < z «—— (Va€A. a < 1)
proof —

invoke lower-semilattice [op > op > maz]

by (rule max-lattice)

from assms show ?thesis by (simp add: Max-def below-fold1-iff )

qed

lemma Min-gr-iff [simp, noatp):

assumes finite A and A # {}

shows z < Min A «— (Va€A. z < a)
proof —

interpret lower-semilattice [op < op < min]
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by (rule min-lattice)
from assms show ?thesis by (simp add: Min-def strict-below-fold1-iff)
qed

lemma Maz-less-iff [simp, noatp):
assumes finite A and A # {}
shows Mazr A < z «—— (Va€A. a < 1)
proof —
note Max = Max-def
interpret linorder [op > op >]
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Max strict-below-fold1-iff [folded dual-maz))
qed

lemma Min-le-iff [noatp]:
assumes finite A and A # {}
shows Min A < z «— (Ja€A. a < x)
proof —
interpret lower-semilattice [op < op < min)
by (rule min-lattice)
from assms show ?thesis
by (simp add: Min-def fold1-below-iff )
qed

lemma Maz-ge-iff [noatp]:
assumes finite A and A # {}
shows z < Mazx A «—— (Fa€A. z < a)
proof —
note Max = Maax-def
interpret linorder [op > op >]
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Max fold1-below-iff [folded dual-max])
qed

lemma Min-less-iff [noatp]:
assumes finite A and A # {}
shows Min A < z «— (Ja€A. a < 1)
proof —
interpret lower-semilattice [op < op < min)
by (rule min-lattice)
from assms show ?thesis
by (simp add: Min-def fold1-strict-below-iff)
qed

lemma Maz-gr-iff [noatp):
assumes finite A and A # {}
shows © < Maz A «— (Ja€A. ¢ < a)
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proof —
note Max = Max-def
interpret linorder [op > op >]
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Max fold1-strict-below-iff [folded dual-maz))
qed

lemma Min-antimono:

assumes M C N and M # {} and finite N

shows Min N < Min M
proof —

interpret distrib-lattice [op < op < min max]

by (rule distrib-lattice-min-max)

from assms show ?thesis by (simp add: Min-def fold1-antimono)

qed

lemma Maz-mono:
assumes M C N and M # {} and finite N
shows Max M < Max N
proof —
note Max = Max-def
interpret linorder [op > op >]
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Mazx foldI-antimono [folded dual-maz])
qged

lemma finite-linorder-induct|[consumes 1, case-names empty insert|:

finite A= P {} =
(NA b. finite A = ALL a:A. a < b = P A = P(insert b A))
= P A
proof (induct A rule: measure-induct-rule[where f=card))
fix A :: 'a set
assume IH: !! B. card B < card A = finite B = P {} =

(MA b. finite A = (Va€A. a<b) = P A = P (insert b A))

— P B
and finite A and P {}
and step: 1A b. [finite A; Va€A. a < b; P A] = P (insert b A)
show P A
proof (cases A = {})
assume A = {} thus P A using (P {}) by simp
next
let B = A — {Maz A} let ?A = insert (Max A) B
assume A # {}
with (finite A» have Maxz A : A by auto
hence A: ?A = A using insert-Diff-single insert-absorb by auto
note card-Diff1-less|OF «finite A (Mazx A : A)]
moreover have finite B using (finite A> by simp

396
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ultimately have P ¢B using (P {} step IH by blast
moreover have Va€?B. a < Mazx A
using Maz-ge [OF «finite A)] by fastsimp
ultimately show P A
using A insert-Diff-single step[OF «finite ?B>] by fastsimp
qed
qed

end

context ordered-ab-semigroup-add
begin

lemma add-Min-commute:
fixes k
assumes finite N and N # {}
shows k + Min N = Min {k + m | m. m € N}
proof —
have Az y. k + minzy = min (k + z) (k + y)
by (simp add: min-def not-le)
(blast intro: antisym less-imp-le add-left-mono)
with assms show ?thesis
using hom-Min-commute [of plus k N]
by simp (blast intro: arg-cong [where f = Min))
qed

lemma add-Max-commute:
fixes k
assumes finite N and N # {}
shows k + Max N = Maz {k + m | m. m € N}
proof —
have Az y. k + maz z y = maz (k + z) (k + y)
by (simp add: maz-def not-le)
(blast intro: antisym less-imp-le add-left-mono)
with assms show Zthesis
using hom-Maz-commute [of plus k N
by simp (blast intro: arg-cong [where f = Max])
qed

end

end

21 Equiv-Relations: Equivalence Relations in Higher-
Order Set Theory

theory FEquiv-Relations
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imports Finite-Set Relation
begin

21.1 Equivalence relations

locale equiv =
fixes A and r
assumes refl: refl A r
and sym: sym r
and trans: trans r

Suppes, Theorem 70: r is an equiv relation iff r=t O r = r.
First half: equiv A r ==>r~ Or = .

lemma sym-trans-comp-subset:
sym r ==> trans r ==>r+ Or Cr
by (unfold trans-def sym-def converse-def) blast

lemma refi-comp-subset: refl Ar ==>r Cr~ ! Or
by (unfold refl-def) blast

lemma equiv-comp-eq: equiv A r ==>r~t Or =r
apply (unfold equiv-def)
apply clarify
apply (rule equalityl )
apply (iprover intro: sym-trans-comp-subset refl-comp-subset)+
done

Second half.

lemma comp-equivl:

r' Or=r==>Domainr =A ==> equiv A r
apply (unfold equiv-def refl-def sym-def trans-def)
apply (erule equalityFE)
apply (subgoal-tac Vz y. (z,y) € r ——> (y, ) € 1)
apply fast

apply fast
done

21.2 Equivalence classes

lemma equiv-class-subset:
equiv A r ==> (a, b) € r ==> r*{a} C r{b}
— lemma for the next result
by (unfold equiv-def trans-def sym-def) blast

theorem equiv-class-eq: equiv A r ==> (a, b) € r ==> r{a} = r*“{b}
apply (assumption | rule equalityl equiv-class-subset)+
apply (unfold equiv-def sym-def)
apply blast
done
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lemma equiv-class-self: equiv A r ==> a € A ==> a € r*{a}
by (unfold equiv-def refl-def) blast

lemma subset-equiv-class:
equiv A r ==>r‘{b} C r*{a} ==> b€ A==> (a,b) €r
— lemma for the next result
by (unfold equiv-def refl-def) blast

lemma eg-equiv-class:
r‘{a} = r*{b} ==> equiv Ar ==> b€ A==>(a, b) €r
by (iprover intro: equalityD2 subset-equiv-class)

lemma equiv-class-nondisjoint:
equiv A r ==> 1z € (r*{a} N r{b}) ==> (a, b) € r
by (unfold equiv-def trans-def sym-def) blast

lemma equiv-type: equiv A r ==>r C A x A
by (unfold equiv-def refl-def) blast

theorem equiv-class-eq-iff :
equiv Ar ==> ((z,y) €r)=(rfa}=r{fyt &z e A& yc A
by (blast intro!: equiv-class-eq dest: eg-equiv-class equiv-type)

theorem eg-equiv-class-iff :
equiv Ar==>r¢c A==>yc A==>(r'{z} =r{y}) = ((z, y) € r)
by (blast intro!: equiv-class-eq dest: eg-equiv-class equiv-type)

21.3 Quotients

constdefs
quotient :: ['a set, (‘ax’a) set] => 'a set set (infixl '/'/ 90)
Aljr ==z € A. {r*{z}} — set of equiv classes

lemma quotientl: ¢ € A ==> r*{z} € A//r
by (unfold quotient-def) blast

lemma quotientE:
XeAllr=>Nz. X =r{a} ==>2€ A==>P)==>P
by (unfold quotient-def) blast

lemma Union-quotient: equiv A r ==> Union (A//r) = A
by (unfold equiv-def refl-def quotient-def) blast

lemma quotient-disj:
equiv Ar==>X¢cAl/r==>Y cA//r==>X=Y | (XNnY={}
apply (unfold quotient-def)
apply clarify
apply (rule equiv-class-eq)
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apply assumption

apply (unfold equiv-def trans-def sym-def)
apply blast

done

lemma quotient-eql:
llequiv Ar; X € A//r; Y € A//riz e X;ye Y (zy) er]|=>X=Y
apply (clarify elim!: quotientE)
apply (rule equiv-class-eq, assumption)
apply (unfold equiv-def sym-def trans-def, blast)
done

lemma quotient-eq-iff:

llequiv A r; X € A//r; Y € A//riz e X;ye YV||==> (X =Y)=((z,y) €
r)

apply (rule iffI)

prefer 2 apply (blast del: equalityl intro: quotient-eql)

apply (clarify elim!: quotientE)

apply (unfold equiv-def sym-def trans-def, blast)

done

lemma eg-equiv-class-iff2:

[equivArizediye Al = ({z}//r=A{y}//r) = ((z,y) : 1)
by (simp add:quotient-def eq-equiv-class-iff )

lemma quotient-empty [simp]: {}//r = {}
by (simp add: quotient-def)

lemma quotient-is-empty [iff]: (A//r ={}) = (A ={})
by (simp add: quotient-def)

lemma quotient-is-empty2 [iff]: {} = 4//r) = (A = {})
by (simp add: quotient-def)

lemma singleton-quotient: {z}//r = {r “ {z}}
by (simp add:quotient-def)

lemma quotient-diff1:
[ inj-on (%oa. {a}//r) A;a € A] = (A = {a})//r = A//r — {a}//r
apply (simp add:quotient-def inj-on-def)
apply blast
done

21.4 Defining unary operations upon equivalence classes

A congruence-preserving function

locale congruent =
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fixes r and f
assumes congruent: (y,z) € r ==> fy = f=z

abbreviation
RESPECTS :: (Ya => 'b) => ('a * 'a) set => bool
(infixr respects 80) where
f respects r == congruent r f

lemma UN-constant-eq: a € A ==>Vy € A. fy=c==> Uy € A. f(y))=c
— lemma required to prove UN-equiv-class
by auto

lemma UN-equiv-class:
equiv A r ==> frespects r ==> a € A
==> (Jz € r'{a}. fz)=fa
— Conversion rule
apply (rule equiv-class-self [THEN UN-constant-eq], assumption—+)
apply (unfold equiv-def congruent-def sym-def)
apply (blast del: equalityl)
done

lemma UN-equiv-class-type:

equiv A r ==> frespects r ==> X € A//r ==>
Nz.z2 e A==>fx e B)==>(Jre X.fz)eB

apply (unfold quotient-def)

apply clarify

apply (subst UN-equiv-class)
apply auto

done

Sufficient conditions for injectiveness. Could weaken premises! major premise
could be an inclusion; bcong could be !ly. y € A ==> fy € B.

lemma UN-equiv-class-inject:

equiv A r ==> f respects r ==>
UzeX. fz)=Uye Y. fyy=>XecA//r==>Y eAl/r
==> (lxy s e A==>yecA==>foz=fy==>(z,y) €r)
=>X=Y

apply (unfold quotient-def)

apply clarify

apply (rule equiv-class-eq)

apply assumption

apply (subgoal-tac f x = f za)

apply blast

apply (erule boz-equals)

apply (assumption | rule UN-equiv-class)+

done
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21.5 Defining binary operations upon equivalence classes

A congruence-preserving function of two arguments

locale congruent2 =
fixes 1 and r2 and f
assumes congruent2:
(y1,21) € 11 ==> (y2,22) € r2 ==> fyl y2 = f 21 22

Abbreviation for the common case where the relations are identical

abbreviation
RESPECTS2:: ['a => 'a =>'b, ('a % 'a) set] => bool
(infixr respects2 80) where
f respects2 r == congruent2 r r f

lemma congruent2-implies-congruent:
equiv A r1 ==> congruent2 r1 r2 f ==> a € A ==> congruent r2 (f a)
by (unfold congruent-def congruent2-def equiv-def refi-def) blast

lemma congruent2-implies-congruent-UN:
equiv A1 1l ==> equiv A2 r2 ==> congruent2 r1 r2 f ==> a € A2 ==>
congruent 1 (Azl. |Jz2 € r2°{a}. fxl 22)
apply (unfold congruent-def)
apply clarify
apply (rule equiv-type [THEN subsetD, THEN SigmaE2)], assumption+)
apply (simp add: UN-equiv-class congruent2-implies-congruent)
apply (unfold congruent2-def equiv-def refl-def)
apply (blast del: equalityl)
done

lemma UN-equiv-class2:
equiv A1 r1 ==> equiv A2 r2 ==> congruent2 r1 r2 f ==> al € Al ==> a2
€ A2
==> (Jzl € r1*“{al}. U2 € r2°{a2}. fxl 22) = fal a2
by (simp add: UN-equiv-class congruent2-implies-congruent
congruent2-implies-congruent-UN)

lemma UN-equiv-class-type2:

equiv A1 rl ==> equiv A2 r2 ==> congruent2 r1 r2 f
==> X1 € A1//rl ==> X2 € A2//r2
==> (ol 22. x1 € Al ==> 22 € A2 ==> fuzl 22 € B)
==> (Jz! € X1.Jz2 € X2. fx122) € B

apply (unfold quotient-def)

apply clarify

apply (blast intro: UN-equiv-class-type congruent2-implies-congruent-UN
congruent2-implies-congruent quotientl)

done

lemma UN-UN-split-split-eq:
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U(xt,22) e X. U(yl, y2) € Y. Azl 22yl y2) =
Uz e X. Uy e Y. (N=t, 22). (Myl, y2). A z1 22 y1 y2) y) x)
— Allows a natural expression of binary operators,
— without explicit calls to split
by auto

lemma congruent2I:

equiv A1 rl ==> equiv A2 r2
==> lyzw. we A2 ==> (y,z2) €rl ==>fyw = fzw)
==> lyzw. we Al ==> (y,z2) €r2 ==>fwy=fwz)
==> congruent2 r1 r2 f

— Suggested by John Harrison — the two subproofs may be

— much simpler than the direct proof.

apply (unfold congruent2-def equiv-def refl-def)

apply clarify

apply (blast intro: trans)

done

lemma congruent2-commutel:
assumes equivA: equiv A r
and commute: ly z. y € A==>z2€ A==>fyz=fzy
and congt: 'y zw. w € A ==> (y,2) Er==>fwy=[fwz
shows f respects2 r
apply (rule congruent2l [OF equivA equivA))
apply (rule commute [THEN trans))
apply (rule-tac [3] commute [THEN trans, symmetric])
apply (rule-tac [5] sym)
apply (rule congt | assumption |
erule equivA [THEN equiv-type, THEN subsetD, THEN SigmaE2])+
done

21.6 Quotients and finiteness

Suggested by Florian Kammiiller

lemma finite-quotient: finite A ==>r C A x A ==> finite (4//r)
— recall equiv ?A r = 9r C 74 x %A
apply (rule finite-subset)
apply (erule-tac [2] finite-Pow-iff [THEN 4ffD2])
apply (unfold quotient-def)
apply blast
done

lemma finite-equiv-class:
finite A==>r CAx A==> X € A//r ==> finite X
apply (unfold quotient-def)
apply (rule finite-subset)
prefer 2 apply assumption
apply blast
done
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lemma equiv-imp-dvd-card:
finite A ==> equiv A r ==>VX € A//r. k dvd card X
==> k dvd card A
apply (rule Union-quotient [THEN subst [where P=MA. k dvd card A]])
apply assumption
apply (rule dvd-partition)
prefer 3 apply (blast dest: quotient-disj)
apply (simp-all add: Union-quotient equiv-type)
done

lemma card-quotient-disjoint:
[ finite 4; ing-on (A\z. {z} // r) A] = card(4//r) = card A
apply (simp add:quotient-def)
apply (subst card- UN-disjoint)
apply assumption
apply simp
apply (fastsimp simp add:inj-on-def)
apply (simp add:setsum-constant)
done

end

22 Wellfounded: Well-founded Recursion

theory Wellfounded

imports Finite-Set Nat

uses (Tools/function-package/ size. ML)
begin

22.1 Basic Definitions

inductive
wfrec-rel :: (‘a x 'a) set => (('a => 'b) => 'a => 'b) => 'a => b => bool
for R :: ('a x 'a) set
and F :: (la=>"b) =>"'a=>"
where
wfrecl: ALL z. (z, x) : R ——> wfrec-rel R F z (g z) ==>
wfrec-rel R F z (F g )

constdefs
wf : (Ya x 'a)set => bool
wf(r) == ('P. (lz. (ly. (y,x):r —> P(y)) ——> P(z)) ——> (lz. P(x)))

wfP :: (Ya => 'a => bool) => bool
wfP r == wf {(z, y). rz y}

acyclic :: (‘ax’a)set => bool
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acyclic r == lz. (z,2) ~: '+

cut 2 (la=>"b) => (a* 'a)set => 'a =>"a=>"b
cut frz == (%y. if (y,z):r then fy else arbitrary)

adm-wf :: (‘a x 'a) set => (('a => 'b) => 'a => 'b) => bool
adm-wf R F == ALL f g z.
(ALL z. (z,2) : R ——> fz=9g2) ——> Ffz=Fgz

wfrec 2 ('a x 'a) set => (('la => 'b) => 'a => b)) => 'a =>"b
[code func del]: wfrec R F == %zx. THE y. wfrec-rel R (%f z. F (cut f R z) x)
zy

abbreviation acyclicP :: (a => 'a => bool) => bool where
acyclicP r == acyclic {(z, y). r z y}

class wellorder = linorder +
assumes uwf: wf {(z, y). ¢ < y}

lemma wfP-wf-eq [pred-set-conv]: wfP (Az y. (z, y) € r) = wf r
by (simp add: wfP-def)

lemma wfUNIVI:
("P z. (ALL z. (ALL y. (y,xz) : + ——> P(y)) ——> P(z)) ==> P(z)) ==>
wf (r)
unfolding wf-def by blast

lemmas wfPUNIVI = wfUNIVI [to-pred)

Restriction to domain A and range B. If r is well-founded over their inter-
section, then wf r

lemma wfl:
[| 7 € A <x> B;
Nz P. [Vz. Vy. (y,z) : 7 ——>Py) ——>Pua; z:A;2:B||==> Pzl
==> wfr
unfolding wf-def by blast

lemma wf-induct:
[ wf (r);
Wx.[| ALL y. (y,x): 1 ——> P(y) || ==> P(=)
] —> P(a)
unfolding wf-def by blast

lemmas wfP-induct = wf-induct [to-pred)

lemmas wf-induct-rule = wf-induct [rule-format, consumes 1, case-names less,
induct set: wf]
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lemmas wfP-induct-rule = wf-induct-rule [to-pred, induct set: wfP]

lemma wf-not-sym: wf r ==> (a, z) : r ==> (z, a) ~: r
by (induct a arbitrary: x set: wf) blast

lemmas wf-asym = wf-not-sym [elim-format]
lemma wf-not-refl [simp]: wf r ==> (a, a) ~: r
by (blast elim: wf-asym)

lemmas wf-irrefl = wf-not-refl [elim-format]

22.2 Basic Results

transitive closure of a well-founded relation is well-founded!

lemma wf-trancl:
assumes wf r
shows wf (r"+)
proof —

fix P and z
assume induct-step: 1z. (Ny. (y, z) : r"+ ==> Py) ==> Pz
have P z
proof (rule induct-step)
fix y assume (y, z) : 7"+
with (wf m show P y
proof (induct z arbitrary: y)
case (less )
note hyp = Az’ y'. (2’ z) : r ==> (y', ') : 1"+ ==> P y"
from «(y, ) : "+ show Py
proof cases
case base
show P y
proof (rule induct-step)
fix y’ assume (y’, y) : 7"+
with «(y, ) : m show Py’ by (rule hyp [of v y'])
qed
next
case step
then obtain z’ where (z/, z) : r and (y, z') : "+ by simp
then show P y by (rule hyp [of =’ y])
qed
qed
qed
} then show ?thesis unfolding wf-def by blast
qed
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lemmas wfP-trancl = wf-trancl [to-pred]

lemma wf-converse-trancl: wf (r"—1) ==> wf ((r"+)"—1)
apply (subst trancl-converse [symmetric])
apply (erule wf-trancl)
done

Minimal-element characterization of well-foundedness

lemma wf-eq-minimal: wf r = (VQ z. z€Q ——> (32€Q. Vy. (y,2)er ——>
y¢Q))
proof (intro iffI strip)
fix Q :: 'a set and =z
assume wfr and x € @
then show 3z2€Q. Vy. (y,2) € r — y ¢ Q
unfolding wf-def
by (blast dest: spec [of - %ox. x€Q — (F2€Q. Vy. (y,2) € 1 — y¢Q)])
next
assume 1:VQuz.z € Q — (F326€Q.Vy. (y,2) er — y & Q)
show wf r
proof (rule wfUNIVI)
fix P :: 'a = bool and x
assume 2:Vz. (Vy. (y,z2) €r— Py) — Pz
let ?Q = {z. - Pz}
have z € ?Q — (3z € ?Q.Vy. (y,2) € r — y & ?Q)
by (rule 1 [THEN spec, THEN spec))
then have - Pz — (2. - P2z A (Vy. (y, z) € r — P y)) by simp
with 2 have -~ Pz — (32z. - Pz A P z) by fast
then show P x by simp
qed
qed

lemma wfE-min:
assumes wf Rz € @
obtains z where z € Q Ay. (v, 2) € R—= y ¢ @
using assms unfolding wf-eqg-minimal by blast

lemma wfl-min:

(N2 Q.z€ Q= F26Q.Vy. (y,2) ER — y ¢ Q)
= wf R
unfolding wf-eq-minimal by blast

lemmas wfP-eq-minimal = wf-eqg-minimal [to-pred]

Well-foundedness of subsets

lemma wf-subset: [| wf(r); p<=r || ==> wf(p)
apply (simp (no-asm-use) add: wf-eqg-minimal)
apply fast

done
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lemmas wfP-subset = wf-subset [to-pred]

Well-foundedness of the empty relation

lemma wf-empty [iff]: wf({})
by (simp add: wf-def)

lemmas wfP-empty [iff] =
wf-empty [to-pred bot-empty-eq2, simplified bot-fun-eq bot-bool-eq]

lemma wf-Int!: wf r ==> wf (r Int r’)
apply (erule wf-subset)
apply (rule Int-lowerl)
done

lemma wf-Int2: wf r ==> wf (r’ Int r)
apply (erule wf-subset)
apply (rule Int-lower2)
done

Well-foundedness of insert

lemma wf-insert [iff]: wf (insert (y,z) r) = (wf(r) & (z,y) ~: r7%)
apply (rule iffI)

apply (blast elim: wf-trancl [THEN wf-irrefi)

intro: rtrancl-into-trancll wf-subset
rtrancl-mono [THEN [2] rev-subsetD])

apply (simp add: wf-eq-minimal, safe)
apply (rule allE, assumption, erule impE, blast)
apply (erule bezE)
apply (rename-tac a, case-tac a = x)

prefer 2
apply blast
apply (case-tac y:Q)

prefer 2 apply blast
apply (rule-tac x = {z. 2:Q & (z,y) : "%} in allF)

apply assumption
apply (erule-tac V.= ALL Q. (EX z. z : Q) ——> ?P @ in thin-rl)

— essential for speed

Blast with new substOccur fails

apply (fast intro: converse-rtrancl-into-rtrancl)
done

Well-foundedness of image

lemma wf-prod-fun-image: [| wf r; inj f || ==> wf (prod-fun f f ‘ r)
apply (simp only: wf-eqg-minimal, clarify)

apply (case-tac EX p. fp : Q)

apply (erule-tac x = {p. fp : Q} in dllE)

apply (fast dest: inj-onD, blast)

done
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22.3 Well-Foundedness Results for Unions

lemma wf-union-compatible:
assumes wf R wf S
assumes S O R C R
shows wf (R U S)
proof (rule wfl-min)
fix z :: '/a and Q
let 2Q'={z€ Q. Vy.(y,1) €ER — y ¢ Q}
assume z €
obtain a where a € 7Q’
by (rule wfE-min [OF «wf Ry @ € @]) blast
with «wf S
obtain z where z € ?Q’ and zmin: Ay. (y, z) € S = y ¢ ?Q’ by (erule
wfE-min)
{
fix y assume (y, z) € S
then have y ¢ ?Q’ by (rule zmin)

have y ¢ Q
proof

assume y € @
with « ¢ Q"
obtain w where (w, y) € R and w € @ by auto
from «(w, y) € R «(y, z) € S have (w, z) € S O R by (rule rel-compl)
with «<S O R C R have (w, z) € R ..
with z € 2Q" have w ¢ @Q by blast
with (w € @) show Fualse by contradiction
qed
}
with <z € ?Q% show 32€Q. Vy. (y, 2) € RUS — y ¢ Q by blast
qed

Well-foundedness of indexed union with disjoint domains and ranges

lemma wf-UN: [| ALL i:I. wf(r i);
ALL i:1. ALL §:I. ri ~= r j ——> Domain(r i) Int Range(r j) = {}
|| ==> wf(UN i:1. ri)
apply (simp only: wf-eqg-minimal, clarify)
apply (rename-tac A a, case-tac EX i:1. EX a:A. EX b:A. (b,a) : 7 1)
prefer 2
apply force
apply clarify
apply (drule bspec, assumption)
apply (erule-tac x={a. a:A & (EX b:A. (b,a) : ri) } in allE)
apply (blast elim!: allE)
done

lemmas wfP-SUP = wf-UN [where I=UNIV and r=MXi. {(z, y). ri z y},
to-pred SUP-UN-eq2 bot-emply-eq pred-equals-eq, simplified, standard)
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lemma wf-Union:
[| ALL r:R. wf r;
ALL r:R. ALL s:R. r ~= s ——> Domain r Int Range s = {}
|| ==> wf(Union R)
apply (simp add: Union-def)
apply (blast intro: wf-UN)
done

lemma wf-Un:
[| wfr; wf s; Domain r Int Range s = {} || ==> wf(r Un s)
using wf-union-compatible|of s r]
by (auto simp: Un-ac)

lemma wf-union-merge:

wf (RUS)=wf (RORUROSUS) (is wf ?A = wf ?B)
proof

assume wf ?A

with wf-trancl have wfT: wf (?4°+) .

moreover have ?B C 24"+

by (subst trancl-unfold, subst trancl-unfold) blast

ultimately show wf ¢B by (rule wf-subset)
next

assume wf 7B

show wf 74

proof (rule wfl-min)
fix Q :: 'a set and x
assume z €

with «wf ?B)
obtain z where z € Q and Ay. (y, 2) € B =y ¢ Q
by (erule wfE-min)
then have A71: A\y. (y,2) e ROR = y ¢ Q
and A2: A\y. (y,2) e ROS = y ¢ Q
and A3: N\y. (y,2) €S =y ¢ Q
by auto

show 32€Q.Vy. (y,2) € A — y ¢ Q
proof (cases Vy. (y,z) € R — y ¢ Q)
case True
with z € () A3 show ?thesis by blast
next
case Fulse
then obtain 2z’ where 2’€Q (z’, z) € R by blast

have Vy. (y, z) € PA — y ¢ Q
proof (intro alll impl)
fix y assume (y, z’) € 74
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then show y ¢ Q
proof
assume (y, z’)

R
then have (y, z) € R
with A1 show y ¢ Q .

S
S
¢

m

~—

next
assume (y, z)

m

then have (y, z) € R O S using «(z’, z) € R
with A2 show y ¢ Q .
qged
qed
with z’ € @) show ?thesis ..
qed
qed
qed

lemma wf-comp-self: wf R = wf (R O R) — special case
by (rule wf-union-merge [where S = {}, simplified])

22.3.1 acyclic

~

lemma acyclicl: ALL z. (z, x) ~: r"+ ==> acyclic r

by (simp add: acyclic-def)

lemma wf-acyclic: wf r ==> acyclic r
apply (simp add: acyclic-def)

apply (blast elim: wf-trancl [THEN wf-irrefl])
done

lemmas wfP-acyclicP = wf-acyclic [to-pred]

lemma acyclic-insert [iff]:
acyclic(insert (y,z) r) = (acyclic v & (z,y) ~: 77%)
apply (simp add: acyclic-def trancl-insert)
apply (blast intro: rtrancl-trans)
done

lemma acyclic-converse [iff]: acyclic(r"—1) = acyclic r
by (simp add: acyclic-def trancl-converse)

lemmas acyclicP-converse [iff] = acyclic-converse [to-pred|

lemma acyclic-impl-antisym-rtrancl: acyclic r ==> antisym(r *)

apply (simp add: acyclic-def antisym-def)

apply (blast elim: rtranclE intro: rtrancl-into-trancll rtrancl-trancl-trancl)
done
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lemma acyclic-subset: [| acyclic s; r <= s || ==> acyclic r
apply (simp add: acyclic-def)

apply (blast intro: trancl-mono)

done

Wellfoundedness of finite acyclic relations

lemma finite-acyclic-wf [rule-format]: finite r ==> acyclic r ——> wf r
apply (erule finite-induct, blast)

apply (simp (no-asm-simp) only: split-tupled-all)

apply simp

done

lemma finite-acyclic-wf-converse: [|finite r; acyclic r|] ==> wf (r*—1)
apply (erule finite-converse [THEN 4ffD2, THEN finite-acyclic-wf])
apply (erule acyclic-converse [THEN iffD2])

done

lemma wf-iff-acyclic-if-finite: finite r ==> wf r = acyclic r
by (blast intro: finite-acyclic-wf wf-acyclic)

22.4 Well-Founded Recursion

cut

lemma cuts-eq: (cut fro = cut g rz) = (ALL y. (y,x):r ——> f(y)=g(y))
by (simp add: expand-fun-eq cut-def)

lemma cut-apply: (z,a):r ==> (cut fr a)(z) = f(x)
by (simp add: cut-def)

Inductive characterization of wirec combinator; for details see: John Harri-
son, ”Inductive definitions: automation and application”

lemma wfrec-unique: [| adm-wf R F; wf R || ==> EX! y. wfrec-rel R F x y
apply (simp add: adm-wf-def)

apply (erule-tac a=z in wf-induct)

apply (rule exll)

apply (rule-tac g = %xz. THE y. wfrec-rel R F x y in wfrec-rel.wfrecl)
apply (fast dest!: thel’)

apply (erule wfrec-rel.cases, simp)

apply (erule ollE, erule allE, erule allE, erule mp)

apply (fast intro: the-equality [symmetric])

done

lemma adm-lemma: adm-wf R (%f z. F (cut f R z) x)

apply (simp add: adm-wf-def)

apply (intro strip)

apply (rule cuts-eq [THEN iffD2, THEN subst], assumption)
(

apply (rule refl)
done
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lemma wfrec: wf(r) ==> wfrec r H a = H (cut (wfrec v H) v a) a

apply (simp add: wfrec-def)

apply (rule adm-lemma [THEN wfrec-unique, THEN thel-equality], assumption)
apply (rule wfrec-rel.wfrecl)

apply (intro strip)

apply (erule adm-lemma [THEN wfrec-unique, THEN thel])

done

22.5 Code generator setup

consts-code

wfrec  ((module)wfrec?)
attach ((
fun wfrec fz = f (wfrec f) z;
»

22.6 LEAST and wellorderings

See also wf-linord-ex-has-least and its consequences in Wellfounded-Relations. ML

lemma wellorder-Least-lemma [rule-format]:
P (k:'a:wellorder) ——> P (LEAST x. P(z)) & (LEAST z. P(z)) <=k
apply (rule-tac a = k in wf [THEN wf-induct])

apply (rule impl)

apply (rule classical)

apply (rule-tac s = z in Least-equality [THEN ssubst], auto)

apply (auto simp add: linorder-not-less [symmetric])

done

lemmas Least] = wellorder-Least-lemma [THEN conjunct!, standard)

lemmas Least-le = wellorder-Least-lemma [THEN conjunct2, standard)]

— The following 3 lemmas are due to Brian Huffman

lemma Leastl-ex: EX z::'a::wellorder. P x ==> P (Least P)
apply (erule exE)

apply (erule Leastl)

done

lemma LeastI?2:
[| P (a:'a:wellorder); Nz. Pz ==> Q z || ==> Q (Least P)
by (blast intro: LeastI)

lemma LeastI2-ex:
[| EX a::'az:wellorder. P a; z. Px ==> Q z |] ==> @ (Least P)
by (blast intro: Leastl-ex)

lemma not-less-Least: [| k < (LEAST x. P z) || ==> ~P (k::'a::wellorder)
apply (simp (no-asm-use) add: linorder-not-le [symmetric])
apply (erule contrapos-nn)
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apply (erule Least-le)
done

22.7 nat is well-founded

lemma less-nat-rel: op < = (Am n. n = Suc m) "++
proof (rule ext, rule ext, rule iffT)
fix n m :: nat
assume m < n
then show (Am n. n = Suc m) "++ m n
proof (induct n)
case () then show ?case by auto
next
case (Suc n) then show ?case
by (auto simp add: less-Suc-eq-le le-less intro: tranclp.trancl-into-trancl)
qed
next
fix n m :: nat
assume (Am n. n = Suc m) ++ mn
then show m < n
by (induct n)
(simp-all add: less-Suc-eq-le reflexive le-less)
qed

definition
pred-nat :: (nat * nat) set where
pred-nat = {(m, n). n = Suc m}

definition
less-than :: (nat % nat) set where
less-than = pred-nat ™+

lemma less-eq: (m, n) € pred-nat™+ «—— m < n
unfolding less-nat-rel pred-nat-def trancl-def by simp

lemma pred-nat-trancl-eqg-le:
(m, n) € pred-nat™x «—— m < n
unfolding less-eq rtrancl-eq-or-trancl by auto

lemma wf-pred-nat: wf pred-nat
apply (unfold wf-def pred-nat-def, clarify)
apply (induct-tac x, blast+)
done

lemma wf-less-than [iff]: wf less-than
by (simp add: less-than-def wf-pred-nat [THEN wf-trancl))

lemma trans-less-than [iff]: trans less-than
by (simp add: less-than-def trans-trancl)
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lemma less-than-iff [iff]: ((z,y): less-than) = (z<y)
by (simp add: less-than-def less-eq)

lemma wf-less: wf {(z, y::nat). z < y}
using wf-less-than by (simp add: less-than-def less-eq [symmetric))

Type nat is a wellfounded order

instance nat :: wellorder
by intro-classes
(assumption |
rule le-refl le-trans le-anti-sym nat-less-le nat-le-linear wf-less)+

LEAST theorems for type nat

lemma Least-Suc:
[| Pn;~ PO || ==> (LEAST n. P n) = Suc (LEAST m. P(Suc m))
apply (case-tac n, auto)
apply (frule LeastI)
apply (drule-tac P = %x. P (Suc z) in Leastl)
apply (subgoal-tac (LEAST z. P z) < Suc (LEAST x. P (Suc z)))
apply (erule-tac [2] Least-le)
apply (case-tac LEAST x. P x, auto)
apply (drule-tac P = %xz. P (Suc z) in Least-le)
apply (blast intro: order-antisym)
done

lemma Least-Suc2:
[|Pn; @m; ~P0;%. P (Suck)= QFk|]| ==> Least P = Suc (Least Q)
apply (erule (1) Least-Suc [THEN ssubst])
apply simp
done

lemma ez-least-nat-le: ~P(0) = P(n:nat) = Fk<n. (Vi<k. =P i) & P(k)
apply (cases n)
apply blast
apply (rule-tac xt=LEAST k. P(k) in exl)
apply (blast intro: Least-le dest: not-less-Least intro: LeastI-ex)
done

lemma ez-least-nat-less: ~P(0) = P(n:nat) = Jk<n. (Vi<k.-Pi) & P(k+1)
apply (cases n)
apply blast
apply (frule (1) ex-least-nat-le)
apply (erule exE)
apply (case-tac k)
apply simp
apply (rename-tac k1)
apply (rule-tac z=k1 in exl)
apply fastsimp
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done

22.8 Accessible Part

416

Inductive definition of the accessible part acc r of a relation; see also [?].

inductive-set
acc :: ('a * 'a) set => 'a set
for r :: (Ya x 'a) set
where
accl: Ny. (y, z) :r ==>y:accr) ==>x:accr

abbreviation
termip :: (‘a => 'a => bool) => 'a => bool where
termip r == accp (r~'71)

abbreviation
termi :: (‘a * 'a) set => 'a set where
termi r == acc (r—1)

lemmas accpl = acep.accl

Induction rules

theorem accp-induct:
assumes major: accp T a
assumes hyp: lz. accp r v ==>Vy. rys —> Py ==> Pz
shows P a
apply (rule major [THEN accp.induct])
apply (rule hyp)
apply (rule accp.accl)
apply fast
apply fast
done

theorems accp-induct-rule = accp-induct [rule-format, induct set: accp]

theorem accp-downward: accp rb ==> r a b ==> accp r a
apply (erule accp.cases)

apply fast
done

lemma not-accp-down:

assumes na: - accp R x

obtains z where R z z and — accp R 2
proof —

assume a: Az. [R z x; = accp R z] = thesis

show thesis
proof (cases Vz. R zx — accp R 2)
case True
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hence Az. R z x = accp R z by auto
hence acep R x
by (rule accp.accl)
with na show thesis ..
next
case Fualse then obtain z where R z x and — accp R 2
by auto
with a show thesis .
qed
qed

lemma accp-downwards-auz: r** b a ==> accp r a ——> accp r b
apply (erule rtranclp-induct)
apply blast
apply (blast dest: accp-downward)

done

theorem accp-downwards: accp r a ==> r** b a ==> accp rd
apply (blast dest: accp-downwards-auz)
done

theorem accp-wfPI: Vx. accp r x ==> wfP r
apply (rule wfPUNIVT)
apply (induct-tac P z rule: accp-induct)
apply blast
apply blast
done

theorem accp-wfPD: wfP r ==> accp r z
apply (erule wfP-induct-rule)
apply (rule accp.accl)
apply blast
done

theorem wfP-accp-iff: wfP r = (Vz. accp r x)
apply (blast intro: accp-wfPI dest: accp-wfPD)
done

Smaller relations have bigger accessible parts:

lemma accp-subset:
assumes sub: R1 < R2
shows accp R2 < accp R1
proof (rule predicatell)
fix £ assume accp R2 x
then show accp R1 x
proof (induct x)
fix x
assume th: \y. R2 yx = accp R1 y
with sub show accp R1 z
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by (blast intro: accp.accl)
qed
qed

This is a generalized induction theorem that works on subsets of the acces-
sible part.

lemma accp-subset-induct:
assumes subset: D < accp R
and del: Az z. [Dz; Rzz] = D 2
and D x
and istep: Az. [Dz; (A2. Rz = Pz)] = Pz
shows P x
proof —
from subset and (D x)
have accp R z ..
then show P z using (D )
proof (induct )
fix z
assume D x
and \y. Ryr = Dy = Py
with dcl and istep show P z by blast
qed
qed

Set versions of the above theorems

lemmas acc-induct = accp-induct [to-set]

lemmas acc-induct-rule = acc-induct [rule-format, induct set: acc]
lemmas acc-downward = accp-downward [to-set]

lemmas not-acc-down = not-accp-down [to-set]

lemmas acc-downwards-aur = accp-downwards-auz [to-set]
lemmas acc-downwards = accp-downwards [to-set|

lemmas acc-wfl = accp-wfPI [to-set]

lemmas acc-wfD = accp-wfPD [to-set]

lemmas wf-acc-iff = wfP-accp-iff [to-set]

lemmas acc-subset = accp-subset [to-set pred-subset-eq]

lemmas acc-subset-induct = accp-subset-induct [to-set pred-subset-eq]
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22.9 Tools for building wellfounded relations

Inverse Image

lemma wf-inv-image [simp,intro!]: wf (r) ==> wf (inv-image v (f::'a=>'D))
apply (simp (no-asm-use) add: inv-image-def wf-eq-minimal)

apply clarify

apply (subgoal-tac EX (w::'d) . w : {w. EX (z:'a) . z: Q & (fz = w) })
prefer 2 apply (blast del: allE)

apply (erule allE)

apply (erule (1) notE impE)

apply blast

done

lemma in-inv-image[simp): ((z,y) : inv-image v f) = ((fz, fy) : 7)
by (auto simp:inv-image-def)

Measure functions into nat

definition measure :: ('a => nat) => (‘a x 'a)set
where measure == inv-image less-than

lemma in-measure[simp|: ((z,y) : measure f) = (fz < fy)
by (simp add:measure-def)

lemma wf-measure [iff]: wf (measure f)
apply (unfold measure-def)

apply (rule wf-less-than [THEN wf-inv-image])
done

Lexicographic combinations

definition
lez-prod :: [(‘ax’a)set, ('bx'b)set] => (("ax'b)x('ax'b))set
(infixr <xlexx> 80)

where
ra <slexx> rb == {((a,b),(a’,b")). (a,a’) : ra | a=a’ & (b,b') : b}
lemma wf-lex-prod [introl]: [| wf(ra); wf(rd) || ==> wf(ra <xlexx> rb)

apply (unfold wf-def lex-prod-def)

apply (rule alll, rule impI)

apply (simp (no-asm-use) only: split-paired-All)
apply (drule spec, erule mp)

apply (rule alll, rule impI)

apply (drule spec, erule mp, blast)

done

lemma in-lex-prod[simp]:
(((a,b),(a’,b"): r <slexx> s) = ((a,a’): vV (a = a’ A (b, b') : 5))
by (auto simp:lex-prod-def)

op <xlex+> preserves transitivity
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lemma trans-lez-prod [intro!]:
[| trans R1; trans R2 || ==> trans (R1 <xlexx> R2)
by (unfold trans-def lex-prod-def, blast)

lexicographic combinations with measure functions

definition

mlez-prod :: ('a = nat) = ('a X 'a) set = (‘a x 'a) set (infixr <xmlexx> 80)
where

[ <xmlexx> R = inv-image (less-than <xlexx> R) (%ox. (f z, x))

lemma wf-mlex: wf R = wf (f <s*mlexx> R)
unfolding mlez-prod-def
by auto

lemma mlez-less: fz < fy = (z, y) € f <smlexx> R
unfolding mlez-prod-def by simp

lemma mlex-leq: fz < fy = (z,y) € R = (z, y) € [ <xmlexx> R
unfolding mlex-prod-def by auto

proper subset relation on finite sets

definition finite-psubset :: (‘a set x 'a set) set
where finite-psubset == {(A,B). A < B & finite B}

lemma wf-finite-psubset: wf (finite-psubset)

apply (unfold finite-psubset-def')

apply (rule wf-measure [THEN wf-subset])

apply (simp add: measure-def inv-image-def less-than-def less-eq)
apply (fast elim!: psubset-card-mono)

done

lemma trans-finite-psubset: trans finite-psubset
by (simp add: finite-psubset-def less-le trans-def, blast)

Wellfoundedness of same-fst

definition
same-fst = (‘a => bool) => (‘a => ('b x 'b)set) => (("ax'b)*('ax'b))set
where

same-fst P R == {((z",y"),(z,y)) . z'=2 & Pz & (y'y) : R =}

— For rec-def declarations where the first n parameters stay unchanged in the
recursive call. See Library/ While-Combinator.thy for an application.

lemma same-fstl [introl]:
| Pz; (yvhy) : Rz || ==> ((z,y),(z,y)) : same-fst P R
by (simp add: same-fst-def)

lemma wf-same-fst:
assumes prem: (lz. Pz ==> wf(R z))
shows wf (same-fst P R)
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apply (simp cong del: imp-cong add: wf-def same-fst-def)
apply (intro strip)

apply (rename-tac a b)

apply (case-tac wf (R a))

apply (erule-tac a = b in wf-induct, blast)

apply (blast intro: prem)

done

22.10 Weakly decreasing sequences (w.r.t. some well-founded
order) stabilize.

This material does not appear to be used any longer.

lemma lemmal: [| ALL i. (f (Suc i), fi): 7« || ==> (f (i+k), fi) : r"*
apply (induct-tac k, simp-all)

apply (blast intro: rtrancl-trans)

done

lemma lemmaZ2: [| ALL i. (f (Suc i), fi): v wf (r"+) |]
==> ALL m. fm =z ——> (EX i. ALL k. f (m+i+k) = f (m+1))
apply (erule wf-induct, clarify)
apply (case-tac EX j. (f (m=+j), fm): r°+)
apply clarify
apply (subgoal-tac EX i. ALL k. f ((m+j) +i+k) = f ( (m+j) +9) )
apply clarify
apply (rule-tac ¢ = j+i in exl)
apply (simp add: add-ac, blast)
apply (rule-tac x = 0 in exl, clarsimp)
apply (drule-tac i = m and k = k in lemmal)
apply (blast elim: rtranclE dest: rtrancl-into-trancll)
done

lemma wf-weak-decr-stable: [| ALL i. (f (Suc i), fi): r’« wf (r"+) |]
—=> EXi. ALL k. f (i+k) = fi

apply (drule-tac x = 0 in lemma2 [THEN spec], auto)

done

lemma weak-decr-stable:
ALL i. f (Suc i) <= ((fi):nat) ==> EX i. ALL k. f (i+k) = f1i
apply (rule-tac r = pred-nat in wf-weak-decr-stable)
apply (simp add: pred-nat-trancl-eq-le)
apply (intro wf-trancl wf-pred-nat)
done

22.11 size of a datatype value
use Tools/ function-package/ size. ML

setup Size.setup
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lemma nat-size [simp, code func|: size (n::nat) = n
by (induct n) simp-all

end

422

23 Int: The Integers as Equivalence Classes over

Pairs of Natural Numbers

theory Int
imports FEquiv-Relations Nat Wellfounded
uses
(Tools/numeral. ML)
(Tools/numeral-syntax. ML)
(™~ /sre/ Provers / Arith [ assoc-fold. ML)
~~ | src/ Provers | Arith/ cancel-numerals. ML
~~ [ sre/ Provers | Arith / combine-numerals. ML
(int-arith1.ML)
begin

23.1 The equivalence relation underlying the integers

definition
intrel :: ((nat x nat) x (nat x nat)) set
where

intrel = {((z, y), (v, v)) |zyuv. 2 +v=u-+y}

typedef (Integ)
int = UNIV //intrel
by (auto simp add: quotient-def)

instantiation int :: {zero, one, plus, minus, uminus, times, ord, abs, sgn}

begin

definition
Zero-int-def [code func del]: 0 = Abs-Integ (intrel < {(0, 0)})

definition
One-int-def [code func del]: 1 = Abs-Integ (intrel *“ {(1, 0)})

definition
add-int-def [code func del]: z + w = Abs-Integ
(U (z, y) € Rep-Integ z. | (u, v) € Rep-Integ w.
intrel “ {(z + u, y + v)})

definition
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minus-int-def [code func del]:
— z = Abs-Integ (J (z, y) € Rep-Integ z. intrel ““ {(y, z)})

definition
diff-int-def [code func del]: z — w = z + (—w :: int)

definition
mult-int-def [code func del]: z x w = Abs-Integ
(U (z, y) € Rep-Integ z. |J (u,v ) € Rep-Integ w.
intrel ““ {(z*xu + y*v, zxv + y*u)})

definition

le-int-def [code func del]:

z<w+— (Fzyuv. z+v < uty A (z, y) € Rep-Integ z A\ (u, v) € Rep-Integ
w)

definition
less-int-def [code func del]: (z:int) < w «— 2z < w A z # w

definition
zabs-def: |i:vint] = (if ¢ < 0 then — i else i)

definition
zsgn-def: sgn (i:int) = (if i=0 then 0 else if 0<i then 1 else — 1)

instance ..

end

23.2 Construction of the Integers

lemma intrel-iff [simp]: (((z,y),(u,v)) € intrel) = (z4+v = u+y)

by (simp add: intrel-def)

lemma equiv-intrel: equiv UNIV intrel

by (simp add: intrel-def equiv-def refl-def sym-def trans-def)

Reduces equality of equivalence classes to the intrel relation: (intrel *“ {z}
= intrel *“ {y}) = ((z, y) € intrel)

lemmas equiv-intrel-iff [simp] = eq-equiv-class-iff [OF equiv-intrel UNIV-I UNIV-I]
All equivalence classes belong to set of representatives

lemma [simp]: intrel*“{(z,y)} € Integ
by (auto simp add: Integ-def intrel-def quotient-def)

Reduces equality on abstractions to equality on representatives: [z € Integ;
y € Integ] = (Abs-Integ x = Abs-Integ y) = (z = y)

declare Abs-Integ-inject [simp,noatp] Abs-Integ-inverse [simp,noatp)



THEORY “Int” 424

Case analysis on the representation of an integer as an equivalence class of
pairs of naturals.

lemma eq-Abs-Integ [case-names Abs-Integ, cases type: int]:
Nz y. z = Abs-Integ(intrel*“{(z,y)}) ==> P) ==> P

apply (rule Abs-Integ-cases [of z])

apply (auto simp add: Integ-def quotient-def)

done

23.3 Arithmetic Operations

lemma minus: — Abs-Integ(intrel*‘{(z,y)}) = Abs-Integ(intrel *“ {(y,x)})
proof —
have (A(z,y). intrel*“{(y,x)}) respects intrel
by (simp add: congruent-def)
thus “thesis
by (simp add: minus-int-def UN-equiv-class [OF equiv-intrel])
qged

lemma add:
Abs-Integ (intrel“{(z,y)}) + Abs-Integ (intrel*{(u,v)}) =
Abs-Integ (intrel*“‘{(z+u, y+v)})
proof —
have (A\z w. (A(z,y). (A (u,v). intrel *“ {(z+u, y+v)}) w) 2)
respects?2 intrel
by (simp add: congruent2-def)
thus ?thesis
by (simp add: add-int-def UN-UN-split-split-eq
UN-equiv-class2 [OF equiv-intrel equiv-intrel])
qed

Congruence property for multiplication

lemma mult-congruent2:
(%p1 p2. (%(z,y). (%(u,v). intrel“{(zxu + y*v, zxv + y*u)}) p2) pl)
respects2 intrel

apply (rule equiv-intrel [THEN congruent2-commutel)

apply (force simp add: mult-ac, clarify)

apply (simp add: congruent-def mult-ac)

apply (rename-tac u v w z y 2)

apply (subgoal-tac uxy + xxy = wxy + vy & uxz + T*kz = Wkz + Vk2)

apply (simp add: mult-ac)

apply (simp add: add-mult-distrib [symmetric])

done

lemma mult:
Abs-Integ((intrel*“{(x,y)})) * Abs-Integ((intrel*‘{(u,v)})) =
Abs-Integ(intrel “ {(zxu + y*xv, Txv + y*xu)})
by (simp add: mult-int-def UN-UN-split-split-eq mult-congruent2
UN-equiv-class2 [OF equiv-intrel equiv-intrel))
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The integers form a comm-ring-1

instance int :: comm-ring-1
proof
fixijk :int
show (i +j)+ k=144 (j + k)
by (cases i, cases j, cases k) (simp add: add add-assoc)
show i + 5 =7 4+ i
by (cases i, cases j) (simp add: add-ac add)
show 0 + i =1
by (cases i) (simp add: Zero-int-def add)
show — i + i =0
by (cases i) (simp add: Zero-int-def minus add)
show i — j =14+ — j
by (simp add: diff-int-def)
show (i xj) x k=14 x (j x k)
by (cases i, cases j, cases k) (simp add: mult ring-simps)
show i x j = j % ¢
by (cases i, cases j) (simp add: mult ring-simps)
show 1 x i =1
by (cases i) (simp add: One-int-def mult)
show (i +j)«xk=ixk+jxk
by (cases i, cases j, cases k) (simp add: add mult ring-simps)
show 0 # (1::int)
by (simp add: Zero-int-def One-int-def)
qed

lemma int-def: of-nat m = Abs-Integ (intrel “ {(m, 0)})
by (induct m, simp-all add: Zero-int-def One-int-def add)

23.4 The < Ordering

lemma le:
(Abs-Integ(intrel*“{(z,y)}) < Abs-Integ(intrel*{(u,v)})) = (z+v < u+ty)
by (force simp add: le-int-def)

lemma less:
(Abs-Integ(intrel*“{(z,y)}) < Abs-Integ(intrel*“{(u,v)})) = (z+v < u+ty)
by (simp add: less-int-def le order-less-le)

instance int :: linorder
proof
fixijk ::int
show (i < j)=(i <jAi#j)
by (simp add: less-int-def)
show 7 < 4
by (cases i) (simp add: le)
show i < j = j <k = i<k
by (cases i, cases j, cases k) (simp add: le)
show i < j = j< 1= 1=
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by (cases i, cases j) (simp add: le)
show i < jVvj <4
by (cases i, cases j) (simp add: le linorder-linear)
qed

instantiation int :: distrib-lattice
begin

definition
(inf :: int = int = int) = min

definition
(sup :: int = int = int) = max

instance
by intro-classes
(auto simp add: inf-int-def sup-int-def min-mazx.sup-inf-distrib1)

end

instance int :: pordered-cancel-ab-semigroup-add
proof
fixijk ::int
show i < j =k +i<k+j
by (cases i, cases j, cases k) (simp add: le add)
qed

Strict Monotonicity of Multiplication

strict, in 1st argument; proof is by induction on k;0

lemma zmult-zless-mono2-lemma:
(izint)<j ==> 0<k ==> of-nat k * i < of-nat k * j
apply (induct k, simp)
apply (simp add: left-distrib)
apply (case-tac k=0)
apply (simp-all add: add-strict-mono)
done

lemma zero-le-imp-eg-int: (0::int) < k ==> In. k = of-nat n
apply (cases k)

apply (auto simp add: le add int-def Zero-int-def)

apply (rule-tac z=z—y in exl, simp)

done

lemma zero-less-imp-eq-int: (0::int) < k ==> In>0. k = of-nat n
apply (cases k)

apply (simp add: less int-def Zero-int-def)

apply (rule-tac z=z—y in exl, simp)

done
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lemma zmult-zless-mono2: [| i<j; (0:int) < k |] ==> ki < kxj

apply (drule zero-less-imp-eg-int)
apply (auto simp add: zmult-zless-mono2-lemma)
done

The integers form an ordered integral domain

instance int :: ordered-idom
proof
fixijk ::int
show i < j = 0<k=Fkxi<kxj
by (rule zmult-zless-mono2)
show |i| = (if i < 0 then —i else i)
by (simp only: zabs-def)

show sgn (i:int) = (if i=0 then 0 else if 0<i then 1 else — 1)

by (simp only: zsgn-def)

qed
instance int :: lordered-ring
proof

fix k ::int

show abs k = sup k (— k)
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by (auto simp add: sup-int-def zabs-def maz-def less-minus-self-iff [symmetric))

qed

lemma zless-imp-addi-zle: w < z = w + (1:int) < z

apply (cases w, cases z)
apply (simp add: less le add One-int-def)
done

lemma zless-iff-Suc-zadd:
(w:int) < z «— (In. z = w + of-nat (Suc n))
apply (cases z, cases w)
apply (auto simp add: less add int-def)
apply (rename-tac a b ¢ d)
apply (rule-tac z=a+d — Suc(c+b) in exl)
apply arith
done

lemmas int-distrib =
left-distrib [of z1::int 22 w, standard)
right-distrib [of w:int z1 22, standard)
left-diff-distrib [of z1::int 22 w, standard)
right-diff-distrib [of w::int z1 22, standard]

23.5 Embedding of the Integers into any ring-1: of-int

context ring-1
begin
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definition
of-int :: int = 'a
where

[code func del]: of-int z = contents (| (%, j) € Rep-Integ z. { of-nat i — of-nat j

1

lemma of-int: of-int (Abs-Integ (intrel *“ {(i,j)})) = of-nat i — of-nat j
proof —
have (A\(i,5). { of-nat i — (of-nat j :: 'a) }) respects intrel
by (simp add: congruent-def compare-rls of-nat-add [symmetric]
del: of-nat-add)
thus ?thesis
by (simp add: of-int-def UN-equiv-class [OF equiv-intrel])
qed

lemma of-int-0 [simp]: of-int 0 = 0
by (simp add: of-int Zero-int-def)

lemma of-int-1 [simp]: of-int 1 = 1
by (simp add: of-int One-int-def)

lemma of-int-add [simp]: of-int (w+z) = of-int w + of-int z
by (cases w, cases z, simp add: compare-ris of-int OrderedGroup.compare-rls add)

lemma of-int-minus [simp]: of-int (—z) = — (of-int z)
by (cases z, simp add: compare-rls of-int minus)

lemma of-int-diff [simp]: of-int (w — 2z) = of-int w — of-int z
by (simp add: OrderedGroup.diff-minus diff-minus)

lemma of-int-mult [simp]: of-int (wxz) = of-int w * of-int z

apply (cases w, cases z)

apply (simp add: compare-ris of-int left-diff-distrib right-diff-distrib
mult add-ac of-nat-mult)

done

Collapse nested embeddings

lemma of-int-of-nat-eq [simp): of-int (of-nat n) = of-nat n
by (induct n) auto

end

context ordered-idom
begin

lemma of-int-le-iff [simp]:

of-int w < of-int z +—— w < 2

by (cases w, cases z, simp add: of-int le minus compare-rls of-nat-add [symmetric]
del: of-nat-add)
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Special cases where either operand is zero

lemmas of-int-0-le-iff [simp] = of-int-le-iff [of 0, simplified]
lemmas of-int-le-0-iff [simp] = of-int-le-iff [of - 0, simplified]

lemma of-int-less-iff [simp):
of-int w < of-int z «—— w < z
by (simp add: not-le [symmetric] linorder-not-le [symmetric])

Special cases where either operand is zero

lemmas of-int-0-less-iff [simp] = of-int-less-iff [of 0, simplified]
lemmas of-int-less-0-iff [simp] = of-int-less-iff [of - 0, simplified)

end

Class for unital rings with characteristic zero. Includes non-ordered rings
like the complex numbers.

class ring-char-0 = ring-1 + semiring-char-0
begin

lemma of-int-eq-iff [simp]:

of-int w = of-int z —— w = z
apply (cases w, cases z, simp add: of-int)
apply (simp only: diff-eq-eq diff-add-eq eq-diff-eq)
apply (simp only: of-nat-add [symmetric] of-nat-eq-iff)
done

Special cases where either operand is zero

lemmas of-int-0-eq-iff [simp] = of-int-eq-iff [of 0, simplified]
lemmas of-int-eq-0-iff [simp] = of-int-eq-iff [of - 0, simplified]
end

Every ordered-idom has characteristic zero.

subclass (in ordered-idom) ring-char-0 by intro-locales

lemma of-int-eg-id [simp]: of-int = id
proof
fix z show of-int z = id =
by (cases z) (simp add: of-int add minus int-def diff-minus)
qed

23.6 Magnitude of an Integer, as a Natural Number: nat

definition
nat :: 1t = nat
where
[code func del]: nat z = contents (| (z, y) € Rep-Integ z. {x—y})
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lemma nat: nat (Abs-Integ (intrel“{(z,y)})) = z—y
proof —
have (\(z,y). {z—y}) respects intrel
by (simp add: congruent-def) arith
thus ?thesis
by (simp add: nat-def UN-equiv-class [OF equiv-intrel])
qed

lemma nat-int [simp]: nat (of-nat n) = n
by (simp add: nat int-def)

lemma nat-zero [simp]: nat 0 = 0
by (simp add: Zero-int-def nat)

lemma int-nat-eq [simp): of-nat (nat z) = (if 0 < z then z else 0)
by (cases z, simp add: nat le int-def Zero-int-def)

corollary nat-0-le: 0 < z ==> of-nat (nat z) = z
by simp

lemma nat-le-0 [simp]: z < 0 ==> nat z = 0
by (cases z, simp add: nat le Zero-int-def)

lemma nat-le-eg-zle: 0 < w | 0 < z ==> (nat w < nat z) = (w<z)
apply (cases w, cases z)

apply (simp add: nat le linorder-not-le [symmetric] Zero-int-def, arith)
done

An alternative condition is (0::'a) < w

corollary nat-mono-iff: 0 < z ==> (nat w < nat z) = (v < 2)
by (simp add: nat-le-eg-zle linorder-not-le [symmetric])

corollary nat-less-eq-zless: 0 < w ==> (nat w < nat z) = (W<z)
by (simp add: nat-le-eg-zle linorder-not-le [symmetric))

lemma zless-nat-conj [simp]: (nat w < nat z) = (0 < z & w < z)
apply (cases w, cases z)

apply (simp add: nat le Zero-int-def linorder-not-le [symmetric], arith)
done

lemma nonneg-eq-int:
fixes z :: int
assumes 0 < z and Am. z = of-nat m = P
shows P
using assms by (blast dest: nat-0-le sym)

lemma nat-eg-iff: (nat w = m) = (if 0 < w then w = of-nat m else m=0)
by (cases w, simp add: nat le int-def Zero-int-def, arith)
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corollary nat-eq-iff2: (m = nat w) = (if 0 < w then w = of-nat m else m=0)
by (simp only: eg-commute [of m] nat-eq-iff)

lemma nat-less-iff: 0 < w ==> (nat w < m) = (w < of-nat m)

apply (cases w)

apply (simp add: nat le int-def Zero-int-def linorder-not-le [symmetric], arith)
done

lemma int-eq-iff: (of-nat m = z) = (m = nat z & 0 < z2)
by (auto simp add: nat-eq-iff2)

lemma zero-less-nat-eq [simp]: (0 < nat z) = (0 < 2)
by (insert zless-nat-conj [of 0], auto)

lemma nat-add-distrib:
[| (0:int) < z; 0 < z'|] ==> nat (z+2') = nat z + nat 2z’
by (cases z, cases z', simp add: nat add le Zero-int-def)

lemma nat-diff-distrib:

[| (0:int) < 2’y 2/ < z || ==> nat (z—2') = nat z — nat 2’
by (cases z, cases z’',

simp add: nat add minus diff-minus le Zero-int-def)

lemma nat-zminus-int [simp]: nat (— (of-nat n)) = 0
by (simp add: int-def minus nat Zero-int-def)

lemma zless-nat-eg-int-zless: (m < nat z) = (of-nat m < 2)
by (cases z, simp add: nat less int-def , arith)

context ring-1
begin

lemma of-nat-nat: 0 < z = of-nat (nat z) = of-int z
by (cases z rule: eq-Abs-Integ)
(simp add: nat le of-int Zero-int-def of-nat-diff)

end

23.7 Lemmas about the Function of-nat and Orderings
lemma negative-zless-0: — (of-nat (Suc n)) < (0 :: int)

by (simp add: order-less-le del: of-nat-Suc)

lemma negative-zless [iff ]: — (of-nat (Suc n)) < (of-nat m :: int)
by (rule negative-zless-0 [THEN order-less-le-trans], simp)

lemma negative-zle-0: — of-nat n < (0 :: int)
by (simp add: minus-le-iff )
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lemma negative-zle [iff]: — of-nat n < (of-nat m :: int)
by (rule order-trans [OF negative-zle-0 of-nat-0-le-iff])

lemma not-zle-0-negative [simpl: ~ (0 < — (of-nat (Suc n) :: int))
by (subst le-minus-iff , simp del: of-nat-Suc)

lemma int-zle-neg: ((of-nat n :: int) < — of-nat m) = (n =0 & m = 0)
by (simp add: int-def le minus Zero-int-def)

lemma not-int-zless-negative [simpl: ~ ((of-nat n :: int) < — of-nat m)
by (simp add: linorder-not-less)

lemma negative-eq-positive [simp]: ((— of-nat n :: int) = of-nat m) = (n = 0 &
m = 0)
by (force simp add: order-eq-iff [of — of-nat n] int-zle-neg)

lemma zle-iff-zadd: (w::int) < z «— (In. z = w + of-nat n)
proof —
have (w < 2) = (0 <z — w)
by (simp only: le-diff-eq add-0-left)

also have ... = (In. z — w = of-nat n)
by (auto elim: zero-le-imp-eg-int)
also have ... = (In. 2 = w + of-nat n)

by (simp only: group-simps)
finally show ?thesis .
qged

lemma zadd-int-left: of-nat m + (of-nat n + z) = of-nat (m + n) + (z::int)
by simp

lemma int-SucO-eq-1: of-nat (Suc 0) = (1::int)
by simp

This version is proved for all ordered rings, not just integers! It is proved
here because attribute arith-split is not available in theory Ring-and-Field.
But is it really better than just rewriting with abs-if?
lemma abs-split [arith-split,noatp):

P(abs(a::'a::ordered-idom)) = (0 < a ——> Pa) & (a < 0 ——> P(—a)))
by (force dest: order-less-le-trans simp add: abs-if linorder-not-less)

lemma negD: (z :: int) < 0 = In. z = — (of-nat (Suc n))
apply (cases x)

apply (auto simp add: le minus Zero-int-def int-def order-less-le)
apply (rule-tac z=y — Suc z in ezxl, arith)

done
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23.8 Cases and induction

Now we replace the case analysis rule by a more conventional one: whether
an integer is negative or not.

theorem int-cases [cases type: int, case-names nonneg negl:
" n. (2 ::int) = of-nat n ==> P; 'n. 2z = — (of-nat (Suc n)) ==> P |]
==> P
apply (cases z < 0, blast dest!: negD)
apply (simp add: linorder-not-less del: of-nat-Suc)
apply auto
apply (blast dest: nat-0-le [THEN sym))
done

theorem int-induct [induct type: int, case-names nonneg negl:
" n. P (of-nat n ::int); Un. P (— (of-nat (Suc n))) || ==> P z
by (cases z rule: int-cases) auto

Contributed by Brian Huffman

theorem int-diff-cases:
obtains (diff) m n where (z::int) = of-nat m — of-nat n
apply (cases z rule: eq-Abs-Integ)
apply (rule-tac m=z and n=y in diff)
apply (simp add: int-def diff-def minus add)
done

23.9 Binary representation

This formalization defines binary arithmetic in terms of the integers rather
than using a datatype. This avoids multiple representations (leading ze-
roes, etc.) See ZF'/Tools/twos—compl. ML, function int-of-binary, for the
numerical interpretation.

The representation expects that (m mod 2) is 0 or 1, even if m is negative;
For instance, —5 div 2 = —3 and —5 mod 2 = 1; thus —5 = (=3)%2 + 1.
This two’s complement binary representation derives from the paper ”An
Efficient Representation of Arithmetic for Term Rewriting” by Dave Cohen
and Phil Watson, Rewriting Techniques and Applications, Springer LNCS
488 (240-251), 1991.

definition
Pls :: int where
[code func del]: Pls = 0

definition
Min :: int where

[code func del]: Min = — 1

definition
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Bit0 :: int = int where
[code func del]: BitO k = k + k

definition
Bitl :: int = int where
[code func del]: Bitl k = 1 + k + k

class number = type + — for numeric types: nat, int, real, ...
fixes number-of :: int = 'a

use Tools/numeral. ML

syntax
-Numeral :: num-const = 'a (-)

use Tools/numeral-syntax. ML
setup NumeralSyntax.setup

abbreviation
Numeral0 = number-of Pls

abbreviation
Numerall = number-of (Bitl Pls)

lemma Let-number-of [simp]: Let (number-of v) f = f (number-of v)
— Unfold all lets involving constants
unfolding Let-def ..

definition
succ :: int = int where
[code func del]: succ k =k + 1

definition
pred :: int = int where
[code func del]: pred k = k — 1

lemmas
maz-number-of [simp] = maz-def
[of number-of u number-of v, standard, simp]
and
min-number-of [simp] = min-def
[of number-of u number-of v, standard, simp]
— unfolding minz and maz on numerals

lemmas numeral-simps =
succ-def pred-def Pls-def Min-def BitO-def Bitl-def

Removal of leading zeroes

lemma Bit0-Pls [simp, code post]:
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Bit0 Pls = Pls
unfolding numeral-simps by simp

lemma Bitl-Min [simp, code post]:
Bitl Min = Min
unfolding numeral-simps by simp

lemmas normalize-bin-simps =
Bit0-Pls Bitl-Min

23.10 The Functions succ, pred and uminus

lemma succ-Pls [simp):
succ Pls = Bitl Pls
unfolding numeral-simps by simp

lemma succ-Min [simp]:
succ Min = Pls
unfolding numeral-simps by simp

lemma succ-Bit0 [simp]:
succ (Bit0 k) = Bitl k
unfolding numeral-simps by simp

lemma succ-Bitl [simp]:
succ (Bitl k) = Bit0 (succ k)

unfolding numeral-simps by simp

lemmas succ-bin-simps =

succ-Pls suce-Min succ-Bit0 succ-Bitl

lemma pred-Pls [simp]:
pred Pls = Min
unfolding numeral-simps by simp

lemma pred-Min [simp]:
pred Min = Bit0 Min
unfolding numeral-simps by simp

lemma pred-Bit0 [simp]:
pred (Bit0 k) = Bitl (pred k)
unfolding numeral-simps by simp

lemma pred-Bitl [simp]:
pred (Bitl k) = Bit0 k

unfolding numeral-simps by simp

lemmas pred-bin-simps =

pred-Pls pred-Min pred-Bit0 pred-Bitl

435
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lemma minus-Pls [simp]:
— Pls = Pls
unfolding numeral-simps by simp

lemma minus-Min [simp]:
— Min = Bitl Pls
unfolding numeral-simps by simp

lemma minus-Bit0 [simp]:
— (Bit0 k) = Bit0 (— k)
unfolding numeral-simps by simp

lemma minus-Bitl [simp]:
— (Bit1 k) = Bitl (pred (— k))
unfolding numeral-simps by simp

lemmas minus-bin-simps =
minus-Pls minus-Min minus-Bit0 minus-Bitl

23.11 Binary Addition and Multiplication: op + and op *

lemma add-Pls [simp]:
Pls + k=k
unfolding numeral-simps by simp

lemma add-Min [simp):
Min + k = pred k
unfolding numeral-simps by simp

lemma add-Bit0-Bit0 [simp]:
(Bit0 k) + (Bit0 1) = Bit0 (k + 1)
unfolding numeral-simps by simp-all

lemma add-Bit0-Bit1 [simp]:
(Bit0 k) + (Bit1 1) = Bitl (k + 1)
unfolding numeral-simps by simp-all

lemma add-Bit1-Bit0 [simp]:
(Bit1 k) + (Bit0 1) = Bit1 (k + 1)
unfolding numeral-simps by simp

lemma add-Bit1-Bitl [simp]:
(Bitl k) + (Bit1 l) = Bit0 (k + succ 1)
unfolding numeral-simps by simp

lemma add-Pls-right [simp]:
k + Pls =k
unfolding numeral-simps by simp
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lemma add-Min-right [simp]:
k 4+ Min = pred k
unfolding numeral-simps by simp

lemmas add-bin-simps =
add-Pls add-Min add-Pls-right add-Min-right
add-Bit0-Bit0 add-Bit0-Bitl add-Bit1-Bit0 add-Bitl-Bit1

lemma mult-Pls [simp]:
Pls x w = Pls
unfolding numeral-simps by simp

lemma mult-Min [simp]:
Min x k= —k
unfolding numeral-simps by simp

lemma mult-Bit0 [simp):
(Bit0 k) = | = Bit0 (k 1)
unfolding numeral-simps int-distrib by simp

lemma mult-Bit! [simp]:
(Bitl1 k) = |l = (Bit0 (k = 1)) + 1
unfolding numeral-simps int-distrib by simp

lemmas mult-bin-simps =
mult-Pls mult-Min mult-Bit0 mult-Bit1

23.12 Converting Numerals to Rings: number-of

class number-ring = number + comm-ring-1 +
assumes number-of-eq: number-of k = of-int k

self-embedding of the integers

instantiation int :: number-ring
begin

definition

int-number-of-def [code func del]: number-of w = (of-int w ::

instance
by intro-classes (simp only: int-number-of-def)

end
lemma number-of-is-id:

number-of (k:int) = k
unfolding int-number-of-def by simp

int)

437
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lemma number-of-succ:
number-of (succ k) = (1 + number-of k ::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-pred:
number-of (pred w) = (— 1 + number-of w ::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-minus:
number-of (uminus w) = (— (number-of w)::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-add:
number-of (v + w) = (number-of v + number-of w::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-mult:
number-of (v * w) = (number-of v * number-of w::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

The correctness of shifting. But it doesn’t seem to give a measurable speed-
up.
lemma double-number-of-Bit0:

(1 + 1) * number-of w = (number-of (Bit0 w) ::'a::number-ring)

unfolding number-of-eq numeral-simps left-distrib by simp

Converting numerals 0 and 1 to their abstract versions.

lemma numeral-0-eq-0 [simp]:
Numeral0 = (0::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma numeral-1-eq-1 [simp]:
Numerall = (1::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

Special-case simplification for small constants.

Unary minus for the abstract constant 1. Cannot be inserted as a simprule
until later: it is number-of-Min re-oriented!

lemma numeral-m1-eq-minus-1:
(—1:'a::number-ring) = — 1
unfolding number-of-eq numeral-simps by simp

lemma mult-minusl [simp]:
—1 % z = —(z:'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma mult-minus1-right [simp]:
z x —1 = —(z::’az:number-ring)
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unfolding number-of-eq numeral-simps by simp

lemma minus-number-of-mult [simp]:
— (number-of w) * z = number-of (uminus w) * (z::'a::number-ring)
unfolding number-of-eq by simp

Subtraction

lemma diff-number-of-eq:
number-of v — number-of w =
(number-of (v + uminus w)::'a::number-ring)
unfolding number-of-eq by simp

lemma number-of-Pls:
number-of Pls = (0::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-Min:
number-of Min = (— 1::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-Bit0:
number-of (Bit0 w) = (0::'a::number-ring) + (number-of w) + (number-of w)
unfolding number-of-eq numeral-simps by simp

lemma number-of-Bitl:
number-of (Bitl w) = (1::'a::number-ring) + (number-of w) + (number-of w)
unfolding number-of-eq numeral-simps by simp

23.13 Equality of Binary Numbers

First version by Norbert Voelker

definition

neg :: 'a::ordered-idom = bool
where

neg 4 «—— 4 < 0

definition
1szero i 'a:semiring-1 = bool
where

iszero z «—— z = 0

~

lemma not-neg-int [simp]: ~ neg (of-nat n)

by (simp add: neg-def)

lemma neg-zminus-int [simp]: neg (— (of-nat (Suc n)))
by (simp add: neg-def neg-less-0-iff-less del: of-nat-Suc)

lemmas neg-eq-less-0 = neg-def
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lemma not-neg-eq-ge-0: (“neg x) = (0 < x)
by (simp add: neg-def linorder-not-less)

To simplify inequalities when Numerall can get simplified to 1

lemma not-neg-0: ~ neg 0

by (simp add: One-int-def neg-def)
lemma not-neg-1: ~ neg 1
by (simp add: neg-def linorder-not-less zero-le-one)

lemma iszero-0: iszero 0
by (simp add: iszero-def)
lemma not-iszero-1: ~ iszero 1
by (simp add: iszero-def eq-commute)

lemma neg-nat: neg z ==> nat z = 0
by (simp add: neg-def order-less-imp-le)
lemma not-neg-nat: ~ neg z ==> of-nat (nat z) = z
by (simp add: linorder-not-less neg-def)

lemma eg-number-of-eq:
((number-of z::'a::number-ring) = number-of y) =
iszero (number-of (z + uminus y) :: 'a)
unfolding iszero-def number-of-add number-of-minus
by (simp add: compare-rls)

lemma iszero-number-of-Pls:
iszero ((number-of Pls)::'a::number-ring)
unfolding iszero-def numeral-0-eq-0 ..

lemma nonzero-number-of-Min:
~ iszero ((number-of Min)::'a::number-ring)
unfolding iszero-def numeral-m1-eq-minus-1 by simp

23.14 Comparisons, for Ordered Rings

lemmas double-eq-0-iff = double-zero

lemma le-imp-0-less:
assumes le: 0 < z
shows (0::int) < 1 + z

proof —
have 0 < z by fact
also have ... < z + 1 by (rule less-add-one)
also have ... = 1 + z by (simp add: add-ac)
finally show 0 < 1 + z .
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qed

lemma odd-nonzero:
1 4+ z+4 z # (0:zint)
proof (cases z rule: int-cases)
case (nonneg n)
have le: 0 < z+2z by (simp add: nonneg add-increasing)
thus ?thesis using le-imp-0-less [OF le]
by (auto simp add: add-assoc)
next
case (neg n)
show ?thesis
proof
assume eq: 1 +z+ 2 =10
have (0::int) < 1 + (of-nat n + of-nat n)
by (simp add: le-imp-0-less add-increasing)

also have ... = — (1 + z + 2)
by (simp add: neg add-assoc [symmetric])
also have ... = 0 by (simp add: eq)

finally have 0<0 ..
thus Fulse by blast
qed
qed

lemma iszero-number-of-Bit0:
iszero (number-of (Bit0 w)::'a) =
iszero (number-of w::'a::{ring-char-0,number-ring})
proof —
have (of-int w + of-int w = (0::'a)) = (w = 0)
proof —
assume eq: of-int w + of-int w = (0::'a)
then have of-int (w + w) = (of-int 0 :: 'a) by simp
then have w + w = 0 by (simp only: of-int-eq-iff)
then show w = 0 by (simp only: double-eq-0-iff)
qed
thus ?thesis
by (auto simp add: iszero-def number-of-eq numeral-simps)
qged

lemma iszero-number-of-Bit1:
~ iszero (number-of (Bitl w)::'a:{ring-char-0,number-ring})
proof —
have 1 + of-int w + of-int w # (0::a)
proof
assume eq: 1 + of-int w + of-int w = (0::'a)
hence of-int (1 + w + w) = (of-int 0 :: 'a) by simp
hence I + w + w = 0 by (simp only: of-int-eq-iff)
with odd-nonzero show Fualse by blast
qed
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thus ?thesis
by (auto simp add: iszero-def number-of-eq numeral-simps)
qed

23.15 The Less-Than Relation

lemma less-number-of-eq-neg:
((number-of z::'a::{ ordered-idom,number-ring}) < number-of y)
= neg (number-of (xz + uminus y) = 'a)
apply (subst less-iff-diff-less-0)
apply (simp add: neg-def diff-minus number-of-add number-of-minus)
done

If Numeral0 is rewritten to 0 then this rule can’t be applied: Numeral0 IS
Numeral0

lemma not-neg-number-of-Pls:
~ neg (number-of Pls ::'a::{ordered-idom,number-ring})
by (simp add: neg-def numeral-0-eq-0)

lemma neg-number-of-Min:
neg (number-of Min ::'a::{ordered-idom,number-ring})
by (simp add: neg-def zero-less-one numeral-m1-eq-minus-1)

lemma double-less-0-iff :
(a + a < 0)=(a < (0::'a:ordered-idom))

proof —
have (a + a < 0) = ((1+1)*a < 0) by (simp add: left-distrib)
also have ... = (a < 0)

by (simp add: mult-less-0-iff zero-less-two
order-less-not-sym [OF zero-less-two))
finally show ?thesis .
qed

lemma odd-less-0:

(I +2z+4+2<0)=(z<(0:1int))
proof (cases z rule: int-cases)

case (nonneg n)

thus ?thesis by (simp add: linorder-not-less add-assoc add-increasing

le-imp-0-less [THEN order-less-imp-le])

next

case (neg n)

thus ?thesis by (simp del: of-nat-Suc of-nat-add

add: compare-rls of-nat-1 [symmetric| of-nat-add [symmetric])

qed

lemma neg-number-of-Bit0:
neg (number-of (Bit0 w)::'a) =
neg (number-of w :: 'a::{ordered-idom,number-ring})
by (simp add: neg-def number-of-eq numeral-simps double-less-0-iff)
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lemma neg-number-of-Bit1:

neg (number-of (Bitl w)::'a) =

neg (number-of w :: 'a::{ordered-idom,number-ring})
proof —
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have ((1::'a) + of-int w + of-int w < 0) = (of-int (I + w + w) < (of-int 0 ::

'a))
by simp
also have ... = (w < 0) by (simp only: of-int-less-iff odd-less-0)
finally show ?thesis
by (simp add: neg-def number-of-eq numeral-simps)
qed

Less-Than or Equals

Reduces a < b to = b < a for ALL numerals.

lemmas le-number-of-eq-not-less =
linorder-not-less [of number-of w number-of v, symmetric,
standard)

lemma le-number-of-eq:
((number-of x::'a::{ ordered-idom,number-ring}) < number-of y)
= (~ (neg (number-of (y + uminus z) :: 'a)))

by (simp add: le-number-of-eq-not-less less-number-of-eq-neg)

Absolute value (abs)

lemma abs-number-of:
abs(number-of x::'a::{ ordered-idom,number-ring}) =
(if number-of © < (0::'a) then —number-of = else number-of )
by (simp add: abs-if)

Re-orientation of the equation nnn=x

lemma number-of-reorient:
(number-of w = z) = (z = number-of w)
by auto

23.16 Simplification of arithmetic operations on integer con-

stants.

lemmas arith-extra-simps [standard, simp] =
number-of-add [symmetric]
number-of-minus [symmetric] numeral-m1-eq-minus-1 [symmetric]
number-of-mult [symmetric]
diff-number-of-eq abs-number-of

For making a minimal simpset, one must include these default simprules.

Also include simp-thms.

lemmas arith-simps =
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normalize-bin-simps pred-bin-simps succ-bin-simps
add-bin-stmps minus-bin-simps mult-bin-simps
abs-zero abs-one arith-extra-simps

Simplification of relational operations

lemmas rel-simps [simp] =
eq-number-of-eq iszero-0 nonzero-number-of-Min
iszero-number-of-Bit0 iszero-number-of-Bit1
less-number-of-eq-neg
not-neg-number-of-Pls not-neg-0 not-neg-1 not-iszero-1
neg-number-of-Min neg-number-of-Bit0 neg-number-of-Bit1
le-number-of-eq

23.17 Simplification of arithmetic when nested to the right.

lemma add-number-of-left [simp]:
number-of v + (number-of w + 2) =
(number-of (v + w) + z::'a::number-ring)
by (simp add: add-assoc [symmetric])

lemma mult-number-of-left [simp]:
number-of v * (number-of w * z) =
(number-of (v * w) * z::'a::number-ring)
by (simp add: mult-assoc [symmetric])

lemma add-number-of-diff1:
number-of v + (number-of w — ¢) =
number-of (v + w) — (c::'az:number-ring)
by (simp add: diff-minus add-number-of-left)

lemma add-number-of-diff2 [simp]:
number-of v + (¢ — number-of w) =
number-of (v + uminus w) + (c::'a::number-ring)
apply (subst diff-number-of-eq [symmetric])
apply (simp only: compare-rls)
done

23.18 The Set of Integers

context ring-1

begin

definition
Ints :: 'a set

where

Ints = range of-int

end



THEORY “Int”

notation (zsymbols)
Ints (Z)

context ring-1
begin

lemma Ints-0 [simp]: 0 € Z
apply (simp add: Ints-def)
apply (rule range-eql)

apply (rule of-int-0 [symmetric])
done

lemma Ints-1 [simp]: 1 € Z
apply (simp add: Ints-def)
apply (rule range-eql)

apply (rule of-int-1 [symmetric])
done

lemma Ints-add [simpl: a € Z —= beZ = a+beZ
apply (auto simp add: Ints-def)

apply (rule range-eql)

apply (rule of-int-add [symmetric])

done

lemma Ints-minus [simp]: « € Z = —a € Z
apply (auto simp add: Ints-def)

apply (rule range-eql)

apply (rule of-int-minus [symmetric])

done

lemma Ints-mult [simpl: a € Z = beZ = axbe Z
apply (auto simp add: Ints-def)

apply (rule range-eql)

apply (rule of-int-mult [symmetric])

done

lemma Ints-cases [cases set: Ints]:
assumes q € Z
obtains (of-int) z where ¢ = of-int z
unfolding Ints-def

proof —

from (¢ € Z) have ¢ € range of-int unfolding Ints-def .

then obtain 2z where ¢ = of-int z ..
then show thesis ..
qed

lemma Ints-induct [case-names of-int, induct set: Ints]:
q € Z = (\z. P (of-int z)) = Pgq
by (rule Ints-cases) auto

445
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end

lemma Ints-diff [simpl: a € Z = b€ Z = a—beZ
apply (auto simp add: Ints-def)

apply (rule range-eql)

apply (rule of-int-diff [symmetric])

done

The premise involving Z prevents a = (1::'a) / (2::'a).

lemma Ints-double-eq-0-iff:
assumes in-Ints: a € Ints
shows (a + a = 0) = (a = (0::"a::ring-char-0))
proof —
from in-Ints have a € range of-int unfolding Ints-def [symmetric] .
then obtain z where a: a = of-int z ..
show ?thesis
proof
assume a = 0
thus a + a = 0 by simp
next
assume eq: ¢ + a = 0
hence of-int (z + z) = (of-int 0 :: 'a) by (simp add: a)
hence z + z = 0 by (simp only: of-int-eq-iff)
hence z = 0 by (simp only: double-eq-0-iff)
thus a = 0 by (simp add: a)
qed
qed

lemma Ints-odd-nonzero:
assumes in-Ints: a € Ints
shows I + a + a # (0::'a::ring-char-0)
proof —
from in-Ints have a € range of-int unfolding Ints-def [symmetric] .
then obtain z where a: a = of-int z ..
show ?thesis
proof
assume eq: 1 +a+ a =0
hence of-int (1 + z + z) = (of-int 0 :: 'a) by (simp add: a)
hence 1 + z + 2z = 0 by (simp only: of-int-eq-iff)
with odd-nonzero show Fualse by blast
qed
qed

lemma Ints-number-of
(number-of w :: 'a::number-ring) € Ints

unfolding number-of-eq Ints-def by simp

lemma Ints-odd-less-0:
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assumes in-Ints: a € Ints
shows (I + a + a < 0) = (a < (0::'a::ordered-idom))
proof —
from in-Ints have a € range of-int unfolding Ints-def [symmetric] .
then obtain z where a: a = of-int z ..
hence ((1::'a) + a + a < 0) = (of-int (1 + z + z) < (of-int 0 :: 'a))
by (simp add: a)

also have ... = (z < 0) by (simp only: of-int-less-iff odd-less-0)
also have ... = (a < 0) by (simp add: a)
finally show ?thesis .

qed

23.19 setsum and setprod

By Jeremy Avigad

lemma of-nat-setsum: of-nat (setsum f A) = (3 z€A. of-nat(f x))
apply (cases finite A)
apply (erule finite-induct, auto)
done

lemma of-int-setsum: of-int (setsum f A) = (3 z€A. of-int(f x))
apply (cases finite A)
apply (erule finite-induct, auto)
done

lemma of-nat-setprod: of-nat (setprod f A) = ([[z€A. of-nat(f x))
apply (cases finite A)
apply (erule finite-induct, auto simp add: of-nat-mult)
done

lemma of-int-setprod: of-int (setprod f A) = ([[z€A. of-int(f z))
apply (cases finite A)
apply (erule finite-induct, auto)
done

lemma setprod-nonzero-nat:
finite A ==> (Vz € A. fz # (0::nat)) ==> setprod f A # 0

by (rule setprod-nonzero, auto)

lemma setprod-zero-eg-nat:
finite A ==> (setprod f A = (0::nat)) = 3z € A. fz = 0)
by (rule setprod-zero-eq, auto)

lemma setprod-nonzero-int:
finite A ==> (Vz € A. fz # (0::int)) ==> setprod f A # 0
by (rule setprod-nonzero, auto)

lemma setprod-zero-eg-int:
finite A ==> (setprod f A = (0::int)) = (3z € A. fz = 0)



THEORY “Int” 448

by (rule setprod-zero-eq, auto)

lemmas int-setsum = of-nat-setsum [where 'a=int]
lemmas int-setprod = of-nat-setprod [where 'a=int]

23.20 Inequality Reasoning for the Arithmetic Simproc
lemma add-numeral-0: Numeral0 + a = (a::'a::number-ring)

by simp

lemma add-numeral-0-right: a + Numeral0 = (a::’a::number-ring)
by simp

lemma mult-numeral-1: Numerall x a = (a::'a::number-ring)
by simp

lemma mult-numeral-1-right: a * Numerall = (a::’a::number-ring)
by simp

lemma divide-numeral-1: a / Numerall = (a::'a::{number-ring,field})
by simp

lemma inverse-numeral-1:
inverse Numerall = (Numerall::'a::{number-ring,field})
by simp

Theorem lists for the cancellation simprocs. The use of binary numerals for
0 and 1 reduces the number of special cases.

lemmas add-0s = add-numeral-0 add-numeral-0-right
lemmas mult-1s = mult-numeral-1 mult-numeral-1-right
mult-minusl mult-minus1-right

23.21 Special Arithmetic Rules for Abstract 0 and 1

Arithmetic computations are defined for binary literals, which leaves 0 and 1
as special cases. Addition already has rules for 0, but not 1. Multiplication
and unary minus already have rules for both 0 and 1.

lemma binop-eq: [|[fzy =gay;z =3 y=yl|==>fa'y ' =ga'y’
by simp

lemmas add-number-of-eq = number-of-add [symmetric]

Allow 1 on either or both sides

lemma one-add-one-is-two: 1 + 1 = (2::'a::number-ring)
by (simp del: numeral-1-eq-1 add: numeral-1-eq-1 [symmetric] add-number-of-eq)

lemmas add-special =
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one-add-one-is-two
binop-eq [of op +, OF add-number-of-eq numeral-1-eq-1 refl, standard)
binop-eq [of op 4+, OF add-number-of-eq refl numeral-1-eq-1, standard|

Allow 1 on either or both sides (1-1 already simplifies to 0)

lemmas diff-special =
binop-eq [of op —, OF diff-number-of-eq numeral-1-eq-1 refl, standard)]
binop-eq [of op —, OF diff-number-of-eq refl numeral-1-eq-1, standard)

Allow 0 or 1 on either side with a binary numeral on the other

lemmas eg-special =
binop-eq [of op =, OF eg-number-of-eq numeral-0-eq-0 refl, standard]
binop-eq [of op =, OF eq-number-of-eq numeral-1-eq-1 refl, standard|
binop-eq [of op =, OF eq-number-of-eq refl numeral-0-eq-0, standard)]
binop-eq [of op =, OF eq-number-of-eq refl numeral-1-eq-1, standard)]

Allow 0 or 1 on either side with a binary numeral on the other

lemmas less-special =
binop-eq [of op <, OF less-number-of-eq-neg numeral-0-eq-0 refl, standard]
binop-eq [of op <, OF less-number-of-eq-neg numeral-1-eq-1 refl, standard]
binop-eq [of op <, OF less-number-of-eq-neg refl numeral-0-eq-0, standard)
binop-eq [of op <, OF less-number-of-eq-neg refl numeral-1-eq-1, standard)

Allow 0 or 1 on either side with a binary numeral on the other

lemmas le-special =
binop-eq [of op <, OF le-number-of-eq numeral-0-eq-0 refl, standard)
binop-eq [of op <, OF le-number-of-eq numeral-1-eq-1 refl, standard)]
binop-eq [of op <, OF le-number-of-eq refl numeral-0-eq-0, standard|
binop-eq [of op <, OF le-number-of-eq refl numeral-1-eq-1, standard]

lemmas arith-special|[simp] =
add-special diff-special eq-special less-special le-special

lemma min-maz-01: min (0:int) 1 = 0 & min (1:zint) 0 = 0 &
maz (0:int) 1 = 1 & maz (1:int) 0 = 1
by (simp add:min-def maz-def)

lemmas min-maz-special|[simp] =

min-maz-01

maz-def[of 0::int number-of v, standard, simp)
min-def [of 0::int number-of v, standard, simp]
maz-def [of number-of u 0::int, standard, simp]
min-def [of number-of u 0::int, standard, simp)
maz-def[of 1::int number-of v, standard, simp)
min-def[of 1::int number-of v, standard, simp]
maz-def [of number-of u 1::int, standard, simp]
min-def [of number-of u 1::int, standard, simp)

449
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Legacy theorems

lemmas zle-int = of-nat-le-iff [where ‘a=int]
lemmas int-int-eq = of-nat-eq-iff [where 'a=int]

use "~ /src/ Provers/ Arith / assoc-fold. ML
use int-arithl . ML
declaration ( K int-arith-setup ))

23.22 Lemmas About Small Numerals

lemma of-int-m1 [simp]: of-int —1 = (—1 :: 'a :: number-ring)

proof —
have (of-int —1 :: 'a) = of-int (— 1) by simp

also have ... = — of-int 1 by (simp only: of-int-minus)
also have ... = —1 by simp
finally show ?thesis .

qed

lemma abs-minus-one [simp]: abs (—1) = (1::'a::{ordered-idom,number-ring})
by (simp add: abs-if)

lemma abs-power-minus-one [simp]:
abs(—1 " n) = (1::'a::{ordered-idom,number-ring,recpower})
by (simp add: power-abs)

lemma of-int-number-of-eq:

of-int (number-of v) = (number-of v :: 'a :: number-ring)
by (simp add: number-of-eq)
Lemmas for specialist use, NOT as default simprules

lemma mult-2: 2 x z = (z+z::'a::number-ring)

proof —
have 2xz = (1 + 1)*z by simp
also have ... = z+z by (simp add: left-distrib)
finally show ?thesis .

qed

lemma mult-2-right: z * 2 = (z+z::'a::number-ring)
by (subst mult-commute, rule mult-2)

23.23 More Inequality Reasoning

lemma zless-addIl-eq: (w < z + (1:zint)) = (w<z | w=z)
by arith

lemma addi-zle-eq: (w + (1:int) < z) = (w<z)
by arith

lemma zle-diff1-eq [simp]: (w < z — (1:int)) = (w<z)
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by arith

lemma zle-addi-eq-le [simp]: (w < z + (1::int)) = (w<z)
by arith

lemma int-one-le-iff-zero-less: ((1::int) < z) = (0 < 2)
by arith

23.24 The Functions nat and int

Simplify the terms int (0::'a), int (Suc 0) and w + — 2

declare Zero-int-def [symmetric, simp]
declare One-int-def [symmetric, simp)

lemmas diff-int-def-symmetric = diff-int-def [symmetric, simp]

lemma nat-0: nat 0 = 0
by (simp add: nat-eq-iff )

lemma nat-1: nat 1 = Suc 0
by (subst nat-eg-iff , simp)

lemma nat-2: nat 2 = Suc (Suc 0)
by (subst nat-eg-iff , simp)

lemma one-less-nat-eq [simp]: (Suc 0 < nat z) = (1 < 2)
apply (insert zless-nat-conj [of 1 z])

apply (auto simp add: nat-1)

done

This simplifies expressions of the form int n = z where z is an integer literal.

lemmas int-eg-iff-number-of [simp] = int-eq-iff [of - number-of v, standard)]

lemma split-nat [arith-split]:
P(nat(i::int)) = (Vn. i = of-natn — Pn) & (1 < 0 — P 0))
(is ?P = (?L & ?R))
proof (cases i < 0)
case True thus ?thesis by auto
next
case Fulse
have ?P = 7L
proof
assume ?P thus ?L using False by clarsimp
next
assume ?L thus ?P using False by simp
qed
with Fualse show ?thesis by simp
qed
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context ring-1
begin

lemma of-int-of-nat:
of-int k = (if k < 0 then — of-nat (nat (— k)) else of-nat (nat k))
proof (cases k < 0)
case True then have 0 < — k by simp
then have of-nat (nat (— k)) = of-int (— k) by (rule of-nat-nat)
with True show ?thesis by simp
next
case Fulse then show ?thesis by (simp add: not-less of-nat-nat)
qed

end

lemma nat-mult-distrib:
fixes z 2z’ :: int
assumes ( < z
shows nat (z x z’) = nat z * nat 2’
proof (cases 0 < z)
case Fulse with assms have z x* 2/ < 0
by (simp add: not-le mult-le-0-iff)
then have nat (z x z’) = 0 by simp
moreover from Fulse have nat 2z’ = 0 by simp
ultimately show ?thesis by simp
next
case True with assms have ge-0: z x 2z’ > 0 by (simp add: zero-le-mult-iff)
show ?thesis
by (rule injD [of of-nat :: nat = int, OF inj-of-nat])
(simp only: of-nat-mult of-nat-nat [OF True]
of-nat-nat [OF assms] of-nat-nat [OF ge-0], simp)
qed

lemma nat-mult-distrib-neg: z < (0::int) ==> nat(zxz’) = nat(—z) * nat(—2z’)
apply (rule trans)

apply (rule-tac [2] nat-mult-distrib, auto)

done

lemma nat-abs-mult-distrib: nat (abs (w * 2)) = nat (abs w) * nat (abs z)

apply (cases z=0 | w=0)

apply (auto simp add: abs-if nat-mult-distrib [symmetric]
nat-mult-distrib-neg [symmetric] mult-less-0-iff)

done

23.25 Induction principles for int

Well-founded segments of the integers

definition
int-ge-less-than = int => (int * int) set
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where
int-ge-less-than d = {(z',2). d < z' & 2z’ < z}

theorem wf-int-ge-less-than: wf (int-ge-less-than d)
proof —
have int-ge-less-than d C measure (%z. nat (z—d))
by (auto simp add: int-ge-less-than-def)
thus ?thesis
by (rule wf-subset [OF wf-measure))
qed

This variant looks odd, but is typical of the relations suggested by Rank-
Finder.

definition

int-ge-less-than2 :: int => (int * int) set
where

int-ge-less-than2 d = {(2',2). d < z & 2’ < z}

theorem wf-int-ge-less-than2: wf (int-ge-less-than2 d)
proof —
have int-ge-less-than2 d C measure (%oz. nat (1+z—d))
by (auto simp add: int-ge-less-than2-def)
thus ?thesis
by (rule wf-subset [OF wf-measure])
qed

abbreviation
it :: nat = int
where
it = of-nat

theorem int-ge-induct [case-names base step, induct set: int]:
fixes ¢ :: int
assumes ge: k£ < ¢ and
base: P k and
step: Ni. k<1 = Pi= P (i + 1)
shows P i
proof —
{ fix n have Ai:int. n = nat(i—k) = k < i = Pi
proof (induct n)
case ()
hence i = k by arith
thus P ¢ using base by simp
next
case (Suc n)
then have n = nat((i — 1) — k) by arith
moreover
have kil: k < i — 1 using Suc.prems by arith
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ultimately
have P(i — 1) by(rule Suc.hyps)
from step|OF kil this] show ?case by simp
qed
}
with ge show %thesis by fast
qed

theorem int-gr-induct [case-names base step, induct set: int):
assumes gr: k < (i:int) and
base: P(k+1) and
step: Ni. [k < i; Pi] = P(i+1)
shows P i
apply (rule int-ge-induct[of k + 1])
using gr apply arith
apply(rule base)
apply (rule step, simp+)
done

theorem int-le-induct[consumes 1,case-names base step|:
assumes le: ¢ < (k::int) and
base: P(k) and
step: Ni. [i < k; Pi] = P(i — 1)
shows P i
proof —
{ fix n have Ai:int. n = nat(k—i) = i < k = P
proof (induct n)
case ()
hence ¢ = k by arith
thus P ¢ using base by simp
next
case (Suc n)
hence n = nat(k — (i+1)) by arith
moreover
have kil: i + 1 < k using Suc.prems by arith
ultimately
have P(i+1) by(rule Suc.hyps)
from step[OF kil this] show ?case by simp
qed

with le show ?thesis by fast
qed

theorem int-less-induct [consumes 1,case-names base step]:
assumes less: (i::int) < k and
base: P(k — 1) and
step: Ni. [i < k; Pi] = P(i — 1)
shows P i
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apply (rule int-le-induct[of - k — 1])
using less apply arith
apply(rule base)

apply (rule step, simp+)

done

23.26 Intermediate value theorems

lemma int-val-lemma:
(Vi<nunat. abs(f(i+1) — fi) < 1) ——>
fO<k—>k<fn-——>3i<n. fi=(k:int))

apply (induct-tac n, simp)

apply (intro strip)

apply (erule impE, simp)

apply (erule-tac x = n in allE, simp)

apply (case-tac k = f (n+1))

apply force

apply (erule impE)

apply (simp add: abs-if split add: split-if-asm)

apply (blast intro: le-Sucl)

done

lemmas nat0-intermed-int-val = int-val-lemma [rule-format (no-asm)]

lemma nat-intermed-int-val:

[Vim<i&i<n-——>abs(f(i + Lunat) — fi) < I;m < n;

fm<kk<fn|]=>%?im<i&i<n&fi=(kuint)
apply (cut-tac n = n—m and f = %i. f (i+m) and k =k
in int-val-lemma)

apply simp
apply (erule exE)
apply (rule-tac x = i+m in exl, arith)
done

23.27 Products and 1, by T. M. Rasmussen

lemma zabs-less-one-iff [simp]: (|z| < 1) = (z = (0::int))
by arith

lemma abs-zmult-eq-1: (Jm * n| = 1) ==> |m| = (1::int)
apply (cases |n|=1)

apply (simp add: abs-mult)

apply (rule ccontr)

apply (auto simp add: linorder-neg-iff abs-mult)

apply (subgoal-tac 2 < |m| & 2 < |n])

prefer 2 apply arith

apply (subgoal-tac 2+2 < |m| * |n|, simp)

apply (rule mult-mono, auto)

done
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lemma pos-zmult-eg-1-iff-lemma: (m x n = 1) ==> m = (L:int) | m = —1
by (insert abs-zmult-eq-1 [of m n], arith)

lemma pos-zmult-eg-1-iff: 0 < (m:int) ==> (msxn=1)=(m=1& n = 1)
apply (auto dest: pos-zmult-eq-1-iff-lemma)

apply (simp add: mult-commute [of m])

apply (frule pos-zmult-eq-1-iff-lemma, auto)

done

lemma zmult-eq-1-iff : (mxn = (1zint)) = (m=1&n=1)| (m=—-1&n =
1)

apply (rule iffI)

apply (frule pos-zmult-eq-1-iff-lemma)

apply (simp add: mult-commute [of m])

apply (frule pos-zmult-eq-1-iff-lemma, auto)

done

lemma infinite-UNIV-int: ~ finite(UNIV ::int set)
proof
assume finite(UNIV ::int set)
moreover have ~(EX i:int. 2xi = 1)
by (auto simp: pos-zmult-eq-1-iff)
ultimately show False using finite- UNIV-inj-surj|of %n::int. n4n]
by (simp add:inj-on-def surj-def) (blast intro:sym)
qed

23.28 Integer Powers

instantiation int :: recpower
begin

primrec power-int where
p "0 = (1:int)
| p * (Sucn) = (pzint) x (p " n)

instance proof

fix z :: int

fix n :: nat

show z ~ 0 = 1 by simp

show 2z " Sucn =z * (2 " n) by simp
qed

end

~

lemma zpower-zadd-distrib: © ~ (y + z) = ((z " y) * (z " 2z):int)

by (rule Power.power-add)

lemma zpower-zpower: (x " y) "z = (x ~ (y * z)::int)
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by (rule Power.power-mult [symmetric])

lemma zero-less-zpower-abs-iff [simp]:
(0 < absz " n) «— (x # (0zint) | n = 0)
by (induct n) (auto simp add: zero-less-mult-iff)

lemma zero-le-zpower-abs [simp]: (0::int) < abs z " n
by (induct n) (auto simp add: zero-le-mult-iff)

lemma of-int-power:
of-int (z " n) = (of-int z "~ n 2 'az:{recpower, ring-1})
by (induct n) (simp-all add: power-Suc)

lemma int-power: int (m™n) = (int m) " n
by (rule of-nat-power)

lemmas zpower-int = int-power [symmetric]
23.29 Configuration of the code generator
code-datatype Pls Min Bit0 Bitl number-of :: int = int

lemmas pred-succ-numeral-code [code func] =
pred-bin-simps succ-bin-simps

lemmas plus-numeral-code [code func] =
add-bin-simps
arith-extra-simps(1) [where 'a = int|

lemmas minus-numeral-code [code func] =
minus-bin-simps
arith-extra-simps(2) [where 'a = int]
arith-extra-simps(5) [where 'a = int]
lemmas times-numeral-code [code func] =
mult-bin-simps

arith-extra-simps(4) [where 'a = int]

instantiation int :: eq
begin

definition [code func del]: eq-class.eq k| —— k — | = (0::int)
instance by default (simp add: eg-int-def)
end

lemma eg-number-of-int-code [code func]:
eq-class.eq (number-of k :: int) (number-of 1) «—— eqg-class.eq k 1



THEORY “Int”

unfolding

eq-int-def number-of-is-id ..

lemma eg-int-code [code func]:
eq-class.eq Int.Pls Int.Pls «—— True
eq-class.eq Int.Pls Int.Min «—— False
eq-class.eq Int.Pls (Int.Bit0 k2) «— eq-class.eq Int.Pls k2
eq-class.eq Int.Pls (Int.Bitl k2) «—— False
eq-class.eq Int.Min Int.Pls «—— False
eq-class.eq Int.Min Int. Min «—— True
eq-class.eq Int.Min (Int.Bit0 k2) «—— False
eq-class.eq Int.Min (Int.Bitl k2) «— eq-class.eq Int.Min k2

eq-class.eq (Int.Bit0 k1) Int.Pls <« eq-class.eq Int.Pls k1
eq-class.eq (Int.Bitl k1) Int.Pls «—— False

eq-class.eq (Int.Bit0 k1) Int.Min «—— False

eq-class.eq (Int.Bitl k1) Int.Min «—— eg-class.eq Int.Min k1
eq-class.eq (Int.Bit0 k1) (Int.Bit0 k2) «— eq-class.eq k1 k2
eq-class.eq (Int.Bit0 k1) (Int.Bitl k2) «— False

eq-class.eq (Int.Bitl k1) (Int.Bit0 k2) «— Fualse

eq-class.eq (Int.Bitl k1) (Int.Bitl k2) «— eq-class.eq k1 k2
unfolding eq-number-of-int-code [symmetric, of Int.Pls]

eq-number-of-int-code [symmetric, of Int.Min]
eq-number-of-int-code [symmetric, of Int.Bit0 k1
[
[

eq-number-of-int-code

symmetric, of Int.Bitl k1

]
]
eq-number-of-int-code [symmetric, of Int.Bit0 k2]
eq-number-of-int-code [symmetric, of Int.Bitl k2]
by (simp-all add: eq Pls-def,
simp-all only: Min-def succ-def pred-def number-of-is-id)

(auto simp add: iszero-def)

lemma less-eq-number-of-int-code [code func]:
(number-of k :: int) < number-of | «— k <[
unfolding number-of-is-id ..

lemma less-eg-int-code [code func]:
Int.Pls < Int.Pls «+—— True
Int.Pls < Int.Min «—— Fulse
Int.Pls < Int.Bit0 k +—— Int.Pls < k
Int.Pls < Int.Bitl k «—— Int.Pls < k
Int.Min < Int.Pls «—— True
Int.Min < Int.Min «—— True
Int. Min < Int.Bit0 k «—— Int.Min < k
Int.Min < Int.Bitl k «—— Int.Min < k
Int.Bit0 k < Int.Pls «—— k < Int.Pls
Int.Bitl k < Int.Pls +—— k < Int.Pls
Int.Bit0 k < Int.Min «—— k < Int.Min
Int.Bitl k < Int.Min «— k < Int.Min
Int.Bit0 k1 < Int.Bit0 k2 «— k1 < k2
Int.Bit0 k1 < Int.Bitl1 k2 «— k1 < k2
Int.Bitl k1 < Int.Bit0 k2 «— k1 < k2

458
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Int.Bitl k1 < Int.Bitl k2 «—— k1 < k2

459

unfolding less-eq-number-of-int-code [symmetric, of Int.Pls]

less-eq-number-of-int-code [symmetric,
less-eq-number-of-int-code [symmetric,
less-eq-number-of-int-code [symmetric,
less-eq-number-of-int-code [symmetric,
less-eq-number-of-int-code [symmetric,

of Int.Min]

of Int.Bit0 k1]
of Int.Bit1 k1]
of Int.Bit0 k2]
of Int.Bit1 k2]

by (simp-all add: Pls-def, simp-all only: Min-def succ-def pred-def number-of-is-id)
(auto simp add: neg-def linorder-not-less group-simps
zle-add1-eq-le [symmetric] del: iffl , auto simp only: Bit0-def Bitl-def)

lemma less-number-of-int-code [code func]:
(number-of k :: int) < number-of | «—— k <l

unfolding number-of-is-id ..

lemma less-int-code [code func]:
Int.Pls < Int.Pls «—— Fualse
Int.Pls < Int.Min «—— False
Int.Pls < Int.Bit0 k +—— Int.Pls < k
Int.Pls < Int.Bitl k +—— Int.Pls < k
Int.Min < Int.Pls «—— True
Int.Min < Int.Min «—— False
Int.Min < Int.Bit0 k «—— Int.Min < k
Int.Min < Int.Bitl k «—— Int.Min < k
Int.Bit0 k < Int.Pls +—— k < Int.Pls
Int.Bitl k < Int.Pls «—— k < Int.Pls
Int.Bit0 k < Int.Min «—— k < Int.Min
Int.Bitl k < Int.Min «—— k < Int.Min
Int.Bit0 k1 < Int.Bit0 k2 «— k1 < k2
Int.Bit0 k1 < Int.Bitl k2 «—— k1 < k2
Int.Bitl k1 < Int.Bit0 k2 «— k1 < k2
Int.Bitl k1 < Int.Bitl k2 «— k1 < k2

unfolding less-number-of-int-code [symmetric, of Int.Pls]

less-number-of-int-code [symmetric,
less-number-of-int-code [symmetric,
less-number-of-int-code [symmetric,
less-number-of-int-code [symmetric,
less-number-of-int-code [symmetric,

of Int.Min]

of Int.Bit0 k1]
of Int.Bit! k1]
of Int.Bit0 k2]
of Int.Bit1 k2]

by (simp-all add: Pls-def, simp-all only: Min-def succ-def pred-def number-of-is-id)
(auto simp add: neg-def group-simps zle-add1-eq-le [symmetric] del: iffI,

auto simp only: Bit0-def Bitl-def)

definition
int-auz :: nat = int = int where
[code func del]: int-auz = of-nat-aux

lemmas int-auz-code = of-nat-auz-code [where ?'a = int, simplified int-auz-def

[symmetric], code]
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lemma [code, code unfold, code inline del]:
of-nat n = int-auz n 0
by (simp add: int-auz-def of-nat-auz-def)

definition
nat-auz :: int = nat = nat where
nat-aur 1 n = nat v + n

lemma [code]:
nat-auz i n = (if i < 0 then n else nat-auz (i — 1) (Suc n)) — tail recursive
by (auto simp add: nat-auz-def nat-eq-iff linorder-not-le order-less-imp-le
dest: zless-imp-add1-zle)

lemma [code]: nat i = nat-auz i 0
by (simp add: nat-auz-def)

hide (open) const int-aux nat-aux

lemma zero-is-num-zero [code func, code inline, symmetric, code post]:
(0::int) = Numeral(
by simp

lemma one-is-num-one [code func, code inline, symmetric, code post]:
(1::int) = Numerall
by simp

code-modulename SML
Int Integer

code-modulename OCaml
Int Integer

code-modulename Haskell
Int Integer

types-code
int (int)
attach (term-of) ((
val term-of-int = HOLogic.mk-number HOLogic.intT';
)
attach (test) (
fun gen-int i =
let val j = one-of [~1, 1] * random-range 0 i
in (4, fn () => term-of-int j) end;

)

setup ((
let
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fun strip-number-of (Q{term Int.number-of :: int => int} $§t) =t
| strip-number-of t = t;

fun numeral-codegen thy defs gr dep module b t =
let val i = HOLogic.dest-numeral (strip-number-of t)
in
SOME (fst (Codegen.invoke-tycodegen thy defs dep module false (gr, HO-
Logic.intT)),
Codegen.str (string-of-int 1))
end handle TERM - => NONE;

m
Codegen.add-codegen numeral-codegen numeral-codegen

end

)

consts-code
number-of :: int = int  ((-))

0 ::int (0)
1 :int (1)
uminus :: int => int (™)

op + i int => int => int ((- +/ -))
op * = aint => int => int ((- %/ -))

op < :int => int => bool ((- <=/ -))
op < :int => int => bool ((- </ -))
quickcheck-params [default-type = int]

hide (open) const Pls Min Bit0 Bitl succ pred

23.30 Legacy theorems

lemmas zminus-zminus = minus-minus [of z::int, standard]

lemmas zminus-0 = minus-zero [where 'a=int]

lemmas zminus-zadd-distrib = minus-add-distrib [of z::int w, standard]
lemmas zadd-commute = add-commute [of z::int w, standard)
lemmas zadd-assoc = add-assoc [of z1::int 22 23, standard)

lemmas zadd-left-commute = add-left-commute [of x::int y z, standard]
lemmas zadd-ac = zadd-assoc zadd-commute zadd-left-commute
lemmas zmult-ac = OrderedGroup.mult-ac

lemmas zadd-0 = OrderedGroup.add-0-left [of z::int, standard)
lemmas zadd-0-right = OrderedGroup.add-0-left [of z::int, standard)]
lemmas zadd-zminus-inverse2 = left-minus [of z::int, standard]
lemmas zmult-zminus = mult-minus-left [of z::int w, standard]
lemmas zmult-commute = mult-commute [of z::int w, standard)
lemmas zmult-assoc = mult-assoc [of z1::int 22 23, standard)]

lemmas zadd-zmult-distrib = left-distrib [of z1::int 22 w, standard]
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lemmas zadd-zmult-distrib2 = right-distrib [of w::int 21 22, standard)]
lemmas zdiff-zmult-distrib = left-diff-distrib [of z1::int 22 w, standard]
lemmas zdiff-zmult-distrib2 = right-diff-distrib [of w::int z1 22, standard)]

lemmas zmult-1 = mult-1-left [of z::int, standard]
lemmas zmult-1-right = mult-1-right [of z::int, standard)]

lemmas zle-refl = order-refl [of w::int, standard)]

lemmas zle-trans = order-trans [where 'a=int and z=i¢ and y=;j and z=k,
standard]

lemmas zle-anti-sym = order-antisym [of z::int w, standard]

lemmas zle-linear = linorder-linear [of z::int w, standard]

lemmas zless-linear = linorder-less-linear [where 'a = int]

lemmas zadd-left-mono = add-left-mono [of i::int j k, standard)]
lemmas zadd-strict-right-mono = add-strict-right-mono [of i::int j k, standard)
lemmas zadd-zless-mono = add-less-le-mono [of w':int w 2’ z, standard)]

lemmas int-0-less-1 = zero-less-one [where 'a=int]
lemmas int-0-neq-1 = zero-neg-one [where ‘a=int]

lemmas inj-int = inj-of-nat [where 'a=int|

lemmas zadd-int = of-nat-add [where 'a=int, symmetric]

lemmas int-mult = of-nat-mult [where 'a=int]

lemmas zmult-int = of-nat-mult [where 'a=int, symmetric]

lemmas int-eq-0-conv = of-nat-eq-0-iff [where ‘a=int and m=n, standard)
lemmas zless-int = of-nat-less-iff [where 'a=int]

lemmas int-less-0-conv = of-nat-less-0-iff [where 'a=int and m=k, standard]
lemmas zero-less-int-conv = of-nat-0-less-iff [where ‘a=int]

lemmas zero-zle-int = of-nat-0-le-iff [where 'a=int]

lemmas int-le-0-conv = of-nat-le-0-iff [where ‘a=int and m=n, standard|
lemmas int-0 = of-nat-0 [where 'a=int]

lemmas int-1 = of-nat-1 [where 'a=int]

lemmas int-Suc = of-nat-Suc [where ‘a=int]

lemmas abs-int-eq = abs-of-nat [where ‘a=int and n=m, standard)
lemmas of-int-int-eq = of-int-of-nat-eq [where 'a=int]

lemmas zdiff-int = of-nat-diff [where 'a=int, symmetric]

lemmas zless-le = less-int-def

lemmas int-eq-of-nat = Truel

end

24 FunDef: General recursive function definitions

theory FunDef
imports Wellfounded
uses
(Tools / function-package / fundef-lib. ML)



THEORY “FunDet” 463

(Tools / function-package / fundef-common. ML)

(Tools [ function-package / inductive-wrap. ML)

(Tools/ function-package / context-tree. ML)
(Tools/ function-package / fundef-core. ML)

(Tools/ function-package | sum-tree. ML)

(Tools / function-package / mutual. ML)

(Tools [ function-package / pattern-split. ML)
(Tools [ function-package / fundef-package. ML)

(Tools/ function-package [ auto-term. ML)

(Tools/ function-package [ induction-scheme. ML)
(Tools / function-package / measure-functions. ML)
(Tools [ function-package [ lexicographic-order. ML)
(Tools [ function-package / fundef-datatype. ML)
begin

Definitions with default value.

definition
THE-default :: 'a = ('a = bool) = ’'a where
THE-default d P = (if (3!z. P z) then (THE z. P z) else d)

lemma THE-defaultl": 3\z. Pz = P (THE-default d P)
by (simp add: thel’ THE-default-def)

lemma THE-default1-equality:
[B'z. P a; Pa] = THE-default d P = a
by (simp add: thel-equality THE-default-def)

lemma THE-default-none:
—(3lz. P ) = THE-default d P = d
by (simp add: THE-default-def)

lemma fundef-exi-existence:
assumes f-def: f == (A\z::'a. THE-defoult (d ) (\y. G = y))
assumes exl: Ily. Gz y
shows G z (f z)
apply (simp only: f-def)
apply (rule THE-defaultl”)
apply (rule exl)
done

lemma fundef-exI-uniqueness:
assumes f-def: f == (Az::'a. THE-default (d z) (Ay. G z y))
assumes exl: 3ly. Gz y
assumes elm: G z (h )
shows hz = fx
apply (simp only: f-def)
apply (rule THE-defaultl-equality [symmetric))
apply (rule exl)
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apply (rule elm)
done

lemma fundef-ex1-iff:
assumes f-def: f == (Az::'a. THE-defoult (d ) (\y. G z y))
assumes exl: Ily. Gz y
shows (Gzy) = (fz =vy)
apply (auto simp:exl f-def THE-default1-equality)
apply (rule THE-defaultl”)
apply (rule ex1)
done

lemma fundef-default-value:
assumes f-def: f == (A\z::'a. THE-default (d ) (\y. G = y))
assumes graph: Az y. Gz y = D=z
assumes - D
shows fzx = dz
proof —
have =(3y. Gz y)
proof
assume Jy. Gz y
hence D x using graph ..
with (= D x) show Fulse ..
qed
hence —(3!y. G = y) by blast

thus ?thesis
unfolding f-def
by (rule THE-default-none)
qed

definition in-rel-def [simp]:
inrel Rxy == (z,y) € R

lemma wf-in-rel:
wf R = wfP (in-rel R)
by (simp add: wfP-def)

inductive is-measure :: ('a = nat) = bool
where is-measure-trivial: is-measure f

use Tools/function-package [ fundef-lib. ML

use Tools/ function-package [ fundef-common. ML
use Tools/function-package /inductive-wrap. ML
use Tools/function-package [ context-tree. ML
use Tools/function-package / fundef-core. ML

use Tools/function-package / sum-tree. ML

use Tools/ function-package / mutual. ML

use Tools/ function-package [ pattern-split. ML
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use Tools/ function-package [ auto-term. ML

use Tools/function-package/ fundef-package. ML
use Tools/function-package /induction-scheme. ML
use Tools/function-package / measure-functions. ML
use Tools/ function-package /lexicographic-order. ML
use Tools/ function-package / fundef-datatype. ML

setup (
FundefPackage.setup
#> InductionScheme.setup
#> MeasureFunctions.setup
#> LexicographicOrder.setup
#> FundefDatatype.setup

)

lemma let-cong [fundef-cong]:
M=N= (At.2=N = fo=gz) = Let Mf =Let Ng
unfolding Let-def by blast

lemmas [fundef-cong] =
if-cong image-cong INT-cong UN-cong
bex-cong ball-cong imp-cong

lemma split-cong [fundef-cong]:
Azy. (z,y)=qg=fry=gzy) = p=q
= split fp = split g q
by (auto simp: split-def)

lemma comp-cong [fundef-congl:
flgz)=f"(g'a)) = (fog)z=(f"og)a
unfolding o-apply .

24.1 Setup for termination proofs

Rules for generating measure functions

lemma [measure-function]: is-measure size
by (rule is-measure-trivial)

lemma [measure-function]: is-measure f = is-measure (Ap. f (fst p))
by (rule is-measure-trivial)
lemma [measure-function]: is-measure f = is-measure (Ap. f (snd p))
by (rule is-measure-trivial)

lemma termination-basic-simps[termination-simp):
(yunat) =z <y + 2

2= <Yy+z

y = = <y + (z:nat)

z =z < y + (2:nat)

y = z < (y:unat)

A

8 8 8 8 8

<
<
<
<
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by arith+
declare le-imp-less-Suc[termination-simp)

lemma prod-size-simp[termination-simp]:
prod-size f g p = f (fst p) + g (snd p) + Suc 0
by (induct p) auto

end

25 IntDiv: The Division Operators div and mod;
the Divides Relation dvd

theory IntDiv
imports Int Divides FunDef
begin

constdefs
quorem :: (intxint) * (intxint) => bool
— definition of quotient and remainder
[code func]: quorem == %((a,b), (g,r)).
a="bxqg+r&
(if 0 < b then 0<r & r<b else b<r & r < 0)

adjust :: [int, intxint] => intxint
— for the division algorithm
[code func]: adjust b == %(q,r). if 0 < r—0b then (2%q + 1, r—>)
else (2xq, )

algorithm for the case a>0, b>0

function

posDivAlg :: int = int = int X int
where

posDivAlg a b =

(if (a<b | b<0) then (0,a)
else adjust b (posDivAlg a (2xb)))

by auto
termination by (relation measure (%(a,b). nat(a — b + 1))) auto

algorithm for the case a<0, b>0

function
negDivAlg :: int = int = int X int
where
negDivAlg a b =
(if (0<a+b | b<0) then (—1,a+Db)
else adjust b (negDivAlg a (2xb)))
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by auto
termination by (relation measure (%(a,b). nat(— a — b))) auto

algorithm for the general case b # (0::a)

constdefs
negateSnd :: intxint => intxint
[code func]: negateSnd == %(q,r). (¢,—7)

definition
divAlg :: int X int = int X int
— The full division algorithm considers all possible signs for a, b including the
special case a=0, b<0 because negDivAlg requires a < (0::'a).
where
divAlg = (A(a, b). (if 0<a then
if 0<b then posDivAlg a b
else if a=0 then (0, 0)
else negateSnd (negDivAlg (—a) (—b))
else
if 0<b then negDivAlg a b
else negateSnd (posDivAlg (—a) (—D))))

instantiation int :: Divides.div
begin

definition
div-def: a div b = fst (divAlg (a, b))

definition
mod-def: a mod b = snd (divAlg (a, b))

instance ..
end

lemma divAlg-mod-div:

divAlg (p, ¢) = (p div q, p mod q)
by (auto simp add: div-def mod-def)

Here is the division algorithm in ML:

fun posDivAlg (a,b) =
if a<b then (0,a)
else let val (q,r) = posDivAlg(a, 2xb)
in if O\<le>r-b then (2*q+l, r-b) else (2*q, 1)
end

fun negDivAlg (a,b) =
if O\<le>a+b then (~1,a+b)
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else let val (q,r) = negDivAlg(a, 2*b)
in if O\<le>r-b then (2*q+l, r-b) else (2*q, r)
end;

fun negateSnd (q,r:int) = (q,7r);

fun divAlg (a,b) = if O\<le>a then
if >0 then posDivAlg (a,b)
else if a=0 then (0,0)
else negateSnd (negDivAlg (“a,”b))

else
if O<b then negDivAlg (a,b)
else negateSnd (posDivAlg ("a,”b));

25.1 Uniqueness and Monotonicity of Quotients and Remain-
ders

lemma unique-quotient-lemma:
[| bx¢"+ r" <bxg+1r; 0<7r; r'<b; r<bl|
==> ¢’ < (guint)
apply (subgoal-tac v’ + b * (¢'—q) < r)
prefer 2 apply (simp add: right-diff-distrib)
apply (subgoal-tac 0 < b * (1 + q — q'))
apply (erule-tac [2] order-le-less-trans)
prefer 2 apply (simp add: right-diff-distrib right-distrib)
apply (subgoal-tac b x ¢/ < b * (1 + q) )
prefer 2 apply (simp add: right-diff-distrib right-distrib)
apply (simp add: mult-less-cancel-left)
done

lemma unique-quotient-lemma-neg:
[ bx¢' + 7' <bkqg+ 7 1<0; b<r; b<r']|
==> ¢q < (¢":int)
by (rule-tac b = —b and r = —r’ and r’ = —r in unique-quotient-lemma,
auto)

lemma unique-quotient:
[ quorem ((a,b), (¢,r)); quorem ((a,b), (¢r)); b # 0 |
==>q=q
apply (simp add: quorem-def linorder-neg-iff split: split-if-asm)
apply (blast intro: order-antisym
dest: order-eq-refl [THEN unique-quotient-lemma]
order-eq-refl [THEN unique-quotient-lemma-neg| sym)+
done

lemma unique-remainder:
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I quorem ((a,b), (¢.7); quorem ((a,b), (¢'r)); b+ 0 |
==>r=r'

apply (subgoal-tac ¢ = q)

apply (simp add: quorem-def)

apply (blast intro: unique-quotient)

done

25.2 Correctness of posDivAlg, the Algorithm for Non-Negative
Dividends

And positive divisors

lemma adjust-eq [simp]:
adjust b (q,r) =
(let diff = r—bin
if 0 < diff then (2xq + 1, diff)
else (2xq, 1))
by (simp add: Let-def adjust-def)

declare posDivAlg.simps [simp del]

use with a simproc to avoid repeatedly proving the premise

lemma posDivAlg-eqn:

0 <b==>

posDivAlg a b = (if a<b then (0,a) else adjust b (posDivAlg a (2x%b)))
by (rule posDivAlg.simps [THEN trans], simp)

Correctness of posDivAlg: it computes quotients correctly

theorem posDivAlg-correct:
assumes () < g and 0 < b
shows quorem ((a, b), posDivAlg a b)
using prems apply (induct a b rule: posDivAlg.induct)
apply auto
apply (simp add: quorem-def)
apply (subst posDivAlg-eqn, simp add: right-distrib)
apply (case-tac a < b)
apply simp-all
apply (erule splitE)
apply (auto simp add: right-distrib Let-def)
done

25.3 Correctness of negDivAlg, the Algorithm for Negative
Dividends

And positive divisors

declare negDivAlg.simps [simp del]

use with a simproc to avoid repeatedly proving the premise
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lemma negDivAlg-eqn:
0<b==>
negDivAlg a b =
(if 0<a+b then (—1,a+b) else adjust b (negDivAlg a (2xb)))
by (rule negDivAlg.simps [THEN trans], simp)

lemma negDivAlg-correct:

assumes a < 0 and b > 0

shows quorem ((a, b), negDivAlg a b)
using prems apply (induct a b rule: negDivAlg.induct)
apply (auto simp add: linorder-not-le)
apply (simp add: quorem-def)
apply (subst negDivAlg-eqn, assumption)
apply (case-tac a + b < (0::int))
apply simp-all
apply (erule splitE)
apply (auto simp add: right-distrib Let-def)
done

25.4 [Existence Shown by Proving the Division Algorithm to
be Correct

lemma quorem-0: b # 0 ==> quorem ((0,b), (0,0))

by (auto simp add: quorem-def linorder-neq-iff)

lemma posDivAlg-0 [simp]: posDivAlg 0 b = (0, 0)
by (subst posDivAlg.simps, auto)

lemma negDivAlg-minusl [simp]: negDivAlg —1b = (—1,b — 1)
by (subst negDivAlg.simps, auto)

lemma negateSnd-eq [simp]: negateSnd(q,r) = (¢,—7)
by (simp add: negateSnd-def)

lemma quorem-neg: quorem ((—a,—b), gr) ==> quorem ((a,b), negateSnd gr)
by (auto simp add: split-ifs quorem-def)

lemma divAlg-correct: b # 0 ==> quorem ((a,b), divAlg (a, b))
by (force simp add: linorder-neq-iff quorem-0 divAlg-def quorem-neg
posDivAlg-correct negDivAlg-correct)

Arbitrary definitions for division by zero. Useful to simplify certain equa-
tions.

lemma DIVISION-BY-ZERO [simp]: a div (0::int) = 0 & a mod (0::int) = a
by (simp add: div-def mod-def divAlg-def posDivAlg.simps)

Basic laws about division and remainder

lemma zmod-zdiv-equality: (a::int) = b * (a div b) + (a mod b)
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apply (case-tac b = 0, simp)

apply (cut-tac a = a and b = b in divAlg-correct)
apply (auto simp add: quorem-def div-def mod-def)
done

lemma zdiv-zmod-equality: (b * (a div b) + (a mod b)) + k = (a::int)+k
by (simp add: zmod-zdiv-equality[symmetric))

lemma zdiv-zmod-equality2: ((a div b) * b + (a mod b)) + k = (aint)+k
by (simp add: mult-commute zmod-zdiv-equality[symmetric])

Tool setup
ML {

local

structure CancelDivMod = CancelDivModFun(
struct
val div-name = Q{const-name Divides.div};
val mod-name = @{ const-name Divides.mod};
val mk-binop = HOLogic.mk-binop;
val mk-sum = Int-Numeral-Simprocs.mk-sum HOLogic.intT;
val dest-sum = Int-Numeral-Simprocs.dest-sum;
val div-mod-eqs =
map mk-meta-eq [Q{thm zdiv-zmod-equality },
Q@Q{thm zdiv-zmod-equality2}];
val trans = trans;
val prove-eq-sums =
let
val simps = @Q{thm diff-int-def} :: Int-Numeral-Simprocs.add-0s @ Q{thms
zadd-ac}
in ArithData.prove-conv all-tac (ArithData.simp-all-tac simps) end;
end)

m
val cancel-zdiv-zmod-proc = Simplifier.simproc @{theory}
cancel-zdiv-zmod [(m::int) + n] (K CancelDivMod.proc)

end;

Addsimprocs [cancel-zdiv-zmod-proc]

)

lemma pos-mod-conj : (0::int) < b ==> 0 < amod b & a mod b < b
apply (cut-tac a = a and b = b in divAlg-correct)

apply (auto simp add: quorem-def mod-def)

done

lemmas pos-mod-sign [simp] = pos-mod-conj [THEN conjunct!, standard)
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and pos-mod-bound [simp] = pos-mod-conj [THEN conjunct2, standard)

lemma neg-mod-conj : b < (0::int) ==> amod b < 0 & b < a mod b
apply (cut-tac a = a and b = b in divAlg-correct)

apply (auto simp add: quorem-def div-def mod-def)

done

lemmas neg-mod-sign [simp] = neg-mod-conj [THEN conjunct!, standard)
and neg-mod-bound [simp] = neg-mod-conj [THEN conjunct2, standard)

25.5 General Properties of div and mod

lemma quorem-div-mod: b # 0 ==> quorem ((a, b), (a div b, a mod b))
apply (cut-tac a = a and b = b in zmod-zdiv-equality)

apply (force simp add: quorem-def linorder-neg-iff )

done

lemma quorem-div: [| quorem((a,b),(q,r)); b # 0 |] ==> a divb = ¢
by (simp add: quorem-div-mod [THEN unique-quotient))

lemma quorem-mod: [| quorem((a,b),(¢,7)); b # 0 || ==> a mod b = r
by (simp add: quorem-div-mod [THEN unique-remainder])

lemma div-pos-pos-trivial: [| (0::int) < a; a < b|]==>adivb=10
apply (rule quorem-div)

apply (auto simp add: quorem-def)

done

lemma div-neg-neg-trivial: [| a < (0::int); b < a|]|==>adivb=20
apply (rule quorem-div)

apply (auto simp add: quorem-def)

done

lemma div-pos-neg-trivial: [| (0::int) < a; a+b < 0 || ==> adivb = —1
apply (rule quorem-div)

apply (auto simp add: quorem-def)

done

lemma mod-pos-pos-trivial: [| (0::int) < a; a < b || ==> amodb = a
apply (rule-tac ¢ = 0 in quorem-mod)

apply (auto simp add: quorem-def)

done

lemma mod-neg-neg-trivial: [| a < (0::int); b < a|] ==> amod b = a
apply (rule-tac ¢ = 0 in quorem-mod)

apply (auto simp add: quorem-def)

done
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lemma mod-pos-neg-trivial: [| (0::int) < a; a+b < 0 || ==> a mod b = a+b
apply (rule-tac ¢ = —1 in quorem-mod)

apply (auto simp add: quorem-def)

done

There is no mod-neg-pos-trivial.

lemma zdiv-zminus-zminus [simp]: (—a) div (=b) = a div (b::int)

apply (case-tac b = 0, simp)

apply (simp add: quorem-div-mod [THEN quorem-neg, simplified,
THEN quorem-div, THEN sym))

done

lemma zmod-zminus-zminus [simp]: (—a) mod (—b) = — (a mod (b::int))

apply (case-tac b = 0, simp)

apply (subst quorem-div-mod [THEN quorem-neg, simplified, THEN quorem-mod],
auto)

done

25.6 Laws for div and mod with Unary Minus

lemma zminusl-lemma:
quorem((a,b),(q,7))
==> quorem ((—a,b), (if r=0 then —q else —q — 1),
(if =0 then 0 else b—r))
by (force simp add: split-ifs quorem-def linorder-neq-iff right-diff-distrib)

lemma zdiv-zminusi-eq-if :
b # (0::int)
==> (—a) div b=
(if a mod b = 0 then — (a div b) else — (a divb) — 1)
by (blast intro: quorem-div-mod [THEN zminusI-lemma, THEN quorem-div))

lemma zmod-zminusi1-eq-if :
(—a:int) mod b = (if a mod b = 0 then 0 else b — (a mod b))
apply (case-tac b = 0, simp)
apply (blast intro: quorem-div-mod [THEN zminusI-lemma, THEN quorem-mod))
done

lemma zdiv-zminus2: a div (—b) = (—a::int) div b

by (cut-tac a = —a in zdiv-zminus-zminus, auto)
lemma zmod-zminus2: a mod (—b) = — ((—a::int) mod b)
by (cut-tac a = —a and b = b in zmod-zminus-zminus, auto)

lemma zdiv-zminus2-eq-if :
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b # (0::int)
==> q div (—b) =
(if a mod b = 0 then — (a div b) else — (a divb) — 1)
by (simp add: zdiv-zminusi-eq-if zdiv-zminus2)

lemma zmod-zminus2-eqg-if :
a mod (—b::int) = (if a mod b = 0 then 0 else (a mod b) — b)
by (simp add: zmod-zminusI-eq-if zmod-zminus?2)

25.7 Division of a Number by Itself

lemma self-quotient-auzl: [| (0:int) < a; a =71 + axq; r < a |l ==>1<g¢q
apply (subgoal-tac 0 < axq)
apply (simp add: zero-less-mult-iff , arith)

done

lemma self-quotient-auz2: [| (0::int) < a; a =1 + axq; 0 < r || ==> ¢ < 1
apply (subgoal-tac 0 < ax (1—q) )

apply (simp add: zero-le-mult-iff)

apply (simp add: right-diff-distrib)

done

lemma self-quotient: [| quorem((a,a),(q,r)); a # (0:int) || ==> ¢ = 1

apply (simp add: split-ifs quorem-def linorder-neg-iff’)

apply (rule order-antisym, safe, simp-all)
apply (rule-tac [3] a = —a and r = —r in self-quotient-auzl)
apply (rule-tac a = —a and r = —r in self-quotient-auz2)

apply (force intro: self-quotient-auzx! self-quotient-aux2 simp add: add-commute)+
done

lemma self-remainder: [| quorem((a,a),(q,r)); a # (0zint) || ==>r =0
apply (frule self-quotient, assumption)

apply (simp add: quorem-def)

done

lemma zdiv-self [simp]: a # 0 ==> a div a = (1::int)
by (simp add: quorem-div-mod [THEN self-quotient])

lemma zmod-self [simp]: a mod a = (0::int)

apply (case-tac a = 0, simp)

apply (simp add: quorem-div-mod [THEN self-remainder))
done

25.8 Computation of Division and Remainder

lemma zdiv-zero [simp]: (0::int) div b = 0
by (simp add: div-def divAlg-def)

lemma div-eq-minusl: (0::int) < b ==> —1 div b = —
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by (simp add: div-def divAlg-def)

lemma zmod-zero [simp]: (0::int) mod b = 0
by (simp add: mod-def divAlg-def)

lemma zdiv-minusl: (0::int) < b ==> —1 div b = —1
by (simp add: div-def divAlg-def)

lemma zmod-minusi: (0::int) < b ==> —1mod b =b — 1
by (simp add: mod-def divAlg-def)

a positive, b positive

lemma div-pos-pos: [| 0 < a; 0 < b || ==> a div b = fst (posDivAlg a b)
by (simp add: div-def divAlg-def)

lemma mod-pos-pos: [| 0 < a; 0 < b |] ==> a mod b = snd (posDivAlg a b)
by (simp add: mod-def divAlg-def)

a negative, b positive

lemma div-neg-pos: [| a < 0; 0 < b |] ==> a div b = fst (negDivAlg a b)
by (simp add: div-def divAlg-def)

lemma mod-neg-pos: [| « < 0; 0 < b |] ==> a mod b = snd (negDivAlg a b)
by (simp add: mod-def divAlg-def)

a positive, b negative

lemma div-pos-neg:
[[ 0 <a; b< 0] ==> adivb= fst (negateSnd (negDivAlg (—a) (=b)))
by (simp add: div-def divAlg-def)

lemma mod-pos-neg:
[0 <a; b<0]|]==>amodb= snd (negateSnd (negDivAlg (—a) (—b)))
by (simp add: mod-def divAlg-def)

a negative, b negative

lemma div-neg-neg:
[[a<0; b< 0] ==>adivb= fst (negateSnd (posDivAlg (—a) (—b)))
by (simp add: div-def divAlg-def)

lemma mod-neg-neg:
[[ @< 0; b< 0] ==>amodb = snd (negateSnd (posDivAlg (—a) (=b)))
by (simp add: mod-def divAlg-def)

Simplify expresions in which div and mod combine numerical constants

lemma quoreml:
[a==bxqg+r;if0<bthen)<rAr<belseb<rAr<J0]
= quorem ((a, D), (g, 7))
unfolding quorem-def by simp
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lemmas quorem-div-eq = quoreml [THEN quorem-div, THEN eq-reflection]
lemmas quorem-mod-eq = quoremlI [THEN quorem-mod, THEN eg-reflection]
lemmas arithmetic-simps =

arith-simps

add-special

OrderedGroup.add-0-left

OrderedGroup.add-0-right

mult-zero-left

mult-zero-right

mult-1-left

mult-1-right

ML (
local
infix ==;
val op == = Logic.mk-equals;
fun plus m n = @{term plus :: int = int = int} $ m $ n;
fun mult m n = Q{term times :: int = int = int} $ m $ n;

val binary-ss = HOL-basic-ss addsimps @Q{thms arithmetic-simps};
fun prove ctxt prop =
Goal.prove ctzt [| [] prop (fn - => ALLGOALS (full-simp-tac binary-ss));

fun binary-proc proc ss ct =
(case Thm.term-of ct of
-8t u=>
(case try (pairself (‘(snd o HOLogic.dest-number))) (t, u) of
SOME args => proc (Simplifier.the-context ss) args
| NONE => NONE)
| - => NONE);

mn

fun divmod-proc rule = binary-proc (fn ctat => fn ((m, t), (n, u)) =>
if n = 0 then NONE
else
let val (k, 1) = Integer.div-mod m n;
fun mk-num © = HOLogic.mk-number HOLogic.intT x;
in SOME (rule OF [prove ctzt (t == plus (mult u (mk-num k)) (mk-num 1))])
end);

end;

)

simproc-setup binary-int-div (number-of m div number-of n :: int) =
{( K (divmod-proc (Q{thm quorem-div-eq})) )

simproc-setup binary-int-mod (number-of m mod number-of n :: int) =
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{ K (divmod-proc (@{thm quorem-mod-eq})) )

lemmas div-pos-pos-number-of =
div-pos-pos [of number-of v number-of w, standard)]

lemmas div-neg-pos-number-of =
div-neg-pos [of number-of v number-of w, standard]

lemmas div-pos-neg-number-of =
div-pos-neg [of number-of v number-of w, standard)

lemmas div-neg-neg-number-of =
div-neg-neg [of number-of v number-of w, standard)

lemmas mod-pos-pos-number-of =
mod-pos-pos [of number-of v number-of w, standard]

lemmas mod-neg-pos-number-of =
mod-neg-pos [of number-of v number-of w, standard)

lemmas mod-pos-neg-number-of =
mod-pos-neg [of number-of v number-of w, standard|

lemmas mod-neg-neg-number-of =
mod-neg-neg [of number-of v number-of w, standard)

lemmas posDivAlg-eqn-number-of [simp] =
posDivAlg-eqn [of number-of v number-of w, standard)

lemmas negDivAlg-eqn-number-of [simp] =
negDivAlg-eqn [of number-of v number-of w, standard]

Special-case simplification

lemma zmod-1 [simp]: a mod (1::int) = 0

apply (cut-tac a = a and b = 1 in pos-mod-sign)
apply (cut-tac [2] a = a and b = 1 in pos-mod-bound)
apply (auto simp del:pos-mod-bound pos-mod-sign)
done

lemma zdiv-1 [simp]: a div (1::int) = a
by (cut-tac a = a and b = 1 in zmod-zdiv-equality, auto)

lemma zmod-minusi-right [simp): a mod (—1:int) = 0
apply (cut-tac a = a and b = —1 in neg-mod-sign)
apply (cut-tac [2] a = a and b = —1 in neg-mod-bound)
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apply (auto simp del: neg-mod-sign neg-mod-bound)

done
lemma zdiv-minusI-right [simp]: a div (—1::int) = —a
by (cut-tac a = a and b = —1 in zmod-zdiv-equality, auto)

lemmas div-pos-pos-1-number-of [simp] =
div-pos-pos [OF int-0-less-1, of number-of w, standard)

lemmas div-pos-neg-1-number-of [simp] =
div-pos-neg [OF int-0-less-1, of number-of w, standard)]

lemmas mod-pos-pos-1-number-of [simp] =
mod-pos-pos [OF int-0-less-1, of number-of w, standard]

lemmas mod-pos-neg-1-number-of [simp] =
mod-pos-neg [OF int-0-less-1, of number-of w, standard)

lemmas posDivAlg-eqn-1-number-of [simp] =
posDivAlg-eqn [of concl: 1 number-of w, standard]

lemmas negDivAlg-eqn-1-number-of [simp] =
negDivAlg-eqn [of concl: 1 number-of w, standard)

25.9 Monotonicity in the First Argument (Dividend)

lemma zdiv-monol: [| a < a’; 0 < (buint) || ==>adivb < a’ div b
apply (cut-tac a = a and b = b in zmod-zdiv-equality)

apply (cut-tac a = o’ and b = b in zmod-zdiv-equality)

apply (rule unique-quotient-lemma)

apply (erule subst)

apply (erule subst, simp-all)

done

lemma zdiv-monol-neg: [| a < a’; (bint) < 0| ==> a’' divb < a divd
apply (cut-tac a = a and b = b in zmod-zdiv-equality)

apply (cut-tac a = o’ and b = b in zmod-zdiv-equality)

apply (rule unique-quotient-lemma-neg)

apply (erule subst)

apply (erule subst, simp-all)

done

25.10 Monotonicity in the Second Argument (Divisor)
lemma ¢-pos-lemma:

[0<bxqg"+ri5r ' <b; 0<b|]==>0<(q":int)
apply (subgoal-tac 0 < b'x (¢’ + 1))
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apply (simp add: zero-less-mult-iff)
apply (simp add: right-distrib)
done

lemma zdiv-mono2-lemma:
[| bxg + r=b*q" + r’; 0 < b*q' + r’;
ri<b 0<r; 0<by b<b]
==> ¢q < (q'int)
apply (frule g-pos-lemma, assumption+)
apply (subgoal-tac bxq < bx (¢’ + 1))
apply (simp add: mult-less-cancel-left)
apply (subgoal-tac bxqg = v’ — r + b’*q’)
prefer 2 apply simp
apply (simp (no-asm-simp) add: right-distrib)
apply (subst add-commute, rule zadd-zless-mono, arith)
apply (rule mult-right-mono, auto)
done

lemma zdiv-mono2:

[| (0zint) < a; 0<b; b'<b|]==>adivdb<adivbd’
apply (subgoal-tac b # 0)
prefer 2 apply arith
apply (cut-tac a = a and b = b in zmod-zdiv-equality)
apply (cut-tac a = a and b = b’ in zmod-zdiv-equality)
apply (rule zdiv-mono2-lemma)
apply (erule subst)
apply (erule subst, simp-all)
done

lemma ¢-neg-lemma:
[ /¢ + 7' < 0; 0<7r; 0<b'|]==>q < (0:int)
apply (subgoal-tac b*q’ < 0)
apply (simp add: mult-less-0-iff , arith)
done

lemma zdiv-mono2-neg-lemma:
[| bxg + r=b"xq" + r; b'xq¢' + r' < 0;
r<by 0<r 0<b; b <b]|
==> ¢’ < (¢::int)
apply (frule g-neg-lemma, assumption+)
apply (subgoal-tac bxq’ < bx (¢ + 1))
apply (simp add: mult-less-cancel-left)
apply (simp add: right-distrib)
apply (subgoal-tac bxq’ < b’*q’)
prefer 2 apply (simp add: mult-right-mono-neg, arith)
done

lemma zdiv-mono2-neg:
[[a < (0:int); 0<b; V/<b||==>adivb <advb

479
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apply (cut-tac a = a and b = b in zmod-zdiv-equality)
apply (cut-tac a = a and b = b’ in zmod-zdiv-equality)
apply (rule zdiv-mono2-neg-lemma)
apply (erule subst)

apply (erule subst, simp-all)

done

25.11 More Algebraic Laws for div and mod

proving (a*b) dive =a * (b divec) + a * (b mod c)

lemma zmulti-lemma:
[ quorem((b,c).(a,)); ¢ # 0 |
==> quorem ((a*b ¢), (axq + axr div ¢, axr mod c))
y (force simp add: split-ifs quorem-def linorder-neq-iff right-distrib)

lemma zdiv-zmulti-eq: (axb) div ¢ = ax(b div ¢) + ax(b mod ¢) div (c::int)
apply (case-tac ¢ = 0, simp)

apply (blast intro: quorem-div-mod [THEN zmultl-lemma, THEN quorem-div])
done

lemma zmod-zmulti-eq: (axb) mod ¢ = ax(b mod ¢) mod (c::int)

apply (case-tac ¢ = 0, simp)

apply (blast intro: quorem-div-mod [THEN zmultl-lemma, THEN quorem-mod))
done

lemma zmod-zmulti-eq”: (axb) mod (c::int) = ((a mod ¢) % b) mod ¢
apply (rule trans)

apply (rule-tac s = bxa mod ¢ in trans)

apply (rule-tac [2] zmod-zmult1-eq)

apply (simp-all add: mult-commute)

done

lemma zmod-zmult-distrib: (axb) mod (c::int) = ((a mod ¢) * (b mod ¢)) mod ¢
apply (rule zmod-zmulti-eq’ [THEN trans))
apply (rule zmod-zmulti-eq)

done

lemma zdiv-zmult-self! [simp]: b # (0::int) ==> (axb) div b = a
by (simp add: zdiv-zmult1-eq)

instance nt :: semiring-div
by intro-classes auto

lemma zdiv-zmult-self2 [simp]: b # (0::int) ==> (bxa) div b = a
by (subst mult-commute, erule zdiv-zmult-self1)

lemma zmod-zmult-self! [simp]: (axb) mod b = (0::int)
by (simp add: zmod-zmult1-eq)
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lemma zmod-zmult-self2 [simp]: (bxa) mod b = (0::int)
by (simp add: mult-commute zmod-zmult1-eq)

lemma zmod-eq-0-iff: (m mod d = 0) = (EX gq:int. m = dxq)
proof

assume m mod d = 0

with zmod-zdiv-equality[of m d] show EX g¢:int. m = dxq by auto
next

assume EX q::int. m = dxq

thus m mod d = 0 by auto
qed

lemmas zmod-eq-0D [dest!] = zmod-eq-0-iff [THEN iffD1]

proving (a+b) divec = a divc + b div ¢ + ((a mod ¢ + b mod ¢) div ¢)

lemma zaddi-lemma:

[| quorem((a,c),(ag,ar)); quorem((b,c),(bg,br)); ¢ # 0 |]

==> quorem ((a+b, c), (ag + bg + (ar+dr) div ¢, (ar+br) mod c))
by (force simp add: split-ifs quorem-def linorder-neq-iff right-distrib)

lemma zdiv-zaddI-eq:
(a+b) div (cint) = a div ¢ + b div ¢ + ((@ mod ¢ + b mod ¢) div ¢)
apply (case-tac ¢ = 0, simp)
apply (blast intro: zadd1-lemma [OF quorem-div-mod quorem-div-mod] quorem-div)
done

lemma zmod-zaddi-eq: (a+b) mod (c::int) = (a mod ¢ + b mod ¢) mod ¢

apply (case-tac ¢ = 0, simp)

apply (blast intro: zadd1-lemma [OF quorem-div-mod quorem-div-mod] quorem-mod)
done

lemma mod-div-trivial [simp]: (a mod b) div b = (0::int)

apply (case-tac b = 0, simp)

apply (auto simp add: linorder-neq-iff div-pos-pos-trivial div-neg-neg-trivial)
done

lemma mod-mod-trivial [simp]: (a mod b) mod b = a mod (b::int)

apply (case-tac b = 0, simp)

apply (force simp add: linorder-neq-iff mod-pos-pos-trivial mod-neg-neg-trivial)
done

lemma zmod-zadd-left-eq: (a+b) mod (c::int) = ((a mod ¢) + b) mod ¢
apply (rule trans [symmetric])

apply (rule zmod-zadd1-eq, simp)

apply (rule zmod-zadd1-eq [symmetric])

done

lemma zmod-zadd-right-eq: (a+b) mod (c::int) = (a + (b mod ¢)) mod ¢
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apply (rule trans [symmetric])

apply (rule zmod-zadd1-eq, simp)
apply (rule zmod-zaddi-eq [symmetric])
done

lemma zdiv-zadd-self1 [simp]: a # (0::int) ==> (a+b) diva = b diva + 1
by (simp add: zdiv-zadd1-eq)

lemma zdiv-zadd-self2[simp]: a # (0::int) ==> (b+a) div a = b div a + 1
by (simp add: zdiv-zaddI-eq)

lemma zmod-zadd-self1 [simp]: (a+b) mod a = b mod (a::int)
apply (case-tac a = 0, simp)

apply (simp add: zmod-zadd1-eq)

done

lemma zmod-zadd-self2[simp]: (b+a) mod a = b mod (a::int)
apply (case-tac a = 0, simp)

apply (simp add: zmod-zadd1-eq)

done

lemma zmod-zdiff1-eq: fixes a::int
shows (a — b) mod ¢ = (a mod ¢ — b mod ¢) mod ¢ (is ?l = ?r)
proof —
have ?] = (¢ 4+ (a mod ¢ — b mod ¢)) mod ¢
using zmod-zadd1-eq[of a —b c] by(simp add:ring-simps zmod-zminus1-eq-if )
also have ... = 2r by simp
finally show ?thesis .
qed

25.12 Proving a div (b * ¢) = a div b div ¢

first, four lemmas to bound the remainder for the cases bj0 and b;0

lemma zmult2-lemma-auzl: [| (0:int) < ¢; b < r; r < 0 |] ==> bxc < bx(q
mod ¢) + 1
apply (subgoal-tac b * (¢ — g mod ¢) < r x 1)
apply (simp add: right-diff-distrib)
apply (rule order-le-less-trans)
apply (erule-tac [2] mult-strict-right-mono)
apply (rule mult-left-mono-neg)
apply (auto simp add: compare-rls add-commute [of 1]
add1-zle-eq pos-mod-bound)
done

lemma zmult2-lemma-auz2:

[| (0zint) <c¢; b<r; r<0||==>bx(¢gmodc)+r<0
apply (subgoal-tac b * (¢ mod ¢) < 0)
apply arith
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apply (simp add: mult-le-0-iff)
done

lemma zmult2-lemma-auzs: [| (0:zint) < ¢; 0 <71, r<b|==>0<bx(g
mod ¢) + 1

apply (subgoal-tac 0 < b * (¢ mod ¢) )

apply arith

apply (simp add: zero-le-mult-iff')

done

lemma zmult2-lemma-auzs: [| (0:int) < ¢; 0 < r;r < b || ==> b * (¢ mod c)
+r<bxc
apply (subgoal-tac r * 1 < b % (¢ — ¢ mod ¢) )
apply (simp add: right-diff-distrib)
apply (rule order-less-le-trans)
apply (erule mult-strict-right-mono)
apply (rule-tac [2] mult-left-mono)
apply (auto simp add: compare-rls add-commute [of 1]
add1-zle-eq pos-mod-bound)
done

lemma zmult2-lemma: || quorem ((a,b), (¢,r)); b # 0; 0 < ¢ ||
==> quorem ((a, bxc), (q div ¢, bx(q mod ¢) + r))
by (auto simp add: mult-ac quorem-def linorder-neg-iff
zero-less-mult-iff right-distrib [symmetric]
zmult2-lemma-auzrl zmult2-lemma-auz?2 zmult2-lemma-auz3
zmult2-lemma-auxs)

lemma zdiv-zmult2-eq: (0::int) < ¢ ==> a div (bxc) = (a div b) div ¢

apply (case-tac b = 0, simp)

apply (force simp add: quorem-div-mod [THEN zmult2-lemma, THEN quorem-div))
done

lemma zmod-zmult2-eq:
(0::int) < ¢ ==> a mod (bxc) = bx(a div b mod ¢) + a mod b
apply (case-tac b = 0, simp)
apply (force simp add: quorem-div-mod [THEN zmult2-lemma, THEN quorem-mod))
done

25.13 Cancellation of Common Factors in div

lemma zdiv-zmult-zmult1-auzl:
[| (0:int) < b; ¢ # 0 |] ==> (cxa) div (¢xb) = a div b
by (subst zdiv-zmult2-eq, auto)

lemma zdiv-zmult-zmultl-quz?:

[| b < (0:int); ¢ # 0 |] ==> (cxa) div (¢xb) = a div b
apply (subgoal-tac (c x (—a)) div (¢ * (=b)) = (—a) div (=b) )
apply (rule-tac [2] zdiv-zmult-zmultl-auzl, auto)
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done

lemma zdiv-zmult-zmultl: ¢ # (0::int) ==> (cxa) div (cxb) = a div b

apply (case-tac b = 0, simp)

apply (auto simp add: linorder-neq-iff zdiv-zmult-zmult1-auz! zdiv-zmult-zmult1-auz2)
done

lemma zdiv-zmult-zmult1-if [simp):
(kxm) div (kxn) = (if k = (0::int) then 0 else m div n)
by (simp add:zdiv-zmult-zmult1)

25.14 Distribution of Factors over mod

lemma zmod-zmult-zmult1-auzl:
[| (0:int) < b; ¢ # 0 ]|] ==> (c¢xa) mod (cxb) = ¢ * (a mod b)
by (subst zmod-zmult2-eq, auto)

lemma zmod-zmult-zmult]-auz2:

[| b < (0:int); ¢ # 0 ]] ==> (c¢xa) mod (cxb) = ¢ * (a mod b)
apply (subgoal-tac (¢ x (—a)) mod (¢ x (=b)) = ¢ * ((—a) mod (—b)))
apply (rule-tac [2] zmod-zmult-zmultl-auxl, auto)
done

lemma zmod-zmult-zmultl: (cxa) mod (cxb) = (c:int) * (a mod b)

apply (case-tac b = 0, simp)

apply (case-tac ¢ = 0, simp)

apply (auto simp add: linorder-neg-iff zmod-zmult-zmult1-auzl zmod-zmult-zmult1-aux?2)
done

lemma zmod-zmult-zmult2: (axc) mod (bxc) = (a mod b) * (c::int)
apply (cut-tac ¢ = ¢ in zmod-zmult-zmult1)

apply (auto simp add: mult-commute)

done

lemma zmod-zmod-cancel:
assumes n dvd m shows (k::int) mod m mod n = k mod n
proof —
from (n dvd m) obtain r where m = nx*r by (auto simp:dvd-def)
have k mod n = (m * (k div m) + k mod m) mod n
using zmod-zdiv-equality[of k m] by simp
also have ... = (m * (k div m) mod n + k mod m mod n) mod n
by (subst zmod-zadd1-eq, rule refl)
also have m * (k div m) mod n = 0 using (m = n*r
by (simp add:mult-ac)
finally show ?thesis by simp
qed
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25.15 Splitting Rules for div and mod

The proofs of the two lemmas below are essentially identical

lemma split-pos-lemma:
0<k ==>
P(ndivk ::int)(n mod k) = (Vij. 0<j & j<k & n=kxi+j ——> Pij)
apply (rule iffI, clarify)
apply (erule-tac P=P %z ?y in rev-mp)
apply (subst zmod-zadd1-eq)
apply (subst zdiv-zadd1-eq)
apply (simp add: div-pos-pos-trivial mod-pos-pos-trivial)

converse direction

apply (drule-tac * = n div k in spec)
apply (drule-tac * = n mod k in spec, simp)
done

lemma split-neg-lemma:
k<0 ==>
P(n divk ::int)(n mod k) = (Vij. k<j & j<0 & n = kxi +j —> P ij)
apply (rule iffI, clarify)
apply (erule-tac P=P %z ?y in rev-mp)
apply (subst zmod-zadd1-eq)
apply (subst zdiv-zaddI-eq)
apply (simp add: div-neg-neg-trivial mod-neg-neg-trivial)

converse direction

apply (drule-tac x = n div k in spec)
apply (drule-tac x = n mod k in spec, simp)
done

lemma split-zdiv:
P(n div k :: int) =
(k=0—-——>P0)&
(0<k ——> (Vij. 0<j & j<k & n=kxi+j——>Pi)) &
(k<0 ——> (Vij. k<j & j<0 & n = ki + j ——> P i)))
apply (case-tac k=0, simp)
apply (simp only: linorder-neg-iff)
apply (erule disjE)
apply (simp-all add: split-pos-lemma [of concl: %oz y. P z]
split-neg-lemma [of concl: %x y. P x))
done

lemma split-zmod:
P(n mod k :: int) =
(k=0-—>Pn)&
(0<k ——> (Vij. 0<j & j<k&n=kxi+j——>Pj) &
(k<0 ——> (Vij. k<j & j<0 & n = kxi + j —> Pj)))
apply (case-tac k=0, simp)
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apply (simp only: linorder-neq-iff)

apply (erule disjE)

apply (simp-all add: split-pos-lemma |of concl: %x y. P y]
split-neg-lemma [of concl: %x y. P y])

done

declare split-zdiv [of - - number-of k, simplified, standard, arith-split]
declare split-zmod [of - - number-of k, simplified, standard, arith-split]

25.16 Speeding up the Division Algorithm with Shifting

computing div by shifting

lemma pos-zdiv-mult-2: (0::int) < a ==> (1 + 2xb) div (2%a) = b div a
proof cases
assume a={0
thus ?thesis by simp
next
assume a#0 and le-a: 0<a
hence a-pos: 1 < a by arith
hence one-less-a2: 1 < 2xa by arith
hence le-2a: 2 x (1 + b mod a) < 2 % a
by (simp add: mult-le-cancel-left add-commute [of 1] addl-zle-eq)
with a-pos have 0 < b mod a by simp
hence le-addm: 0 < 1 mod (2xa) + 2x(b mod a)
by (simp add: mod-pos-pos-trivial one-less-a2)
with le-2a
have (1 mod (2xa) + 2%(b mod a)) div (2xa) = 0
by (simp add: div-pos-pos-trivial le-addm mod-pos-pos-trivial one-less-a2
right-distrib)
thus ?thesis
by (subst zdiv-zadd1-eq,
simp add: zdiv-zmult-zmultl zmod-zmult-zmultl one-less-a2
div-pos-pos-trivial )
qed

lemma neg-zdiv-mult-2: a < (0::int) ==> (1 + 2xb) div (2xa) = (b+1) div a
apply (subgoal-tac (1 + 2% (=b — 1)) div (2 % (—a)) = (=b — 1) div (—a) )
apply (rule-tac [2] pos-zdiv-mult-2)

apply (auto simp add: minus-mult-right [symmetric] right-diff-distrib)

apply (subgoal-tac (—1 — (2 % b)) = — (1 + (2 * b))

apply (simp only: zdiv-zminus-zminus diff-minus minus-add-distrib [symmetric],
simp)

done

lemma not-0-le-lemma: ~ 0 < z ==> x < (0::int)

by auto
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lemma zdiv-number-of-Bit0 [simp]:
number-of (Int.Bit0 v) div number-of (Int.Bit0 w) =
number-of v div (number-of w :: int)
by (simp only: number-of-eq numeral-simps) simp

lemma zdiv-number-of-Bit1 [simp]:
number-of (Int.Bitl v) div number-of (Int.Bit0 w) =
(if (0::int) < number-of w
then number-of v div (number-of w)
else (number-of v + (1::int)) div (number-of w))
apply (simp only: number-of-eq numeral-simps UNIV-I split: split-if )
apply (simp add: zdiv-zmult-zmult] pos-zdiv-mult-2 neg-zdiv-mult-2 add-ac)
done

25.17 Computing mod by Shifting (proofs resemble those for
div)

lemma pos-zmod-mult-2:
(0:int) < a ==> (1 + 2xb) mod (2%a) =1 + 2 x (b mod a)
apply (case-tac a = 0, simp)
apply (subgoal-tac 1 < a x 2)
prefer 2 apply arith
apply (subgoal-tac 2% (1 + b mod a) < 2xa)
apply (rule-tac [2] mult-left-mono)
apply (auto simp add: add-commute [of 1] mult-commute addl-zle-eq
pos-mod-bound)
apply (subst zmod-zadd1-eq)
apply (simp add: zmod-zmult-zmult2 mod-pos-pos-trivial)
apply (rule mod-pos-pos-trivial)
apply (auto simp add: mod-pos-pos-trivial ring-distribs)
apply (subgoal-tac 0 < b mod a, arith, simp)
done

lemma neg-zmod-mult-2:

a < (0:int) ==> (1 + 2%b) mod (2xa) = 2 * ((b+1) mod a) — 1
apply (subgoal-tac (1 + 2x (=b — 1)) mod (2% (—a)) =

14+ 2% ((—b — 1) mod (—a)))

apply (rule-tac [2] pos-zmod-mult-2)
apply (auto simp add: minus-mult-right [symmetric] right-diff-distrib)
apply (subgoal-tac (—1 — (2 % b)) = — (1 + (2 x b)))
prefer 2 apply simp
apply (simp only: zmod-zminus-zminus diff-minus minus-add-distrib [symmetric])
done

lemma zmod-number-of-Bit0 [simp):
number-of (Int.Bit0 v) mod number-of (Int.Bit0 w) =
(2::int) * (number-of v mod number-of w)

apply (simp only: number-of-eq numeral-simps)

apply (simp add: zmod-zmult-zmultl pos-zmod-mult-2



THEORY “IntDiv” 488

not-0-le-lemma neg-zmod-mult-2 add-ac)
done

lemma zmod-number-of-Bitl [simp]:
number-of (Int.Bitl v) mod number-of (Int.Bit0 w) =
(if (0::int) < number-of w
then 2 * (number-of v mod number-of w) + 1
else 2 * ((number-of v + (1::int)) mod number-of w) — 1)
apply (simp only: number-of-eq numeral-simps)
apply (simp add: zmod-zmult-zmult] pos-zmod-mult-2
not-0-le-lemma neg-zmod-mult-2 add-ac)
done

25.18 Quotients of Signs

lemma div-neg-pos-less0: [| a < (0:int); 0 < b || ==>adivb <0
apply (subgoal-tac a div b < —1, force)

apply (rule order-trans)

apply (rule-tac a’ = —1 in zdiv-monol)

apply (auto simp add: zdiv-minusl)

done

lemma div-nonneg-neg-le0: [| (0::int) < a; b < 0| ==>adivdb <0
by (drule zdiv-monol-neg, auto)

lemma pos-imp-zdiv-nonneg-iff: (0::int) < b ==> (0 < a div b) = (0 < a)
apply auto

apply (drule-tac [2] zdiv-monol)

apply (auto simp add: linorder-neq-iff)

apply (simp (no-asm-use) add: linorder-not-less [symmetric])

apply (blast intro: div-neg-pos-less0)

done

lemma neg-imp-zdiv-nonneg-iff :
b < (0:int) ==> (0 < a div b) = (a < (0::int))
apply (subst zdiv-zminus-zminus [symmetric))
apply (subst pos-imp-zdiv-nonneg-iff , auto)
done

lemma pos-imp-zdiv-neg-iff: (0::int) < b ==> (a divb < 0) = (a < 0)
by (simp add: linorder-not-le [symmetric| pos-imp-zdiv-nonneg-iff)

lemma neg-imp-zdiv-neg-iff: b < (0::int) ==> (a divb < 0) = (0 < a)
by (simp add: linorder-not-le [symmetric] neg-imp-zdiv-nonneg-iff’)

25.19 The Divides Relation
lemma zdvd-iff-zmod-eq-0: (m dvd n) = (n mod m = (0::int))



THEORY “IntDiv” 489

by (simp add: dvd-def zmod-eq-0-iff)

lemmas zdvd-iff-zmod-eq-0-number-of [simp] =
zdvd-iff-zmod-eq-0 [of number-of © number-of y, standard)]

lemma zdvd-0-right [iff]: (m::int) dvd 0
by (simp add: dvd-def)

lemma zdvd-0-left [iff ,noatp]: (0 dvd (m::int)) = (m = 0)
by (simp add: dvd-def)

lemma zdvd-1-left [iff]: 1 dvd (m::int)
by (simp add: dvd-def)

lemma zdvd-refl [simp]: m dvd (m::int)
by (auto simp add: dvd-def intro: zmult-1-right [symmetric])

lemma zdvd-trans: m dvd n ==> n dvd k ==> m dvd (k::int)
by (auto simp add: dvd-def intro: mult-assoc)

lemma zdvd-zminus-iff: (m dvd —n) = (m dvd (n::int))
apply (simp add: dvd-def, auto)
apply (rule-tac ['] x = —k in ez, auto)
done

lemma zdvd-zminus2-iff: (—m dvd n) = (m dvd (n::int))
apply (simp add: dvd-def, auto)
apply (rule-tac ['] x = —k in exl, auto)
done
lemma zdvd-absl: ( |i:int| dvd j) = (i dvd j)
apply (cases i > 0, simp)
apply (simp add: dvd-def)
apply (rule iffI)
apply (erule exE)
(
(
(

apply (rule-tac z=— k in exl, simp)
apply (erule exE)

apply (rule-tac z=— k in exl, simp)
done

lemma zdvd-abs2: ( (i:int) dvd |j]) = (¢ dvd j)
apply (cases j > 0, simp)
apply (simp add: dvd-def)
apply (rule iffI)
apply (erule exE)
apply (rule-tac z=— k in exl, simp)
apply (erule exE)
apply (rule-tac z=— k in ez, simp)
done

lemma zdvd-anti-sym:
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0<m==>0<n==>mdvdn==>ndvdm==>m = (n:int)
apply (simp add: dvd-def, auto)
apply (simp add: mult-assoc zero-less-mult-iff zmult-eq-1-iff)
done

lemma zdvd-zadd: k dvd m ==> k dvd n ==> k dvd (m + n :: int)
apply (simp add: dvd-def)
apply (blast intro: right-distrib [symmetric])
done

lemma zdvd-dvd-eq: assumes anz:a # 0 and ab: (a::int) dvd b and ba:b dvd a
shows |a| = |b]
proof—
from ab obtain k£ where k:b = axk unfolding dvd-def by blast
from ba obtain k' where k’:a = bxk’ unfolding dvd-def by blast
from k k' have a = axkxk’ by simp
with mult-cancel-left] [where c=a and b=kx*k’]
have kk":kxk’ = 1 using anz by (simp add: mult-assoc)
hence k =1 ANk'=1VEk=—1ANEk'"=—1 by (simp add: zmult-eq-1-iff)
thus ?thesis using k k' by auto
qed

lemma zdvd-zdiff: k dvd m ==> k dvd n ==> k dvd (m — n :: int)
apply (simp add: dvd-def)
apply (blast intro: right-diff-distrib [symmetric])
done

lemma zdvd-zdiffD: k dvd m — n ==> k dvd n ==> k dvd (m::int)
apply (subgoal-tac m = n + (m — n))
apply (erule ssubst)
apply (blast intro: zdvd-zadd, simp)
done

lemma zdvd-zmult: k dvd (n:int) ==> k dvd m * n
apply (simp add: dvd-def)
apply (blast intro: mult-left-commute)
done

lemma zdvd-zmult2: k dvd (m::int) ==> k dvd m * n
apply (subst mult-commute)
apply (erule zdvd-zmult)
done

lemma zdvd-triv-right [iff]: (k::int) dvd m * k
apply (rule zdvd-zmult)
apply (rule zdvd-refl)
done

lemma zdvd-triv-left [iff]: (k::int) dvd k * m
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apply (rule zdvd-zmult2)
apply (rule zdvd-refl)
done

lemma zdvd-zmultD2: j * k dvd n ==> j dvd (n::int)
apply (simp add: dvd-def)
apply (simp add: mult-assoc, blast)
done

lemma zdvd-zmultD: j * k dvd n ==> k dvd (n::int)
apply (rule zdvd-zmultD2)
apply (subst mult-commute, assumption)
done

lemma zdvd-zmult-mono: i dvd m ==> j dvd (n:int) ==> i % jdvd m * n
apply (simp add: dvd-def, clarify)
apply (rule-tac z = k * ka in exl)
apply (simp add: mult-ac)
done

lemma zdvd-reduce: (k dvd n + k « m) = (k dvd (n::int))
apply (rule iffI)
apply (erule-tac [2] zdvd-zadd)
apply (subgoal-tac n = (n + k * m) — k % m)
apply (erule ssubst)
apply (erule zdvd-zdiff, simp-all)
done

lemma zdvd-zmod: f dvd m ==> f dvd (n::int) ==> f dvd m mod n
apply (simp add: dvd-def)
apply (auto simp add: zmod-zmult-zmult1)
done

lemma zdvd-zmod-imp-zdvd: k dvd m mod n ==> k dvd n ==> k dvd (m::int)
apply (subgoal-tac k dvd n * (m div n) + m mod n)
apply (simp add: zmod-zdiv-equality [symmetric])
apply (simp only: zdvd-zadd zdvd-zmult2)
done

lemma zdvd-not-zless: 0 < m ==>m < n ==> = n dvd (m:int)
apply (simp add: dvd-def, auto)
apply (subgoal-tac 0 < n)
prefer 2
apply (blast intro: order-less-trans)
apply (simp add: zero-less-mult-iff)
apply (subgoal-tac n x k < n * 1)
apply (drule mult-less-cancel-left [THEN iffD1], auto)
done
lemma zmult-div-cancel: (n::int) * (m div n) = m — (m mod n)
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using zmod-zdiv-equality|[where a=m and b=n)|
by (simp add: ring-simps)

lemma zdvd-mult-div-cancel:(n::int) dvd m = n * (m div n) = m
apply (subgoal-tac m mod n = 0)

apply (simp add: zmult-div-cancel)

apply (simp only: zdvd-iff-zmod-eq-0)

done

lemma zdvd-mult-cancel: assumes d:k * m dvd k « n and kz:k # (0::int)
shows m dvd n
proof—
from d obtain h where h: kxn = kxm x h unfolding dvd-def by blast
{assume n # mxh hence kx n # kx (m*h) using kz by simp
with & have Fulse by (simp add: mult-assoc)}
hence n = m * h by blast
thus ?thesis by blast
qed

lemma zdvd-zmult-cancel-disj[simp]:
(kxm) dvd (kxn) = (k=0 | m dvd (n::int))
by (auto simp: zdvd-zmult-mono dest: zdvd-mult-cancel)

theorem ez-nat: (3z:nat. P x) = (3zuint. 0 <=z A P (nat z))
apply (simp split add: split-nat)
apply (rule iffI)

apply (erule exE)

apply (rule-tac z = int z in exl)
apply simp

apply (erule exE)

apply (rule-tac z = nat z in exl)
apply (erule conjE)

apply (erule-tac © = nat z in allE)
apply simp

done

theorem zdvd-int: (z dvd y) = (int z dvd int y)

apply (simp only: dvd-def ex-nat int-int-eq [symmetric] zmult-int [symmetric]
nat-0-le cong add: conj-cong)

apply (rule iffT)

apply iprover

apply (erule exE)

apply (case-tac z=0)

apply (rule-tac =0 in exl)

apply simp

apply (case-tac 0 < k)

apply iprover

apply (simp add: neq0-conv linorder-not-le)
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apply (drule mult-strict-left-mono-neg [OF iffD2 [OF zero-less-int-conv]])
apply assumption

apply (simp add: mult-ac)

done

lemma zdvd1-eq[simp]: (z::int) dvd 1 = ( |z| = 1)
proof
assume d: z dvd 1 hence int (nat |z|) dvd int (nat 1) by (simp add: zdvd-abs1)
hence nat |z| dvd 1 by (simp add: zdvd-int)
hence nat |z| = 1 by simp
thus |z| = I by (cases ¢ < 0, auto)
next
assume |z|=1 thus z dvd 1
by (cases x < 0,simp-all add: minus-equation-iff zdvd-iff-zmod-eq-0)
qed
lemma zdvd-mult-cancell:
assumes mp:m #(0::int) shows (m * n dvd m) = (|n| = 1)
proof
assume nl: |n| = 1 thus m x n dvd m
by (cases n >0, auto simp add: zdvd-zminus2-iff minus-equation-iff )
next
assume H: m x n dvd m hence H2: m x n dvd m x 1 by simp
from zdvd-mult-cancel] OF H2 mp] show |n| = 1 by (simp only: zdvd1-eq)
qed

lemma int-dvd-iff : (int m dvd z) = (m dvd nat (abs z))
apply (auto simp add: dvd-def nat-abs-mult-distrib)
apply (auto simp add: nat-eq-iff abs-if split add: split-if-asm)
apply (rule-tac ¢ = —(int k) in exl)
apply (auto simp add: int-mult)
done

lemma dvd-int-iff: (z dvd int m) = (nat (abs z) dvd m)
apply (auto simp add: dvd-def abs-if int-mult)
apply (rule-tac [3] z = nat k in exl)
apply (rule-tac [2] x = —(int k) in ex])
apply (rule-tac x = nat (—k) in exl)
apply (cut-tac [3] k = m in int-less-0-conv)
apply (cut-tac k = m in int-less-0-conv)
apply (auto simp add: zero-le-mult-iff mult-less-0-iff
nat-mult-distrib [symmetric] nat-eg-iff2)
done

lemma nat-dvd-iff : (nat z dvd m) = (if 0 < z then (z dvd int m) else m = 0)
apply (auto simp add: dvd-def int-mult)
apply (rule-tac ¢ = nat k in exl)
apply (cut-tac k = m in int-less-0-conv)
apply (auto simp add: zero-le-mult-iff mult-less-0-iff
nat-mult-distrib [symmetric] nat-eq-iff2)
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done

lemma zminus-dvd-iff [iff]: (—z dvd w) = (z dvd (w::int))
apply (auto simp add: dvd-def)
apply (rule-tac [I] © = —k in exl, auto)
done

lemma dvd-zminus-iff [iff]: (z dvd —w) = (z dvd (w::int))
apply (auto simp add: dvd-def)
apply (drule minus-equation-iff [THEN iffD1])
apply (rule-tac [I] © = —k in exl, auto)
done

lemma zdvd-imp-le: || z dvd n; 0 < n || ==> z < (n:uint)
apply (rule-tac z=n in int-cases)
apply (auto simp add: dvd-int-iff)
apply (rule-tac z=z in int-cases)
apply (auto simp add: dvd-imp-le)
done

lemma zpower-zmod: ((z::int) mod m) "y mod m = z"y mod m
apply (induct y, auto)

apply (rule zmod-zmult1-eq [THEN trans])

apply (simp (no-asm-simp))

apply (rule zmod-zmult-distrib [symmetric])

done

lemma zdiv-int: int (a div b) = (int a) div (int b)

apply (subst split-div, auto)

apply (subst split-zdiv, auto)

apply (rule-tac a=int (b * i) + int j and b=int b and r=int j and r'=ja in
IntDiv.unique-quotient)

apply (auto simp add: IntDiv.quorem-def of-nat-mult)

done

lemma zmod-int: int (a mod b) = (int a) mod (int b)

apply (subst split-mod, auto)

apply (subst split-zmod, auto)

apply (rule-tac a=int (b x i) + int j and b=int b and g=int i and ¢'=ia
in unique-remainder)

apply (auto simp add: IntDiv.quorem-def of-nat-mult)

done

Suggested by Matthias Daum

lemma int-power-div-base:
[0<m;0<k] =k mdivk=(kznt) " (m — Suc0)
apply (subgoal-tack "m =4k * (m — 1) + 1))
apply (erule ssubst)
apply (simp only: power-add)
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apply simp-all
done

by Brian Huffman

lemma zminus-zmod: — ((z::int) mod m) mod m = — x mod m
by (simp only: zmod-zminus1-eq-if mod-mod-trivial)

lemma zdiff-zmod-left: (x mod m — y) mod m = (x — y) mod (m::int)
by (simp only: diff-def zmod-zadd-left-eq [symmetric])

lemma zdiff-zmod-right: (x — y mod m) mod m = (x — y) mod (m::int)
proof —
have (z + — (y mod m) mod m) mod m = (x + — y mod m) mod m
by (simp only: zminus-zmod)
hence (z + — (y mod m)) mod m = (x + — y) mod m
by (simp only: zmod-zadd-right-eq [symmetric])
thus (z — y mod m) mod m = (z — y) mod m
by (simp only: diff-def)
qed

lemmas zmod-simps =
IntDiv.zmod-zadd-left-eq [symmetric]
IntDiv.zmod-zadd-right-eq [symmetric)
IntDiv.zmod-zmulti-eq  [symmetric]
IntDiv.zmod-zmultl-eq’  [symmetric]
IntDiv.zpower-zmod
zminus-zmod zdiff-zmod-left zdiff-zmod-right

code generator setup

context ring-1
begin

lemma of-int-num [code func]:
of-int k = (if k = 0 then 0 else if k < 0 then
— of-int (— k) else let
(I, m) = divAlg (k, 2);

"= of-int |
inifm=0thenl + 1l'elsel’ + 1"+ 1)
proof —

have auz!: k mod (2::int) # (0::int) =
of-int k = of-int (k div 2 x 2 + 1)
proof —
have &k mod 2 < 2 by (auto intro: pos-mod-bound)
moreover have 0 < k mod 2 by (auto intro: pos-mod-sign)
moreover assume £k mod 2 # 0
ultimately have k mod 2 = 1 by arith
moreover have of-int k = of-int (k div 2 * 2 + k mod 2) by simp
ultimately show ?thesis by auto
qed
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have auz2: N\z. of-int 2 x x =z + z
proof —
fix z
have int2: (2::int) = 1 + 1 by arith
show of-int 2 x z =z + x
unfolding nt2 of-int-add left-distrib by simp
qed
have auz3: Nz. z % of-int 2 =z +
proof —
fix z
have int2: (2::int) = 1 + 1 by arith
show z % of-int 2 =z +
unfolding int2 of-int-add right-distrib by simp
qed
from auzl show ?thesis by (auto simp add: divAlg-mod-div Let-def aux2 aux3)
qed

end

code-modulename SML
IntDiv Integer

code-modulename OCaml
IntDiv Integer

code-modulename Haskell
IntDiv Integer

end

26 NatBin: Binary arithmetic for the natural num-
bers

theory NatBin
imports IntDiv
begin

Arithmetic for naturals is reduced to that for the non-negative integers.

instantiation nat :: number
begin

definition
nat-number-of-def [code inline]: number-of v = nat (number-of v)

instance ..

end
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lemma [code post]:
nat (number-of v) = number-of v
unfolding nat-number-of-def ..

abbreviation (zsymbols)
square :: 'az:power => 'a ((-2) [1000] 999) where
12 == 12

notation (latex output)
square ((-2) [1000] 999)

notation (HTML output)
square ((-2) [1000] 999)

26.1 Function nat: Coercion from Type int to nat

declare nat-0 [simp] nat-1 [simp]

lemma nat-number-of [simp]: nat (number-of w) = number-of w
by (simp add: nat-number-of-def)

lemma nat-numeral-0-eq-0 [simp]: Numeral0 = (0::nat)
by (simp add: nat-number-of-def)

lemma nat-numeral-1-eq-1 [simp]: Numerall = (1::nat)
by (simp add: nat-1 nat-number-of-def)

lemma numeral-1-eq-Suc-0: Numerall = Suc 0
by (simp add: nat-numeral-1-eq-1)

lemma numeral-2-eq-2: 2 = Suc (Suc 0)
apply (unfold nat-number-of-def)

apply (rule nat-2)

done

Distributive laws for type nat. The others are in theory IntArith, but these
require div and mod to be defined for type ”int”. They also need some of
the lemmas proved above.

lemma nat-div-distrib: (0::int) <= z ==> nat (z div z') = nat z div nat 2’
apply (case-tac 0 <= z')

apply (auto simp add: div-nonneg-neg-le0 DIVISION-BY-ZERO-DIV)
apply (case-tac z’' = 0, simp add: DIVISION-BY-ZERO)

apply (auto elim!: nonneg-eg-int)

apply (rename-tac m m’)

apply (subgoal-tac 0 <= int m div int m’)

prefer 2 apply (simp add: nat-numeral-0-eq-0 pos-imp-zdiv-nonneg-iff)
apply (rule of-nat-eq-iff [where ‘a=int, THEN iffD1], simp)

apply (rule-tac r = int (m mod m’) in quorem-div)

Py
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prefer 2 apply force
apply (simp add: nat-less-iff [symmetric| quorem-def nat-numeral-0-eq-0
of-nat-add [symmetric] of-nat-mult [symmetric]
del: of-nat-add of-nat-mult)
done

lemma nat-mod-distrib:

[| (0:int) <= z; 0 <= 2'|] ==> nat (z mod z') = nat z mod nat 2z’
apply (case-tac 2z’ = 0, simp add: DIVISION-BY-ZERO)
apply (auto elim!: nonneg-eg-int)
apply (rename-tac m m’)
apply (subgoal-tac 0 <= int m mod int m’)
prefer 2 apply (simp add: nat-less-iff nat-numeral-0-eq-0 pos-mod-sign)
apply (rule int-int-eq [THEN iffD1], simp)
apply (rule-tac ¢ = int (m div m”’) in quorem-mod)
prefer 2 apply force
apply (simp add: nat-less-iff [symmetric| quorem-def nat-numeral-0-eq-0

of-nat-add [symmetric] of-nat-mult [symmetric]
del: of-nat-add of-nat-mult)

done

Suggested by Matthias Daum

lemma int-div-less-self: [0 < z; 1 < k] = z div k < (z:int)
apply (subgoal-tac nat x div nat k < nat z)

apply (simp (asm-Ir) add: nat-div-distrib [symmetric])
apply (rule Divides.div-less-dividend, simp-all)

done

26.2 Function int: Coercion from Type nat to int

lemma int-nat-number-of [simp]:
int (number-of v) =
(if neg (number-of v :: int) then 0
else (number-of v :: int))
by (simp del: nat-number-of
add: neg-nat nat-number-of-def not-neg-nat add-assoc)

26.2.1 Successor

lemma Suc-nat-eq-nat-zadd1: (0::int) <= z ==> Suc (nat z) = nat (1 + 2)
apply (rule sym)

apply (simp add: nat-eg-iff int-Suc)

done

lemma Suc-nat-number-of-add:
Suc (number-of v + n) =
(if neg (number-of v :: int) then 1+n else number-of (Int.succ v) + n)
by (simp del: nat-number-of
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add: nat-number-of-def neg-nat
Suc-nat-eq-nat-zadd1 number-of-succ)

lemma Suc-nat-number-of [simp]:
Suc (number-of v) =
(if neg (number-of v :: int) then 1 else number-of (Int.succ v))
apply (cut-tac n = 0 in Suc-nat-number-of-add)
apply (simp cong del: if-weak-cong)
done

26.2.2 Addition

lemma add-nat-number-of [simp]:
(number-of v :: nat) + number-of v’ =
(if neg (number-of v :: int) then number-of v’
else if neg (number-of v’ :: int) then number-of v
else number-of (v + v’))
by (force dest!: neg-nat
simp del: nat-number-of
simp add: nat-number-of-def nat-add-distrib [symmetric))

26.2.3 Subtraction

lemma diff-nat-eq-if:
nat z — nat 2’ =
(if neg 2’ then nat z
else let d = z—=z" in
if neg d then 0 else nat d)
apply (simp add: Let-def nat-diff-distrib [symmetric| neg-eq-less-0 not-neg-eq-ge-0)
done

lemma diff-nat-number-of [simp]:
(number-of v :: nat) — number-of v’/ =
(if neg (number-of v’ :: int) then number-of v
else let d = number-of (v + uminus v’) in
if neg d then 0 else nat d)
by (simp del: nat-number-of add: diff-nat-eq-if nat-number-of-def’)

26.2.4 Multiplication

lemma mult-nat-number-of [simp]:
(number-of v :: nat) * number-of v/ =
(if neg (number-of v :: int) then 0 else number-of (v % v’))
by (force dest!: neg-nat
simp del: nat-number-of
simp add: nat-number-of-def nat-mult-distrib [symmetric))

26.2.5 Quotient

lemma div-nat-number-of [simp]:
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(number-of v :: nat) div number-of v/ =
(if neg (number-of v :: int) then 0
else nat (number-of v div number-of v’))
by (force dest!: neg-nat
simp del: nat-number-of
simp add: nat-number-of-def nat-div-distrib [symmetric])

lemma one-div-nat-number-of [simp]:
(Suc 0) div number-of v/ = (nat (1 div number-of v’))
by (simp del: nat-numeral-1-eq-1 add: numeral-1-eq-Suc-0 [symmetric])

26.2.6 Remainder

lemma mod-nat-number-of [simp):
(number-of v :: nat) mod number-of v’ =
(if neg (number-of v :: int) then 0
else if neg (number-of v’ :: int) then number-of v
else nat (number-of v mod number-of v'))
by (force dest!: neg-nat
simp del: nat-number-of
simp add: nat-number-of-def nat-mod-distrib [symmetric])

lemma one-mod-nat-number-of [simp]:
(Suc 0) mod number-of v’ =
(if neg (number-of v’ :: int) then Suc 0
else nat (1 mod number-of v'))
by (simp del: nat-numeral-1-eq-1 add: numeral-1-eq-Suc-0 [symmetric])

26.2.7 Divisibility

lemmas dvd-eq-mod-eq-0-number-of =
dvd-eq-mod-eq-0 [of number-of x number-of y, standard]

declare dvd-eq-mod-eq-0-number-of [simp]

ML
{

val nat-number-of-def = thmnat-number-of-def;

val nat-number-of = thmnat-number-of;

val nat-numeral-0-eq-0 = thmnat-numeral-0-eq-0;

val nat-numeral-1-eq-1 = thmnat-numeral-1-eq-1;

val numeral-1-eq-Suc-0 = thmnumeral-1-eq-Suc-0;
val numeral-2-eq-2 = thmnumeral-2-eq-2;

val nat-div-distrib = thmnat-div-distrib;

val nat-mod-distrib = thmnat-mod-distrib;

val int-nat-number-of = thmint-nat-number-of ;

val Suc-nat-eqg-nat-zaddl = thmSuc-nat-eg-nat-zadd1;
val Suc-nat-number-of-add = thmSuc-nat-number-of-add,
val Suc-nat-number-of = thmSuc-nat-number-of;

500
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val add-nat-number-of = thmadd-nat-number-of;
val diff-nat-eq-if = thmdiff-nat-eq-if;

val diff-nat-number-of = thmdiff-nat-number-of;
val mult-nat-number-of = thmmult-nat-number-of;
val div-nat-number-of = thmdiv-nat-number-of;
val mod-nat-number-of = thmmod-nat-number-of ;

)

26.3 Comparisons

26.3.1 Equals (=)

lemma eg-nat-nat-iff :
[| (0:int) <= z; 0 <= z'|] ==> (nat z = nat z') = (z=2)
by (auto elim!: nonneg-eg-int)

lemma eg-nat-number-of [simp]:
((number-of v :: nat) = number-of v’) =
(if neg (number-of v :: int) then (iszero (number-of v’ :: int) | neg (number-of
v’ int))
else if neg (number-of v’ :: int) then iszero (number-of v :: int)
else iszero (number-of (v + uminus v’) :: int))
apply (simp only: simp-thms neg-nat not-neg-eg-ge-0 nat-number-of-def
eq-nat-nat-iff eqg-number-of-eq nat-0 iszero-def
split add: split-if cong add: imp-cong)
apply (simp only: nat-eq-iff nat-eq-iff2)
apply (simp add: not-neg-eq-ge-0 [symmetric))
done

26.3.2 Less-than (j)

lemma less-nat-number-of [simp]:
((number-of v :: nat) < number-of v') =
(if neg (number-of v :: int) then neg (number-of (uminus v') :: int)
else neg (number-of (v + uminus v’) :: int))
by (simp only: simp-thms neg-nat not-neg-eq-ge-0 nat-number-of-def
nat-less-eq-zless less-number-of-eq-neg zless-nat-eq-int-zless
cong add: imp-cong, simp add: Pls-def)

lemmas numerals = nat-numeral-0-eq-0 nat-numeral-1-eq-1 numeral-2-eq-2

26.4 Powers with Numeric Exponents

We cannot refer to the number 2::’a in Ring-and-Field.thy. We cannot
prove general results about the numeral —1::’a, so we have to use — (1::'a)
instead.
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lemma power2-eq-square: (a::'a::recpower)? = a x a
by (simp add: numeral-2-eq-2 Power.power-Suc)

lemma zero-power?2 [simpl: (0::'a::{semiring-1,recpower})? = 0
by (simp add: power2-eq-square)

lemma one-power2 [simp]: (1::'a::{semiring-1,recpower})? = 1
by (simp add: power2-eq-square)

lemma power3-eq-cube: (x::'a:recpower) 8 = & % T % x
apply (subgoal-tac 3 = Suc (Suc (Suc 0))
apply (erule ssubst)
apply (simp add: power-Suc mult-ac)
apply (unfold nat-number-of-def)
apply (subst nat-eq-iff)
apply simp
done

Squares of literal numerals will be evaluated.

lemmas power2-eq-square-number-of =
power2-eq-square [of number-of w, standard)]
declare power2-eq-square-number-of [simp]

lemma zero-le-power2[simp]: 0 < (a?::'a::{ordered-idom,recpower})
by (simp add: power2-eq-square)

lemma zero-less-power2|simp]:
(0 < a?) = (a # (0::'a::{ordered-idom,recpower}))
by (force simp add: power2-eq-square zero-less-mult-iff linorder-neg-iff )

lemma power2-less-0[simp):
fixes a :: 'a::{ordered-idom,recpower}
shows ~ (a? < 0)
by (force simp add: power2-eq-square mult-less-0-iff )

lemma zero-eg-power2|[simp):
(a? = 0) = (a = (0::"a::{ordered-idom,recpower}))
by (force simp add: power2-eq-square mult-eq-0-iff)

lemma abs-power2|[simp):
abs(a®) = (a®:'a::{ordered-idom,recpower})
by (simp add: power2-eq-square abs-mult abs-mult-self)

lemma power2-abs[simp]:
(abs a)? = (a?:'a::{ordered-idom,recpower})

by (simp add: power2-eq-square abs-mult-self)

lemma power2-minus|simp]:
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(— a)? = (a*:'a::{ comm-ring-1,recpower})
by (simp add: power2-eq-square)

lemma power2-le-imp-le:
fixes z y :: 'a::{ordered-semidom,recpower}
shows [z2 <y 0 <y =2 <y
unfolding numeral-2-eg-2 by (rule power-le-imp-le-base)

lemma power2-less-imp-less:
fixes z y :: 'a::{ordered-semidom,recpower}
shows [22 <y 0 <y =z <y

by (rule power-less-imp-less-base)

lemma power2-eq-imp-eq:
fixes z y :: 'a::{ordered-semidom,recpower}
shows [12 =43, 0 <20 <y =z =1y
unfolding numeral-2-eg-2 by (erule (2) power-eq-imp-eg-base, simp)

lemma power-minusl-even[simp|: (— 1) * (2xn) = (1::'a::{ comm-ring-1,recpower})
apply (induct n)

apply (auto simp add: power-Suc power-add)

done

lemma power-even-eq: (a::'a::recpower) " (2+n) = (a™n) "2
by (subst mult-commute) (simp add: power-mult)

lemma power-odd-eq: (a::int) "~ Suc(2xn) = a x (a"n) "2
by (simp add: power-even-eq)

lemma power-minus-even [simp]:
(—a) " (2xn) = (a:'az:{comm-ring-1,recpower}) * (2xn)
by (simp add: power-minusl-even power-minus [of al)

lemma zero-le-even-power’[simp]:
0 < (a:'a::{ordered-idom,recpower}) * (2xn)
proof (induct n)
case 0
show ?case by (simp add: zero-le-one)
next
case (Suc n)
have a "~ (2 % Suc n) = (a%a) * a " (2xn)
by (simp add: mult-ac power-add power2-eq-square)
thus Zcase
by (simp add: prems zero-le-mult-iff )
qed

lemma odd-power-less-zero:
(a::’a::{ordered-idom,recpower}) < 0 ==> a ~ Suc(2xn) < 0
proof (induct n)
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case (
then show ?case by (simp add: Power.power-Suc)
next
case (Suc n)
have a " Suc (2 % Suc n) = (a*xa) x a ~ Suc(2+n)
by (simp add: mult-ac power-add power2-eg-square Power.power-Suc)
thus ?case
by (simp add: prems mult-less-0-iff mult-neg-neg)
qed

lemma odd-0-le-power-imp-0-le:
0 <a " Suc(2xn) ==> 0 < (a:'a:{ordered-idom,recpower})
apply (insert odd-power-less-zero [of a n))
apply (force simp add: linorder-not-less [symmetric])
done

Simprules for comparisons where common factors can be cancelled.

lemmas zero-compare-simps =
add-strict-increasing add-strict-increasing?2 add-increasing
zero-le-mult-iff zero-le-divide-iff
zero-less-mult-iff zero-less-divide-iff
mult-le-0-iff divide-le-0-iff
mult-less-0-iff divide-less-0-iff
zero-le-power2 power2-less-0

26.4.1 Nat

lemma Suc-pred”: 0 < n ==>n = Suc(n — 1)
by (simp add: numerals)

lemmas expand-Suc = Suc-pred’ [of number-of v, standard]

26.4.2 Arith

lemma Suc-eq-add-numeral-1: Suc n = n + 1
by (simp add: numerals)

lemma Suc-eq-add-numeral-1-left: Sucn =1 + n
by (simp add: numerals)

lemma add-eq-if: (m:nat) + n = (if m=0 then n else Suc (m — 1) + n))
apply (case-tac m)

apply (simp-all add: numerals)

done

lemma mult-eg-if: (m::nat) x n = (if m=0 then 0 else n + ((m — 1) % n))
apply (case-tac m)
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apply (simp-all add: numerals)
done

lemma power-eq-if: (p *~ m :: nat) = (if m=0 then 1 else p x (p " (m — 1)))
apply (case-tac m)

apply (simp-all add: numerals)

done

26.5 Comparisons involving (0::nat)

Simplification already does n < (0::'a), n < (0::'a) and (0::'a) < n.

lemma eg-number-of-0 [simp]:
(number-of v = (0::nat)) =
(if neg (number-of v :: int) then True else iszero (number-of v :: int))
by (simp del: nat-numeral-0-eq-0 add: nat-numeral-0-eq-0 [symmetric] iszero-0)

lemma eq-0-number-of [simp]:

((0::nat) = number-of v) =

(if neg (number-of v :: int) then True else iszero (number-of v :: int))
by (rule trans [OF eg-sym-conv eg-number-of-0))

lemma less-0-number-of [simp]:
((0::nat) < number-of v) = neg (number-of (uminus v) :: int)
by (simp del: nat-numeral-0-eq-0 add: nat-numeral-0-eq-0 [symmetric] Pls-def)

lemma neg-imp-number-of-eq-0: neg (number-of v :: int) ==> number-of v =
(0::nat)
by (simp del: nat-numeral-0-eq-0 add: nat-numeral-0-eq-0 [symmetric] iszero-0)

26.6 Comparisons involving Suc

lemma eg-number-of-Suc [simp]:
(number-of v = Suc n) =

(let pv = number-of (Int.pred v) in

if neg pv then False else nat pv = n)
apply (simp only: simp-thms Let-def neg-eg-less-0 linorder-not-less

number-of-pred nat-number-of-def
split add: split-if)

apply (rule-tac = number-of v in spec)
apply (auto simp add: nat-eq-iff)
done

lemma Suc-eg-number-of [simp):
(Suc n = number-of v) =
(let pv = number-of (Int.pred v) in
if neg pv then False else nat pv = n)
by (rule trans [OF eg-sym-conv eq-number-of-Suc])
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lemma less-number-of-Suc [simp):
(number-of v < Suc n) =

(let pv = number-of (Int.pred v) in

if neg pv then True else nat pv < n)
apply (simp only: simp-thms Let-def neg-eq-less-0 linorder-not-less

number-of-pred nat-number-of-def
split add: split-if )

apply (rule-tac = number-of v in spec)
apply (auto simp add: nat-less-iff)
done

lemma less-Suc-number-of [simp]:
(Suc n < number-of v) =

(let pv = number-of (Int.pred v) in

if neg pv then False else n < nat pv)
apply (simp only: simp-thms Let-def neg-eg-less-0 linorder-not-less

number-of-pred nat-number-of-def
split add: split-if )

apply (rule-tac = number-of v in spec)
apply (auto simp add: zless-nat-eg-int-zless)
done

lemma le-number-of-Suc [simp):
(number-of v <= Suc n) =
(let pv = number-of (Int.pred v) in
if neg pv then True else nat pv <= n)
by (simp add: Let-def less-Suc-number-of linorder-not-less [symmetric])

lemma le-Suc-number-of [simp]:
(Suc n <= number-of v) =
(let pv = number-of (Int.pred v) in
if neg pv then False else n <= nat pv)
by (simp add: Let-def less-number-of-Suc linorder-not-less [symmetric])

lemma eg-number-of-Pls-Min: (Numeral0 ::int) ~= number-of Int.Min
by auto

26.7 Max and Min Combined with Suc

lemma maz-number-of-Suc [simp]:
maz (Suc n) (number-of v) =

(let pv = number-of (Int.pred v) in

if neg pv then Suc n else Suc(maz n (nat pv)))
apply (simp only: Let-def neg-eq-less-0 number-of-pred nat-number-of-def

split add: split-if nat.split)

apply (rule-tac z = number-of v in spec)
apply auto
done
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lemma maz-Suc-number-of [simp]:
maz (number-of v) (Suc n) =

(let pv = number-of (Int.pred v) in

if neg pv then Suc n else Suc(maz (nat pv) n))
apply (simp only: Let-def neg-eg-less-0 number-of-pred nat-number-of-def

split add: split-if nat.split)

apply (rule-tac = number-of v in spec)
apply auto
done

lemma min-number-of-Suc [simp]:
min (Suc n) (number-of v) =

(let pv = number-of (Int.pred v) in

if neg pv then 0 else Suc(min n (nat pv)))
apply (simp only: Let-def neg-eq-less-0 number-of-pred nat-number-of-def

split add: split-if nat.split)

apply (rule-tac = number-of v in spec)
apply auto
done

lemma min-Suc-number-of [simp]:
min (number-of v) (Suc n) =

(let pv = number-of (Int.pred v) in

if neg pv then 0 else Suc(min (nat pv) n))
apply (simp only: Let-def neg-eq-less-0 number-of-pred nat-number-of-def

split add: split-if nat.split)

apply (rule-tac z = number-of v in spec)
apply auto
done

26.8 Literal arithmetic involving powers

lemma nat-power-eq: (0::int) <= z ==> nat (z’n) = nat z " n
apply (induct n)

apply (simp-all (no-asm-simp) add: nat-mult-distrib)

done

lemma power-nat-number-of
(number-of v :: nat) “n =
(if neg (number-of v :: int) then 0°n else nat ((number-of v :: int) " n))
by (simp only: simp-thms neg-nat not-neg-eq-ge-0 nat-number-of-def nat-power-eq
split add: split-if cong: imp-cong)

lemmas power-nat-number-of-number-of = power-nat-number-of [of - number-of
w, standard]
declare power-nat-number-of-number-of [simp]

For arbitrary rings
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lemma power-number-of-even:

fixes z :: ‘a::{number-ring,recpower}

shows z * number-of (Int.Bit0 w) = (let w = z ~ (number-of w) in w * w)
unfolding Let-def nat-number-of-def number-of-Bit0
apply (rule-tac x = number-of w in spec, clarify)
apply (case-tac (0::int) <= x)
apply (auto simp add: nat-mult-distrib power-even-eq power2-eq-square)
done

lemma power-number-of-odd:
fixes z :: ‘a::{number-ring,recpower}
shows z * number-of (Int.Bitl w) = (if (0::int) <= number-of w
then (let w = z ~ (number-of w) in z * w * w) else 1)
unfolding Let-def nat-number-of-def number-of-Bitl
apply (rule-tac x = number-of w in spec, auto)
apply (simp only: nat-add-distrib nat-mult-distrib)
apply simp
apply (auto simp add: nat-add-distrib nat-mult-distrib power-even-eq power2-eq-square
neg-nat power-Suc)
done

lemmas zpower-number-of-even = power-number-of-even [where 'a=int]
lemmas zpower-number-of-odd = power-number-of-odd [where 'a=int]

lemmas power-number-of-even-number-of [simp] =
power-number-of-even [of number-of v, standard]

lemmas power-number-of-odd-number-of [simp] =
power-number-of-odd [of number-of v, standard]

ML
(

val numeral-ss = @{simpset} addsimps Q{thms numerals};

val nat-bin-arith-setup =
LinArith.map-data
(fn {add-mono-thms, mult-mono-thms, inj-thms, lessD, neqE, simpset} =>
{add-mono-thms = add-mono-thms, mult-mono-thms = mult-mono-thms,
ing-thms = ing-thms,
lessD = lessD, neqE = neqk,
simpset = simpset addsimps [Suc-nat-number-of , int-nat-number-of ,
@{thm not-neg-number-of-Pls}, Q{thm neg-number-of-Min},
@{thm neg-number-of-Bit0}, Q{thm neg-number-of-Bit1}|})
»

declaration ( K nat-bin-arith-setup )
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declare split-div[of - - number-of k, standard, arith-split]
declare split-mod|of - - number-of k, standard, arith-split]

lemma nat-number-of-Pls: Numeral0 = (0::nat)
by (simp add: number-of-Pls nat-number-of-def )

lemma nat-number-of-Min: number-of Int.Min = (0::nat)
apply (simp only: number-of-Min nat-number-of-def nat-zminus-int)
done

lemma nat-number-of-Bit0:
number-of (Int.Bit0 w) = (let n::nat = number-of w in n + n)

apply (simp only: nat-number-of-def Let-def)

apply (cases neg (number-of w :: int))

apply (simp add: neg-nat neg-number-of-Bit0)

apply (rule int-int-eq [THEN iffD1])

apply (simp only: not-neg-nat neg-number-of-Bit0 int-Suc zadd-int [symmetric]
simp-thms)

apply (simp only: number-of-Bit0 zadd-assoc)

apply simp

done

lemma nat-number-of-Bitl:
number-of (Int.Bitl w) =
(if neg (number-of w :: int) then 0
else let n = number-of w in Suc (n + n))
apply (simp only: nat-number-of-def Let-def split: split-if )
apply (intro congl impI)
apply (simp add: neg-nat neg-number-of-Bit1)
apply (rule int-int-eq [THEN iffD1])
apply (simp only: not-neg-nat neg-number-of-Bitl int-Suc zadd-int [symmetric]
simp-thms)
apply (simp only: number-of-Bitl zadd-assoc)
done

lemmas nat-number =
nat-number-of-Pls nat-number-of-Min
nat-number-of-Bit0 nat-number-of-Bit1

lemma Let-Suc [simp]: Let (Suc n) f == f (Suc n)
by (simp add: Let-def)

lemma power-mlI-even: (—1) " (2xn) = (1::'a::{number-ring,recpower})
by (simp add: power-mult power-Suc)

lemma power-m1i-odd: (—1) " Suc(2xn) = (—1::'a::{number-ring,recpower})
by (simp add: power-mult power-Suc)
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26.9 Literal arithmetic and of-nat

lemma of-nat-double:
0 <z ==> of-nat (nat (2 * z)) = of-nat (nat x) + of-nat (nat x)
by (simp only: mult-2 nat-add-distrib of-nat-add)

lemma nat-numeral-mi-eq-0: —1 = (0::nat)
by (simp only: nat-number-of-def)

lemma of-nat-number-of-lemma:
of-nat (number-of v :: nat) =
(if 0 < (number-of v :: int)
then (number-of v :: 'a :: number-ring)
else 0)

by (simp add: int-number-of-def nat-number-of-def number-of-eq of-nat-nat)

lemma of-nat-number-of-eq [simp):
of-nat (number-of v :: nat) =
(if neg (number-of v :: int) then 0
else (number-of v :: 'a :: number-ring))
by (simp only: of-nat-number-of-lemma neg-def, simp)

26.10 Lemmas for the Combination and Cancellation Sim-
procs

lemma nat-number-of-add-left:
number-of v + (number-of v’ + (k::nat)) =
(if neg (number-of v :: int) then number-of v’ + k
else if neg (number-of v’ :: int) then number-of v + k
else number-of (v + v’) + k)
by simp

lemma nat-number-of-mult-left:
number-of v x (number-of v’ * (k:nat)) =
(if neg (number-of v :: int) then 0
else number-of (v x v’) * k)
by simp

26.10.1 For combine-numerals

lemma left-add-mult-distrib: ixu + (jxu + k) = (i+5)*u + (k::nat)
by (simp add: add-mult-distrib)

26.10.2 For cancel-numerals

lemma nat-diff-add-eq1:
j <= (iznat) ==> ((ixu + m) — (jxu + n)) = (((i—j)*u + m) — n)
by (simp split add: nat-diff-split add: add-mult-distrib)

lemma nat-diff-add-eq2:
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i <= (junat) ==> ((ixu + m) — (jxu + n)) = (m — ((J—i)*u + n))
by (simp split add: nat-diff-split add: add-mult-distrib)

lemma nat-eq-add-iff1:
Jj <= (iznat) ==> (i*xu + m = jxu + n) = ((i—j)*u + m = n)
by (auto split add: nat-diff-split simp add: add-mult-distrib)

lemma nat-eq-add-iff2:
i <= (junat) ==> (ixu + m = jxu + n) = (m = (j—i)*u + n)
by (auto split add: nat-diff-split simp add: add-mult-distrib)

lemma nat-less-add-iff1:
Jj <= (iznat) ==> (ixu + m < jxu + n) = ((i—j)*u + m < n)
by (auto split add: nat-diff-split simp add: add-mult-distrib)

lemma nat-less-add-iff2:
i <= (junat) ==> (ixu + m < jxu + n) = (m < (j—i)*xu + n)
by (auto split add: nat-diff-split simp add: add-mult-distrib)

lemma nat-le-add-iff1:
Jj <= (iznat) ==> (ixu + m <= jxu + n) = ((i—j)*u + m <= n)
by (auto split add: nat-diff-split simp add: add-mult-distrib)

lemma nat-le-add-iff2:
i <= (junat) ==> (ixu + m <= jxu + n) = (m <= (j—i)*u + n)
by (auto split add: nat-diff-split simp add: add-mult-distrib)

26.10.3 For cancel-numeral-factors

lemma nat-mult-le-cancell: (0:nat) < k ==> (kxm <= kxn) = (m<=n)
by auto

lemma nat-mult-less-cancell: (0::nat) < k ==> (kxm < kxn) = (m<n)

by auto

lemma nat-mult-eq-cancell: (0::nat) < k ==> (kxm = kxn) = (m=n)

by auto

lemma nat-mult-div-cancell: (0::nat) < k ==> (kxm) div (kxn) = (m div n)
by auto

lemma nat-mult-dvd-cancel-disj[simp]:
(kxm) dvd (kxn) = (k=0 | m dvd (n::nat))
by (auto simp: dvd-eq-mod-eq-0 mod-mult-distrib2[symmetric])

lemma nat-mult-dvd-cancell: 0 < k = (kxm) dvd (kxn::nat) = (m dvd n)
by (auto)
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26.10.4 For cancel-factor

lemma nat-mult-le-cancel-disj: (kxm <= kxn) = ((0::nat) < k ——> m<=n)
by auto

lemma nat-mult-less-cancel-disj: (kxm < kxn) = ((0:nat) < k & m<n)
by auto

lemma nat-mult-eq-cancel-disj: (kxm = kxn) = (k = (0::nat) | m=n)
by auto

lemma nat-mult-div-cancel-disj[simp]:
(kxm) div (k+n) = (if k = (0::nat) then 0 else m div n)
by (simp add: nat-mult-div-cancell )

end

27 Groebner-Basis: Semiring normalization and
Groebner Bases

theory Groebner-Basis
imports NatBin
uses
Tools | Groebner-Basis/misc. ML
Tools / Groebner-Basis /normalizer-data. ML
(Tools/ Groebner-Basis / normalizer. ML)
(Tools/ Groebner-Basis / groebner. ML)
begin

27.1 Semiring normalization

setup NormalizerData.setup

locale gb-semiring =
fixes add mul pwr r0 rl
assumes add-a:(add z (add y z) = add (add z y) z)
and add-c: add ¢y = add y z and add-0:add 70 © = x
and mul-a:mul z (mul y z) = mul (mul z y) z and mul-ccmul x y = mul y x
and mul-1:mul r1 z = x and mul-0:mul r0 z = r0
and mul-d:mul z (add y z) = add (mul z y) (mul z 2)
and pwr-0:pwr x 0 = r1 and pwr-Suc:pwr z (Suc n) = mul z (pwr z n)
begin

lemma mul-pwr:mul (pwr z p) (pwr xz q) = pwr z (p + q)
proof (induct p)

case ()

then show ?case by (auto simp add: pwr-0 mul-1)
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next
case Suc
from this [symmetric] show ?case
by (auto simp add: pwr-Suc mul-1 mul-a)
qed

lemma pwr-mul: pwr (mul x y) ¢ = mul (pwr z q) (pwr y q)
proof (induct q arbitrary: = y, auto simp add:pwr-0 pwr-Suc mul-1)
fixgzy
assume Az y. pwr (mul z y) ¢ = mul (pwr z q) (pwry q)
have mul (mul z y) (mul (pwr z q) (pwry q)) = mul z (mul y (mul (pwr z q)
(pur y q)))
by (simp add: mul-a)
also have ... = (mul (mul y (mul (pwry q) (pwr z q))) z) by (simp add: mul-c)
also have ... = (mul (mul y (pwry q)) (mul (pwr z q) z)) by (simp add: mul-a)
finally show mul (mul z y) (mul (pwr z q) (pwr y q)) =
mul (mul z (pwr x q)) (mul y (pwr y q)) by (simp add: mul-c)
qed

lemma pwr-pwr: pwr (pwr x p) ¢ = pwr z (p * q)
proof (induct p arbitrary: q)
case (
show ?case using pwr-Suc mul-1 pwr-0 by (induct q) auto
next
case Suc
thus ?case by (auto simp add: mul-pwr [symmetric] pwr-mul pwr-Suc)
qed

27.1.1 Declaring the abstract theory

lemma semiring-ops:
includes meta-term-syntaz
shows TERM (add z y) and TERM (mul z y) and TERM (pwr z n)
and TERM r0 and TERM r1
by rule+

lemma semiring-rules:
add (mul a m) (mul b m) = mul (add a b) m
add (mul a m) m = mul (add a 1) m
add m (mul a m) = mul (add a 1) m
add m m = mul (add r1 r1) m
add r0 a = a
add a r0 = a
mul a b =mulb a
mul (add a b) ¢ = add (mul a ¢) (mul b c)
mul 70 a = 10
mul a r0 = r0
mulrl a =a
mul a rl

a



mul (mul lz ly) re =
mul (mul lz ly) re = mul lx (mul ly rx)
mul lx (mul re ry) = mul (mul lz rz) ry
mul lx (mul re ry) = mul re (mul lz ry)
add (add a b) (add ¢ d) = add (add a ¢) (add b d)
add (add a b) ¢ = add a (add b c)
add a (add ¢ d) = add ¢ (add a d)
add (add a b) ¢ = add (add a ¢) b
add a ¢ = add c a
add a (add ¢ d) = add (add a c) d
mul (pwr z p) (pwr z q) = pwr z (
mul x (pwr z q¢) = pwr z (Suc q)
mul (pwr z ¢) x = pwr x (Suc q)
mul x x = pwr x 2
pur (mul 3 y) q = mul (pur o g) (pur y q)
pwr (pwr x p) ¢ = pwrz (p * q)
pwrx 0 = rl
pwrzl ==z
mul z (add y 2) = add (mul = y) (mul z 2)
pwr z (Suc q) = mul x (pwr z q)
pwr z (2+n) = mul (pwr z n) (pwr z n)
pwr z (Suc (2xn)) = mul z (mul (pwr z n) (pwr z n))
proof —
show add (mul a m) (mul b m) = mul (add a b) m using mul-d mul-c by simp
next showadd (mul a m) m = mul (add a r1) m using mul-d mul-c mul-1 by
simp
next show add m (mul a m) = mul (add a r1) m using mul-c mul-d mul-1 add-c
by simp
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mul (mul lz ly) (mul rz ry) = mul (mul le rz) (mul ly ry)
mul (mul lz ly) (mul rz ry) = mul lz (mul ly (mul rz ry))
mul (mul lz ly) (mul rz ry) = mul re (mul (mul lz ly) ry)
( )

mul (mul lx rz) ly

P+ q)

next show
next show
next show
next show
next show
stmp

next show
next show
next show
next show
next show

add m m = mul (add r1 r1) m using mul-¢c mul-d mul-1 by simp
add r0 ¢ = a using add-0 by simp

add a 70 = a using add-0 add-c by simp

mul a b = mul b a using mul-c by simp

mul (add a b) ¢ = add (mul a ¢) (mul b ¢) using mul-c mul-d by

mul 70 a = r0 using mul-0 by simp

mul a 70 = r0 using mul-0 mul-c by simp
mul r1 a = a using mul-1 by simp
mul a rl1 = a using mul-1 mul-c by simp

mul (mul lz ly) (mul re ry) = mul (mul iz rz) (mul ly ry)

using mul-c mul-a by simp

next show

mul (mul lz ly) (mul e ry) = mul lz (mul ly (mul rz ry))

using mul-a by simp

next
have mul

also have ...

finally

(mul lz ly) (mul rz ry) = mul (mul rz ry) (mul lz ly) by (rule mul-c)
= mul rz (mul ry (mul lz ly)) using mul-a by simp
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show mul (mul lz ly) (mul re ry) = mul re (mul (mul lz ly) ry)
using mul-c by simp
next show mul (mul lz ly) r& = mul (mul lz rz) ly using mul-c mul-a by simp
next
show mul (mul iz ly) re = mul lx (mul ly rz) by (simp add: mul-a)
next show mul iz (mul rz ry) = mul (mul lz rz) ry by (simp add: mul-a )
next show mul lx (mul rz ry) = mul rz (mul lz ry) by (simp add: mul-a,simp
add: mul-c)
next show add (add a b) (add ¢ d) = add (add a ¢) (add b d)
using add-c add-a by simp
next show add (add a b) ¢ = add a (add b ¢) using add-a by simp
next show add a (add ¢ d) = add ¢ (add a d)
apply (simp add: add-a) by (simp only: add-c)
next show add (add a b) ¢ = add (add a ¢) b using add-a add-c by simp
next show add a ¢ = add ¢ a by (rule add-c)
next show add a (add ¢ d) = add (add a ¢) d using add-a by simp
next show mul (pwr z p) (pwr z q) = pwr z (p + ¢) by (rule mul-pwr)
next show mul z (pwr z q) = pwr z (Suc q) using pwr-Suc by simp
next show mul (pwr z q) z = pwr z (Suc q) using pwr-Suc mul-c by simp
next show mul x £ = pwr z 2 by (simp add: nat-number pwr-Suc pwr-0 mul-1
mul-c)
next show pwr (mul z y) ¢ = mul (pwr z q) (pwr y q) by (rule pwr-mul)
next show pwr (pwr z p) ¢ = pwr x (p * q) by (rule pwr-pwr)
next show pwr z 0 = r1 using pwr-0 .
next show pwr z 1 = = by (simp add: nat-number pwr-Suc pwr-0 mul-1 mul-c)
next show mul z (add y z) = add (mul z y) (mul z z) using mul-d by simp
next show pwr z (Suc ¢) = mul z (pwr x q) using pwr-Suc by simp
next show pwr z (2 x n) = mul (pwr z n) (pwr z n) by (simp add: nat-number
mul-pwr)
next show pwr z (Suc (2 * n)) = mul z (mul (pwr z n) (pwr z n))
by (simp add: nat-number pwr-Suc mul-pwr)
qed

lemmas gb-semiring-azioms’ =
gb-semiring-azioms [normalizer
Semiring ops: Semiring-ops
semiring rules: semiring-rules]

end
interpretation class-semiring: gb-semiring
[op + op % op * 0::'a::{comm-semiring-1, recpower} 1]

by unfold-locales (auto simp add: ring-simps power-Suc)

lemmas nat-arith =
add-nat-number-of diff-nat-number-of mult-nat-number-of eq-nat-number-of less-nat-number-of

lemma not-iszero-Numerall: — iszero (Numerall::'a::number-ring)
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by (simp add: numeral-1-eq-1)

lemmas comp-arith = Let-def arith-simps nat-arith rel-simps if-False
if-True add-0 add-Suc add-number-of-left mult-number-of-left
numeral-1-eq-1[symmetric] Suc-eq-add-numeral-1
numeral-0-eq-0[symmetric] numerals|symmetric] not-iszero-1
iszero-number-of-Bit1 iszero-number-of-Bit0 nonzero-number-of-Min
iszero-number-of-Pls iszero-0 not-iszero-Numerall

lemmas semiring-norm = comp-arith

ML

local
open Conv;

fun numeral-is-const ct =
can HOLogic.dest-number (Thm.term-of ct);

fun int-of-rat x =
(case Rat.quotient-of-rat x of (i, 1) => i
| - => error int-of-rat: bad int);

val numeral-conv =
Simplifier.rewrite (HOL-basic-ss addsimps @{thms semiring-norm}) then-conv
Simplifier.rewrite (HOL-basic-ss addsimps
(@{thms numeral-1-eq-1} Q @Q{thms numeral-0-eq-0} Q@ Q{thms numerals(1—2)}));

mn

fun normalizer-funs key =
NormalizerData.funs key
{is-const = fn phi => numeral-is-const,
dest-const = fn phi => fn ct =>
Rat.rat-of-int (snd
(HOLogic.dest-number (Thm.term-of ct)
handle TERM - => error ring-dest-const)),
mk-const = fn phi => fn c¢T => fn x => Numeral.mk-cnumber c¢T (int-of-rat
z),
conv = fn phi => K numeral-conv}

end

)

declaration ( normalizer-funs Q{thm class-semiring.gb-semiring-axioms'} )

locale gb-ring = gb-semiring +
fixes sub :: 'a = 'a = 'a

and neg :: 'a = 'a
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assumes neg-mul: neg x = mul (neg r1) x
and sub-add: sub z y = add x (neg y)
begin

lemma ring-ops:
includes meta-term-syntaz
shows TERM (sub z y) and TERM (neg ) .

lemmas ring-rules = neg-mul sub-add

lemmas gb-ring-arioms’ =
gb-ring-azioms [normalizer
Semiring ops: SEmiring-ops
semaring rules: semiring-rules
ring ops: ring-ops
ring rules: ring-rules]

end

interpretation class-ring: gb-ring [op + op * op *
0::'a::{ comm-semiring-1,recpower,number-ring} 1 op — uminus]
by unfold-locales simp-all

declaration {( normalizer-funs Q{thm class-ring.gb-ring-axioms’} )
use Tools/ Groebner-Basis/normalizer. ML

method-setup sring-norm = ((

Method.ctat-args (fn ctat => Method.SIMPLE-METHOD' (Normalizer.semiring-normalize-tac
ctzt))
Y semiring normalizer

locale gb-field = gb-ring +
fixes divide :: 'a = 'a = 'a
and inverse:: 'a = 'a
assumes divide: divide © y = mul x (inverse y)
and inverse: inverse x = divide r1 x
begin

lemmas gb-field-axioms’ =
gb-field-azioms [normalizer
Semiring ops: Semiring-ops
semiring rules: semiring-rules
ring ops: ring-ops
ring rules: ring-rules]
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end

27.2 Groebner Bases

locale semiringb = gb-semiring +
assumes add-cancel: add (z::'a) y = addz 2z «—— y = 2
and add-mul-solve: add (mul w y) (mul z z) =
add (mul wz) (mulzy) — w =z Vy=z
begin

lemma noteg-reduce: a # b N\ ¢ # d «—— add (mul a ¢) (mul b d) # add (mul a
d) (mul b ¢)
proof—
have a b ANc# d+«— = (a=0bV ¢c=d) by simp
also have ... «— add (mul a ¢) (mul b d) # add (mul a d) (mul b ¢)
using add-mul-solve by blast
finally show a # b A ¢ # d «—— add (mul a ¢) (mul b d) # add (mul a d) (mul
b c)
by simp
qed

lemma add-scale-eg-noteq: [r # r0 ; (a = b) A ~(¢c = d)]
= add a (mul r¢) # add b (mul r d)
proof (clarify)
assume nz: r# r0 and cnd: c#d
and eq: add b (mul r ¢) = add b (mul r d)
hence mul r ¢ = mul r d using cnd add-cancel by simp
hence add (mul 70 d) (mul r ¢) = add (mul 70 ¢) (mul r d)
using mul-0 add-cancel by simp
thus Fulse using add-mul-solve nz cnd by simp
qed

lemma add-r0-iff: ¢ = add z a «—— a = 10
proof—
have a = r0 «— add x a = add = r0 by (simp add: add-cancel)
thus z = add z a «—— a = r0 by (auto simp add: add-c add-0)
qged

declare gb-semiring-axzioms’ [normalizer del]

lemmas semiringb-azioms’ = semiringb-axioms [normalizer
Semiring ops: Semiring-ops
semiring rules: semiring-rules
idom rules: noteg-reduce add-scale-eg-noteq|

end

locale ringb = semiringb + gb-ring +
assumes subr0-iff: subxy =10 «— x =y
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begin
declare gb-ring-axioms’ [normalizer del]

lemmas ringb-azioms’ = ringb-azioms [normalizer
Semiring ops: SemiTing-ops
semiring rules: semiring-rules
ring ops: ring-ops
ring rules: ring-rules
idom rules: noteg-reduce add-scale-egq-noteq
ideal rules: subr0-iff add-r0-iff]

end

lemma no-zero-divirors-neq0:
assumes az: (a::'a::no-zero-divisors) # 0
and ab: axb = 0 shows b = 0
proof —
{ assume bz: b # 0
from no-zero-divisors [OF az bz] ab have Fualse by blast }
thus b = 0 by blast
qed

interpretation class-ringb: ringb
[op + op * op  0::'a::{idom,recpower,number-ring} 1 op — uminus]
proof (unfold-locales, simp add: ring-simps power-Suc, auto)
fix wz y z 'a::{idom,recpower number-ring }
assume p: w x Yy + T x z = w * 2z + x x y and ynz: y # 2
hence ynz”: y — 2z # 0 by simp
from p have w * y + z*x z — wxz — zxy = 0 by simp
hence wx (y — z) — z = (y — 2) = 0 by (simp add: ring-simps)
hence (y — z) * (w — z) = 0 by (simp add: ring-simps)
with no-zero-divirors-neq0 [OF ynz'|
have w — z = 0 by blast
thus w = z by simp
qed

declaration { normalizer-funs @Q{thm class-ringb.ringb-azioms’} ))

interpretation natgb: semiringb
[op + op % op " O::nat 1]
proof (unfold-locales, simp add: ring-simps power-Suc)
fix wzyz:nat
{assume p: wxy+z*2z=wxz2+zxyand ynz: y # 2
hence y < z V y > z by arith
moreover {

519

assume [t:y <z hence 3k. 2 =y + k A k > 0 by (rule-tac z=2z — y in

exl, auto)
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then obtain k¥ where kp: k>0 and yz:2 = y + k by blast
from p have (w * y + x *xy) + zxk = (w * y + z*y) + wxk by (simp add:
Yz Ting-simps)
hence zxk = wxk by simp
hence w = z using kp by (simp add: mult-cancel2) }
moreover {
assume lt: y >z hence 3k. y = z + k A k>0 by (rule-tac z=y — z in ezl
auto)
then obtain k& where kp: k>0 and yz:y = z + k by blast
from p have (w * z + = *2) + wxk = (w * z + x*2) + vk by (simp add:
Yz Ting-simps)
hence wxk = zxk by simp
hence w = z using kp by (simp add: mult-cancel2)}
ultimately have w=z by blast }
thus (w+xy+zxz=wx*xz+z*xy)=(w=21zVy=z) by auto
qed

declaration {( normalizer-funs @Q{thm natgb.semiringb-azioms’} ))

locale fieldgb = ringb + gb-field
begin

declare gb-field-axioms’ [normalizer del]

lemmas fieldgb-azioms’ = fieldgb-axioms [normalizer
SEMITING 0OPS: SEMITING-0PS
semiring rules: semiring-rules
Ting ops: Ting-ops
ring rules: ring-rules
idom rules: noteg-reduce add-scale-eq-noteq
ideal rules: subr0-iff add-r0-iff]

end

lemmas bool-simps = simp-thms(1—234)
lemma dnf:
(P& (Q ] R) = ((P&Q) [ (P&R)) (Q | R) & P) = (Q&P) | (R&P))
(PAQ)=(QAP)(PVQ)=(QVP)
by blast+

lemmas weak-dnf-simps = dnf bool-simps
lemma nnf-simps:
(=(PAQ))=(=PV=Q)(A(PVQ)=(PA=Q)(P—Q)=(PVQ)
(P=@Q)=((PANQ)V(PA=Q) (==(P) =P
by blast+

lemma PFulse:
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P = Fulse = -~ P
- P = (P = False)
by auto

use Tools/ Groebner-Basis [ groebner. ML

method-setup algebra =
(
let
fun keyword k = Scan.lift (Args.33% k —— Args.colon) >> K ()
val addN = add
val delN = del
val any-keyword = keyword addN || keyword delN
